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Abstract

A weak solution of the two-dimensional eikonal equation amounts to a vector
field m: Q C R? — R? such that |m| = 1 a.e. and divm = 0 in D'(Q). It
is known that, if m has some low regularity, e.g., continuous or W1/33 then
m is automatically more regular: locally Lipschitz outside a locally finite set.
A long-standing conjecture by Aviles and Giga, if true, would imply the same
regularizing effect under the Besov regularity assumption m € B;,/o:i for p > 3.
In this note we establish that regularizing effect in the borderline case p = 6,
above which the Besov regularity assumption implies continuity. If the domain
is a disk and m satisfies tangent boundary conditions, we also prove this for p
slightly below 6.

1 Introduction
Let Q C R? an open set and m: Q — R? a weak solution of the eikonal equation
m| =1 a.e. in €, divm=0 inD'(Q). (1.1)

In a simply connected domain, this is equivalent to the usual eikonal equation |Vu| = 1
for u: 2 — R such that im = Vu, where i denotes rotation by 7/2.

We are interested in regularizing features of the eikonal equation ([1.1)), of the form:
if a weak solution m has a given low regularity, then m is locally Lipschitz outside a
locally finite set. The latter property corresponds to being a zero-energy state of the
Aviles-Giga energy, as defined and characterized in [12]. We are aware of two instances
of this regularizing effect:
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e If m is continuous, then m is locally Lipschitz. This follows e.g. from [4] or [2]
Lemma 2.2], see also [11].

o If m is W1/33 then m is a zero-energy state [5]. See also [10, 9] for the W'/22
case.

The results in [I5] make it natural to conjecture another instance of this regularizing
effect:

m solves (1.1

= m is a zero-energy state, 1.2
m € BP}@(Q) for some p > 3} &Y (1:2)

where the Besov regularity m € le,,/og'o is defined by

1
m < B;Q(Q) < sup [m(- 4+ k) — m||r@n@-ny) < 0.

im0 |3
More precisely, the validity of the conjecture (1.2)) is a necessary condition for the

validity of the Aviles-Giga conjecture [I, p.9], see the discussion in [15, § 1.2]. The

range p > 3 in ([1.2)) is sharp, since pure jump solutions m = m*1,,-9+m™ 1,0 (with
1/3

m* € S' s.t. mi = m7) belong to the space By,

Aviles-Giga conjecture [§].

For p > 6, Blg regularity implies continuity [16, § 2.7.1], so is true. For
3 < p < 6, this does not follow directly from the already known regularizing effects,
since BL2 regularity does not imply continuity, nor W1/33 regularityl!| In this note we
present a short argument solving the borderline case p = 6.

which plays a critical role in the

Theorem 1.1. Let Q C R? be an open set, and m: Q — R? a weak solution of the
eikonal equation (1.1). If m € Bﬁlf;(ﬂ), then m is locally Lipschitz outside a locally
finite set.

We rely on the characterization of zero-energy solutions of (|I.1)) established in [12]:
a weak solution m is locally Lipschitz outside a locally finite set if

div®(m) =0 in D'(Q), V® € ENT, (1.3)

ENT = {@ € C*(SY;R?): d%(l)(ew) e’ =0 Vo R} :
Maps in ENT are called entropies, and for a weak solution m the distributions div ®(m)
are the corresponding entropy productions. Entropies are characterized by the fact that
all smooth solutions of the eikonal equation have zero entropy production ([1.3)). They
were introduced in [7] to study compactness properties of sequences with bounded
Aviles-Giga energy.

!An example showing that B;/o?g ¢ Wi/s3 = Bé’/gg in any bounded domain can be constructed
using a wavelet basis, as recalled e.g. in [3, Corollary 2.17(ii)].



Remark 1.2. In [15 Theorem 1.4] it is shown that, for a unit divergence-free vector
field m as in and 3 < p < 4, local Bp/C>O regularity is equivalent to local L%
integrability of all entropy productions div ®(m). That equivalence could not be true
for p > 6, since in that case B;,/oi maps are continuous, but the discontinuous map
m(z) = iz/|x| has zero entropy productions. There is however no direct obstruction
to it being true for p = 6. In that case, Theorem would imply that any solution
of with L? entropy productions is a zero-energy state, thus partly answering [15]
Conjecture 1.5].

We let m. denote the convolution m. = m * p. where p.(2) = e %p(z/e) and p is
a fixed kernel supported in By with fB p=10<p<1and |Vp| <1. The main
ingredient in our proof of Theorem [I.1] shows Lipschitz regularity under the assumptions
that m, stays away from zero and that entropy productions are in L” for some p > 1.

