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Abstract

The c-curvature of a complete surface with Gauss curvature close to
1 in C? norm is almost-positive (in the sense of Kim-McCann). Our
proof goes by a careful case by case analysis combined with perturbation
arguments from the constant curvature case, keeping track of an estimate
on the closeness curvature condition.

1 Introduction and main results

Monge’s problem, in optimal transport theory, goes back to [19]. In its general
formulation, one is looking for an optimal map f : (M, u) — (M, i) between two
Polish probability spaces. The optimality criterion consists in minimizing the

total cost functional | c¢(x, f(x)) du(z) among measurable maps which push
M

u to fi, where the cost function ¢ : M x M — R U {+o0o} is given lower semi-
continuous with some additional properties (see e.g. [21] and references therein).

— 1
In the emblematic case of the Brenier-McCann cost function: M = M,c = §d2,

where M stands for a complete Riemannian manifold with associated distance
function d, this problem was solved under mild assumptions on the given prob-
ability measures p and g [2, 17]. In that case, the optimal map must read
f = exp(grad u) for some c-convex potential function u such that the pushing
condition fgp = i becomes a PDE of Monge-Ampere type satisfied by u in a
weak sense. Neil Trudinger and his co-workers observed that a similar solution
scheme exists for a class of more general cost functions c for which, given smooth
data, they analyzed the smoothness of the corresponding potential function u
[16]. For the purpose of a one-sided interior estimate on an expression of second
order (in ), they were lead to formulate a fourth-order two-points condition on
the cost function ¢, called (A3S) condition. A weak form of the latter, called
(A3W), was proved necessary (for the smoothness of u) by Loeper [14]; in partic-
ular, in the Brenier-McCann case, he interpreted (A3W) read on the diagonal of
M x M as the non-negativity of the sectional curvature of M. Lately, still with
c= %dQ, Cédric Villani and his co-workers were able to relate some variants of
(A3S), checked stable at round spheres under C* small deformations of the stan-
dard round metric, with the convexity of the tangential domain of injectivity
of the exponential map [15, 8, 10]. However, the very geometrical status of the
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fourth-order expression (in ¢) occuring in condition (A3S) was not understood
untill Kim and McCann interpreted it [11] as a genuine, though quite special,
curvature expression arising on the prod2uct manifold M x M endowed with the
%%(dﬂ ® dz’ + d7' ® dz'). They also
defined an extended version of (A3S), stronger than (A3W), called non-negative
cross-curvature condition (NNCC, for short) and proved that it is stable under
Cartesian product! as well as, in the Brenier-McCann case, under Riemannian
submersion [12]. Actually, in that case, they defined a stronger condition called
almost-positive cross-curvature condition (APCC, for short) shown as stable as
NNCC [12]. So, with ¢ = %d2, the stability of APCC under products and sub-
mersions enables to construct new APCC examples out of known ones — like
the standard sphere [12]. In the present paper, we will prove the stability of
APCC at the standard 2-sphere; specifically, we will check the APCC condition
for ¢ = %dz on a complete surface with Gauss curvature C? close to a positive
constant. This result complements the stability one of [8] on the 2-sphere.

pseudo-Riemannian metric: h = —

In order to state our result, let us first recall some definitions, restricting
to connected complete Riemannian manifolds M = M with the cost function
c= %dg defined on M x M \ Cut, where Cut stands for the cut locus. Using the
aforementioned pseudo-Riemannian metric h on M x M and setting Sect;, for its
sectional curvature tensor viewed as a field of quadratic forms on \*T'(M x M),
for each (m,m) € M x M \ Cut and each (¢,€) € T}, M x Ty M, the associated
cross-curvature is defined by [11]:

Cross(m. i) (€, ) 1= Sectn[(€® 0) A (0@ €)].

Kim and McCann observed that it must vanish for some choice of (£,€) [12].
If it is identically non-negative, we say that the manifold M is NNCC. For
instance, the standard n-sphere is NNCC [12, 8] and if a manifold M endowed
with a Riemannian metric g is so, its sectional curvature tensor Sect, must be

non-negative because, at m = m, we have: crossm,m)(&, &= % Secty (€ A €), as
first observed by Loeper [14]. Pulling back by the exponential map:
(m,V) € NoCut — (m,exp,,(V)) € M x M \ Cut ,
where NoCut is the domain of TM defined by:
NoCut := {(m,V) € TM, Vt € [0,1],exp,, (tV) ¢ Cut,,}

(and Cut,,, the cut locus of the point m), Trudinger et al noted [16, p.164] that
one identically recovers § cross(, i (&, €) at m = exp,, (V) with (m, V') € NoCut
and & = d(exp,,)(V)(v), by calculating the quantity:

2
~ e

where: A(m,V)(§) := Vd[p — ¢(p,exp,,(V))]p=m (£, &) with V the Levi-Civita
connection of the Riemannian metric g and where D stands for the canonical flat
connection of T,, M. In [7], we performed a stepwise calculation of A(m,V)(&)

C(m, V)(&,v) = A(m, V + A) (€)= (1)

Lunlike (A38S), or even (A3W) alone as soon as a factor is not NNCC
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and its first and second derivatives with respect to V, in a Fermi chart along the
geodesic t € [0,1] — exp,, (tV) € M. This calculation just requires that (m, V)
belong to NoConj, denoting so the domain? of TM which consists of tangent
vectors (m, W) € TM such that the geodesic segment ¢ € [0,1] — exp,, (tW)
contains no conjugate points, a fact conceptualized in [8] using the Hamilto-
nian flow (see also [10]). Neil Trudinger suggested that one calls the quantity
C(m, V) (&, v) defined by (1), now with (m,V) € NoConj, the c-curvature® of
M at (m,V,&v). Tt is known to vanish if rank(V,&,v) < 1 [7, 12]. Now, the
definition given in [12] of an APCC (resp. NNCC) manifold reads in terms of
the c-curvature as follows:

Definition 1 Let M be a connected complete Riemannian manifold with cost
function ¢ = %dQ. We say that M is non-negatively c-curved, or NNCC, if
C(m,V)(&,v) >0 for each (m,V) € NoConj and each couple ({,v) in T,, M. If
M is NNCC and such that: C(m,V)(&,v) = 0 if and only if the span of (V,€,v)
has dimension at most 1, we call it almost-positively c-curved, or APCC.

Let us call, for short, a surface any smooth connected complete 2-dimensional
Riemannian manifold without boundary. We aim at the following result:

Theorem 1 Let S be a surface with Gauss curvature K such that ming K = 1.
There exists a small universal constant n > 0 such that, if |K — 1]c2(g) < 1,
then S is APCC.

Here, the C? norm of a function f : S — R is defined (using the Riemannian
norm |.| on tensors) by: |f|c2(g) := sup |f| + sup|df| + sup |Vdf]|.
s s s

With 7 = 0 (constant curvature), the result is proved in [12] (see also [8] for
NNCQC). If V = 0, the result is obvious (due to the cross-curvature interpretation
when m = m), so we will assume V' # 0 with no loss of generality.

Remark 1 Let
D.= Sup{|V|ma (m7 V) € NOCOHj}

be the diameter of conjugacy of S. Since K > 1, the Bonnet—Myers theorem
[1, 4, 6, 18] implies: D, < 7 (in particular, the diameter of S is at most equal
to m and S is compact).

Actually, we will prove a stronger result, namely:

Theorem 2 Let S be a surface with ming K = 1. There exists small universal
positive constants 1),< such that, if |K — 1|c2(s) < n, for any (m,V) € NoConj
and any couple (§,v) of vectors in Ty, S, the following inequality holds:

C(m,V)(E,V)ZCAQ(WL,‘/,g,l/) ) (2)

where Aa(m,V,&,v) stands for the squared quadratic mean of the areas of the
parallelograms repectively defined in T,,S by the couples (§,v),(V,§), (V,v), in
other words:

Az (m, V. &,v) = [PV — g(§,v)* + [VPIE]* — g(V.€)* + [VIP|v|* — g(V,v)*.

2

as well-known [4, 6], NoConj is the maximum rank domain for the exponential map which
contains NoCut

3we will use this short denomination instead of 'extended MTW tensor’ as in [15, 9, 10] or
"Ma—Trudinger—-Wang curvature’ as in [9, 13]
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The outline of the paper essentially coincides with that of the proof. We
present a quick derivation of the c-curvature expression in Section 2 and related
perturbative estimates for that expression, based on the assumption that the C?
norm of (K — 1) is small, in Section 3. Using the latter, we prove successively
Theorem 2 under the additional assumption that the point exp,, (V') lies, either
near the first conjugate point m* of m along the geodesic t € RT — exp,,(tV) €
S (Section 4), or near m (Section 5), or in-between (Section 6). The proof of
Theorem 2 itself, as a whole, is provided in Section 7, by synthetizing the vari-
ous, sometimes redundant, smallness assumptions made in the previous sections
on |K —1|c2(g), < and an extra parameter § used to locate exp,,, (V') with respect
to m and m* as just described. The proof of the main perturbation lemma is
deferred to Appendix A, but Section 3 includes a straightforward application of
it to a uniform convexity estimate for the boundary of NoConj.

