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Abstract

Let £2 be a smooth bounded simply connected domain in R2. We investigate the existence of critical points of the energy
Ec(u)=1/2 f_Q |Vu|2 + 1/(482) fQ(l — |u|2)2, where the complex map u has modulus one and prescribed degree d on the
boundary. Under suitable nondegeneracy assumptions on £2, we prove existence of critical points for small €. More can be said
when the prescribed degree equals one. First, we obtain existence of critical points in domains close to a disk. Next, we prove that
critical points exist in “most” of the domains.
© 2013 Elsevier Masson SAS. All rights reserved.

Résumé

Soit £2 un domaine borné lisse simplement connexe de R2. On édutdie I’existence de points critiques de 1’énergie
Ec(u)y=1/2 f_Q |Vu|2 + 1/(482) fQ(l — |u|2)2, ou u est une fonction a valeurs complexes, dont la trace au bord est de module un
et de degré prescrit d. Sous des hypotheses appropriées de non dégénérescence sur £2, on démontre I’existence de points critiques
pour ¢ petit. Dans le cas ou le degré prescrit est égal a un, on peut préciser ce résultat. Premieérement, on obtient 1’existence de
points critiques dans tout domaine proche d’un disque. De plus, on démontre qu’il existe des points critiques dans la « plupart » des
domaines.
© 2013 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Let £2 C R? be a smooth bounded simply connected domain. Let a map u belong to the space
E:={ueH (£2,0);|trul =1},

where tru denotes the trace of u on the boundary 9£2. Then the trace tru of u on 02 belongs to the space
H'2(3£2;S"), and therefore we can define its winding number or degree, which we denote by deg(u, 32)
(see [1, Appendix]; see also [2, Section 2] for more details). This allows us to define the class
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Ea={ue H'(2;0); |trul = 1,deg(u, 32) = d}.

In this paper we study the existence of critical points of the Ginzburg—Landau energy functional

1 1 2
Eo(u) = 5/|w|2+ o7 | (1= 1P)
2 2

in the space &y, i.e., of critical points with prescribed degree d. More specifically, we are interested in nontrivial
critical points, that is critical points which are not constants of modulus one.

The prescribed degree boundary condition is an intermediate model between the Dirichlet and the Neumann
boundary conditions. The asymptotic of minimizers of the Ginzburg-Landau energy E. with Dirichlet boundary
condition was first studied by Bethuel, Brezis and Hélein in their classical work [3]. In particular, it was shown in
[3] that minimizers u, have zeros “well-inside” 2, and that these zeros approach the singularities (vortices) of the
limit u, of the u,’s as ¢ — 0. In contrast, the only minimizers of E, with no boundary condition are constants. The
same holds even for stable critical points of E, with Neumann boundary conditions [4]. The analysis of the prescribed
degrees boundary condition (in domains which may be multiply connected) leads to a richer global picture [5-10,2].
More specifically, in multiply connected domains minimizers of E, may exist [6,7] or not [8]. However, in such
domains critical points of E, always exist [9,10]. In simply connected domains, minimizers never exist [7]. More
involved is the study of the existence of critical points in simply connected domains; this is our purpose. Typical meth-
ods in absence of absolute minimizers consist in constructing local minimizers, or in constructing critical points by
minimax methods. Construction of local minimizers proved to be successful in multiply connected domains [9], but the
arguments there do not adapt to our case. Minimax techniques led in [2] to the proof of the existence of critical points
in simply connected domains for large ¢, but again these techniques do not seem to work for small ¢.

The present paper is devoted to the existence of critical points for small ¢ and thus complements [2]. Our approach
relies on singular perturbations techniques, in the spirit of Pacard and Riviere [11]. We explain this approach in the
special case where the prescribed degree is d = 1. We first recall the main result in [3]. Consider the minimization of
E. with Dirichlet boundary condition:

min{Es(u); tru =g on 8!2}.

Here, g : 02 — S! is smooth, and we assume that deg(g, 3§2) = 1. Then there exists some a € §2 such that, possibly
up to a subsequence, minimizers u, satisfy u, — u,, with

Us(2) = Ui q,4(2) = é : Z| et with H = H, ¢ harmonic. (1.1)

In (1.1), the function H is uniquely determined (mod 277) by the condition
U,=g onoaf2. (1.2)

The point a is not arbitrary: it has to be a critical point (actually, a point of minimum) of the “renormalized energy”
W (-, g) associated with g.

In order to explain our main results in the case of prescribed degree boundary condition, we perform a handwaving
analysis of our problem when d = 1. Assume that u, is a critical point of E, in &£;. Then u, has to vanish at some
point a,, and up to a subsequence we have either

(1) ag—>aef2,
or
(i) a, —>a€ds2.

Assume that (i) holds. Assume further, for the purpose of our discussion, that a, is the only zero of u.. Then the
analysis in [3] suggests that the limit u, of the u,’s should be again of the form u,(z) = I z_gl eV, Formally, the fact
that u, is a critical pomt of E leads, as in [3], to the conclusion that the limiting point a is a critical point of a suitable
renormalized energy W( ). Some basic properties of the energy W are studied in [12]; we will come back to this in

Section 2. Of interest to us is the fact that W is smooth and does have critical points.
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Let a be a critical point of W, and let u, be as in (1.1)—(1.2). We plan to construct critical points u, of E; in &;
such that u, — u, as ¢ — 0. Our approach is inspired by the one of Pacard and Riviere [11]. In [11], critical points
of E, with Dirichlet boundary condition g are constructed under a nondegeneracy assumption for the corresponding
renormalized energy W (-, g). We encounter a similar situation in our problem: we are able to construct critical points
of E, under some nondegeneracy assumptions that we explain below.

To start with, we will see in Section 2 that we may associate with each point a € §2 a natural boundary datum g¢,
solution of the minimization problem

min{W(a, g); g: 982 — S', deg(g, 002) = 1}.

It turns out that, if a is a critical Eoint of W, then a is also a critical point of W(-, g%) (Section 2). Since W has
a global maximum (Section 11), W has critical points, and thus there exists some a € £2 critical point of W (-, g%).
Our first nondegeneracy assumption is

(ND1) there exists some a € §2 nondegenerate critical point of W(~, g“).

Assuming that (ND1) holds, set go := g“. Then we may prove that, for each g “close” to g¢ in a suitable sense, W (-, g)
has a critical point a(g) close to a (Section 5). Thus, to such g € CLB382:ShH we may associate the function

0l

v’

where uy = 4 q(g),¢ i given by (1.1)—=(1.2). One may prove that the map g — Ty (g) is C! near g, and that its
differential L at g¢ is a Fredholm operator of index one (Section 10). Our second nondegeneracy assumption is

Tu(g) € CP(32;R),  Tu(g) i=us A

(ND2) L is onto.

We may now state our first result.

1.1. Theorem. Assume that (ND1) and (ND2) hold. Then, for small ¢, E. has critical points u, with prescribed degree
one.

A similar result holds for an arbitrary prescribed degree d.
The conditions (ND1) and (ND2) seem to be “generic”.! However, it is not clear whether the assumptions (ND1)
and (ND2) are ever satisfied. Therefore, our next task is to exhibit nondegeneracy situations.

Loose Theorem. Assume that d = 1 and that $2 is “close” to a disk. Then (ND1) and (ND2) hold. In particular, for
small e, E¢ has critical points of prescribed degree 1.

The above theorem applies to the unit disk ). However, no sophisticated argument is needed for a disk. Indeed,
when £2 =D it is possible to construct explicit hedgehog type critical points of E, by minimizing E, in the class of
the maps of the form f(|z|)ﬁ.

Concerning the existence of critical points of E, in arbitrary domains, we do not know whether (ND1) and (ND2)
do always hold. However, we have the following result:

Loose Theorem. Assume that d = 1. Then every $2 can be approximated with domains satisfying (ND1)—(ND?2).

Our paper contains the proof of the three above theorems, as well as generalizations to higher degrees d and a
discussion about the “generic” nature of our results. The plan of the paper is the following. In Section 2, we recall the
definition and the main properties of the renormalized energies corresponding to either Dirichlet or prescribed degree
boundary condition, and establish few new properties. In Sections 3 and 4, we derive new useful formulas for the
renormalized energies. In Section 5, we prove that nondegeneracy of critical points of W (-, g) is stable with respect
to small perturbations of g. Section 6 is devoted to the proof of a variant of the Pacard—Riviere [11] construction of

' Critical points of smooth functionals are “generically” nondegenerate, and Fredholm operators of index one are “generically” onto.
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critical points with Dirichlet condition; this is a key step in our proof. We prove Theorem 1.1 (for arbitrary degrees d)
in Section 8. The proof relies on a Leray—Schauder degree argument, and the corresponding key estimate is obtained
in Section 7. In Section 9, we prove that the couple of conditions (ND1)—(ND2) is stable with respect to small pertur-
bations of the domain. This and the fact that £2 = D satisfies (ND1)—-(ND2) (Section 10) implies (a rigorous form of)
the first Loose Theorem. We finally discuss in Section 11 the “generic” nature of our results, and establish (a rigorous
form of) the second Loose Theorem.

Notation.

—

Points in R? are denoted z in the Sections 3 and 4 relying on complex analysis techniques, and x or y elsewhere.

2. D(z,r), I[_)D(z, r) and C(z,r) denote respectively the open disk, the closed disk and the circle of center z and
radius . We let D = ID(0, 1) denote the unit disk and set D, = D(0, r). S! is the unit circle.

3. A stands for the vector product of complex numbers or vectors. Examples: (#1 +1u2) A (v1 +1v2) = ujv2 —usvy,
(u1 +1u2) A (Vv +1Vvp) =u1Voy —uaVur, (Vur +1Vur) A (Vuy +1Vvy) = Vuy - Vuy — Vuy - V.

4. If A is a set and k an integer, then we let

AA=la=(@.....a) e A a; #£a,Vj#1}.

d

When k = 1, we identify a collection a = (a;) with (the point or number) a.
6. Additional indices emphasize the dependence of objects on variables. E.g.: ¥, = v, , recalls that ¢ depends not
only on a, but also on g.

2. Renormalized energies and canonical maps

In the first part of this section, we follow [3] and [12].

We fix k € N and a collection d = (dy, ..., dy) € ZK, and we let d :== d; + - - - + dj. The bounded domain 2 C R?
is assumed to be simply connected and C1-#.

We consider a collection of mutually distinct points in £2, a = (ay, ..., ax) € .Q,’f (the prescribed singularities), and
also a boundary datum g € H'/2(3£2; S"), of degree d. We denote by By the space of all such boundary data. Thus

By:={ge H'*(352;S"); deg(g, 32) =d}.
For small p > 0, we define the open set 2, = £2 \ U’;Zl ]I_))(aj, p), and the classes of functions

Fpg={ve H' (2,:8");trv=g,deg(v, Cla;, p)) =d;}. 2.1)
Fp=1{ve H'(2,:S"); deg(v, 92) = d, deg(v, C(aj, p)) = d;}. (2.2)

The functions in these classes have prescribed winding number d; around each a, and prescribed boundary condition
g (respectively prescribed degree d) on d52. Of course, although we do not make this dependence explicit, the above
classes depend not only on p and g, but also on a.

In [3] and [12], minimization of the Dirichlet energy 1/2 f |Vv|2 over these spaces is studied, and the following
asymptotic expansions are obtained as p — 0:

k
. [1 1
mf{E f Vo> ve fp,g} = n(Zsz.) log p +W(a,g)+ 0(p), (2.3)
2, j=1
1 k 1
inf{E [ IVo%ve fp} = n(Z}dﬁ) log ot W(a) + O(p). (2.4)
2, j=

In the above expressions, W(a, g) and W(a) are the so-called renormalized energies. These quantities depend not
only on a and g, but also on d and £2.