Proposition 1.3. Let m € Bl/3 = (By;SY) with divm = 0 and p > 1. Assume that
div ®(m) € LP(Bsy) for all ® € ENT, and

lim sup (mf |ma|> > 0.
e—0 B

Then m is Lipschitz in By,.

The proof of Theorem [1.1] follows from Proposition [I.3] combined with the following
property of B

Lemma 1.4. For any m € Bl/3 = (2 SY), the set of points x € Q such that

lim sup ( inf \me\) =0 Vr e (0,dist (z,°)),

e—0 Br(x)
18 Lebesque-negligible.

Proof of Theorem[1.1] from Proposition[I.5 and Lemma[I.J. Denote by X C ) the neg-
ligible set of points in Lemmal[l.4] If x € Q\ X, there exists r > 0 such that By, (z) C Q2
and

lim sup ( inf \m€|) > 0,

e—0 Br (x)

thus we can apply Proposition to m appropriately rescaled in Bs,(x), and we deduce
that m is Lipschitz in B, p(x). This implies div®(m) = 0 in B, 2(x), for any entropy
®. Since this is valid for a.e. z € Q and div®(m) € L? thanks to [15, Proposition 4.1],
we infer that div ®(m) = 0 in Q, and may invoke [I2, Theorem 1.3] to conclude. O



1.1 Improved estimate under tangent boundary conditions in
a disk

If Q is simply connected and m solves ((1.1)), then there exists u: 0 — R such that
im = Vu and |Vu| =1 a.e. in Q. Motivated by physical considerations, and assuming
2 has Lipschitz boundary, natural boundary conditions for this function u are

ou
u=0 and — =—1 on 01,
on
where Ou/0n denotes the exterior normal derivative [I4]. In terms of m this corresponds
to the tangential boundary condition

m = TpQ on 89, (14)

where 5o = ingq is the counterclockwise unit tangent to 2.

For a solution m € Bé/oi(Q), the kinetic formulation [I3| [§] allows to define a one-
sided trace of m on 92 by the arguments in [I7] or [6], and therefore make sense of this
tangential boundary condition. If m € B;/;(Q) for some p > 3, then m automatically
has a trace on 0f2 (see e.g. [16, § 3.3.3]). Here we will replace these trace considerations
by requiring that m is extended equal to iV dist(-, 0Q2) outside €.

Specializing to the case of the disk Q = By, we therefore consider m: B, — S' such
that divm = 0 and

m(z) = z’i—‘ Vx € By \ By . (1.5)

Under these boundary conditions, we have

Theorem 1.5. Let m € B;/i(B4;Sl) for some (47 + v/553)/12 < q < 6 such that
divm =0 and (1.5 holds. Then

m(z) = z|$—| Vz € By \ {0} . (1.6)
x
The vortex configuration given in ([1.6)) is the only zero-energy state under the
boundary condition (1.5)) over a disk, as characterized in [12, Theorem 1.2].

Remark 1.6. The ideas we use to prove Theorem can be elaborated on to obtain
that, under general assumptions on a smooth domain €2, if m solves in 2 with
tangential boundary conditions and has the regularity m € B;,/o‘(i for some ¢ >
(47 + +/553) /12, then © must be a disk and m given by (L.6). This works for instance
if 2 is uniformly convex or analytic. We present only Theorem in order to keep the
presentation short and not-too-technical.

Plan of the article. In § [2| we present the proof of Proposition (1.3 relying on a
lemma proved in § 3l In § [4] we give the proof of Lemma [[.4], and in § [5] we prove a
refined version of a regularity estimate from [8]. Finally, the proof of Theorem is

given in § [6]



Notation. The notation A < B stands for the existence of an absolute constant
C > 0 such that A < C B.
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2 Proof of Proposition

The proof of Proposition uses the link between entropy productions and a kinetic
formulation discovered in [13], and further explored in [§, [I5]. Relevant to us are the
following properties.

Proposition 2.1 ([§],[15, Proposition 4.2]). Let m € Bé’/o?’o(Q;]RQ) a weak solution of

the eikonal equation (1.1). There exists 0 € M(Q x S') such that
6is : Vm].m(z).eis>0 = 850' m 'D/(Q X Sl)

If div ®(m) € LP(Q) for all ® € ENT and some p > 1, then o € LP(2; M(SY)), that is,
the measure

v = (profa)ie] = [ lol(.ds) € M(@). (2.)

has an LP density with respect to the Lebesque measure.

With these notations, the main ingredient in the proof of Proposition is the
following lemma, which shows that any integral curve of the curl-free vector field im,
must be almost straight, provided v € L? and |m.| stays away from zero along the
curve.

