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Abstract

We study differential inclusions Du ∈ Π in an open set Ω ⊂ R2, where
Π ⊂ R2×2 is a compact connected C2 curve without rank-one connections, but
non-elliptic: tangent lines to Π may have rank-one connections, so that classical
regularity and rigidity results do not apply. For a wide class of such curves Π,
we show that Du is locally Lipschitz outside a discrete set, and is rigidly charac-
terized around each singularity. Moreover, in the partially elliptic case where at
least one tangent line to Π has no rank-one connections, or under some topolog-
ical restrictions on the tangent bundle of Π, there are no singularities. This goes
well beyond previously known particular cases related to Burgers’ equation and
to the Aviles-Giga functional. The key is the identification and appropriate use
of a general underlying structure: an infinite family of conservation laws, called
entropy productions in reference to the theory of scalar conservation laws.

1 Introduction

Let Ω ⊂ R2 be an open set. We demonstrate regularity and rigidity properties of weakly
differentiable maps u : Ω → R2 satisfying the differential inclusion

Du ∈ Π a.e. in Ω,

where Π ⊂ R2×2 is a compact connected C2 curve without rank-one connections, which
is non-elliptic: tangent lines to Π may be generated by rank-one matrices. (Here and
in the rest of the article, by curve we mean a one-dimensional submanifold, with or
without boundary, in other words it is always embedded.)

Regularity of differential inclusions is a subject with a long history. The best known
result is the analyticity of solutions of the Cauchy-Riemann equations – reformulated
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as a differential inclusion, this is the statement that if a function u : Ω → R2 satisfies
Du ∈ CO+(2) = R+SO(2) everywhere, then u is analytic. In 1850 Liouville [Lio50]
proved that if a C3 function u satisfies the differential inclusion Du ∈ CO+(3) =
R+SO(3), then it is a Möbius mapping. The optimal generalization of this result is still
an open problem, which has inspired a large literature and to some extent motivated
the development of the theory of higher dimensional quasiconformal mappings [BI82,
Res94].

It is well known (see e.g. [Mül99]) that a necessary condition for regularity of a
differential inclusion Du ∈ K is that K should have no rank-one connections:

rank(A−B) ̸= 1 for all matrices A ̸= B ∈ K.

For differential inclusions in R2×2, a general sufficient condition is due to Šverák: if
K ⊂ R2×2 is a smooth connected closed submanifold without rank-one connections
that is elliptic (in the sense that its tangent spaces have no rank-one connections), then
solutions of the differential inclusion Du ∈ K are smooth [Š93, § 5].

For non-elliptic sets, we are not aware of any general regularity result, but we
describe next two examples.

Example 1.1. Consider a bounded weak solution of Burgers’ equation, which does not
dissipate energy:

∂tv + ∂x
v2

2
= 0, ∂t

v2

2
+ ∂x

v3

3
= 0.

According to [Pan94] (see also [DLOW04]), the function v is both an entropy and anti-
entropy solution of Burgers’ equation, and by Oleinik’s one-sided Lipschitz estimate
must therefore be locally Lipschitz. In a simply connected domain, the two conservation
laws satisfied by v are equivalent to the existence of u1, u2 such that

Du =

(
∂tu1 ∂xu1

∂tu2 ∂xu2

)
=

(
−v2

2
v

−v3

3
v2

2

)
:= γ(v),

so the Lipschitz regularity of v amounts to Lipschitz regularity of Du if Du ∈ Π =
γ([a, b]). It can be checked that det(γ′) = 0, so this differential inclusion is nowhere
elliptic.

Example 1.2. In our previous work [LLP20], motivated by connections with the Aviles-
Giga functional [AG99, ADLM99, JK00, JOP02, LP18], we studied an explicit closed
curve K0 ⊂ R2×2 which has no rank-one connections, but is nowhere elliptic. There we
established that solutions of Du ∈ K0 enjoy some regularity: Du is locally Lipschitz
outside a discrete set – but also some rigidity: Du is explicitly characterized in any
convex neighborhood of a singularity.

Our proof in [LLP20] relied strongly on the explicit form of K0 and its link with
the eikonal equation, but since then we have been intrigued by the possibility that
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there might be a general result for differential inclusions into curves that do not have
rank-one connections and are not necessarily elliptic.

This is what we establish in this article: we prove regularity and rigidity for differ-
ential inclusions Du ∈ Π, where Π ⊂ R2×2 is a generic compact connected C2 curve
which has no rank-one connections but may not be elliptic. More precisely, a compact
connected curve Π ⊂ R2×2 without rank-one connections is elliptic if and only if the
quadratic estimate

| det(A−B)| ≥ c |A−B|2 ∀A,B ∈ Π,

is valid for some c > 0 [Š93, § 5]. Here we assume only a weaker quartic estimate (1.1),
which allows the tangent lines to have rank-one connections, while retaining some weak
nondegeneracy. Our main theorem is

Theorem 1.3. Let Π ⊂ R2×2 be a compact connected C2 curve, with or without bound-
ary. Assume that Π has no rank-one connections, and that it satisfies the nondegeneracy
estimate

| det(A−B)| ≥ c |A−B|4 ∀A,B ∈ Π, (1.1)

for some constant c > 0. For any open set Ω ⊂ R2 and weakly differentiable map
u : Ω → R2, if u solves the differential inclusion

Du ∈ Π a.e. in Ω, (1.2)

then Du is locally Lipschitz away from a locally finite set S. Moreover, the singular set
S is empty in the following (non-disjoint) cases:

• if Π is partially elliptic (at least one tangent line to Π has no rank-one connec-
tions);

• if Π has a boundary;

• under some topological conditions on the tangent bundle TΠ, to be made explicit
in Theorem 1.7.

Remark 1.4. Without the nondegeneracy assumption (1.1), Du might fail to be Lip-
schitz away from singularities. Consider for instance, for q > 0, the scalar conservation
law

∂tv + ∂x
v2|v|q

2 + q
= 0,

whose characteristic curves are given by x = x0 + tv0|v0|q. For any bounded continuous
and monotone nondecreasing initial condition v0(x), there is a solution v(t, x) constant
along characteristics for t > 0. That solution also solves

∂t
v2

2
+ ∂x

v|v|q+2

3 + q
= 0,
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and provides a solution of the differential inclusion

Du ∈ Π :=

{(
−w2|w|q

2+q
w

−w|w|q+2

3+q
w2

2

)
: |w| ≤ ∥v0∥∞

}
,

which satisfies

det(A−B) ≥ c|A−B|4+q ∀A,B ∈ Π. (1.3)

Arguing as in [COW08, Proposition 4.3], one can choose the initial data v0 in a way
that v(t, x) is Hölder continuous with Hölder exponent not better than 1/(1+ q). Zero-
energy states of generalized Aviles-Giga energies [BP17, LLP22], would also provide
closed curves Π satisfying (1.3) and solutions of Du ∈ Π for which Du is not better
than 1/(1 + q)-Hölder continuous, see in particular [BP17, Remark 4.3].

In view of Remark 1.4, the following open question is very natural:

Question: If Π ⊂ R2×2 is a compact connected C2 curve satisfying (1.3) for some
q > 0, can one deduce that any solution u of Du ∈ Π a.e. in an open set Ω ⊂ R2 is

locally C1, 1
1+q away from a locally finite set?

In fact, one could even ask: if Π ⊂ R2×2 is a compact connected C2 curve without
rank-one connection, can one deduce that any solution of Du ∈ Π is locally C1 away
from a locally finite set?

Our method fails to answer these questions because we bootstrap from an initial
low regularity Du ∈ B

1/3
p,∞,loc for some p > 3, which we do not know how to obtain if

(1.1) is not satisfied (see Lemma A.1).

1.1 Strategy of proof: entropy productions

Applying a homothety, we can assume without loss of generality that Π has length at
most 2π. We fix γ : I → Π an arc-length parametrization of class C2, where I is either
a segment [a, b] ⊂ R (a < b < a+ 2π) in the case with boundary, or I = R/2πZ in the
case without boundary.