E)/(\plicit formulas for the above renormalized energies can be found in [3] and [12], and involve the functions @, ,
and @, defined as follows. @, , is the unique solution of
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ABy =21 Y5 d;s; ing2,

0,
R =g/\g—f on 452,
farz Pag=0

while @, is the unique solution of

A® =21 Y5 djsa; ing2,
®, =0 on 982.

389

2.5)

(2.6)

For further use, let us note that, if « € S', then Dy.¢ = Py ag- Therefore, we may naturally define @, , when g is an

equivalence class in H'/2(32;S")/S'. R R
We also define the regular parts R, ; and R, of @, ¢ and @, as follows:

k
Rag(x) =4 4(x) =Y djloglx —aj|, Vxeg,
j=1

respectively

k
Ra(x) = ®y(x) — > djloglx —aj|, Vxeg.
j=1
The expressions of W and W are
1 dg k
W(a,g)=—-n Y djdilogla; —ai| + > / cpa,g<g A a_> — 7Y djRagaj),

- T ;
J# R Jj=1

respectively
k
W(a)=-n» didjlogla; —ai| — 7 Y _d;jRa(a;).
J#l Jj=1
The next result was proved in [12].
2.1. Proposition. We have
W (a) =inf {W(a, 2); g € Ba},

and the infimum is attained in (2.11).

Recall that By := {g € H'/?(82; S"); deg(g, 382) =d}.

2.7)

(2.8)

2.9)

(2.10)

@2.11)

We present here an alternative proof of Proposition 2.1, in the course of which we exhibit a formula of the form

W(a,g) = W(a) + non-negative terms,

which will be useful in the sequel.

Proof of Proposition 2.1. We identify a map ¢ € H'/2(3£2;R) with its harmonic extension to £2, still
denoted . Given ¥ € H 12382 R), we define its (normalized) harmonic conjugate ¥* € H 172382 R) as follows.

The harmonic extension of ¥* (still denoted v/ *) is the unique solution of

{ Y + 19* is holomorphic in £2,

Jag ¥ =0.
Note that the Cauchy—Riemann equations imply
Iy Ay oy* oy
=—— and = —,
av ot at v

2.12)

(2.13)



390 X. Lamy, P. Mironescu / J. Math. Pures Appl. 102 (2014) 385418

at least when v is smooth. When 1 is merely H /2, the distributions %‘”, 35!1/) € H™1/2 are respectively defined as the
trace on 052 of the normal derivatives of ¢ and xp*, and the equalities in (2.13) are to be understood as equalities of
distributions in H~1/2

We consider the space

H'202;R)/ R~ H'?(32;R) := {w € H'2(02; R); / V= 0}, (2.14)
082
which is endowed with the natural norm

Ay d
IWIHl/z—/Wlﬂlz f|w ? —/ w /%w* (2.15)

82

If ¥ not smooth, then the two last integrals are to be understood as H~'/2~H/? duality brackets.
Given a € 2%, we define the canonical boundary datum associated with a as the unique element
g=g%c H'/2(3£2;S")/S! such that deg(g, 8§2) =d and
a /\ E ] &.
at av
Our first observation is that g¢ is well-defined and smooth. (It would be more accurate to assert that every map in

the equivalence class defining g¢ is smooth.) Indeed, existence of a smooth g : 32 — S! satisfying g A g—f = h (with
given h) is equivalent to # smooth and

(2.16)

f h=2nd. 2.17)

82

In addition, g (if it exists) is unique modulo S!. In our case, we have h = (;p which is smooth (since <1§ is smooth
near 952). In addition, using Eq. (2.6), we see that (2.17) holds. If we compare the definition of g to the one of @, ,,
we see that the canonical datum g is the unique g (modulo multiplication by a constant in S') such that

By =Dy (2.18)

Given g € H'?(9£2;S") with deg(g,d52) = d, we have deg(g/g® 32) = 0. Therefore, we may find
Y =Y4g € Hl/z(B.Q; R), unique modulo a constant, such that [13]

g =gV =gteVas, (2.19)
Thus we have
Al@yq—Py]=0  ing2,
D[ Pug— Pal=3L ondge, (2.20)

fag(qja-,g - q)a) =0.

Combining the above with the definition of the harmonic conjugate, we find that
¢a,g = é;a - I/f* = 5(1 - w:,g
Plugging (2.21) into the expression of W (a, g) given by formula (2.9), we find

1 ~ ag? 9
W(a,g)=—7t2djdllog|aj—a,|+5/(q§a_1p*)(g“/\i+_w>

J#l 90

2.21)

k
— 7y dj(Ralaj) —¥*(a)))

W 1 [ a 8ga 1 *81// a kg
_W(a)—E/w <g A 8r>_§/w E—i_ﬂzdﬂ/f (aj). (2.22)
902 992 j=1
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In the last equality we used the fact that @, =0 on 3£2. Furthermore, using the definition of g¢ and the fact that ¢*

is harmonic, we obtain
ag* / D,
* a A — *
/ v <g 81’) LRy

982

/—q) +/w Acba_ZnZd v*(a;)). (2.23)
j=1
Using (2.15), (2.22) and (2.23), we finally obtain

~ 1
Wia, )= W@+ JVagly (2.24)

In particular, we recover the conclusion of Proposition 2.1 in the following stronger form: the minimum of W(a, -) is
attained (exactly) when g = g (modulo S'). O

2.2. Remark. The canonical boundary datum g¢ will play a crucial role in our subsequent analysis. We emphasize
here the fact that g¢ is the (unique modulo S') solution of
gt 09,
A 0T hhe. (2.25)
ot av

The limit (as p — 0) of the variational problem (2.3) is also connected to the so-called canonical harmonic map
Uy q,¢ associated to prescribed singularities a € ij and to the Dirichlet condition g € H 1/ 2(8.{2; Sl). In fact, in [3,
Chapter I] it is proved that the unique solution u, ¢ of the minimization problem inf{ f |Vul®:u e Fp.¢} tends to
Usa,gsin CF (2 )\ {a;}) as p — 0.2

The canonical harmonic map is defined by the formula

U=ty qg=eM H];:I ( |:Z§I )9 in @2,
AH=0 in 2, (2.26)
u=g on d4s2.

The fact that deg(g, 32) =d =) d; guarantees that H = H, is well defined. Indeed, there exists v € H'2(382;R)

such that
Z—daj ! 1
=e ,
gH( lz—aj I)

and then we can simply let H be the harmonic extension of 1. On the other hand, we note that H is uniquely defined
up to a multiple of 2.
Equivalently, u in (2.26) is characterized by [3, Chapter I]

lul =1,
un ou :_Bq)tlﬂ7
xy dxp (2 27)
un = Pas .
dxo — dxy
u=g onas2.

In particular, we have

My a,g . 0Dy ¢
v ot

Usa,g N on 052 (2.28)

and

2 Actually, in [3, Chapter I] the map g is supposed smooth, but the argument adapts to a general g € H 12352;sh).
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]
/u*,a,g/\ Heag =0. (2.29)

2.3. Remark. For the minimization problem (2.4), the situation is similar. As established in [12], the solution v, to
inf{f |Vv|2; v e fp} converges (in an appropriate sense) as p — 0, t0 Vy ¢ 1= Uy 4,44 Since g7 is defined modulo St,
V4.4 is also defined modulo S'. Therefore, in this context the convergence actually means that subsequences of (v 0)
converge to representatives (modulo Sh of Vseoa-

We end this section with the definition of the following quantity, which will play a very important role in what
follows. For a € Q,’f and g € H'282: Sl), we set
Jsag 0P

—— 28 c HTV2(902; R). (2.30)
Jv at

N(a,g) :=tsqg N

3. Transport of formulas onto the unit disk

Let f:D — £ be a conformal representation. The assumption 2 € C'# ensures that f and its inverse
¢:=f"1:2 — Dare C"# up to the boundary.

The goal of this section is to understand how the objects defined in Section 2 are transported by ¢ and f.

We will stress the dependence on the domain by using superscripts (e.g. W = W*). For a € Di, the notation
a = f(a) stands for a := (f (1), ..., f (o)) € 2K,

First of all, for a € .ka‘, we have

2 D
Pae = Ppa).gor 0P +C, (3.1)

where C =C(a, g, f) = — fSl QD(IE)@ gof|f/|. Indeed, (3.1) is justified as follows: By a direct calculation, both sides
of (3.1) satisfy the same Poisson equation, with the same Neumann boundary condition. The constant C comes from
the normalization condition | 90 Pa,g =0. The same argument applies to show that

o~ -~

DL =0, 00. (3.2)

Here there is no renormalization constant since @ satisfies a Dirichlet boundary condition.
Normal and tangential derivatives transform in the following way. If v : D — C, then

i[va](Z): |¢/(Z)|a—v(<p(2)) z€082 (3.3)
ot T ’ ’ ’
2 opl) = !cp’<z>|8—”(<p<z>) 2€082 (3.4)
v v ’ ' ’
Using (3.2), (3.3), (3.4) together with formula (2.16) characterizing g%, we find, for a € Qf:,
g0 f=g"". (3.5)
On the other hand, we claim that
D
”*Q»a,g = Uy p@),gof ° P (3.6)

Indeed, this follows from the observation that the two sides of (3.6) agree on 92, combined with (2.26) and with the
fact, when H is harmonic in D, we may write

—o(a —a
Me”%‘p@ = Z—e’K(Z), with K harmonic in £2.

lp(2) — ¢(a)l |z —al
As a consequence of (3.6) and (3.4), we obtain, recalling the definition (2.30) of N,
N?(a.g)=|¢'|N"(¢(@). g0 f)op. (3.7)

The formulas of the renormalized energies W and W transport in a more complicated way.
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3.1. Lemma. Let « € DX, a := f(a) and g : 92 — S'. Then

W, 8) =W (a,go f)+m Y djlog|f (@), (3.8)
J
W2 (a)=WP(@) +m )y d}log|f'(e))]. (3.9)
J
Proof. Using definition of R, ¢ (2.7), together with (3.1), we compute, for z € D,
k
RE(f(2) =Py oor@) =Y dilog|f(z) = flep|+C
=1
- f@ = fla)
=RD ;) =Y d log‘z_—al +C. (3.10)
=1
The above is well-defined when z # «, and extends by continuity at z = ¢;. In particular,
flej) — fle)
RE (f(@)) =Ry yoplj) = > di 1og‘;_7_al —djlog| f'(ej)| + C. (3.11)
J

1#]

Finally, we plug (3.1) and (3.11) into formula (2.9) expressing W in terms of @, ¢ and R, ;. We obtain, using also
the fact that deg(g, 92) =d =) _d;,

1 ag
WQ(a,g) =—-7 Zd‘/dlloglaj —a| + 3 / @Bgof o<p(g/\ E)
J#l Yo,

k k
1 g D 2
+ 5c/gA o —n Y diC—7m Y diRY . (a))+m Y dilog|f(a))]
50 j j=1 j=1

1 [ 5 d
:—nZdjdlloglaj—all—FE Pugor8 SN 5-(g0f)

J# 9D

k k
—7 ) diRggop@p+7 ) djlog| f'(@))|
j=1 Jj=1

=Wl go f)+m Y dilog|f'(a))|.
j

Formula (3.9) can be proved following the same lines (the calculations are even simpler than for (3.8)). Alternatively,
we can obtain (3.9) via the relation W(a) = W(a, g%). O

4. Explicit formulas in the unit disk

In this section we derive explicit formulas for VT/D, wD jmd ND.
We start by recalling the explicit formulas for ¢P and WP [12]: for « € DX, we have

k
q?g'?(z)=2dj(1og|z—aj|—1og|1—&,-z|), vz eD, (4.1)
j=1
"T/D(Ol) = -7 Zdjdl loglaj —oy| +m Zdjdl log |1 — orjoy|
J#l J#

+m Y djlog(l —|ejl?). (4.2)
j
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The formulas for W and N are more involved.