Lemma 2.2. Let m € B;{O?;(BQ;SI) with divm = 0, hence itm = Vu for some
1-Lipschitz function u: By — R. Assume that v € LP(By) for some p > 1, where
v is defined in (2.1)). Let ¢ € (0,1). If, for some T > 0 and ¢y € (0,1), there is an

integral curve y: [0,T] — By such that

and |mc| >co>0 on~([0,T]),

then we have

ue(Y(T) = ue(7(0)) = [V (T') = ~v(0)| =4, (2.2)
and ([0, T]) € [v(0), ()] + Bs,ysr

where & = O(||vl|y/c}) Foedhm T

for some absolute constant C' > 0.



Proof of Proposition[1.3 from Lemma[2.3. We let u: By — R be such that Vu = im.
By assumption, there exist ¢y > 0 and a sequence € — 0 such that |m.| > ¢y in B;. For
any ¢ in that sequence, consider the maximal integral curve 7.: (S.,T.) — B; solving

75(0) =0, F.= Vus(%)'

Since u. is 1-Lipschitz and (d/dt)[u.(7.)] = |Vue|*(7.) > 2, we have T. — S. < 2/c3.
We fix S} < 0 < T such that v.((S?,T)) C B2 and X, = 7.(SZ) € 0By, Yo =
Y=(TZ) € 0B1/2. Thanks to Lemma [2.2] applied on the time intervals [S7, 0] and [0, T7],
these points X.,Y, € 0B,y satisfy

(V) = ua(X.) > 1 — ceoos,

for some constant ¢ depending on ||v||» and ¢y. Extracting a subsequence ¢ — 0,
we deduce the existence of X,Y € 0By, such that u(Y) — u(X) > 1. Since u is 1-
Lipschitz and |X — Y| < 1, this implies that |X — Y| = 1 and u is affine with slope
1 along the segment [X,Y]. Rescaling, we can apply this argument to deduce that,
for any x € B; such that Bs,.(x) C By, there exists a direction w, € S' such that u
restricted to x + [—rw,, rw,] is affine with slope 1. This implies that Vu is constant
(equal to w,) along that segment. Two such segments starting from points in By /o
cannot cross inside By/3, and this implies that m is locally Lipschitz, see e.g. the proof
of [12, Lemma 5.1]. O

Proof of Lemma[2.3. Since u. is 1-Lipschitz and (d/dt)[u.(y)] = |[Vu.|?*(7) > 3, we
know that

Iy(t) —y(s)| > cilt —s| for all s,t€[0,T]. (2.4)

For r € [e,min(1/4,T)], to be fixed later, we decompose the time interval [0,77] into
N — 1 subintervals [t;,%;41], with

2T
<tjy1—t; <, NST-

O:t1<t2<~"<tN:T,

N 3

Setting X; = 7(t;), we have v([t;,t,41]) C B,(Xj) since || < 1. Moreover, the inequal-
ity (2.4) implies | X; — X;| > c3|i—j|r/2, and ensures therefore the bounded intersection
property

ZlBM S IUJ B (X)) S 3 Ly(0,1)+Ba, - (2.5)

oowl =

Applying the estimate (3.1) in Lemma in the next section, on each time interval
[t;,tj+1], we find, for any a > 0,

ue(Xj1) —ue(X;) > (1 = Vo) [ Xy — Xy| - g(V(BM(Xj)) +el P2y



where C' > 0 is a generic absolute constant which may change from line to line in
what follows. Summing over j, using that N < 27/r, that |y(T") — v(0)| < T and the

property (2.5)), we deduce

> (1 — V) |y (T) — 7(0)] — gz V(B (X;)) — cfﬁ

=1

> (1) = 5(0)] - var - £ (MU B g 2,

a r
Choosing
2
~ (v(y([0,T)) 4 By) £)?
@ ( AT + r)
we obtain

w (1) = 0o (0) 2 (D) ()] - e (B TD LB 27

Using that v has an L? density and the Lebesgue measure of ([0, T]) + By, is at most
16T, this implies

w6(D) = (0 2 b)) - er(Lge D2, 2y

Finally we choose

2p

2 -
. ( o )3p 2€3pp_2T3p%2’
11l e (32)

which gives

wGD) = w60 2 (D) (0] - (B Rt

This proves ([2.2)). To show ([2.3)), for any ¢ € (0,T) we apply (2.2)) on the intervals [0, ¢]
and [t, T] and, since u. is 1-Lipschitz, deduce the chain of inequalities

1V (T) = ~(0)] < [N T) = ~(B)] + |7 (t) — ~(0)]
< u(Y(T)) — uc(y(t)) +uc(y(t) — u(7(0)) + 20
= u(Y(T)) — uc(7(0)) 426
< T) = ~(0) + 2.



