THE GBC MASS FOR ASYMPTOTICALLY HYPERBOLIC MANIFOLDS
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ABSTRACT. The paper consists of two parts. In the first part, by using the Gauss-Bonnet curva-
ture, which is a natural generalization of the scalar curvature, we introduce a higher order mass,
the Gauss-Bonnet-Chern mass my, for asymptotically hyperbolic manifolds and show that it is
a geometric invariant. Moreover, we prove a positive mass theorem for this new mass for asymp-
totically hyperbolic graphs and establish a relationship between the corresponding Penrose type
inequality for this mass and weighted Alexandrov-Fenchel inequalities in the hyperbolic space
H". In the second part, we establish these weighted Alexandrov-Fenchel inequalities in H™ for
any horospherical convex hypersurface %

n n—2k k
_ 2|\ FeeD S|\ Fe-D
Voor_1du > C*tw, 1= —L :
/2 O2k—1ap = Cp” 1 Wn—1 w1 + s

where o; is the j-th mean curvature of ¥ C H", V = coshr and |X| is the area of ¥. As an
application, we obtain an optimal Penrose type inequality for the new mass defined in the first

part
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for asymptotically hyperbolic graphs with a horizon type boundary %, provided that a dominant
energy type condition Li > 0 holds. Both inequalities are optimal.
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Part 1. The GBC mass for asymptotically hyperbolic manifolds

1. INTRODUCTION

The study of the scalar curvature plays an important role in differential geometry. There are
many beautiful results on manifolds with positive or non-negative scalar curvature. One of them
is the Riemannian positive mass theorem (PMT): Any asymptotically flat Riemannian manifold
M™ with a suitable decay order and with nonnegative scalar curvature has the nonnegative ADM
mass. Moreover, equality holds if and only if the manifold M™ is isometric to the Fuclidean
space R™ with the standard metric. This theorem was first proved by Schoen and Yau [68] for
manifolds of dimension n < 7 by using a minimal hypersurface argument, and later for spin
manifolds by Witten [76]. See also [59]. For locally conformally flat manifolds the proof was
given in [69] using the developing map. Very recently, for the special case of asymptotically flat
Riemannian manifolds M"™ which can be represented by graphs over R™, Lam [48] gave a proof by
observing that the scalar curvature of these asymptotically flat graphs can be expressed exactly
as a divergence term. For general higher dimensional manifolds, the proof of the positive mass
theorem was announced by Schoen [67] and Lohkamp [53] by an argument extending the minimal
hypersurface argument of Schoen and Yau. There are many generalizations and applications of
the positive mass theorem. See [4, 23, 71, 56] for instance.

A refinement of the PMT is the Riemannian Penrose inequality

n—2
1 Y| \ n-1
(1.1) M| = Mapym > — < ] > ,

T 2 \wp1

where mapys is the ADM mass of the asymptotically flat Riemannian manifold with a horizon
¥ and |X| denotes the area of . (1.1) was proved by Huisken-Ilmanen [46] and Bray [8] for
n = 3. Later, Bray and Lee [10] generalized Bray’s proof to the case n < 7. See also the
excellent surveys of Bray [9] and Mars [55]. Recently, Lam [48] gave an elegant proof of (1.1) in
all dimensions for an asymptotically flat manifold which is a graph. His idea was extended by
Huang-Wu in [42] and de Lima-Girao in [24, 25] to submanifolds of R**! and of general ambient
spaces.

The ADM mass, together with the positive mass theorem, was generalized to asymptotically
hyperbolic manifolds in [2, 7, 20, 19, 73, 78]. For this asymptotically hyperbolic mass, the
corresponding Penrose conjecture is: For asymptotically hyperbolic manifold (M™, g) with an
outermost horizon X, its mass satisfies

n—2 n
]_ ’2| n—1 |E’ n—1
1.2 mi =mf > = ( > + < ,
( ) ! 2 { Wn—1 Wn—1

provided that the dominant energy type condition
(1.3) Ry > —n(n —1),

holds. Here R4 denotes the scalar curvature of g. Neves [58] showed that the powerful inverse
mean curvature flow of Huisken-Ilmmenen [46] alone could not be used to prove (1.2). (However,
very recently Lee and Neves have a new development in this direction [50].) Recently, motivated
by the work of Lam [48], Dahl-Gicquaud-Sakovich [22] and de Lima and Girao [26] proved the
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Penrose inequality (1.2) for asymptotically hyperbolic graphs over H". More precisely, Dahl-
Gicquaud-Sakovich [22] proved for asymptotically hyperbolic graphs generated by a function
f+ H"\Q — R, the hyperbolic mass satisfies a crucial estimate in terms of a weighted mean
curvature integral

o 1

(1.4) my > 30n — Do /EVHdu,

where > = 0€), H is the mean curvature of ¥ induced by the hyperbolic metric b, w,_1 is
the area of the unit sphere, du is the volume element induced by b, V' = coshr and r is the
hyperbolic distance from an arbitrary fixed point on H". They also gave an almost sharp
estimate for fz V Hdy, and hence an almost sharp estimate for the hyperbolic mass. The sharp
estimate for fz: V Hdyu is a weighted hyperbolic Minkowski inequality, or a weighted hyperbolic
Alexandrov-Fenchel inequality

(1.5) /EVHdM > (n— 1)wn—1 { <w|nE|1)Zﬁ n <w‘f|1> "ﬁl} 7

if 3 is star-shaped and mean-convex (i.e. H > 0). This result was proved by de Lima and Girao
[26]. A closely related Minkowski type inequality was proved by Brendle-Hung-Wang [12], which
is not only true for the hyperbolic space, but also for anti-de Sitter Schwarzschild manifolds. For
the proof of (1.5), a Heintze-Karcher type inequality proved by Brendle in [11] and an inverse
curvature flow studied by Gerhardt [35] play an important role.

Recently motivated by the Gauss-Bonnet gravity [27, 28], we have introduced the Gauss-
Bonnet-Chern mass mgpc for asymptotically flat manifolds by using the following Gauss-Bonnet
curvature

L Civigeion_1iok 17 j j
P - Lo J1J2 .. . . J2k—1J2k
(1,6) Ly = ka j1j2---j2k71j2lell2 Rz2k—112k 2k—1J2k
Here 6;1322322’2’_11322’; is the generalized delta defined by (2.9) below and R;;*! is the Riemannian

curvature tensor. One can check that L; is just the scalar curvature R. When k = 2, it is the
(second) Gauss-Bonnet curvature

Ly = |[Rm||? — 4||Ric||® + R?,

which appeared at the first time in the paper of Lanczos [49] in 1938. For general k, it is just the
Euler integrand in the Gauss-Bonnet-Chern theorem [17, 18] if n = 2k and is therefore called
the dimensional continued Euler density in physics if £ < n/2. A systematic study of Lj was
first given by Lovelock [54]. See also [60], [75] and [47]. The Gauss-Bonnet-Chern mass magpco
for the asymptotically flat manifolds is defined in [30] by

o o . ijls o
(1.7) my = mape = c(n, k) TlLrgO n P(k) Osgivid,
with
— 2k)!
(1.8) c(n, k) = (n )

2kl — 1) w, ]

where wy,_1 is the volume of (n — 1)-dimensional standard unit sphere and S, is the Euclidean
coordinate sphere, du is the volume element on S, induced by the Euclidean metric and v is the
outward unit normal to S, in R". Here the (0,4)-tensor P, is defined in (2.11) below. This
(0,4)-tensor has a crucial property that it is divergence-free. See Section 2 below. For a similar
definition see also [51]. In [30] and [31], we prove a positive mass theorem in the case that M
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is an asymptotically flat graph over R™ or M is conformal to R™ respectively. For our mass
mapc, a corresponding Penrose conjecture was proposed in [30]

n—2k
1 |E‘ n—1
1.9 = — .
(1.9) mE = MGBC = ok <wn_1>

Moreover we proved in [30] that this conjecture is true for asymptotically flat graphs over
R™\Q by using classical Alexandrov-Fenchel inequalities, if ¥ = 02 is convex. For the clas-
sical Alexandrov-Fenchel inequalities see excellent books [13, 64, 66]. The Alexandrov-Fenchel
inequalities also hold for certain classes of non-convex hypersurfaces. See for example [15, 37, 45].

In this paper, motivated by our previous work, by using the Gauss-Bonnet curvature we intro-
duce a higher order mass for asymptotically hyperbolic manifolds, which is a generalization of
the mass introduced by Wang [73] and Crusciel-Herzlich [19]. See also [20, 41, 57, 78]. However,
if we use directly the Gauss-Bonnet curvature Lj, we can only obtain a mass proportional to
the the usual hyperbolic mass, rather than a new one. This phenomenon is different from the
FEuclidean case. In order to define a higher order mass for asymptotically hyperbolic manifolds,
the crucial observation is a slight modification of the Gauss-Bonnet curvature. More precisely,
on a Riemannian manifold (M", g), we consider a modified Riemann curvature tensor

—~ ~

(1.10) Riem;jis(9) = Rijis(9) := Rijis(9) + 9a9js — Gisgji-

Clearly, the modified Riemann curvature tensor Riem has the same symmetry as the ordinary
Riemann curvature tensor Riem and also satisfies the first and second Bianchi identities. We
define a new Gauss-Bonnet curvature with respect to this tensor Riem

1

T - giietisk—tior b J1J2 . D Jek—1J2k __ .. pijls
(1’11) Ly = 9k 5j1j2"'j2k—1j2kRi1i2 Ri2k—1i2k - RUZSP(k) ’
where
. 1 . ) . I - ) . ) )
ijls . & shiaeigg_giok—2i) Jije . J2k—3J2k—2 _jop_1l joks
(1'12) P(k) T ok j1j2"‘j2k73j2k72j2k71j2kRi1i2 Ri2k73i2k—2 g g :

The tensor ﬁ(k) has also the crucial property of divergence-free which enables us to define a new
mass.

Let us assume now that 2 < k < §. Remark that the case k = 1 was studied in [73, 19, 78,
2, 20, 22, 24, 26, 43, 12, 52] mentioned above and we will not repeat this remark again later.

Let us first give the definition of asymptotically hyperbolic manifolds. Throughout this paper,
we denote the hyperbolic metric by (H",b = dr?+sinh? rd©2), where dO? is the standard round
metric on S"~1.

A Riemannian manifold (M™",g) is called asymptotically hyperbolic of decay order T if there
exists a compact subset K and a diffeomorphism at infinity & : M\ K — H" \ B, where B is a
closed ball in H", such that (®~!)*g and b are uniformally equivalent on H" \ B and

(1.13) 1@~ = blls + IV ((27)"9) lle + IV ((271)"g) s = O(e™™),

where V denotes the covariant derivative with respect to the hyperbolic metric b.
In the first part of this paper we first introduce a “higher order” mass for asymptotically
hyperbolic manifolds with slower decay.

Definition 1.1. Assume that (M™,g) is an asymptotically hyperbolic manifold of decay order

n

T>k+1’
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and V Ly, is integrable on (M™,g) for V € Ny := {V € C®(H")|[Hess"V = Vb}. We define the
Gauss-Bonnet-Chern mass integral with respect to the diffeomorphism ® by

(1.14) H2(V) = lim ((Vvsejl ejlvsv)ﬁ”ls> vidy,

T—00 ST‘ (k)
where e;; = ((‘I)_l)*g)ij — byj.

