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Abstract : In this work, we consider sign changing solutions to the critical elliptic
problem Au + \u!ﬁu =0in Q: and v = 0 on 90, where Q. := Q — (U";(a; +£;)) for
small parameter € > 0 is a perforated domain, 2 and €; with 0 € Q; (Vi =1,---,m) are
bounded regular general domains without symmetry in RY and a; are points in  for all
i=1,---,m. As e goes to zero, we construct by gluing method solutions with multiple
blow up at each point a; for all ¢ =1,---,m.

2000 mathematics subject classification: 35J60, 35J25

Key words: critical elliptic problem, Green function, multiple blow up.

1 Introduction

In this paper we consider the semilinear critical elliptic problem

Au—i—|u|ﬁu = 0 in Q
(1)

u = 0 on 0N

where € is a bounded regular domain in RV, N > 3.

It is well know that the Sobolev embedding H{ () — L%(Q) is not compact and
for this reason solvability of (1) is a quite delicate issue. Pohozaev’s identity [29] shows
that problem (1) has only the trivial solution if the domain 2 is assumed to be strictly
starshaped. On the other hand, if 2 is an annulus then (1) has a (unique) positive solution
in the class of functions with radial symmetry [19]. In the nonsymmetric case, Coron [9]
found via variational methods that (1) is solvable under the assumption that 2 is a domain
exhibiting a small hole. Substantial improvement of this result was obtained by Bahri and
Coron [1], showing that if some homology group of Q with coefficients in Zs is not trivial,
then (1) has at least one positive solution (see also [2, 5, 6, 20, 25, 31] for related results).
If the domain €2 has several round holes, then a multiplicity result for positive solutions
to (1) is obtained in [30]. Existence and qualitative behavior of sign changing solutions
for elliptic problems with critical nonlinearity have been investigated by several authors
in the last years (see [3, 4, 7, 18, 22]).

Tower of bubbles type solutions for the slightly supercritical problems are obtained
[10, 11, 12, 28, 15, 16, 26]. In critical case, the same phenomenon is discovered for sign
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change solutions in [17, 23]. In these works, the authors treat the case in which the removed
domains are small balls by Lyapunov reduction method (in particular for the domains
perforated with one or two small balls). In this paper, by an alternative approach—gluing
method, we study this problem for general pierced domains with arbitrary small holes
without any symmetric condition neither on the perforated domains nor on the removed
holes. We will not care of the location of the holes because we have a N-parameter
family of conformal transformations for the annular domains, which corresponds to the
translations at infinity. Moreover, the exact asymptotic profiles for the theses solutions
are described. The proof here uses a gluing technique inspired from [21, 15]. However, the
analysis is more delicate because of the presence of the translations and ones at infinity.
They give the different asymptotic profiles near the boundary. To overcome the difficulties
caused by the conformal invariance, we introduce some new weighted functional spaces on
which we could get precise blow-up information of such solutions related to the two types
of translations.

We briefly describe the plan of the paper. In section 2 we state the main results
(Theorem 1). Some examples and some comments are illustrated in Section 3. Section 4
is devoted to radial solutions. We study the linearized operator in Section 5 and the main
theorem will be proved in the last section.

2 Statement of the result

From now on we assume that € is a bounded regular domain in RY. Let Q; for all
i =1,---,m be a bounded regular domain in RY such that 0 € Q;. Given m points
a; € Qfor all i =1,---,m, we consider a perforated domain Q. := Q — (U2 (a; + %))
for small parameter ¢ > 0. Given a positive integer k¥ € N and m integers [; € {0,1}
for all i = 1,---,m, we want to construct sign changed bubble tree solutions u. of (1)
in . which looks like a k-bubble around each point a;. In other words, the sequence u,
converges to 0 in any C* topology away from the points a;, as the parameter € tends to 0.

Let G denote Green’s function for the Laplace operator with Dirichlet boundary con-
dition on ) and let H denote Robin’s function, i.e. the regular part of Green’s function.

Namely
G(yv Z) = ’y - 2’2_N - H(y7 Z)a

for (y,2) € 2 x Q. Observe that AyH =01in Q x Q and G =0 on 9(Q x Q).

We define the m x m matrix

M := (mij)i<ij<m,
whose entries are given by
mi; = H(ai,a;) >0 and  my; = —(—1)5"1G(a;, a)), (2)

if i # j.

Now we consider the Green type function for the Laplace operator with Dirichlet
boundary condition in the exterior domain RY — €; for any 1 < i < m, that is,

Gii (RN—Qi)XQZ‘ — R



satisfying
NyGi(2) = 0 inRN -
Gi(-, 2) = 0 ondY

and

Gi(I.(+), 2) 1 ' o .
_ | 2N + oAV is a regular function in I, (R — ;)

Here for any z € RY, let us denote I, the inversion map around z in RY — {2}, namely,

L: RYN—{z} — RN-{z}

y—=z + 2

y Y-z
ly — z|?

Let us define ¥(y, z) € L(RY — Q;) x Q;

GiL).z) , 1

) = =y e e

We make some hypotheses about the domains €2; and the matrix M :
(A1) For all i = 1,---,m, there exists some point a} € €; such that
VyHi(a},a;) = 0 and the N x N matrix V(V,H;(z,z)) is not degenerated at the point
z=aj;

(A2) The functional F : (R% )™ — R defined by

k7 -amkey Tt
FA) = AMA+(26—1) S <e 2 Hl-(a;‘,a;")Ail) ,
i=1
has a non-degenerate critical point in (R* )™, where A = (Aq,..., Ap).

Here V, (or Vi) designates the derivative with respect to the first variable. Granted
the above definitions, our result reads :

Theorem 1 Given k € N, assume that N > 3 and (A1) and (A2) are verified. Then,
there exists €9 > 0 and for all € € (0,&¢) there exists us a solution of (1) in Q., such that

\Vue|*de — C](\})Zk‘%ia
i=1

in the sense of measures, where the constant CJ(\}) s given by

N+2

(W . _ gy 2 1 :
oW .= (NN - 2))™ /sz(1+!3:\2> dz.

More precisely, let us denote

1 1
1 1——1
Teq = eFNED reg =g kN By = —logre 1, Bea = —logre



Near each a; the solutions u. has k-multiple blow up in the sense that there exists ¢ > 0
(independent of ¢) and parameters D; . >0, A; . € R, a;@ € Q; and b € RY such that

1
7<Di75<c
C

|Ai75| <c
laj | < e
’b1‘75| <c

N—-2

1, = Dj e %

and
us(- +a; +eaj,) — (—1)“sz-,5(“"¢7/‘%€('))”m(

il—r% <‘ B(a;,re,1)—B(ai,Ve))
N—2 ‘

+e 2 ua(' +a; + 8@;75) - (_1)lini,s (um‘,Ai,s(')) =0

CSN(B(aivﬁ)—B(aws,z)J

Here for any b € RY T} is a translation at the infinity in the function spaces, that is, for
any given the real function ¢ on the R, one has

p 2—N 2 _
ER
To(P)(2) = |77 —blzl| @ 5
] ‘L — b‘
ER
Up,, A, . (+) is a radial solution in Section 4 and the norm || - ||C3_N will be defined in the

section 5.

Alternatively, the sequence u. converges to 0 (in any C* topology) away from the points
a;, as the parameter ¢ tends to 0. Near each a; the solution u. has multiple blow up in
the sense that there exists ¢ > 0 (independent of €), a; . € © and parameters d; j. > 0
such that

1
- < di,j@ <ec,
c
’bi75| <c
Qi e — A4,
and
N-—2
lim |luc() — (N(N —2))"© i( )7+ ®ig N 0
o) — — 4 — ? K = U.
2o || - 1+&2 | —a;.|?
‘7*1 J ’ Hl(Bai,rs‘lfsgi)
Here

1 .01
Eij 1= dije (€277)%.



3 Applications and comments

Comment 1 We consider the case where ; = B is the unit ball. We can check the
condition (A1) for the point a] = 0. Indeed, the direct calculations lead to

2-N
y—z— T . (y,2) = |2” - i 2
L—[z2] © (T—[2[*)?  1—|z? 1—|[zf?

VyHi(z,2) = (2— N)z.

Therefore, V,H;(0,0) = 0 and V(V,H;(0,0))|,=0 = (2 — N)I, where the N x N matrix [
is the identity matrix. By a perturbation arguments, if for any i = 1,-- -, m, €; is close to
the balls, the condition (A1) is also satisfied.