So we have the approximate reverse triangle inequality

V(1) = ()] + [7(#) = 7(0)] < |y (T) =~(0)] + 24,

which implies that v(¢) must be close to the segment [y(0),~v(T")]. More precisely, let
d = dist(v(t), [v(0),v(T)]) = |y(t) — X| for some X € [y(0),7(T)]. Assume first that
X ¢ {7(0),7(T)}. Then ¢, = [4(0) — X| and £ = |3(T) — X| satisfy

V(&) =yO) =/ G+, V(T) = ()] = /63 +d,
and (1 + £, = |y(T) —~(0)].
If d < |y(T) —~(0)], then, using that v/1+xz > 1+ x/3 for all z € [0,1], we deduce

V(T) = (O] + [v(t) = v(0)] = b/ 1+ &/ + Lo/ 1+ d*/ 63
d2

> (4 —l—&)“l—i— —<£1+€2)2

> [1(T) = (0)| + 3o =7

hence d < V60T. If d > |y(T) — v(0)|, then we have
V(1) = ()] + [7(#) =~(0)] = 2d = [4(T) = ~(0)| + d,
hence d < 26. And if X € {v(0),~v(7T")}, then we also have
V(1) =~ + (&) = (0)] = [V (T) =~ (0)[ + d,

and d < 26. In all cases we have d < 20 + V607, and, after adjusting the absolute
constant C, this gives (2.3)). O

3 Proof of Lemma [3.1]

In this section we prove the following.

Lemma 3.1. Letr € (0,1) andm € B;{i(B4r; S') such that divm = 0, hence im = Vu
for some 1-Lipschitz function u: By, — R.

For 0 < e < r, let v: [t1,ts]) — B, solve ¥ = Vu.(y), and denote X; = ~(t;),
j=1,2. Then for all « > 0 we have

wa(Xa) — ua(X1) 2 (1 - Va)l Xy — Xy - g(y(&r) PRV

+/ | dH! (3.1)
v([t1t2])N{Ime|<1—+/a}

where C' > 0 is an absolute constant.



The proof of Lemma relies on the two next lemmas, where we denote by D" the
finite difference operator

D"f(x) = f(z +h) — f(z), (3.2)
for h € R2.

Lemma 3.2. For any m: By, — S* and 0 < ¢ < r we have

" 1
/ sup (1 —|m.|)?| do; < sup — | D"m|? d.
—r \{ex(=r) ni<e [l J b,

Lemma 3.3. For any r € (0,1) and m € Bé’/o?;(BM; SY) such that divm = 0, we have
1
0 |D"m|?dx < v(By) +r/2|h|Y? VYh e B,,
B2r

where v is defined in (2.1)).

As a consequence of Lemmas [3.2] and [3.3], under the assumptions of Lemma [3.1] we
have

—r \{z1}x(—r7r

/ ( sup <1—rmal>2> dey Sv(Byy) + /20!, (3.3)
)

and we can proceed to prove Lemma [3.1

Proof of Lemma[3.1. We write

0 () — ul(Xy) = / 50 - Va4 (0) dt

:/([t H)\m5|d7-1,1
> (1= Va)yH! (v([t1. t2]) N {(1 — |me])* < a})

+ / |m.| dH" .
y([ta 2] Ime|<1—va}

Then we assume without loss of generality that X, — X is along the zi-axis, denote
by 71 the projection onto it, and use (3.3)) to estimate

HE (v([trs t2]) N {(1 = Ime])? < a})
> H (m [y([tr, t2]) N {(1 = [me])* < a}])

C T
> | Xy — Xu| - E/ ({ }Su(p )(1 - |m€|)2) dxy
—r 1 }x (=77

C
Z ’XQ — X1’ — E (V(B4r) —+ 81/27’1/2) .

Plugging this into the above estimate concludes the proof. O]

9



Finally we give the proofs of Lemmas [3.2 and [3.3]
Proof of Lemma([3.9. For any fixed x; € (—r,r) we have

1 T T
sup (1=l < [ (=P [

{z1}x(—r,r) —r

1 T
< 7a/ (1 — |me|)*? da, +2/ (1 —|me])|Vme| dxs.

T

d.TQ

d 2
d_ [(1 - ‘m€|> ]

Integrating with respect to x; we deduce

/ sup (1 —|me|)?| da,
—r \{z1}x(=rr)

1
< —/ (1 — |me|)*? da:—{—Q/ (1 —|m|)|Vm,|dx
Ba,

r B27‘

2 1
1 3 f 3
< —/ (1 — |me|)*?dax + 2 (/ (1 — |me|)*? dx) (/ \Vm5|5da:) :
r BQT BZ'r B2r

The conclusion follows from the estimates

1
[ a-pmdesesp o [ Dt ds,
Bo, |h|<£ |h| Ba,
3 1 1 Dhonl?
3 ) )
Vm|"dr S — sup — |D"m|” dx
BQT ‘h‘|<6 |h| B27‘
see e.g. [5l, Step 6 in Proposition 3|, and the fact that ¢ < r. ]

Proof of Lemma (3.3 This follows from keeping track more precisely of each step in the
proof of [8, Proposition 3.7], see Lemma [5.1] Choosing a test function ¢ in Lemma
such that 1p, < ¢ <1p, and |V¢| < 1/r gives Lemma [3.3] O

4 Proof of Lemma 1.4

Lemma follows from a classical covering argument which provides the following.