4.1. Lemma. Ler o € ID'; be fixed, and g° := g"‘0 : S — S! be an associated canonical boundary map. (Recall that

g is defined up to a multiplicative constant.) Then it holds:

(i) Fora € DX and for ¢ € H'/>(S'; R),

~ 1
WP2(a, g%'V) = WP () + > f}v(l/f;go +v%) ?

and, for z € D,

k _ 0 =0
N aj(l—a;z) o;(l—0a;z)
Vl/fa’go(Z)ZZE d./( U )e(C:]RZ.
j=1

11— &z 11— a9

(i) For a € DX and for ¢ € H'/*(S'; R),
D 0 W (x] NZ
N (0[ ge + Zd 0|2 Z I p |2

Proof of (i). Since we will always work in the unit disk, we drop the superscript D.
We know from (2.24) that for g € H/*(S!; S),

~ 1
(e, &)= W@ + 5 Wl
where v, ¢ is defined (modulo a constant) in (2.19) by
g=geVus,

n//u

Taking g = g%V, and using g% = g%¢'"=<*, we find

g= goze Vg 0 eV = g% (Y, 0+‘/f)’

so that it holds

1pot,g = %,go + W
This leads to

-~ 1 ~ 1
W (e, g%V) = W) + S W, 0 + V100 = W(@) + 5 / V(W o+

i.e., (4.3) holds. In order to complete the proof of (i), it remains to compute le; Q0
Recall that W; &0 is characterized by

. .
Alﬁa,go =0 inD,
d % _ d 1
%wa,go = _B_rwﬂt,go onS ,
*  _
fSl I/fc(,go =0.
Since ¢'V«s® = g0/g% we have

0
—awa’g() :go A 8i _ga A E.
ot ot ot

By definition of g% and g° = g“o, and using (4.1), we obtain

(4.3)

4.4)

4.5)

(4.6)

4.7)

(4.8)

4.9)

(4.10)

4.11)

4.12)
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ag“ 36 0 ~
&N e T Vazz_ djg; lloglz —ajl —log |1 —ajzl],

0g° _ 08,0 0
A2 g —E log|z—0l0|—10g|1_a;)z|]'

We also note the identity

d
1= 8—[log|1 —az|+loglz —«a|], VYo eD.
v
Combining (4.12)—(4.14), we obtain

Wi Wy D = _
=T, :a—v|:2;dj(log|1—ajz|—10g|1—oz‘,~z|)}.

Therefore, there exists a constant c(«) € R such that

Iﬁ;“go(z) :ZZdj(log|1 —&9z| —log|l —@;z|) +c(e), VxeD.
J

395

4.13)

(4.14)

(4.15)

(4.16)

Indeed, the right-hand side of (4.16) satisfies (4.11), and so does w; e The constant c(«) is determined by the

normalization condition f I/f;‘ 0= 0. From (4.16) we immediately obtain (4.4). O

Proof of (ii). In view of formula (2.26), we have

OH 9 DH* 9
N(“’goe’w)=ngg[Zdj@(Z—“j)]= 7~ 2 dig lloglz —ajl].
j

J

where H* is the harmonic conjugate of H, characterized (up to a constant) by

.
OH™ _ _9H  op sl

{AH*:O in D,
av at

On the boundary S!, we have

77— 77— J
elell J || J Oelw,
J <|Z_O‘J ) 8= j < §

|z _05]
so that

aH Yy, g 9
R __E di—I0(z —a;
at at T8 /\81 7 jar[(z a])]

IY* D0 3
av + ov - jav[Oglz 06]|]
31#

d
= +Zd}8 log|z—a0|—log|1—a 'z|] - Zdja[loglz—aﬂ].

J

Here we have used the definition of g% = g"‘o and the explicit formula (4.1) for 50,. Using (4.14), we obtain

oH

0 _ _
- =——v[w*+2dj(2log]1 —a?z| —log|1 —OljZI)i|.
j

We deduce that there exists a constant ¢ = ¢(y/, o) such that

(4.17)

(4.18)

(4.19)

(4.20)

421)
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H* =y +) d;(2log|l — &%z| —log|1 —&;z|) +c. (4.22)
J
From (4.22) and (4.17) we obtain

Y+ )
N(a, g%'V) = % + Zdjg[2log|l —&f}z| —log|l —@jz| — log|z — ajl]. (4.23)
j

Using the fact that for every « € D we have

0 0 _ odNZ 1
—[loglz —a|] = —[log|1 —@z|]] = ———, VzeS!, 4.24
5 loglz —al] = —[log|1 —az] —ap (4.24)
we finally obtain
oy aiANZ
N(a, g%")=—+2) d; / , 4.25
(2. 8% ) =~ —+ Z-’|z 0|2 Z,Z_a|2 (4.25)

J

as claimed. O
5. Nondegeneracy of W is stable

In this section we show that, if a® € (.Qo)i is a nondegenerate critical point of WS, g0), with go : 0829 — s,
then for £2 “close to” £2p, and for g : 32 — S! “close to” g, there exists a unique nondegenerate critical point a of
W2 (., g) “close to” a”. Unlike the analysis we perform in subsequent sections, smoothness (of the domain or of the
boundary datum) is not crucial here. In order to emphasize this fact, we first state and prove a result concerning rough
boundary datum (Proposition 5.1). We next present a “smoother” variant of the stability result (Proposition 5.3).

The notion of closeness will be expressed in terms of conformal representations. Let us first introduce some
definitions. Let X be the space

X :={f e C'(D; C); f is holomorphic in D}, (G.D
which is a Banach space with the || - || -1 norm. In X we will consider the open set
V:={f eX; fisbijective and f~' € X}. (5.2)

Every f € V induces a conforrnal representation f : D — 2 := f(D), which is C ! up to the boundary. In what
follows, we denote by f~! both the inverse of f : D — §2 and of fist: St - 882
Similar considerations apply to the space

Xg:={fe€ c'#(D; C); f is holomorphic in D}, (5.3)
and to the open set
Vg = {f € X; f is bijective and f ' € X/g}. (5.4)
Here,0 < 8 < 1.

5.1. Proposition. Let $2y be a smooth bounded simply connected C'P domain and fo: 1D — $2y be a conformal
representation. Assume that there exist oV e Dﬁ and go € H 12st: SY such that a° .= fo(ao) is a nondegenerate
critical point of W50(-, gg o fo_l).

Then there exist a neighborhood V of (fo,0) in V x Hl/z(Sl; R), a smooth map a :V — Di, and some § > 0,
such that the following holds.

Let (f, ) € V and consider the domain 2 := f(D) together with the boundary datum g = (goe'¥) o f~! €
H1/2(3.Q; SY. Then W5 (., g) admits a unique critical point a € .Qi‘ satisfying |f_1(a) — o{ol < 6. This a is given by
the map a(f, V) = f(a(f, ¥)). Furthermore, a is a nondegenerate critical point of W* (-, g).

Before proving Proposition 5.1 we state as a lemma the following smoothness result:
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5.2. Lemma. The map W : DX x V x H'/2(S'; R) — R, defined by

W f.9) =W/ P (f@). (s0¢") 0 f7"). (5.5)
is smooth. ~
Similarly, the map W# :ID)'; x Vg x CLA(S"; R) — R, defined by
Wi, f.y)=w/ P (f@). (g0¢'") o f7). (5.6)
is smooth.

Proof of Lemma 5.2. The idea is to rely on the formulas derived in Sections 3 and 4 in order to obtain an explicit
formula for W, from which it will be clear that W is smooth.
To start with, formula (3.8) gives

Wa. f.r)=WP(a, goe'V) + 7 Y _dilog|f'(e)]. (5.7)
j

Using the fact that for holomorphic f all derivatives can be estimated locally using only || f |0, it can be easily
shown that the maps

Df x V3 (a, f) = log|f/(«))] (5.8)

are smooth.
Therefore the second term in the right-hand side of (5.7) is smooth, and in order to complete the proof of Lemma 5.2
it suffices to prove that

D x H'2(SY R) 3 (a, ) > WP (e, goe' V) := Py (at, 1) (5.9)

is smooth. Clearly, if g € H'/2(S'; S!) is such that deg(g, S') = deg(go, S!), then we may write g = goe' 0 for some
Yo€e H 172(S!: R), and then we have Pg(a, ) = Pgy(ar, ¥ + o). This implies that the smoothness of Pg, does not

depend on the choice of gg. Therefore, we may assume that go = g"‘o for some o € ID’;. This assumption allows us to
use Lemma 4.1. Using (4.3), we obtain

- 1 1
WP (e, goe'?) = WP (o) + E/Wl/’;’goy%r E/‘Vl//*‘z
D D

+ / VY, VU (5.10)
D

We examine the smoothness of the four terms on the right-hand side of (5.10). The first term depends only on o
and is smooth thanks to formula (4.2). The second term depends only on « and is smooth thanks to formula (4.4).
The third term depends only on ¥ and is a continuous quadratic form, hence it is smooth. The fourth and last term
depends linearly on ¥ and is smooth thanks to formula (4.4) again.

Hence the map (5.9) is smooth, and the proof of the H!/? part of the lemma is complete.

The proof of the C'# part of the follows the same lines and is left to the reader. [0

Proof of Proposition 5.1. Let us first remark the following fact. Fix f € V and ¥ € H'/?(dD; R) and consider
the domain £2 = f(ID) together with the boundary datum g = (goe'¥) o f~!. Then, for any o€ D*, f(x) is a
nondegenerate critical point of W*(-, g) if and only if « is a nondegenerate critical point of W, f, ¥). This is
a simple consequence of the fact that f induces a diffeomorphism from DX into £2%.

We consider the map F : ID)]; xV x H/2(Sh R) — R,

Fi(a, L,Y)—~ Vo W(a, ). (5.11)

Lemma 5.2 ensures that F is smooth. Moreover, the assumption that a® is a nondegenerate critical point of
WS, goo f —1y ensures that ¢ is a nondegenerate critical point of W (-, fy, 0). Therefore F (@, f0,0) =0, and
D, F (oto, fo, 0) is invertible.
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This enables us to apply the implicit function theorem: there exist of a neighborhood V of (fp,0) in
V x HY/2(S!; R), a smooth mapo:V — ]D)’;, and 6 > 0, such that, for (f,¥) € V and |o — (xo| <34,

Fla, ,¥)=0 <— a=a(f.¥). (5.12)
\Ye may also assume that Dy F(x(f, ¥), f,¥) is invertible, so that «(f, ¥) is a nondegenerate critical point of
W (-, f,¥). This implies that a := f(a(f, ¥)) is a nondegenerate critical point of W* (-, g), where 22 = f(ID) and
g= (goe”ﬁ) o f’l. In view of (5.12), a is the unique critical point of w2, g) satisfying |f’1 (a) — aol <$.
The proof of Proposition 5.1 is complete. O

In what follows, we will use the following smoother version of Proposition 5.1.

5.3. Proposition. Let 29 be a smooth bounded simply connected C'F domain and fo: 1D — 2y be a conformal
representation. Assume that there exist o° € ]D)’; and go € CVP(S';SY) such that a® := fo(a®) is a nondegenerate
critical point of WS0(-, go o fofl).

Then there exist a neighborhood V of (fy,0) in Vg x CLB(S!: R), a smooth map o :V — ID)i, and some § > 0,
such that the following holds.