Remark that the hyperbolic mass m} defined by Wang [73] and Crusciel-Herzlich [19] can in
principle be defined for asymptotically hyperbolic manifolds of decay order
n

> —.
Ty

For a discussion about the range of 7, see Remark 3.4 below.

The above definition of the asymptotically hyperbolic mass involves the choice of coordinates
at infinity. Hence one needs to ask if it is a geometric invariant, namely if it does not depend
on the choice of coordinates at infinity. This is true.

Theorem 1.2. Suppose that (M™, g) is an asymptotically hyperbolic manifold of decay order
7> 7 and for V € Ny, V Ly is integrable on (M", g), then the mass functional HE(V) is well-
defined and does not depend on the choice of the coordinates at infinity used in the definition.

The proof is motivated by [19] and [57] and certainly also by [4]. From the mass functional
HE on N, we define a higher order mass, the Gauss-Bonnet-Chern mass for asymptotically
hyperbolic manifolds as follows

1.15 - k inf HX(V
(1.15) my, = c(n, >me{v>é?7(v,v>:1} r(V),

where ¢(n, k) is the normalization constant given in (1.8) and 7 is a Lorentz inner product
defined in (2.3) below. A more precise definition will be given in Definition 3.3. As discussed in
(3.25) below, one may assume that the infimum in (1.15) is achieved by

V = Vg = coshr,
where r is the hyperbolic distance to a fixed point xg € H". Therefore, in the rest of the

introduction, we fix V' = V{q) = coshr.

Theorem 1.3 (Positive Mass Theorem). Let (M™, g) = (H",b + V2df ® df) be the graph of

a smooth function f : H" — R which satisfies V Ly, is integrable and (M™, g) is asymptotically
hyperbolic of decay order T > t15. Then we have

1 L
(1.16) mi = c(n, k)/ fv—k_
Mr 2\/14+ V2|V f|?
In particular, Ek > 0 implies mEI > 0.
The condition
(1.17) Ly >0,

is a dominant energy type condition like (1.3). In fact, one can check when k = 1, L =
R+n(n—1). When k = 2, Ly = Ly+2(n—2)(n—3)R+n(n—1)(n—2)(n—3). By the definition
of Ly, (see (1.11) and (1.10)) it is trivial to see that Ly (b) of the standard hyperbolic metric b
vanishes for all k. Hence (1.17) is the same as Ly > Ly (b).



[§ YUXIN GE, GUOFANG WANG, AND JIE WU

Such a beautiful expression (1.16) was found first by Lam for the ADM mass for asymptotically
flat graphs over R™, and was generalized for the Gauss-Bonnet-Chern mass in [30]. Dahl-
Gicquaud-Sakovich [22] obtained this formula for mk! for asymptotically hyperbolic graphs in
H"™. See also the work of de Lima-Girao [26] and Huang-Wu [42].

Furthermore, if the manifold is an asymptotically hyperbolic graph with a horizon boundary,
we establish a relationship between our new mass and a weighted higher order mean curvature
in the following.

Theorem 1.4. Let ) be a bounded open set in H" with boundary ¥ = 02, and let (M™,g) =
(H™\Q, b+ V2df @ df) an asymptotically hyperbolic graph of decay order T > T4 With a horizon
boundary ¥ satisfying that Vzkiis integrable over M™. Assume that each conmnected component
of ¥ is in a level set of f and |V f(z)] — co as v — X. Then

1 VL 2k —1)!
my = c(n, k) ( —k,dVg + (Clinl / Vagk_ldu>,
2 Jpmn /1 + V2|V f]? 2 )

where o, denotes k-th mean curvature of ¥ induced by the hyperbolic metric b.

For the precise definition of asymptotically hyperbolic graphs with a horizon boundary, see
Section 5 below.

In order to obtain a Penrose type inequality for the hyperbolic mass m]}jl for asymptotically
hyperbolic graphs with a horizon, we need to establish a “weighted” hyperbolic Alexandrov-
Fenchel inequality. This is the objective of the second part of this paper. To state this inequality,
let us first introduce a definition. A hypersurface in H" is horospherical convex if all principal
curvatures are larger than or equal to 1. The horospherical convexity is a natural geometric
concept, which is equivalent to the geometric convexity in the hyperbolic space.

Theorem 1.5. Let X be a horospherical convex hypersurface in the hyperbolic space H". We
have

n n—2k \ k
Y\ FooD S|\ koD
(1.18) /V02k—1d/l203k11wn1<< k2 > +< = ) > .
by Wn—1 Wn—1

Equality holds if and only if ¥ is a geodesic sphere centered at xg in H™.

When k = 1, inequality (1.18) is just (1.5), which was proved by de Lima and Girao in [26].
These inequalities have their own interest in integral geometry as well as in differential geometry.
Recently, another type of Alexandrov-Fenchel inequalities in H” without the weighted V has
been established in [52, 32, 33, 74]. We will give a short introduction about Alexandrov-Fenchel
inequalities in Section 6 below.

As a consequence of Theorem 1.4 and Theorem 1.5, the Penrose inequality for the Gauss-
Bonnet-Chern mass m]}f for asymptotically hyperbolic graphs with horizon boundaries follows.

Theorem 1.6 (Penrose Inequality). Assume that all conditions given in Theorem 1.4 hold. If
each connected component of X is horospherical convex, then

n n—2k k
1 |X] | Fe-D) X | =D
1.19 H> — = ,
(1.19) s L ((w> (2

provided that

Li > 0.
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Moreover, equality is achieved by the anti-de Sitter Schwarzschild type metric

2m | _ .
(1.20) gads—sch = (14 p* — —5) Yap® 4 p*dO*, p = sinhr.

pk

Remark that metric (1.20) can be represented as a graph in H"*1. See Section 5 below.
Motivated by the previous results, it is natural to propose the following conjecture.

Conjecture 1.7. Let k < 5 and let M"™ be a complete asymptotically hyperbolic manifold of

decay order T > ki-s—l and with finite integral fM V|Ek]d,u. Assume that the dominant energy
type condition

zk: Z O)
holds, then the new mass for asymptotically hyperbolic manifolds
(1.21) my > 0.

Moreover, if M has a horizon type boundary X, then the Penrose inequality

n n—2k k
1 |X] | F-D) |X] | =D
1.22 > — (=0 il
(122) > o ((w> (2 ,

holds. Furthermore, the rigidity theorem holds. More precisely, equality in (1.21) implies that
M is isometric to the standard hyperbolic space H" and equality in (1.22) implies that M is
isometric to the anti de-Sitter Schwarzschild type metric (1.20) outside its corresponding horizon.

The rest of this paper is organized as follows. In Section 2, some preliminaries are reviewed.
This section is divided into two subsections. In Subsection 2.1, we recall the mass of asymp-
totically hyperbolic manifolds defined in [19, 20]. In Subsection 2.2, some basic facts of the
Gauss-Bonnet curvature as well as some basic properties of the k-th mean curvature are out-
lined. In Section 3, we introduce the higher order mass for asymptotically hyperbolic manifolds
with slower decay by using the Gauss-Bonnet curvature. Its geometric invariance is also proved
in Section 3. For this new defined mass, we show a positive mass theorem for asymptotically hy-
perbolic graphs in Section 4 and establish a relationship between the corresponding Penrose type
inequality and “weighted” Alexandrov-Fenchel inequalities in the hyperbolic space in Section 5.
Moreover, an interesting example, a Schwarzschild type metric, is also given in this section. In
Section 6, we give a short introduction for the Alexandrov-Fenchel inequalities with or without
weight in the hyperbolic space. As a preparation to establish these Alexandrov-Fenchel inequal-
ities, several important Minkowski integral formulas between integrals involving o} are proved
in Section 7. Section 8 is devoted to discuss our crucial Minkowski integral formulas between
integrals involving o} with the weight (see (8.5) below) by using a “conformal” flow. We es-
tablish “weighted” Alexandrov-Fenchel inequalities in Section 9, which implies optimal Penrose
type inequalities for the new mass for asymptotically hyperbolic graphs with a horizon type
boundary. We include calculations of the modified Gauss-Bonnet curvature Lj for the anti-de
Sitter-Schwarzschild type metric (1.20) as well as its Gauss-Bonnet-Chern mass mEI in Appendix
A. We show formula (3.21) in Appendix B.

2. PRELIMINARIES

2.1. Asymptotically hyperbolic manifolds and the mass for £ = 1. In this subsection, we
recall the mass of asymptotically hyperbolic manifolds from Chrusciel and Herzlich [19] which
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coincides with the one defined by Wang [73] for the special case of conformally compact mani-
folds. Throughout this paper, we denote the hyperbolic metric by (H",b = dr? + sinh? rd©?),
where dO? is the standard round metric on S"~!. We recall the definition of asymptotically
hyperbolic manifolds.

Definition 2.1. A Riemannian manifold (M™,g) is called asymptotically hyperbolic of decay
order T if there ezists a compact subset K and a diffeomorphism at infinity ® : M\ K — H"\ B,
where B is a closed ball in H", such that (®~1)*g and b are uniformly equivalent on H"\ B and

(2.1) 1@ g = blls + IV ((@1)9) lls + 92 ((@71)*) I, = O(e™™).

Note that when k = 1, one needs no decay condition on the second derivatives of (®~1)*g,
see [19]. Set
(2.2) Ny == {V € C®(H")|Hess "V = Vb}.

Any element V in N has a nice property that the Lorentzian metric v = —V2dt? + b is a static
solution of the Einstein equation Ric(y) + ny = 0. Ny is an (n + 1)-dimensional vector space
spanned by an orthonormal basis of the following functions

Vo) = coshr, V(1) = zlsinhr, -, Vin) = 2" sinhr,
where 7 is the hyperbolic distance from an arbitrary fixed point on H” and z',z2,--- , 2" are
the coordinate functions restricted to S"~! ¢ R™. We equip the vector space Nj with a Lorentz
inner product n with signature (+, —, -+, —) such that
(23) 77(‘/(0)7‘/(0)) = 17 and n(‘/(z)v‘/(z)) =-1 for i= ]-7 o,

It is clear that the subset NZ of positive functions is just the interior of the future lightcone.
Let N} be the subset of N} of functions V with n(V,V) = 1. One can check easily that every
function V in N} has the following form

V = COSh diStb(x(]a '>7

for some xy € H", where dist;, is the distance function with respect to the metric b.
Let (M™, g) be an asymptotically hyperbolic manifold of decay order 7 > 5 and

(2.4) / coshr |R+n(n —1)|du < oo,
M

where R is the scalar curvature with respect to the metric g. Then the mass functional of
(M™, g) with respect to ® on Ny is defined by

(2.5) He(V) = Tlggo <V(div be — dtrbe) + (trbe)dV — e(VPV, )) vdp,
S,

where e := ®,9 — b, S, is a geodesic sphere with radius r, v is the outer normal of S, and du

is the area element with respect to the induced metric on S,. From[19], the limit in (2.5) exists

and is finite, provided that the decay condition 7 > % and the integrable condition (2.4) holds.