Hi(y,z) = (\Zl2

so that

Comment 2 Now assume [ = -+ = [,,,. Thus, the condition (A2) is verified if and
only if the matrix M is positive definite. To see this, we assume first M is positive def-
inite. The minimization of the functional F guarantees the existence of the minimum
point A = (Ay,---,A;,) € (R%)™. Let us denote the m x m diagonal matrix by Q1 =

2 2
. (N—2)kCpn -1  — 2k (N—=2)kCp k-1  — 2k
dlag ((6 2 H, (a’Tv CLT)) Al e " <€ 2 Hm(a;{rw a:n)> Am2k71 . At

such point, the second differential d2F(A) = 2M + %Ql is positive definite, which yields
the desired result. Conversely, we suppose the functional  has a critical point A € (R% )™.
Let us denote by @ = diag (A1, -+, Ay,) the m x m diagonal matrix. We consider the ma-
trix Q'M@. The sum of k-th line is just the real number

2

(N—2)kC -1 -2

mZZA'LQ + ZmZJA'LA] = <e —5 N Hz-(a;!" a;“)) 2k—1 AZ 2k—1
J#i

since mj; > 0 and m;; < 0 for all ¢ # j. Therefore, the matrix Q'MQ is dominated by the

elements at the diagonal, which yields it is positive definite. Consequently, the matrix M
is also positive definite.

Comment 3 Now assume all entries m;; of the matrix M are positive. The functional
F admits always a minimum point A € (R*)™. At this point, we have Q'd?F(A)Q =
2(Q*MQ+Q2), where the matrix Qs is diagonal, namely Qo = g’;—ﬂdiag (Z;”:l miinAj).
Therefore, the matrix Q'd>F(A)Q = 2(Q'MQ + Q2) is dominated by the elements at the

diagonal so that it is positive definite. Finally, the second differential d2F(A) is positive
definite.

Comment 4 The non-degeneracy condition in (A1) could be weakened.

Application 1 We consider the cases m =1 and Q; = B(0,1) or m =2,1; =0, lp =1
and Q1 = Q9 = B(0,1). The conditions (A1) and (A2) are satisfied. As a consequence of
Theorem 1, there exists u. a solution of (1) in Q.. Such a result has been obtained in [17].
Application 2 When Iy = -+ = I, O = -+ = Q,, = B(0,1) and the matrix M is
positive definite. Both conditions (A1) and (A2) are satisfied. We find solutions u,. of (1)

in Q.. When k = 1, this result has been obtained by Rey [30]. When m = 2, it is just a
result in [17].



4 Positive radial solutions of Au + u% =0

We recall some well known facts about positive radial solutions of

N+2

Au+uN2 =0, (3)

It is standard to look for radial positive solutions of (3) of the form

_N-2
u(z) = |2[777 v(= log [z]). (4)
If we set ¢ = —log|z|, then v is a solution of an autonomous second order nonlinear
ordinary differential equation (see [8]) :
N —2\?
81527)— (2) 'U+’U% :O, (5)

We introduce the function

1 (N —2)? (N—-2) 2~
H = —y? — 2 Nz,
(z,y) =5y g Tty o (6)

If v is a solution of (5), then
atH (v,@tv) = 0.

In particular, this implies that H (v, 0,v) = ¢ along the solution. When ¢ = 0, there exists
an unique solution up to translation in ¢ of (5), which is defined on R and explicitly given
by
N(N -2
wp(t) := <( )

1 >N42 (cosh t)% . (7)

The related solution of (3) is regular and positive on RY. When ¢ < 0, the unique solution
up to translation in ¢ of (5) is well defined on R, but the related one of (3) has a singularity
point 0 on RY. When ¢ > 0, the corresponding positive solution of (3) vanishes on the
boundary of some annular domain. In this section, we are interested in case ¢ > 0 and in
particular the symptotic behavior of such solution when ¢ — 0.

Given n > 0, let v, be the unique solution of

2 N42
v(0) = 0 (8)
Zo(0) = 7

As the hamiltonian quantity H is conserved, such solution changes the sign. Suppose
T, > 0 such that v, > 0 on (0,7},) and v,(T;) = 0, that is, T}, is the first zero of v, on
the half line R™. Clearly, one has %vn(T n) = —n since H is constant. We first give some
technic results about 7.



Proposition 1 Under the above assumptions, we have
1) T, is decreasing in n € (0,400).
2) when n — 0"

1 - 1
Ty = logﬁ—i-cN—l—O(n% +77% log 5)7 9)

N —2
where

CN log(N —2) +1log N(N — 2) (10)

“N-2

Proof. As H is conserved, the orbit {(v,d;v)} is symmetric with respect to the axis Oy so

that we have %vn(%) = 0. Moreover, o, := Un(%) satisfies

_(N;2)2 (an)2+

(N —-2) 2N
N (O[n)N_Z = 772
N—2

(11)

Clearly, oy = maxjp 1) vy and o, — (N(ZXQ)) Y as n — 0F. Moreover, it follows from

(11) that

N-2

ay = (N(N4_2)) L O(R) asn — 0t (12)

We claim «, increases in 7 € (0, +0c0).
To see this, observe that
(N —2)

i (oy)? +

Therefore,

4

—(Nf)? z? + (N];Q)x%. It is clear f'(z) =

. <N(N—2))N42

Now we consider the function f(z) =

_oy2 Ni2 o2y 2
(NQZ) x4+ 2xN-2 > 0 provided =z > (%) * | that is, f is increasing on the in-

N—2
(N—-2)2\ "4
4

terval (( ,+00). Thus, the desired claim yields.

We prove by contradiction the first part of the result. Suppose there exists some 0 < 177 <
n2 such that T, < T,,. Set wy(t) := v,(t + %) Clearly, wy, (0) = oy, < oy, = wp,(0).
We distinguish two cases:

Case 1. Vt € (0,1}, /2), wy, (t) < wp,(t).

We consider the first eigenvalue problem

Ay 1= min E, (6
T BeH(~Ty/2,Ty/2)) ()

where

Ty /2 4
RO O
E’f](/g) = . Tﬂ/2

Lo




and H((-T,/2,T,/2)) == {B € L?| B € L? B(-T,/2) = B(T,/2) = 0} is the classic

N—2)2
( ) , we

Sobolev space. As wy, is a positive eigenfunction associated to the eigenvalue —*—;

obtain

N —2)2

a = - (13)

Set the extension of w,, by

if 1] < Ty, /2

Dnlt) =1 if |t] > T, /2

Il
——

g

3

=

—
~

S~—

The simple calculation leads to

(N —2)?

Eﬁ2 (ﬁ)m) < E771 (wm) = - 4

which contradicts (13).
Case 2. 3tg € (0,7}, /2) such that wy, (to) = wy,(to) = Z.

We write for ¢ = 1,2

/2 —1 m/ / 8 / - > ( )

N—-2

We state Vo € (0, )

<
2N 2N
\/77% 4 (N22)2$2 B (1\/];2)337]%2 \/77% 4 (sz)z 22 (1\7}\{2)1”%2

which implies

T772/2 — 1ty < T771/2 —to
that is, T}, < Tj),. This gives the desired contradiction. Therefore, we prove the first part
of Proposition 1.

To handle the second part, we write

Ty _ / - dx (15)
2 \/ 4 v 2 | ]\72)3;%
Now we divide the interval (0, ;) into three parts provided n < 1 and n(N 2)/N
o — p2(N=2)/N
n— 1
(0, o)
= (0, ﬁn(N—m/N) U [ﬁn(N—Q)/N’ ay — 2 N=2)/NY) [y — n2(N=2)/N ay)
= LULUI;3



We estimate successively these integrals.
Integral on I

dx

~/Il \/772+ (N;2)2

= o) [

2N
1‘2 _ (N-2) rN—2

dx
) /772_|_ (NZQ)QZL‘Z
_2
= (1+00™)) s Arcsh(y™V) (16)

2
= 1+ 00%) 57— ¥ + V1477~

4 11+
= — 111 —
NIN-2) 5 N-2
4 11+ 2

= —_— 111 —
NIN=2) 5 N-=2

z|~

H\/

2|»

1n2+0(17% In-+n

)

—

In2+O(n™In-)

3

Integral on I3
Gathering with (11) and (12), there holds for any z € I3

Therefore, we can estimate

/ dz
I3 %772 + (NZQ)ZZ'Q _ (N];2)$% (18)
= O ~)

Similarly, we have

/ dx
an—n2N=2)/N \/(N—2)2$2 (N_z)x% (19)

4 N

N_2
since from (12), it follows a,, — n?N=2/N < (W) * provided 7 is sufficiently small.