Let (f, V) €V and consider the domain 2 := f(D) together with the boundary datum g := (goe'¥) o f~! €
CLA(982;SY). Then W (-, g) admits a unique critical point a € .Qi‘ satisfying | f ~1(a) — a®| < 8, given by the map
a(f,¥) = f(a(f,)). Furthermore, a is a nondegenerate critical point of w2, g).

Here, Vg is given by (5.4). The proof of Proposition 5.3 is identical to the one of Proposition 5.1 and is left to the
reader.
We will need later the following special case of Proposition 5.3, where £2 is fixed.

5.4. Corollary. Let a° € .Q,'f be a nondegenerate critical point of W (-, go), for some go € CVF(382;S"). Then, for g
in a small C'-P-neighborhood A of go, W (-, g) has, near a°, a unique nondegenerate critical point a(g). In addition,
the map r — a(goe'V), defined for r in a sufficiently small neighborhood of the origin in C#(352; R), is smooth.

We note here that Corollary 5.4 allows us to define a map

x.a(g),g
v

Since W$ (-, g) does not depend on the class of g modulo S!, neither do a(g) and T,. Moreover, in view of (2.28) and

(2.29) we have
Oty q.g / 0D, ¢
A S = = =0.
/u*’a’g ov ot

982 a2
We find that the map T induces a map, still denoted Ty, from 2{/ S! into C# (082; R). Here, we define

To=T70 24— CPARR),  Tu(9):=N?(a(g). g) = ts.a(e).c A (5.13)

CPO2;R) = {w eCcPa;R); / v =0}.
802
It is also convenient to consider, in a sufficiently small neighborhood B of the origin in C'-#(32; R), the maps (both
denoted Uy)
Us= Ufao,go B — CPO2:R), Us(¥) = Tu(goe'”) (5.14)
and
Ue=UL, i B/R— CPORR), U.y)=Tu(g0¢'"V). (5.15)

The above U, ’s are smooth. Indeed, this is obtained by combining (3.7) with (4.5) and with the fact that ¢ — a( goe“/’)
is smooth.
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6. A uniform version of the Pacard-Riviére construction of critical points

We start by explaining how the results established in this section compare to the existent literature.

Let us first briefly recall the Bethuel-Brezis—Hélein analysis of critical points of the Ginzburg—Landau energy E,
with prescribed Dirichlet boundary condition g € C*(3£2; S!) [3, Chapter X]. Consider a fixed boundary condition
g€ C®(382;Sh), with deg(g, 0R2) =d = Z'}=1 d;. Given a critical point a € 2% of W(-,dj, ..., dx, g), consider the

canonical harmonic map given by (2.26). The fact that a is a critical point of W(-,dy, ..., d, g) is equivalent to the
fact that the harmonic function H, defined near a; by
. \4i
u*:etHj<ﬂ> , 6.1)
|z —ajl

satisfies VH(a;) =0 [3, Chapter VII].

The main result in [3, Chapter X] asserts that, when 2 is starshaped critical points of E, converge, as ¢ — 0 (up to
subsequences and in appropriate function spaces), to a canonical harmonic map u, = u 4, associated with a critical
point a € .Qf,f of W(-,dy,...,dy, g).

Granted this result, one can address the converse: given a critical point a € .Qf of W(-,dy,...,dx, g), does there
exist critical points u, of E, with prescribed boundary condition g, such that u; — u4 4 ¢ as € — 07 Here we will
be interested in the answer provided by Pacard and Riviere [11].

6.1. Theorem. (See [11, Theorem 1.4].) Let 0 < B,y < 1. Assume that g € C>P(982; S") and dj € {xl}. Leta € .Qf
be a nondegenerate critical point of W(-, dy, ..., dk, g).

Then there exists gy > 0 such that for every ¢ € (0, o), there exists u. a critical point of E; with u, = g on 952,
and

Ug —> Usq(g),g aS€—>0 (6.2)

inCrY (2 \ a1, ..., ax}).

The purpose of this section is to establish a variant of Theorem 6.1, in which g is assumed to be merely C!-# and
is not fixed anymore. In addition, we will obtain a uniform existence theorem, and uniform convergence rate. More
specifically, we fix integers dj, ..., di. Since these integers do not depend on the boundary datum g we consider, we
will omit the dependence of W with respecttody, ..., dx: we write W (-, g) instead of W (-, dy, ..., d, g). We consider
ap € .Qf a nondegenerate critical point of the renormalized energy W (-, go) associated with gg € C LB9g2:Sh.
By Corollary 5.4, we know that, for g in a small C!-#-neighborhood 2 of go, W(-, g) has, near agp, a unique non-
degenerate critical point a(g).

In this section, we establish the following variant of Theorem 6.1.

6.2. Theorem. Let 0 < B,y < 1. Let gg € ClB(02;SY). Letd,, ..., dy € {—1, 1}. Let ag be a nondegenerate critical
point of W(-, go). Then there exist § > 0 and gy > 0 such that the following holds. For every g € C1P(32;S")
satisfying |1g — gollc1.s < 68, and for every ¢ € (0, &9), there exists ug = ug ¢ a critical point of E; with prescribed
boundary condition g, such that

Ug g —> Usa(g),g a5€—>0 (6.3)

in CrY (2 \ a1, ..., ar}).

As announced, the difference with Theorem 1.4 in [11] is that we merely assume that g € C!-#; in addition, we prove
that gy can be chosen independent of g. Theorem 6.2 allows us to define a map F; : g — u, ¢ for every € € (0, &).

Theorem 6.2 is obtained by following the proof of Theorem 6.1 in [11]. All we have to check (and we will do in
what follows) is that the estimates in [11] are uniform in g; we also have to modify some arguments relying on the
regularity assumption g € C>#.
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Proof of Theorem 6.2. For the convenience of the reader, we recall the main steps of the proof of Theorem 6.1 in
[11], and examine the crucial points, where the estimates depend on g, respectively where the regularity of g plays
arole.

The general strategy in [11] is to construct an “approximate solution” i, of the Ginzburg-Landau equation

Ne(w) =0, where N;(u) :=Au+ SM—Z(I — |u|2), (6.4)
using the fairly precise knowledge we have of the form of solutions for small ¢. Then, using a fixed point argument,
one can prove that some perturbation of i is in fact an exact solution of (6.4). The main difficulty lies in finding the
good functional setting that makes the linearized operator L, = DN around #, invertible, uniformly with respect
to €. This is achieved in [11] in the frame of appropriate weighted Holder spaces.

In [11] the proof of Theorem 6.1 is divided into five chapters: Chapters 3 through 7. In what follows, we detail the
content of these chapters and explain how to adapt the arguments for the need of Theorem 6.2.

Chapters 3 and 4 in [11]

[11, Chapter 3] is devoted to the study of the radially symmetric solution u(re'?) = f(r)e!? of the
Ginzburg-Landau equation in C satisfying lim,_, o f(r) = 1. In particular, [11, Chapter 3] characterizes the bounded
solutions of the linearized equation about this radial solution. This characterization is used in [11, Chapter 4] in the
study of the mapping properties of the linearization of the Ginzburg—Landau operator (at the radial solution) in the
punctured unit disk D \ {0}. In particular, it is shown that the linearized operator is invertible between appropriate
weighted Holder spaces.

These two chapters (3 and 4) are independent of the boundary condition g, so that they can be used with no changes
in the proof of Theorem 6.2.

Chapter 5in [11]

The next step, in [11, Chapter 5], consists in constructing and estimating the approximate solution u#,. This
approximate solution looks like uy = u4 ¢ 4(g) away from its zeros (which are close to the singularities of u,), and
like the radial solution studied in [11, Chapter 3] near its zeros. Since # is built upon u,, the estimates satisfied by i,
involve u., and thus g.

More specifically, in [11, Chapter 5], various quantities are estimated in terms of constants c(u,) depending on u,
and its derivatives. An inspection of the proofs there combined with (2.26) shows that these constants depend only on
a(g), on the harmonic function H = H, and on the derivatives of H,.

We claim that the constants c(u,) can be chosen independent of g satisfying

g — gO”cl,ﬂ(ag) < 4. (6.5)

Here, § is sufficiently small in order to have the conclusion of Corollary 5.4. Indeed, the key observation is that there
exists a constant C > 0 independent of g such that

IHlcrs g < Cs (6.6)
this follows from the fact that H is harmonic and || H [|c1.5(50) < C.
In particular, we have

IH | k() < Ck,w) forkeNand@C £2. 6.7)

Estimate (6.7) implies that all the interior estimates in [11, Chapter 5] are satisfied uniformly in ¢ € C'# satisfying
(6.5). This settles the case of estimates (5.8), (5.9), (5.33), (5.42) and (5.43) in [11, Chapter 5].

It remains to consider the global and boundary estimates (5.29), (5.32) and (5.41) in [11]. These estimates rely on
bounds on the solution £ of the problem

_£2 .
AE — Vi, + 56 =0 in 2,
§=S+ Wi,r on 8D5/2(aj), (6.8)
E=1 on d£2.
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Here, 2, := 2\ U j Dy (a;) (for sufficiently small o > 0), and 6 := 2. The auxiliary function S, is independent of
g and is defined in [11, Section 3.6]. Finally, w; ,, defined in [11, (5.7)], depends only a(g) and on the restriction of
H to compacts of £2; therefore, the estimates involving w; , are uniformin g.

In[11, Lemma 5.1] the following estimates (numbered as (5.29) in [11]) are shown to hold:

l—ce?<E<1 in 2y, (6.9)
1—ce2rj—2<g <1 inDy(a;)\Dsa(a;)), (6.10)
[VEE| <ere®r7F inDog(a)) \ Dslaj) (k> 1). (6.11)

Here o > 0 is fixed, and r; = r;(x) denotes the distance from x to a;. Estimates (6.10) and (6.11) are interior
estimates, and therefore they hold uniformly in g € C!'# satisfying (6.5), as explained above. We claim that the same
conclusion applies to (6.9). Indeed, an inspection of the proof in [11] shows that the constant ¢ in (6.9) is controlled by
supg  |Vus|. The latter quantity is uniformly bounded, thanks to (6.6), whence the conclusion. This settles the case
of the estimate (5.29) in [11].

We next turn to the estimate (5.32) in [11, Lemma 5.2]. Under the assumption that g € C%B this lemma
asserts that

sup| V¥E| < ce®k, k=1,2. (6.12)
£,

o

In our case, we only assume g € C-#. The corresponding estimates are given by our next result.

6.3. Lemma. Assume that (6.5) holds. Then we have

sup|VE| <ce and |VE|gq, <ce'7P. (6.13)
24

Here, | - |, 2, denotes the C* semi-norm in £2,:

|u(x) —u)I

ltto, 2, :=Sup (X, YE 25 ¢-
lx — yI#

Proof. We apply Lemma 11.5 in Appendix A with w =& — 1 in G := £2,5/2, and find that

1/2 1/2

sup|V§| < Clwl/= o, 1AW~ o, + Iwlcrepa,))- (6.14)
1/2—8/2 1/2 2

IVelp2, < C(lwl2 b I Awl /25 + lwlcispa,)- (6.15)

The conclusion then follows by combining (6.14)—(6.15) with Eq. (6.8) and with estimates (6.9) and (6.11). O

Finally, we examine estimate (5.41) in the last section of [11, Chapter 5]; this is a global estimate for Nz ().
Recall here that NV, is the Ginzburg—Landau operator, and that i is the approximate solution of (6.4) constructed in
[11, Chapter 5]. The estimate [11, (5.41)] involves an interior estimate and a boundary estimate. As above, the interior
estimate is settled with the help of (6.7). We now turn to the boundary estimate, which is the following:

[Ne@o o5,y < ce' " (6.16)

The proof of (6.16) in [11] relies on the estimates (6.12) above (see [11, Proof of Lemma 5.2]). In our case, (6.12)
need not hold, since we only assume that g € C'"#. However, we still obtain (6.16) as follows. We note that

Ne(ilg) =2Vuy, - VE in £, (6.17)
(this is formula (5.46) in [11]). By (6.17), we have

[N @) | cp ) < ENVUslics e, IVE s 2,)- (6.18)

We obtain (6.16) as a consequence of (6.6) and of Lemma 6.3.
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As a conclusion of this inspection, we find that all the estimates in [11, Chapter 5] are uniform in g satisfying (6.5);
the arguments there need only minor changes. The most relevant change is that [11, Lemma 5.2] has to be replaced
by Lemma 6.3.

