ON A CONFORMAL QUOTIENT EQUATION. II
YUXIN GE AND GUOFANG WANG

ABSTRACT. In this paper we show that two conformal invariants Y2 : and }72,1 defined
in (1) and (2) resp. coincide and are achieved by a conformal metric g € TS (n > 4),
which satisfies a conformal quotient equation. The paper is a continuation of our paper
[13]

1. INTRODUCTION

Let (M, go) be a compact Riemannian manifold with metric go and [go] the conformal
class of gg. Let Sy be the Schouten tensor of the metric g defined by

_ 1 ; Ry
Sg_n—2<chg_2(n—1)'9>'

Here Ricy and R, are the Ricci tensor and scalar curvature of a metric g respectively. The
importance of the Schouten tensor in conformal geometry can be viewed in the following
decomposition of the Riemann curvature tensor

Riemg =W, + S, D g,

where ® is the Kulkani-Nomizu product. Note that g~! - W, is invariant in a given
conformal class.
Define o (g) be the ox-scalar curvature or k-scalar curvature by

a1(9) == ok(g ™" - Sy),

where g1 S, is locally defined by (g~* 'Sg)§ =", 9% (Sy)k; and oy, is the kth elementary
symmetric function. Here for an nxn symmetric matrix A we define o (A) = 0% (A), where
A= (A1, -+, An) is the set of eigenvalues of A. It is clear that o1(g) is a constant multiple
of the scalar curvature R,. The k-scalar curvature oy(g), which was first considered by
Viaclovsky [33], is a natural generalization of the scalar curvature.

Let

F;: = {A = (A17A27"' 7)‘71) cR" ’O-](A) > O,V] < k}
be Garding’s cone. A metric g is said to be k-positive or simply g € F; if g71- Sy € F;r
for every point z € M. We call u is k-admissible if e=2%gg € F;. Set Ci([g0]) = Fz N [go]-

The second named author is partly supported by SFB/TR71 of DFG.
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As in [11], we define a Yamabe type constant
[ o2(g)dvol(g)

inf — if n >4,
9€C1([g0]) fo'l dvol( ))n 2
(1) Y2,1([g0]) = /ag(g)dvol(g), if n =4,
sup /Uz(g)dvol(g) X /Jl(g)dvol(g), if n =3.
9€C1([90])

In [11], we prove the following proposition.

Proposition 1. Let (M™, go) be a compact Riemannian manifold with gy € T{ andn > 3.
Then the conformal invariant Y 1([go]) is positive if and only if there is a conformal metric
9 €lgo]NTF.

As in [21], we also define another Yamabe invariant in the other cone Ca([go]) when it
is not empty, that is

inf J r2(g)dvol(g =g if n >4,
9€C2([g0]) fo'l dvol( ))
(2) Y21 ([go]) = /ag(g)dvol(g), if n=4,

sup /Ug(g)dvol(g) X /Jl(g)dvol(g), if n = 3.
9€C2([go])

By the definition, when the dimension n = 4, we have Y51 ([go]) = Y2.1([go]). In this paper,
we consider n # 4. Since Ca([go]) C Ci([go]), it is clear that Y21 ([go]) < Ya.1([g0]) when
n > 4 and Ya1([go]) > Y2.1([go]) when n = 3. Hence, a natural question is to know if
these two invariants are same. Here we will give an affirmative answer under the suitable
assumptions. One of our main results in this paper is

Theorem 1. Let (M™, go) be a compact Riemannian manifold with gy € F; and n > 3.
Assume that 0 < Y 1([go]) < +00. Then we have

(3) Y2.1([90]) = Ya.1([g0])
Moreover, if n > 4, then Y2 1([go]) can be achieved by some conformal metric g € F;‘ N1go].

In the case n > 4, the invariant Y51 ([go]) is finite real number. Moreover, in the case
n > 5, we have always Ya 1 (M, [go]) < Y2.1(S"),where Y51(S") is defined for the conformal
class of the standard sphere. And the equality holds if and only if M = S™ is the standard
sphere. Hence the assumption Y3 1([go]) < 400 is need just for the case n = 3.Till now we
do not know if it is bounded, though we believe it is true. This is a Sobolev type inequality.
Recently we obtained in [15] another (optimal) Sobolev type inequality for 3-dimensional
manifolds. This is related to a geometric inequality, which was recently obtained by B
Andrews [9] and De Lellis-Topping [10]. See also [14] and [16].
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Following the definition of the sigma invariant of Schoen [30] (see also [26]) one can
define a differential invariant by using Y51 (n > 4)

(M) = sup Ya1([g]).
C1([g))#0

Previously we wanted to use 17271 to define it. The advantage to use Y5 1 is that it might be
easier to study. With Theorem 1 we know that both are the same, provided 7o(M) > 0.
One can show that

To(M) < 7‘2(8") = TQ(STL_I X S)

We hope to use it to study the classification of 5-dimensional manifolds, as Bray-Neves [3]
and Akutagawa-Neves [2] did for 3-dimensional manifolds by using the sigma invariant.

2. YAMABE TYPE FLOWS

Set,
Fa(g) = /M a2(g)dvol(g).

For any small € € (0,1), consider the following perturbed functional

Fi:(9) = /M 625“01(g)dvol(g),

for g = e"2“gy. The variation of JFj . is given

i _ n—2—2¢ 2eu —1 d 1/ 2eu — d
GFele) = " [ gt Gadvollg) - 5 [ ra g7 g)duollg)

—-2-2
= P [eaigg - Gedvllg) - 5 [ A, Sadvollo),

u

where A, is the Laplacian operator with respect to g = e *"go. It is easy to see that

Ag(e*") = 2619 (Au + (22 — (n — 2))|Vul?) .

Set for g = e 2%gq

net) = i e - g ek e - 29 |

(4)

2
2u 2
\Y _ .
) + e { VP 4 o)}
From the computation given above we have

Lemma 1. We have

d n—2—4e 2eu 4, d
GF0) =" [ o)y S @dvol).
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Now we introduce a flow, which non-increases (resp. non-decreases) F» when n > 4
(resp. n = 3) and preserves Fi ..

