A PENROSE INEQUALITY FOR GRAPHS OVER KOTTLER SPACE
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ABSTRACT. In this work, we prove an optimal Penrose inequality for asymptotically locally
hyperbolic manifolds which can be realized as graphs over Kottler space. Such inequality relies
heavily on an optimal weighted Alexandrov-Fenchel inequality for the mean convex star-shaped
hypersurfaces in Kottler space.

1. INTRODUCTION

The famous Penrose inequality (conjecture) in general relativity, as a refinement of the positive
mass theorem ([40], [43]), states that the total mass of a spacetime is no less than the mass of
its black holes which are measured by the area of its event horizons. When the cosmological
constant A = 0, its Riemannian version reads that an asymptotically flat manifold (M™, g) with
an outermost minimal boundary ¥ (a horizon) has the ADM mass

n—2
1/ |8 \n=1t
(1.1) MADM 2 5 < %] ) 5

T2 \wp1

provided that the dominant condition R, > 0 holds. Here R, is the scalar curvature of (M", g),
|| is the area of ¥ and wy,—1 is the area of the unit (n — 1)-sphere. Moreover, equality holds if
and only if (M, g) is isometric to the exterior Schwarzschild solution. For the case n = 3, (1.1)
was proved by Huisken-Ilmanen [28] using the inverse mean curvature flow and by Bray [3] using
a conformal flow. Later, Bray’s proof was generalized by Bray and Lee [7] to the case n < 7.
For related results and further development, see the excellent surveys [4], [35]. Recently Lam
[30] gave an elegant proof of (1.1) for asymptotically flat graphs over R™ for all dimensions. His
proof was later extended in [14, 29, 36]. Very recently, a general Penrose inequality for a higher
order mass was conjectured in [21], which is true for the graph cases [21, 32] and conformally
flat cases [22].

In recent years, there has been great interest to extend the previous results to a spacetime with
a negative cosmological constant A < 0. In the time symmetric case, (M", g) is now an asymp-
totically hyperbolic manifold with an outermost minimal boundary ¥. For the asymptotically
hyperbolic manifolds, a mass-like invariant, which generalizes the ADM mass, was introduced
by Chrusciel, Herzlich and Nagy [10, 11, 27]. See also an earlier contribution by Wang [41] for
the special case of conformally compact manifolds. For this mass m™ the corresponding Penrose
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conjecture is

n—2 n
DA A
1.2 H> =
( ) "= 2 {(‘*Ml) * (Wnl ’

provided that the dominant energy condition R; > —n(n—1) holds. This is a very difficult prob-
lem. Neves [38] showed that the powerful inverse mean curvature flow of Huisken-Ilmanen [28]
alone could not work for proving (1.2). For the special case that the asymptotically hyperbolic
manifold can be represented by a graph over the hyperbolic space H", DIl-Gicquaud-Sakovich
[13] and de Lima-Girao [16] proved this conjecture with a help of a sharp Alexandrov-Fenchel
inequality for a weighted mean curvature integral in H". More precisely, in [13], several sub-
optimal inequalities similar to the Alexandrov-Fenchel inequality in the hyperbolic space are
given, the sharp inequality (the one that implies the Penrose inequality for hyperbolic graphs) is
settled in [16]. Recently there have been many contributions in establishing Alexandrov-Fenchel
inequalities in H", see [9, 23, 24, 31, 42]. Penrose inequalities for the Gauss-Bonnet-Chern mass
have been studied in [21, 24].

In this paper we are interested in studying asymptotically locally hyperbolic (ALH) manifolds.
Let us first introduce the locally hyperbolic metrics. Fix x = £1,0 and suppose (N"! §) is a
closed space form of sectional curvature . Consider the product manifold P, = I, X N, where
I_1=(1,400) and Iy = I = (0,00) endowed with the warped product metric

d 2
= V;Ep) +p2§7 pel,, and Vi(p) = \/m

One can easily check that the sectional curvature of (P, b,) equals to —1 and thus it is called
locally hyperbolic. Note that in the case k = 1 and (N, g) is a round sphere, (Py,b,) is exactly
the hyperbolic space. Since there are a lot of work on the case that k = 1 and (N, g) is a
round sphere, see the work mentioned above, we will in principle focus on the remaining case,
the locally hyperbolic case. Namely, K = —1,0 or k = 1 and N is a space form other than the
standard sphere. In this case, the mass defined by (1.6) below is a geometric invariant. (See

Section 3 in [10]). In order to define this mass, we recall from [10] the following definition of
ALH manifolds.

(1.3) b

Definition 1.1. A Riemannian manifold (M™,g) is called asymptotically locally hyperbolic
(ALH) if there exists a compact subset K and a diffeomorphism at infinity ® : M\ K —
N x (pg,+00), where po > 1 such that

—1\x* —1\* —T n
(1.4) 1(@)*g = balle, + IV (@) *g) b, =O(p™7), 7> 5
and
(1.5) /M Vi |Ry +n(n — 1)|dV,, < oc.

Then a mass type invariant of (M", g) with respect to ®, which we call ALH mass, can be
defined by

(1.6) M(pM,g) = Cn liM <V,{(divb'$e —dtr¥e) + (tr¥e)dV, — (VO V,, )) vdy,

— 00
P N,
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where e := (®71)*g — by, N, = {p} x N, v is the outer normal of N, induced by b, and dp is
the area element with respect to the induced metric on N,, 9,1 is the area of N

b
2(n — 1)1971—1 .

For this mass, there is a corresponding Penrose conjecture.

Conjecture 1. Let (M, g) be an ALH manifold with an outermost minimal horizon . Then

the mass B
(IS (s
m(./\/l,g) = 5 ﬁnfl e 19n71 ’

provided that M satisfies the dominant condition
(1.7) Ry +n(n—1)>0.

Moreover, equality holds if and only if (M, g) is a Kottler space.

The Kottler space, or Kottler-Schwarzschild space, is an analogue of the Schwarzschild space
in the context of asymptotically locally hyperbolic manifolds which is introduced as follows. We
consider the metric

dp? 9 2m
18 = + A7 V — 2 + _ .
(1.8) Grm 72,.00) 0°G, Vim PR
Let py.m be the largest positive root of Vj ,,. Then the triple

(P/i,m = [pmﬂ’m +OO) X N7 9k,m> Vn,m)
is a complete vacuum static data set with the negative cosmological constant —n which satisfies

(1.9) AVimGrm — VVim + ViamRicg, ,, =0 and Ry, =-n(n—1).

Jrk,m

We remark here that throughout the all paper, A and V denote the Laplacian and covariant
derivative with respect to the metric g .