Chapter 6 in [11] ~

We now turn to [11, Chapter 6], which deals with the conjugate linearized operator L, around the approximate
solution. The main result of this chapter is [11, Theorem 6.1], which states that £, is invertible for ¢ € (0, gg), with
the norm of its inverse bounded independently of ¢. In order to adapt this theorem to our situation, we need to check
that this &g, and the bound on Z;l, can be chosen independently of g satisfying (6.5).

The proof of [11, Theorem 6.1] is divided into three parts:

(a) The “interior” problem, consisting in the study of the linearized operator Es near the zeros of 1, [11, Section 6.2].

(b) The “exterior” problem, requiring the study of the linearized operator Zg away from the zeros of u; [11, Sec-
tion 6.3].

(c) The study of the Dirichlet-to-Neumann mappings [11, Section 6.4]. (These mappings are used later in order to
“glue” the two first steps together.)

The interior and the exterior problem rely on the estimates obtained in [11, Chapter 5]. An inspection of the
proofs shows that all the estimates obtained there are uniform in g, with one possible exception: the estimates
in [11, Proposition 6.2]. Indeed, these estimates rely on [11, Lemma 5.2], and more specifically on (6.12) (which
does not hold in our setting). However, a closer look to [11, Proof of Proposition 6.2] shows that the conclusion of
[11, Proposition 6.2] still holds if we replace (6.12) by Lemma 6.3. In conclusion, the first two steps can be carried
out with uniform estimates, provided (6.5) holds.

The third step (Dirichlet-to-Neumann mappings) requires more care. In [11, Section 6.4], the following two oper-
ators are defined, for fixed small ¢ > 0 and for sufficiently small ¢:

k k

DNipt.e» DNewe : [ [ C*P(C(¢.a))) — [] P (C 2. ap). (6.19)
Jj=1 j=1

(These are the interior and exterior Dirichlet-to-Neumann mappings.) The crucial result in part (c) is [11, Proposi-
tion 6.5], which states the existence of some &g such that DNj,; . — DN,y ¢ is an isomorphism for ¢ € (0, &g9). The
proof of this fact goes as follows. First the convergence

DNint,s — DNext,s —_—> DNint,O —_ DNext,O as & —> O (620)

is shown to hold in operator norm. The proof of (6.20) relies on the interior estimate (6.7). Therefore, the convergence
in (6.20) is uniform in g satisfying (6.5).

We now return to the proof in [11, Chapter 6]. Once (6.20) is established, it remains to prove that the limiting
operator DNju;,0 — D Nexs,0 is invertible. This is done in [11, Proposition 6.5]; this is where the nondegeneracy of a
as a critical point of W (-, g) comes into the picture. In order to extend the conclusion of [11, Proposition 6.5] to our
setting, and to obtain a uniform bound for the inverse of D Njn;  — D Ny ¢, it suffices to check that DNjy; 0 — D Nexr.0
depends continuously on g. Indeed, this will lead to a uniform bound for the inverse of DNjn; ¢ — D Nexs, o provided
¢ is sufficiently small, uniformly in g satisfying (6.5) (possibly with a smaller §). For this purpose, we examine the
formulas of DNy o and DNjp 0. The definition of DN,y o is given in [11, Proposition 6.4], and it turns out that
D N,y 0 does not depend on g. As for D Njy o, it is a diagonal operator of the form

DNin,o(@1. ... ¢) = (DN}, o@1). ... DNb, (1)), (6.21)

with DN}, - C*#(C(¢.a))) — CF(C(¢.aj)). ¥j € [1.K].

Furthermore, from [11, Proposition 6.3] we know that DN, J

int.0 further splits as

T : Span{eimg }n>2 — span{eime }n}Z,

oy (6.22)

120

DN! =T\ ®T,, with
0 = T2 { T, : span{e™?} — span{e
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Here, the operator 7 does not depend on g. Therefore, we only need to check that 7> depends continuously on g. As
a linear operator on a two-dimensional space, 7> is represented by a 2 x 2 matrix. It is clear from [11, Proposition 6.3]
that the coefficients of this matrix are smooth functions of VZH (a 7). In turn, V2H(a ;) depends smoothly on g, by
Corollary 5.4.

Hence DNy 0 — DNey.o depends continuously on g, as claimed.

This allows us to choose ¢y independent of g~satisfying (6.5)1in [11, Proposition 6.5] and in [11, Theorem 6.1], and
to obtain a uniform estimate for the inverse of L.

Chapter 7 in [11]

Finally, in [11, Chapter 7] the results and estimates in [11, Chapters 3—6] are combined in order to prove The-
orem 6.1. Our above analysis shows that these estimates are uniform, and therefore lead to the uniform version
Theorem 6.2 of Theorem 6.1.

Conclusion

As a conclusion of our analysis, Theorem 6.2 holds. O

For further use, we record two additional properties of the maps u ,; these properties are immediate consequences
of the construction in [11]. Let § be as in Theorem 6.2. We consider the set

A:={geC"(382:S"): llg — gollcrs <5} (6.23)
6.4. Lemma. Let K € 2\ {aj}. Then we have |ug ¢| — 1 as € — 0, uniformly in K and in g € 2.

Proof. This follows by an inspection of the construction in [11]. Formulas (5.36) and (5.37) in [11] ensure that, for
small &, the approximate solution i, satisfies |uz| = |&| in K. The convergence then follows from the estimates on &,
and from formula (7.1) in [11] connecting the approximate solution to the exact solution. 0O

For the next result, it may be necessary to replace é by a smaller value.
6.5. Lemma. Let g € A and w € S'. If wg € 2, then Ug g = OlUg g.

Proof. We have W (-, g) = W(-, wg). Therefore, if a is a nondegenerate critical point of W (-, g), then a is also
a nondegenerate critical point of W (-, wg). By Corollary 5.4, we find that a(wg) = a(g). Using this equality, an
inspection of the construction in [11] shows that

Heg = Wlle. g (6.24)

Thanks to (6.24), we obtain that wu, o has all the properties satisfied by the solution u, , constructed from ﬁs,wg
via the inverse function theorem. Since the solution provided by the inverse function theorem is unique, we find that
Ug wg = WUg g, as claimed. O

7. Convergence of the normal differentiation operators

In this section, we fix integers dy, ..., d; € {—1, 1} as in Section 6. We assume that a’isa nondegenerate critical
point of W (-, go). Let g € %, where 2 is given by (6.23), and let 0 < & < . For such g and ¢, we define u, = u, ,
as in Section 6. We also define uy g := U4 4(¢),g» Where a(g) is the unique critical point of W (-, g) close to ag (see
Corollary 5.4). We consider the operators

Oty g
ov

Oug g

Te, To: A — CPOR2;R),  Te(g) i=ue g A and  Ti(g) i=tly g A

The main result of this section is the following:

7.1. Proposition. Let 0 < y < 1. Then (possibly after replacing § by a smaller number) we have

g%;gg” Te(g) — Ti(g) ”cy(asz) =0. (7.1
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In particular, given u > 0 there exists some gy > 0 such that, for 0 <e <eg, T — Ty : A — CPBOR2;R) is compact
and satisfies

||T8(g)_T*(g)Hcﬁ(d_Q) </~’L3 V8<807 Vgeézl
Proof. The last part of the proposition follows from the fact that the embedding C?(352; R) < CP(82;R) is
compact when y > 8.

Whenever needed in the proof, we will replace § by a smaller number. Let a = a(g), g € 2, be such that
V.W(a, g) =0 and a is close to a® = (a?, e a,(()). Let ¢t > 0 be a small number and set

a)::{xe.Q;

x—a?| >t Vje [[1,k]]}.

We may assume that |a(g) — a0| <1t/2,V¥g €. In view of Theorem 6.2, we have u, ; — iy, in C%7(K) as ¢ — 0,
for every g € 2l and for every K compact set such that K C @ \ 942. In addition, by Lemma 6.4 we have |u; ¢ — 1
as ¢ — 0 uniformly in @ and in g € 2.
Let 6 = 6, be the multi-valued argument of
k d:
z—aj J
. 1—[ ( ,(g))d. '
e lz —aj(g)|
We note that V6, is single-valued and that we have
||V9g||cl.ﬁ(w) <C, Vg el (7.2)
For small ¢ (independent of g), we have deg(u; ;) = deg(u«,¢) =dj on C (a?, 1), and thus we may write, locally in @,

Ug g = pe”p — psygel(ﬂa,g — pel(9+1ﬁ) — pg’gel(ag"r‘/fe.g)’
and similarly
Uy ¢ — 61(9+W*) — el(eg'iﬂh*,g).
We may choose ¥ ¢ in order to have
Wi gllcise <C, Vg e, (7.3)
and we normalize ¢ , by the condition
Yeg=1Ysg ONISL. (7.4)

In terms of p, ¢ and ¥, the Ginzburg—Landau equation reads
div(,oZVqJ) = div(p2(9 + 1//)) =0,
—Ap=5p(1—p%) —plVel*.
Step 1. We have
IVoe gllLrw) < Cp, Ve<gyVgel, V1 < p<oo.

Indeed, we start by noting that we have ||VOg| Lrw) < Cp; therefore, it suffices to prove that ||V, ¢llLrw) < Cp.
Using the equation div(p?V¢) = 0, we see that Ve, ¢ satisfies

Ao g =div((1 = pf ) VO + (1= 02 ) Ve g) ino. (1.5)
We obtain
Ve ellr ) < C(” Vf&g”wl—l/w(r)w) + ” (1 - psz,g)veg ”Ll’(w)
+ ”(1 - psz,g)vw*?»g”Ln(w))
<Cp+C|1= 07 o]l ooy I Ve gl L2 (@)-
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Since pg ¢ — 1 as € — 0 uniformly in @ and in g € 2, the second term in the right-hand side of the above inequality
can be absorbed in the left-hand side and we obtain the announced result.

Step 2. For 1 < p < oo we have Vp, , — 0in L?(w) as ¢ — 0, uniformly in g € 2L.
This is obtained as follows. Let n :=1n, ¢ :=1 — pg ¢ € [0, 1], which satisfies

—An+ %p(l+p)n=p|Vel* ino, (7.6)
n=0 on d452.
Moreover, we have
1 1
121 < U+ =plVel’ + A< C ondw)\ L2, (1.7)
4e e

since ug g — Uy g in C?7(K) for any compact K C @ \ 852, uniformly in g € 2.
We may assume that p > 2. Multiplying (7.6) by n”~! and using Step 1, Holder’s inequality and (7.7) we find that,
for small &, we have

1
4¢2
w

1
n”<8—2/0(1+p)np
w

on

_ 2 p—1 p—1 p—2 2

—/mvwn +/n 5—(17—1)/:7 V)
w

w dw\0$2
an (r=1/p
</0|V¢|2n”_1 - / n”_la—<C</n"> +Ce?rh,
v
w dw\0 2 w
and thus
1Me,gllLr(w) < Cpsz, Ve < gy, Vge, Vp < oco. (7.8)

Inserting (7.8) into (7.6), we find that An is bounded in L? (w), Vp < co. By standard elliptic estimates, we find that
1 (and thus p) is bounded in W2? (w), Vp < 0o. We conclude via the compact embedding W2? < W!-? and the fact
that, by Lemma 6.4, we have p — 1 uniformly in ®.