® ot (2D (i) (14 S5 ) ) 4l

where 7-(g) and s.(g) are space constants, given by

(6) re(g) = Jas 02(g)dvol(g) _n- 2 —4de [y, 02(g)dvol(g)
e\g fM eQaual,a(g)dvol(g) n—2—2 fM e2euey (g)dvol(g)

and

7)
[ ot {n (e 2 i (i) (1+ Uf@) ) selg)  duol(g) =

and
(8) v=c(IVuP + —2o1(g0)
n—2—4e 2V

Here h. : Ry — R is smooth concave function satisfying

t ift<1
(9) ) =14 . et
act T2 4+ 5. ift>2;

(10) B(t)+ho()t>0 V> 0;

where the constants a. > 0, 5. are bounded as ¢ — 0 and a. — 1 as € — 0. From the
definition, we infer

(11) hL(8) = ae(1 — g)f% if > 2,

Lemma 2. Flow (5) preserves Fi. and non-increases (resp. non-decreases) Fo when
n >4 (resp. n =3). And hence r. is non-increasing (resp. non-decreasing) along the flow
when n >4 (resp. n=3).



ON A CONFORMAL QUOTIENT EQUATION. II 5

Proof. By the definition of s.(g) and Lemma 1, flow (5) preserves Fi .. By the definition
of s¢ and 7., we can compute as follows

2 d
— dth(g)

= /M gdvol( )

= / (o (9)—7”5(9)625u01,s(9))9_1'%gdvol(g)

— 9 ( 25u

—re(yg 01,:(9))

I
x (hs (e‘zu 72(g ) — he (n:(g) (1 + Uf:;) e(2g‘2)“>) dvol(g)
/

2u
€2u0'1 < —2u 0 2(9) _7"5(9) <1+ ey ) 6(25—2)u)

o1(g) 1(g

() (o ) )t

Lemma 3. (see [11]) For 1 <k <n set F' = -2~ We have

Ok—1
1) the matriz (F7)(W) is semi-positive definite for W € T}, and is positive definite
for W € Fk 1\R1, where Ry is the set of symmetric matrices of rank 1.
2) The function F' is concave in the cone Fk 1- When k =2, for all W € I‘f and for
all R = (T”) € Sy, we have

(12)

Q

= 2

~—

Q

9™}

Q

S (W) > (o1 (W)rij — o1 (R)wi;)?
w2 S (o)) o = (W)
Set
(14) Facla) = (F1) 757 [ oulg) dvolly)
and i
V.M ) = _int | Fao)
VM. ml) = it o),

In the case n > 4 and under the assumptions as in Theorem 1, the above discussion
shows that (5) decreases the functional F3(g). If g is a stationary point of the flow, then
the metric g satisfies the following perturbed equation

2u

(15) 02(9) Ceru e :cer-:u?

o1(g) a1(9)
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or equivalently

(16) 00125((99)) = ce®,

where ¢ > 0 is some positive constant. This is the perturbed equation that we use to
approximate the following equation

o2(9) _
(17) o1 (9) =1.

We will show that Y, is achieved at u. € Ca([go]) for any small £ > 0, which is clearly a
solution of (15). Hence, we can conclude

Y21 ([g0]) = Y2,1([g0));

since e~ ““c gy converges to the extremal metric when € — 0. Similarly, we have the same
result in the case n = 3.

2ue

3. LOCAL ESTIMATES

In this section, we will study local estimates for flow (5) and equation (15). In this
paper, C' and C’ denote positive constants, which in general are independent of €. They
%(go)) Note that v > 0 and 01 .(g9) =

—2—4e '

o1(g) + e?“v. By the standard implicit function theorem we have the following short-time
existence result. Let T € (0, co] be the maximum of the existence of the flow.

vary from line to line. Recall v = ¢ (]Vu|2 +

Theorem 2. Assume n > 3. Let u be a solution of (5) in a geodesic ball B, x [0,T] for
T < T* and r < ro, the injectivity radius of M. We suppose that the functzon rg( (t)) is
positive and bounded on [0, T*). There are constant £y > 0 depending only on (B, go), and
constant C' depending only on (By,go) (independent of €) and the upper bound of r-(g(t))
on [0, T] such that for any € € (0,20) and (z,t) € B, /5 x [0,T]

(18) IVl + [V2u| < O(1+ ¢ o2 Mwnesrxoryule)y

Proof. Let W = (wjj) be an nxn matrix with w;j = Vu-+uu;— |V | (90)ij+(Sgo)ij- Here
u; and u;; are the first and second derivatives of u w1th respect to the background metric

go- Set K = ro(g(t)e*=2* and K = K (1 + (VVV)) Let F. : TL xRt xRxRT - R
a1
be regular function defined by

FE.(W,v,u,t) := he (Z%) —h. <7"e(g(t)) (1 n o—l(VW)> 6(26—2)u>
(W)

(19)
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Set
y OF,
1) - 3
FY(W,v,u,t) s (W, v, u,t)
(20) e () T —os(W)s K
— e o2 (W) ()

where (T ) = (01(W)6Y — w') is the first Newton transformation associated with W,
and 0 is the Kronecker symbol. As W € 'l and h. is positive on (0,+0o0), we see that

(FZ7) is positive definite.
Lemma 4. F, is concave in I‘f.