Integral on I
For any z € Is, we estimate
(N-2)2 5, (N-2) 2v

R 2V7 = (1+0(n¥))(~—2 22 —




Together with (19), we infer

/ dx
12\/ 4 ¢ N*22 22— (1\’]\]2)d;1\’2
= (1+0@¥) /12\/]” 0o, (21)
N2 N
— 1+ 00)) (e d L o)

2 _ _9)\2 _ 2N
25n(N=2)/N \/(N42) .2 _ (NNz)xr2

On the other hand, we recall when ¢ = 0 the exact solution of (5) is wg(t) given by (7) so
that

N—-2

(M)i dz
2)/N \/(N 22 2 (N- 2)36]3—1}2 (22)
1 N — 2 2 1 4
= —InN(N-2)+ log +—In—+0(nw
2 ( 2) N—2 2 N n ()

Gathering (16), (18)-(19) and (21)-(22), the desired result (9) yields.

In the next result, we give the asymptotic expansion of the solutions to (8).

Proposition 2 For all k € N, there exists a positive constant ¢, > 0 such that for all
n <1 and for allt € (—%, %)

N —
|0F (v () — n sinh( 5 )l s ernier (23)

where sinh(t) = (e! —e7%)/2.
Proof. We drop the indices 1 to keep the notations simple and we consider the case ¢t > 0

as v is a odd function. We view v as a solution of a non homogeneous linear second order
. . . . . T,
ordinary differential equation in (0, 3*)

2
st (N2)' -

By variation of the parameters formula,

N-2 o, [t s N
v(t) = n sinh( t) — e¥t/ 6(27N)s/ G¥CU(C)% d¢ ds, (24)
0 0
This in particular implies that v(t) < nsmh( 2¢) for all t € [0, 22 5.
We can therefore use the bounds
N -2 -
u(t) < 7 sinh( ) <npe Tt (25)

10



in (23) to conclude that

N-—2 o, [t s N
|v(t) — n sinh( 5 )] < e¥t/ 6(2_N)S/ et7¢ v(()% d¢ds < cn% ezt (26)
0 0

This completes the proof of the estimate of v. The estimates for the derivatives follow
similarly. [

5 The linear analysis.

In this section we analyze the linearized operator around the radial solutions of (1). In
doing so our aim is to derive precise estimates for these solutions which will be needed in the
forthcoming construction. We begin with the definition of weighted spaces in cylindrical
coordinates.

Definition 1 Given § € R and —co < t; < to < +00, the space CI((t1,t2) x SN71)
is defined to be the set of continuous functions w € Co ((t1,t2) x SN=Y) for which the
following norm is finite :

[wlleo((t,t2)x53-1) = le™ Wl oo (11 42)x 58-1)- (27)

Now assume that € is a regular bounded open subset of RY and ¥ := {a1,...,an} is

a finite set of points of 2. We choose ry > 0 in such a way that the closed balls B(a;, 2r¢),
for i =1,...,m are disjoint and included in Q. For all r € (0,r), we define

m
Qintﬂ‘ = U B(ai’ T) and Qext,r =0 - ﬁint,r-
=1

We define the weighted spaces :

Definition 2 Given v € R, the space CO(Q — X) is defined to be the set of continuous
functions w € C? (Q —X) for which the following norm is finite :

loc
m
lwllco@—sy = 1wl oo ey + 22 17" wlag + )l (B0,200)-f0})- (28)
j=1
Given a subset € C Q — 3 we define the space C2(£2;) to be the space of restrictions of
functions of C%(Q — ¥) to ;. This space is endowed with the induced norm.

Recall given n > 0, the solution v, of (8) can be extended to a sign change regular
periodic function on R with the periode equal to 27;,, which solves the following ODE

2
%v—(%) v—i—\v[ﬁv =0
v(0) = 0 (29)
#0(0) = 7

Given a bounded real number A € R, set vy, 4(-) := vy (- + A). Thus, the related the radial
function Mo
ug,a(@) = z[777 vy a(=log|z|) (30)

11



solves the equation
4
Au+ |[u|¥Z2u =0 in RY — {0} (31)

In this section, we study the linearization of the above nonlinear equation about the radial
function u, 4. This operator is defined by

N+2 4
Lpa:i=A+ ——|uya|¥2.
n,A N —2 | 77714’
1 1
Given a positive interger £ € N, we define r.; = k@2, r .o = el KIN+2) | Beq 1=
N-2
—logre and Beo := —logr.o. We write n := De # with D € R a positive number.

Given a sufficiently large number ¢ > 0, we assume
1
|Al<cand —<D<c
c

For the sake of simplicity in the notations, we drop the 1, A, e,k indices. We can write
any function ¢ defined in the annular domain B(0,7.1) — B(0,7:2) as

b(x) = [a| 77 w(-loga|,0),

so that the study of L reduces to the study of the linear operator

N —2\?2 N +2
c::af—(2> + Aot + 2 o] 7 (32)

on the cylinder [B; 1, B: 2] X SN=1 where Agn-1 denotes the Laplace-Beltrami operator
on the sphere SN-1.

We denote by (e, A;) the set of eigendata of Agn-1
ASN—MBJ' = —Aj 6]'.

We also assume that the eigenvalues are counted with multiplicity, that A; < A\j;1 and
that the e; are normalized by
/ e? dw=1.
SgN-1

We now prove some uniform estimates for a right inverse for the operator L.

Proposition 3 Assume that § € (—#,—%) is fired. Then, there exists e(k,c) €

(0,+00) such that, if ¢ € (0,e(k,c)), then, for all f € CY([Bei, Be2] x SN7Y), there
exists a unique solution w € CY([Be1, Bea] x SN71) of
Lw=Ff (33)

in [Be1, Beo] x SN~1 which satisfies

'UJ(B;.;Q, 9) =0 (34)
w(Be1,0) € Span{e; : 7=0,...,N}.

Furthermore,
lholles < e £llon (35)

for some constant ¢ which does not depend on e, A, D.

12



Proof. The proof is divided in three parts. In the first part we explain how to solve the
equation (33) when the function f does not have any component on e; for j =0,..., N in
its eigenfunction decomposition. Next, in the second part, we obtain a uniform estimate
for the solution already obtained. Finally, in the last part, we explain how to solve (33)
when the eigenfunction decomposition of f has components on ey, ..., exn.

Step 1 For the time being, we assume that the eigenfunction decomposition of the function
f is given by 4
F&0)= > f(t)e;(0). (36)

J>N+1

Observe that, as 1 tends to 0 we have

a2 N(N+2)

N-2 —
4

i N+2‘
1m sup — |V
n—0 pN—2 A

Now the eigenfunction decomposition of the Laplace-Betrami operator on SV ~! induces
a decomposition of the operator £ into the sequence of operators

N—-2\?2 N+2 4
Ej:8t2—<2> +N72"U|N—2—)\j

Using these above limits together with the fact that \; > 2N for j > N + 1, we
conclude that, for j > N + 1 the potential is negative provided ¢ is close enough to 0. In
particular, this implies that it is possible to solve

Lw=f

on any [Be 1, Bz 2] x SN~1 with w = 0 as boundary data (recall that the operator L is self
adjoint. When restricted to the set of functions spanned by e;, for j > N + 1, we can use
its variational structure to solve it.)

It remains to prove that there exists a constant ¢ > 0 which does not depend on €, A
and D such that
sup le % w| < ¢ sup [e 7% f]. (37)

Step 2 The proof of (37) is by contradiction. If it were false for all choice of £, A and
D without loss of generality, there would exist a sequence ¢, tending to 0, a sequence of
reals A, tending to A, a sequence of reals D,, tending to D, a sequence of functions
(fn) and a sequence (wy,), of solutions of (33) and (34) such that

| fullco =1 and lim A, :=supe °|w,| = +oc. (38)

s n—-—400

We denote B, 1 = B., 1, By2 = B, 2 and v, = vy, a,. Obviously, there exists a point
(tn,0n) € (Bpi,Bnz2) X SN=1 where the above supremum is achieved, namely A, =
e |wy, (tn, 0,)]. Observe that elliptic estimates imply that

sup e % Vw,| < (14 A,) (39)

and this in turn implies that the sequences (t, — By 1)n and (B2 — t, ), remain bounded
away from 0.

13



We define t,, > By 1 to be the nearest local maximal point of the function |vy,(t)| to
the point ¢,. We distinguish several cases according to the behavior of the sequence ().

Case 1. Assume that the sequence (¢, — fn)n is bounded. In this case, we define the
function w,, by

1 s N
Wn(t,0) = = et w,, (t + 1y, 0).

Observe that the sequence of functions (v, (-+,)|), converges on compact to t — (N (N —
2))¥(cosh t)¥ Up to a subsequence, we can assume that the sequence (t, — t,)n
converges to . Moreover, we can assume that the sequence (wy, ), converges on compacts
t0 Weo a nontrivial solution of

(N —2)2 _ N(N + 2)

-2 ~
T W 1 (cosht) W = 0. (40)

8,?71)00 + Astl Weo —
Moreover, W is bounded by a constant times e’*. The fact that 1. is not identically equal
to 0 follows from the fact that |y, (t, — fn,0,)] = e?®» ') and hence remains bounded
away from 0.