Our strategy to prove Theorem 1.3 is to obtain a large family of nonlinear conser-
vation laws, which can then be used to deduce regularity and rigidity.

The basic principle is as follows. The differential inclusion Du ∈ Π = γ(I) implies
Du = γ(θ) for some real-valued function θ. The standard identity ∇ · cofDu = 0 can
be interpreted as two conservation laws for the function θ, one from each row of the
matrix cofDu = cof γ(θ). If θ is a smooth function, then the chain rule provides an
infinite family of conservation laws ∇ ·Ξ(θ) = 0, called entropy productions in analogy
with the theory of scalar conservation laws. (Any smooth map Ξ: R → R2 such that
Ξ′ is a linear combination of the two rows of cof γ′ has this property.) If θ is not
smooth, entropy productions are distributions which can in general not be computed
via the chain rule, and may not vanish. One might however expect a partial converse
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statement: if all entropy productions vanish, then θ is (somewhat) regular. This is the
type of regularity property on which Theorem 1.3 relies.

For uniformly convex scalar conservation laws, such regularity property is a conse-
quence of regularity features of entropy solutions [Kru70]: if all entropy productions
vanish, then the solution is locally Lipschitz, see Example 1.1.

In the theory of the Aviles-Giga functional, methods based on entropy productions
were introduced in [DMKO01] to obtain compactness properties, inspired by similar
arguments for scalar conservation laws [Tar79, Tar83], and have been widely used since
then (see e.g. [DLO03, Lor14, DLI15, GL20]). The analog of the above regularity
property is the characterization by Jabin, Otto and Perthame [JOP02] of zero-energy
solutions to the two-dimensional eikonal equation: if ∇·m = 0 and |m| = 1 in Ω ⊂ R2,
and all entropy productions vanish, then m is locally Lipschitz outside a discrete set,
and moreover singularities are rigid. This result was improved by the last two authors
in [LP18], where it was shown that only two specific entropy productions ∇ · Σ1(m) =
∇ · Σ2(m) = 0 are needed to obtain the same conclusion. And we improved it further
in [LLP20] by showing that the original conservation law ∇ ·m = 0 is not even needed.
This amounts to a regularity and rigidity result for the differential inclusion Du ∈ K0

mentioned in Example 1.2, where K0 = Σ⊥(S1) ⊂ R2×2, and Σ⊥ is the matrix-valued
map whose two rows are iΣ1, iΣ2. Here we identify R2 ≈ C and multiplication by i
corresponds to rotation by π/2.

What we explain next is that differential inclusions into curves in R2×2 are endowed
with a structure similar to entropy productions of the two-dimensional eikonal equation
∇ ·m = 0, |m| = 1, and this structure can be used to obtain analogs of [JOP02, LP18,
LLP20].

Recall that γ : I → R2×2 is an arc-length parametrization of Π, and consider J =
exp(iI) ⊂ S1, that is, J = S1 if I = R/2πZ and J = {eiθ}θ∈[a,b] if I = [a, b]. We let
Γ: J → R2×2 denote the cofactor matrix

Γ(eiθ) = cof γ(θ) ∀θ ∈ I. (1.4)

Any solution of the differential inclusion (1.2) satisfies cofDu ∈ Γ(J) a.e., so there
exists m : Ω → J ⊂ S1 such that

cofDu = Γ(m). (1.5)

Therefore the identity ∇ · cofDu = 0 implies

∇ · Γ1(m) = ∇ · Γ2(m) = 0 in D′(Ω), (1.6)

where Γ1,Γ2 : J → R2 are the first and second rows of the matrix-valued map Γ. So
the unit vector field m satisfies two conservation laws, similarly to the examples 1.1
and 1.2. If m were smooth, then the chain rule would provide an infinite family of
conservation laws

∇ · Φ(m) = 0 in D′(Ω),
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for any smooth map Φ: J → R2 such that

∂θΦ = α1
Φ∂θΓ1 + α2

Φ∂θΓ2, α1
Φ, α

2
Φ : J → R.

In analogy with scalar conservation laws, we follow the terminology of [DMKO01] and
call such maps Φ entropies, the distributions ∇ ·Φ(m) entropy productions, and we let

ENTΓ =
{
Φ ∈ C2(J ;R2) : ∃α1

Φ, α
2
Φ ∈ C1(J ;R) s.t.

∂θΦ = α1
Φ∂θΓ1 + α2

Φ∂θΓ2

}
. (1.7)

Our map m is not smooth enough to apply the chain rule, so it is not obvious that
entropy productions should vanish. If we manage to prove that they do, then the ideas
of [JOP02, GMPS23] can be applied to obtain regularity and rigidity (see § 2 and 3).
Therefore, the main ingredient in our proof of Theorem 1.3 is the following proposition,
which shows that entropy productions do vanish provided m has some low fractional
regularity (it is classical that this starting low regularity is guaranteed by the quartic
nondegeneracy estimate (1.1), see Lemma A.1). We state it here in the nowhere elliptic
case where det(∂θΓ) ≡ 0 (i.e. all tangent lines to Π are generated by rank-one matrices),
under the nondegeneracy assumption that det(∂2

θΓ) does not vanish, which in that case
is equivalent to the quartic estimate (1.1) (see Lemma B.1). It will a posteriori be valid
in the general setting of Theorem 1.3.

Proposition 1.5. Let J ⊂ S1 be compact and connected. Assume that Γ ∈ C2(J ;R2×2)
satisfies |∂θΓ| = 1, det(∂θΓ) = 0 and | det(∂2

θΓ)| > 0 on J . Then any solution m : Ω →
J ⊂ S1 of (1.6) satisfies

∇ · Φ(m) = 0 in D′(Ω), ∀Φ ∈ ENTΓ, (1.8)

provided m ∈ B
1
3
p,∞,loc(Ω;S1) for some p > 3, that is,

sup
|h|≤1

∥Dhm∥Lp(U)

|h| 13
< ∞, Dhm(x) = (m(x+ h)−m(x))1x,x+h∈Ω , (1.9)

for all U ⊂⊂ Ω.

A less general version of the above proposition also lies at the heart of our previous
work [LLP20], in a special case where ∂θΓ(e

iθ) = λ(eiθ)⊗ ieiθ for some λ : S1 → S1, and
the identity mapping is an entropy: idS1 ∈ ENTΓ. Here our proof follows a similar road
map, but requires new ingredients to deal with the more general setting.

The basic principle is as follows. In order to apply the chain rule, we consider a
mollified map mε, but this destroys the nonconvex constraint |m| = 1: the identities
showing that entropy productions vanish for a smooth m are not valid for mε. Our
task consists in proving that the error terms thus introduced are negligible as ε → 0.
Standard commutator estimates play an important role, as in [DLI15], but they are
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not enough to conclude directly: they only serve to show that entropy productions
are in L

p/3
loc . As in [LLP20], we then need to bootstrap that information into eventually

obtaining that entropy productions vanish. A crucial feature in [LLP20] was the special
role played by the identity mapping: an entropy that can be extended to a linear
mapping of R2. Here we do not have this structure in general and rely on a different
argument. A well-designed decomposition and careful use of commutator estimates
enable us to obtain identities relating entropy productions and weak limits of some
error terms, see (4.1). Testing these identities with well-chosen entropies shows that
the error terms vanish.

Remark 1.6. A key observation in [LLP20] was that different choices of extensions of
entropies might provide different information in the limit, but our new argument allows
us to use only classical radial extension, and provides a simpler proof of the main result
in [LLP20].

The details of Theorem 1.3 are quite different in the two cases where the curve is
either

• nowhere elliptic,

• or partially elliptic.

Next we describe the precise statements we obtain in these two cases.