Proof. To show this, we compute

0*F,
Ow;jwiy
= (%) 5oy (2073 e (3 + (52073) e (20
LB (KY) <a%[((‘;/)>25ij5kz o (Ky) a;((l/ylf)éijékl

to (20 g (i) v (i)~ (54600 g (i)

o= —n (k) (B " siigt o (Ky) BV gid gh
TR ) =TT DR

a2 (W)
01 (W)
(I), as a matrix, is non-positive definite. On the other hand, it follows from (10) we have

<[—h!(K1)U§;/) — h’a(Kl)] U;fmyf)yj(;kz) <0

since K > 0, v > 0, h'(t) + h.(t)t > 0 for all t > 0 and o (W) > 0. Therefore, we prove
the Lemma. [ |

Recall that h. is concave and by lemma 3, is concave in W in the cone F#. Thus

From the proof of Lemma 4, we in fact have

2
O%F iy Kv y

21 g T TEe ikl < “hW(K E i .
(21) Bwijf)wklr s —hl 1)0%(W) ( " )

ijkl
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For the simplicity of notations, we now drop the index ¢, if there is no confusion. We try
to show the local estimates for first and second order derivatives together. Let S(TM)
denote the unit tangent bundle of M with respect to the background metric gg. We define
a function G : S(TM) x [0,T] — R

(22) Gle,t) = (VPu+|Vul?go) (e, e)

Without loss of generality, we assume r = 1. Let p € C§°(Bq) be a cut-off function defined
as in [19] such that

P > 07 in B17
p = 17 in Bl 2
(23) /
IVp(z)| < 2bop'/2(x), in B,
V2p| < by, in B.

Here by > 1 is a constant. Since e=2gy € I'], to bound |Vu| and |V2u| we only need to
bound (V2u + |Vul?go)(e, e) from above for all e € S(TM) and for all t € [0,7T]. To see

this, denote G(e,t) = p(z)G(e,t). Assume zg € M and (e1,tg) € S(Ty, M) x [0,T] such
that

24 Gler,to) = Gle, 1),
(24) (erto) = s Gle.t
(25) to > 0,
(26) G(e1,to) > nr%axal(go).
1
Let (e1,--- ,e,) be a orthonormal basis at point (xg, o). It follows from the fact W € T'f

n—2
nG(ei,to) > p(Au+n|Vul?) > p(n|Vul* + TWU!? —01(90)),

3n —2 1
> n2 p|vu|2 - EG(elvtO)v
so that
3n§2 2 21 2
G(ey, tg) > Vv > —p|Vul“.
R S VA T
Consequently, we obtain
2 1 2
(27) Viyu(@o, to) = o5 [Vul*(zo, to)

Set for any i # j € {1,--- ,n}
1
e = —(e; +e;).
ﬂ( ])
We have

(28) G ty) = %(G(ei, to) + Gej. o)) £ V2 u(xo, to).
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Thus, there holds

1
(29) p|Vu(wo,to)| < Gler, to) — 5(Glei to) + Gleji to))-
On the other hand, we have Vi =1,--- |n
3n —2
(30) (n — D)G(er, to) + Glei to) > p(Au+n[Vul?) > p( [Vul? = a1(90)),

which implies

(31) G(eisto) = p(
Together with (29), we deduce

3n—2

5 IVul?> = o1(g0)) — (n — 1)G(ex, to).

3n—2

(32)  p|Viu(zo,to)| < nGler,to) — p|Vul? + poi(go) < (n+ 1)G(ex, to).

(Indeed, at all point (x,t), the estimate p\V?ju\ < (n+1)G(e1,tp) holds). Now choose the
normal coordinates around xg such that at point xg

9
8:1:1 -

and consider the function on M x [0, 7]
G, t) = pla)(un + [Vul) (1)

(without the confusion, we denotes also this function by G). Clearly, (xo, tp) is a maximum
point of G(z,t) on M x [0,T]. At (zo,t0), we have

€1

(33) 0 < Gi=plur+2> wuy),
l
(34) 0 = G;j= bigy plui; + QZululj), for any j,
P >1
(35) 0 > (Gy)= WG + pluniij + Y (uuy + 2upug;)
1>1
Recall that (F%) is definite positive. Hence, we have
0o > Z FijGij — Gy
,521
0D — D05 04 -
(36) > > F PR = 2PPic 1 p D P (i + Y (2w + 2wug;)
i,j>1 P i,j>1 I>1

—p(u11e + 2 Z upug).-
1>1

First, from the definition of p, we have

pi — 200 1
(37) N PP PG> o N PG,
=1 p =1
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and
- 7 B 220 o I
since F' is positive definite . Using the facts that
(39) Ukij = Uijk + Z Roikjum,
m

(40) Upkij = Uijrk + E (2Rpmikjumk — Ricmjumi — Ricmitmj — Ricmi jum + Rmikj kUm)

m
and
(41) O up)n =2 (wu + u3) + O(|Vul?),
I I
we have
Z Fuyy,;
1,521
(42) > Y FY [ wign = (un)ivy — wiwan)j + D (uf + wiuw)(go)s
1,521 >1
-2 Z Fijuﬂujl — C(l + |V2u| + |V’LL|2) Z ’FU|
4,521 i,j=>1
and
> Fuuy > Y Flwwi = FY (upugug + wiugug)
i7j7l Z'7j7l i7j7l
(43)

J% ZFUW“vv(W“‘Z»(QO)U — O(1+ |Vul?) Z |F|.

.3 4,521
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Combining (42) and (43), we deduce

(44)

Now, we want to estimate »_.

v

v

ST FU(uyg + 2> (uggugg + )

ij>1 I>1

Z FY (w11 + 2Zwijlul) +2 Z F Zuliulj + Z u F7(go)is

i.j>1 1>1 ij>1 122 i.g1>1

=Y F [(un + [Vul*)iwg + wiuar + [Vul?); — (Vu, V(un + [Vul*))(g0)i5]
ij

—C(1+|V2ul + [Vul?) Y |FY]

i,j>1

Z Fij (Wijll + 2 Z wilel) + U%l Z Fij (g(])ij
i,j l 2

ij G ij
+ > F9 (piwj + pjus — (Vp, V) (90)is) i C(1+ |V2ul + [Vul?) Y |F4).
ij ij>1

z,]lF wwlul and Z Fi wmn respectively. For the first

term Zileijwijlul , we have

(45)

For the second term ) . .