Lemma 4.1. Let m € B; (;S") for some s € (0,1) and ¢ > 1 and U CC Q. For
any 0 < e < dist(U, QC)/3 ‘there is a finite set XU C U such that

sq—2

1
|me| > 3 in U\ U Bs.(z), and card(XY) <

zeXV

¢

1
Proof of Lemma [1.4] from Lemma[4.1 Thanks to Lemma 4.1 applied to m € B¢, we
can select a sequence g, — 0 and a finite set XU such that

dist(XY, XY) = 0 as k — oo.

10



For z € U\ XV and r > 0 such that By,(z) C U\ XY, we have

B.(x) C U\ U Bse, (),
zeXV
for large enough k, and therefore

1
lim sup ( inf |m€|) > 3"

e—0 Br(z)

We conclude that the set of points considered in Lemma [1.4]is locally finite.

Proof of Lemma[{.1. Given o > 0, to be fixed later, define
BY .= {x eU :][ ; im(z +y) — m(xz + 2)|? dydz > oz}.

Since [m| =1 a.e. in Q and |p.| < 1/e?, for any z € U \ BY we have
1=tm@ll =] [ (imte=21 =] [ iz =] ) o1

<[ (e =) m(a — )| pe)oe ()

< <][ m(z — 2) — m(z — y)|° dydz> "< al,
£ BE

(4.1)

The last inequality follows from the fact that x € U\ BY and the definition (4.1)) of BY.

Hence, we may fix a small enough absolute constant o > 0 so that
]. . U
\m5|2§ inU\ B, .

For any x € BY and & € B.(x) we have

][][ Im (Z +y) — m (2 + 2)|" dydz
Bae J Bae

1
>

a
S — Tdydz > —
> 167?254/5 BE\m(aH—y) m(x + 2)|? dydz

-_ 167
so that
2
/ ][ ][ |m(f+y)—m(i+z)|qdydzd:i2WEa, Vo € BY .
E(x) BQ& 326 16

By the Vitali covering lemma there exists a finite set XY € BY such that

BV ¢ |J Bs(x)

zeXlV

11
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(4.4)



and the disks {B.(z): 2 € XU} are pairwise disjoint. Recalling (4.3) we infer

q sq
e,
B

62 C&I‘d(XEU) 5 / ][ ][ |m(l‘ + y) — m(x —+ Z)|q dydz dx 5 ||m|
U+B: J Bac J Bae

The last inequality follows from the definition of B . regularity. This implies the
bound card(XY) < ||m| qum(Q)gsq_z. Combining this with (4.2]) and the inclusion (4.4
concludes the proof. O

5 Refined Besov estimate

The proof of Bé/oi regularity in [8, Proposition 3.7] provides an estimate which can be
expressed more precisely than the one stated there.

Lemma 5.1. Let m € Bé@(Q;RQ) a weak solution of the eikonal equation (1.1)) and
v e M(Q) as in (2.1). For any ¢ € CH(Q) and 0 < n < dist(supp(¢), Q°), we have

sup /Q |m(x + h) — m(z)?¢*(x) de < n sup /QgﬁQ(:r; + h) v(dx)

[h|<n |h|<n
+nwi/|m”%xnvmw%xwm. (5.1)
9]

Proof of Lemma 5.1 Recall the finite difference operator D" defined in (3.2). The
calculations in [§, Lemma 3.9] provide an identity for h-derivatives of the quantity

8%0a) = [ sl = 0D e D" os) € A e ds,
St xSt
where

Y5 = @ *7s, Sp(t) = ]-cos(t) sin(¢)>0 — ]-cos(t) sin(t)<0;

X5<x7 t) = (]—e“-m(z)>0) * pa(aj> .