If A is an isometry of the hyperbolic metric b and ® a chart as defined in Definition 2.1, then

one can easily check that A o ® is also such a chart and

(2.6) Haop(V) = Hg(V oA™Y,

holds. Moreover, if ¥ is another chart satisfying conditions in Definition 2.1, there is an isometry
A of b such that ¥ = Ao® modulo lower order terms [19, 41] such that the mass functional is not
changed. It follows that the defined limit (2.5) is a geometric invariant independent of the choice
of coordinates at infinity. See also Theorem 3.3 in [57]. If the mass functional He : N — R is
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timelike future directed, i.e., He(V) > 0 for all V € NT, then we can define the asymptotically
hyperbolic mass mf! for asymptotically hyperbolic manifold of decay order 7 > 5 as follows:

1
2.7 O~ inf He(V).
( ) my 2(n - 1)wn_1 lli’]lé ‘13‘( )

From above discussion we know that

1
H .

where the infimum takes over of asymptotically hyperbolic charts ® as above. Hence to estimate

m™ we only need to estimate Hg (V) for a fixed V) and for all ® and V|g) is a fixed function

in N;. This strategy will also be used to estimate our new mass defined in Section 3 below.

2.2. Gauss-Bonnet curvature and the k-th mean curvature. Recall that

(2.8) Ly = gz g iR

— 20 2 . J2k—1J2k
9k “J1j2Jak—1J2k " 1172 ’

i2k—1%2k

is the k-th Gauss-Bonnet curvature, or simply the Gauss-Bonnet curvature. Here the generalized
Kronecker delta is defined by

J1 J2 Jr
5@; 531 " 5@1
L Mt 82 ...y
J1je-jr _ ia io iz
(2.9) 00 i = det : : :
J1 o sj2 Jr
6’ir (5“ . 6ir

This curvature was first appeared in the paper of Lanczos [49] in 1938 for n = 4 and k = 2
and has been intensively studied in the Gauss-Bonnet gravity, which is a generalization of the
Finstein gravity. Lj is just the scalar curvature. One could check that L; = 0 if 2k > n. When
2k = n, Ly is in fact the Euler density, which was studied by Chern [17, 18] in his proof of the
Gauss-Bonnet-Chern theorem. See also a nice survey [77] on the proof of the Gauss-Bonnet-
Chern theorem. For k < n/2, Ly is therefore called the dimensional continued Euler density in
physics. One can decompose the Gauss-Bonnet curvature in the following way

stjl
(210) Ly = P(k:) Rstjl7
where
stlj . _ i G142 igk—302k—25¢ . J1j2 ) . Jok—3J2k—2 sd2k—11 ,J2k]
(2'11) P(k) T 2165j1j2"‘j2k—3j2k—2j2k—1j2kRZ“’Q RZ%%Z%*Z g g :

(Throughout this paper, we adopt the Einstein summation convention.) For example, for the
case k =1,

(2.12) L1 = R= Ry P},
where

.1 . )
(2.13) Py =5(g7g" — g%g").

For the case k = 2, we have

= 15?1@?@‘3@'4 RII2,
4 J1J21374 g

(2-14) Lo 1i2Rj3j4i3i4 = HRmH2 - 4HR1'CH2 + R2

and

(215) P(th)]l _ Rst]l + Rt]gsl _ Rtlgsj _ nggtl + Rslgt] + §R(g5jgtl _ gSth]).
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We collect important properties of the four-tensor P in the following lemma.

Lemma 2.2. (1) Py, shares the same symmetry and antisymmetry with the Riemann curvature
tensor that

stjl _  ptsjl _ pstly jlst
(2.16) Pl = —P = Pl = Pt

(2) Py satisfies the first Bianchi identity, i.e., pstit  ptist - pistt — (),
(8) Pu is divergence-free,
(2.17) VP =0,
Proof. (1) is easy to check. For (2), one can also calculate it directly, or see page 26 in [75]. Here
we provide a proof for (3), since this property is crucial. To show (2.17), we use the differential
Bianchi identity

vsRilig *vzl Rzgs V Rsz1
and the fact of the symmetry property of the generalized Kronecker delta and the curvature
tensor. From (2.11), we compute

stjl
VSP(k)
k—1

11492 ik 392k 25t 17
= givziaksizk-2sl (g po L B2) LR,

9ok “J1j2rJ2k—3J2k—2J2k—1J2k G2k 302k —2

k—1

Jok—3J2k—2 ,J2k—17 J2k!
g g

11492 ik 392k 25t j132\ ... p.
ok 6j1j2"'j2k73j2k72.72k71j2k V“Rms — Vi RS“ ) R

. J2k—3J2k—2 HJ2k—17 ,J2k!
19k 312k —2 g g

k=1 oimin o . o o
— 19292k 312k —25t . . J1J2 . . J2k—3J2k—2 nJ2k—17 ,J2k!
- 2k 5j1j2"'j2k73j2k—2j2k—1j2k( o QV“ RZQS ) a 'Rl2k—312k—2 g g
k=1 iiioion o o o
— 1922k 32K 251 . J1j2 . . Jok—3J2k—2 pJ2k—17 d2k!
a 2k j1j2"'j2k—3j2k—2j2k—1j2k( o 2VSR’1Z2 ) a 'RZ%—W%—? 9 9
- styl
= =2V P(k:) ,
which implies
VP =0
Thus we complete the proof. O

This Lemma, in particular, the divergence-free property (2.17), plays a crucial role in this
paper.

In the following, we recall several basic properties of the k-th mean curvature. Let o be the
k-th elementary symmetry function oy : R*~' — R defined by

Z )‘21" i fOI'A:()\l’... 7)\7L—1)6Rn_1.
11 <<,

This definition can be easily extended to symmetric matrices. For a symmetric matrix B, denote
AB) = (A (B),- -+, An—1(B)) be the eigenvalues of B. We set

ok(B) := or(A(B)).

Here we make a convention that o¢(B) = 1. Let I be the identity matrix. Then we have for any
t eR,

On-1(I +tB) = det(I +tB) = Zaz
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The Garding cone F,j is defined as
If={AeR" 1 o;(A) >0, Vj<Ek}.
A symmetric matrix B is called belong to F; if \(B) € F;. We collect the basic facts about oy,
which will be directly used in this paper. For further details, we refer to a survey of Guan [36].
The k-th Newton transformation is defined as follows

(B),

(2.18) (Tj(B) i= 75

where B = (le) If there is no confusion, we may omit the index k. We recall basic formulas
about o} and 7.

| P i ; 1
(2.19) ow(B) = 0Bl Bl = (T (B)B),
(2.20) (Ti)3(B) = 15955, Bi - Biy-

Let (3,7) be a hypersurface in H" with 7 the induces metric and B its second fundamental
form. The k-th mean curvature of X is defined

(2.21) o = ok(B).

When k =1, o7 is just the ordinary mean curvature.

3. A NEW MASS FOR ASYMPTOTICALLY HYPERBOLIC MANIFOLDS

In this section, we will introduce a higher order mass for asymptotically hyperbolic manifolds
which extends the mass defined in Subsection 2.1. Inspired by our recent work about a new mass
on asymptotically flat manifolds [30], which was in turn motivated by the Gauss-Bonnet gravity
[27, 28], we define it by using the Gauss-Bonnet curvature Ly. As indicated in Introduction, we
need to modify the Gauss-Bonnet curvature Ly a little bit in order to obtain a new one. More
precisely, on a Riemannian manifold (M", g), we define a new four-tensor

(3.1) Riemyjsi(9) = Rijsi(9) == Rijsi(9) + gisgji — 9undjs-
Let us apply the same argument in Subsection 2.2 to define a new Gauss-Bonnet curvature with

—_—

respect to this tensor Riem
1

T T sutelapiin o jij2 D Jek—1J2k __ D . pstjl
(3'2) Ly = ok 5j1j2"'j2k71j2kR7;1i2 Rigk,ﬂz;@ - Rstjlp(k) )
where
(3 3) ﬁstﬂ — i 111212k —302k 281 o p g2 . p - Jek—3J2k—2 jok_1] okl
) (k) "7 9k Jij2-Jek—3j2k—2J2k—1J2k" i1%2 iok_3i0%_2 g g

It is easy to see that
Li=Li+nn—1)=R+n(n—1)
and
Ly=Lo+2(n—2)(n—3)R+n(n—1)(n—2)(n—3).
Moreover, we have

o o1 .
(34) P(slt)]l _ P(slt)]l _ §(gS]gtl _ gslgtj)’
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~ s ~ . ~, . ~ . ~ . ~ . 1~ . .
(35) P(th)]l _ Rst]l + Rt]gsl _ Rsygtl _ Rtlgsj + Rslgt] + §R(g53gtl _ gslgt])‘

RY = gyR*Y!, R = gyRY.

By a direct calculation, one gets that

(3.6) Pt =Pyl + (n—2)(n—3) P37,

where P, and P; are defined in (2.15) and (2.13) respectively. Remark that ]B(k) is a “good”
linear combination of F;, ¢ = 1,--- ,k with constant coefficients only depending on n and k.

It is clear that the tensor ﬁ(k) satisfies the same properties as F(y), namely,

Dstjl _ ptsjl _ pstlj _ pjlst
(3.7) Poy =—Fuy =Py =Ty >
=stjl = Stisl | jstl
(3.9) Pag' + Py + By =0
and
pstjl
(3.9) VSP(k) =0.

In the following, if there is no confusion, we just write P= ﬁ(k) for brief and denote the tensors
associated with the hyperbolic metric b with a bar. In view of (3.7) and (3.9), we observe that for
asymptotically hyperbolic manifolds of decay order 7, the Gauss-Bonnet curvature multiplying
with a function V' € {Ny}, i.e., V Lj, can be expressed as a divergence term together with a term
of faster decay.

First, since the difference of two Christoffel symbols is a tensor, we have the following formula

_ 1 ., - _ _
L =T5 = 59" (Vigy + Vigi — Vigiy)
1 _ _ _
(3.10) = igSl(Vielj + Ve — Vieij),

where e;; := g;; — b;; in local coordinates. And the difference of two curvature tensors in local
coordinates is

(311) Rijtl - Rijtl = Vz(réz _?§l) — V](Ffl — f‘fl) ) )
+(T3 = T3) (T = Tj) = (T = T3) (T3 — T)-

We emphasize again that V is the covariant derivative w.r.t to b and V the covariant derivative
w.r.t to g. By the divergence-free property of P and the fact that the quadratic terms of
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Christoffel symbols have a faster decay, we have from (3.7), (3.9) and (3.10) that
VL = VﬁijSlﬁzjsl — Vv pist (Rijsl + gisgji — gugjs>
= vpu (gst(Rijtl — Ry;") + gisgjt — 9ugjs + 9st Ry l)
— VP <gst(Rz’jtl = Ry;")) + gis(g1 — bjt) — gjs(gu — bil))
— 9oy pust (gstvi(Fz-l - f‘é‘l) + gisejl> + O (el -kt DTH+r)

= VV; ((?lejs + ?jesl — ?Sejl)ﬁijd) + QVﬁijSIbisejl + O(e(f(kJrl)TJrl)r)

= 2VV (@lejsf:ﬂ'jSl) — 2Vﬁij8lbilejs 4 O(e(f(k+1)7'+l)r)

?i(V(@lejs)ﬁijSl) - 2@iV(?l€j5)ﬁZjSl - 2Vﬁij81bilejs + 0(6(_(k+1)T+1)T)
= 2V(V(Viejs) P73 — 2V, V (Viejs) P — 2V PYslpy e, 4 O (el =DM
(3.12) = 2V, <(vvlejs — ejsle)ﬁijsl> +2(ViViV = Vby)ejs P73 4 O(el kDb,

Here we have used the fact for any tensor field T’
(3.13) VT — VT =0(e"|T)),

which follows from (3.10). Since V' € N;, which is defined in (2.2), the second term in (3.12)
vanishes, and hence we conclude

(3.14) VL, =2V; <(Vvlejs - vlvejs)ﬁijsl> + O (e~ Hry,
With this crucial expression, one can check that the limit

. = = 5178l
(3.15) HY(V) = Jim. g ((Vvlejs — ejsvlv)ngf >Vidu,

exists and is finite provided that V Ly, is integrable and the decay order 7 > 5. Here @ is any

diffeomorphism used in Definition 2.1. We remark that by (3.4), one can check that 2H? (V)
coincides with (2.5) defined by Chrusciel and Herzlich [19]. Now we have

Theorem 3.1. Suppose (M™,g)(2k < n) is an asymptotically hyperbolic manifold of decay order
7> 5 and for V € Ny defined in (2.2), V Ly is integrable in (M™, g), then the mass functional
HE(V) defined in (3.15) is well-defined.