We consider the eigenfunction decomposition of s

00
u~)oo = Z ajej.

j=N+1

At —oo the function a; is either blowing up like ¢ — e~ %" or decaying like t — €7,

where

(N —2)

4
The choice of § € (—#, —%) implies that — < v; for all j > N 4 1. Hence a; decays
exponentially at —oo. Multiplying the equation (40) by a’ e; and integrating by parts over
R (all integrations are justified because a; decays exponentially at both +00), we get
+00 ‘ N-2)2 . N(N +2) [+
[T e+ o+ B @y = MEED ]
—o0 4 4 o

N(N+2) [+ .
< S @

Since j > N + 1, we have \; > 2N, and hence we conclude that a; = 0. Hence, o = 0,
a contradiction.

V= AN

(cosh s) 72 (a’)?

Case 2. Assume that the sequence (¢, — t,), the sequence (¢, — By, 1)n and the sequence
(Bpn,2 — tp)n are all unbounded. In this case, we define the function @, by

1
Wy (t,0) = — 7% wy (t + tp, 6).
Ap
Observe that this time the sequence of functions (v, (- + t5,))n converge to 0 on compacts.
Up to a subsequence, we can assume that the sequence (wy,), converges on compacts to
Weo & nontrivial solution of
(N —2)2 _

O hoe + Agn-1 oo — e =0

14



Moreover, s is bounded by a constant times e®.

Again, we consider the eigenfunction decomposition of W«

e
u?oo: Z aj €4

j=N+1

and we see that a; is a linear combination of ¢ — e~ %" and ¢ — €%’. The choice of
0 € (—%, —%) implies that 0 > —v; for all j > N + 1. Hence a; cannot be bounded by
% unless it is identically 0. We conclude that a; = 0. Hence, W = 0, a contradiction.

Case 3. Assume that the sequence (¢, — By 1), is bounded (resp. that the sequence
(Bn,2 — tn)n is bounded) and that the sequence (¢, — t,) is unbounded. This case can be
treated as in case 2. The only difference is that this time W is defined on [t,, +o0c) x SV ~1
(resp. on (—00,%s] x SV1) and is equal to 0 on {t.} x SN1 (resp. on {fo} x SNV71).
We omit the details.

Since we have reached a contradiction in each case, the proof of the claim is complete
the proof of the result in the case where the eigenfunction decomposition of f does not
involve any e; for j =0,...,N.

Step 3. Now we consider the case where the function f is collinear to e;, namely

f(t,0) = F(t) ;(0)

for some 0 < j < N. We consider the equation

. 2 . 4 . .
Rl — (N + (Y52) Vol + ¥E2 [o|v2 o) = 7 in [Bey, Byl (41)
a/j(Bg,Q) = 8taj(B&2) =0

Observe that ‘
PO Fllep .

We consider the bounded neighborhood around B . For ¢ sufficiently small (or equiv-
alently, n sufficiently small), ¢ is not an indicial root of the operator £ and it follows
from Cauchy’s theorem that there exists a unique solution of (41) such that for any given
intervalle [E, 0], the function a’(- + B.2) is uniformly bounded on [E, 0] with respect to
e, Aand D.

We claim that there exists a constant ¢ > 0 such that

sup e /[ <c sup e |f]]
[B6,17B5,2] [BE,17BE,2}

provided € is close enough 0. As before, we argue by contradiction. Assume that the claim
is not true. Then there would exist a sequence (&,), tending to 0, a sequence of reals A,
tending to A, a sequence of reals D,, tending to Do, a sequence of functions (f7), and
a sequence of solutions (a},), of (41) such that

sup e O |fi =1 and A= sup e %dl]
[Bn,lan,Q] [Bn,lan,Q]
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tends to +0o0. We can define t,, such that A, = e~ |al (t,,0,)].

As in Step 2, we define £, > By, 1 to be the nearest local maximal point of the function
|vn(t)| to the point ¢,. We distinguish several cases according to the behavior of the
sequence (t,),. When the sequence (t, — t,) is bounded, we define the function @’ by

» 1 5 . -
al(t) = — e al (t +1,).

n

We can assume that, up to a subsequence, the sequence (a?,), converges on compacts to
(oo a nontrivial solution of

N —2)2 N(N +2
( 1 ) oo + (4+ )(cosht)*zdoozo.

When the sequence (t,, — t,,) is unbounded, we define the function @ by

. 1 .
al(t) = 1 Otn o (t +t,,).
n
Again, up to a subsequence, the sequence (dZL)n converges on compacts to de, a nontrivial
solution of
(N —2)?
4

Of oo — Aj Qoo — (oo = 0.

Moreover, up to a subsequence By,  —t,, — 400 because of the remark at the beginning
of the step. Thus, the above solution is defined on R or on (¢, +00). Furthermore, aoo
is bounded by a constant times e%. However, the choice of § € (—w, —%) implies
that 6 < —v; for all 7 = 0,..., N and there are non nontrivial solutions of the above
homogeneous problems which are bounded by € at +o00. Hence, G = 0, a contradiction.
This completes the proof of the result. [

With the same arguments, we have also the following result.

Proposition 4 Assume that 6 € (§,2F2) is fived. Then, there ezists ' (k,c) € (0,+00)
such that, if e € (0,€'(k,c)), then, for all f € C{([Be1, Bea] x SN71), there exists a unique

solution w € C§([Be1, Be o] x SN7Y) of (33) satisfying

'UJ(Ba,h 9) =0 (42)
w(Be2,0) € Span{e; : 7=0,...,N}.

Furthermore, estimate (35) holds true.

Definition 3 Given 61,02,03 € R and —oo < t; < ty < +o0, the space Cgl((tl,tg) X
SN 4+ €3 ((t1,t2) x SN=1) is define to be the set of continuous functions w = wy + wy
where wy € Cgl((tl,tQ) x SN and wy € 622((t1,t2) x SN=1). On Cgl((tl,tg) x SN=1) 4
C(%((tl,tg) x SN=1) we define the following norm :

._ : 5
[wllsy 60,65 := {(w17w2)}7511f+w2:w} lwilley ((trtayxsn-—1) + e lwalley (o tyxsn-1)- (43)
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Gathering the propositions 3 and 4, we have the following result.

Proposition 5 Assume that 61 € (—%,—%), do € (%, ;‘2) and d3 € R are fized.
Then, there exists €'(k,c) € (0,400) such that, if € € (0,'(k,c)), then, for all f €
Cgl([Bgl,B5 o] x SN-1) + C52([ -1, Beo] x SN7L) | there exists a unique solution w €

C3 (B, Beo] x SY71) 4+ C, ([Be1, Beo] x SN of (33) satisfying
w(Be1,0) € Span{e; : j=0,...,N} ()
w(Be2,0) € Span{ej : j =0,...,N}.

Furthermore, the following estimate holds

Hw”51,52,53 <c ”f”51,52,53 (45)

6 Bubble tree solutions in general domains
We recall
Tel = €m, Tep = El_m, B.1 = —logre1, Beo = —logre2
We define the translations at the infinity. Given b,a € RV, set
Tpo: RN — RN

)

_z—a_
., _Jz—aP
T . 5 +a
e~ b)

These translations induce the conformal transformations on the space of the real functions
on RY. More precisely, let 1 : RV — R be a real function. We set

xr—a 2=-N
Tya(9)(2) := —blz—al  P(Tha(z))
|z — al
Given a’ = (a},---,al,) €y x -+ x Q, and b = (by,---,b,,) € (RV)™ (depending on e,
but uniformly bounded as ¢ — O), we divide
Q= Qint,e U Qemt,a
where
m
th e - U Qint,i,s
i=1
m
= U T, ai4ed, (Bai +eag, r=1)) — T b, 0,+za!, (B(ai +eaj,re2))
; b'TQ r
_ I 1l el e,1
— L:J ( CL@"‘E@Z 1—“)1“27“?’1’ 1_ ’@"27"?1)
bir?,Q Te,2

a; —i—sa —
Bla T2, 1T b,

17



and

m
Qemt,e = U Qemt,i,s
=0
m
= (Q - U T—bi,ai—&-sa; (B(a’b + 50;7 TE,I)))
m i=1
UU (Tt 0o (Blai + cal,7e2)) = (i + %))
i=1

birg,l Te,l
U= o227 1 — |bi| 2,

= (2-|JBla;+ea; - ))
=1

OU) (Blasea - 222 re2 (o)
a; a; — —(a; i
i=1 ’ ! 1- ‘bi’27’§’27 1- |bi|2?"§72 ' ‘

Given a € (0,1), we define two functional spaces

R 2,/ gN—-1 . ) _ .
&: = {pecrshh /SN_lgoe]dw—O, j=0,...,N
1 N-2
and HSOHCQ’O‘ Sgk(N+2) 4k }
and
E: = {¢GCQ’O‘(SN_1) : / pejdo=0, j=0,...,N
SN-1
N-1 _N-2,N-2
and ||gflgre < cFVID 3 k}

In this section, we only give the details for the dimension N > 6. In the other cases, the
analysis is similar.