Finally, a warning must be made about some notations and conventions
used below. Starting from Lemma 1 (Section 3), we will abbreviate |K —1[c2(g)
merely as e. In Section 4 (resp. Section 5), we will set d(m, m*) (resp. §) for the
maximal distance assumed between exp,, (V') and the first conjugate point m*
(resp. and the point m); consistently in Section 6, we will set %M(m, m*) (resp.
16) for the minimal distance at which exp,, (V) must stay away from m* (resp.
from m) on that geodesic. In the course of the proof, starting from Lemma
1, we will require various (fairly explicit, universal) smallness conditions on &
or ¢. Furthermore, in each case or subcase distinguished below for (m,V, ¢, v),
we will find a different value of the (small positive) constant ¢ occuring in
(2); the actual value to be taken for ¢ in the statement of Theorem 2 will
be, of course, the smallest among them. The various universal? constants and
smallness conditions arising in the paper are listed in Appendix B to which the
reader should systematically refer.

2 c-curvature expression in dimension 2

Henceforth, we fix a surface S, a point my € S and three non-zero tangent
vectors (Vp, &, v) in Thy,, S with (mg, Vp) € NoCut and (&, v) linearly independent.
We wish to calculate the c-curvature C(mg, Vp) (€, v).

2.1 General case

A chart z = (2!, 2?) of S centered at mg such that the local components g;;(z)
of the metric satisfy: g;;(0) = d;;, dg;;(0) =0, is called normal at mg; let x be
such a chart. We set v = (v!,v?) for the fiber coordinates of T'S — S naturally
associated to z, use Einstein’s convention and abbreviate partial derivatives as
follows:
2 2
0; 0 0i; 0 ..;D 0 0

= - 7 = - .
dxt’ Y Paidad’

LT out Y Qi

For each (m, V) € NoCut with m in the domain of the chart x, we set:

X =X(z,v,t) = (X' (z,0,1), X?(z,v,t)) = 2 (exp,, (tV)),

4thus, in particular, independent of (m, V) € NoConj
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where x = x(m) and V = v'9;. For V € T,,,S such that (mg, V) € NoCut, and
setting & = £°0;, we recall from [7] that the quadratic form A(mg, V)(€) defined
in the introduction is equal to A;;(v)£'¢7 with:

Ay (0) = Y{(v) 9,X*(0,0,1) (3)

and the matrix Y}/(v) given by: Yii(v) D;X*(0,v,1) = 6% Given V = v'0; as
above, it is convenient to compute the right-hand side of (3) by choosing for x
a particular normal chart at mg (unique up to z* — —z!), namely:

Definition 2 A Fermi chart along V' is a normal chart x at mq such that
V =rdy (with r =|V|) and the Riemannian metric reads:

g =dr' @da' + G(a', 2?) da® @ dz?, with G(0,2?) =1, 0,G(0,2%) = 0.

Let « be a Fermi chart along V. The geodesic ¢t € [0,1] — m; = exp,,(tV) €
S (called the azis of the chart) simply reads ¢ — X((0,0),(0,7),t) = (0,tr)
and, for fixed z2, the paths which read t +— (t,2?) are geodesics of S as well,
orthogonal to the axis. The Christoffel symbols are given by:

1 011G 0,G
T =306, T =90 Th =5

VG
VG

the Christoffel symbols on the axis, intrinsic expressions given in terms of K at
x = (0,22) by:

Iz, others vanish,

and the Gauss curvature, by K = — . We thus get for the derivatives of

Iy, = -0}, = K, 011T3, = —0ul}, = 01K, 0115, =0, 0113, = —0K.
With these formulas at hand, we readily find:

0x((0.0, 0.0 = (471 ). px(onomn = (107,

where f;(t) = £:((0,0), (0,7),t) for i € {0,1}; here, f;(z,w,t) are the expressions
in the chart z of the solutions for ¢ € [0, 1] of the Jacobi equation:

F+ WP K (expy, (tW)) f =0 (4)
(where x = z(m),W = w'd; with (m,W) € NoConj, and we use the dot

af 5 &2
f f= f), satisfying the initial condition:

notation: f = E, ﬁ

£i(0) = 80, f:(0) =41 .

Remark 2 For later use, we observe that, for ¢ € (0,1] and (m, W) € NoConj,
we have: 0 < fi(x,w,t). Moreover, Sturm comparison theorem [4] combined
with Remark 1 provides the pinching:

sin (v/maxg K|W|t) < hmwt) < sin(|W¢)
vmaxg K|W|  — SR | 7

which yields fi(z,w,t) <t <1 and ‘&Ii/lllllo fi(z,w, 1) =1.
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Back to (m, W) = (my, V), applying (3) in our Fermi chart along V', we get:

~ fo(@)
f1(1)

Here comes a key observation, also made in [9] (and extended to the higher
dimensional setting in [10], see also [13]): the right-hand side of the preceding
equation is intrinsic because so is (4). We may thus use a single Fermi chart x,
along the sole tangent vector Vy at mg, and write for each V = v'9; € T,,S
close to Vj:

v
v

mmmm@>|w(1 )maamvﬁwmhv

Alrma, V(€)= lg? = (1= 2

)le-acowr. o
We will now calculate the c-curvature C(my, Vp)(&,v) in that Fermi chart (fixed
once for all), by combining (1) with (5). Letting henceforth ¢ and v be unit
vectors and orienting the tangent plane T5,,,.S by the local volume form dz! Adx?,
we denote by ¥ (resp. ¢) the angle in [0,27) by which a direct rotation brings

& (resp. v) to Uy = = (Oo; in other words, we set:

o
Vol
E=sind 01 + cosV Oy, v =sinp 01 + cosy Os.

A lengthy but routine calculation yields:

. Y o9l 9 1\2
Clma. Vi)(ew) = — sinto (S8 SUL 20 2D )
+ % (C082 ¥ — cos? (9 + ©)) (1 — fo)
"o bil
2 cosdsinds .%_ﬁﬂ>
+ o cos ¥ sin ¥ sin (f1 )

where we have set, for short: f. = v'D; f,(0,v0,1), fJ = v'vID;;fa(0,v0,1),
for a = 0,1, and vy = (0,79) with ro = |Vp].

2.2 Constant curvature case recalled

Setting for short k = K (mg) and 7 = v/k r, let us recall the expressions which
occur for fp, f1 in case K = k, labelling them all with a bar:

_ _ in(Ft
fo(0,v,t) = cos(7t), f1(0,v,t) = M, where r = 1/ (v1)? 4 (v?)2.
T
At (v,t) = (vg, 1), with vg = (0,79) and 79 = \/k 19, we infer correspondingly:
fo=—Vk sinrg cosp, fil =k (— SH} o 4 (sm 0 _ cos r‘o> cos? go) ,

To To

N _ sinFy
fi=—cos7fy — — cos

To

= K _ sin 7 sin 7 _ L 2
f1 == | cosry— + (3 — COsTg | —TpsinTg | cos
1 — 0 - — 0 0 0 "8
5 0 To
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hence:
1_ 9 . o T34 7cosTgsinig — 2sin® 7
= Clmo, Vo)(&v) = sind sin - pew 3= 0
K 7§ sin® 7y
. sin g — T cos 7o
+ 2sin?9 cos? Y — V=3 -
sin® 7g
. sin 79 — T Cos T
+ 2cos? ¥ sin? ¢ ——
7§ sin T
B
] . sin“7g — T
4+ 4cos? sin?d cosy sing %270-
7 sin” 7o

3 Perturbative tools

In the sequel of the paper, dropping the first argument = = x(m) since it is
fixed, equal to (0,0) = z(myg), we simply write: f, = f.(v,t), X = X(v,t) and,
abusively with the same letter: K(X(v,t)) = K (exp,,,(tV)), where V = v'0;.
Moreover, anytime the second argument v is equal to vy = (0,7¢), we will also
drop it and just write: f, = f,(¢) and so on.