(46)

. K
ZF”wiﬂul = ZFlul+h/(K1)WZWul+h/(K1)K1(25_2>Zu12-
l l l

o
il L

i
i, F Jwijn, we have

.
> " Fwijn
2‘7-]‘

0’F ’F
Fip — meijawkw”lw’“m QZaw” Wijlu — 22810” wi1V1

i7j7k7
_a2FV2_2a2FVu O2F _OF - OF
a2 T 0o T 2 T g T gyt

It follows from (21) that

(47)

2
Z awwawkmwmlwkml > h Kl (Z wzzl)

i,5,k,m
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Using the facts (9) to (11), we can estimate successively

O*F
-9 s
izj Bwijau wz]ll“

(48) 2
/ KV 1
> —2(2—2e)h (K 2 y
= ( 5)h ( I)Uf(W) UI(W)ul + 80’1(W) <; wzzl) ] s
0’F
_2; 811)”8 Wij1V1
) K |a(w) i
’ 01 2 14
> - ..
2 U T(w) , T 4o (W) (Z wm) ] ’
Ly 0’F
(50) @V@uylul
/ KV 2 ! K 2

- _
(51) OF h' (K1) LSRN WK 02

02"t = ot Varmw)™

0*F
(52) ~ 502 uf >0
and
/ K / K ’VUP 2

- >

(53) 2h (Kl)a1 ) zl:ylul > h(Kl)Jl ) [ + v|Vu|
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These estimates, together with (45) and (46), imply

D P (w42 wiiw)
i !

Vv

/ KI/
F 2F, — 11~ (K
(Fn +zl: ur) ( 1)01<W)

—5h/ (K1)

|Vul?

IVv|2 — b (K) IVu|?

K
Ul(W)V
(54) —4h/ (K1) K1 |Vul® + B (Ky)

ot (W)

K /
—— 111 — (2 —=2e)h (K1) K ju
o (W) 11— ( Vh (K1) Kjui;

v

/ Kl/
P+ S 2Fu — 150 (K1)
2 A

—5h (Ky)———

Vul®

K
Vv? =0 (K1) s " Vvl?
01

K
o1 (W)v (W)

G / ,
—C(1 42T L B(K v — 2h (K
( )p ( 1)01(W) 11 ( 1)01

Kv "
11
(W)

Here we the fact u;; > 0 at the point (xg,%p). Remark

|[Vul?

Vu
Z <wil — Uity + (90)i — (Sgo)il> w

E Uz U
l

(55) : \
Vu
< ot m) — 2wl + 4 15, vl
so that together with (34) and (41), there holds
, K
K
h( 1)01(W)V11
= el (K)o (Vo ————o1(q0))
= 1 o1 (W) U n—2—4501 go))11
(56) K e,
_ pLug L 2 2
= h(Kl)al(W) 22 e —2zj:ujuﬂul+u” +O(|Vul? + 1)

v

eh (K1)

K [ G(Vp, V)

2192, | 4
—~c — C|Vul|V2u| — C(|Vyl +1)]

13
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Finally, we deduce that

D P (win 42 wiiw)
i !

/ KI/ ’ K
> 1 +2Y Fu — 150 (K 2_Bh(K 2
> Fi+ g:m, (K1) 1V (K2 35,1V
(57)
/ Kl/ / K
—2h (K1) ——— —h (Ky)———|V1|?
( 1)01(W)U11 ( 1)0—%(W)| V|
—O(1+ 20T _ o (K —— [ 22 Ty 2y
C(l+e )p Ceh ( 1)01(W) p=TE +p( + |Vul?)

Now we claim that there is a constant C' > 0 independent of € such that

1+./p (Z F”) - (1 n e(25—2)u> Yep <1 + 6(252)u)] .

We divide the proof of the claim into two cases.

(58) G<C

v
Case 1. > 1.
o (W) ~
It is clear that
(59) C'e(1+ |Vul|?) < v < Ce(1 + |Vul?)
and
2

(60) IVv|? < C’esuj27
for some positive constants C’ and C with C’ < C. Recall

” W) noo(W) nKv
61 pit = (22 —1- W (K

i
Thus, we can get that

hﬂmmﬁ%wm2S(X}M)mgONWS<§)W>QWW

7

(62)
< Ce <Z F”> fj,

%

7

(63) h,(Kl)af((I:/) up; < Ce (Z F”)
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K G?
64 h' (K Vv < W(K Vv|? < Ce Fi) =
(64) (), g IV < ) =7 (Z >p2
and
: K [G|Vu| G+ |Vul?) 2\ | G2 G?
K < F’L’L .
(65)  Ceh'( 1)01(W) [ At ) < Ce Z o

Combining (57) and (62) to (65), we obtain

Z Fij (wijll + 2 Z wiﬂul)
1, l
) G\ 2 G
> Fi 4+ 2ZFlul —Ce ZFZZ <> _ C(l + 6(25_2)u)—7
P
l

i

(66)

so that it follows from (36) to (38) and (44)

> —C (Z F“) f—l—pu%l <Z F“) —-C (Z Fu) G\p/a
GZ
—-C (Z F“) G- Ce (Z Fzz) C(1+ e(2e— 2)u)G

Therefore, we prove (58), provided ¢ is sufficiently small.

v
Case 2. —— < 1.
a1(W)

We distingush two cases.

a) o2(W) > 0.
Then from (55), we have
(68) \Vv| < Ce(o1(W)|Vu| + |Vul® + |Vu| +1).
In view of (59), we have
(69)
Kv K K Kv
W(K Vul®> + W (K V> + W(K Vul> + W(K u
(K ] (|; () gy 117 W) s 9 o ) s
< C (1 + 6(2572)“> -,
P
and
! K G|V’LL‘ (2e—2)u G

Hence, we infer also (58), provided ¢ is sufficiently small.
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b) O'Q(W) < 0.
We have also (70) and
K K
W (K)o [Vl B (K)o |
(71) o1 (W) G o1 (W)
< C (1 + 6(2572)u> =,
p
Thanks of (55), we have
(72) V] < Ce(y/o2(W) — 205(W)| V| + [l + |Vul + 1)
so that together with (59) and (61) we obtain
K
W (K1) ———|Vv|?
( 1)0'%(W)‘ V‘
K
< /K 2
< W) s V]
2(W) — 209 (W) |Vul® +1

< KO K2 o1 ( 2
(73) s OW(K)Ke < e r N B

<

C(1+ e<2€2>“)f + CeKoy (W) (Z F)

< O+ e<2€*2>")€ (1 +te) F) ,
P i

Finally we imply that the claim (58) holds in this case, provided ¢ is sufficiently small. It
is easy to see from (9) that h_(2) is uniformly bounded from below by a positive constant
for all € € [0,1/2]. Hence, we have

L 02(W)
f <2
AN “ Yoy =7
27 <
i 27) =), <G>E/2 i 2
p) T o(W) 7
which, together with (58), implies that
W)
1 (2e—2)u if 02( < 9.
(75) a O (et (W) =7
<
= (4de—4)u ) UQ(W)
Cll+4+e 2= , if > 2.
( > o1 (W)

Therefore, we have finished the proof of the Theorem. [



ON A CONFORMAL QUOTIENT EQUATION. II 17

The same proof gives the local estimates for the elliptic equation (16).