Proof. This follows from (3.14) easily. O

The above definition of an asymptotically hyperbolic mass functional involves the choice of
coordinates at infinity. We need to show that it is a geometric invariant which does not depend
on the choice of coordinates at infinity.

Theorem 3.2. Assume (M™,g) is asymptotically hyperbolic manifold of decay order
n

3.16 o
(3.16) TR
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and satisfies the integrable condition
(3.17) / VTl < oo,
M

then H,?(V) does not depend on the choice of coordinates at infinity in the sense that if there
are two maps ®1, Py satisfying (3.16), (3.17), then there exists an isometry A of b, such that

H?(V)=HM(VoA™.

Proof. The argument follows closely from the one given by Chrusciel and Herzlich in the proof
of hyperbolic mass [19]. See also [20, 41, 57]. The key point is to realize that when changing the
coordinates at infinity, extra terms which do not decay fast enough to have vanishing integral
can be collected in a divergence of some alternative 2-vector field.

First assume ®; and @3 are two coordinates at infinity satisfying (1.13) with 7 > 25, then
there exists an isometry A of the background metric b such that

By — P10 A =o(e F").

Hence it suffices to prove

(3.18) H2NV) = HP2(V).

As in [19] (see (2.17) there), we know that there is a well-defined vector field
(3.19) ¢ =ofe 1),

such that

2n

(3820) (@71 = (@171 g+ L@ g+ ol FH) = (@17)g + Zb+ ofe FHT),
where .7 is the Lie derivative.
For p=1,2, set
U;, = (VVilep)js — (e)sViV) PP (gp),
where g, = (®,71)*g, and e, = g, — b. It follows from (3.20) that
Ul — U% = 06U + o(e~ D),

where 6U is a first-order term by linearizing U at g; and the remaining terms decay sufficiently
fast so that they do not contribute when integrated at infinity. It remains to compute dU". It is
crucial to realize from (3.20) that

~. . ~. . kn
(3:21) P (gy) — P (g1) = o(e™#+1"),

When k& = 1 it is easy to prove, since ﬁfm (9) = %(gisgﬂ — g ¢7%). For the general k, the proof
of (3.21) is not obvious. We provide a detailed computation in Appendix B for the convenience
of the reader. In the following computation, we write P = P(g;) for short. Hence we have

U = (V@,(ngs +VaG) = (Vi + vstWzV) Pt 4 o(e =1y

(3:22) = <VVleCS +VVIViG = ViGViV + VleVsV> Pt o(e= (=1,
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Here in the second equality we have used the antisymmetry (3.7) to exchange the indices s and [
in the fourth term. We apply the Ricci identity to deal with the second term in (3.22) as follows:

(ViVsGj = ViViG P = (Ry,,'¢) P
= —(byj6% — Ofbs;) ¢ P
= _blesﬁijSZ + bsjclﬁijSl
(329 = 2P,
where in the last equality, (3.7) is used again. In view of (3.9), (3.22) and (3.23), we derive

U = (v?ﬁjcs +VVVIG — 201GV = Vi ViV + v,gﬁsv) Pist 4 g(e=(n=1r)

= VVIV(GPI) + VUG P = 2y GV P = V(G PV
+?1(Cjﬁij51)@sv + O(e*(nfl)r)
= Vi(VV;((PP) = 2V5(¢ PPV = 26, ¢V P 4V (VVi(GP)) + o(e™ (D7)
= Vi(VV;(GPY) = 2V(GPIIVIV) + 26 PIIV NIV — 2y ¢V P
V5 (VG P) + o(e~ D)
= Vi(VV(GP) = 29,(GPIIY) + T, (VG PI) + ofe™ 07,

In the last equality, we have used again V' € Np. By the first Bianchi identity (3.8) of ]3, we
have

Vi(VV;(CP7) = =V (VV(¢PPh)) — Vi (VY (¢ PIY).
On the other hand, together with an exchange of a cycle s, j,1 and the symmetry, one has
Vi(VV;(GPh) = Vi (VG PI).
Hence we have
SU' = Vi (VV,(CP1)) — 2V, (¢ P71V, V) + o(e= (T
(3.24) = (VG + 20, P,V + o)
= —Via' 4 o(e= (1),
where
ol = ij(Csf’js“) + QCSJSilsj@jV’
is anti-symmetric. Therefore we conclude that
Uh —U% = -V + o(e= D),

that is, up to the parts decay sufficiently fast which will not contribute to the integral at infinity,
U5 — U] is a divergence of some alternative 2-vector field. We consider Uy — Uy as a term of one
form. Let * be the Hodge operator with respect to the hyperbolic metric b. We have

#(Uy — Uy) = da + o(e” 1),

where « is a (n — 2)-form obtained from «. This implies the geometric invariance of the mass
functional (see also [19, 41, 57]). O

We now give the precise definition of the Gauss-Bonnet-Chern mass (1.15) for asymptotically
hyperbolic manifolds in the following definition.
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Definition 3.3. If the mass functional H? : N, — R is timelike future directed, i.e., HY (V) > 0
for all V. € NT | then the higher order mass, the Gauss-Bonnet-Chern mass (1.15) for asymp-
totically hyperbolic manifolds, is defined by

(3.25) myl = c(n, k) inf HE(V).
VeN}

Here c¢(n, k) is the normalization constant given in (1.8).

The above results show that m]}f is an invariant for asymptotically hyperbolic manifolds. A
similar discussion as in subsection 2.1 implies

my = c(n, k) i%f HE(V(O)),

where the infimum takes over all asymptotically hyperbolic coordinate ® satisfying (3.16) and
(3.17) and V(g is a fixed element in Nj. In the following we fix

V' = V(g = coshr.
We end this section by a discussion on the range of 7.

Remark 3.4. From (3.15), one can check directly that m;}} vanishes if T > ¢, and hence the
well-defined and the non-trivial range for the Gauss-Bonnet-Chern mass mEI s T € (kLH, 2.
The decay order of the anti-de Sitter Schwarzschild type metric (1.20) is just 7. Its new mass

equals to mF. See Appendiz A for more details.

4. POSITIVE MASS THEOREM FOR ASYMPTOTICALLY HYPERBOLIC GRAPHS

In this section, we investigate a special case that asymptotically hyperbolic manifolds are
given as graphs of asymptotically constant functions over hyperbolic space H". For the new
asymptotically hyperbolic mass, we can show that the corresponding Riemannian positive mass
theorem holds for graphs when the modified Gauss-Bonnet curvature is nonnegative.

Following the notation in [22], we identify H**! with (H" x R, b+ V2ds®ds). Let f : H® — R
be a smooth function, then the induced metric on the graph

M :={(z,s) e H" x R|f(z) = s},
is (M", g) = (H",b+ V2df ® cif) Suppose that the graph (M, g) is asymptotically hyperbolic
of decay order 7 > 17 and V Li(g) is integrable.
Remark 4.1. If f : H" — R satisfies

_ _ _ _1, n
VYl + [VV2Elly + [[VV £l = O(e™27),

>
Tkt

then the corresponding graph (M", g) = (H", b+ V2df @ df) is asymptotically hyperbolic of decay
order T > 5.

¥

In local coordinates,
(4.1) gij = bij + V>VifV;f,
and the inverse of g;; is
VIV f
1+ V2|VfI2

where the norm is taken with respect to the hyperbolic metric b.

(4.2) g = b —
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Proposition 4.2. Suppose (M™, g) = (H",b+ V2V f® V), then we have

_ _ _ ~ti V ~
(4.3) VS <(Vvl€tj - etjle)P(lgl> = ng,

where €ij = Gij — bij = VQ?zvaf

Proof. First note that the induced second fundamental form of M" is given by (cf.[22])

v VUV AV
4.4 hij = ——————=( ViV, f J ! —i—VVf,VVVifV’f).
) b= e (99 : (V1,.9V)9:67,
Thus the shape operator is
(4.5) '
M= 0y o o o
Vv - V' fV;V ViVV,f  VVfVSfVV;f
= —(V ij + 21 £12 - 2177 £12 .
V1I+V2VS]2 V(A +VVFP) 4 1+ V2V
It follows from (3.10), (4.1) and (4.2) that
ISP VI & S (723 R R S
ii — Ly = 1+V72|vf\2 iVif+ i if+ J if
_ - - V2VIF(VE, V)
4.6 —VVifVif| VIV - & :
In particular,
(4.7) I, —TE = L(V2W? f+VV,VVsf)
° 18 18 1 _|_ VQ‘Vf|2 Vs 7 S .
Recalling (3.1), by the Gauss formula we have
(4.8) R;;* = hihl — hlhs.

Substituting (4.8) into (3.2), (3.3), we infer from (2.19) that

L. = 192 i2k—1%2k 11 7 J2k

Jij2-jek—1J2k 41 iok
(4.9) — (2k)! oa(R)
and
Dstjl _1 119212k —3%2k—25t J11,72 J2k—2 _jor_1J ~jorl
P(k) - 25j1j2'“j2k—3j2k—2j2k—lj2k ilhiz hi2k72g g )

which implies by (2.20) that

(4.10) 2ﬁ(5£§lhsj = (Qk - 1)' (T(2k71));f)9pl-
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Here h = (h;;) is the second fundamental form given by (4.4). We derive from (3.7), (4.4) and
(4.10) that

(V@letj—etﬁlv)ﬁ;,gl — (vvl(VQvtfvjf)—V2?tfvjfvlv)13(8,j§'l

= (V3OVIV, f + VIV ) B

R AT AT T
=V <vlvtf - ’Vt> Pl V2V, 1)
= Jun\[1+ V2V RN (VY )

2k — 1)! . _ -
= Q(T(Zk—l));;gquvjf L+ V2V f?

2 —
V2vrs

(2k —1)!
PV1I+ VRV

(4.11) = 5 Ter-);

where the fourth equality follows from (4.4) and (3.7). Since the ambient space is the hyperbolic
space H" with constant curvature —1, the Newton tensor is divergence-free with the induced
metric g. (For the proof see [1] for instance.)