Step 3. For every y < 1, we have ¥ ¢ — V4 ¢ In Cl7 (@) as € — 0, uniformly in g € 2A.
Indeed, V¢ o — Y+ ¢ satisfies

A(l/fs,g - 1p*g) = _évps,g : V(eg + ws,g) inw,
Ve g — Yug =0 on 42, (7.9)
Yeg— VYug —> 0 in c? on dw \ 052,

the latter convergence being uniform in g. By Steps 1 and 2, we have
AW — I/f*’g)”Lp(w) — 0 ase— 0, uniformly in g.

Using (7.9), we find that ¥, ;, — ¥4 — 0 in W2 P (w). We conclude via the embedding W2? (w) — C'7 (@), valid
when p>2andy =1-2/p.

Step 4. Conclusion.

We have
dug, e, 06 oYre,
@ =ueg A =5 =g+ 505
and similarly 7, (g) = % + alg:,g . Using Step 3, we find that
P _
T:(g) — Ty(g) = M — 0 inCY(3£2) as ¢ — 0, uniformly in g € 2. |

v
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8. Existence of critical points in nondegenerate domains

Before stating the main result of this section, let us recall the definition (5.15) of the operator U, in Section 5. Given

a®a nondegenerate critical point of W (-, g), we first define, in a clAp neighborhood of g, the operator T, = T,

*,a9,g*
Then U, is defined in a neighborhood B of the origin in C'#(3£2; R) by
Un) = Uy 0,000 = To(8¥) = T, o o (5.
We still denote by U, the induced map U, : B/R — CP (082; R), and recall that U, is smooth.

8.1. Theorem. Let dy, ...,d, € {—1, 1} and setd :=d| + - - - + d.
Let 2 be a bounded simply connected C'-# domain satisfying the two following nondegeneracy conditions:

(ND1) There exists ae .Q!,f such that a° is a nondegenerate critical point of W (-, go) =W, dy, ... dy, go), with
g’ = g“0 the canonical boundary data associated with a® and d, . . ., dy.

(ND2) The corresponding operator U, 40 4,0 : B/R — CP(882;R) is a local diffeomorphism at the origin, i.e., the
differential

DUL(0): CH (02, R)/R — CP(352; R)

is invertible.
Then there exists gy > 0 such that, for € € (0, &¢), there exists u, € &, a critical point of E. with prescribed degree d.

8.2. Remark. It will be clear from the proof of Theorem 8.1 that the nondegeneracy condition (ND2) can actually be
replaced by the following weaker condition:

(ND2) Uy, is a local homeomorphism near the origin.

However in what follows it will be more convenient for us to consider the condition (ND2). The main reason for
this is that (ND2) is stable under small perturbation of the domain, while it is not clear that (ND2') is stable.

8.3. Remark. We connect here the hypothesis (ND2) in Theorem 8.1 to the hypothesis (ND2) presented in the
introduction. As we will see in Section 11,> DU, (0) is a Fredholm operator of index zero. Thus the above hypothesis
(ND2) is equivalent to the fact that DU, (0) is onto. It is not difficult to see (but will not be needed in what follows)
that the surjectivity of DU, (0) is equivalent to the hypothesis (ND2) in the introduction, and that the index of the
operator L that appears in the introduction is ind L =ind DU, (0) + 1 = 1.

Proof of Theorem 8.1. Since £2 satisfies (ND1), the results of Sections 6 and 7 apply. We consider, as in Section 7,
the operators

To. T, : A — CPO2:R)
and
U,:B/R— CP32;R),

where A = {g € C1#(2,8"); |lg — ¢°|l <8} and B = { € C1F(32; R); [|¥|| < 8}. Here, § and ¢ are sufficiently
small. We note that T, takes its values in C#(962; R). Indeed, u = u ¢, Satisfies

9 *-1
/u/\—MZ/diV(uAVM)Z/MAAuzf|u| unu=0.
av &2
2

a2 ko) 2

3 In the special case where d = 1 and k = 1, but the arguments there adapt to the general case.
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By Lemma 6.5, we may also consider the induced operators
Ue:B/R— CPOR:R), Ue(y) =T.(g"%Y).
By definition of the canonical boundary datum, it holds
Oty 0, 40 _ P40 40 _ 9P 0 _o. &.1)
av aT T

Thanks to (ND2), by considering a smaller § if necessary, we may assume that U, is a homeomorphism onto its image.
By (8.1), there exists some n > 0 such that

U.(0) = Uy 40, g0 N

UL(B/R) > {y € CP@2; R); W llcs a2 < 1} = By (82)
Recall the result of Proposition 7.1: for sufficiently small e, U, — U, is compact and we have
lim sup{ [ Us () = Us(¥) | o5 g0 ¥ € B} =0. (8.3)
Using (8.2), (8.3) and standard properties of the Leray—Schauder degree, we find that
: n
U:(B/R) D {I/f e CP(3s2; R); 1V llcspe) < 5} = By2, (8.4)
for sufficiently small . Indeed, the argument goes as follows. We start from
Ue(B/R) = (Id+ (Us — Uy) o U ) (UL(B/R)) D (Id + (Ue — Us) o U ') (By). (8.5)

Here, Id denotes the identity map in C#(82; R). )
Let L, .= (U, —Uy) o U*’]. Then L, : B;, — Cﬂ(a.Q; R) is compact and, by (8.3), there exists g9 > 0 such that
sup{ | Le () cpa): ¥ € Ba} <1/2, Ve € (0, 20). (8.6)
We complete the proof of (8.4) by showing that B, /2 C (Id + L) (B;) for & € (0, &9). For this purpose, we let ¥ €
By, 2 and consider the compact operator T : B, — CP32:R), T(Y) := L (W) — 9. We claim that
(Id+sT)() #0, Vsel0,1], Vi € 3B, (8.7)

Indeed, (8.7) is obtained by contradiction. Otherwise, using (8.6), we obtain, for some ¥ such that [|{/[|cs 50y = 1

/2 <0 =5|Le@) | cp iy < 1V +5Le@) | epiae) = IsWoller e < n/2.
By (8.7), the Leray—Schauder degree deg(Id + s T, B, 0) is well defined. By homotopy invariance, we find that
deg(Id + sT, By, 0) =deg(d, B;,0) =1.
As a consequence, the equation (Id+7') () = 0 admits at least a solution v € By,. This v satisfies (Id+ L) (¥) = .
The proof of (8.4) is complete.

Let ¢ € (0, £9). Then, by (8.4), there exists some ¥ € B such that U, () =0. Let g = g%'¥. Then u, = Ug g €&y
is a solution of the Ginzburg-Landau equation, and it satisfies the semi-stiff boundary condition

oug
P T.(g) =Us(y) =0 onas2.

Therefore, u, is a critical point of E, with prescribed degree d. O

Ug A

9. Nondegeneracy of domains is stable

In this section we show that, if a domain §2¢ satisfies the nondegeneracy conditions (ND1)—(ND2) required in
Theorem 8.1, then a slightly perturbed domain £2 & £2y still satisfies these nondegeneracy conditions.

9.1. Theorem. Assume that $2¢ satisfies (NDl)—(ND%). Fix a conformal representation fo: 1D — $§2o. There exists
8 > 0 such that, for every holomorphic map f € C“#(D) satisfying || f — Jfollc.s <8, the domain §2 := f(D) satisfies
(ND1)-(ND2).
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Proof. Let Vg be as in (5.4). We let g% e clA(S';S"/S! denote the canonical boundary datum associated with
a®:= fy1(a%, so that 0 = g% o f.

Since §2¢ satisfies (ND1), we know from Proposition 5.3 that there exist: a neighborhood V; of fy in Vg,
a neighborhood V5 of the origin in C1#(S!; R), and a smooth map « : Vi x V, — DX, such that the following holds.
For f eV and ¥ € Vs, let 2 = f(D) and g = (§%'¥) o f~1. Then a(f, ¥) := f(a(f, ¥)) is a nondegenerate
critical point of W* (., g).

By the above, we may define, as in (5.13), the smooth operator Uy, r = U, ,(£.0),30% -1+

Ue r0) =N (a(f, 0 £), (8% f7')e'V)  for small y € C1#(32; R)/R. 9.1)

The spaces between which U, ¢ is defined vary with f. In order to deal with fixed spaces, we consider the linear
isomorphisms

Or:CP2;R) - CP(SLR), v |flyof (9.2)
gr:CPO2;R)/R— CYP(SLR)/R, ¢y yof, 9.3)

and we let
U(f, ) =OpoUsso B () for (fi9) € Vi x V2/R), (9.4)

so that Uy ¢ is a local diffeomorphism if and only if U (f, -) is a local diffeomorphism.
Moreover, if we express N*° using (3.7), then we obtain

U(f.9) = N"(al(f. ¥). Zoe'”). 9.5)
By combining (9.5) with the explicit formula (4.5) for N D we find that U : V| x (V»/R) — C#(S'; R) is smooth.
On the other hand, using the definition (2.16) of the canonical boundary datum, we have

au*’a’gu N 8¢a,ga N 3(5;

ov ot ot

’

Us,a,g¢ VAN

so that U (fo,0) =0.

Moreover, since §2¢ satisfies (ND2), U(fo,-) is a local diffeomorphism near the origin, i.e., Dy U(fp,0) is
invertible. By the implicit function theorem, possibly after shrinking V), for every f € V) there exists ¥ (f) € V2
such that

U(f. ¥ () =0. (9.6)

In addition, the map f +— v (f) is smooth and we can assume that Dy, U (f, ¥ (f)) is invertible.
Let f € V) and set 2 := f(ID). We claim that 2 satisfies (ND1)-(ND2). Assuming the claim proved for the
moment, we complete the proof of Theorem 9.1 by taking any é > 0 such that

{feXpiIf = follors <8} V1.

We next turn to the proof of the claim. Let go = (Z0e'V /) o f~1 € CLA(9£2;SY), and ag = a(f, ¥ (f)) € 22X
By the definition (9.6) of ¥ (f) and the definition (9.4) of U, we obtain

Us.p(¥(f)o f1) =0. (9.7)
By combining (9.7) with the definition (9.1) of Uy, r, we find that

ou 0D
Q *,42,8 aQ.g
N*(ag, g0) =tsap g0 N 8: 2 = ai 2 =0. (9.8)
The normalization condition in (2.5) combined with (9.8) implies that @, ¢, =0 on d£2, and thus
Pug g0 = Pug- 9.9)

In turn, (9.9) implies that g; = g% is the canonical boundary data associated with ag,. Since, by definition of the map
(f, ¥) = a(f, ¥), the configuration ag, is a nondegenerate critical point of W (-, g), we find that the nondegeneracy
condition (ND1) is satisfied by £2.
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On the other hand, since Dy U (f, ¥ (f)) is invertible, U, r is a local diffeomorphism near ¥ (f) o f ~1 which
means that Uy 4 ¢, is a local diffeomorphism near the origin. We find that §2 satisfies (ND2).
The proof of Theorem 9.1 is complete. O

10. The radial configuration is nondegenerate

In this section we letd = 1, k = 1, d; = 1, and prove that the unit disk ID satisfies (ND1)-(ND2). As a consequence,
domains close to the unit disk satisfy the nondegeneracy conditions whend =1,k =1,d; = 1.