Remark that in (1.8) if k > 0, the parameter m is always positive; if kK = —1, the parameter
m can be negative. In fact, m belongs to the following interval
(n—2)"7

n:

Comparing with the case of the asymptotically hyperbolic, this is a new and interesting situation.
The corresponding positive mass theorem looks now like

(1.10) m € [me,+00) and me = —

Conjecture 2. Let (M,g) be an ALH manifold (k = —1 case without boundary). Then the

mass o
me>m;—@iﬁj;
9) = . )
provided that M satisfies the dominant condition (1.7).
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These problems were first studied by Chrusciel-Simon [12]. Recently, Lee and Neves [33], [34]
used the powerful inverse mean curvature flow to obtain a Penrose inequality for 3 dimensional
conformally compact ALH manifolds if the mass m < 0. Roughly speaking, they managed
to show that the inverse mean curvature flow of Huisken and Ilmanen does work for ALH
with £ = 0, —1, though Neves [38] has previously showed that it alone does not work for the
asymptotically hyperbolic manifolds, i.e., k = 1. Very recently, de Lima and Girao [17] proved
Conjecture 1 for a class of graphical ALH for all dimensions n > 3, in the range m € [0, ).

Motivated by these work and our previous wok on the Gauss-Bonnet-Chern mass, in this
paper we want to to show Conjecture 1 for a class of graphical ALH for all dimensions n > 3,
in the full range

n—2
(n—2)=
nz

In order to state our results, let us introduce the corresponding Kottler-Schwarzschild space-
time in general relativity

m € [me,00) = [— ,00).

~V2dt + G-
We consider its Riemannian version, namely Q. ,» = R x Py, with the metric
(1.11) G = V2mdt® + gicm-
It is well-known that g ,, is an Einstein metric, i.e.
Ricg,, ., + ngxm = 0,
which actually follows from (1.9). Now let m be any fixed number
m € [me, 00).

We identify P ,, with the slice {0} x Py, C Qxm and consider a graph over P, or over a
subset P, \Q in Q. , where Q is a compact smooth subset containing {0} x dP, ,,. A graph
associated to a smooth function f : P, ,,\2 — R is a manifold M" with the induced metric
from (Qu,m, Grm), 1-€.

Definition 1.2. We say M" C Qym is an ALH graph over P, ,,\Q (associated to a smooth
function f : P, \Q — R) if there exists a compact subset K and a diffeomorphism at infinity
®: M\ K — N X (pg, +00) C P\, where py > 1 such that

(1.13) 1279 = gramllgem + IV (27)79) g, = O(7T), 7> g
or equivalently,

(1.14) VY g + VY2 + YV Sl = Op72), 7> 2,

and

(1.15) / Vi |Ry +n(n— 1)|dV,, < oo,
M
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An ALH graph over P, ,,\Q in Qy , must be an ALH manifold in the sense of Definition 1.1.
Conversely, if a graph over P, ,,\Q in Q4 is an ALH manifold, then it is also an ALH graph
in the sense of Definition 1.2. In other words, for a graph over Py ,,\Q in Q pn, Definition 1.1
and Definition 1.2 are equivalent. For the proof see Appendix B.

We now state the main results of this paper.

Theorem 1.3. Suppose M C Qs s an ALH graph over P, ,,, with inner boundary 3, associ-
ated to a function f : P, ,\Q — R. Assume that ¥ is in a level set of f and |V f(z)| — oo as
x — X. Then we have

0
(1.16) M(M,g) = M+ Cn/ (5,8 (Rg+n(n—1))dV, + cn/ ViemHdp,
’ MmOt 2

where H is the mean curvature of ¥ in (Pxm, gr,m) and & is the unit outer normal of (M, g) in
(Quym» Grym). Moreover, if in addition the dominant energy condition

(1.17) Ry+n(n—1)>0

holds, we have

(1.18) Mp,g) = M+ cn/ ViemHdp.
b

Remark 1.4. For any ALH graph over the whole P ,,, we have
(1.19) M(M,g) = T > Me,

provided that the dominant energy condition Ry + n(n —1) > 0 holds, since in this case
0
Mt =t o [ (5Ol D)V, = m = m.
M

This can be viewed as a version of the positive mass theorem in this setting. See Conjecture 2.

Comparing with the work of [17], which considers graphs over the local hyperbolic space
P, our setting enables us to consider the negative mass range. In order to obtain a Penrose
type inequality, we need to establish a Minkowski type inequality in the Kottler space. This
motivates us to study geometric inequalities in the Kottler space. The corresponding Minkowski
type inequality is proved in the following Theorem.

Theorem 1.5. Let ¥ be a compact embedded hypersurface which is star-shaped with positive
mean curvature in Py ., then we have

S|\ T 0P|\ 71
an Z -1 n— - —
| Vet = (=10 1((%_1 L
B\ _ (0Pl |
1 st () (a5

where 0Py m = {pr,m} x N. Equality holds if and only if 3 is a slice.
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In this paper by star-shaped we mean that 3 can be represented as a graph over {pj m } x N n—l
in Pyn.

When m = 0, i.e, P;,;, = Py, which is a locally hyperbolic space, Theorem 1.5 was proved
in [17]. When m # 0, P, ,, has no constant curvature. A similar inequality was first proved
by Brendle-Hung-Wang in their work on anti-de Sitter Schwarzschild space [9]. Our proof of
Theorem 1.5 uses crucially their work.

One can check easily that for the Kottler space Py ,, the area of its horizon 0P, ,, satisfies

1 ((10Pem]\ 7T 0P|\ 71
(1.21) m—2<< ﬁn1> +n< o .

Combining (1.18), (1.20) and (1.21), we immediately obtain the Penrose inequality for ALH
graphs.

Theorem 1.6. If M C Qg s an ALH graph as in Theorem 1.3, so that its horizon 3 C
(Pr,ms 9r,m) 1s star-shaped with positive mean curvature, then

(1.22) (=L =
‘ m(M,g) -2 19n—1 " 'lgn—l .

Equality is achieved by the Kottler space.

When n = 3, as mentioned above, this inequality was proved by Lee-Neves in [33] and [34],
even without the graphical condition. When m = 0 it was proved by de Lima-Girao [17].
Howover, if one restricts himself only to the case m = 0, by (1.16) and the dominant energy
condition (1.17) one has m(xq ) > 0, which means that (1.22) is interesting only if the volume
|X| of ¥ is not so small, in the case K = —1. This remark was also pointed out in [17]. Our
result, Theorem 1.6, remedies this problem.