Theorem 3. Assume n > 3 and € € [0,¢0). Let u be a solution of (16) in a geodesic
ball B, for r < rg, the injectivity radius of M. There is a constant C' depending only on
(Br,g0) (independent of €) such that for any e € [0,20) and x € B, 9

(76) ‘VUP + ’v2u| S C(l 4 67(2725)infx63r“($)).

4. A SOBOLEV INEQUALITY

The Sobolev inequality is a very important analytic tool in many problems arising from
analysis and geometry. It plays a crucial role in the resolution of the Yamabe problem,
which was solved completely by Yamabe [36], Trudinger [32], Aubin [1] and Schoen [29].
See various optimal Sobolev inequalities in [25]. In this section we are interested in a
similar type inequality for the class of a fully nonlinear conformal quotient operators. In
[20], [21], [12] and [17], the Sobolev inequality was generalized to the various fully nonlinear
operators.

In this section, we establish the Sobolev inequality relating [, o2(g)dvol(g) and
Jas o1.e(g)dvol(g) for a general manifold, which will be used in the next section.

Theorem 4. Let (M, go) be a compact Riemannian manifold with gy € F; and the di-
mension n > 4. Assume € € [0,1/2]. Then there exists a positive constant C > 0
depending only on (M, go) (and independent of ) such that for any C? function u with
e~ 2Ugq € C1([go]) we have

n—4
n—2—2e

(77) / Jg(e_QUgO)dvol(e_Zugo) >C (/ 625“01(6_2“go)dvol(6_2“go))
M M

Equivalently, for such a function u we have
’2

/ Wy (V2 + du @ du — |V2u go + Sg,)dvol(go)
M

(78)

|2 n—2—2¢
go + Sgo)dvol(go)> .

> C </ 2= (V2 + du @ du — |V2u
M

Proof. Let g = e 2“gg. We have shown in [11] the invariant Y21([go]) > 0 and for any
e g0 € C1([g0])

(79) / o2(e2go)dvol (e gg) > C’l/ |Vu|4e(4_”)“dvol(gg)—0/ e duol(go),
M M M

(80) / o9(e” 24 gg)dvol (e 2 gy) >C’1/ e dwol (go),
M M

for some positive constants C; > 0 and C' > 0. Hence, we deduce

(81) / oo (e go)dvol (e gy) > C/ (Vul*e“™ " dvol (gy).
M M
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It is easy to say that

/€2€ug1(e_ngO)dvol(e_ngo)
M
n—2 9 (2+2e—n)u
= Au = ——|Vul" +01(g0) | € dvol(go)
n—2—4e —nju
(82) — / <2|VU’2 + 0'1(90)> 6(2+2€ ) dvol(go)
. 1/2
< % </ IVl e duol (go) /6(45_")ud7101(90)>
+(Sup01(go))/€(2+2€_n)udv0l(g‘))'

Recall the definition of the conformal invariants [11]

o f01 )dvol(g
53 Villal) = | SBCED

and
n—4

(84) ( / dvoz<e2“go>) 7= e Villao) ) [ oa(e u)dvot(e g

By the Holder inequality, we get for any « € [0,n/2]

(85) ( /M e“dvol (e~ gy) )Z i <C / go)dvol(e *"gq),

where C' is a positive constant independent of a.. (81), (82) and (85) imply

/628“01(e_ngg)dvol(e_ngo)
M

</M 02(62“90)dvol(62“go))> v </M a6~ go)dvol(e g,
" + </M 02(6_2ugo)dvol(e—2“go))> n_”izs]

n—=2—2e

< C(/M 02(6_2ugo)dv01(€_2u90))> o

We finish the proof of Theorem.

< C

).

))>m

Remark 1. In [13], we proved the Sobolev inequality (77) in the cone Ca([go]) when the

conformal invariant Ya1([go]) > 0.
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5. PROOF OF THEOREM 1 IN THE CASE n > 5
Now we can prove that Y is achived for any small € > 0.

Proposition 2. For ey > ¢ > 0, flow (5) globally converges to a solution of (15). As a
direct appliaction, Yz is achieved by a function u. satisfying (15).

Proof. We divide the proof into 3 steps.

Step 1. For a fixed small number ¢ > 0, the solution u of flow (5) has a uniform C°
bound, which is independent of ¢.

The proof use the optimality of the local estimate (18). First all, since flow (5) does
not increase JFa, F2(g) is bounded from above along the flow. By (84), we konw that
J3; dvol(g) is bounded from above. From the Holder inequality, Vz(g) = [, e?tdvol(g) is
also bounded.