It follows that

(Vs(Tiok—1));) VP f
(Vs(Tar-1)p) VP + (Tian-1))q(Tps = TEIVPf — (Tiar—1))f (Tsq — s VP f
= (T(Zk—l))g(rgs - ng)vpf - (T(2k—1))g(rzq - Fiq)vpf

Thus from (4.6) and (4.7), we have

_Vif
1+ V2|Vf2
VEVLET L, TV |

T VIV ) }fo

(Ve Tar))VF = (Tarn)id (V29,9 f 4+ VO, Vo] 4 VIV, f)

VYIS (qu _

Ve f
(T q_ vV J
( (Qk_l))p1+V2]Vf\2

= (Tak-1))s (V(VV,VAVIUVf = VIVIPVfVIV).
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Therefore by above, we derive
- V2VPf
Vsl (Ton_1));)—F———me—x
(( (2k—1))p 1+V2Vf\2>
V2 _ _ _ V2P f
= — V(T2 VP + (Ti2p—1))5 Vs | —ee
T (Tok-1) VP f + (Tiak-1)); < 1+V2Vf|2>
V2 R - - =
e (Tiop—1)) S (V(VV, V)V f — VIVFPV VIV
1+V2\Vf|2( (26-1))g (V( HVIUVf = VIV fVIV)
T ) (VQ?SWf +2VVVVPf VEVPF(VIVPVV + VWN‘U“%f))
ANV EREN 7T (L+ V2V f[2)3

_ V<T<2k1>>{ (VVV. V)V IV = VTPV

V14 V2V [
SV VRS S
VP f 4 VLV S AAY
YV VEf+ USRI T 1+ V2V ]2

V)i (12rom pyor 16 1 1210 120 1901 1S or T O 1
= ——————(VAVV,VAHVPIVf = VAV "V fVPV + V,VVPf -V, fVPV
e (VT INY VIS )
+V (Tiar—1))ph%-
We claim that the first term in the last equality of the above equation indeed vanishes. We
define a new (1, 1) tensor by

AP = V2 (VV,V VPV f — VE|VFIPVfVPV + V,VVPf — V fVPV.
Then we have

V(Tiok-1)); =7 P\ OP e 712V Y VS V'V V[V
T 0o (12(9y,91)97 9,1 - VIS IE0LITV + T VTPF — T 900)

V1+ V2V
V(Tok-1))p ,p  V(Tk-1)™ »
= =A== ————=—0pAL.
V1+ V2V f? V1+ V2|V f?

We only need to show that g, A% is anti-symmetric, which is in fact easy to check
gpg AL = (bpg + V2V, [V, f)AL
= VHVV,VHVIVsf = VAVIPV VGV +VVVof =V fV,V
HVUVV, VAPV fVef = VAV IV V)V Vof
+VEVFPVVVf = VHV,VVIV fVs f
= 1+ V2|VfP)VVVof — Vs fVV).
Since (T(ax—1))* is symmetric, we get the desired result that
V(Tiak-1)),

V1+V2|VF2

which yields from (2.19) that

(VHVV,VAOVP IV f = VAV [PV VPV + VVVPf =V fVPV) =0,

] . vy
(4.12) Vs (T(zkfn)p\/?w

Finally, (4.3) follows from (4.9), (4.11) and (4.12). O

) = V(Tiox—1))ph% = 2kV oo (h).
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Lemma 4.3. From (4.11), we have the following equivalent form of hyperbolic mass integral
(8.15) for asymptotically hyperbolic graphs

(2k —1)! V2P f

lim Tiok_1)))—F——=—=Vsd L.
Ko ST( (2k 1))p ﬁ+v2|vbf|2 H

Remark 4.4. The method to show Proposition 4.2 is motivated by a classical paper of Reilly [61].
The method gives a simpler proof even for k =1 case (cf. [22]). A similar argument works for
the Gauss-Bonnet-Chern mass for asymptotically flat manifolds, which provides a simply proof
for the corresponding results in [30]. Moreover, it also provides a brief proof of the corresponding
Penrose inequality. See the next Section.

(4.13) my = c(n, k)

Now we are ready to prove our main Theorem 1.3.

Proof of Theorem 1.3. Applying divergence theorem with Proposition 4.2, we have
mEI = c¢(n,k) //vl Vs ((V@letj — etj?lV) ﬁi}:fl)d%

_ dnk) / V LydVy,
2 Jm

c(n, k) VL
_ / v,
2 M1+ V2VS?

where the last equality holds due to the fact

dVy = \/detg dVi, = \/1 + V2|V f|2 dVj.

5. PENROSE INEQUALITY FOR GRAPHS OVER H" WITH A HORIZON TYPE BOUNDARY

Now we investigate the Penrose inequality related to the new mass for the asymptotically
hyperbolic manifolds which can be realized as graphs. Let 2 be a bounded open set in H” and
Y=001If f: H*\ Q@ — R is a smooth function as in Remark 4.1 such that each connected
component of 3 is in a level set of f and

(5.1) Vi) 00 asx— %,

then the graph of f, (M", g) = (H"\ Q, b+ V?2df @df), is an asymptotically hyperbolic manifold
with a horizon ¥. Without loss of generality we may assume that {(z, f(z)) |z € X} is included
in f71(0). In this case we can identify {(z, f(z))|x € £} with X.

On X, the outer unit normal vector induced by the hyperbolic metric b is

0 VS
o TN
Then v f i p 5./
bV, v .V
e —— = ——= and Vv = bi‘I/]:— = .
IV V£l ’ IV

Remark 5.1. One can easily check that the second fundamental forms of ¥ induced by g and b
. . . 1 . .
respectively differ by a multiple T Hence we have the following equivalent statements,

provided > C H" s strictly mean convex:
o [Vfl=00o0n%;
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e 3 is minimal, i.e., the induced mean curvature by the metric g vanishes;
e 3 is totally geodesic, i.e., the induced second fundamental form by the metric g vanishes.

Therefore, in this case ¥ is an area-minimizing horizon if and only if |V f| = oo on ¥. Hence
|V f| = o0 is a natural assumption for horizons.

Proof of Theorem 1.4. In view of (4.13), integrating by parts now gives an extra boundary term,
1 2k — 1) . V2VPf
e Aty S i
c(n, k) 2 oo g, V1+ V2V

1 VL 2k — 1)! V2P f

2 Juma /1 + V2|Vf| 2 V1+V2VF]
We may choose the coordinates such that { %, “ee ,8%} span the tangential space of ¥ and
% denotes the normal direction of Y. To clarify the notations, in the following we will use the
convention that the Latin letters stand for the index: 1,2,---,n and the Greek letters stand
for the index: 2,--- ,n. Due to the assumption that X is in a level set of f, at any given point
p € X, we have
(5.2) Vof =0 and V,Vaf = |Vf|Bags,

where B is the second fundamental form with respect to the inward normal vector of (X,7)
induced by the metric b. Therefore we infer from (2.20) and (2.19) that

1 1 VL 2k —1)! V2|V
oy = / 4y, +7( ) /(T(Qk—l))% v/
H»\Q b

_ VIV
StV e

c(n, k) 2 V1+ V2Vf]? g 2
1 VL (2/.:_1)!/ ( V2|V f|? )’f
= = ——dV, + oo 1 V| ——s== 1] d
Ly V2V R Y 2 L7 v )
1 VL 2%k —1)!
(5.3) = = b __av, + ( ) / Voon_1d.
2 Jmn /14 V2V F|2 2 b
Here we have used the simple fact in the second equality
1 Litdoeeeior 1 s i V‘?f’ 2k—1
1 _ J1j2-J2k—11.1 2k .
(T(Qk_l))l - (2]{7_1)!611‘11'2-"1‘21971 hj11 “'hj%i - <1—|—V2|Vf’2 02k-1,
which follows from
he — V|Vf| ba5B _ V|Vf| BY

—F———=-0""Bsp = ———=—== B3,
VItV T irve e’

by (4.5) and (5.2) (where Bf := Y% Bss = b Bss ) and the last equality holds by the assumption
(5.1). This finishes the proof of the Theorem. O

Using the Alexandrov-Fenchel inequality (6.9) proved in the second part below, we have the
following Penrose inequality, which is slightly stronger than Theorem 1.6.

Theorem 5.2 (Penrose Inequality). Let  be a bounded open set in H" and ¥ = 0Q. If f :
H” \ Q — R is a smooth function such that the graph (M™, g) = (H" \ Q,b + V2df ® df) is
asymptotically hyperbolic of decay order T > kLH and ka is integrable. Assume that each
connected component of . is in a level set of f and |V f(x)| — 0o as x — X. Let Q; be connected
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components of i =1,--- 1 and let ; = 0Q; and suppose that each €); is horospherical conver,
then

~ 1 2%k k
mﬂg%(n,k)/ 1 VL Z <|2\> D <yz|>k<n1 |
B Mn 2 1+V2|ny2 Wn—1 Wn—1

In particular, Ek > 0 vmplies

! n k
1 |2‘ E(n—1) ’2 ‘ k(n 1)
H i
> — .
T = ; 2k ((wn—l> * <wn—1

Moreover, equality is achieved by the anti-de Sitter Schwarzschild type metric (1.20).

Proof. The Penrose inequality follows from Theorem 1.4 and the Alexandrov-Fenchel inequality,
Theorem 6.2 below. The last statement is proved in the following example. O

We end this section with an interesting example.

Example 5.3. The generalized anti-de Sitter Schwarzschild space-time is given by
(5.4) —(

where dO? is the round metric on S"~1. When k = 1 we recover anti-de Sitter Schwarzschild
space-time of the Einstein gravity.

m 2m
=—)dt* + (1+ p* — F)‘ldﬁ + p%de?,

See also [21] or example 2.8 in [14]. Restricting to the time slice ¢ = 0, we obtain the anti-de
Sitter Schwarzschild metric

2m | _
(5.5) gads—sch = (1 + p2 - F) ldp2 + p2d@2.

One can realizes metric (5.5) as a graph over the hyperbolic metric H". In the transformation
of coordinates p = sinhr, the hyperbolic metric b = dr? + sinh? rd©®? can be rewritten as

dp2 2 1002
b= de-.
1+,02+p

Hence to explicitly express the metric (5.5) as a graph over H", we need to find a function

f = f(p) satisfying
2 (8f> 1 1 ‘
dp L4 p? = 2 1497
o

Note that the function V is now equal to y/1 + p2. Let py being the solution of

2
14 9% — S = 0.
pE-
Then when p approaches pg, we have g—i =0((p— pg)_%), so that we can solve

1 1 1
p)_/po V1+ 82 \/1+s2— 2%”}2 142
S

One may compare with the Euclidean case where the Schwarzschild metric can be written as a
graph over R" [48]. This example is a generalization of the one considered in [22], where is in
fact the case k = 1.

ds.
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One can check that the metric ¢ = gaqs_scn satisfies

(5.6) Li(g) =0,
and
(5.7) my = mk.

For the convenience of the reader, we include the computations of (5.6) and (5.7) in Appendix
A.
In this example, the horizon is given by the surface p = py with py being the solution of
2
pE-

=0.

Then the horizon is {S,, : p§ + p§ - 2m} which implies the right hand side of inequality
(1.19) is

n n—=2k k
-1\ Z(n=1) —1\ (=1
RHS — i anlpg k(n—1) + anlpg k(n=1)
2k Wn—1 Wn—1
1 2 n_2 k 1 k
= e (pf +06 ) = gxzm)
= mF=ml.