6.1 Some basic properties about harmonic functions

We recall some well known result concerning harmonic extension of functions which are
defined on SV~! (see [27]).

Lemma 1 Given ¢ € C*>*(SN=1), we define V, to be the unique harmonic extension of
@ in B(0,1), namely

AV, = 0 in  B(0,1)
(46)
Vo = o on 0B(0,1)
Assume that ¢ is L*>(SN™1) orthogonal to e, ..., ey, then

IVelleoso,1)—1oy) < cllelleogsy-1)
for some constant ¢ > 0 which does not depend on .

Using the fact that Kelvin’s transform of an harmonic function V'

)

W(w) = o> N V(=

||

is harmonic, the above result translates into:

18



Lemma 2 Given ¢ € C>*(SN=1), we define W, to be the unique harmonic extension of
@ in RN — B(0,1) which decays at co. Namely

AW, = 0 in RY — B(0,1)
(47)

Wy = ¢ on 0B(0,1)
and W, tends to 0 at co. Assume that ¢ is L?(SN=1) orthogonal to ey, - -, en then

Wslleo , mv—Bo,1)) < ¢ lldllcoism-1y
for some constant ¢ > 0 which does not depend on ¢.
6.2 Solution of the nonlinear problem in ;..
Let 9y =0 € (—% + %,—%) be fixed. We choose d2 = —d and d3 = 6. Given a m
functions Uy := (¢1.1,...,¢m,1) € (£1)™, a m functions @3 := (¢1,2,...,Pm2) € (E2)™, m
points a’ := (a},...,al,) € Q x ---Q,, and m points b := (by,...,by,) € (RN)™ we con-

struct a solution of problem (1) in ;¢ . whose boundary is, in some sense, parameterized

by (T, ay+ea; (P1,1), s Topamtear, (Pm,1)) and (Ty, ) 1ear (01,2), 7+, Do am+ear, (Pm,2))-
Namely we would like to solve

4 .
AUint i + [Uinti| N2 Uint; = 0 in Qintie
T_bi’a#m; (Winti) — pin € Span{eg,...,en} on OB(a; +¢eal,r.1) (48)
T_bw#m; (Winti) — ¢i2 € Span{eq,...,en} on OB(a; + eal, re2)

Or equivalently, we will solve

4
Auint,i,bi,a’. + ‘uint,i,bi,a’.|muint,i,bi,a’. =0 in B(‘r“ 7"5,1) - B(al + Ea;7 T€,2)
k3 1 1
Uint ib;a; — Pil € Span {eg,...,en} on OB(a; +eaj,re )
Uint i ba!, — ¢i2 € Span{eg,...,en} on OB(a; +¢eal,r.2)
(49)

Here we denote by s i b, a! = T, a;+ea’ (Uint,i) (for the simplicity, we denote by wu;).
For each i = 1,...,m, we denote by V,,, , (resp. Wy, ,) the unique harmonic extension of
@i (resp. ¢;2) in B(a; +¢eal,re1) (resp. RY — B(a; + ea}, 7 2)), namely

AVpy = 0 in B(ai + ca},r:1)
(50)
Voir, = @il on 0B(a; +eal,re )
and
AWy, = 0 in B(a; +eal,r.2)
’ (51)
Ws.o, = ¢i2 on OB(a; + €a}, re2)
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Thus, Ty, g, +ea; (Ve,1) (resp. T, 4,10t (Wo, ) the unique harmonic extension of Ty, 4, 4 car (9i,1)

(resp. Tbi,ai—i—ea; (¢Z72)) in T—bi,ai-i-é‘a; (B(al + Ea;,rg71)) (resp' RN - T—bi,ai—l—saé (B(a"l +
eal,re2))). It follows from Lemmas 1 and 2, together with a scaling argument, that

-2
HV%,l |’Cg(B(a¢+5a;,rg,l)f{aﬂrsa;}) < CTe1 ”Spi,l”CO(SN_l) (52)

Wsi2lleo  ®N—Blaiteal ren)) < ey l|gi2lleogsv-1y- (53)

We keep the notations in the previous sections, and we look for a solution of problem (49)
in B(a; +ea},r.1) — B(a; + €al, re2) of the form

Ui = (_1)liu7h¢4i(' —a; — ECL;) + V@i,l + W¢i,2 + w; (54)

where the function w,, 4, is the radial solution of problem (49) which has been obtained
in Section 5 (see (30)) and where the functions w; is small.

As usual, we introduce the polar coordinates (t,6) € (—logr. 1, —logreo) x SN-1

in each B(a; + eal,r.1) — B(a; + €a},rz2). Given a function 3, defined on B(a; +
eal,re1) — Bla; + €aj,7-2), we agree that the function  is the function defined on
(—logre 1, —logre o) x SN=1 which is determined by the relation

N-2 ~
B(z) =z —a; —ea)|~ "z B(—logl|zr — a; — edjl,0). (55)
With these notations, we need to find a function @; and d;01,...,d; n1,di02,-.-,diN2 €
R such that )
N -2 -
R — N =2 oy Aoy = — | (56)

4
n [—logre 1, —logre o] X SN=1 and

N

ﬁi(—logr&lﬁ): 51 (le —i—ZdJ,lej

N-2

ai(—lograg,t?)—rgg ¢12 +Zd7]263

on SN-1,
We will obtain a solution of this equation as a fixed point for some contraction mapping.
We define

O+ N
it = {10 € O~ logre, ~logreal x SV s ey, < we TV

b

where the parameter £ > 0 will be fixed later on.

We define
h: R — R

N-2
s = |s|TT s

We write (56) as
Lw; = _Qw,l,@,z (’LZ)l) (58)
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where the linear operator L is given by

(N —2)? +N+2
4 N -2

N-2
’vvai’ 4

L:=0? 4+ Agn-1 —
and where Q, | 4, , collects the nonlinear terms
Q%,Mbi,z (ﬁ)z) = h((_l)livm,Ai + f/‘Pi,l + W%,z + 1211) - h((_l)livm,Ai) - h/((_l)livmyz‘li) w;.

We know a’ is bounded. As before, we write 1; = DZ'E%. Suppose D; is bounded from
above and from below, A; is bounded, and b is bounded, that is,

1

A < © (60)
|bi| < ©, (61)

where O ia a sufficiently large number to be fixed later. We state if N > 6, then V(s,t) € R?
N+2
(s +1) = h(s) = W (s)t] < cy[t]2 (62)
On the other hand, it follows from Lemmas 1 and 2

~ (N+2)t N=2__ 1
|V<p“| <e T2 g 4 E(N+2)

(N42)t N—2, N+2 1

(W] < 252 5 —rre

Together with (62), we deduce if ¢ is sufficiently small, then

+2

_ 4~ ~ ~ Ni2 - N+2 N
|Q<Pi,17¢i,2 (wl)‘ <c |:|/U77i7Ai|N72 (‘V@i,l‘ =+ ’W¢i,2|) + ’V<Pz',1|N72 + ‘W¢i,2’N72 + ]w1| Nﬁz}
(63)

which implies

1 N+2 4 ( +4

R L] 2 s - rm)
l5,—65 < c3e NF2) (14 ¢y kN-2¢ RES) (64)

HQ‘Pi,l 1 Pi,2 (ﬁ)z)
Here the constants ¢z, ¢3 and ¢4 are independent of x and ¢.

Given @L € Eint,e We use the result of Proposition 5 to solve

Lé = 7Q¢i,11¢i,2 (sz;)

It follows from Proprosition 5 and the above estimate that, given k, there exists 9 > 0
(depending on k) such that the mapping defined by T;(1)) = £ is well defined, provided
e € (0,ep). To see this, we have

- N+§ 1 Ntz 4 (Nt 1
|75 () ||5,—66 < ccge 22~ RNFD (14 ¢4 kN-2eN-2

2k *k(N+2)))

Thus, if we choose kK = cc3 + 1, the desired result yields.
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Moreover, for all 1]11, @Z)g € Eint,e, one can check that

ITi (1) = Ti(2)ls—s6 < cllQpiribio(®1) = Qs (¥2)l6.-66

N2, N a4 - -
c((I4k)e * THNF)N=2 by — ¢y

A

(65)

IN

6,—6.6

since

~ ~ ~ ~ ~ ~ L ~ ~
‘Q%,l,d)m (1/}1) - Q¢1,1’¢i,2(w2)| <c (‘V‘Pi,l‘ + ‘Wdh‘,z’ + |¢1| + ‘wQ‘)N_z ‘wl - ¢2\
Consequently, for € sufficiently small, the mapping 7; is a contraction from &;y; . into itself
and hence admits a unique fixed point in this set. This yields a solution w; of (49).