Here ~5(t) = 0 '75(t/d) for a fixed smooth even kernel vs € C!(—1,1), and p. is a
two-dimensional convolution kernel as above. Thanks to Proposition the function
Xe solves the kinetic equation

it _ _
e - Vixe = 0s0., O: = 0 % Pe -

The calculations in [§, Lemma 3.9] imply, for 0 < & < dist(supp(¢), 2¢) — n, and scalar
h € (=n.n),
d

Il A€’§ 2
dh 0 <h€1,$)¢ ('x) dx

= / 199 (h, 2)¢? () do — 2/ (2)Vo(x) - A°(h,z) dz, (5.2)
Q Q

12



where 159 and A%° are given by
I = —2/ (/ ©s(s —t)xe(x, s) sinsds) o-(x + hey, dt)
st \Jst

+2/ (/ ©5(s — t)xe(z + hey, s) Sinsds) o.(x,dt),
st \Jst

A =2 // ws(s — t)sins cost x.(x + hey, s) D" x.(z,t) dsdt ,
St xSt

450 =2 // ws(s — t)sins sint x.(x, s) D"y (2, t) dsdt .
St xSt

In [8], the second component of the vector field A% has a slightly different expression
but can be put in this form using the fact that ¢; is an odd function. Using that ¢j is
bounded in L'(S'), that |x.| < 1, and the definition of v = [, |o|(-,ds), we see that

/]5’5(h,m)gb Ydr < sup/gb x+ z)v(dr). (5.3)
Q

|z|<n

Further, the vector field A% can be rewritten as

A (h,x) = / (F=""(m(z + 2z + hep)) — FEO" " (m(x + 2))) p-(z) dz,

€

for a Lipschitz vector field F=%®" (details can be found in [15, Lemma 4.10]), and this
implies

A% (h, )] < / D" m(z + 2)| po(z) d
B

Using this and (5.3]), integrating ([5.2]) with respect to h and passing to the limit as
e — 0 and § — 0, we infer

1/QA(hel,x)gzﬁ dx < sup/qb z + z)v(dx)

n |z|<n

+swp [ o)D) [Vel(a) da

|2|<n
for all h € (—n,n), where A > |D"1m|? thanks to [8, Lemma 3.8]. This estimate does

not depend on the specific choice of the direction e;, so we deduce

—sup/|Dh x)dr < sup/gb (x + h) v(dr)

T |h|<n |h|<n

+sup/¢ )| D'm(2)| V6| (x) da

|R|<n
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Thanks to Young’s inequality 3ab < a® + 2032, for any A > 0 we have

1A 2 n'/?
h A 2ih, 13 2T 1)2 3/2
6| D"m||Ve| < 3 ngb |D"m|> + 3 )\1/2¢ |Vo|>'=.

Choosing A small enough allows to absorb the term containing ¢?|D"m|? into the left-
hand side, and infer (5.1)). H

6 Proof of Theorem 1.5

In this section, we give the proof of Theorem [I.5] Recall that m satisfies the boundary
condition (|1.5]), which we copy here:

m(z) = zé—| Vz € By\ By, (6.1)

Then there is a 1-Lipschitz function u: B4y — R which satisfies im = Vu and
u(z) =1—|z| Vo € By \ By . (6.2)

In the following lemma, we combine Lemma with the fact that, in B\ By, the
vector field Vu obtained from (6.2)) points towards the origin, to show that, if v € L?
for some p > 1, and |m.| > 1/2 in a not-too-thin horizontal strip which lies above the
origin, then we can find many integral curves of im. = Vu, crossing the strip from top
to bottom.

Lemma 6.1. Let m € B;/o?’o(B4;Sl) such that divm = 0 and holds, hence im =
Vu for some 1-Lipschitz function u: By — R satisfying . Assume that v € LP(Bs)
for some p > 1, where v is defined in . Then there exists a constant K > 1
depending on ||v||» and p such that the following holds true. Let ¢ € (0,1) and assume

that

in the strip S, = {a < xy < b} N Bs,

N | —

Ime| >

for some 0 < a < b <1 such that b —a > 2Ke*,
p—1

h =Qp=——"7.
where a = ay, I8p — 12

Then, for every & € (—v/'1 — b2, \/1 — b?), there exists

r € Breo((£,0)),

and an integral curve v: [0,T] — By such that
Y=Vu(7), 0) =z, AT)=({,a),

for some & € (—V1 —a2,V/1 — a?).

14



Proof of Lemma[6.1. We assume
b—a>2Ke*,
for some constant K > 1 that will be adjusted during the proof. We let

_a+b
2 )

and consider, for any ¢ € (—1,1), the maximal integral curve .: (TF,T5) — Sap
solving

o = Vue(ye) in (T3,T3),  %(0) = ((,y)-
Since |m.| > 1/2in S,, we have (d/dt)u.(y.) > 1/4 and therefore
Ty = T < Aby(Ty) = (1Y) <16,

because u. is 1-Lipschitz. This implies in particular that v, can be extended continu-
ously to [T7,Ts] and v (TF) € S,y for i = 1,2. Since ((,y) lies at distance at least
(b—a)/2 from 0S,; and . is 1-Lipschitz, we deduce also

b—
min(TS, —T¢) > Ta > Ke®.