1.2 Nowhere elliptic curves

1.2.1 The case without boundary

Here we consider a closed C2 curve Π = γ(R/2πZ) that is nowhere elliptic, which in
terms of the arc-length parametrization γ amounts to

det(γ′(θ)) = 0 ∀θ ∈ R.

This is the only case where the differential inclusion (1.2) may develop singularities.
Specific details about rigidity of singularities depend on topological properties of the
tangent bundle TΠ, which, as a loop into the set of 2× 2 rank-one matrices, induces a
loop into the projective line RP1 = S1/{±1}.

More precisely, let Ψ: S1 → RP1 = S1/{±1} be the C1 map such that the image of
the rank-one matrix (cof γ′(θ))T is spanned by Ψ(eiθ). An explicit expression of Ψ in
terms of γ is provided in Lemma 2.1 and Remark 2.2. The map Ψ carries a winding
number deg(Ψ), which characterizes its homotopy class in π1(RP1).

We adopt here, following e.g. [BCL86, § VIII.B], the convention that the winding
number is a half-integer: it is given by

deg(Ψ) =
φΨ(2π)− φΨ(0)

2π
∈ 1

2
Z, (1.10)
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for any continuous phase φΨ : R → R such that Ψ(eiθ) = {±eiφΨ(θ)}. The map Ψ is
orientable, that is, can be lifted to a C1 map Ψ: S1 → S1, if and only if deg(Ψ) ∈ Z,
and in that case deg(Ψ) corresponds to the usual winding number for loops in S1.

Our precise description of regularity and rigidity properties of the differential inclu-
sion into Π depends on the value of this winding number.

Theorem 1.7. Let Π ⊂ R2×2 be a closed C2 curve of length 2π, without rank-one con-
nections and nowhere elliptic. Denote by γ ∈ C2(R/2πZ;R2×2) an arc-length parametriza-
tion of Π and assume that det(γ′′(θ)) ̸= 0 for all θ ∈ R.

For any open set Ω ⊂ R2 and weakly differentiable map u : Ω → R2, if u solves the
differential inclusion

Du ∈ Π = γ(R/2πZ) a.e. in Ω,

then Du is locally Lipschitz outside a locally finite set S ⊂ Ω.

Moreover, letting Ψ: S1 → RP1 = S1/{±1} be the C1 map such that the image
of the rank-one matrix (cof γ′(θ))T is spanned by Ψ(eiθ), we have that S is empty if
| deg(Ψ)| /∈ {1/2, 1}, and singularities are rigid if | deg(Ψ)| ∈ {1/2, 1}.

More precisely:

(a) If | deg(Ψ)| /∈ {1/2, 1}, then S = ∅ and Du = γ(θ) is constant along characteristic
lines directed by Ψ(eiθ).

(b) If | deg(Ψ)| = 1, then the map Ψ can be lifted to a C1 diffeomorphism Ψ: S1 → S1.
Moreover, in any convex subset U ⊂ Ω containing a singular point x0 ∈ U ∩ S,
we have Du = γ(θ) with eiθ = Ψ−1(v) and v : U → S1 is given by

v(x) = τ
x− x0

|x− x0|
for a.e. x ∈ U,

for some τ ∈ {±1}.

(c) If | deg(Ψ)| = 1/2, then the map Ψ: S1 → RP1 = S1/{±1} is a C1 diffeo-
morphism. Moreover, for any disk B2r(x0) ⊂ Ω centered at a singular point
{x0} = B2r(x0)∩S, we have Du = γ(θ) with eiθ = Ψ−1({±v}) and v : Br(x0) → S1
is given by either

v(x) =
x− x0

|x− x0|
for a.e. x ∈ Br(x0),

or there exists ζ ∈ S1 such that

v(x)

{
= x−x0

|x−x0| for a.e. x ∈ Br(x0) ∩ {(x− x0) · ζ > 0},
is Lipschitz in Br(x0) ∩ {(x− x0) · ζ ≤ 0}.
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Remark 1.8. For nowhere elliptic curves, the nondegeneracy estimate (1.1) happens
to be equivalent to the condition det(γ′′(θ)) ̸= 0, see Appendix B.

Remark 1.9. The rigid singularities in parts (b) and (c) of Theorem 1.7 correspond
to zero-energy states of Aviles-Giga functionals. In case (b), the S1-valued map w =
iΨ(eiθ) is a zero-energy state of the Aviles-Giga functional as described in [JOP02].
In case (c), the RP1-valued map v = iΨ(eiθ) is a zero-energy state of an unoriented
Aviles-Giga functional, as described in [GMPS23]. In particular, optimality of our
regularity statements follows from the optimality of the regularity statements in [JOP02,
GMPS23]. It is also instructive to compare Theorem 1.7 with [Iqb00], where nowhere
elliptic curves are used instead to construct very irregular solutions of related differential
inclusions.

1.2.2 The case with boundary

Here we consider a compact connected nowhere elliptic curve with boundary. Since
the curve is not closed, the differential inclusion (1.2) cannot have singularities with
nontrivial winding numbers as in parts (b) and (c) of Theorem 1.7.

Theorem 1.10. Let Π ⊂ R2×2 be a compact connected C2 curve with non-empty bound-
ary, without rank-one connections and nowhere elliptic. Denote by γ ∈ C2([a, b];R2×2)
an arc-length parametrization of Π and assume that det(γ′′(θ)) ̸= 0 for all θ ∈ [a, b].

For any open set Ω ⊂ R2 and weakly differentiable map u : Ω → R2, if u solves the
differential inclusion

Du ∈ Π = γ([a, b]) a.e. in Ω,

then Du = γ(θ) is locally Lipschitz in Ω, and constant along characteristic lines directed
by Ψ(eiθ), where Ψ: [a, b] → RP1 is the C1 map such that the image of the rank-one
matrix (cof γ′(θ))T is spanned by Ψ(eiθ).

The proof of Theorem 1.10 is essentially a reproduction of the proof of Theorem 1.7
case (a). This case with boundary is crucial in the proof of Theorem 1.12 in the partially
elliptic case as described in § 1.3.

1.2.3 Examples of closed nowhere elliptic curves

It is natural to wonder whether there exist many curves Π ⊂ R2×2 satisfying the as-
sumptions of Theorem 1.7. One important example is the curve K0 studied in [LLP20],
which is parametrized by

γ2(t) =
1

2
[eit]c +

1

6
[e3it]a.

where, for z ∈ C, [z]c and [z]a are the naturally associated conformal and anticonformal
matrices,

[z]c =

(
Re z −Im z
Im z Re z

)
, [z]a =

(
Re z Im z
Im z −Re z

)
. (1.11)
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Indeed there is a family of related examples, parametrized by

γk(t) =
1

2
[eit]c +

1

2(k + 1)
[e(k+1)it]a ∀k ∈ N, k ≥ 1. (1.12)

That these satisfy the assumptions will be checked in § 5.1, and similar examples will
be given in § 5.2. For this curve γk, the map Ψ appearing in Theorem 1.7 has winding
number deg(Ψ) = k/2, as can be inferred from the proof of Lemma 2.1.

In general, it is easy to check whether a closed C2 curve Π parametrized by γ ∈
C2(R/2πZ;R2×2) is nowhere elliptic, as this simply amounts to the local condition
det(γ′) = 0. It is also easy to check the nondegeneracy assumption (1.1) as it is
equivalent to | det(γ′′)| > 0 (see Remark 1.8 and Appendix B). Let us denote by NE∗
the set of such parametrizations:

NE∗ =
{
γ ∈ C2(R/2πZ;R2×2) : det(γ′) = 0 and | det(γ′′)| > 0

}
.

What is usually harder is to check the condition that Π = γ(R/2πZ) has no rank-one
connections. We show however that the subset NE∗∗ ⊂ NE∗ which corresponds to
curves without rank-one connections is somewhat large, in the sense that it is open.

Proposition 1.11. The set

NE∗∗ =
{
γ ∈ NE∗ : γ(R/2πZ) has no rank-one connections

}
,

is open in NE∗ for the C2 topology. In particular it contains a neighborhood of each
curve γk (1.12).