It is easy to show that the Kottler-Schwarzschild space P ,, can be represented as an ALH
graph in (Qy /s Giem’) Over Py, if m' < m. In general we believe that the class of ALH graphs
over P, ,, with smaller m is larger than the class of ALH graphs over P ,, with bigger m. That
is, we believe the class of ALH graphs with m = 0 considered in the paper of de Lima-Girao
contains the class of ALH graphs with m > 0 and the class with m. < 0 is the biggest. In
Appendix A, we show that it is true at least for rotationally symmetric graphs. By the above
results and the results in [16], it is clear that the class of ALH graphs with negative mass we
consider here can not be represented as ALH graphs over P o in Q o, since, otherwise the ALH
mass is positive. Moreover, in Appendix A we give examples of ALH manifolds with positive
ALH mass, which can be represented as an ALH graph over P_y ,, with m’ < 0, but can not be
represented as an ALH graph over P_q .

The rigidity in Theorem 1.6 should follow from the argument of Huang-Wu [29]. We will
return to this problem later.

2. KOTTLER-SCHWARZSCHILD SPACE

As stated in the introduction, the Kottler space, or Kottler-Schwarzschild space, is an analogue
of the Schwarzschild space in the setting of asymptotically locally hyperbolic manifolds. Let
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(N"=1§) be a closed space form of constant sectional curvature x. Then the n-dimensional
Kottler-Schwarzschild space Py = [pr,m,00) X N is equipped with the metric

dp? 9 2m
2.1 = G, Viem =[P+ 5 — .
( ) gﬁ,m V,g,m(p) + P g K, p + K pn_g

Remark that in (2.1), in order to have a positive root py m, of ¢(p) := p? + K — me if Kk >0,

n—29

the parameter m should be always positive; if Kk = —1, the parameter m can be negative. In
fact, in this case, m belongs to the following interval

n—2
"
(2.2) m € [me,+00) and me = —%-
nz

Here the certain critical value m, comes from the following. If m < 0, one can solve the equation

&(p) = 2p+ <n—2>p2m 0,

n—1

1
n

to get the root pp = (—(n — 2)m)» . Note the fact that ¢(pp) < 0, which yields

n—2
2

(n —2)

m > — o
nz2

By a change of variable r = r(p) with

1
m(p)v T(p,‘i,m) = 07

/
/s =
(p) A
we can rewrite Py, as Py, = [0,00) X N equipped with the metric

(2.3) Groom = § = dr? + M\a(1)24,

where A\, : [0,00) = [pr,m,00) is the inverse of r(p), i.e., Ag(r(p)) = p. It is easy to check

(2.4) Ae(r) = Vim(p) = VE+ Aa(r)2 = 2mAe(r)27,
(2.5) Af;(r) = X(r)+ (n— 2)m)\ﬁ(r)1*".

By the definition of pj ,, we know that
N(r) > 0 for r € [0, 00).
One can also verify

(2.6) Ae(r) = O0(e") as r — oo.
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We take k = —1 as example to verify (2.6).

P 1
T = ds
) p—1,m V—1+ 2 —2ms2—n

g ! d 1 ! d
—as + S
/1 V=14 s2 P—1m V=1+ s2 —2ms2—n

) == )
— s
1 \V=1+s2-2ms2 " -1+ s2
= In(2vp?—142p)—c— %p_” +0(p™?) as p — .

Here c=In2+ [ p1_1,m \/ﬁd& By Taylor expansion, we have
er(p)+e

+ e+ — (14 0(1))p + o(1),

4

which implies A\x(r) = p = O(e") as r — oc.

Let R,p,s denote the Riemannian curvature tensor in Py ,,. Let V and A denote the covariant
derivative and the Laplacian on P ,, respectively. The Riemannian and Ricci curvature of
(Px,m, g) are given by

Rijiw = Me(m)?(5 = No(r)) (@it — Gudse) = 2mA."™ — 1)(GixGit — GaGik)»
Rijr = 0,
Rirjr = _AH(T))\Z(T).@ j (1 + (n - 2) g’L]
o Ae(r) K= A(r)? An(r) | E=A)? o
rieo) =~ (30 -2 S ) T )"
= (—(n — 1)+ (n—2)mA, (r)_” n(n — 2)mA, (r)_"dr2.
It follows from (2.6) that
(2-7) |Ra/3'y(5 + ga'ygﬁé - gaégﬁvb = O(e—nr)’ |vuRo¢Bﬂ/§|§ = O(e—nr);
(2.8) |Ric(g) + (n — 1)glg = O(e™™").

3. THE ALH MASS OF GRAPHS IN THE KOTTLER SPACES

First, one can check directly
Lemma 3.1. The Kottler space (P m, gr,m) s an ALH manifold with the ALH mass

m(Pmmvgmm) =m.

Second, instead of computing the ALH mass with V,; in (1.5) one can compute it with Vj; .,
by using the following Lemma
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Lemma 3.2. We have

(3.1) mpg,g) = mtcy li_>m (me(divgﬁ”"é—dtrgﬁ’mé)—i—(trg”’mé)an,m—é(Vg“’mV,@m, ~)>Ddu,
p—r30 N,

where é := (®~1)*g — 9r,m and U denotes the outer normal of N, induced by gem-

Proof. First note that
€= ((I)_l)*g —by=¢+ (gn,m - b,{),
thus we have

M(Mg) = TUPemgem) T On NI . (V,{(divb“é — dtr=é) + (trb=&)dV, — é(V*V, .)) vdy
P

= m+c, lim (Vﬁ(divb”é — dtr=é) + (trb=e)dV, — é(VP=V, ~)> vdpu.
p—00 N,

Then using the fact that g, ,, is ALH, one can replace V,, by Vi m, bs by gxm and v by v in

(1.6) without changing mass, that is,

lim (Vn(divb“é — dtr=é) + (trb=&)dV, — é(VP Vi, ')> vdu
pP—>00 N,

= lim <V,,Mm(div9“”"é — dtr9=mE) + (tr9m &)V — E(VI Vi, -)) dyu.
pP—+00 N,

This implies the desired result. O

According to [37], the second term in (3.1) is also an integral invariant when the reference
metric is taken as the Kottler-Schwarzschild metric g ,,, rather than b,. In the spirit of [14, 15],
one can estimate the second term since (P m, gi,m, Vi,m) satisfies the static equation (1.9).
Therefore we can prove Theorem 1.3 for the graphs over a Kottler-Schwarzschild space which
extends the previous works of graphs over the Euclidean space, hyperbolic space as well as the
locally hyperbolic spaces.