Keeping the notations in Section 4, we set Cy , := T}, — ﬁ ln% =CnN+ 0(17% +

17% log %) If we define the function u;,: to be equal to Ty, 4, 4cq/ (1i) 00 Qipg e, We have
proven the :

Proposition 6 Given a' € Q x --- x Q,, b € (RV)", A := (Ay,---,A,,) € R™,
D := (D1, -+, Dp) € (RT)™, WUy € (£1)™ and P € (E3)™, there exists a solution wiy of
(48) in Qint  satisfying boundary conditions

Ty, 05420, (Wint)|0B(a;+eal re 1) — Pin € Span{e; + j=0,...,N}

T b, aitea,(Wint)|oB(a; +eal re ) — Pi2 € Span{e; + j=0,...,N}
for all 1 <i <m. Moreover, the sequence of solutions w;y: blows up at each a; as € tends
to 0 in such a way that
m
Vttis|? dz = CF)S" k6,
=1

in the sense of measures. Here C'J(\}) is the constant defined in Theorem 1. Finally, this
solution can be expanded as

o N2 (2-N)A; (N-2)4; B
T—bi,ai-i-aa’- (umt) = (_1)11D"6 " [—e a te 2 l |:C - a; — Sa; 2N
N-2, 2 _ N+2 __N+3 N242N+2Ns—4 (66)
_H/;Oi .+ (')(5 ik " k(N+2) (1 +e 2 K(N+2) 4 e 2R(N+2) ))
in B(a; + eal,re1) — B(a; + €a),11/2) and
_ (N=2)(kCp ;—A;) N
li k N=2 R ) T/ M 9k 2
Ty, aptea (Wint) = (=1)" D™ | —e 2 D;%e2
(2-N)(kCy .y~ A7) N2
+e—— 2 DX |z —a;—ed)PN
N-2 N-2, N N+2 __N+3 N242N42N5—4
+Wy,, +O(e %2 TEENE (14 ¢ 2 FF2) 4 ke HEF) )
(67)

in B(a; +eal,2r.2) — B(a; +eal, re2)
Since we have found the solution of (49) with the form (54), we have

—Aw; = h((_l)lium,fli(' —a; _5a{i) +Vs0i,1 +W¢i,2 +w;) — h((_l)lium‘,z‘\i (-—ai _Ea;)) (68)
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so that in B(a; + ea},re1) — B(a; + €a),7:1/2)

4 N-—2 1
‘Awi’ < ’um,Ai(' — Qi — Ea;)‘m |Ve0i,1 + W¢i,2 +wi| < C’V<Pi,1 + W¢i,2 +wi’ < ce +k(N+2)a

since § > —%. Using the standard elliptic theory, we have
N-—2 3 2 N24oN+2Ns—4
||7”€71Vwi ”Loo(B(ai_;'_ga;ﬂns,l)_B(ai_j’_ea&grs’l/4)) < ce ik (5 k(N+2) 4 e k(N+2) + 4k(N+2 )
Recall
N? 4+ 2N +2N§ —4>0
Thus,

N—2 2
74_7
HTE,lvwi||L°°(B(aﬁ»sa;,rg’l)fB(a¢+z-:a'i,3re,1/4)) Sce RN

By the regularity theory, for all o € (0, 1), on the boundary 0B(a; + €a}, 7 1)

N—-2, 2
Hre,l 8nwiHCLa(SN—1) < ce 4k MEEER) (69)

With the same arguments, we infer for all « € (0,1), on the boundary 0B(a; + a}, ¢ 2)

N-2, N _N-2
HT&Q 8nwz'||cl,a(sN—1) < ce 4k TEN) 2 (70)

6.3 Solutions of the nonlinear problem in 2., (.

Recall a’ := (a},...,a!,) € Q1 x ---Q, and b := (b1, ...,by) € (RY)™. Given a m func-
tions @1 = (¢1.1,...,Pm,1) € (£1)™, we now construct a family of solution of (48) in Qg0
which in some sense is parameterized by Ty, 4. +ca/ (1) = (Th, a;42a/ (P1,1), - - - Do, ;40 (Pm,1))-

More precisely, denote by Wr ,(¢:.,) the unique harmonic extension of Ty, ;.1 cqr (¢41)

bj,ai+eal
in RN — Ty, a;+ea (Blai + €ag,71)) which decays at co. Let x be a C* cut-off function
defined in RY, such that X|Bo,1) =1 and x =0 on RY — B(0,2) and x > 0. Given a m
positive numbers A := (A1, -+, Ay) € (RT)™ and g := (g1, , gm) € (RY)™ a m vectors
in RV, we assume for all i € {1,---,m}

1
— < A 1
@< <06 (71)

where the real number O is defined in the previous subsection. Fix v € (=N +2,—-N +3)
and choose o/ € (0, m) We look for a solution of the following equation in
Qea:t,O,a
4 .
A'U'e:ct,O + ‘ue.tt,()‘ N-2 Uexrt,0 = 0 1 Qext,O,s
T_bi’a#m; (Ueat0) — @i € Spandeq,...,en} on 0B(a; +ea),r:1) (72)
Uezt,0 =0 on 00

We write uezs,0 in the following form

m
o N-2
Uegt) = Z(—l)leis % G(-,a; +¢eaj)
=l /
- —a; — eal
+;X(TZ)WT,,Z_M+W;(¢¢,1) (73)
i

/

. )> + wemt,[)

|- —ai — eai| ¥

m /
- —a; — ea; c—a; —€a
+ZX(#) <gi7Tbi,ai+sa;( :
i=1
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where g is small and the function wezy o is assumed to be small and to satisfy weqt,0]00
0.

ext,e

We use the maximum principle to reduce (72) to

_Awext,o = q+QA,¢>1,b,a’,g(we:ﬁt,O) in Qe:pt,(],s
(74)
Wezt = 0 on 6Qezt,0,5
where
U N—-2
Qa®1 bag(w) = h(Z(—l)liAiE‘““ G(- a; + €a;)
i=1
- —a; —ea
2 X(——) Ty aptea (43)

m
i=1
= __ai_ga;. . .—ai—Ea;

+ 2 X 9 e () )

and where the function g is given by

i=1

z —a; —ea,

o1 z—a; —ea,
Q(Z) = Z c2a/ AX( oo ) <WTbi,ai+€a/~ (¢z,1)(z) + <g17 Tbi,a¢+€a;( ‘Z — ail— ga/’ZN)>>
1 v i

i=
Z—a; — £a;
/.((251',1)(2) + <gi7Tbi7ai+6a;(H)>>

«

b;,a; — . — I|N
i=1 paitee; |z — a; — eal]

2 R
b vX<Z‘;ﬂ>-V<WT

We define . i
Pyi={ge®RY)" : g <% i)
and consider
0 N2, 2-v_
Eeat0e = {w € Cp(Qeatoe) : [[wllog < mre ™ TFNFand - wlag,,,. = 0},

where k1 is a constant to be fixed later. It is clear that

z—a; — ea;
-

Thsastear |z —a; — ed! ~ |z —a; —ed N1 (14 Oz — a; — caj]).
7 (2

On the other hand, for all ®; € (&)™, it follows from Lemma 2
N—2, N+l
Wi (2)] < ce % TRV |2 — a; — eaf| ™Y
which implies in the small B(a; + ea/, 26*")

N-2, Ni1
|Wo ,(¢i71)(z)\ < ce 1% TRNTD |zfai75a§|_N(1+2@|zfa1-75a2|+@2\zfaifea;\2),

bi,ai-ﬁ—sai
Therefore, for all g € P.; and ®; € (7)™, we estimate

"(—=v—=N) N 4o/ (—v—N+1)
+ ¢kE(N+2) )
2—v (75)