Thanks to Lemma [2.2] we know that u. increases with almost unit speed along the
curve 7y, which must therefore be almost straight:

ue(e(t) — ue(vc(s)) = Ie(t) — e ()] — we™, (6.3)
diSt(’YC([Svt])v [’YC(S)vfyC(t)]) < e for all s <t € [TlchQC] ) (64)

NO| =

for some constant x > 0 depending on ||v||z» and p. This implies in particular that the
image of v, is contained in a thin band around the line

_ (T3) = 7 (T7)
Ve(T5) = 3 (TP)]

namely,
([T}, T5]) C L¢ + Bree - (6.5)

Next we gather some information about these integral curves. First, due to the explicit
expression of u outside Bj, there the vector field Vu, always points towards the
inside of By, and so any integral curve which intersects B; must stay in B; at later
times. This implies that

Ye(Ts) € By MASay = By N {xy = a or b}, for |(| < /1 —19y2.

15



Second, if K > 2k, then for any ¢ € [—y/1 —y2,/1 — y?], the entering point fyC(Tf)
and the exit point ~¢ (75 ) cannot lie both on the top horizontal line R x {b} or both on
the bottom horizontal line R x {a}. Indeed, in that case we would have L, = R x {b}
or R x {a}, hence the thin band L + B,.. would not intersect the horizontal line
R x {y} which contains v,(0), contradicting the fact that by the image of 7, must
be contained in that thin band.

The explicit expression of u in By \ By, also implies that for (¢, y) outside By,
the entering point v¢(TF) of ¢ lies on the top horizontal line R x {b}. By the previous
remark, for these curves the exit point fyC(TQC ) must lie on the bottom horizontal line
R x {a}. Since integral curves cannot intersect, for each ( € (—1,1) we deduce the
alternative

v (Tf) € R x {b} and 7 (T5) € R x {a},

or v (Ts) € R x {b} and 7.(TF) € R x {a}. (6.6)
AN
\A Q R x {y}

i —2 R x {a
+ B {a}

Figure 1: Estimating the horizontal width of the thin band L + Bj.o.

Next we show that, in the alternative , the second case actually never happens.
To this end, given ¢ € (—1,1), we first estimate the horizontal width hs of the thin
band L¢ + B,.«, in terms of the lengths of the segments [7,(0), VC(TJ-C)], for j =1,2.

Assume without loss of generality that the slope of L. is negative. Let A and B
denote the intersection points of the left-most line L: of the band L + B,..o with the
horizontal lines R x {y} and R x {a}, respectively (see Figure|l|). Further, let O = ~(0),
let T" be the orthogonal projection of O onto the line L, and let P be the orthogonal
projection of T onto the horizontal line R x {a}. Since the triangles OAT and TBP
are similar, we have

|O — A] B |T — B
O—-T| |T—-P|’
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Denoting by he = 2|O—A|, and using |O—T| = ke® and |T—P| > 52—k > (K—£)e?,
we obtain

T-B
£ or_pBl<! |

Y

h, <
‘= K_x

provided K > 5k. Now assuming 'yc(TjC) € R x {a}, we have |y.(0) — fyC(TjC)] > |T — B
and deduce from the above that
- 7¢(0) = 3¢ (T7)] |

- 2

Repeating the above argument between the horizontal lines R x {b} and R x {y}, we

obtain the estimate (6.7]) for j = 1, 2.
For || > /1 — y? we have seen already that we are in the first case in (6.6]). Assume
by contradiction that the second case does happen. Then we can find ¢ < (' € (—1,1)

such that |(" — (| < ke and

he (6.7)

%(TE), (T3 ) € Rx (b} and  7(T3),7¢(Ty) € R x {a} .
According to (6.5)) the thin bands
LC + B,%a and LC' + B,%a y

cannot fully cross inside the horizontal strip R x [a, b]. The size of the horizontal segment
formed by the two intersection points of the left-most line of the left thin band and
the right-most line of the right thin band with the horizontal line R x {z} is an affine
function h(z) of z. So its minimum on [a, b] is attained at a or b, and this implies

min (h(a), h(5)) < h(y) < he +her

where the last inequality follows from the assumption |’ — (| < ke®. Assume for
instance that the minimum in the above left-hand side is attained by h(a), then using

the property (6.7)) we obtain

771 < 1oy < O | Pel®) e

Using the increasing property (6.3]) of u. along these integral curves, we find

(3 (T5)) = e (0 (TF))
> u(¢(T5)) — ue(7c(0)) + ue (7 (0)) — ue(Yer (T§ ) = |7¢(0) — e (0))]
> 7¢(0) = % (T5)| + |7er(0) — 7o (T5 )| — e