Proof of Theorem 1.3. The proof of this theorem follows in the spirit of the one in [14, 15].
For the convenience of readers, we sketch it. Denote (M, g) C (Qr,m, Gr,m) With the unit outer
normal & and the shape operator B = —V9m¢. Define the Newton tensor inductively by

T, =51 - BTy, Ty=1I,
where S, denotes the r-th mean curvature of (M, g) with respect to . Let {¢;}}'; be a local

orthonormal frame on M, then a direct computation gives (or see (3.3) in [1] for the proof)

n n

(3.2) diveTy ==Y (Ve T)(ei) = —B(divyT—1) = > (R(& Tr-1(e))e)T

i=1 =1

where R denotes the curvature tensor of (Qum)» Grym) and (R(ﬁ,TT_l(ei))ei)T denotes the tan-
gential component of R(§, T,—1(€;))é€i.
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Using the fact that % is a Killing vector field, one can check directly (or refer to (8.4) in [1]
for the proof)
. 0 . 0 0
(3.3) div, (TT((%)T> = (divyT5, (a)T> + (r+ 1)5’,«4_1(%,5),

where (%)T is the tangential component of % along M.
Combining (3.2) and (3.3) together, we get the following flux-type formula (for » = 1)

. 0 0 ) 0
(3.4) div, <T1(8t)T> = 252(5,@ + Ricg, ,, (&, (a)T)
Denote by
0
JR— _]‘7
€0 = (Vn,m) ot

In the local coordinates x = (21, - , ) Of (Pgm, gr,m), the tangent space TM™ is spanned by

_ 0
Zi — (Vn,mvif)el) +

8{[}7;’
and thus .
6 = — (60 - Vn,mﬁf)a
1+ V2, IV f?

which implies

8 VH m

(a*)T = Vi,meo — —
¢ 1+ V2, |Vf2
ViV II? Vie o

: ___vr
1+V,gm|Vf|2e°+1+V,3m|Vf|2 /

On the other hand ()7 := ((£)7)?Z; which yields

3.5 —) )=

(3:5) ((8t) ) 14+ V2, |Vf?

Note that the shape operator of M™ is given by (cf. (4.5) in [24] for instance)

i Vim Sk ?lfvvf{m ?lvnmvf
3.6 B: = d ViV,f+ J Y r,m + mVj
I T e s
VYT f)
1+ V2, IVi2 )
By the decay property of metric (1.12) together with (3.5), one can check that
O \7vii O \7vii
gij(T1(§>T) ZE (gm,m)ij(Tl(a)T) v
 Ven VS . VEaVPf
(3.7) = (M)p— vi = (Th), - Vi,

_— X
P14+ V2, VP

T2 v
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where ~ means that the two terms differ only by the terms that vanish at infinity after integra-
tion.

With expression (3.6) and applying the similar argument in the proof of (4.11) in [24], one
can check that

e o o . V2 VPf
V&m(vjelj — Vzejj) — (eijV] Vn,m - ejJV’V&m) = (Tﬂ; : — .
1+ V2LV

As in the proof of Theorem 1.4 in [24], integrating by parts gives an extra boundary term that

lim <V,$m(divg“mé dtr9=me) 4 (tr9me)dV, y—e(VI=mVy - ))Vd/L

p—r00
/VmH< 2l VI >du
1+V3m\Vf12
= lim (Tl); V2 mV'/ Vzdu+/VKmH<W>du.
p=oeJN, 1+ V2, |V ]2 1+ V2V

Next using (3.7) and the assumption that |V f(z)| — oo as z — ¥, we have

I (T1); VeV, +/V H( Vieml VST )d
im 1 vidp wmH | —5—=—75 |dp
oSN, T+ V2P z L+ V2L V2

9
= lim g,-j(Tl(at)T)lI/Jdu—f—/EV,.@,de,u.

p—r00 N,
Finally integrating (3.4) and revoking Lemma 3.2, we finally obtain
0 . 0

(3.8) MM,g) =M + cn/ (252<at,§> + Ricg, . (&, (375) )> dVy + Cn/ ViemHdp.

M
JFrom the Gauss equation we obtain

Rg = RNK,m - 2Ricgﬁ,m (67 5) + 252
Since gx,m is an Einstein metric, we have

9
ot
Combining all the things together, we complete the proof of the theorem. O

Ry=-n(n—1)+2S and Ric,, (&(=)")=0.

4. INVERSE MEAN CURVATURE FLOW

Let Yo be a star-shaped, strictly mean convex closed hypersurface in P, ,, parametrized by
Xo : N — P, . Since the case k = 1 has been considered in [9], we focus on the case k = 0
or —1, Consider a family of hypersurfaces X(-,t) : N — Py, evolving by the inverse mean
curvature flow:

(4.1) a;t( (2,1) = H(;t)

v(z,t), X(z,0)= Xo(x),
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where v(-,t) is the outward normal of ¥, = X (N, ).

Let us first fix the notations. Let g;j, hij; and du denote the induced metric, the second
fundamental form and the volume element of 3, respectively. Let V and A denote the covari-
ant derivative and the Laplacian on ¥; respectively. We always use the Einstein summation
convention. Let |A|? = gijgklhl-khﬂ.

We collect some evolution equations in the following lemma. For the proof see for instance
[20].

Lemma 4.1. Along flow (4.1), we have the following evoltion equations.

(1) The volume element of ¥; evolves under

0
—du = dp.
atH T Ak
Consequently,
0
— 3] = |24].
512t = =]

(2) hg evolves under
onl AR N A2, 2hfhi 2V HVIH
oo H?  H? H H3

+ﬁgkl <2gp] qukph;l - gp]qu:plhg - quilhq] + Rukulhg)

hl —

1 R _ 2 .
_|_7gklgq‘7 (quukli + VlRmqu) - *gk]Ruin:-

H? H
(8) The mean curvature evolves under
OH AH _|VH]*> |A? Ric(v,v)

- = 2
ot H? H3 H H

(4) The function Vi, evolves under

Oy _P
ot H’
where p := (VVjm,v) is the support function of %.
(5) The function x = m evolves under

Vn,m

Ix  Ax  2VxP AP N —xRic(v,v) + x* s Ric(v, ;)
ot HZ yH2 H2X H? '
(6) The function p, defined above, evolves under

(4.2)

=2
dp  V Vim(v,v) 1
o= w Y Vi
and thus
d VK/ m
— pdp =n —d.

dt Jy, s, H
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Since ¥y is star-shaped, we can write X as a graph of a function over N:
Yo ={(uo(x),x) : x € N}.

It is well known that there exists a maximal time interval [0,7*), 0 < T < oo, such that the
flow exists and any X (-,¢),t € [0,7%) are also graphs of functions u over N:

Y ={(u(z,t),z) -z € N}.
Define a function ¢(-,t) : N — R by

(2.1 (zt) p
(P -CU’ t = / T?
0 A (7)

v=4/1+ ‘Vg(p%.

In term of the local coordinates z* on N, the induced metric and the second fundamental
form of ¥; are given respectively by

where A\, (r) is defined in (2.3).
Let

_ M

(4.3) 9ij = AalGij + 0i5),  hij ” (Ne(Gij + 0is) — @ij).