1.3 Partially elliptic curves

Here we consider a curve Π = γ(I) which is partially elliptic: we divide it into elliptic
and non-elliptic points,

Π = ΠE ∪ ΠNE, ΠE = {γ(t) : det(γ′(t)) ̸= 0} , ΠNE = Π \ ΠE,

and assume, in contrast with the previous section, that ΠNE ̸= Π. In this case the
differential inclusion (1.2) again cannot have singularities.

Theorem 1.12. Let Π ⊂ R2×2 be a compact connected C2 curve without rank-one
connections and assume that ΠE ̸= ∅.

(i) For any connected open set Ω ⊂ R2 and weakly differentiable map u : Ω → R2, if
u solves the differential inclusion

Du ∈ Π a.e. in Ω,

then either Du ∈ ΠNE a.e. or Du is constant.
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(ii) Assume moreover that Π satisfies the quartic nondegeneracy estimate (1.1), then

(a) either Du is constant,

(b) or Du is locally Lipschitz in Ω, takes values into one single connected com-
ponent of ΠNE, and we are in the situation of Theorem 1.10.

Part (i) of Theorem 1.12 follows from the unique continuation principle established
recently in [DPGT23]. (A weaker version of this result, namely Du is locally constant
in ΩE = (Du)−1(ΠE), which is sufficient for our purpose, could also be deduced from
regularity properties of degenerate elliptic equations in two variables established in
[Lle23, Theorem 1.9].) Under a low regularity assumption which is implied by the
quartic nondegeneracy estimate (1.1), this first conclusion can be strengthened to Du
being either constant or with values into a single connected component of ΠNE.

1.4 Plan of the article

In § 2 we give the proofs of Theorems 1.7 and 1.10 about nowhere elliptic curves. In
§ 3 we give the proof of Theorem 1.12 about partially elliptic curves. In § 4 we show
Proposition 1.5. In § 5 we provide examples of closed nowhere elliptic curves and the
proof of Proposition 1.11. In the appendices we collect and prove various technical tools
that are used in the course of the article, in particular in Appendix A we establish the
initial low fractional regularity which follows from the nondegeneracy estimate (1.1).

Acknowledgments.
We thank Riccardo Tione for showing us the short proof of Proposition 3.1 that

we present here, and for several fruitful discussions. XL received support from ANR
project ANR-22-CE40-0006. AL gratefully acknowledges the support of the Simons
foundation, collaboration grant #426900. GP was supported in part by NSF grant
DMS-2206291. Part of this work was conducted during XL’s stays at the Hausdorff
Institute for Mathematics (HIM) in Bonn, funded by the Deutsche Forschungsgemein-
schaft (DFG, German Research Foundation) under Germany’s Excellence Strategy –
EXC-2047/1 – 390685813, during the Trimester Program “Mathematics for Complex
Materials”.

2 The nowhere elliptic case: proofs of Theorems 1.7

and 1.10

Proposition 1.5 is the main ingredient in the proofs of Theorems 1.7 and 1.10 and will
be proved in § 4. Here we show how Theorems 1.7 and 1.10 follow from Proposition 1.5.

First note that thanks to Lemma A.1, under the assumptions of Theorem 1.3, in
particular the quartic estimate (1.1), the map m given by Du = cof Γ(m) (1.5) has the

fractional regularity B
1/3
4,∞,loc and we can apply Proposition 1.5: the map m solves the
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family of conservation laws (1.8). In this section we use this family of conservation laws
to obtain the conclusions of Theorems 1.7 and 1.10.

This is done in several steps and the map Ψ appearing in Theorems 1.7 and 1.10
plays a crucial role. First we check in § 2.1 that the map m̃ = iΨ(m) is a zero-energy
state of the eikonal equation, in the sense of [JOP02] if Ψ is S1-valued, and in the
sense of [GMPS23] if Ψ is RP1-valued. (This idea has already appeared in [LLP22,
Theorem 4], see Remark 2.6.) In particular, this gives parts (b) and (c) of Theorem 1.7,
in which cases Ψ is a C1 diffeomorphism and m can have rigid singularities. Then in
§ 2.2.2, we use geometric arguments to show that the singular set of m is empty in the
case where the curve is closed and Ψ has a high winding number. This gives part (a)
of Theorem 1.7. The same geometric arguments allow to show that the singular set of
m is empty if the curve has boundary, finally giving Theorem 1.10 in § 2.3.

The different cases in the conclusion of Theorem 1.7 are due to different topological
properties of the tangent bundle of the curve Π, described by the map Ψ appearing in
Theorem 1.7. First we give a more explicit form of this map Ψ (see Remark 2.2), which
will be convenient for the proofs.

Lemma 2.1. Assume that γ ∈ C2(R/2πZ;R2×2) satisfies |γ′(θ)| = 1, det(γ′(θ)) = 0
and det(γ′′(θ)) ̸= 0 for all θ ∈ R. Then there exist λ̂, Ψ̂ ∈ C1(R;S1), and integers
k, ℓ ∈ Z, such that, for all θ ∈ R,

cof γ′(θ) = ∂θΓ(e
iθ) = λ̂(θ)⊗ Ψ̂(θ), (2.1)

where Γ is defined by (1.4), and

Ψ̂(θ + 2π) = eikπΨ̂(θ), λ̂(θ + 2π) = eiℓπλ̂(θ).

Moreover, λ̂, Ψ̂ have strictly monotone phases:

λ̂ = eiφλ , Ψ̂ = eiφΨ , with φλ, φΨ ∈ C1(R;R) such that |φ′
λ|, |φ′

Ψ| > 0.

Proof of Lemma 2.1. Let γc, γa ∈ C2(R/2πZ;C) correspond to the conformal and an-
ticonformal parts of γ, that is,

γ = [γc]c + [γa]a, (2.2)

where, for z ∈ C, [z]c and [z]a are the associated conformal and anticonformal matrices
as in (1.11). Since Π is nowhere elliptic and γ is an arc-length parametrization, we have
0 = det(γ′) = |γ′

c|2 − |γ′
a|2 and 1 = |γ′|2 = 2|γ′

c|2 + 2|γ′
a|2, and deduce that

|γ′
c| = |γ′

a| =
1

2
.

In particular, the maps γ′
c, γ

′
a : R/2πZ → 1

2
S1 have well-defined winding numbers,

deg(γ′
c), deg(γ

′
a) ∈ Z. We may choose φc, φa ∈ C1(R;R) such that

γ′
c(θ) =

1

2
eiφc(θ), γ′

a(θ) =
1

2
eiφa(θ),

12



and we have

cof γ′ =

(
− sin

(
φc+φa

2

)
sin
(
φc−φa

2

)
− sin

(
φc+φa

2

)
cos
(
φc−φa

2

)
cos
(
φc+φa

2

)
sin
(
φc−φa

2

)
cos
(
φc+φa

2

)
cos
(
φc−φa

2

) )
= iei

φc+φa
2 ⊗ iei

φa−φc
2 ,

so we can define

λ̂(θ) = iei
φc(θ)+φa(θ)

2 , Ψ̂(θ) = iei
φa(θ)−φc(θ)

2 .

By definition of the winding numbers deg(γ′
a), deg(γ

′
c), we have

(φa ± φc)(θ + 2π)− (φa ± φc)(θ) = 2π(deg(γ′
a)± deg(γ′

c)).

Letting k = deg(γ′
a) − deg(γ′

c) and ℓ = deg(γ′
a) + deg(γ′

c), this implies all claimed
properties of λ̂, Ψ̂, except the strict monotonicity of their phases. That monotonicity
follows from the nondegeneracy condition

0 < | det(γ′′)| = | det(λ̂′ ⊗ Ψ̂ + λ̂⊗ Ψ̂′)| = |λ̂′| |Ψ̂′|,

where the penultimate equality follows from (2.1), and the last equality from the fact
that |λ̂| = |Ψ̂| = 1. This implies |λ̂′|, |Ψ̂′| > 0 on R.