Given a real number w > 0, we will require the linear map:

f € OO([O7 1]5R) — Sw(f) € C(]([Ov 1]3R)
defined as the solution map f — wu of the linear initial value problem:

i + w?u = f, u(0) =u(0) = 0.

t -
t —
The representation formula : S,(f)(t) = sin (Wt = 7)) f(r) dr is well
0
known. Setting |[v|| = sup [|v(t)], it yields for S, the contraction estimate:
t€(0,1]
1
1S (NIF< S, (®)

easily obtained by writing:

t t T
u(t) = / u(r)dr = / / cos (w(T —0)) f(9) dbdr.
0 0 Jo
We will also require the following formulas (written at ¢ = 1, for f(¢t) =t and
f(t) =12):

To — sin 7y 72 + 2(cos 7o — 1)

Sr(H)(1) = Z—, S (1)(1) = = : ()

We are now ready to state our main perturbation lemma, the proof of which is
deferred to Appendix A:

1
Lemma 1 If|K—1|c2g) < —5, there exists universal constants Biga, Baka, Bska,
for a € {0,1} and k € {0,1,2}, such that the following estimates hold:

||D];jfa|| < Blka7 ||D1]j(fa - fa)” < B2ka € Tg_k7
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1D (fa = fa) + 757" Wi Sry(t*F )| < Baga € 757",
where, for short, € .= |K — 1|c2(g) and:
o := 02K (0), 1 := 3cosp 92K (0) + sinp 9;K(0),
g 1= (2 + 4cos® p) DK (0) + 4sin pcosp 9, K(0)
(from now on, we will freely use to these abbreviations).
Remark 3 Let us stress that the bounds:
Va =0,1, [|Dizfall < 2Bi2a, |D12(fa = fa)ll < 2Base,

follow from thoses on || D, f.|| and || Dy, (f. — fa)|| by letting v = %(31 + Oa).

The first line of conclusion of Lemma 1 will be used to prove Theorem 1
near® the first conjugate point (Section 4). Uniformly away from that point,
and crucially for rg | 0, the proof requires the second line of conclusion through
a Maclaurin type approximation estimate for the c-curvature, namely:

1
Corollary 1 If |K —1|c2(s) < — and 7o < 7, there exists a universal constant
™

C1 such that the absolute value of the following expression:

ff’ — rotg sin? 9

7 C(mo, Vo)(&,v) — C(mo, Vo)(&,v) — 7,

219 Sr, £t2 -0 (cos® ¥ — cos® (U + )

£ Q. (42
(Sr (t)(].) _ fOSmf(lt )(1)>

fi
droy cosIsindsing [ B foSr, (t2)(1) )
f1 <ST ®)) fi

is bounded above by:

1
Fwaserg (338 sin? 9 + 268 cos? ¥sin? ).
1

Proof of the corollary. For each a € {0,1} and k € {0,1,2}, we split D* f,
identically into three summands: D f, = Sik’a) + Sék’a) + Sék’a) given by:

S = D fay S5 = =M S5, (1) ().

From (9), we define the constants cg, ¢7 as in Appendix B. From Lemma 1, we
know that

[8159] < Biga, |85 < Bagaerg™,
and from the obvious bounds:
|"/}0| < & W}1| < 457 |¢2| < 857 (10)

we further know that

K _
‘Sé DN < 8egyqeri Tk

Swhere C(mo, Vo)(€, v) could blow up since 7y could exit from (0, 7) for & # 0
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Let us consider the expression (6) of the c-curvature, multiply it by f{ and,
using the preceding splittings and bounds, let us estimate the Maclaurin ap-
proximation of each of the three auxiliary expressions:

By = fife — fofifi' = 2fufofi + 2fo(f1)?
Baim 52 (fi~ fo). Bai= ~ i (fify ~ of}).
0

which occur in fC(mg, Vo)(€,v) as coefficients, respectively of:
—sin® ¥, (cos® ¥ — cos®(¥ + ¢)) , cosdsindsing .

Setting E1, Eo, E3, for the corresponding quantities defined with fo, f instead
of fo, f1, and proceeding stepwise, with careful intermediate calculations®, we
get for the (E; — E;)’s the following analogues of the second line of conclusion
of Lemma 1:

|Er — By + rovafi [f1Sr (8)(1) — foSr, (t2)(1)]| < 1547°CFerg |,
‘EQ — EQ + 2’[“0’(/)0‘]?128;0 (t2 — t)(l)‘ < 847'('80?57“8 s
|EB3 — E3 +4ro fi [[Sr, (8)(1) = foSr, (t%)(1)]| < 2007°CFerg
where the constant C; is defined” in Appendix B, as well as three other constants
cs, Cg, C10, and where, recalling Remark 1, 78 is used as an upper bound for
max (1,rg_2) with® 2 < p < 10. Since 7y < 7, we may divide by f{ > 0 the
resulting Maclaurin approximation estimate for fC(mq, Vo) (&, ) and, using the
general inequalities:
|cos® ¥ — cos*(U + )| < sin® ¥ + 2cos” Isin® p (11)

2| cos¥sindsing| < sin?9 4 cos?¥sin? ¢

we obtain the estimate of Corollary 1.

Quick digression on the convexity of NoConj. The reader may wish to
skip the rest of this section, devoted to a quick digression from our main topic.
Indeed, let us pause and provide a uniform convexity estimate on the tangential
domains

NoConj,,, = {W € T,,,S, (m, W) € NoConj},

obtained in terms of |K — 1|¢2(g) as a direct consequence of Lemma 1, and
stated as follows:

Corollary 2 Let S be a surface as above with: ming K = 1. There exists

1
universal positive constants (3,7,C, with 8 < — and v < C, such that, if
T

|K —1|c2(s) < B, for each mg € S and Vi € 0 NoConj,,, , the curvature of the
boundary curve d NoConj,,, ~at Vo is pinched between v and C.

Sin particular, for counting numbers of terms which are O(er3)

Tusing, in particular, the bounds /x < 1 + # < % and Kk <1+ % < %0
2 2
8for instance, p = 2 (resp. p = 10) for (S§0’1)> SéQ’O) (resp. (Sg,’o’l)) S§2’O)) in the first

term of Eq



10 Ph. Delanoé and Yuxin Ge

Qualitative proofs of the uniform convexity of NoConj are given in [5, 10]
for C* perturbations of the standard n-sphere. Let us further note that, com-
bining Corollary 2 with Theorem 1, one can readily show that NoCut is con-
vex for small enough § by arguing as in [10], here just with a linear path
tel0,1] >V, =tVi + (1 —t)Vy in T, S, with V5 and V7 in NoCuty, .

Proof. Fix (mg,Vp) as stated and take a Fermi chart x along V;, sticking
to the above notations. From the vanishing of f1(0,vg,t) at ¢ = 1 combined
with its positivity for ¢ € (0,1) and the uniqueness of the solution of the initial
(here final, rather) value problem [20], we infer that f;(0,v0,1) < 0 hence also
D f1(0,v0,1) <0, since f1(0,v0,t) = f1((0,0), (0,70),t) = t£1((0,0), (0, tro), 1).
Therefore, near Vp, the curve d NoConj,,, admits the equation v? = h(v!) with
the function h implicitly given by:

fl ((070)7 (Ulv h(vl))v 1) = 07 and h(O) =To-
Now, classically [3], the curvature k of d NoConj,,, at Vj is equal to:

—h"(0)  _ Dufi(Dafi)? = 2D12f1(D1f1)(Dafi) + D22f1(D1f1)2_

(1+h/(0)2)** (D1 f1)? + (Daf1)2)*?