IA
o)
—~
—
+
D
)
™
[\
Q\
~—
™
i
e
™
Z
2
+
N
+
Q

HqH0872(Qezt,0,E)




since o’ € (0,%). Here ¢ is a constant independent of ©® and . Given

W € Eept0,e, We obtain with little work

QA1 barg(w) o

v—2

N2 N42 —N-—v N+1 rio_ o N(N+2)
< cean [ON2eFNT2 4 (1 4 %2 )eFin—2 T O
N 1o, (N—1)(N+2) Nt2 AN 1
+(1+ ©22 )Rt v TR | v v R ) R (76)
N-—2 2—v N+2 1 N+v (N—-1)(N+2) 1 _
< ce 1k +4k:(N+2) [@m +(]—+®252a/)€k(N,2)+k(N+2>+ ) (k(N+2) o)

N+2 N—1
_|_,{11N*2€k(N—2)]

and for all ¥1,v2 € Eepto e

Qa0 barg(¥1) — Qr,01barg(¥2)ll co_,
d 2 (77)

N [OFs 4 -5 N2 | %) 2_20/\ 53
< TN [OFF 4 TV k] 4 TN (1 4 0262 )73 4fy — nll

The following result is standard

Lemma 3 Assume that v € (2 — N,0) then for all 0 < i < m and f € CO_o(Qext.ic),
there exists w € C’B(Qem’i’s) unique solution of

Aw = f in Qext,i,s
(78)
w = 0 on O0Qeptic-

Furthermore, there holds

lwllco < cllfllco_-

Proof. The existence of w is straightforward and the estimate relies on the fact that x —
/

|z—a;—eal|” can be used as a barrier in Q—B(a;+¢ca;, ¢ 1) or in B(a;+cal, rc 2)—(a;i+e€;).
|
We define the map
TA,q)l,b,a’,f : Sea:t,(),a — Cext,0,e

by Th.¢, ba',g(w) := 1 where 1 is the solution of

—AY =q+ Qp e, bag(W).

It follows from the estimates (75) to (77) we could choose k1 > 0 (depending on ©) in
such a way that the mapping T &, ba’ g(w) is well defined and is a contraction, provided
¢ is chosen small enough, say ¢ € (0,e1). In particular, this mapping has a unique fixed
point in Egzr0, which yields a solution of (74). Therefore, we have proved the following :

Proposition 7 Given a’ € Q1 x --- x Qp,, b € (RV)™, &1 € (£)™ and g € P.1, there
exists Uegt0 solution of equation (72) of the form (73) in Qegr 0., satisfying
m

S N—2 - —a; — ea,
Uet,0 = Z(—l)leis & G(-,a; +eal) + Tbi,ai+sa;(¢i,1) + <gi,Tbi7ai+€a§(|‘_’l)>

A |N
= a; — eaj|
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on 8T,bi7ai+m; (B(a; + eal,re1)) for all 1 < i < m and tegro = 0 on 0. Furthermore,
the function uez,0 can be expanded as

m

) N—2
Uext,d — Z [(—1)lei5 1k G(-, a; + Eag) + WTbi,ai+sa/_ ($i1)
i=1 ;
- —a; —€aj N2, 2 (79)
+( 9> Tbi,aﬁaa;(m) + O(e * " FVE)
1
in T*bi7ai+sa;(B(ai + 5%7 2745,1) - B(Gz‘ + €CL;, 7’5,1)).
Similarly,
M+ 2
Hra,l 8nT_bi7ai+5a; (wezt,o))HCl,a(stl) < cge 4k R(N+2) (80)

where n is the outside unit normal vector on the boundary of B(a; + eal, re1) and ¢5 is a
constant independent of ¢ (but depending on ©).

6.4 Solutions of the nonlinear problem in 2., ;. with 1 <i <m

Given a m functions Wy = (¢12,...,0mz2) € (&)™, let VTbva<+sa/(<Pi12) be the unique

. . . / .
harmonic extension of Ty, 4,4 a7 (3,2)) In Ty, o, 4 car (B(ai +€aj, 12,2)). We assume O r¢ 5 is
small, for example,

Oreo < — 81
Te2 > 100 ( )
Fix 11 € (—1,0) and choose some a3 € (1 — (Vl_l)”m, 1). Given a m positive numbers
=T, [y € R and s := (s1,--+,8n,) € (RY)™ a m vectors in RY, we now

construct a family of solution of (1) in st which in some sense is parameterized by
Tbivai+aa; (Soz',z) , namely

_4 .
Auewt,i + |u€$t,i’ N=2 Uext,i = 0 m Qea:t,i,a
T 4, a;tea! (Uear;i) — ¢i2 € Span{eo,...,en} on  0B(a; +eaj,re2) (82)
Uegt,i = 0 on B(al -+ 691)

We write uez,; in the following form

. N-2 N-2 C—a;
Uegti = *(*1)lz+kri5 4k 2 Gz( - l,ag)
- —a; —ea,
+(1 - X)(#)VT%%H&/_ (¢i2) (83)

+(1 - X)( ) <Si7 Tbi,a¢+€a;(' — a; — ECL;)> + Wezxt i

ex

where the Green type function Gj is defined in Section 2, s is small and the function wezt ;

is assumed to be small and to satisfy wemt,ibﬂm,i,g =0.
We use the maximum principle to reduce (82) to
_Aweact,i = q+ QF,goi,g,b,a/,s(wext,i) in Qext,i,s
(84)
Wegti = 0 on agext,i,a
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where

) N=2 N=2 : i
Qripiabatalw) = b((DHTT R G )

H(1— ) (——— o WV, pheat (912

- —a; —ea
(1 - X)(%) <Si7Tbi,ai+€a§(’ - a; — 5a;)> + U}>
and where the function ¢ is given by
1 z—a; —ea, ,
q(z) = = e Ax( o )z, .. chea! (i) (2) + <SiaTbi,ai+aa;(z —a; — 5ai)>

2 z —a; —eaj
*gvx(ﬁ;fl) v <VTb @ +sa’(<p7‘ 2)(2) + <S’L"Tbi,ai+5a2-(2 - a”i - 8a;)>>

We define

P.o:={sc (RM)™ : s
and consider

N—-2 N-=-2 N+vq

Eeat,1e = {w € ), (Qeatie) : Jwlcy, < roe ® T MTEEE and wian,,,,. = 0,
where kg is a constant to be fixed later. Using (81), it is clear that
Ty o scar (2 — @i — )| < |z — a; — eal).

On the other hand, for all ¥y € (£2)™, it follows from Lemma 1

N-—2 +2

Vo ()] < ce 0 3 TRV |5 — q — ca?

which yields again from (81) in the small B(a; + cal, 2r; 2)

N—2 N42, Ntl /12
‘VTbi,aiJrsa;(‘piﬂ)(z)’ S ce 4 : ) |Z - @i~ Eai‘ :

Here, the constants ¢ are independent of ® abd . On the other hand, follows from
Maximum principle that 0 < G;(+, z) < 1. Therefore, for all s € P. 5 and ¥y € (&)™, we
estimate with little work

N-2 N N N—-2 N-— N+v
sy < e TSl < oot Ty (8)
92 ext,i,e) — -

llalleo
V1

since a; > 1 — Given w € Ecpt,1,6, we obtain with little work

(1/1*1)Vkl(N+2) ’

N-—2 N-2, N+4v N+2
V1+W—7+ 1 N2

N
1@r i bas(w)lco | < ce TR (O 4 RV 4 RN (86)
: o

and for all 1,12 € Eear1 e

1Qr.pi2.bas(¥1) — Qrp; b2, (1112)Hcg1 ,

4 4(N-1) 4 (87)
< Cek(NJrQ) [OF—2 4 gh(N?-1) +/{N 2 ’“<N2 D]jhr — 1/’2”031
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By Lemma 3, we can define the map

TF,cpi,g,b,a’,s : gext,l,a > Cext,l,e

by Tt 4, » b,ar s(w) 1= 1 where ) is the solution of

—Ap =g+ QF:@i,z’b,a/,k(w)'

It follows from the estimates (85) to (87) we could choose k2 > 0 (depending on ©) in
such a way that the mapping T[‘74pi,2,b7a/’s(’ll)) is well defined and is a contraction, provided
¢ is chosen small enough, say ¢ € (0,e3). In particular, this mapping has a unique fixed
point in Egzt1,. which yields a solution of (82). Therefore, we have proved the following :

Proposition 8 Given a’ € Q1 x --- x Qp,, b € (RM)™, Wy € (&)™ and s € P, there
exists Uezt; solution of equation (82) of the form (83) in Qeyt e, satisfying

, N-2 N-— C—a;
Ueat,i = —(—1)l’+kriéﬁ2772 Gi( -

7a;)'i_Tbi,ai—l—ea;(‘pi,?)_}_<3i7 Ty, as4ea) (- — @i = €a§)>

on 8bei,ai+sa’i (B(a; +eal,re2)) for all1 < i <m and uez; =0 on 9(a; +¢e8Y;). Further-
more, the function uezs; can be expanded as

btk N2 N2 — G
vt = ~COREETE G ) Ve g

N
+ <5ia Tbi7ai+aa;(' — a; — 6a;ﬁ)> + O(eﬁiTer)
in Ty, a;1ea (Blai +eaj, 1e2) — Bla; + eaj, 1e,2/2)).