10.1. Proposition. Assume 2 =D, k=1, d = 1. Then a = 0 is a nondegenerate critical point of W (-, g°), and

DU, g g0 (0) is invertible.

Proof. Step 1.0 is a nondegenerate critical point of W (-, g%).
Indeed, by combining (2.25) and (4.1), we easily obtain that the canonical boundary datum go :S! — S! corre-
sponding to a = 0 is given by go(z) = z. From (4.10) we know that

- 1
W(a, %) = W(a) + 5 f|vw;go|2. 10.1)
D

On the other hand, (4.16) leads to

a(ax —1)

* _ — —
VY, o) ==2 TP Vx eD, (10.2)
and therefore
1 2 dx
L (iver 12 ool / _dax 10.3
2/' Vawl =2l [ T 7p (103)
D D
Thanks to the |a |2 factor, if we differentiate (10.3) with respect to a, and next let a = 0, we obtain
Vol 2 (190 o[* ]l =0 10.4
a 5 ‘ wa,g0| la=0 = 0. (10.4)
D

If we differentiate twice (10.3) with respect to a, and next let a = 0, then we are left with only one nonzero term
(thanks to the |a|2 factor again). More specifically, we obtain

1 2 dx
V2| = | |y =4 | —— | L=4| dih=4nb. 10.5
a[2/| %’goqa:o /Il—c‘lez a=02 / xh=4rl (10.5)
D D D
By combining (10.1) with (10.4) and (10.5), we find that
VaW(0,8%) =VW(©),  V2W(0,g°) = V2W(0) +4r b (10.6)

We next compute VW(O) and VZW(O). When k =1 and d = 1, formula (4.2) reads
W(a)=nlog(l —lal®), VaeD. (10.7)

Identifying the complex number a with a vector in R, the two first derivatives of W are respectively given by:

VW) = eR? (10.8)

—da
la? =1
2 I 4
a? =172 (aP—1)?

In particular, we obtain VVT/(O) =0and V2 VT/(O) = —2m I,. Plugging this into (10.6) yields

V2W(a) =

a®a e M(R). (10.9)
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VW (0,8% =0,  VIW(0,8")=2rD, (10.10)
so that @ = 0 is indeed a nondegenerate critical point of W (-, g%).

Step 2. DU, (0) is invertible.
In our case, formula (4.5) becomes

o™ anzg
N(a,g%V)=—"— -2 . 10.11
(a,g’e") 57 = al ( )
Therefore
Iy* a(y) Nz
U = —-2— 10.12
«(¥) Py 2 a()? ( )
where ¢ = a(y) is smooth, a(0) = 0 and a(y) is a nondegenerate critical point of W (-, gle").
Using (10.12) together with the fact that a(0) = 0, we obtain that
oy ™
DU, (0)y = i 2(DaO)y) Az. (10.13)

In (10.13), ¥ is either a function in C1#(S!; R), or a class in C"#(S'; R)/R. Thus the linear operator DU, (0) :
CcLA(S; R)/R — CP(S!; R) can be written DU, (0) = L — K, where

ay*
aT

The operator L is an isomorphism, and K is compact since it has finite range. As a consequence, DU, (0) is Fredholm
of index zero and, in order to complete Step 2, it suffices to prove that DU, (0) is injective. For this purpose, we
compute Da(0) using the implicit equation

F(a®), ¥) :==VaW(a(y), g% ") =0 (10.14)
satisfied by a. By differentiating (10.14) with respect to i we obtain (via (10.10))

L(y) = and K (¥):=2(Da(O)y) Az, Yy eC PSS R)/R.

Dy F(0,0)¢ = —V2W (0, g%) Da(0)y = —27 Da(0)y. (10.15)
Let us compute Dy, F (0, 0). Recalling (4.3), we find that

~ 1
Fla,y)=VW(a) + va[i /!Vw;‘,go + wfﬂ
D
VW@ + V|~ [ v P4 va| [yr vy 10.16
= VW@ +Va| 5 [V 0] |+ Va Yy 0 V. (10.16)
D D
The two first terms do not depend on v, and the last term depends linearly on 1. Hence we obtain
DwF(G»0)1ﬁ=Va|:/ vw;go-vw*}. (10.17)
D

Integrating by parts, using the explicit formula (4.16) for w; 0 and the fact that

/aw*:/%zo’
av ot

St St

we find that
Y™
v

/Vlﬁ:go VYt = —2/10g|1 —az|
D sl
If we first plug (10.18) into (10.17) and next let a = 0, then we obtain

(10.18)
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Y™
Dy F0,00y =2 | z 3y (10.19)
Sl
and finally, using (10.15),
1 ay*
Da(0)p = —— / Z v . (10.20)
b4 av
Sl
We are now in position to prove that DU, (0) is injective. Let ¢ € ker DU, (0). Then, recalling (10.13), we have
ay*
5 =2(Da(0)1ﬂ)/\z=a/\z, (10.21)
T
where
2 oy™
a:——/z v e C. (10.22)
b4 av
Sl
Since ¥* is harmonic and has zero average on S!, we may write
w*(relg) = Zanrne’”‘g. (10.23)
n#0
Hence (10.21) yields
o o Y™
56‘19 - Ze 10 — W(e’g) = Zznanemg. (10.24)
n#0
Identifying the Fourier coefficients, we obtain
o o
a, =0 for|n|>1, a=——, a_|=——, (10.25)
2 2
so that (10.23) becomes
1/f*(re’0) = —%re’g — %re_’g. (10.26)
By (10.26), we have
9yt ! 2
/z LA ——/eie(&ele +ae™?)do = —na. (10.27)
av 2
st 0

Plugging (10.27) into (10.22) we obtain o = 2«, so that @ = 0 and consequently ¥* = 0. Therefore, we have ¥ =0
modulo R, and thus DU, (0) is invertible. O

10.2. Corollary. If a domain S2 is sufficiently close to the unit disk, in the sense that there exists a conformal repre-
sentation f : 1D — §2 such that || f —1d||c1.6 < 8 for sufficiently small 8, then, for small ¢, E; admits critical points
with prescribed degree one.

11. In degree one, “most” of the domains are nondegenerate

In this section, we assume that k = 1 and d = 1, and we prove that every domain can be approximated with domains
satisfying the nondegeneracy conditions (ND1)—-(ND2). More specifically, we establish the following result.

11.1. Theorem. Assume that k = 1 and d = 1. Let 29 C R? be a simply connected bounded domain with C'#
boundary, and fix a conformal representation fo: 1D — £2y.

Then, for every n > 0, there exists a conformal representation f : 1D — §2 := f(D) such that || fo — fllc1.s <n
and such that the corresponding domain 2 satisfies (ND1)—(ND2).
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The main idea of the proof of Theorem 11.1 is to use transversality. Among other ingredients, we will rely on the
following abstract transversality result [ 14, Theorem 3].

11.2. Theorem. Let X, A, Y be smooth separable Banach manifolds. Let @ : X x A — Y be a smooth map.
Assume that:
1. forevery e A, @) :=®(,A): X > Y is Fredholm.”
2. @ is transverse to {0}, i.e., for every (x, L) such that @ (x, L) = 0, the differential D®P (x, A) is onto.
Then the set {\; ®, is transverse to {0}} is dense in A.

Note that, if X and Y are finite dimensional, then condition 1. is automatically satisfied.
Another ingredient of the proof is the following fact, which relates nondegenerate critical points of W to
nondegenerate critical points of W (-, g%).

11.3. Proposition. Assume that k =1 and d = 1. Let ag € $2 be a nondegenerate critical point of W2 Then ag is a
nondegenerate critical point of W (-, g%).

Proof. Let us first remark that a¢ is automatically a critical point of w0 G, g“o).5 Indeed, using (2.24), in which each
term is smooth thanks to the formulas in Sections 3 and 4, and the fact that (by definition) we have v/, ¢« =0, we find
that

VaW(a, g)lg=ga =VW(a). (11.1)

It remains to prove that ag is nondegenerate as a critical point of W< (-, g%).
Let f: D — £2 be a conformal representation and set g := f ~1(ap). Then f(0) = ag, where

N Z+ o
f(z)_f<1+oc_oz>'

Therefore, by replacing f with f we may actually assume that f(0) = ag. In view of (3.5) and of the fact that, in the
unit disk, we have go =1Id, we obtain

g0 f=¢"=1d (11.2)
Recall that, by Lemmas 3.1 and 4.1 and by (4.2) we have
W2 (f(@)=WP() + P, f), (11.3)
W2(f(@), ") =WwP(a, &% + P(a, f), (11.4)
where
WP () = 7 log(1 — |a?), P(a, f) :=mlog|f' ()| (11.5)
and
WP («, g°) is given by (4.3) with yr = 0. (11.6)

By (11.3)—(11.6) and the discussion at the beginning of the proof of Proposition 5.1, the assumption that ag is a
nondegenerate critical point of W is equivalent to the fact that O is a nondegenerate critical point of WP+ P, ).
Similarly, the desired conclusion (that a is a nondegenerate critical point of W* (-, g%)) is equivalent to the fact that
0 is nondegenerate as a critical point of WP (-, g%) + P(-, f).
Since
—2ma " (a)

viwP 4+ p(., =
(WP + P(, H](@) 1_W+nf/(a)

e C~R?, (11.7)

4 That is, the linearized operator Dy @ (x, A) is Fredholm for every x and every A.
5 This is not specific to the case where k = 1 and d = 1, but holds for arbitrary k and degrees d;, j € [1,k].
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and since 0 is a critical point of WP+ p(., f), we have f(0) =0
In order to calculate the Hessian of P(:, f) at the origin, we find the second order Taylor expansion of P (-, f):

P(a, f)=mlog|f'(0) + fP0a* + o(ja|?)]
=n10g|f/(0)|+%log<‘1+ )

f(S)() 2 (| | )
3)
= P(0, f)+%log<1+2Re<f (0)a2>+0(|a|2)>

17(0)
1)
_ T f(3)(0) 2 2

30

= P(0, f)+n<f_()a> ‘o +o(laf?). (11.8)
17(0)

In the last equality, z - w stands for the real scalar product of the complex numbers z and w (identified with vectors

in Rz). As a consequence, we have

VaP O, f)=7mM 00 (11.9)
where, for a complex number z € C, M, denotes the matrix corresponding to the R-linear map
T:C—>C, &+,
i.€.,
Rez —Imz
M, = <—Imz —Rez> '

Recall that, from (10.9) and (10.10), it holds

VZWP(0) = 271 and V2W(0,¢%) =2nh. (11.10)
By combining (11.9) with (11.10), we obtain
VZ[WD + P(, f)](O) =7 M 60y 0) — 27 12, (11.11)
VAWP (-, 8% + P, H]O) =7 M 0y p7(0) + 27 L2 (11.12)
We claim that the two Hessian matrices (11.11) and (11.12) have the same determinant. In fact, for every z € C, we
have
Rez -2 —Imz

det(M; —2L)=|""7 "% L TT

‘ (2—Rez)(Rez+2) — (Imz)?