Here p; = V? @ and @;; = Vf V? . Thus the mean curvature is given by

g N G i
4.4 H=g¢"h;; =(n—1)2 — i
(4.4) ohig = (n = 1) = S,

Y Y i g
where g = " — 24~

Along flow (4.1), the graph function u evolves under

ou v
(4.5) Tl A
Hence
2
(4.6) 9o _ v u = !

ot \H B (n—1A, — gij%‘j : F(u, Vgcp,vgfgo)'
By the parabolic maximum principle, we can derive the C° and C! estimates.
Proposition 4.2. Let u(t) = infy u(-,t) and a(t) = supy u(-,t). Then
(4.7) Ae(u(t) = e 1N (0),  An(@(t)) < em 1A ((0)):
Proof. At the point where u(-,t) attains its minimum, we have v = 1 and ¢;; > 0, and hence
(n — 1AL (u)
A () '

H<
Thus from (4.5) we infer that

(18) i A (w(t)) > (0~ DAe(u(t),
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from which the first assertion follows. The second one is proved in a similar way by considering
the maximum point of u(-,t). O

To derive the C! estimate, we need to estimate the upper and lower bounds for H.

1 1
Proposition 4.3. We have H < n—1+0(e” 7=1") and H > Ce” n=1" for some positive constant
C depending only on n,m and Y.

Proof. By Lemma 4.1 and (2.8), we have

o ., AH? 3|VH2?
(4.9) SH? = = - S

—2/AP 4+ 2(n—1) +O0(e™™).

In view of the inequality |A|? > ﬁH 2 by using Proposition 4.2 and the maximum principle,
we deduce

d
—sup H(-,1)? < —

H(-,t)2+2(n—1 a=1Y
i <L ()" +2(n—1)+0(e )

The first assertion follows.
For the second assertion, we take derivative s of (4.6) with respect to ¢ and get

9 (09 __1OF (0p\ 1 OF (3p) _2An—DAN Dy
8t 8t N Fzﬁgol 87& i F2ag0ij 8t ij UQFQ 875‘

Since A/ (r) > 0, by using the maximum principle, we have
(4.10) —sup — (-, t) <0.

Taking into account of (4.6) and Proposition 4.2, we conclude that

H> C)\i > Ce it

K

1 B
Proposition 4.4. We have |V;p|; = O(e ("*1>2t) andv=1+0O(e ("*1>2t).
Proof. Let w = %\Vggp]?]. Since

dy v 1

4.11 o = = ’
(4.11) ot XNeH ~ F(u,Vyp,Vi2o)

one can verify that the evolution equation of w is

gt 1 OF 2(n — 2 G 2(n — DA N
(4.12) ow g 0 (n )k g (n )A /\”w

~kl
B T R T R gp T e YT peped PP T
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Notice that vF = AH and —k < A2 —2mA2~". Using (2.4), Proposition 4.2 and 4.3, we have
2(n —2)k  2(n — AN - 2(n —2)(A\2 —2mA")  2(n—1)(1+ (n—2)m\.")

O W2F2 2F2 = A2 H? H?
2 2n—-2)(n+1)m

CH? A2

< 2

- (n-1)?

Thus by using the maximum principle on (4.12) we have

n—2

t Qe mT 4 Qe it

(4.13)

0 2 2
4.14 —supw(,t) < | —— +Ce »1" | supw(-,t),
(1.14) st < (<ot Jsupet.0
2
which implies w = O(e ("—1)2t). The assertion follows. O

Remark 4.5. Proposition 4.4 implies that the star-shapedness of ¥; is preserved. Thus as long
as the flow exists, we have (O,v) > 0 and a graph representation of ¥.

Proposition 4.6. There exists a positive constant C' depending only on n, m and Xq, such that
H>C.

Proof. Recall the function x = W. Proposition 4.2 and 4.4 ensure that x is well defined

1

and there exists C' > 0 such that C_le_ﬁt <x< Ce n-1t,
By Lemma 4.1 and (2.8), we have

0 AlogH |ViegH|? |AP? n—-1 1 -
and
0 Alogy [Viegx|* [AP 1 . _,,
(4.16) alogxz T g2 e —i-ﬁO(e ).

Combining (4.9) and (4.15) and using Proposition 4.2, we obtain
A(log x — log H)
2
(V(log H +1log x), V(log H — log x))
+
H2

n—1 C’e_%t

H? + H?
Using Proposition 4.3 and the maximum principle, we have

0
a(logx—logﬂ) =

d 1 n—
(4.17) 2 sup(logy — log H)(-,t) < ———— + Ce~ i1t 4 Ce™n=t’,
dt N n—1
Hence elosx—los H < Ce 71!, Note that X = 3. Consequently, H > C. 0

With the help of Proposition 4.6, we are able to improve Proposition 4.4.
Proposition 4.7. We have |Vyp|; = O(e_ﬁt) andv =1+ O(e_ﬁt).
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Proof. We need the following refinement of (4.13), by taking Proposition 4.6 into account:

2(n —2)k 2(n —2)k _ 2y
TR emr SO0
2n — DA 2(n—1)(1+ 252mAL")
-~ Q2FR? - H?
2z + Ce w4 Cem !,
(n—1)
Then the proof follows the same way as Proposition 4.4. O

We now derive the C? estimates.

Proposition 4.8. The second fundamental form h;; is uniformly bounded. Consequently, |V§<p\g <

C.
Proof. Let MZJ =H hg . By Lemma 4.1, we have that sz evolves under

oM]  AM] QV’vakMg' ViV H
ot H? H3 H?
MFM]  2(n—1)M! (M| "
k ——=1
2 YT l+<H2+1>O(enl)'

Hence the maximal eigenvalue p of Mf satisfies

o e 2n=p | p _ny
4.18 —-— = 2= 4 — (— 1) O(e n-1°).
(4.18) ot wt g g th)oe)
In view of Proposition 4.3 and 4.6, by using the maximum principle we know that y is uniformly
bounded from above. Combining the fact Cy < H < (5, we conclude that h‘g is uniformly
bounded both from above and below. 0

Proposition 4.2-4.6 ensure the uniform parabolicity of equation (4.6). With the C? estimates,
we can derive the higher order estimates via standard parabolic Krylov and Schauder theory,
which allows us to obtain the long time existence for the flow.

Proposition 4.9. The flow (4.1) exists for t € [0, 00).

O
With Proposition 4.2-4.7 at hand, we can follow the same argument of Proposition 15 and
16 in [9] to obtain improved estimates for H and h;.

Proposition 4.10. H =n—1+ O(te_%t) and \hf — 5f| < O(tQG_%t).

Consequently, we have

Proposition 4.11. |V§<p\g < O(th*ﬁt)_
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Proof. Using Proposition 4.2 and 4.7, we get

(4.19) Moo=\ +O(e_ﬁ), 1 _ O(e_%).

v

It follows from Proposition 4.11 that

!/ /!

Al __2
lg < |hij — gijlg + (n — 1)!)\ o 1| < O(t?e”n 1.