Let T* € (0, o0] be the maximum of the existence of the flow. For any T € [0,T*), set

T) = i .
m(T) (m,s)é%}ri[o,ﬂu(x’s)

We show that there is a constant Cy > 0 independent of 7' (depending on ) such that

87 inf T) > —Cy.
(87) et m(T) 0
We assume by contradiction that inf,cpp 7+) m(t) = —oo. Let T; be a sequence tending

to T* with m(T;) — —oo as i — oo. Let (z;,t;) € M x [0,T;] with u(z;, t;) = m(T;). Fix
0 € (%, 1), we consider r; = g|m(ﬂ)\e(1_6€)m(T"). Clearly, we have r; — 0. It follows from
Theorem 2 that for sufficiently large i and for any = € B, (x;)

u(z,t;)) < m(T;)+ ( sup |Vul)r;

-\ Tg
i\t

< m(Ti)+Ce(zsfg_l)m(Ti)%|m(Ti)’€(1*5€)m(Ti)

= m(T) + O jm(T) ez

IN

(1= r)m(T5),

for some x € (0, (5 — 2)e). Note that § — 2 > 0, for n > 5. Therefore, we obtain

/ 2 duol(g) 2/ e@=mIm(T(1=) g0 (g0} > Cel2e-mm(T(1=r),n
B(xi,:) B(xi,r:)

20(|m(§-)5>"_>00

where we have used n > 5. Hence, this fact contradicts the boundedness of V.. This proves
the claim. This claim, together with the local estimates and the fact F; . is preserved along
the flow, implies that ||u(t)||c2 has a unform bound.
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Step 2 There is a constant Cy > 0, independent of T" € [0, T*) such that o1(g(z,t)) > Cy
for any ¢ € [0,7] and x € M.

(From the Sobolev inequality and Lemma 2, the function 7-(g(t)) is bounded from below
and from above by the positive constants. Recall

v =¢e(|Vul® + 201(g0)/(n — 2 — 4¢)),

2 WU|2
W = (wij) = (Viju+uiwj — ——(g0)ij + (Sg0)is);
K =r(gt)e® ¢ K =K1+ —2
Ta(g( ))6 ’ 1 + O'l(W)

and
F.(W,v,u,t) = he (Zf%%) — he (K1)

Let us consider a function H : M x [0,T] defined by
H, = F.—e™

= w—se(g) — e,

where u; denotes the derivative of w with respect to t. Without loss of generality, we
assume that the minimum of H, is achieved at (zo,%9) € M x (0,T] and at (xo, to)

a2(W)
<1
O'1(W)
Recall that h.(t) =t for t < 1. Hence, in a small neighborhood of (xg, to)
a2(W) _
= — he(Ky) — e
Let us use O(1) denote terms with a uniform bound (perhaps depending on ¢). Using
drzligw < 0, we have near (z, to)
d / 2 H v
7H£ > tr (AVQ(HE 4 er)) _ hg(Kl)K €<vgou7 VQO( ete )>90
dt g a1 (W)
(88)
+ke(xv t)uta
where )
(cf(W) —oo(WNI — oy (W)W, Kvl
A= h (K1) ——
AA) I

is positive definite and
ke(x,t) == e ™ + (2 — 2e)hL(K1) K4

is a positive function and I denotes the identity matrix. To simplify the notations, we
drop the index & as before. We prove first There is a constant Cy > 0, independent of
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T € [0,T*) such that o1(g(zo,t0)) > Ca. Since (g, tp) is the minimum of H in M x [0, T,
at this point, we have o <0, H =0 VI and (H;;) is non-negative definite. Note that
(Vg)ij‘H = Hij + uiHj + UjHi — ZUZHlfSij = Hij,

l

at (xo,tp), where H; and H;; are the first and second derivatives with respect to the
back-ground metric gg. From the positivity of A and (88), we have

0 > H —)» AVH;

i,
> Y AT )iy +uile ™) +ui(e )i = Y wle T digt + k(, by
i l
(89) . 1
i?j
> e A (wig + Sg0)ig) + (. .
/L-hj

Here we have

o 02(W) / Kv
;Aﬂwzj = () +h (Kl)gl(W).
On the other hand, we have
ij _ o1(go)(0f (W) = aa(W)) 1 . )
%:AJS(QO)U - 10'%(W) - Ul(W) %:MJS(QO)W
ey Broilgo)
%0 +h'(K7) ()
_ _o2Wailge) | g Kronlo)
T aw T
i 2wy + 1)
As W is bounded, we deduce that |
ij _ ’ Kvoy (90)
gy st (o0
~02(W)o1(go) 1
S Oy o).
(92) k(z0,t0) = (2 — 2000 (K1) —X 4 O(1).

o1 (W)
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ug(zo,to) = H(xg,to) + s-(g(to)) + e E0t0) > H(xg,ty) + O(1)
(93) _oa(W)
— o'l(W) — h(Kl) + O(l)

We divide the proof into two cases.

Case 1. o2(W) > 0.

It is clear
0 < oa(W) < %a%(W)
Thus
—upry e KVo1(90) / Kv
(94) 0 = eh (Kl)W = (2= 2e)h(K1)h (Kl)gl(W) o)+ O(UI(W))

Assume that W is sufficiently large. Then

KVO’l(g()) > Cg

(95) W(K;) W) )
and
(96) (2 — 26)h(K1)W (K1) Kv Ca

(W) = o2 ()

for some positive constants Cs and Cy independent of T'. This implies boundness of o1 (W)
at the point (xq,to) from below by some positive constant independent of T'.

Case 2. 02(W) < 0.

o1(g0)o2(W)
o (W)
is sufficiently large. Hence, the desired result yields.

oo (W)
o1 (W)

In this case, (94) holds also since — +k(zo, to) > 0, provided

1
o1 (W)

Now for any (z,t) € M x [0,T] we have

(97) H(z,t) > H(zo,to) = O(1)
so that
(98) (W 0ty n() (1) > 0(1)

o1 (W)

Therefore, we infer

(99 i (retatpet= 2 (14 ) ) ) 2 00)




ON A CONFORMAL QUOTIENT EQUATION. II 23

since we have always

72(W) = 72(W) T if o T
2%5 (2,4) < %Jl(W)(x,t) <O(1) if oo(W)(z,t) > 0

Finally, K;(z,t) is bounded from above and yields that there exists Cp > 0 independent
of T such that o1 (W)(z,t) > Cp.