Remark 2.2. As a consequence of Lemma 2.1, we can define the map

Ψ ∈ C1(S1;S1), Ψ(eiθ) = Ψ̂(θ) if k is even,

Ψ ∈ C1(S1;RP1), Ψ(eiθ) = {±Ψ̂(θ)} if k is odd.

This map has winding number deg(Ψ) = k/2, and is a C1 diffeomorphism if |k| ∈ {1, 2}.
(Recall our convention (1.10) that the winding number of a loop in RP1 is a half-integer.)
Similarly we can define λ, S1-valued or RP1-valued, so that ∂θΓ = λ⊗Ψ. It then follows
that the image of (cof γ′(θ))T = (∂θΓ(e

iθ))T is spanned by Ψ(eiθ).

Remark 2.3. If γ : [a, b] = I → R2×2 is a curve with boundary and satisfies the
assumptions of Lemma 2.1, then the same construction as in the proof of Lemma 2.1
gives λ̂, Ψ̂ ∈ C1([a, b];S1) such that

cof γ′(θ) = ∂θΓ(e
iθ) = λ̂(θ)⊗ Ψ̂(θ) ∀θ ∈ [a, b].

Then, as in Remark 2.2, we can define Ψ(eiθ) = Ψ̂(θ), λ(eiθ) = λ̂(θ) ∈ C1(J ;S1) for
J = exp(iI).

13



2.1 Relation to zero-energy states of Aviles-Giga functionals

First recall the notations from § 1.1. Specifically, we assume without loss of generality
that Π has length at most 2π, and γ : I → Π is an arc-length parametrization of class
C2, where I is either a segment [a, b] ⊂ R (a < b < a+ 2π) in the case with boundary,
or I = R/2πZ in the case without boundary. Further, we set J = exp(iI) ⊂ S1.

Here, for m : Ω → J solving the family of conservation laws (1.8), we check that the
map m̃ = iΨ(m) is a zero-energy state of the eikonal equation, in the sense of [JOP02]
if Ψ is S1-valued, and in the sense of [GMPS23] if Ψ is RP1-valued. This is due to the

fact that, if Φ̃ : S1 → R2 is an entropy of the eikonal equation in the sense of [DMKO01],
that is,

∂θΦ̃(e
iθ) · eiθ = 0 ∀θ ∈ R,

then (restricting to even maps Φ̃ in the case where Ψ is RP1-valued) the map Φ̃ ◦ (iΨ)

is an entropy in the sense of the present paper, and therefore ∇ · Φ̃(m̃) = 0, which is
enough to apply the regularity and rigidity results of [JOP02, GMPS23] to the map m̃.

Since Ψ, and therefore Φ̃ ◦ (iΨ), is only C1, we must first extend (1.8) to entropies
Φ which are only C1.

Lemma 2.4. Assume that Γ ∈ C2(J ;R2×2) satisfies det(∂2
θΓ) ̸= 0 on J . If m : Ω → J

satisfies

∇ · Φ(m) = 0 in D′(Ω), ∀Φ ∈ ENTΓ,

then this identity is valid for all maps Φ in the larger class

ENT1
Γ =

{
Φ ∈ C1(J ;R2) : ∃α1

Φ, α
2
Φ ∈ C0(J ;R) s.t.

∂θΦ = α1
Φ∂θΓ1 + α2

Φ∂θΓ2

}
.

Proof of Lemma 2.4. This follows directly from the fact that ENTΓ is dense in ENT1
Γ

in the C1 topology. Let indeed Φ ∈ ENT1
Γ, and αj := αj

Φ ∈ C0(J ;R). There exist
αj
k ∈ C1(J ;R) such that αj

k → αj uniformly.
If J = {eiθ}θ∈[a,b] ⊊ S1, the formula

Φk(e
iθ) = Φ(eia) +

ˆ θ

a

(
2∑

j=1

αj
k∂tΓj

)
(eit) dt ∀θ ∈ [a, b],

defines an entropy Φk ∈ ENTΓ, and Φk → Φ in the C1 topology since Φk(e
ia) = Φ(eia)

and ∂θΦk → ∂θΦ uniformly.
If J = S1, the average of

∑2
j=1 α

j
k∂θΓj on S1 tends to the average of

∑2
j=1 α

j∂θΓj =

∂θΦ on S1, which is equal to zero. Therefore, applying Lemma D.1, we obtain α̃j
k ∈

14



C1(S1;R) such that α̃j
k → αj uniformly and

∑2
j=1 α̃

j
k∂θΓj has zero average on S1. Then

the formula

Φk(e
iθ) = Φ(1) +

ˆ θ

0

(
2∑

j=1

α̃j
k∂tΓj

)
(eit) dt

defines an entropy Φk ∈ ENTΓ, and Φk → Φ in the C1 topology since Φk(1) = Φ(1)
and ∂θΦk → ∂θΦ uniformly.

Now that entropies are allowed to be C1, we can check that entropies of the eikonal
equation provide entropies in our setting.

Lemma 2.5. Assume that Γ ∈ C2(J ;R2×2) satisfies |∂θΓ| = 1, det(∂θΓ) = 0 and

| det(∂2
θΓ)| > 0 on J . Let Φ̃ ∈ C1(S1;R2) be such that ∂θΦ̃(e

iθ) · eiθ = 0 for all θ ∈ R,
and in the case where Ψ is RP1-valued assume in addition that Φ̃ is even. Then Φ =
Φ̃ ◦ (iΨ) ∈ ENT1

Γ.

Proof of Lemma 2.5. Let µ(eiθ) = ∂θΦ̃(e
iθ) · ieiθ, so that µ ∈ C0(S1;R) and ∂θΦ̃(e

iθ) =

µ
(
eiθ
)
ieiθ for all θ ∈ R. Note for later use that µ is odd if Φ̃ is even. In all cases, we

have, with the notations of Lemma 2.1 (and Remark 2.3 in the case where J ⊊ S1),

Φ(eiθ) = Φ̃(iΨ̂(θ)) = Φ̃(ei(
π
2
+φΨ(θ))) ∀θ ∈ I,

so

∂θΦ(e
iθ) = −φ′

Ψ(θ)µ(iΨ̂(θ))Ψ̂(θ) ∀θ ∈ I.

Using that ∂θΓj(e
iθ) = λ̂j(θ)Ψ̂(θ) and |λ̂|2 = 1, this becomes

∂θΦ(e
iθ) = α̂1(θ)∂θΓ1(e

iθ) + α̂2(θ)∂θΓ2(e
iθ),

where α̂j(θ) = −φ′
Ψ(θ)µ(iΨ̂(θ))λ̂j(θ).

We clearly have α̂j ∈ C0(I;R), and show next that this function is 2π-periodic in the
case J = S1, distinguishing the cases where k := 2 deg(Ψ) is even or odd.

Note that φΨ(θ+2π) = φΨ(θ)+kπ, so φ′
Ψ is 2π-periodic in both cases. If k is even,

then Ψ̂ is 2π-periodic. Since λ̂⊗ Ψ̂ is 2π-periodic this implies that λ̂ is also 2π-periodic,
and therefore so is α̂j. If k is odd, then Ψ̂(θ + 2π) = −Ψ̂(θ) and again since λ̂ ⊗ Ψ̂ is

2π-periodic this implies that λ̂(θ+2π) = −λ̂(θ). Moreover in that case we assume that

Φ̃ is even and therefore µ is odd, so we also find that α̂j is 2π-periodic.
Hence αj(e

iθ) = α̂j(θ) is well-defined and continuous on J , which proves that Φ ∈
ENT1

Γ.