This means that equality in (1.19) is achieved by the adS Schwarzschild type metric (1.20). O

APPENDIX A. THE ANTI-DE SITTER SCHWARZSCHILD TYPE METRIC

In this Appendix, we first compute the modified Gauss-Bonnet curvature Ek for the following
Riemannian metric which was discussed in Section 5

2m
(Al) gadS—Sch = (1 + p2 - F) 1dp2 + ,02d@2.
Let us denote
2m
e(p) =1+ 9= -
pk

We have for any vectors X, Y tangential to the sphere S,

(A.2) R(XNOp)+ X Ndp = —(3—1) 25 o,
2k p%
2m
(A.3) RXANY)+XAY = Zx Ay,

where Z is the curvature operator. This follows from a directly computation. Inserting (A.2)
and (A.3) into the (3.2), one can check that

- o2m\ "
Ly = k) (€2, - 27 (- -1)) (T2 ) =0
2k pE
In the following, we compute the new mass of metric (A.1) . Let % denotes the 8% direction

and {%, e %} be an orthogonal basis on S"~!. We will use the convention that the Latin
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letters stand for the index: 1,2,---,n and the Greek letters stand for the index: 2,--- ,n. Since
the hyperbolic metric

b=

T+, 2dp + p?de?,

the only non-vanishing term is

1 1 2m

e11 =911 — b1 = + lower order terms.

2

On the other hand, from (A.2) and (A.3), we know that for the curvature term R, . 7'7*, the

1122
indices {j1, j2} should be a permutation of {i1,is}, otherwise R ]”2 vanishes. Consequently,

by the definition of P(Stgm we compute by using (A.2), (A.3) that for fixed «, 8,

ﬁlalﬁ o i 119212k 302k —2 1 D Ji2. . p Jok—3J2k—2 jop_11 jorf3
(k) T 9k J1J2rJek—3J2k—2J2k—1J2k " 12 I2k—3%2k—2 g g
1 1192 gk —3l2k—21l0 5 j1j2 D J2k—3J2k—2 11 a,B
- 275]132"‘j2k73]'2k72104Ri1i2 '“Rlzk 302k -2 g
om\ F1
— 2k 1(2k 2)| C2k 2 ( > gllga,B
pk
k—1
m 2m
(A.4) = 2F2(2k —2)1 O+ 2 () (14 p° — )9’
pE pE_

Moreover, from above calculations, one can check that this kind of term ]5(20)‘6 9 = 0. And a direct
computation gives

v1‘/(6045) =0.
Noticing the fact
Vo = 07

we derive from above that

(VViless) — e ViV B = VVs(era) P .
Using
[hs =—p(1+ p*)dag,
and recalling V = /1 + p2, we compute further from above that

_ _ 2 -
(A.5) (VVi(ejs) — ejSVtV)P(”)St = TmﬂéaﬁP(lko)‘wyl + lower order terms.
pk:

Hence we infer from (A.4) and (A.5) that

k

T (e ) — . O pijst,  _  ok—1 o 2k—2 M
t s s T . —
(VVi(ejs) — €jsViV) P 2k=1(2k — 2)1 O

(k) 3 (n — 1)1 + lower order terms
p

k
= 2k 12k —2)1 O+ 2 T: (n — 1) + lower order terms,
p

1
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where in the second equality we have used the fact 11 = \/11+72 Therefore we conclude
p

Ho_ (n — 2k)! : = = o\ Sijst
M T e ae fg, (Vi) — ViV FGy vidp
(n — 2k)! k-1 ok_o mF 1
= 2 2k — 2)! ——(n—1)p" n—
2k=1(n — 1) wy1 ( N ChZy o1 (n—1)p" wn

APPENDIX B. PROOF OF (3.21)

In this Appendix, we give the proof of (3.21).
Proof of (3.21). Denote g1 = (®17!)*g and g2 = (P27 ')*g. Recall from (3.20) that we have
(B.1) 92— g1 = Lcb+ o€ F17),  with ¢ = o(e FT").
It follows easily that
(B2) Ry (g1) = o(e”#7), Ry;™(g2) = o(e”F").

In order to prove (3.21), in view of (B.1) and (3.3), it suffices to show that

2n

(B.3) R;(g2) — Ry; ™ (91) = oe”#417),

In the proof, what we need to take care of is why the linear terms involving ¢ cancel.
First by (3.1), we compute

R (g2) = Ry (91)
= (Ri"(g2) + 6;6% — 6063) — (Ri;*P (g1) + 6507 — 6757)
= gquij sq(g2) - QIquij Sq(gl) = (ggq - ngq)Rz’j Sq(g2) -+ ngq(Rij Sq<92) - Rij Sq(gl))
= (L) (—(83(92)iq — 85(92)ia) + G (Ryy *y92) — Ry *4(01)) + o€ #17)
= I+1II+ o(e_k%nlr),

where in the third equality, we have used the fact (B.2) and expression (B.1).
We begin with the simpler term I. We have from (B.1) that

I = —(Leb)™ (=67 (92)5q — 5 (92)iq))
= —(VPCT+ V9GP (—(57byy — Bbig)) + ofe” T
(B.4) = BTG+ V5C) = 5 (VPG + Vid?) +ofe ).
In the following, we deal with the second term I1. In view of (3.10), we have
1
I3i(g2) = I55(g1) = 5(92)5l (Vfl (92 = g1)ij + V(g2 — 91)ii — V' (g2 — gl)z’j)

1, - _ _ o,
= ibSZ (Vilg2 — 91)i5 + Vilg2 — 91)ii — Vilg2 — 91)ij) + o(e” #+17).
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Substituting above into (3.11) and noting that the quadratic terms of Christoffel symbols having

faster decay, we calculate

R;;°0(92) = R * (1) = Vi([54(92) — Tig(g1)) — V(T(g2) — Tig(g1)) + o(e FHTT)
= %bsz (ViVj(g2 — g1)ig + ViVa(g2 — g1)ij — ViVi(g2 — g1)jq
—V;Vilg2 — 91)ig — ViVq(92 — 91)ii + V;Vi(g2 — g1)iq) + 0(e” R )
= %bsz [(ViVj(g2 — 91)1g = VVi(g2 — 91)1g) + (ViVeViG — ViV Vi)
+(ViVViC — ViViVeG) 4+ (Vi ViV, — ViViVidy)
HV591V4G — V3V4Vi6)] + o(e™FT7)
- ;ﬂuh+15+fh+1h+1gy+qaﬁﬁn

where in the third equality, we have used (B.1) and rearranged these terms.
In the following computations, we mainly rely on the Ricci identity to calculate each term

carefully. Applying the Ricci identity, we have

I, = ViVj(g2— 91)ig Vi(92 — 91)iq
= (92— 91)u(—Ry q) (92 —g1)tg(—R;; Y)
= (92— 91)1t(5tbaq 8%biq) + (92 — 91)1q(07bj1 — 0%by)
= (92 = g1)abjq — (92 — 91)15biq + (92 — 91)igbjt — (92 — 91) jqbir-

Using the Ricci identity three times, we obtain,
IIQ = ivq?jCl - ?j?q?ig
= (ViVyVG — VViViQ) + (Vg V?‘Q Vo ViViG) +
- VJCt(_R’ tl)+v C( qu ])+vq€t( i l)+vt€l(
= bql(?jgi - ?iCj) - il( qCj + VJCQ) + bﬂ( qCi + Vi Cq)

+ ?U'A

N
< 7
3
0
le

I3 = ? ? \Y C ?‘?l?qu = —quVng + blj?iéq,
Iy = V;ViVi¢, — ViViV,(,

= bg(Vi¢j — ViGi) = bjg(Vii + Vi) + big (Vi€ + ViG) + iV g — bij Vidy,
II; = ? \Y ?qu Vqu?zCi = —blivij + qu‘?jCl-

By a simplification, we infer by (B.1) that

I + (IIQ + IIs+ 11, + 115)
= (92 — g91)abjg — (92 — 91)15big + (92 — g1)igbji — (92 — 91)jgbur
—bjq (Vi + Vi) +0j(VeGi + Vily) = ba(Vilq + V5) + big(Vi€; + V)

_ _ _ _ _2n
= —2by(V;Cq + V(i) +20(Vig + V(i) +o(e” #17).
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Hence we conclude
IT = gzluq(Rz‘j sq(92) — Ry Sq(gl))
1 _ _ _ _ _2n
= gllgq(ﬁbd) (_2bil(Vqu + V4Gj) + 2bj(Vi¢y + Vq(i)) +o(e k")
1 — = = = —2n
= bpq(QbSl) (_zbil(ijq + V(i) + 265 (Vilg + Vin)) +o(e” *+1")

(B.5) = —07(ViCP + VP¢) + 65(Vic? + VPG) + o(e_%r).
Finally, the desired result (B.3) follows from (B.4) and (B.5). O

Part 2. Alexandrov-Fenchel inequalites in H"
6. INTRODUCTION

The second part of this paper is about weighted Alexandrov-Fenchel inequalities in H", which
is used to prove the Penrose inequality for asymptotically hyperbolic graphs in the last Section.
This part has its own and independent interest. For the convenience of the reader we give an
introduction on the Alexandrov-Fenchel inequalities.

The classical isoperimetric inequality and its generalization, the Alexandrov-Fenchel inequali-
ties, play an important role in integral geometry, convex geometry and differential geometry. Let
Q) be a smooth bounded domain in R"™ with boundary .. The classical isoperimetric inequality
is

n—1

ne1 L
(6.1) Area(X) > nle;;_ﬂ/ol(Q)T.
Equality holds if and only if Q is a geodesic ball. When n = 2, (6.1) is
(6.2) L* > 47 A,

where L is the length of a curve v in R? and A is the area of the enclosed domain by ~. The
Alexandrov-Fenchel inequalities (in fact, its special class) are

n—1—k

1 1 n
(6.3) /Eakdu >C* Jwn1 (C’J /ond,u> , 0<ji<k<n-—1,

Wn—
n—1 n—1

for convex hypersurface ¥. These inequalities are optimal, in the sense that equality holds if
and only if X is a geodesic sphere. The Alexandrov-Fenchel inequalities have been also extended
to certain class of non-convex hypersurfaces. See [15, 37, 45] for instance.

It is natural to ask if the isoperimetric inequality and the Alexandrov-Fenchel inequalities hold
in the hyperbolic space. The motivations to study this problem come from integral geometry
and also from the recent study of Penrose inequality for various mass. The classical isoperimetric
problem between volume and area was solved by Schmidt [65] 70 years ago. When n = 2 the
corresponding isoperimetric inequality is

L? > 41 A + A2,

where L is the length of a curve 7 in H? and A is the area of the enclosed domain by ~. However,
unlike the Euclidean space, for general n there is no such explicit form.

There are many attempts to establish Alexandrov-Fenchel type inequalities in the hyperbolic
space H". See, for example, [6, 29, 63]. In [29], Gallego-Solanes proved by using integral
geometry the following interesting inequality for convex domains in H",

(6.4) / opdp > cCk_ |3,
b
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where ¢ = 1 if £ > 1 and |X| is the area of 3. Here dy is the area element of the induced metric
v from the hyperbolic space and oy is defined in (2.21). The above inequality (6.4) (k > 1) is
sharp in the sense that the constant ¢ could not be improved. However, this inequality is far
away from being optimal, especially when || is small. One may compare it with the optimal
inequalities given below.