But since u. is 1-Lipschitz and [y¢(0) — v(T5)| > Ke®, |7e(0) — v (T¢)| > Ke®, the
above two estimates lead to the contradiction

e (T5) — e

(TS OV — (T
Kgagh/C(O) VC(T2)|+|7<(0) Yer(T7 )|

5 5 < 3ke®.
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This demonstrates our claim that all curves 7, are in the first case of the above alter-

native , namely,
w(TS) € R x (b} and (T5) €R x {a}, V(e (~1,1).
We obtain therefore two functions &1,&: (—1,1) — R, characterized by

%(TT) = (&(0:0),  %(T3) = (&(¢).a).

As integral curves cannot cross, both functions &, & are monotone increasing, and
thanks to the explicit expression (6.2)) of u outside B; we have

G(-V1-9?) < VI8, &G(V1-y?)>Vi-P,
E(-V1-1) > V1-a, &W1-y)<Vi-d.
Since &, is increasing, this implies |£(C)] < V1 —a? if || < /1 —y%. And since

& is increasing, this implies that for any £ € (—v/1 —b%,v/1 — b2), we can find (, €
(—v/1 =192, /1 + y?) such that

lim 6(0) = (¢ <€ < (¢ = Jim (0).
C<C« >

By continuity of the flow generated by Vu., we can fix 6 > 0 and 7} € (Tf*, 0) such
that, for all ¢ € ((, — 9, +0), we have

Tlc < T‘l>|< and '.)/C(Tl*) € B/@aa (51(C*)) :

We fix ¢ € (G — 6,C,) and ¢" € (G, G+ 6), 50 that &(C) < € < &(¢"), and 7 (T})
and ¢ (17) belong to the thin horizontal band R x [b — ke®, b]. Thanks to the property
(6.4) we deduce that the set

F= (17, 7)) Ure(Ty L T7D)

is contained in the thin horizontal band R x [b — 2ke®, b]. Moreover, the orthogonal
projection of I onto the line R x {b} contains [£;(¢"), & (¢"”)] minus an interval of size
at most 2ke®, so that projection must intersect the interval [§ — ke®, & + ke®] x {b}.

Thus we can find ¢ € {¢/,¢"} and T € [Tf,Tl*] such that

x = Y¢(T) € Bapea((€,0)) C Biea((,0))

provided K > 3k. The curve v(t) = 7§(T + t) satisfies the conclusion of Lemma
with 7= T5 — T and & = &({). O
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Proof of Theorem[1.5. If m € B;,/oi for some g > M, then, applying Lemma

12
there exists a finite set X, C B such that

1 _
|m.| > in By \ g Bs.(z card(X,) < ||m||‘;;/;(32)5§ 2
T €

Further, we have v € LP for p = ¢/3 by [15, Proposition 4.2]. One can check directly

that, for 5.876 ~ (47 4+ v/553)/12 < ¢ < 6, we have

p—1

q
R RPN
3T YT IRy 12

Then, for small enough € > 0, we can find

O<8<CLN<bN<CLN_1<bN_1<"'<(11<b1§1,

such that
1 N
me| > 5 in (R X LJl(aj,b )) NB,,
J:
N
N <card(X.), b; —a; >2Ke", ( (a;,b; ) ,

Jj=1

where § = (a« — 2+ ¢/3)/2 > 0.

(6.8)

Then, inductively applying Lemma on each strip {a; < xy < b;} starting from

the point (&, b;) with & = 0, we build integral curves ; : [0,7;] — B; such that

Y= Vue(y;), v(0)=X;, (1) = (f;'»aj) =Y;,

Xj € Biea((§5,05)), 1§l <y/1—a], =g,

for j =1,...,N. Finally, we set ( = &} and write

J=1

+Z ) — ue(Yj1)) + (ue(X1) — ue (0, 1)).

Jj=2

(6.9)

Using the increasing property ((6.3) of the integral curves ~; and , we have

N N
7j=1 j=1

19
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for small enough € > 0. Next, since u, is 1-Lipschitz and using the properties and
X; € Bgea((&5,05)), we deduce that

|ue(¢,0) — ue(iﬁv)|+-:E:\uECX3)-— ue(Yj1)| + |ue(X1) — ue(0,1)

< [ ([o, 17\ Qj(aj,bj)) + NKe* <&,

Putting the above two estimates into and using |u.(0,1)| < e, we obtain

ue(¢,0) > 1 — e,

Letting ¢ — 0 we deduce that the supremum of u on B is at least 1, which forces

u(x) =1 — |z| in By. This translates to (1.6) through Vu = im as desired. O
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