Combining Lemmas 2.4 and 2.5, if m : Ω → J solves the family of conservation laws
(1.8), then the map m̃ = iΨ(m) is an S1-valued zero-energy state of the Aviles-Giga
energy [JOP02, § 2], or an RP1-valued zero-energy state of the unoriented Aviles-Giga
energy [GMPS23, § 1]. We will use this structure of Ψ(m) in the next two subsections
to show Theorems 1.7 and 1.10.
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Remark 2.6. In [LLP22, Theorem 4] we used a similar property (link with zero-
energy states of Aviles-Giga) to prove regularity of solutions to a generalized eikonal
equation N(∇u) = 1, where N is a strictly convex C1 norm on R2: if all entropy
productions (associated to that eikonal equation as in [LLP22, § 2]) vanish then ∇u is
continuous outside a locally finite set. Using an appropriate equivalent of Lemma 2.5,
one could obtain the same result for solutions of any equation of the form A(∇u) = 1,
where {A = 1} is a closed strictly convex C2 curve in R2. Vanishing of all entropy
productions can, in turn, be inferred from a zero-energy assumption (as in [LLP22]), or

from a regularity assumption ∇u ∈ W
1/3,3
loc and a commutator argument as in [DLI15]

(in fact ∇u ∈ B
1/3
3,c0,loc

is enough).

2.2 The case without boundary: proof of Theorem 1.7

Recall from (1.10) and Remark 2.2, we use the convention that the winding number
deg(Ψ) of a continuous loop Ψ: S1 → RP1 is a half-integer, and Ψ can be identified
with a continuous loop Ψ: S1 → S1 if and only if deg(Ψ) ∈ Z. In this subsection, we
prove the following result, from which Theorem 1.7 follows immediately.

Proposition 2.7. Assume that Γ ∈ C2(S1;R2×2) satisfies |∂θΓ| = 1, det(∂θΓ) = 0 and
det(∂2

θΓ) ̸= 0 on S1. Let m : Ω → S1 solve the family of conservation laws (1.8). Then
m is locally Lipschitz outside a locally finite set S ⊂ Ω.

Moreover, let λ,Ψ ∈ C1(S1;RP1) satisfy ∂θΓ = λ⊗Ψ and k := 2 deg(Ψ) ∈ Z \ {0},
and identify Ψ with a map in C1(S1; S1) if k is even. The map m satisfies the following
additional properties depending on the value of k :

(a) If |k| /∈ {1, 2}, then S = ∅ and m is constant along characteristic lines directed
by Ψ(m).

(b) If |k| = 2, then in any convex subset U ⊂ Ω containing a singular point x0 ∈ U∩S,
there exists τ ∈ {±1} such that

Ψ(m(x)) = τ
x− x0

|x− x0|
for a.e. x ∈ U.

(c) If |k| = 1, then for any disk B2r(x0) ⊂ Ω centered at a singular point {x0} =
B2r(x0) ∩ S, we have Ψ(m) = {±v} in Br(x0), with v as in Theorem 1.7 (c).

Note that in case (b) where | deg(Ψ)| = 1, the map Ψ induces a C1 diffeomorphism
S1 → S1. And in case (c) where | deg(Ψ)| = 1/2, the map Ψ is a C1 diffeomorphism
S1 → RP1. Therefore the proof of Theorem 1.7 follows directly from Proposition 2.7
and Proposition 1.5 via the identification Du = cof Γ(m) = γ(θ) with m = eiθ.

In the next two subsections we provide the proof of Proposition 2.7, first obtaining
some regularity for Ψ(m) which readily implies the cases (b) and (c), and then dealing
with the remaining case (a).
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2.2.1 Regularity of Ψ(m)

Thanks to Lemmas 2.4 and 2.5, the map m̃ = iΨ(m) solves ∇ · Φ̃(m̃) = 0 for all

Φ̃ ∈ C1(S1;R2) such that ∂θΦ̃(e
iθ) · eiθ = 0 (restricting to even maps Φ̃ in the case

where k is odd, i.e. Ψ is RP1-valued). As a consequence of [JOP02, Theorem 1.3] or
[GMPS23, Theorem 1.2], we conclude that Ψ(m) is locally Lipschitz continuous outside
a locally finite set S ⊂ Ω, and moreover:

• if k is even, i.e. Ψ ∈ C1(S1;S1), then v = Ψ(m) is as in part (b) of Proposition 2.7;

• if k is odd, i.e. Ψ ∈ C1(S1;RP1), then Ψ(m) = {±v} for a map v : Ω → S1 which
is as in part (c) of Proposition 2.7.

In particular, this concludes the proof of Proposition 2.7 in cases (b) and (c), where Ψ
is a C1 diffeomorphism, and it remains to treat case (a).

2.2.2 The case |k| /∈ {1, 2}

In that case, Ψ is not injective, and the family of conservation laws (1.8) contains in
fact much more information than the one used when applying the results of [JOP02,
GMPS23] to m̃. This is why we can expect more regularity.

One way of taking advantage of the extra information contained in (1.8) is to con-
sider a specific family of nonsmooth entropies, similar to the ones used in [DMKO01,
Lemma 2.5] and which are also the main tool in [JOP02]. These nonsmooth entropies
are related to kinetic formulations of conservation laws [LPT94, Per02], and we will use
them precisely via the kinetic equation (2.4) they provide.

Lemma 2.8. For any ξ ∈ S1 and any open arc Aξ ⊂ S1 with extremities aξ ̸= bξ ∈
Ψ−1({±ξ}), the map Φξ : S1 → R2 given by

Φξ(z) = ξ1z∈Aξ
,

is a generalized entropy in the sense that there exist Φk ∈ ENTΓ such that

Φk(z) → Φξ(z) as k → ∞, ∀z ∈ S1.

Remark 2.9. In the case where Ψ is a diffeomorphism, there are only one (|k| = 1) or
two (|k| = 2) choices for aξ and bξ. But here Ψ is not injective, | deg(Ψ)| = d ≥ 3/2,
so aξ and bξ can be chosen among 2d ≥ 3 points, and this is where we gain a lot of
information.

Proof of Lemma 2.8. The proof is very close to the proof of [LLP22, Lemma 15]. Fix
θa, θb ∈ R such that

aξ = eiθa , bξ = eiθb , θa < θb < θa + 2π,
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and denote

Ψ̂(θa) = τξ ξ, Ψ̂(θb) = σξ ξ, τξ, σξ ∈ {±1}.

We may choose t0 ∈ R such that

{λ̂ · eit0 = 0} ∩ {θa, θb} = ∅.

We fix a smooth nonnegative kernel ρ ∈ C∞
c (R) with support supp ρ ⊂ (0, 1) and unit

integral
´
ρ = 1, and let ρδ(θ) = 1

δ
ρ( θ

δ
). Then we define α1

δ , α
2
δ ∈ C∞(R/2πZ;R) by

setting

α1
δ(θ) =

cos(t0)

eit0 · λ̂(θa)
τξ ρδ (θ − θa)−

cos(t0)

eit0 · λ̂(θb)
σξ ρδ (θb − θ) ,

α2
δ(θ) =

sin(t0)

eit0 · λ̂(θa)
τξ ρδ (θ − θa)−

sin(t0)

eit0 · λ̂(θb)
σξ ρδ (θb − θ) , ∀θ ∈ (θa, θa + 2π],

and extended as 2π-periodic functions. Note that these functions are supported in
(θa, θa + δ) ∪ (θb − δ, θb) + 2πZ.

Then we define Φξ
δ : (θa, θa + 2π] → R2 by setting

Φξ
δ(θ) =

ˆ θ

θa

(
α1
δ(t)∂tΓ1(e

it) + α2
δ(t)∂tΓ2(e

it)
)
dt ∀θ ∈ (θa, θa + 2π] .

Using the identity (2.1) defining λ̂ and Ψ̂, we see that it satisfies

Φξ
δ(θ) = τξ

ˆ
eit0 · λ̂(t)
eit0 · λ̂(θa)

Ψ̂(t)ρδ(t− θa) dt, if θ ∈ [θa + δ, θb − δ],

Φξ
δ(θ) = τξ

ˆ
eit0 · λ̂(t)
eit0 · λ̂(θa)

Ψ̂(t)ρδ(t− θa) dt

− σξ

ˆ
eit0 · λ̂(t)
eit0 · λ̂(θb)

Ψ̂(t)ρδ(θb − t) dt, if θ ∈ [θb, θa + 2π].