There are two classes of Alexandrov-Fenchel inequalities: One is without a weight V' and
another with a weight V. The weight V is an element in Né considered in Part 1. Here as before
we fix it

V =coshr,
in H" = Rt x S*~! with the hyperbolic metric b = dr? + sinh? rgga—1. Here r is the hyperbolic
distance to a fixed point zg.

The Alexandrov-Fenchel inequalities without weight are closely related to integral geometry
in H".

Theorem 6.1 ([52, 32, 33, 74]). Let 1 < k < n — 1. Any horospherical conver hypersurface %
i H™ satisfies

2 2
x k p ®
(6.5) / opdu > 05_10%1{ <H> + <H>
Z Wn—1 Wn—1

Equality holds if and only if X is a geodesic sphere.

(n—k-1) _k
n—1 }2

Inequality (6.5) was called as a hyperbolic Alexandrov-Fenchel inequality in [32]. (6.5) was
proved in [52] for k = 2 under a weaker condition that ¥ is star-shaped and 2-convex, in [32] for
k =4 and in [33] for general even k. For k = 1, (6.5) was proved in [33] with a help of a result
of Cheng and Xu [16]. For general odd integer k, inequality (6.5) was proved very recently in
[74]. Inequality (6.5) with odd k will be used in this paper.

The proof of inequality (6.5) with even k in [52, 32, 33] uses various inverse curvature flows
studied by Gerhardt [35]. One of the crucial step is to show the monotonicity of a geometric
integral under some inverse curvature flow. This geometric integral is in fact the integral of the
Gauss-Bonnet curvature Ly (g) of the induced metric g of the embedding ¥ C H"

(6.6) /Z Li(g9)du(g).

Hence, by using this method one in fact obtains an optimal Sobolev type inequality for (6.6),
which then implies the Alexandrov-Fenchel inequality (6.5). The proof of inequality (6.5) in
[74] works for all k. In the proof, a quermassintegral preserving curvature flow was used. The
quermassintegral will also be used in this paper. For its definition see at the end of this Section.
Theorem 6.1 was also proved by Guan-Li under a condition that the hypersurface is star-shaped,
together with a technical condition, by using a modified inverse curvature flow [38].

The Alexandrov-Fenchel type inequalities with weight for k¥ = 1 was first studied in [12],
where they were called Minkowski type inequalities. Motivated by the study of the quasi-local
mass and the Penrose inequality, Brendle-Hung-Wang [12] established the following Minkowski
type inequalities (i.e., k = 1)

N

1 e

(6.7 [ (vor = =100V o = (- w110

Later de Lima and Girao [26] proved the following related inequality

(6.8) /ZValdu > (n = 1wn— ((f_')“ * <w’nz_|1>nnl> ’

=
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if ¥ is star-shaped and mean convex (i.e. o1 > 0). The method to prove (6.7) is still the use of
an inverse curvature flow and also works for anti-de Sitter Schwarzschild manifolds. Moreover
this method motivates the work of [52] and [32, 33]. Inequality (6.8) was mentioned in Part I.

It is natural to ask if general weighted Alexandrov-Fenchel inequalities hold. In this part of
the paper, we give an affirmative answer, at least for horospherical convex hypersurfaces.

Theorem 6.2. Let X be a horospherical convexr hypersurface in the hyperbolic space H". We
have

3| e 5 _n—2k-2 \ k+1
(k+1)(n—1) (k+1)(n—-1)
(6.9) / Vpogr1dp > wp—1 (() + <) )
% Wn—1 Wn—1

Equality holds if and only if X is a centered geodesic sphere in H™.

By a centered geodesic sphere in H" we mean {r = ro}, a geodesic sphere centered at the
fixed point xg, for some constant g > 0. Here and in the following, for the simplicity of notation
we denote by

(6.10) pj= ——

the normalized j-th mean curvature.

For the proof of this Theorem, we first need several refined Minkowski integral formulas, which
will be given in Section 7. (In fact, unlike the usual Minowski identity (7.4) below, what we have
are inequalities. In order to distinguish with the Minkowski type inequalities obtained in [12]
and [26], we call them Minkowski integral formulas.) A crucial point is to show the following
inequality

(6.11) BS) = | Viodi— [ (Voor + %5 ) duz o
b p)
To show this inequality we use the following “conformal flow”
d
—3(t) ==V
dt ( ) V?

which was used first by Brendle [11] to prove his generalized Heintze-Karcher inequality. With
the Minkowski integral formulas given in Section 7 below, we prove that E is non-increasing
along this conformal flow. Using the monotonicity of the quermassintegral we prove that E(3(t))
tends to 0, when hypersurfaces ¥(¢) shrink to a point along the conformal flow. Therefore we
have E(X) > 0 for any horospherical convex hypersurface. Inequality (6.11) enables us to use
an iteration argument as follows. When k& = 0, (6.9) is just (6.8), which was proved in [26].
Assume that (6.9) holds for k — 1, we then use (6.11) and Theorem 6.1 to show that (6.9) holds
for k.

It is an interesting question if Theorem 6.2 holds under the weaker condition that the hy-
persurface is convex, or even that the hypersurface is just so-called k-convex. In our proof of
Theorem 6.2, the horospherical condition is used just in the proof of Theorem 8.2, which we
believe is unnecessary, and in the use of Theorem 6.1. For Theorem 6.1 there are evidence that
the convexity should be enough in [38].

We end this section by recalling the definition of the quermassintegrals [64, 66, 72]. For
a (geodesically) convex domain K C H" with boundary 0K = X, the quermassintegrals are
defined by

(6.12) Wi(K) := (n — k)wg—1---wo

Ly,

NWp—2 " Wn—k—1
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where L is the space of k-dimensional totally geodesic subspaces Lj in H” and dLj is the
natural (invariant) measure on L. The function y is given by x(K) = 1 if K # () and x(0) = 0.
For simplicity, we also use the convention

Wo(K) = Vol(K), Wy(K)=

Wn—1
s
Remark that by definition we know

1

From integral geometry we know that the quermassintegrals and the curvature integrals in H"
do not coincide. Nevertheless they are closely related (see e.g. [72], Proposition 7):

(6.13) /Epkd/l =n <Wk+1(K) + :

n—k—i—ka 1( ))7 ) , )

7. MINKOWSKI INTEGRAL FORMULAS

Let u = (VV,v) > 0 be the support function, where v is the outer normal vector. Here
and in the following, we denote the connections on H" and ¥ by V and V respectively. In
the following, for a hypersurface (¥"7!,g) embedded in the hyperbolic space H", we denote
the second fundamental form by h;; and the shape operator h! := hixg’*. The k-th Newton
transformation is defined in (2.18). Before stating the main results, let us collect some basic
facts with the weight.

Lemma 7.1. (1) The gradient vector field VV of the weight function V is a conformal
vector field, i.e.,
(7.1) VxVV =VX,
for any vector field X .
(2) We have the following Minkowski identity with weight V

(7.2) Vi(TIVV) = —(k+ Duogyr + (n— (k+1))ox V.
(8) There is a relation between the weight V and the support function u
(7.3) VZ=14u?+|VV]%

Proof. (7.1) is well-known. For (7.2), one can calculate it directly with the help of (7.1) or see
(8.4) in [1]. To prove (7.3), first note that the orthogonal composition

VV =VV +uv
implies
IVV? = [VV[? + .
Recalling V' = coshr and the simple fact |Vr| = 1, we have
V2 -1 =sinh?r = |VV|%
Thus we complete the proof. O

In view of (6.10), it follows from (7.2) that we have the following well-known Minkowski
integral formula between py and pg41,

(7.4) / upgy1dp = / Vprdp.
b Y

This is the classical Minkowski integral identity in H"™.
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In order to prove our optimal inequalities, we need to generalize the Minkowski type identity
between py and py1, which are now only inequalities. See (7.6), (7.8), Proposition 7.4 and (8.5)
below. To distinguish between such inequalities and the Minkowski type inequality (see (6.7)
and (6.8)), we call them Minkowski integral formulas, between integrals involving oy and o4 1.
Proposition 7.2. Let X be a convex hypersurface in the hyperbolic space H™ and for any integer
1<k<n-—1. We have
(7.5) / qukd/L = / V2pk71d,u + ~k / —(Tk,l)’]ViVVde,u.

5 b Cr_yJsk

Moreover, we have

(7.6) /qukd,uZ/V2pk_1d/¢.
% %

Equality holds if and only if X is a centered geodesic sphere in H".

Proof. In view of (7.2), we have

1
kCE_y
Multiplying the above equation by the function V' and integrating by parts, we obtain the desired

result (7.5). The convexity of 3 implies that (T_1)¥ is positively definite (for the proof see [36]
for instance), namely,

(7.7) VTP ViV) = —upy + pr_1 V.

(Th—1)?V,VV;V > 0.
Hence (7.6) holds. When equality in (7.6) holds, we have VV = 0 which implies that ¥ is a
centered geodesic sphere in H". O

Proposition 7.3. Let X be a convex hypersurface in the hyperbolic space H" and for any integer
1<k<n-—1. We have

1 g
(7.8) /E(U2pk —uVpg_1)dp = o /E(Tk—ﬂ”ViVVjUdﬂ > 0.
n—1

Equality holds if and only if ¥ is a centered geodesic sphere in H™.

Proof. Multiplying (7.7) by the support function v and integrating by parts, we have
1 g
(7.9) /(U2pk —uVpg_1)dp Z/ — i (Te—1)" ViV Vjudp.
by z kcnfl
Next we compute
Viu = Viu = (V;VV,v) 4+ (VV,Viv) = (VV, Vi) = V;Vh,

where h;; is the second fundamental form of 2 in H". Here we have used the fact (7.1) that the
vector filed VV is conformal, and V;v has only tangential part and thus the tangential part of
VV is VV. Going back into (7.9), we obtain

/(UQPde —uVpp_1)dp = k/ —(Tr—1) 7 WEVIV Vi Vdp.
) Cr_yJsk

We note that (T;_1)” and h!" are both positive-definite and the multiplication is commutative.
Thus, by a simple fact of linear algebra, we know that the product of matrices (T}_1)% hé is still

positive-definite, and hence

(7.10) /E (Th—1)R5VVVVdp > 0.
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/ u’prdp > / uVpp—1dp.
> >

When equality holds, we have VV = 0. Hence, ¥ is a centered geodesic sphere. ]

As a consequence, we have

For the later use, we need the following inequalities.