Considering this formula, and since with ¢ = 0 we would have rg = 7, f; = fi
and k = %, the timeliness of Lemma 1 for our purpose is fully conceivable. For
an effective proof, we first observe that, by Sturm theorem [4], r¢ is pinched
between 7/4/1 + € and 7; in particular, we have:

w(l—%)gﬁ)gw(l—i—%). (12)
At (z,v,t) = (0,vp,t), Lemma 1 and the formulas of Section 2.2 imply:

sin To

1
Dyfi < — <COST0 - ) + Boyiemy
To

To

1 _ SiH’FO
Difi<— (COSTO - — > + Bagie
L) To

which, combined with the pinching of rg and standard bounds on the cosine and

sine, yields:
1 1 e2n?
D2f1§T(—1+€(+32117T2)+ )»
0

2 8
1 1 £2,2
Dy fi < — (1 +¢ < + B2217r2> + > .
TS 2 8
1 : : 1 1 1
So Dy f; < ———, hence in particular [Dfi| > — > —, and D11 fi < ——,
219 219 27 2rg

provided ¢ is small enough. Moreover, still by Lemma 1 and Section 2.2, we
have at (0, v, t):

|D1fi| < Banerog < Banime .
The combination of Lemma 1 (including Remark 3) with the preceding bounds
yields, on the one hand:

k S (27T)36B1213511 = C,
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on the other hand:

1 1
k> —— | — —emBy1 B 4B111 +emB
> 23%11\5 (87‘3 211 B121 (4B111 211))
1
so that k > v:= ——————— for ¢ small enough. Altogether, this pinching of
T g g p g

k holds provided we require € < 3 with 3 the smallest among the positive roots
of the quadratic equations:

2
e (L 2\ g_1_
85 +<2+B2217T>5 2*07

1
72 B121 B3, 3% + 47 B111B121 Ba11 8 — Tori — 0

4 c-curvature almost-positivity near conjugacy

In this section, we prove Theorem 2 at (mg, Vp) € NoConj and (&, v) unit vectors
of T}, in case the point exp,, (Vo) is close to the first conjugate point mg of
myg along the geodesic t € RT — exp,, (Vo) € S. Specifically, setting Iy for
the length of that geodesic curve from mg up to mg, we establish the following
proposition:

Proposition 1 There exists a triple of small (strictly) positive real numbers
(m,01,61) such that C(mo, Vp)(&,v) satisfies the lower bound (2) with ¢ < <1,
provided € = |K — 1]c2(g) < muand (1 —61)lo < [Vo| < lo.

Proof. Sticking to previous notations and recalling (12), we infer from the
pinching of |V;| the following ones (dropping the subscript of d;):

(1—%—5>7T§r0§7rand (1—%—5)wgfo<(1+%)w. (13)

5 5t 7
e (o) mdne (5.5) (1)
with no loss of generality (it holds under the smallness condition posed below?
on € and ¢, see (40) of Appendix B). Combining (13) with Remark 2, the

formulas of Section 2.2 and the first line of conclusion of Lemma 1, we derive
the following set of inequalities:

We will assume:

€ 2 2
—1 —em®Bago < fo < —1+em”Bago + (7 + 6) b} (15)

2 2

sin 5+0
0< < 16
frs ro ~ 1—(5+9) (16)
/ € £
< o = .

| fol < (2 +5) (1 + 2) T+ emBa1g (17)

Furthermore, we derive two important lower bounds, namely:

9we will say, for short, that they are (40)-small
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Lemma 2 Ifcosp # 0, and € and § satisfy the relative smallness condition'©
(39) (see Appendiz B), the lower bound:

oo

| cos ¢

/ _ 5 (e T
= e ()

7r
. iy y 1
holds true, as well as the sign condition: —f{cosyp >0 . If |cosp| < 3 and &

and 0 are (40)-small, the following lower bound is valid instead:
1 1 1 se 2
1
P = —— (= .
foft = g2 ¢ (3221 + 83200> 16 (2 +§)
Proof. If cos ¢ # 0, using |f] — fi| < enBa11 combined with the lower bound:
£ £ 2 2
_h 1 1_4_1(;5) ,
cosp —w 1— (% + 5) 2 \2

one can readily check the first part of the lemma. For the second part, we first
note that f]’ is bounded above by the expression:

1] L 12 € ? 2 3 € €\ 2
= 1+1_<%+5)+2(2+6) +cos<p<1_(g+5)+2(1+2)7r .

1 = 1
If | cos p| < 3 it implies f] < —52 provided ¢ and 4 are taken (40)-small. By
T

Lemma 1, the inequality
1 =
L= gr2

follows. Combined with (15), it yields the second part of the lemma.

+ €B221

In order to investigate the sign of the c-curvature expression (6), we will
have to recast this expression in appropriate forms, namely, either:

. 1" 1 2f/f/
C(mg, Vo)(&v) = — sm219<0—fOfl—01)
( 0 0)(5 ) fl f12 f12
2fo (f{ ) sin<pcos19>2
- - | =sind+ — 18
fi \f1 To (18)
2
+ = (1 — fO) (ZCosﬁcoswsinﬁsingo— sin? 9 sin? Lp)
7o 1
!
+ %coszﬁsin2¢—l—icosz?sinﬁsincp—o,
T To fi
or:
. ) U2foft | 2fu(f1)? 2 Jo
C(mo, Vo)(&,v) = — 5111219(0f0f1 od1 4 Y+ S (1-22
( 0 0)(5 ) fl f12 f12 ff, T'(Q) fl
2
+ 2<1_fo> (cos @ sind + cos ¥'sin )° (19)
i) fi
4 o fo fof{)
+ — cos¥sindsin = ==,
ro 9D(fl 1

10to be used only in Section 4.2 below, with |cos¢| bounded away from 0 by a (small)
universal constant i.e. with | cos | replaced by that constant
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We will also have to distinguish cases, depending on the size of | cos ¢|, then on
the relative size of further arising quantities. In each case, relying on Lemma 2
and treating fi as a small parameter in intermediate steps thanks to (16), we
will be able to find a leading term blowing up positively as € and § go to zero
and argue with it.

We are now ready to continue the proof of Proposition 1 and start out for a
case by case discussion of the sign of the c-curvature.

4.1 Case |cos | small enough

I
fi

< | sin ¢ cos V|

4.1.1 Subcase |sin?

27"0

1
In this subcase, the assumption |cos | < 3 will suffice. We note the estimate:

(f{ sind + sincpcosﬂ>2 > sin? @(ilos?ﬂ
fi T 4rg

and use it to derive from (18) the inequality:

sin® " /! 1" 2 .2
C(mo, Vo)(&,v) > ? fofi +2fofi — il fo ""ﬁ(fl — fo)sin® g
! 0
_ 2fosin® pcos® D
fi 473
4 _ ’
— |cos19$in19sin<p|(f1 2fo+fo|) .
h o To

The right-hand side will be handled relying on the second part of Lemma 2 com-
bined with the pinching (14) of 7o and previous estimates on the various D* f,
terms which arise apart from fo f;’. Doing so, we can establish for C(mg, Vo) (£, v)
the lower bound:

C(mo, Vo)(&,v) =

sin ¥ ( 1 sin? o cos? 0 (20)

—— — Ri(e, 6

77\ )) T e
sin? 192 n sin? ¢ cos? ¥ ali4 5 |cosUsindsin g 7
2472 f3 8m2fy w2 f1

provided ¢ and ¢§ are (41)-small, where R; (g, 0) stands for the rational function of
(¢,0) vanishing at (0,0) given by the right-hand side of the smallness condition
(41). We claim that the second line of the right-hand side of (20) is non-negative

for small enough ¢ and §. Indeed, from the identity a? + b* > 2|ab| used with

sin U and b= W7 we infer that this line is bounded below by:

‘T oo 21271

| cos 9 sin 9 sin | < 1 ( 5) )
—a(1+ 2 ) VA,
AR \/ae ) Vi
and the claim follows by taking £ and 0 (42)-small. Eventually, for ¢ and §
(41)(42)-small, we obtain:

S sin” 9 sin? o cos? 9
= 24n2f? 82 f1

C(mo, Vo) (§,v)
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Combining this lower bound with Remark 2 and the useful, easily established!!,
inequality:

1
sin 9 4 cos? ¥ sin? ¢ > ﬁAg(mo,Vo,f,y), (21)
T
) 1
we get (2) at (mo, Vo, &, v) with ¢ = ——.
9674
I : /19
4.1.2 Subcase [sin ﬁﬁ > M
1 219

The second line of the right-hand side of (18) is non-negative due to (15)(16).
So we may write:

. 219 2
Clmo, Vo)(&,v) 2 Sl}lz{fof{'+2féf{f1<6’+73(f1 f0>sin2¢>]
1 0
- i|cosﬁsin19sin<p| (fl_QfOC()Ssp_|_|fé|>7
fl 7'0 ro
hence also:
. 219
Clmo, Vo)(E,v) > SH}Q[fof{’+2f6f{—f1<6’+T22(f1—fo)sin2<p>]
1 0
8sin?4 _ ,
111 (2L osil 179 )

by applying our subcase assumption. If |cos¢| < %, repeating the above argu-
ment, we see that the first line of the preceding right-hand side is larger than

sin?9 [ 1
7 (82 — Ry (e, 5)), while the second line is bounded below by:
i T
£46
2 1+€7T23200+ 2t
sin“ v € £ 1_(§+5>
~8Bii s | (5+0) (1+5) B :
111 72 2+ +2 T+ emBa1g +  — | cos ¢

as shown by combining Lemma 1 with (13)(15)(16)(17). Altogether, we may
write:

.2
sin® 1
Clma Vi) > T (s - i)
2 5190
sinfo (1 T Baoo + 1559y cos
— | =7 - cos
JE I T i
with Ry (e,d) given by the right-hand side of (43). We get from (42):
2 5+
1 +em B200 + 17?%4»5) - 768(71'2 T 5)2 +27T2 + 1 100013 -
(1—-:-0) =T 768(r2 +5)2 — 1 SO

hint: use Remark 1
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besides, we have: mB111 = 5 + V2 + 372 ~ 39,05 < 40. So the smallness
conditions:

Jcos gl < o0 (22
OSPL= 7704
sin? ¢

and (43) imply that C(mg, Vp)(&,v) > 2nZ 7 In our present subcase, the
T™J1

latter inequality yields:

sin ¥ cos? ¥sin? ¢

C 1% > .
(mOa 0)(671/) = 487T2f12 + 192,”21,(2)](‘{2

Combining Lemma 1 with (13), we have: ro|f{| < en?Bai1 + 2| cosp|. So we

1
can arrange to have 7o f]| < 3 (say) by taking e (44)-small. Now, we may write

1
C(mo, Vo)(&,v) > T (sin® ¥ + cos® ¥ sin? )
and, from (21), conclude that (2) holds at (mg, Vp, €, v), indeed, with ¢ = Toaa"
i
1
4.2 Case [cos¢| > =
In this case, the first part of Lemma 2 implies:
1
/ > : h _ ! . 2
|fil = 154087 wit ficosp >0, (23)

provided € and § are (45)-small. Furthermore, if the latter are (40)(41)-small,
we infer from (15) the pinching:

IN

—fo < (24)

DO =
N o

which will be used repeatedly.

4.2.1 Subcase cos ¥ cospsindsing <0

Working with the expression (19) of C(mg, Vo) (€, v), the second line of which
is non-negative, and combining (23) with (24), (14) and Lemma 1, we get the
inequality:

.2
sin” ¢ 1 3 36
Clme V7 S — f1 [ Bioo + 2Bioy + 2B119 By + —
(mo, Vo)(&,v) > 7 <154082772 1 ( 120 + 5 B121 + 2B110 B + 57T2>)
2 fo . N2
+ = |1— ) (cospsind + cosdsing)
L) fl

2 . . 1
+ Wkosﬁsmﬁsm@ (1540871' — 2f13110) .

Recalling (16) (24) and assuming that ¢ and § are (46)-small, we infer the lower
bound:

2
sin” ¥ 2 1
C \% D ——— N [ — 2 9sin?
(mo, Vo)(§,v) = 272150082 3 + 2 ( + 2f1)c05 sin“
1

4
+ | cos ¥ sin ¥ sin | (1 — —154087f1(f1 — fo)) ,
o

1540877 f2



16 Ph. Delanoé and Yuxin Ge

the second line of the right-hand side of which is non-negative, as checked by
combining Remark 2 with (13) (16) (24) and (42). Using Remark 2 and (13) to
treat its first line, we obtain the inequality

. 2
sin” 1 3 9 4 . o
C(mo, Vo)(§,v) = 972154082 + s cos” ¥sin®
1
which, recalling (21), implies (2) at (mg, Vp, &, v) with ¢ = SRR

4.2.2 Subcase cosv cos psindsing > 0

/

Here, since — f/ cos ¢ > 0, we know that the expressions sin 9% and
1 ro

sin ¢ cos ¥

have opposite signs.

/
sin 19£
1

< 4| sin p cos I

sinﬁf—{ 5|sinapcosz9|:
1

Case or > If a and b are

5’1"0 47’0

4 4
two real numbers such that: ab < 0 and |a| < 5|b| or |b] < 5|a|, one can

1
readily verify that they satisfy: (a + b)? > —(a® + b?). Using the expression

— 50

/

(18) of C(mqg, Vo) (&, V), we apply the preceding estimate with a = sin 79%, b=
1

i 9
w, and find the c-curvature bounded below by:
To

o (WD fC LSS 20602 fo
sin 19( 253 —E—i- 72 —%sm @(1—fl>)

+4|cosﬁsin19$ing0\ ( fo |f(/]> fo

2 i 2
- =] - cos” ¥sin“ ¢ ,
i 95 f112 4

770412 g
hence also, combining Lemma 1 with (14)(23)(24) and (17), by:

sin? 9 ( 1

B 3 36
- + = Bi21 +2B110B il
I \50m2154082 h ( 1o g 110B111 + ))

572

4| cos ¥ sin ¥ sin ¢ 1 6 ((¢€ € 1 292
* i (154087r2 5 ((2 +5) (1 * 2) +5321°))+50w2f1 cos” Dsin” .

Recalling (16), we infer that:

sin? 9

> 219 .92
= 10072154082 f} + 5072 ], cos” ¥sin” ¢ ,

C(m07 ‘/0)(57 V)

provided € and § are (47)-small. Recalling Remark 2 and (21), it yields (2) at

1
Vi ith¢= ———.
(mo, Vo, &,v) with s = Tor e eroge
4] si 9 4 5] si 9
Case M < Sinﬁﬁ < M: This case is more difficult
579 fi 4rg

because we cannot use the square occuring in the second line of (18) any more;
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all we can do now from (18) is write:

1! 1 2 ! £l 2
C(mOaVO)(gaV) > Sin219 (_0 + M — TSiDQ(p (1 — fO))
fi fi 7o fi
+ %|Singocosﬁ||cosapsin19| (1_f0>
70 fi
4 !
- —|sin<pc0819||sin19|@
7o fi

and, from our present assumption, infer for C(mg, Vp)(&, v) the lower bound:

) " 17 + 2f/f/ 2 fO
sin2 9 <0+f0flolsm2 Lo
f1 fi 8 4 f1
16f0 . o g p .2 o[ f1fol
— sin“ | fj cos | — Hsin” ¥ ——— . 25
oo 1A cosco L (25)

.2
as leading blowing up term in this expression and seek

We will factorize 72
i
a positive coefficient for it. Doing so, we focus on the terms:

fosin? 16
e\ {'+%|f{COS<P| 7
1

thus carefully investigate the sign of the latter parenthesis. Using Lemma 1, we
find it bounded below by:

- 16 - 16
(_ {/ + 57T0|f{ cos (p|) —e <BZ21 + 53211> .

16 - _
Now, a direct calculation of (— T+ 5—| f1 cos <p|>, using the expressions of f]
and f{' given in Section 2.2, shows that it is equal to:

1 Sin 7 1
|coso| [ 1+ = cos® —I—blr_lro L+ (72 + = )cosPo || ;
5 To 5

7“7%
recalling (13), we see that it will meet the required positivity. Back to the lower

-2

9
bound (25), rewritten as C(mo, Vp)(§,v) > SH}Q E with E equal to:
i

in?
(~10) (=11 + geclsicosil) = 7175511 = £ (151 + 22526 - 1)
0 o

2
V3sin® 9 provided € and § are

the preceding argument, combined with Lemma 1, Remark 2 and (13) (14)
82 f2

(16) (17) (24), implies that C(mg, Vo)(&,v) >
(48)-small. In the present subcase, the latter inequality implies:
sin?¢ 16 cos? ¥ sin® <p)

V3
C(mo,%)(f,y) 2 1672 ( f12 * 257"(2)(.}0{)2
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1
Recalling that ro|f]| < 3 due to (44) and using Remark 2, we obtain

C(mo, Vo)(&,v) > 1\6/§2 (sin® ¥ + cos® ¥ sin’ )
0

V3

which, combined with (21), yields (2) at (mg, Vo, &, v) with ¢ = Gand
™

5 c-curvature almost-positivity near the origin

In this section, we prove Theorem 2 at (mg, Vo, &, v) when d (mo, eXme(VO)) is
small.

Proposition 2 There exists a triple of small (strictly) positive real numbers
(12,02, 52) such that C(mg, Vo)(&,v) satisfies the lower bound (2) with ¢ < ¢,
provided € = |K — 1]c2(g)y < n2 and |Vo| < 0.

Proof. As already observed, we may take Vy # 0 with no loss of generality.

Dropping the subscript of ds, we take 7y < g by assuming e and 0 (49)-small.

3
We use the Maclaurin type approximation of ;é C(mo, Vo) (&, v) obtained in

1
Corollary 1 and proceed to specify it further as ro | 0. As regards its first sum-
mand, namely C(mg, Vo) (&, v), the expression (7) prompts us to define constants
C11,---,C14 as done in Appendix B. These definitions imply at once that the

absolute value of:

— 2 72 2 2—2
C(mo, V)&, v) — "0 gin2 9 sin? w— 14 20 gin? 9 cos? ®
45 3 )
2 272 4 72
—EH (1 + {;) cos? ¥sin? p — ?K (1 + 7;)) cos ¥ sin ¥ cos @ sin

is bounded above by:
/ffg’(cll sin? 9 sin? ©+ 12 sin® 9 cos? ©
+c13 cos® ¥sin? o + c14] cos ¥ sin ¥ cos p sin @|).