Since τξΨ̂(θa) = σξΨ̂(θb) = ξ by definition of τξ, σξ, we deduce the limit

lim
δ→0

Φξ
δ(θ) =

{
ξ if θ ∈ (θa, θb) ,

0 if θ ∈ [θb, θa + 2π] .
(2.3)

This corresponds exactly to Φξ(eiθ).
The function Φξ

δ may not be 2π-periodic, that is why we need to modify the functions
αj
δ. Since, by the above,

ˆ
R/2πZ

(
2∑

j=1

αj
δ∂θΓj

)
dθ = Φξ

δ(θa + 2π) → 0 as δ → 0,
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by Lemma D.1 there exist α̃j
δ ∈ C1(S1;R) such that (α̃j

δ − αj
δ) tends to 0 uniformly as

δ → 0, and
∑2

j=1 α̃
j
δ∂θΓj has zero average on S1. Then the map

Φ̃ξ
δ(e

iθ) =

ˆ θ

θa

(
α̃1
δ(e

it)∂tΓ1(e
it) + α̃2

δ(e
it)∂tΓ2(e

it)
)
dt

is well-defined, Φ̃ξ
δ ∈ ENTΓ, and Φ̃ξ

δ(e
iθ)−Φξ

δ(θ) → 0 as δ → 0, for all θ ∈ (θa, θa + 2π].

Thanks to (2.3), we deduce that Φ̃ξ
δ(z) → Φξ(z) as δ → 0, for all z ∈ S1.

Combining Lemma 2.8 and (1.8), we see by dominated convergence that for every
ξ ∈ S1 and Aξ an open arc with extremities aξ ̸= bξ ∈ Ψ−1({±ξ}), we have

ξ · ∇x1m(x)∈Aξ
= 0 in D′(Ω). (2.4)

We deduce the following:

Lemma 2.10. Let x1 be a Lebesgue point of m and x2 ̸= x1 be such that [x1, x2] ⊂ Ω.
Let ξ = x2−x1

|x2−x1| . Then, for any open arc Aξ ⊂ S1 with extremities aξ ̸= bξ ∈ Ψ−1({±ξ}),
we have

m(x1) ∈ Aξ =⇒ the set {x : m(x) ∈ Aξ} has density 1 at x2.

Proof of Lemma 2.10. The proof is exactly the same as the proof of [JOP02, Propo-
sition 3.1]. We include some details for the convenience of the reader. According to
(2.4), the function χξ given by

χξ(x) = 1m(x)∈Aξ
,

is constant in the direction of ξ in a neighborhood of the line segment [x1, x2], that is,
χξ(x) = χ̃(x · iξ) for a.e. x in a δ-neighborhood of [x1, x2] for some δ > 0 and some
measurable function χ̃ : (t1 − δ, t1 + δ) → {0, 1}, where t1 = x1 · iξ = x2 · iξ. Note that
since Aξ is an open set and x1 is a Lebesgue point of m, so we have that t1 = x1 · iξ is a
Lebesgue point of χ̃ and χ̃ (t1) = 1. It follows that the set {x : m(x) ∈ Aξ} has density
1 at x2.

What makes Lemma 2.10 more powerful in the case where Ψ has a high winding
number is that there are several different choices of open arcs Aξ. We use this flexibility
in the following form.

Lemma 2.11. There is a constant c ∈ (0, 1) depending on the map Ψ, with the following
property. For any z1 ̸= z2 ∈ S1, there exist ξ1 ̸= ξ2 ∈ RP1 and open arcs Aξ1 , Aξ2 ⊂ S1
with extremities in Ψ−1(ξ1),Ψ

−1(ξ2), such that:

z1 ∈ Aξ1 , z2 ∈ Aξ2 , Aξ1 ∩ Aξ2 = ∅,
and distRP1(ξ1, ξ2) ≥ c|z1 − z2|.
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Proof of Lemma 2.11. We first set some notations. Recall that Ψ: S1 → RP1 is C1

with uniformly monotone phase and winding number k/2 with |k| ≥ 3. Let us assume
that the phase is increasing and k ≥ 3, the case of a decreasing phase and k ≤ −3 being
completely similar. For any ξ = {±eiβ} ∈ RP1 we can write the preimage Ψ−1(ξ) as

Ψ−1({±eiβ}) = {eiαℓ(β)}ℓ∈Z,

where the angle functions αℓ ∈ C1(R;R), ℓ ∈ Z, are uniformly increasing and satisfy

αℓ + c0 < αℓ+1, αℓ+k = αℓ + 2π, ∀ℓ ∈ Z,

for some small enough constant c0 > 0 depending on Ψ. The functions αℓ can simply
be chosen as the inverses of the functions φΨ − ℓπ, where φΨ ∈ C1(R;R) is a uniformly
increasing phase of Ψ as in Lemma 2.1. They satisfy also αℓ(·+ π) = αℓ+1(·).

Without loss of generality we assume that z1 = eiθ1 , z2 = eiθ2 for some θ1 < θ2 ≤
θ1 + π, so that |z1 − z2| is of the order of θ2 − θ1. By a continuity argument, we can
find ξ0 = {±eiβ0} ∈ RP1 and ℓ1, ℓ2 ∈ Z such that ℓ1 < ℓ2 < ℓ1 + k and

θj ∈ [αℓj(β0) + c1(θ2 − θ1), αℓj+1(β0)− c1(θ2 − θ1)], j = 1, 2,

for some small enough constant c1 > 0 depending on Ψ.
Since k ≥ 3, we must have either αℓ1+1(β0) + c0 < αℓ2(β0) or αℓ2+1(β0) + c0 <

αℓ1+k(β0). We assume that we are in the first case,

αℓ1+1(β0) + c0 < αℓ2(β0),

the other case being completely similar.
For ξ ∈ RP1 such that distRP1(ξ, ξ0) < π/4, we can write ξ = {±eiβ} for some

β ∈ (β0 − π/4, β0 + π/4), and the angles αℓ are uniformly increasing functions of β.
If c1 is small enough, then we can choose ξ1 = {±eiβ1}, ξ2 = {±eiβ2} with β1, β2 ∈
(β0 − π/4, β0 + π/4) and

αℓ1(β1) = αℓ1(β0) +
1

2
c1(θ2 − θ1), αℓ2+1(β2) = αℓ2+1(β0)−

1

2
c1(θ2 − θ1).

It follows that

β1 − β2 = (β1 − β0) + (β0 − β2) ≥ c(θ2 − θ1),

for some small enough constant c depending on Ψ. Choosing c1 smaller compared to c0
if necessary, we may assume αℓ1+1(β1) < αℓ2(β2), so that

αℓ1(β1) < θ1 < αℓ1+1(β1) < αℓ2(β2) < θ2 < αℓ2+1(β2).

Thus we have

distRP1(ξ1, ξ2) = β1 − β2 ≥ c(θ2 − θ1) ≳ c|z1 − z2|,
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and

zj ∈ Aξj := exp(i(αℓj(βj), αℓj+1(βj))), j = 1, 2,

where the open arcs Aξj have their extremities in Ψ−1(ξj).
Moreover, since αℓ1+1(β1) < αℓ2(β2), and by monotonicity of the αℓ we also have

αℓ2+1(β2) < αℓ2+1(β0) ≤ αℓ1+k(β0) = αℓ1(β0) + 2π < αℓ1(β1) + 2π,

we deduce Aξ1 ∩ Aξ2 = ∅.