Step 3. Now we can finish the proof of Proposition 2. From Step 2, we know that the
flow is uniformly parabolic. In view of Step 1, Krylov’s theory implies u(¢) has a uniform
C?% bound. Hence, T* = co. One can also show that u(t) globally converges to u(oc),
which clearly is a solution of (15) for ¢g > ¢ > 0. From the local estimates, the set of
solutions of (15) for ¢ = 1 with the uniform bounded energy functional F» is bounded in
C? norm. Since (16) is concave in W, from the Evans-Krylov theory, this set is compact
in C%® norm. Now it is easy to show that Y, is achieved. |

Proof of Theorem 1 in the case n > 5. By Proposition 2, for small € > 0 we have a solution
ue of (15) which has Fy o(u:) = Y.. It is easy to show that

limY. = lim Y. = Ya;.

e—0 e—0 ’
If lim._,o mingeps us(x) > —o0, then local estimates imply that u. (taking a subsequence)
converges in C%® to u, which is a solution of (3). We are done.

If lim._,o mingeps ues () = —o0, we can use the local estimates and the classNiﬁcation of
solutions of (17) in the standard sphere to get a contradiction to the facts Y2 1([go]) <
Y51(S™) and equality holds if only if (M, [go]) is the standard sphere. This so-called the
blow-up analysis for this class of fully nonlinear conformal equations becomes more or less
standard. Here we leave the proof to the interested reader.

Now Y3 1([go]) is achieved by some g € Ci([go]) which solves (17). Hence g € Ca([go])
and yields that Y2,1([90]) = Y271([go]). |

6. PROOF OF THEOREM 1 IN THE CASE n =3
Now we want to consider the existence of the following equation

_ A
(101) F.(g9) = o2l9) — e = constant,

o1(9)

with g = e 2%gy for ¢ > 0 a positive number. In this paper we will choose v as a small
positive constant. Following [20], [12] and [13] we will introduce a suitable Yamabe type
flow to study equation (101).



24 YUXIN GE AND GUOFANG WANG

For any ¢ € (0, +o00) and for g = e~2%gg, consider the following perturbed functional

2

/ 2(g) — ee*™)dvol(g), if n #4,
/ / o2(g¢) — 2ee®™udvol (g;)dt, if n =4,

where g; = e~ 2" gy. When ¢ = 0, the functional was considered in [33], [5] and [4]. Recall

Filg) = /Mm(g)dvol(g) and  Falg) = /M@(g)dvoz(g)

From the variational formula given in [33], [5] and [4], we have

(102) %55(9) = / (02(g) —ee™)g - %gdvol(g)
and
(103) %fl( ) = n;2/01(9)g Cf;tgdvol( ).

Now we introduce a Yamabe type flow, which non-increases &, and preserves Fi.

du 1 ,d - o2(g) — eetv

104 — = — — ey = —2u
( O ) dt 29 dtg 01(9) ré‘(g)e +$€(g)7

where 7-(g) and s.(g) are space constants, given by

Falg fM 564“dv0l

(105) re(g) == 0
and
o — getu
o) [ o e e () avalg) o

We collect some basic facts proved in [11].

Lemma 5. Flow (104) preserves Fi and non-increases E.. Hence when n > 4, then r. is
non-increasing along the flow, and when n = 3, then r. is non-decreasing along the flow.

Given € > 0, assume go € Ci([go]). By Lemma 3, (104) is parabolic. By the standard
implicit function theorem we have the short-time existence result. Let T* € (0, co] so that
[0,T*) is the maximum interval for the existence of the flow g(t) € I'{.

Proposition 3. Assume thatn >3, ¢ > 0 and gy € Ff. Let u be a solution of (104) in
a geodesic ball Br x [0, T] for T <T* and R < 19, the injectivity radius of M.
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(1) Assume that Vt € [0,T], there holds
re(t) <0.

Then there is a constant C depending only on (Bg,go) (independent of ¢ and T')
such that for any (x,t) € Brjy % [0,T]

(107) |Vul? + |V?u| < C.
(2) Assume that Vt € [0,T], there holds
re(t) > 0.

Then there is a constant C' depending only on (Br,go) (independent of € and T)
such that for any (x,t) € Brjy % [0,T]

(108) IVul]? + |V < C(1+ sup r.(t) x e 2M@oespxomu@t)y
t€[0,T

Now we define
. 56(9) .
. inf — ifn#4
(109) Qe = geCi([g0]) (fM o'l(g)dvol(g))n—;1 ?é

If a. is achieved by a metric g = e~2%gg, the g satisfies

o2(g) — et _

(110) a1(9)

for some constant x. Equivalently, we will consider the energy functional & on the nor-
malized cone Ci([go])

(111) G (lgo) = {g cCilan)| [ o)duils) - 1} .

Using the same arguments as in Proposition 3, we have the following local estimate.

Proposition 4. Assume thatn >3, ¢ > 0 and go € I'{. Let u be a solution of (110) in
a geodesic ball Br x [0, T] for T <T* and R < 19, the injectivity radius of M.

(1) Assume
Kk <0.

Then there is a constant C' depending only on (Br, go) (independent of v and T')
such that for any (x,t) € Brjy % [0,T]

(112) |Vul? + |V?u| < C.
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(2) Assume
k> 0.

Then there is a constant C depending only on (Bg, go) (independent of € and T')
such that for any (z,t) € Bg/s x [0,T]

(113) IVul? + |[V2u| < C(1 + k x e 2 @nenpxpm @)
Now we consider n = 3 and can prove that a. is achieved for any small € > 0.

Proposition 5. Assume gg € F; andn = 3. For % > e >0, flow (104) globally converges
to a solution of (110). As a direct appliaction, a. is achieved by a function u. satisfying
(110) for k > 0, provided € is suficiently small.

Proof. We divide the proof into 3 steps.

Step 1 There is a constant Cp > 0, independent of T € [0, 7*) such that
(114) lu(®)les < Co.
Claim. There is a constant C' > 0, independent of T' € [0,7*) such that

(115) /M e dvol(g(t)) < C.