Let us now focus on the second summand, namely on the expression

Ey = roys sin® 9 <3T0(t)(1) _ JW)
fi 1
C2r00S, (P =0)(1) o0,
7 (cos® ¥ — cos® (U + )
74fr01/11 cos ¥ sin ¥ sin i B fo&o(t?)(l)>
7 (s (00) - o5l

and rewrite, on the one hand:

7;0 - . fOSFU(t2)(1)
7 (s - £220)
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ast roSp, (t — t7)(1) + Vkrg [A1(70)Sry (£)(1) — A2 (70)Sr, (t7)(1)] , where!?:

T—sinT 72cosT —sin’ 1

Ay (1) = ——, As(7) := 3

TSinT Tsin® T

(and note that two additional constants c;5,c16 are defined accordingly as in
Appendix B), on the other hand:

2812 = 1)(1) = 1085, (12— (1) + VRS A (o), (1 — (1),

Furthermore, the Maclaurin expansion of Sy, (t> —t)(1) prompts us to write:

T
oS, (17 — 1)(1) = *% + kg As (7o)

(defining so the auxiliary function Aj and, accordingly, a constant c¢y7 as in
Appendix B). Gathering terms of same order and recalling (11), we obtain that
the absolute value of:

E4—%O [25in9sin psin(9 — )91 K (0) + (2sind cos psin(@ — @) + sin®(9 — ¢)) 92K (0)]
is bounded above by:
2Vkerd[(8(cisce + cr6er) + (c6 + cr)cis) sin @
+ (4(c15¢6 + cr6e7) + 2(ce 4 ¢7)c1s) cos® ¥sin? ]

+2¢17 Kery (9 sin® ¥ + 6 cos? ¥ sin* ©) .

Combining the latter inequality with the one derived above for the first sum-
mand C(mg, Vo) (&, v) of the expansion of C(mg, Vp)(&,v) given in Corollary 1,
we infer that, if we consider the decomposition:

3
I Clmo Vo) (€ v) = T+ 1T+ 11T

f
with 0372 o
I:= g (1 + 380) sin” ¥ cos® ¢ + g (1 + T(;) cos® ¥sin® ¢
_2?/@ (1 + 2?) sin ¥ cos ¥ sin @ cos p |
and

=2
1I:= g sin?(9 — @) + % (sin2 ¥ cos? ¢ + cos® ¥ sin? ¢ 4 4sin® O sin? ©)

—|—%0 [2 sin ¥ sin p sin(¥ — )0y K(0)

+ (2sind cos psin(¥ — @) + sin® (9 — ¢)) DK (0)]

o \ f1

1250 that: A1(fp) = = (i — 1) , As (7o) = % (% _ >
1
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and I11I so defined, then the quantity:

=2
‘III — % (sin2 9 cos? ¢ + cos? ¥ sin? ¢ + 4 sin? ¥ sin? np)’

is altogether bounded above by:

338C3m8

erd sin 9 (3
fi

+ 2v/k [8(c15¢6 + c16¢7) + (c6 + 67)615])

9 9.4 .92 268C3 78
+erg cos Jsin® @ T + 2\/E [4(81566 + 61667) + 2(86 + C7)015]
1

+ery 2kc17 (9sin® ¥ + 6 cos® ¥ sin® )
+r7g (c11sin® 9'sin® @ + c198in? 3 cos® )

—‘rK/FS’ (c13 cos® ¥sin? p + 14| cos ¥ sin ¥ cos p sin p|).

Now, let us discuss separately the positivity of each summand I, 11, [1I. Noting
that

2 re 2372 272
1> §|cosﬁsinﬁcos<psin<p| <\/<1—|— 71%) <1+ 380> — (14—;0)) ,

which holds if € and ¢ are (50)-small. Next,

2
we find I > 0 provided 7y < —
ZUp 0> 75
we have:
K . 2 K’F(Q) .2 .92 ) . 9
IIZ§51n (19—90)—1——180 (sm ¥ + sin” ¢ + 2sin“ ¥ sin <p)

er
—=5 (lsind| + [sin(¥ — o)) [ sin(® — )|
hence
=2
11> gsin2(19 —¢)+ % (Sin219 + sin? ©) + sin?(¥ — ) (g — 6%)
5 sin?(9 — ) + Kig sin? ) — 25£| sin ¥ sin(¢ — ¢)|
9 360 3 '

So, assuming provisionally I7] > 0, and under the further smallness condi-
tions'3:

1
y € S P
6v10

> 0, the second of which ensures that the

ed <

€
the first of which implies (E _th

~— W N

second line of our last lower bound on I7 is identically non-negative, we obtain:

/P K2 K2 5o .2
= C(mo, V)&, v) > g Sin (0 — ) + —— 1§ (sin® ¥ + sin® p)
1

360
Bimplied, for instance, by (41) and (50)
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1
which proves Proposition 2 with ¢ = 360 in (2). Finally, let us discuss the

0 T 2
non-negativity of III. From 7y < 5 we have f1(79) > —; moreover, \/k is
7r

1
bounded above by 1 + —— < 1.027 due to our last smallness assumption on
124/10

€. So the constants cyg, c19 defined in Appendix B can be used as upper bounds
on the coefficients respectively of erg sin? @ and erZ cos? ¥sin® ¢ in the lengthy
=2
KT
expression which controls ‘I 17— Kg .. ‘ (¢f. supra). Using them and recalling

(11), we infer from the control just mentionned that:

1 . 9 1 115 1
%I[I > sin“ Y |:180 —e(c1s + 190175) — Twé(Cu +ci2 + 2014):|

. 1 115 1
+ cos?¥sin? p [180 —e(c19 + 13¢170) — 1—005(613 + 2014)} .

Therefore 111 > 0 provided € and § are taken (51)(52)-small and Proposition 2
is proved.

6 c-curvature almost-positivity elsewhere

In this section, we prove Theorem 2 at (mo, Vo, £, ) when exp,, (Vo) stays away
from mg and mj as specified!* in the

Proposition 3 There exists a triple of small (strictly) positive real numbers
(13, d3,63) such that C(mg, Vo) (&, V) satisfies the lower bound (2) with ¢ < 3,

1 1
provided ¢ = |K — 1|¢c2(s) < 13 and 553 < |Vl < (1 — 253> Ly.
Proof. Dropping, for short, the subscript of d3, the following pinching holds:

1
(5\/1—6§T0§7‘(‘(1—25)\/1+6.

1
2

Recalling the assumption of Lemma 1, namely ¢ < 712, and assuming that
e< %6, we readily infer the pinching:

9 1)
— < rap < - —
20(5 To (]. ) 7 (26)

the right-hand side of which yields the estimate:

1 T

7 < (27)

sin (gﬂ)

recorded here for later use. Now, a quick way!'® of proving Proposition 3 is
to apply Corollary 1 once on the whole range [%5, (1 - %6) EO] of rg. Indeed,

Msticking to the notation £g introduced just before Proposition 1
15at the expense, though, of the very strong smallness condition (53) below on &
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combining the latter with (10) (11) and r¢ < 7, we find:

f.C(nm,vgxg, V) > Clmo,Vo)(€,v) — = sin 0 (338C3° + 20m(cq + 7))

f B fi
— f— cos? ¥sin? o (2680371'10 + 207 (ce + 07)) ,
1
or else, using £ > 1 and (27):
1_ 3
T2 o, Vo) (€)= LCmo, Vo) (€,1) — — 20 _(sin 9 4 cos? I sin® ) . (28)
3 K sin” ()

1—
Recalling (7), we split —C(my, V)(&, v) into two summands, namely, the square:

— sin? g — sin” 7o — sin? g —sin” 7o
S1=2|sindcosyp — cosfsingp
70 sm T0 TO sin 7o

and the remaining part, equal to:

hi (7 cos T hy () 5 . .o
#JrSsm 9 cos” go%JrScos Isin” p——7s=——
OSlIl ToSI” T'o To S To

=

— cos 20 ho(F
So = sin? 9 sin? %) 272(0)
where
hi(1) = 72 + TsinTcosT — 2sin’ 7 |
ho(7) = (T 4 sinTcosT)sinT — 27% cos T .