A
(420) ‘hU - mgij

On the other hand,
2 4.
9ij = N2i; + pip; = O(en1")gy;.

Thus from (4.3) we see

A W 9 — 1y
(4.21) lpijlg = 7|hz‘j WS vgz'j\g < O(te™n=17).
K

0

If we do more delicate analysis, we may improve the estimates given in Proposition 4.11 to

1
o(e”7-1") as in the work of Gerhardt for the inverse mean curvature flow in H". Here we avoid
to do so, as in the work of Brendle-Hung-Wang [9]. We remark that on a general asymptotically
hyperbolic manifolds such estimates may be difficult to obtain, cf. the work of Neves [38].

5. MINKOWSKI TYPE INEQUALITIES

We start this section with

Theorem 5.1 ([9]). Let ¥ be a compact embedded hypersurface which is star-shaped with positive
mean curvature in (pgm,00) X N1 Let Q be the region bounded by ¥ and the horizon OM =
{prm} x N. Then

n—2 n—=2
(5.1) /Vn,deMZn(n—l)/ Viendvol + (n — 1)kt_1 (( ] ) L (’3M|>" 1)_
x Q 1971—1 19n—1

Equality holds if and only if ¥ = {p} x N for some p € [pxm,0).

When x = 1, Theorem 5.1 was proved in [9]; when £ = 0, —1, the proof follows from a similar
argument, which is even simpler. For the convenience of the reader, we include it here. To prove
this theorem, we need the following two lemmas.

Lemma 5.2. The functional
Js, VemHdp = n(n = 1) [ Vigmdvol 4 (n — 1)kpi 2051
n—2
‘Et’ n—1

(5.2) Qu1(t) =

is monotone non-increasing along flow (4.1).
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Proof. The proof of this lemma can be found in [9]. For completeness, we include the calculations
here. To simplify the notation, we denote py = pxm. In view of Lemma 4.1 and integrating by
parts, we calculate

d

— wmHd
at Jy, Vemtan
1 Vﬁm 2 .
= - 7 AVimdp — —(A]" + Ric(v,v))dp+ | (p+ VemH)dp
s, H s, H =

Vlim
- / Vism a2 / (2 + Vi H)dp
Et H Et

_9
(5.3) < / (2p + ”VK,mH> dy,
po n—1

where in the third line we used the simple fact AV, = AV — V2V,{,m(y, v) — Hp and (1.9).
Then we use the divergence theorem to deal with the first term that

/Pdﬂ = /<VVN,maV>dN
Et Et

= AV, mdvol + ((n —2)m + p§)n—1
Q

-2
(5.4) = n/ Vi mdvol + <np8 + n Epg_2> Op_1,
o 2 2

where in the last equality we used the relation 2m = pl + rpy~2 and the fact AV, = nVim
which follows from (1.9).
Similarly, by Lemma 4.1 and (5.4), we have

d K,m
A vedvol = n [ LEmay,
dt a n , VO n 5, ,LL

Also a Heintze-Karcher type inequality proved by Brendle [8] is needed to estimate the third
term, that is,

(5.5)

VK/ m
(5.6) (n— 1)/ ?’du > n/ Vie.mdvol + pgdn—1.
Et Qt

Hence substituting (5.4), (5.6) into (5.3) together with (5.5), we infer

a </ ViemHdp —n(n — 1)/ V,{7mdvol>
dt \ Js, o

/ 20V, mdvol + (npy + (n — 2)kpl~2)0n—1
Q

IN

-2
+/ i ViemHdp — <n2/ Vi, mdvol + npgﬁn1>
b)) Q

,n—1
n—2 S
= VemHdp —n(n—1) [ Vi mdvol + (n— 1)kpy~ “0p_1 | .
Et Qt

n—1
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Taking into account of Lemma 4.1 (1), we get the assertion.
Lemma 5.3.
1
liminf; 00 Q1(t) > (n — 1)r9)7].

Proof. In view of (5.4), it suffices to prove

VemHdu —(n—1 pd 1
(5.7) liminf; Sy, Vi Hip 5_2 ) Jy, Py > (n—1)rV;"7.
P
iFrom (4.4), Proposition 4.7 and 4.11, we have
1 Y 1 3t
: H=-((n—-1) - —A; t2e 1),
6.9 (-3 - S age) + o)
Using Proposition 4.7 and the expressions of A\, A\, and v, we get

1

VS Koy y-2 L Lo e .
(5:9) Vi =X = (14 5(0)2) + 0(#1), ~ = 1= S|Vgel2 + O(c 1)

and

1 n—
(5.10) Vdetg = </\Q_1 + 5yvg<p\§x;—1 + o<eni’t>> V/det g.
Hence we have

/ VimHdp = (n - 1)/ (A + kAR 2)dpg —/ N Agpdpig + O(en1)
>t N N

(5.11) = =0 [ O+ [ (0= DN VAP + O,
N N
where in the second line, we have integrated by parts and used the fact
ot
(5.12) [Vghe = AeV50ls = [Mk = Xl Vguly = O(e” 7).
Meanwhile, we infer from (2.4), (5.9), (5.10) and (5.12) that

[t = [ Ve = (T = [ Vi
St 3t 3t
> /(Vm,m_lﬁvﬁ,mndﬂ_/ med,u
Et Zt

1 1 n-:
= 2 / AP dpg — / AL S A2 4 AT VAP dpg + O(enth)
2 Iy N 2 2
n 1.4 2 n=3y
(5.13) = — [ AU+ AN g + O(en )
N

(5.11) and (5.13) imply that (5.7) is reduced to prove

n—2

(5.14) (n—l)%/ AZ‘2+7H/ W e </ A:;—l)"
N 2 N N

19
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When k = 1, it was already observed in [9] that (5.14) is a non-sharp version of Beckner’s
Sobolev type inequality, Lemma 5.4. When x = —1, by the Holder inequality, we have

n—2
/ )\272 S ﬁn—lﬁ </ )‘Zl> n—1 7
N N

which implies (5.14). When x = 0, (5.14) is trivial. Hence we show (5.7) and complete the
proof.

O
Lemma 5.4 ([2]). For every positive function f on S*~!, we have
-2
(n — 1)/ fniQdUOZSnfl + n2/ fn74’vf‘3§n_ld'110l§n71
S§n—1 S§n—1
n—2
1 n—1
> (n—1)w,] (/ f”_ldvolgnl)
S§n—1
Proof. Theorem 4 in [2] gives that
2
(n—1) /Sn1 w?dvolgn—1 + p— /Snl \Vw|§Sn71dvolSn_1
1 2(n—1) %
> (n—1w," (/ w2 dvolgn1> .
S§n—1
for every positive smooth function w. Set w = f anQ, one gets the desired result. g

Remark 5.5. It is easy to see that the above inequality holds also on the quotients of spherical
space form.