Without loss of generality, we can suppose Fi(g(t)) = 1. Thus, we obtain

(116) E/M " Ddvol(g(t)) = Fa(g(t) — re(g(t)) < Falg(t)) < Ya,1([g0))-

Thus, we prove the claim. As in [11], we have for all g € Ci([go])
(117) / 2(g)dvol(g) < /|Vu|4 et dvol(g )+c/e4“dv0l(g),

for some positive constant ¢ > 0. Recall that Y2 1([go]) is finite and [ o2(g(t))dvol(g(t)) >
0, provided r.(g(0)) > 0, since r.(g(t)) is non-decreasing. Thus, we infer V¢ € [0,T*)
(118)

256/|V64|4 dvol(gop) /|Vu4 e*dvol(g) < c/e4udv0l(g) < c/(eu/4)4dvol(go),

which implies by the Sobolev’s embedding Theorem for all z,y € M

(119) e @0/t — eulvt)/4] < C(/ e dvol(g))"/* (dgy (2, y))/* < c(dgy (z,9))"/*
where dg, (z,y) is the distance between x and y with respect to the metric go. Set
(120) B(t) = emimm u(t) — cu(ee)

and

(121) B(t) i= emaxaru(ot) — gu@et)

for some x;, Z; € M. Tt follows from (119) that for any y € M
(122) e O = (B + e(dgy (w,y) )



ON A CONFORMAL QUOTIENT EQUATION. II 27

which implies

Vol(g(t) = / ¢34 duol(go) > / (B + c(dgo (2, 9)) ) 2dvol (go)
(123)

R
> c/ (B(t)1/4 + cr1/4)_127"2d7" > —cln B(t),
0

provided 3(t) < 1/2. On the other hand, we have always Vol(g(t)) < (Y1([go])F1(g(t)))>.
Thus the lower boundness of u(z,t) yields. Together with the local estimates and the fact
J1 is preserved along the flow, this implies that ||u(t)||c2 has a uniform bound.

Step 2. The flow preserves the positivity of the scalar curvature.

Proposition 6. There is a constant Cy > 0, independent of T € [0,T*) such that
o1(g(t)) > Co for any t € [0,T)].

Proof. Recall

Set

where o = 2Y51([go]). Thus, F. = us + (r-(g9(t)) — a)e™?* — s.(g(t)). Without loss of
generality, we assume that the minimum of F; is achieved at (xg,to) € M x (0,T]. Let us
use O(1) denote terms with a uniform bound with respect to ¢ (perhaps depending on ¢).
It is clear that s.(g(t)) and r-(g(t)) are bounded. Near (xg,ty), we have

(124) %Fa = ZAU [(V?](FE))ZJ — (re(g) _ a)(vg(equ)%j] + 2ae*2“ut,
tj

where
(03 (W) = 0a(W) + )65 — oy (W)WH

AV =
ot (W)

is positive definite. To simplify the notations, we drop the index ¢ as before. Since (xg, t()
dF

is the minimum of F' in M x [0,7], at this point, we have ’ <0, F; =0 Vi and

(Fjj) is non-negative definite. Note that

(V?])ijF = Fj +u; Fj + u; F; — ZUZFZ(SU = [y,
]
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at (zo,1t0), where Fj; and Fj; are the first and second derivatives with respect to the back-
ground metric gg. From the positivity of A and (124), we have

(125)
—2ce 2y,
W)—e
= —20[6_2“02(7 +O(1
> F— Z AijFij — 2006 2y
2
> (a—re(9)) > AT{(e™)i + wile™™); +uj(e ™) — > wle )b}
ij !
= (a—r(g))e Z AT{—2w;j + 2uiuj + 25(g0)ij + |Vul*0;;}
i,
—205(W) — 2 y
> (o= nlge | (TN 5 AT 2+ 20l + IV uy)
0'1(W) i
y oo(W) + ¢
Here we have used AYw;; = ——<———. On the other hand, we have
ZZJ: J 01 (W)
(126)
i (01 (W) — 02(W))a1(g0) 1 ij eo1(go)
AYS(go)i; = - W S(g0)ij + .
2 AT ) i) 2 IS
Going back to (125), we have
_ W)—e
—2ae 2002(W) — ¢ +0(1
o1 OV) (1)
> [ — Z AijFij — 20 2y,
12
127 -9 -9 22 —
( ) > (Oé B T,E(g))e—Qu |: UQ(W) € + (Ul (W) UQ(W))UI(QO)

a1 (W) at(W)

2 . 2e01(90)

— wws 4 ,

7y 27800+ e

since (A%¥) is positive definite and o — r-(g) > Ya1([go]) is positive. One can check

o2(g) = O(1) for ||u||cz is uniformly bounded and Z WS (go)ij = O(1). Also the term
Z‘?j

o2(W) — o2(W) is always non-negative. From (127), we conclude that there is a positive

constant C > 0 (independent of T") such that

(128) Ul(W)(xo,to) > (Cy > 0.
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Now for any (z,t) € M x [0,T], we have
UQ(W)(.’L‘,t) —¢ > 0(1)
o1 (W)(z,1)
so that there is a positive constant C' > 0, independent of T', such that
o1 (W)(z,t) = C

since we have o2(W) < $0%7(W) provided oo(W) > 0. This finishes the proof of the
Proposition. ]

Step 3. Now we can prove equation (110) admits a solution. From Steps 1 and 2, we
know that the flow is uniformly parabolic. And, Krylov’s theory implies u(t) has a uniform
C?® bound. Hence, T* = oo. One can also show that u(t) globally converges to u(co),
which clearly is a solution of (110) for k = r.(g(c0)). (Note that r.(g(t)) is monotone and

bounded so that r.(g(c0)) exists) (see [20]). So u. = u(o0) — %log |re(g(00))]| solves (110)

for Kk =1 (resp. 0,1) if r-(g(c0)) > 0 (resp. = 0,< 0). Now, if ¢ is sufficiently small, we
have r.(g(0)) > 0. Thus, there exists a minimizing solution to (110), that is, a. is achieved.

Proof of Theorem 1 in the case n = 3. Now let u. be a minimizing solution to (110) for
k = 1. It is clear e 2“sgy € Ca([go]) and Ya1([go]) > a.. As ac — Y21([go]), we infer

Y21([90]) > Ya:1([g0]). On the other hand, Y21 ([go]) < Ya1([g0]) since Ca([go]) C Ci([g0))-
Finally, Y51([g0]) = Y2,1([go]). This finishes the proof of Theorem. |
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