- '2+Rez —Imz et + M),

—Imz 2-—Rez

The Hessian matrix in (11.11) being nondegenerate by assumption, so is the Hessian in (11.12). Therefore O is
a nondegenerate critical point of WP(-, g%) + P(-, f), which means that g is a nondegenerate critical point of
W, g). O

Before proceeding to the proof of Theorem 11.1, we introduce some notation. For « € D and f € Vg, let

Fla, f) = Vo [WP 1. (11.13)

so that F : D x Vg — R? is smooth (thanks to the computations in Lemma 5.2), and, by Lemma 3.1, a point
a= f(x) € 2 = f(D) is a nondegenerate critical point of W2 if and only if ¢ is a nondegenerate zero of F G, f).
Similarly, go € cLB(st; sh being fixed, we define, fora €D, f € Vg and ¢ € CcLB(S; R),

Fa, ¥, f) = Vo[ WP (a, goe'") 1. (11.14)
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sothat F: D x CLA(S!; R) x Vg — R? is smooth. By Lemma 3.1 and the discussion at the beginning of the proof of
Proposition 5.1, a point a = f(«) € 2 = f (D) is a nondegenerate critical point of W*? (-, (goe'¥) o f~1) if and only
if @ is a nondegenerate zero of F (-, ¥, f).

Using (4.3), we may split

Fla, f)=Fi(@) + P2 f) (11.15)
and
Fa, ¥, f) = Fi(@) + Fa(a, ) + F3(a, ¥), (11.16)
where the smooth maps F, F> and F3 are respectively given by

Fi(a) = VWP (a), (11.17)
)
f(@)

Fa(a, f) = Vo[r log| f'(@)]|] =7 e C~R? (11.18)

1
F3(a, w)zva[§/|v(¢;‘,go+w*)|2]. (11.19)
D

Proof of Theorem 11.1. The proof is divided into two steps. In each step we apply the abstract transversality result
(Theorem 11.2) in order to prove that a certain nondegeneracy is generic.

Step 1. We may assume that W has a nondegenerate critical point ag € £2o.
Indeed, we claim that F is transverse to {0}. This will follow if we prove that Dy F (e, f) is surjective for every
(o, f). In turn, surjectivity is established as follows. For every i € Xg we have

J(@)h" (@) — f"(@)h' ()

DiF(a.f)-h=D;Fa. f) h=m cC~R2 (11.20)
f(@)?
If f”(a) # 0, then the choice h(z) = —Az (with A € C arbitrary constant) leads to
f//
f’ AerangeDfF(a ),

SO fo(oz, f) is surjective. If f”(a) =0, then we take h(z) = Az> and obtain
2
S ()

A € range DfF((x H,

and thus the claim is proved. R
Therefore we can apply the transversality theorem: we can choose f arbitrarily close to fo, such that F(-, f) is
transverse to {0}. Thus, by slightly perturbing fj, we may actually assume that F (-, fp) is transverse to {0}.
Since

W ( fo(e)) = WP (ar) + 7 log| (@)
= log(1 — |a|?) + 7 log| f(@)| — —oco as || — 1, (11.21)

there exists some ag € £2, such that W* (ap) = maxg, W . Hence ap is a critical point of W“QO which is equivalent
to the fact that «g := fo (ap) is a zero of F G, fo)- Smce the map F (-, fo) is transverse to {0}, its differential is
surjectlve at . Therefore, «g is a nondegenerate zero of F (-, fo), which means that a¢ is a nondegenerate critical
point of W< The proof of Step 1 is complete.

Step 2. There exists f arbitrarily close to fp, such that 2 = f (D) satisfies (ND1)—(ND2).
Thanks to Step 1 and Proposition 11.3, possibly after slightly perturblng fo, we may assume that there exists some
ao = fo(ap) € 20, which is a nondegenerate critical point of both W* and W*(., go) (with go = g?).
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Since F (a0, fo) =0, and since Dy F (o, fo) is invertible, we can apply the implicit function theorem to F. There
exists an open neighborhood V; of fj in Vg, and a smooth function « : V| — D, such that, for every f € V) and for
every « sufficiently close to o, we have

Fla, f)=0 < a=a(f). (11.22)

By Proposition 5.3 and by the invertibility of D, F (a0, fo), we may choose the open neighborhood V; such that,
for every f € V1, the point a = a(f) = f(a(f)) € £2 = f(D) is doubly nondegenerate, that is: nondegenerate as a
critical point of W2 and nondegenerate as a critical point of W* (-, g%). In particular, every domain £2 = f (D), with
f €V, satisfies (ND1).

Again by the second nondegeneracy property of every f € V;, we may consider the map Uy 4, ge, defined as in
(5.15), and corresponding to a = a(f). In order to complete Step 2, we have to find some f arbitrarily close to fo,
such that the map Uy 4 ¢« is a local diffeomorphism at the origin. To this end we will again rely on the transversality
theorem. More specifically, we define, exactly as in formula (9.4) in the proof of Theorem 9.1, the smooth map

U:Vi x Vo/R — CP(SL;R). (11.23)

Recall that V; is an open neighborhood of fj in Vg, that V; is an open neighborhood of the origin in C LB(S!; R), and
that

U(f,9) =NP(@W, £). g0e'") V(£ 9) € Vi x Vo/R. (11.24)

Here, @ is the smooth implicit solution of

F(@w, f),v, f)=0 (11.25)

obtained in Proposition 5.1. We recall the following fact established in the proof of Theorem 9.1: the map U, ;) ga(»
is a local diffeomorphism at the origin if and only if U (f, -) is a local diffeomorphism at —4(r),¢o-
Recalling the formula (4.5) for N¥, we obtain the following explicit formula for U’

Y™ Az a(y, [Nz
T +2|z—060|2 _2lz—a(¢7f)|2.

Hence, for every (f, ¥) € V1 x V»/R, we have

_ A (Dy@W, f) -9 Az
DyUE )= =2 — G E

=& ) - (DY@, f)-0)
—4 , )
-, HP o f)n

In particular Dy U (f, ) is a Fredholm operator of index zero, since it can be written as L — K, where

Ulf,y)= (11.26)

ac*
aT
is invertible and K has finite range. Hence U (f, -) is a smooth Fredholm map for every f € V.

We want to apply the transversality theorem to U. We already know that assumption 1. of the transversality theorem
is satisfied. It remains to check that U is transverse to 0. To this end we compute the differential of U at some point

(f, ), using (11.26):

L:Cl’ﬂ(S];R)/R% Cﬂ(Sl;R), §r£>

DU ) (hoy= 28 P¥W N - ) Az

it lz—a(y, f)I?
z—a(y, ) - (DA, f)-(h,{))
—4 . 11.27
2 — &, I awnz (2n
Let us show that DU (f, ¥) is onto. Let ¥ € C#(S'; R). Then there exists some ¢ € CHA(S': R)/R such that
ac*
=y (11.28)

Jat
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We claim that there exists h = h; € Xg such that

Da(y, f) - (he, ¢)=0. (11.29)
Then, plugging (11.29) and (11.28) into (11.27), we obtain

DU(f, ) - (he, §) =Y,

and thus DU (f, ¥) is onto.
In order to complete Step 2, it remains to prove the existence of /. From the implicit equation (11.25) satisfied by
o, we obtain

Since Dy F(a, ¥, f) =Dy F(a, f) is surjective (by Step 1), we may clearly choose h, such that (11.30) holds.
Therefore we can apply the transversality theorem to U: the set of f such that U (f, -) is transverse to {0} is dense.
Let n > 0. We can choose f €V, such that || f — follc1.6 <71, and U(f, -) is transverse to {0}. In particular, the

differential of U(f,-) at —vq(s),g, 18 onto, which implies that the differential is invertible (since it is a zero index

Fredholm operator). Hence U (-, f) is a local diffeomorphism at —y/(),¢,» Which is equivalent to U, ,( sy 4a() being

a local diffeomorphism at the origin, i.e. £2 = f (D) satisfies (ND2).

Step 2 and the proof of Theorem 11.1 are complete. O

11.4. Remark. In Theorem 11.1 we have established that nondegeneracy of the domain is generic in the case of
prescribed degree d = 1. Some, but not all, of the ingredients of our proof can be generalized to arbitrary d.
For example, it is possible to adapt our arguments and obtain the transversality of F to 0 when d is arbitrary.
However, this does not lead to the conclusion that (ND1) is generically true. The reason is that when d # %1, we can-
not rely on (11.21) anymore, and we actually do not know whether W does have critical points. A similar difficulty
occurs in Step 2. Indeed, the first ingredient in Step 2 is Proposition 11.3, yielding the existence of a nondegenerate
critical point ag of W (-, g%°). Clearly, our proof of Proposition 11.3 is specific to the case d = 1.

However, it is plausible the transversality arguments extend to an arbitrary degree d, and thus the main difficulty
arises in the existence of critical points of W It would be interesting to investigate, e.g. by topological methods in
the spirit of [ 15], whether such points do exist.

Appendix A
The following is a C1# variant of [16, Lemmas A1, A2].

11.5. Lemma. Let G C R" be a bounded open set of class C'-P. Assume that

Aw = in G
w=f in (11.31)
w=¢ on 0G.
Then
1/2 1/2 1/2
sup [Vl < C(IL£ 1~ (lwll % + el /= a6) + 19lcrews)): (11.32)
G
1/2 2 1/2—-8/2 1/2—-8/2
IVwlogc < C(LF 12 (lwi2 ™ + el % ) + el csoo)- (11.33)

for a constant C depending only on G. In addition, when G = §2,, where 01 < 0 < 02 and o1, o2 are fixed small
numbers, we may take C independent of o.

Proof. We write w = u + v, where

Au=0 i
{ u=0 inG, (11.34)

u=q on 4G,
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and
{Av:f in G, (11.35)
v=0 on dG.
By standard elliptic estimates [17, Theorem 8.33] we have
lullcrs <cllollcs. (11.36)
Therefore we only need to prove that v satisfies the estimates
172 11/2
sup Vol < CILf I /% v/, (11.37)
G
1/24+8/2) 0 1/2-B/2
Vologc < CIFIE ol 2" (11.38)

Estimate (11.37) is proved in [16, Lemma A.2] by combining an interior estimate with a boundary estimate. Estimate
(11.38) can be obtained following exactly the same lines. In order to see this, we detail for example the proof of the
interior estimate corresponding to (11.38). Proceeding as in [16, Lemma A.1], we first show that

1/2 2 1/2— 2
IVolo,p.6, < (nfn/*ﬁ/ ol = dHﬂuan ) (11.39)

where, for d > 0, we let G4 := {x € G; dist(x, dG) > d}. In order to prove (11.39), we let xg € G4 and A € (0, d],
and define

vi(y) :==v(xo+Ay), ye€Bi(0). (11.40)

Then the function v, satisfies the equation

Avy = fi in B1(0), with f£5.(y) := A2 f (x0 + AY). (11.41)

Standard elliptic estimates [17, Theorem 8.33] yield

MHPIVI0.p.8, px) = IVVRI0.8.81 200 < C(Iloallzos + [l fallL)
C(lIvllze + 221 fllL). (11.42)

We next discuss the two following cases:

lvll oo 2
Case 1. Tl <d-.

In this case, we apply (11.42) with A = (|[v]|ze /|l f |l zo<)/%. We find that

1/2—8/2 1/2 2
IV0lo,8, B, p o) < 2C 0l P21 £ (11.43)

so that (11.39) is satisfied.
Case 2. H;ll“”o d>.
In this case, we apply (11.42) with A = d. We obtain

IVl0.6.8, pxo) < C(d™ " Pllvllze +d' P fllL)
<C(d Pl + ol /2 PR FI P, (11.44)

so that in both cases (11.39) is satisfied.
Once (11.39) is established, we easily obtain the interior estimate corresponding to (11.38). Indeed, standard elliptic
estimates [ 17, Theorem 3.7] imply ||v]| o < C|| f]l Lo, so that from (11.39) we obtain

1/2 2 1/2— 2
IVolog.x < CIFIVETP2 ) 27 (11.45)

for every compact set K C G.
The proof of the boundary version of (11.45) is also a straightforward adaptation of the corresponding estimate
established in [16, proof of Lemma A.2], and we omit it here. O
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