6
On the one hand, from (26), we note that cos%0 > sin (87r . On the other

hand, a careful but elementary check' shows that the function hy (resp. hs) is
increasing on [0, 7] (resp. on [0, F]). We thus infer from (26) that

So > 71 (sin? 9 + cos? ¥'sin? )

. 1 9 8 0 9
1 = min <7r2h1 (206> 7T38111< ) ho (405>>

Here, lengthy but routine calculations show that:

2 60 9 10
TEl (7T—71)4+0(r7)

with:

hl(T) =

;m@:éﬁ(é T >+0()

8 1 9
’ylﬂ_?’sm( >h2 <40§>
Back to (28), we obtain the lower bound:

1
fcwmwm@,>_2m@m%w+w¥ﬂaﬁwm
1
provided the smallness condition (53) is fulfilled by & and §. Combining this
bound with Remark 2 and the estimates (21) (27), we conclude that C(mg, Vo)(&, v)

1 5 o
satisfies (2)’ indeed, with ¢ = ﬁ sin (877) sin® <4 > ho (490 5)

hence:

16]eft here as an exercise
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7 Proof of Theorem 2

The proof of Theorem 2 at (mg, Vo, &, v) goes by combining Propositions 1, 2
and 3. We thus assume that € and ¢ fulfill all the smallness conditions stated on
them in Sections 4, 5 and 6. Doing so, we first observe that the assumption made
on |Vp| in Proposition 3 (now with d3 = d2 = §; =: §) overlaps, as it should, the
corresponding ones of Propositions 1 and 2. Next, we find by inspection that
the conditions (47) and (53) imply all others. From (47), combined with the
rough pinching

3 36
1341 < Bygg + 53121 + 2B110B111 + =) <1420,

we get: g +6 < 3.2x 107", quite a small bound, indeed. Besides, calculations
yield:
1

1
Ci1>B > 483 = - > —
1 Z D120 2 , Co 6’ Cr = 12’

hence also the lower bound: c¢sg > 3.5 x 10'®. From the latter combined with
(53), in which we plug the value of v given above, we infer:

<$sin éﬂ' sin® §7r h g6
= 76 x 3.5 x 1015 8 2 2 40" ) -

Using the Maclaurin expansion found above for the function hsy, we obtain the
further bound:

£ <43 x 1072 5 4 0(5'?).

The latter combined with the former leads to: ¢ < O(107™3), our worst bound.
Finally, we choose for ¢ the smallest among the values found for it in the Sections
4, 5, 6, namely:

= mi 71 is’ é sin® § h g6
¢ T I Q004154082 78 THART) M 1T ) "2\ 10 )

or else, from the previous estimate on 9:

() () (39
) < O(

4.7 x 10710 61 + O(8'%) < 0(1071%9).

W)
\

IN

A  Proof of Lemma 1

We will proceed stepwise in the Fermi chart along V{, using repeatedly the
Maclaurin theorem, the solution map Sy, and its contraction property, to derive
estimates at ((0,70),t), uniform in ¢ € [0, 1], on the expressions appearing in
the conclusion of Lemma 1 and also on |D?X| and |DK| for j = 1,2, where
K=KoX.
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A.1 Estimates of order 0
A.1.1 Basic estimates
From Remark 2, we may take Big; = 1. Besides, we have:
Ik — K| <& min(1,r) . (29)
On the axis of the Fermi chart, the functions f, = fo— fa (with @ = 0, 1) satisfy:

a*f,

72 + 12K fo = doa with ¢oq = 12(k — K)fa .

Combining the latter with (8) applied to Sr,, and (29), we get:
~ I .
1 fall < §mm(r§ﬂ“3) 1 fall-
If a = 0, since || foll < [ foll + [ foll < [ foll + 1, we infer:

£ H . e .
||f0H S m Wlth n= gmln(rg,rg),

~ 1

while if @ = 1, recalling Remark 2, we get at once: || f1| < p. Since e < —, we
T

have er3 < 1 (recalling Remark 1), an inequality used throughout this appendix.

So we readily obtain:

3
~ . 7"‘
hHSemm<%,°3>-

2—er

In particular, regarding the first line of conclusion of the lemma for &k = 0, we
1

may take Bsgg = 1, Bog1 = 5 which yields Bigg = 2 after use of the triangle

inequality. Similarly, setting hg = 1 and hy = ¢, we find on the axis:

fo—ha=38r (=15 K ha +13(k — K)(fa — ha))

for a = 0,1. Combining (8) with an argument as the one above for fo yields:

B |IK|
o« — hal < 22 <rg|k
I = hall < 525 < IC]
hence the inequalities:
1fo =1l <rg(t+e), Ifr =t <ri(1+e), (30)

recorded here for later use.

A.1.2 Estimates on Maclaurin approximations

The first order Maclaurin approximation of K at t = 0 satisfies the estimate:

1
I — Kk —trg DK(0)] < € ra . (31)
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The latter combined with the triangle inequality is used to evaluate the remain-
der of the first non trivial Maclaurin approximation of ¢g, at ¢ = 0, namely of
Boa + 213 9 K (0) written as:

boa +t*Trs 0K (0) = =12 (K — K — trg 92K(0)) fo 4 trs 05K (0) (ha — fa).

It leads us to the upper bound:
1
1600 + "1 BK(0)]| < Se 7o | fall + 75 [lfa = hall

which, combined with (30) and (8), yields for

fa + 78 o Sry(t"TY) = Sy (d0a + t*THr 02K (0))

1 1
the desired second line of conclusion with Bsg, = ZBloa + g (1 + 2).
s

A.2 Estimates of order 1

A.2.1 Basic estimates

From the definition of K and f1, we have at (v, t):
DK = fi(t) (01K)(0,tro), DoK =1 (92K)(0,tro).
Recalling Remark 2, we conclude:
Vi=1,2,Vt € [0,1], |DiK(vo,t)| < e, thus || D,K(vo,.)|| < V2. (32)

Besides, if we apply D, to the Jacobi equations:

F+wPK(,t)f =0and f + [o]’kf =0, (33)
then let v = vy = (0,70), we readily infer for f, the equation (still abbreviating
d2 £/ B
freely D, by a prime): W];“ + 712k f) = P14, with:

bra =12(k — K)f) — 2rgcos @ kfq + 2rgcosg falk —K) — 12K fa,
_ da>f! _ _
and for f, the equation: dt; +rik f = —2rgcos ¢ K f,. Recalling (8), we get
from the latter the auxiliary bound:

1fall < ror < 1 (34)
(see Appendix B), and from the former:
- 1 - _ ~ 1
Ifall < 5rolls =K (Ilféll + ||f$||) + 1o [ fall +rolle =Kl [l fall+ 5rIIE 1 fall,

after use of the triangle inequality. Previous bounds, namely (29)(32)(34) and
those of Lemma 1 for k = 0, yield:

- 1 1 1
Hf(;H < — 13 *6/’67“8’ + BQOGEHTS + Bigge€To + *Bloa\/ié"l“g
1—gerg 2 2
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hence the conclusion of the first line of the lemma holds for £k = 1 with:
Ba1g = 1+ 7% 4 2Baga(1 + 72) + Bioa(2 + 7V2),

and, combining the triangle inequality with the auxiliary bound on f/, with:

1
Blla =7+ ;(1 + Bgla).

A.2.2 Estimates on Maclaurin approximations
From the expression found above for DKC(vg,t), we may write:
D, K(vo,t) =0, K(0,trg) + sinp &1 K(0,trg) (f1 —t).

So, using the straightforward bound: |0, K (0,tro) — 0, K(0)| < erg combined
with the triangle inequality and (30), we obtain:
1K — 10, K(O)]) < (1+ex)er (35)

We wish now to estimate the remainder of the first non trivial Maclaurin ap-
proximation of ¢1, at t = 0, namely the ||.|| norm of the expression:

Bra + 2t hard cosp 2K (0) +t herd 0,K(0).
To do so, we recast the latter as follows:
= —2kr COS @ fu—2T0COS P fa (K — Kk —trog 9o K(0))+2tr2 cos ¢ 9 K (0)(ha—fa)

—I-T(%(KJ - IC)(]?(; + sz/z) - T(% (K:/ - tauK(O)) fa - tr% 6VK(O)(fa - ha)
and apply the triangle inequality combined with (29)(30)(31)(34)(35) and the
bounds of the lemma on the ||.|| norms of fas f; Observing that, if we apply the
map Sy, to the preceding expression and use (9), we recover f/ +r2 ¥y Sy, (t¢1),
and recalling (8), we infer that || f/ 4 72 ¥1 Sy, (t*11)| is bounded above by:

1 1 e 3 K
57“8 (2310,1 (2 + 7+ 71') + Boggk + Bgla§ + 57‘0(1 + E) + 2) .