Similarly,

||'I"572 3nT,bi7ai+5a; (wemt’i)) ”01,a(sN—1) S CGE?_T—F k(N+2) (89)

where n is the outside unit normal vector on the boundary of B(a; + cal, re2) and cg is a
constant independent of € (but depending on ©). We define the function ., to be equal to
Uegt,i ON eyt i o for all 0 <4 < m. In the following consideration we will fix some o € (0, 1).

6.5 The Cauchy data mapping

We explain how the free parameters in Propositions 6, 7 and 8 can be chosen so that the
functions w,; and uey can be glued together to obtain a solution of problem (1) in Q..

We want to choose the suitable parameters
Z:=(E1,52,53) = ((b,a’,A,T, A, D), (g,s), (1, ¥y, By, D))

so that i, and ez have the same Cauchy data on each 9T, ;. 4o/ (B(a;+eal, re1)) and
OT_p, g;4ca! (B(ai+eaj, rc 2)) or equivalently, on each 0B (a;+<aj, 7"571)1 and 0B (a;+<al, ¢ 2),
T b, ai4ea (luint) and 7', 4,4 ca/ (tezt) have the same Cauchy data. Once this is done, the
function defined by u = uin in Qipnee and u = Uegs in Qezp e Will be C' and solution of
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(1) away from the 0Qipt e N 0Nyt . Elliptic regularity theory will then imply that it is a
solution in §2. Moreover, it will follow from the construction itself that u has the desired
behavior near each a; and this will complete the proof of Theorem 1.

Therefore, it remains to solve, for all ¢ = 1,...,m, the system
T—bi,ai +eal; (umt) = T—bi,ai +ea), (Uext)7
(90)
6anbi,ai+€a§ (umt) = 8anbi,a¢+€a; (uemt)7

on 0B(a; + €a},1e1) UOB(a; + £a;, 1< 2).
We denote by II; the L?(S™"~!)-projection onto Span{e;}, and

For all i = 1,...,m, the L?(S™!)-projection of (90) over the orthogonal complement of

Span{eg, ...,en} yields the system of equations
N_2 -
wix = ¢i1+e F Fii(2),
N-2 —
Te,1 anV(Pi,l = Tel 8TLI/V(]%J +e 4 EQ(:)a
e o)
Yio = ¢io+e W TENT 2 Fo(E),
N-2, N-2 _N-2 _
Te2 8nv%’2 = Tep2 6nW¢i72 + e 4k TE(N+2) 2 Fi,4(:’)
Next, we make the expansion of G;(*7*,aj) around 9Ty, 4, ycar (B(ai + €a;,7¢2)) for all
i=1,--,m
T — a;
Gl( - : ) CL;)
N—
lz — a; —eal|N 72
N-1 Y N N-2
e T (VaHi(a;,a7), @ — a; — ea;) n € O(Em)
|z — a; —eai|N |z — a; — eal|N 72

so that around 0B(a; + €a}, r¢ 2)

r—a;

T p, a;+ea! (Gi(T’ a;))

EN?QHZ'(CL;’ a;)

1—
|z — a; — cal|[N-2 (93)
_5N_1<V1Hi(a;,a;),x—ai — eay) n gN-2 O(Em)
|z — a; —eai|N |z —a; — eaj|N 2
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On the other hand, around 9B(a; + €a}, 7. 1) for all i = 1,---,m, we have by the same
arguments,

T b a54e0, (G (@, ai + a;))
= —H(aj,a;) + |z —a; — eal|*N (94)
+{((N — 2)H (a;,a;)b; — V1H (a;,a;),r — a; — ea;) + O(Em)
and for all j #£ ¢

bei,aﬂrsa; (G(ZB, aj + ECL;))
2 (95)

= G(a;,aj) — (N —2)G(ai,a;)bi — V1G(ai, a;),x — a; — ea;) + O(eF+2)).

Together with the expansions obtained in Propositions 6 to 8, we infer the L?(S"~!)-
projection of (90) over Span{ep}

Die(Q_N)A"/2 H(a;,a;)\; — Z "_Z’G (aj,a;)A; + F; 5(2),
N J#
D; eW=DA/2 = \; 4 739 F g(2),
’ (96)
N-—2
Fi — D}_2k6(2_N)Ai/2€(N_2)kCani/2 +€mﬂ77(5),
1—\ H (awal) D,l~1+2k€(N72)Ai/2€(2_N)kCN’"’L'/Q 4 Fi,8(E)7
Finally, the L?(S™!)-projection of (90) over Span{ey,...,en} yields
N-—2 N-—-1
gi = & T TENTD Fo(2),
p — _ViH(aa)di - 5 (- 15 V1G gy, a) A,
' (N = 2)(H{(ai, ai) Ai = 3= 1)li~iG(aj, ai)A)
+6k(N+2) F; 10( ), (97)
N-2 N, N-1
s; = € % 2 TR(N+2) Fi,ll(E)a
—1
ViHi(ag, ap)ly = eFV2) 1 15(E)
Here F; j(Z) fori=1,...,m and j =1,...,12 are continuous maps satisfying
2
[Fii(B)] = O(eF+2)). (98)

We define ”Dirichlet to Neumann map” for any

S:I(C>(SN) — e (V)
S(p) =1 (0nVy — 0nWy),
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where Vj, (resp. Wy,) is the harmonic extension in the ball B(0,7) (resp. in RN — B(0,r))
defined in Lemma 1 and Lemma 2. It is well known that S is an isomorphism [27] the
norm of whose inverse does not depend on r.

Using the expansion (9), we can write (96) in the following form :

k _
2
= H(a;,a;)Ai = > (-1)75G(aj, a;) A + O(eF8+9),
i#i
D; N2/ — p; 4 O (T, (99)

D22k ((N-2)k Cy /2 )
I, =— eA' + O(eFNTD),
(]

2 (N-2)kCy

D? = A;Zk*leTHi(a/. a,)ﬁ + O(gm)’

17 7

Recall a} the critical point in (A1) and denote A* = (AJ,---,A},) the non-degenerate
critical point in (A2). Set
1 (N-2)kCpn 1
D;‘ = (A;F)*me 2(2k—1) Hi(a;f’a;f)mkq)’

1 W-2kOy 1k

I 1= (A7) 55 ¢ T Hiaf, af) 3,
. 2 A* 2k _(N=2)kCyn 1

A7 = 5 oa(5) = 37— log (ap)ase S Byfaap) 0 )
pr o VUH (e, ai) A7 — > i (1) TEVI G ag, ai) A
C (N = 2)(H(ai @) A] = (=15 TG ag, ai)AS)

In view of (97), we have
1
ViH;(a}, a;) = O(e*3+2)
so that it follows from the assumption (A1)

a; — a;‘ = O(gk(Nl+2))

and )
Hi(aj, a;) = Hi(af, a7) + O(eF¥72)
Hence, (91), (97) and (99) are equivalent to the following system
by =bf + Gi1(2), a; = af + G;i2(2),
A=A+ G, 3(2), I'i =T7 4+ G;4(2),

A=A+ G5(5), D; = D; + G,6(2),

M+ N ;2,E+ N (]‘OO)
gi=¢ ik T E(NT2) Gi,?(E), §; =¢ 4 2 TE(NT2) Gi,8(E),
N-2, 1 _ N-2, 1 —
Yi1l =€ 4k E(NF2) (;1.79(:)7 @71 — ¢ 4k k(NF2) Gi,lo(ﬂ),
N2, N-1_ _N_2 — N2, N-1_ N_2 —
Yia=¢ 1k E(N+2) 2 Gi,11<:)7 ¢i,2 = ¢ 4k "R(N¥+2) 2 Gl}l?(:)
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where G;;(Z) for all [ =1,...,12 and for all i = 1,...,m are continuous maps satisfying
1
Gi1(B)| = O(ertv+2)

Moreover, elliptic regularity Theory shows that all G;;(Z) are compact operators.

We set =7 = (b*,a*, A*,I'", A*, D*). We consider the set
.A = B(ET,TO) X PLE X PQ,E X (81)2m X (52)2771

where 7 is some fixed small positive number and B(Z%,rg) ¢ RENH)™  Now set © =
=% + 710 +2Y; 5= + o and we can write formally the system (100) as

(1]

=T(E),

It follows from the above analysis that T : A — A is a continuous compact map.
According to Schauder fixed point theorem, T has a fixed point in A. This completes the
proof of Theorem 1.
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