Proof of Theorem 5.1. Note that |[OM| = pgflﬁn,l. The inequality (5.1) follows directly from
Lemma 5.2 and Lemma 5.3. When the equality holds, we have the equality in (5.3), which forces
|A]2 = ﬁH 2 and hence ¥ is umbilic. When m # 0, an umbilic hypersurface must be a slice
{p} x N. When m = 0, it follows from the equality case in (5.14) that A\ is constant, which
implies again ¥ is a slice {p} x N. O

We now prove another version of Alexandrov-Fenchel inequalities, which is applicable to prove
Penrose inequalities.

Theorem 5.6. Let X be a compact embedded hypersurface which is star-shaped with positive
mean curvature in (py = pr.m,00) X N""L. Let Q be the region bounded by ¥ and the horizon
OM = {po} x N. Then

n—2 n—2
S|\ (oM
> _ = S I it
[Vmttdi = G 1>m9n_1<( B o
- bl f’il_ OM|\ 71
+(n 1)197’&—1 <<79n—1 1971—1 ‘

Equality holds if and only if ¥ = {p} x N for some p € [ps m,0).
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Proof. To simplify the notation, we define

AR M|\ 7T
J(%) = n/ Vimdvol and K(X;) :== 9,1 ((’t‘) b <’8‘> 1) '
Q Un—1 Un—1

By (5.5) and (5.6), we have

d LH m
— Vi mdvol = —d
it Jo, Vi mdvo /z:t n i

n2 n

> Vie,mdvol 0 Un—1.
> n—l/gt mdvol + ——— pn-1

Hence

d n n T
T <n /Qt Vie,mdvol + poﬁn_1> > o (n /Qt Vi,mdvol + poﬁn_1> .

Taking into account of Lemma 4.1 (1), we find that

d J(E) —K(X)

dt ( 5 )%
7971,71

It suffices to show when the initial surface ¥ satisfies

(5.15) > 0.

(5.16) I(2) <K(%),

otherwise the assertion follows directly from Theorem 5.1. By the monotonicity (5.15), we divide
the proof into two cases.

Case 1: there exists some t; € (0,00) such that

SNEE
J(Zm) - K(Etl) = n/ Vn,mdUOZ + pgﬁn—l —Up_1 <|tl’> = 0.
Qs '19n—1

and

ARE
Vﬁ,mdvol + pgﬁn_l — Y1 (Ql, t| ) <0Qforte [O,tl].

IS —K(S) = n /

Q4 n—1

From (5.4), we know that

13|

et
/ pdp — (n—2)mip_1 —wp—1 <> <0 for t € [0,t1].
o Un—1

For t € [0,t1], by (5.3), we check that
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d 5|\ 2
dt / VemHdp +2(n = 1mdp 1 = (0 = 1)9n1 <M>
-9 > n

n / meHdu—i-Q/ pdp — ndp_1 < |34 >
n—1]Jy, 5, 9o,

n—2 ‘Et‘ O
= VemHdp — (n— 1)1 [ ——

”_1</zt ; p—(n—1) 1<§n_1> )

AR
Et 29”71

< 72 / Ve Hdp — (n — 1)1 ('Et‘> o= Dmdn |
S Up—1

IN

n—1

Hence the quantity

fzt VH’deM + 2(n - 1>m19”—1 - (n - 1)7971—1 (79|§i|1 ) o

n—2
( ‘Et‘ )nfl
7971,—1
is nonincreasing for ¢ € [0,¢1]. Using (1.21) and Theorem 5.1, we obtain

Q2(0) > Q2(t1) = Q1(t1) > (n — 1)kVp_1.

Qa(t) :

Case 2: For all ¢t € [0,00), we have
J(Z) —K(X) <0.

;From above, we know that (QQ2(t) is monotone non-increasing in t € [0,00). Thus it suffices to
show that

1

(5.17) lim infy 0o Qa(t) > (n — 1)k 1.
By the Holder inequality and (5.10) we have
(5.18)
rz<t>r> [t / _ no o
O < det()” ™D = [ A1+ —— A4 VA2 +O(e 71)).
(O < [ (Vaeilg) [N G A A + Ol )

Combining (5.9) and (5.18), we note that (5.17) is reduced to prove

n—2

-9 n
(5.19) (n — 1);@/ An=2 4 "/ AHVAN? > (n — 1)kt 71 </ Ag—l)
N 2 N N
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When « = 1, (5.19) follows from the sharp version of Beckner’s Sobolev type inequality on S~
See also Remark 5.5. When k = —1, by the Hoélder inequality, we have

n—2

/ )\2—2 S ﬁn—lﬁ </ )\Z_1> n—1 ’
N N

which implies (5.19). When x = 0, (5.19) is trivial. Hence we show (5.17). It is easy to show
that equality implies that ¥ is geodesic. We complete the proof.

g

APPENDIX A. EXAMPLES OF ALH GRAPHS

We begin this appendix by showing that any Kottler space Py, (m > m.) with metric (2.1),

i.e.
(A1) ’ 2y, -
. = , = K — .
gn,m Vlam(p) p g Rk,m p pn,Q

and can be represented as an ALH graph over another Kottler space Py, (me < m’ < m) in
the ambient space Q. = R X Py ,,,/, which is equipped with the Riemannian metric

Vn,m’(p)thQ + 9r.m!-

Obviously one only needs to find a rotational symmetric function f = f(p) satisfying

mw<a62_ 1 1
—27\ 9p P2+ K — 22, p—f—H—ﬁ.

p P

(0* + K —

m/ < m implies that the right hand side is positive for p > 0. Let pg := p.m be the largest
positive root of

2m

2

oo 1= 0" 4w = T =0

When p approaches pg, we have 8£ ((p— po) % , so that one can solve that

1
/ 5 - S ds.
po A /82 4+ K — 3"2 §Tt+ K — 3 s +K— G

Its horizon is {{po} x N : p§ + rpy~? = 2m} which implies (1.21). Also one can check directly
that the ALH mass (1.6) of the Kottler space (A.1) is exactly m.

With the same method, one can represent all rotationally symmetric graphs (with horizon)
over Py, in Qy m as rotationally symmetric graphs over Py, ./ in Qy s for m’ < m. We believe
that this statement is also true for non-rotationally symmetric graphs, i.e., all graphs over P ,,
in Qx,m can be represented as graphs over Py, in Qy y for m’ < m.

In the next example, we show that for any m > m, there are ALH graphs over P, ,/ in Qy
(me < m’ < m) with a horizon and the dominant condition R+ n(n — 1) > 0, which can not be
represented as ALH graphs in @y ,,, and can also not be represented as ALH graphs in Q)
for m” > m.
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We consider a class of metrics which are perturbation of the Kottler-Schwarzschild spaces.