The second line of conclusion of Lemma 1 for £ = 1, indeed, follows with:

1 1 1 1 (B3r+1) 1
B3, = =Bipg | 2 - By, | 1+ — Bojg—s+—-—= 14+ = ).
31 510 < +7T+7T>+ 20 < +ﬂ_2)+ 21 271_2-1- 5 < +772>

A.3 Estimates of order 2
A.3.1 Basic estimates

As in [7], applying twice D, to the geodesic equation with initial conditions
(0,v), then letting v = vy = (0,79), and recalling the 2-dimensional formulas
given after Definition 2 for the derivatives of the Christoffel symbols on the
axis of the Fermi chart, yields for D,,X(t) = D,,X%(0,v9,t) the following
equations, with zero initial conditions:

& 1 2 1

a2 (DWX ) +7rK D,y X' = — drgcosesing Kfy

— rpsin’p f7 (1K) o X)

— 2r2singcosy tf ((02K)oX),
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d? : : :
PTe] (DyyX?) = drgsin® o Kf1f1 +rgsin® ¢ f7 ((02K) o0 X).

To treat the first equation, we view K as a perturbation of x and apply the
solution map Sy, and the estimates (8) (29) and that on || f1]|; to treat the
second equation, we use our estimates on ||| and || f1|| and note the further
one:

fi@) = 1+/0 fi(0)do = 1—r§/0 K(0)f1(0)d0 = || f1]| < 1+r2(1+¢) < 2472

We readily find:
D, XY < coro, || Duu X2 < esro. (36)
Next, we calculate the expression of D, K(vg,t) and obtain:

D, K(vo,t) = 01K(0,tro) Dy, X' 4+ 9K (0,trg) D,,X?
+011 K(0,tro) f2sin? o+ 2012K(0,trq) tfi sin g cos @
+022 K (0, trg) t* cos? ¢ |

from what we infer, using (36) combined with Remark 2:

HDVVK(’UQ, )H < (CQ + 63)57“0 + 2e < ¢qe. (37)

Now, we apply D,, to (33) and get, on the one hand:

a2 - - —~ -
el (f;’) +rekfl = —2kf, —4krocosp fl

from what, recalling (34), we infer the auxiliary bound:
Il <es (38)
on the other hand: 2
P (NQ’) + 10k fl = b2
with:

G20 = 15(k—K)fil +2(kfa — Kfa) + 4ro cos p(rfy — Kfh)
—4rgcos @ foD,K —2r2f. D, K — 12 faD,, K.

Finally, from (8) applied (with w = 7() to the latter equation, we routinely
derive the first line of conclusion of Lemma 1 for k = 2 with:

1
Biga = ¢5 + 5 B2ga
T
after use of the triangle inequality combined with (38), and:

Bagg = 6472 (4+c5)+(4V 2474 )T Broa+2V 212 B11a+2(1472) (Bage + 2Ba14)

after use of the triangle inequality combined with (29)(32)(34)(37) and the
bounds of the same line of conclusion for k£ = 0, 1.
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A.3.2 Estimates on Maclaurin approximations

Finally, in order to estimate the ||.|| norm of f” + 79128z, (t**1), we note that
the latter is equal to Sr, (P24 + 2tharo02 K (0) 4+ 4rg cos ¢ th,d, K (0)), we recast
the argument of Sy, as follows:

Boa+2thero02 K (0)+4rq cos ¢ the0, K (0) = r2(k—K) f —2r2 f. D, K—12 faD,,K
—26 fo — 2tr002 K (0)(fa — ha) — 2 (K — k — trgd2K(0)) fo — 4rg cosp Kf

+4rg cos o(k—K) fl—4ro cos ¢ fo (DK — t0, K (0))+4trg cos o(hg— fa)0, K (0) ,

and we apply (8) with w = 7y to the right-hand expression, combined with the
triangle inequality, the previous bounds of Lemma 1 and (29) (30)(31)(32)(35)(37).
Doing so term by term, we obtain the second line of conclusion of Lemma 1 for
k =2 with:

1 1 1
B3sq = §Bl2a +V2B114 + §BloaC4 + <1 + 772> By, +c1

1 1
+§B10a +2 (1 + 7r2) Boiq +2B11a + 2B10a(1 + 1) + 2¢1

1 1
31+ 5(5 +4c1 + ¢4)Bioa + (V2 +2)Biia + 55124

1
+ (1 + 7r2) (B20q + 2Ba214) -

B Auxiliary universal constants and conditions

B.1 List of constants for Section 3

1 3 1 1 1
=7+ —, cQ:4(+2+1>, 03:+2<1+2> (24 7?),
T T 21 s

47
11 8 1
ca=—+10m+ =+ 273, 5 =1+ — +2cF,
2 T w2
T —sinT 72 4+ 2(cosT — 1)
C¢ = Sup |——5 |, ¢ = sup 1 )
T€[0,27] T T€[0,27] T

TCOST —sinT TCOST —sinT

Cg = Sup P} y €9 = Sup 3 )
T€[0,27] T T€[0,27] T
cosTsinT — T
clo= sup |———s—|,
T€[0,27] T

19 10
= B a B a)s ) y 7o 8 Tq ¢9 .
C1 = max (a_o,?;l/?ico,u( 1kas B3ka) » 8¢6,8¢7 138 5 010>
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B.2 List of conditions on ¢ and ¢ (Section 4)

| cos ¢ 5 n? (e 2
1-— —+9 —enB 0 39
7r - (5+0) 5 (5+9) ) —enBan > (39)
1
an inequality to be used only in subsection 4.2 with | cos ¢| replaced by —— 0l
2e 5 2 en? € 3(£+49) 1
= o (o4s) (1) 2 < 40
1—(g+5)+ﬂ(2+)+2(+2)+1—(g+5)—2 (40)
1 1 1 /e 2
— > = = — | = 41
o2 2 Ri(e,0) =€ <Bzz1 + 83200) + 16 (2 +5) (41)
€ €
+ 27Bin ((5 + 5) (1 + 5) +<€Bz10)
46 2 5+0
1—(5+9) ﬂz(l_;_5)2< 1—(5+9)
1 5+0 (42)
16v3(72+5) — \[1—(5+9)
1 €
> —
Y RQ(E (5) Rl(E 6) + 8B111 (( + (5) ( + 2) 71' +€7T3210) (43)
1
< ——— <0.0018 44
©= o 211 (44)
S 2 +(5+ 6)2 T (45)
154087 M r(—(5+0) \2 2
1 Sy 3 36
B -B 2B119B — 46
27r2154082 “1-(E19) ( 120 + 5 D121 + 251105111 + 57T2> (46)
1 s+9 3 36
> 2 B -B 2B119B — 47
10072154082 = 1 — (5 +0) ( 120+ 5B 2P0 B+ 57r2) (47)
V3 (5 +9) 6 N2 16
—_— > ——= | = 1+ - B —B 4
E e s =] G G RN CERE S

e v (5 00) (145) )+ L (s 25)
2

B.3 List of constants and conditions on ¢ and ¢§ (Section 5)

5 T
1+2)o<? 19
(1+3)9<3 (49
72 4+ TcosTsinT — 2sin? T 2
€11 = su _ 2
" o] T sin’ T 4o
2(sinT — T cosT) 2 272
Ci2 = Sup 3.3 —373 1+?
re[0.3] 738in” 7 T
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2(sinT — T cosT) 2 72
C13 = Sup 5 o - ﬁ 1+ B
ref0,] TosinT T
4(Sin2 T—12) 4 72
C14 = Sup T 52 F 1+ g
ref0,%] T9sin” T T
. 2 -2
T —sinT T“COoST —sin“ T
€15 = Sup |———, €16 = SUPp |——————5 |,
re[0,%] TsmnT r€[0,%] Tsme T
2cosT —2+TsinT 1
C17 = Sup
TE[O,%] 7’6 127’2
€ 2
14 7) §< = 50
(1+3)0= % (50)

338C37!l 206

c18 = 3 100 [8(c15¢6 + c16e7) + (c6 + c7)cas)

19 = % % [2(e15¢6 + c16¢7) + (c6 + c7)ers)
K}O >¢€ (c18 + 19¢17 6) + % d (c11+cr2+ %CM) (51)
% > ¢ (c19 + 13c17 6) + 1(175)5 (c13+ %014) (52)

B.4 A constant and a condition on ¢ and § (for Section 6)

Cog = 3387r100f + 207 (ce + ¢7)
1 . g [0
e < 3o 1 sin (2) (53)
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