Proposition 7.4. Let 3. be a convex hypersurface in the hyperbolic space H" and for any integer
1<k<n-—2. We have

(7.11) /VkaHduZ/Vka1du+/pk+1du,
b 3 b))
and
u
(7.12) / uVpgyrdp > / uVpg-1dp + / T Pk1dp.
> > > Vv

Equality in the above inequalities holds if and only if ¥ is a centered geodesic sphere in H™.
Proof. Applying (7.3), we obtain
/ V2ppyrdp = / W pprdp + / Prr1dp + / IVV[*psrdpe.
% ) ) %
From Proposition 7.2 and Proposition 7.3,
/ U ppy1dp > / uVprdp > / V2pi_1dp.
b b b

Therefore, the desired inequality (7.11) follows. To prove (7.12), using (7.3) and Proposition
7.2, Proposition 7.3 again, we have

/quk+1du2/Vzpkz/pkdu+/u2pkdu+/ |VV|2pde2/pde+/UVpk:—ldM-
> > > > > > >

Multiplying (7.7) by the function % and integrating by parts, we have

u 1 1 .
dy = / d +/T Y, VV,Vd
Apk K Evkarl 1 (/C—i-l)cst% 2va( k) jvap

u
= Pky1dp.
/zv "

Here in the last inequality, we have used the fact that (T})¥ is positive-definite. Hence we prove
(7.12). The equality cases follow readily. O

(7.13)

v

8. A CRUCIAL MINKOWSKI INTEGRAL FORMULA

In this section, we consider the following functional

(8.1) E= / <Vpk+1  Vpeq — p’““)du.
. %

Before discussing further, let us recall some basic facts of the general evolution equations. Pre-
cisely, consider a one-parameter family X(¢,.) : ¥"~1 — H" t € [0,¢€) of closed, isometrically
embedded hypersurfaces evolving by

0x
5 =
where v is the outward unit normal to ¥; = X(¢,.) and F is a general speed function. For the
convenience of the reader, we collect some evolution formulas in the following lemma.

(8.2) Fu,
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Lemma 8.1. Along flow (8.2), we have
(1) du Fodp,

(2 S =uF )
(3) % aa’“ = ~T;L\ViV,;F = F(o10k — (k + 1)ogs1) + (n — k) Fop_1,

(4) 5 /Z Vprdp = /2 ((k+ Dupg + (n— k —1)Vpgy1) Fdpu,

(5) Forl >0, we have

0 [ pk Pk W+ [ (VV)(VV) g
i s WdM = —l(k:—i—l)/E Vl+IUFd'u - - /2 Vi T, Fdu
Pr—1 Pr+1
k(l+1 ——Fdu —k-1 Fdu.
+k(11) [ BtPaur [ (0— k-2
In particular, under flow F = —V we have the following simple form
9 Prg / (I —Ek)upy — (n—k —1)Vpri1 .
ot 5 Vi

Proof. (1) and (2) are included in [44], and (3) follows from [62]. Here we provide a proof for
(4). In view of (7.2), we have along flow (8.2) that

0 ov oy,
at/Vade = at deu+/vad +/V0'k FUl)d

= / {uFak—i—V( ,? \ViV;F=F(o10,—(k+1)op41)+(n—k)Fop +F010k)}d,u
b

- / (uFJk — V(T \ViVjF — F(n — k)og_1) + (k + 1)Vak+1F) du
¥

- / (uFak - (vj(T,iJ;lviV) —(n—k)op_1 — (k+ 1)V0k+1) F) du
b

= / (k 4+ 1)(uog + Vogy1)Fdp,
>

here we used the fact Ty is divergence-free and in the fifth equality we used (7.2). Thus

0
(8.3) En / Vprdp = /2 <(k + Dupg + (n — k — 1)Vpk+1)Fd,u.
The proof of (5) follows from a similar computation. O

In order to show that E is non-negative, we use the following flow

0X

(8.4) o

= -V,
which was first used in [11].

Theorem 8.2. Let k < n — 1. Any horospherical convex hypersurface in the hyperbolic space
H™ satisfies

(8.5) /Vpkﬂ z/ Vi 1+p’§jl)dﬂ.
b b
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By Lemma 8.1, one immediately obtains the evolution equation of E along flow (8.4),

dE
s / {((k‘ + 2)uppi1 + (n — k = 2)Vppio) (=V) — (kupp—1 + (n — k)Vpk)(—V)}dp
b
+/ (k?upkH +(n—k— 2)pk+2> dp
> 14
= k=2 [ (Vha = V- psa)du =2 [ (Vi - Vo) d
b b
_ _ _ UPk+1
(8.6) k/z (UVpkH uVpr_1 v ) dp.
It follows, together with (7.6) and Proposition 7.4 that the monotonicity of the functional E
dE
— <0
dat —
along the flow %—f = —Vwv. That is, we have showed that

Proposition 8.3. The functional E defined in (8.1) is non-increasing under flow (8.4).
For the proof Theorem 8.2, we need the following two more lemmas.
Lemma 8.4. Flow (8.4) preserves the horospherical convezity.
Proof. A direct computation gives (or see [44] for instance)
b = V'V + V((h?) — 65).
Set

Bk i= b — 5,

Noting that the fact
V'V, V = V6 — uht,
which follows from (7.1), one has
Ophs = (V —u)8s + V((h?)s + 2(h)%) — uh’.
Let a be a unit vector such that
hia’ = 0.
Then we have
((v — w8+ V(%) + 2(R)%) — uﬁ;) aia? =V —u > 0.
The Lemma follows easily.
Lemma 8.5. The quermassintegrals are monotone under the set inclusion, i.e.
(8.7) Wk(Kl) < Wk(Kg), if K1 C Ko.

As a consequence,

(88) / ordp < / ord, if K1 C Ks.
0K, 0K>

Proof. (8.7) follows easily from the definition of the quermassintegral, see (6.12). (8.8) follows

from (8.7) and (6.13)

O
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Proof Theorem 8.2. For any horospherical convex hypersurface ¥ we consider the flow with
F = —V. Let T* € (0,00) be the maximal existence of the flow. It is clear that T™ is finite.
Let 3; be the evolved hypersurface for ¢ € [0,7%) and define r(¢) and R(t) the inner radius and
outer radius of ¥; respectively. It is clear that r(t) — 0 when t — T%. By Lemma 8.4, we know
that every 3 is horospherical convex. As a feature of horospherical convex hypersurface, R(t)
is controlled by r(¢) from above, and hence we have that R(¢) also converges to 0, as t — T™.
See [6]. From the monotonicity (8.8), we have

/ de/lé/ okdp,
P 6BR(t)

where Bp(;) and dBpg(;) are the geodesic ball, the geodesic sphere of radius R(t) respectively, for
Y C Bpy)- It is easy to check that

/ ordp < / opdp — 0, as R(t) — 0.
5 dBr

It follows readily that
/ Vlakd,u — 0,
p
which implies that E(3;) — 0. By Proposition 8.3 we have E(X) > 0. O
We remark that here we have used the horospherical convexity. We believe that in the

argument the convexity should be enough, if we use a more precise information about the
conformal flow (8.4).

9. WEIGHTED ALEXANDROV-FENCHEL INEQUALITIES

Now we begin to prove Theorem 6.2.

Proof of Theorem 6.2. Due to Theorem 8.2, we are able to use the induction argument to prove
this theorem. When k£ = 0, (6.9) is just (6.8), which was proved in [26]. Assume (6.9) holds for

k — 1, namely the following holds,
DRIV RT = Al
n— n—1
(9.1) / Vpor_1du > wn_l{ <> + () } '
X Wn—1 Wn—1

We need to show that (6.9) holds for k. For the simplicity of notation we denote

R

Wn—1

I=0 =

First recall (6.5) that

2k+1

2 2(n—2k—2)
/mmw>wq@thmewwﬁ
>
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It follows, together with the Holder inequality, that

2
(/ Vp2k+1d/~0> </ p2‘k/+1dﬂ> > (/ P2k+1du>
2 5 2

2 2 n—2k—z) | 261
Wn_1 <||E||2k+l + ||E|| (2k+1)(n_1>>

v

5 9 2 \2k+1
= Wl (1+I3177)
Set
5 9 2 \2k+1
o= w2 )P (1)

From above we have

P2k+1 o
9.2 /Vp +1d —/d </Vp dp — ————— .
(92) ) 2L s V a ) 211 fg Vpory1dp

From our crucial Minkowski integral formula (8.5) and the induction assumption (9.1), we have

/Vp2k+1du— p2‘k/+1d/~6 > /szkldﬂ
s ) )

(9.3)

\Y

_n_ __2 \k
|7 (14377
We introduce an auxiliary function f(t) ;= — ¢. Then (9.2) and (9.3) imply

_n_ __2 \k
(9.4) f (/ Vp2k+1du> > wp—1]| X7 (l—i— 12| ’H)
b

On the other hand, one can easily check that

n—=2k—2

n k+1
f <wn1 (HZHW + ||§]”m) >
_n_ _ 2 \k+t1 n—2 2 \k
= wna ST (T4 IS77T) T — w2 (1 1))
_n_ __2 \k
= @t 37T (14 577

f </2 Vp2k+1dﬂ> .

The last inequality follows from (9.4). Since f is increasing on the interval [0, +00), we have
k+1

IN

n n—=2k—2
/ Vpaksrd 2 wr (|[SITFED 4 ||5) 00T )
b))

the desired result (6.9). Hence we complete the proof. O

We end this section with a conjecture of “weighted” Alexandrov-Fenchel inequality for even
k.

Conjecture 9.1. Let k < n — 1 be even. Any horospherical convexr hypersurface ¥ in the
hyperbolic space H'™ satisfies

k41
2(n—k—1) 2

2n
ARG S\ GEe=)
(9.5) u/"/deﬂ/Eicjs_luhll <|) <+ < | | )
b

Wn—1 Wn—1
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Equality holds if and only if ¥ is a centered geodesic sphere in H™.

We have proved inequality (9.5) for odd k. For even k our argument presented in this paper
still works if the induction argument could start, i.e., if the following inequality

S|\ T 51\ 2
(9.6) /Vduan_l ( k2 ) +( b2 > ,
= Wn—1 Wn—1

holds. We believe that (9.6) is true. However, we could not prove it yet. Instead, we have a
weaker version of (9.5) for even k, which is also optimal.

Theorem 9.2. Any horospherical convex hypersurface ¥ in the hyperbolic space H" satisfies

2k+1
2(n—2k—1) 2kt1L

Js “d/‘>2k2+1 + <f2 “d“>((2k“)"

Wn—1

(9.7) /Vngd,u > C2F w1 <
b

Wn—1

Here uw = (VV,v) > 0 is the support function, where v is the outer normal vector. Equality holds
if and only if ¥ is a centered geodesic sphere in H™.

Proof. As in the proof of Theorem 6.2, we adopt the induction argument. First when k& = 0, it
follows from (7.3) and Holder’s inequality that

</2Vdu>2 (/EVd/L)Z(/E édu+/§2‘fdﬂ>
(Lran) +([oa) -
(9.8) <yz|)nﬁ1 N /2udu

Wn—1 Wnp—1

v

v

Using the fact

)

which has been proved in [26] (see Proposition 3.3), we obtain the desired result for k£ = 0 that

2 f udp\ 2 f ud 2<n"71>
(fvme) = ((25F) + (27)
by Wn—1 Wn—1

Now we can start the induction argument. Noting that by (6.5) and (9.8), we have

2(n—1) 2(n—k—1) k
ud kn ud T kn ) 2
oo = et (525 (20
» Wn—1 Wn—1
n—1 2

_2_ k
_ Ck’ Wh1 fZUdM " 1+ fEUd'u' " 2'
e Wn—1 Wn—1

The rest of the proof is essentially the same as in the one of Theorem 6.2 and we skip it. O

The main results of this paper have been announced in [34].
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