For this purpose, let (N"~1, §) be a closed space form of constant sectional curvature x = —1.
Fixing t € (—o0,1). From now we consider a family of metrics

dp? 9 \/ 2m a
= — A, V g 2 _ 1 — — .
Jma =gz Ty O Yma =P pr2 et

Here the parameter m belongs to the following interval

(n-2)"

nz
and the parameter a < 0. When a = 0, they are just the Kottler-Schwarzschild spaces.
Let pp, . be the largest positive root of

(A.2) m € [me,+00) and m.= —

2m a

PP —1— =0.

pn—Z pn—t
It is clear that py, o is increasing in m and in a, provided it is well defined.
As in Section 2, by a change of variable r = r(p) with

1

(p) = —r, T =0
(p) Vm,a(p) (pm7a)
we write the above metric in the warped product form on [0,00) x N as follows
(A.3) Gma =G = dr® + A\p.a(r)?3,

where A, o 1 [0,00) = [pm,a,00) is the inverse of r(p), i.e., Ay o(7(p)) = p. For simplicity, we
omit sometimes the subscripts m, a if there is no confusion. It is easy to check that

Ric(g) = - ((n —1)—(n—-2mA "+ _n_2t—i_4a)\t—2—n) g

-n n—t+2 t—2—n
—(n—2) (nm)\ + Ta)\ 2 > dr?
R(G = -nn—1)+n-1)t-2)a\ ">

As a consequence, we get

Fact 1. For all m > m, and a < 0, we have
R(g) +n(n—1)>0
When a = 0, then
R(g) +n(n—1)=0.
Moreover, for all m > m. and a < 0 close to 0 in order to well define p;, 4, we have V,, ,|R(g)+
n(n — 1)| is integrable.
By the definition of py, q, we know that
Am.a(r) > 0 for r € [0, 00)

and
Ama(r) = O(e") as r — +o0.
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An immediate result is the following.

Fact 2. For all m > m¢, a < 0 and |a| is sufficiently small, g,, , is an ALH metric and has a
horizon {pp, .} x N. Moreover, its ALH mass is exactly m.

Now we consider the metric g, 4 as a graph over some Kottler-Schwarzschild space g, o with
m1 < m. More precisely, we have

Fact 3. For all m > m,, there exist b < 0 and m; € (m., m) such that for any a € [b,0) and for
any p > pm,q there holds

Vim0 (p) > Vina (p)-

To show this fact, we first observe that for all p > 1,

Vm+a/2,0(p) > Vm,a (p)

We fix €; € (0,(m —m.)/2) and set m; = m — €. It is clear for all a € (—2¢;1,0) and for all
p>1

Vin—e1,0(0) > Vina(p)-

On the other hand, for all a € (—2¢1,0), there holds py,.q > pm,—2, > 0 provided they are well
defined. If py, —2¢, > 1 we are done with b = —e;. If pp, 2, < 1, we could choose b € (—2¢;,0)
with the small absolute value such that for all p € (p,,—2¢,, 1] we have

Vim-e1,0(0) > Vinp(p)-

Now we take m; = m — €1 and Fact 3 follows.

By Fact 3, as the beginning of this appendix, we see that the metric g, , could be written
as a rotationally symmetric ALH graph over P_q ,,, in Q_1m, (recall P_q,,, and Q_1,,, are
defined in Section 1).

Fact 4. For all m > me, a < 0 and |a| is sufficiently small, the metric g, , on [ppm q,00) X N can
not be realized as a graph over P_q ,, in ()_1,, with a horizon.

Suppose that the fact were not true, ie. g, would be represented as an ALH graph over
P_i . in Q_1m. It follows that the horizon ({pm,q} x N, Im.a|{p, a}xN) has volume large than

or equal to the the volume ’{pmp} X N’. This contradicts the fact py, o < pm,o. It is clear that
it can also not be realized as a graph in Q_y ,,,» with m” > m.

Fact 5. For all m > m,, there exist ma > m, m; < m and a < 0 such that the metric g, o on
(Pma,a,00) X N can not be realized as a graph over P_j,, in Q_1,, with a horizon, but it can
be realized as a graph over P_j,,, in ()_1,,, with a horizon. Recall that the metric g,,, , has
ALH mass mas.
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In view of Facts 3 and 4, there exists a < 0 and m; < m, such that pm, 0 < pma < Pmo
and for p > ppmas Viny0(p) > Vina(p) holds. Fixing such a, we can choose mg > m such that
Pmi0 < Pmoa < Pmo and for p > pmy g, Vini0(p) > Viny.a(p) holds. Hence Fact 5 yields. In
particular, when m = 0, we can find some metric with positive ALH mass, which can not be
realized as a graph over P_;1 o in (Q_1 with a horizon, but it can be realized as a graph over
P_1,m, in Q_1 m, with a horizon. Here m; < 0.

In particular, fact 5 provides examples of ALH metrics with positive ALH mass, which can
be represented an ALH graph over P_; ,,,» with m’ < 0, but can be not represented as an ALH
graph over P_q.

Since the above metrics have R + n(n — 1) > 0, one can perturb these metrics to obtain
non-rotationally symmetric ALH graphs with similar properties.

APPENDIX B. DEFINITIONS OF ALH GRAPHS

In this appendix we show for a graph over Py ,\Q in Q) n, Definition 1.1 and Definition 1.2
are equivalent.

Proposition B.1. A graph over P ,,\Q in Qg m is an ALH graph in the sense of Definition
1.2 if and only if it is an ALH manifold in the sense of Definition 1.1.

Proof. We prove the “only if” part. Since the Kottler-Schwarzschild space (Py m, gx.m) is ALH
in the sense of Definition 1.1, there exists a compact subset Ko C P; ,, and a diffeomorphism at
infinity ®¢ : Pem \ Ko = N X (po, +00) C Py, where pg > 1 such that

—Ly* K —1y\* —T n
(B.1) 1(@5™) gsm — billo + IV (@5 1) grem) b = O(p77), 7> 3
Since (M", g) is an ALH graph over P, ,,\(2 in the sense of Definition 1.2, there exists a compact
subset K and a diffeomorphism at infinity ®; : M\ K — N X (pg, +00) C Py \ (Ko U ) such
that

n

(B2) ||(¢1_1)*g - g:‘@,m”gmnn + ”v ((Q]__l)*g) Hgm,’m = O(ﬁ77)7 T > 57

where f is such that (y, p) = ®;*(x, p) € N x (po, o0). Define & : M\ K — N x (pg, +00) C P
by ® = &g o &, then it is easy to see from (B.1) and (B.2) that

_ _ _ n
1@71)"g = billo + V" (@71)"9) [, = O(™7), 7> 5.

The integrability condition (1.5) follows directly from (1.15), since at infinity, V, ,, and Vj; are
comparable. The “if” part can be proved in a similar way. O
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