We can now combine Lemmas 2.10 and 2.11 to deduce that m is locally Lipschitz.
Let x1, x2 ∈ Ω be two Lebesgue points of m, and zj = m(xj) for j = 1, 2. If

m(x1) ̸= m(x2), then applying Lemma 2.11, we obtain ξj ∈ RP1, open arcs Aξj ⊂ S1
with extremities in Ψ−1(ξj) such that zj ∈ Aξj and

distRP1(ξ1, ξ2) ≥ c|z1 − z2|. (2.5)

As ξ1 ̸= ξ2 in RP1, the two lines x1 + Rξ1, x2 + Rξ2 intersect in a point x0 ∈ R2.
If the segments [x0, x1] and [x0, x2] were contained in Ω, then one would deduce from
Lemma 2.10 that both sets {m ∈ Aξj} have density one at x0, but this is impossible
since Aξ1 ∩Aξ2 = ∅. So at least one of the segments [x0, x1], [x0, x2] cannot be contained
in Ω, which implies that

dist({x1, x2}, ∂Ω) ≤ max{|x0 − x1|, |x0 − x2|}.

Let θ ∈ (0, π/2] be the angle between ξ1 and ξ2. From elementary trigonometry in the
triangle with vertices {x0, x1, x2}, we deduce that

distRP1(ξ1, ξ2) = θ ≲ sin (θ) ≤ |x1 − x2|
max{|x0 − x1|, |x0 − x2|}

≤ |x1 − x2|
dist({x1, x2}, ∂Ω)

.

Recalling (2.5) we deduce that

|m(x1)−m(x2)| = |z1 − z2| ≲
|x1 − x2|

c dist({x1, x2}, ∂Ω)
.

The above estimate holds automatically if m(x1) = m(x2), hence m is locally Lipschitz.
In particular, Ψ(m) is locally Lipschitz, and by [JOP02, GMPS23], it is constant

along characteristics directed by ξ = Ψ(m). Along these characteristics, the map m is
continuous with values into the finite set Ψ−1({±ξ}) and must therefore be constant.
This concludes the proof of Proposition 2.7 part (a).
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2.3 The case with boundary: proof of Theorem 1.10

Let J = {eiθ}θ∈[a,b] ⊊ S1, so that we have Du = cof Γ(m) (1.5) for some m : Ω → J .
As Γ(eiθ) = cof γ(θ), the assumptions of Theorem 1.10 amount to Γ ∈ C2(J ;R2×2)
satisfying |∂θΓ| = 1, det(∂θΓ) = 0 and | det(∂2

θΓ)| > 0 on J . Moreover, Γ satisfies the
quartic estimate (1.1), see Remark 1.8 and Appendix B.

Thanks to Lemma A.1 we have m ∈ B
1/3
4,∞,loc(Ω; J). Applying Proposition 1.5, we

deduce that

∇ · Φ(m) = 0 ∀Φ ∈ ENTΓ.

This can be used as in § 2.2.2 to deduce that m is locally Lipschitz. In fact the proof
is simpler in this case, and we sketch next how to adapt the main steps.

Since we have |∂θΓ| = 1, det(∂θΓ) = 0 and | det(∂2
θΓ)| > 0 on J , as in Lemma 2.1 (see

Remark 2.3) we can find C1 maps λ̂, Ψ̂ : [a, b] → S1 with uniformly monotone phases
and such that

∂θΓ(e
iθ) = λ̂(θ)⊗ Ψ̂(θ) ∀θ ∈ [a, b].

This also defines Ψ ∈ C1(J ;S1) by Ψ(eiθ) = Ψ̂(θ).
In that setting with boundary, Lemma 2.8 and the kinetic formulation (2.4) become

valid for any ξ ∈ Ψ(J) and any arc exp(iI) = Aξ ⊂ J , where I has one of the forms
(θ1, θ2), [a, θ1) or (θ2, b] for eiθj ∈ Ψ−1({±ξ}). (The proof is actually easier since we
don’t need to make the approximating entropies periodic.) Writing m(x) = eiθ(x) for
θ : Ω → [a, b], this implies in particular

Ψ̂(α) · ∇x1θ(x)<α = 0 ∀α ∈ [a, b],

and the corresponding version of Lemma 2.10. Namely, if x1 is a Lebesgue point of θ
such that θ(x1) < α, then the set {θ < α} has density one at all points x2 ∈ x1+RΨ̂(α)
such that [x1, x2] ⊂ Ω. The same holds for the set {θ > α} if θ(x1) > α. Thanks to
the uniform monotonicity of Ψ̂’s phase, we obtain the following simpler version of
Lemma 2.11. For any θ1 < θ2 ∈ [a, b] we can find θ1 < α1 < α2 < θ2 such that

distRP1({±Ψ̂(α1)}, {±Ψ̂(α2)}) ≥ c(θ2 − θ1).

As in § 2.2.2, we apply this to the values θj = θ(xj) at Lebesgue points x1, x2 of θ,

deduce that the lines xj +RΨ̂(αj) must intersect ∂Ω before crossing, and conclude that
θ is locally Lipschitz, and so are m and Ψ(m).

Finally, Lemmas 2.4 and 2.5 ensure that m̃ = iΨ(m) is an S1-valued zero-energy
state of the Aviles-Giga energy in the sense of [JOP02, § 2]. Arguing exactly as the end
of § 2.2.2, we deduce that m is constant along characteristics directed by Ψ(m), and
this concludes the proof of Theorem 1.10 for Du = cof Γ(m).
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3 The partially elliptic case: proof of Theorem 1.12

3.1 Regularity at elliptic values

In this section we prove part (i) of Theorem 1.12, that Du ∈ ΠNE or Du is constant.
For this part we do not need to assume the quartic estimate (1.1), but only the fact
that Π has no rank-one connections. Recall from the beginning of § 1.1 that we assume
without loss of generality that Π has length at most 2π, and γ : I → Π is an arc-length
parametrization of class C2, where I is either a segment [a, b] ⊂ R (a < b < a+ 2π) in
the case with boundary, or I = R/2πZ in the case without boundary.

Proposition 3.1. Let Π ⊂ R2×2 be a compact connected C2 curve of length at most 2π,
without rank-one connections. Denote by γ ∈ C2(I;R2×2) an arc-length parametrization
of Π, and by ΠE = γ({det(γ′) ̸= 0}) ⊂ Π the subset of elliptic values. For any connected
open set Ω ⊂ R2 and weakly differentiable map u : Ω → R2, if u solves the differential
inclusion

Du ∈ Π = γ(I) a.e. in Ω,

and ΩE = (Du)−1(ΠE) has positive Lebesgue measure, then Du is constant.

Proof of Proposition 3.1. The proof we present here, based on the notion of quasicon-
formal envelope [FS08, KS08] and a recent unique continuation result of [DPGT23], has
been pointed out to us by Riccardo Tione. (Another possible proof, based on [Lle23,
Theorem 1.9], would require a refined, and rather technical to demonstrate, version of
Kirszbraun’s extension theorem.)

As in the beginning of Appendix A we assume without loss of generality that

det(A−B) > 0 ∀A ̸= B ∈ Π. (3.1)

We assume that ΩE has positive Lebesgue measure: then we can pick a Lebesgue point
x0 of Du such that Du(x0) ∈ ΠE. Since ΠE is open in Π, for every neighborhood of
Du(x0) in ΠE, its preimage by Du has positive Lebesgue measure. Therefore we may
fix a′ < b′ < a′ + 2π such that det(γ′) ̸= 0 on [a′, b′] ⊂ I and, letting

J = γ([a′, b′]) ⊂ ΠE,

we have that

dist(Du,J )−1({0}) has positive Lebesgue measure. (3.2)

For every t0 ∈ [a′, b′] and h → 0, we have

det(γ(t0 + h)− γ(t0)) = h2 det(γ′(t0)) + o(h2).

According to (3.1) this implies in particular det(γ′) > 0 on [a′, b′], and by compactness
of [a′, b′] we deduce the existence of δ0 > 0 and K0 > 0 such that

|A−B|2 ≤ K0 det(A−B) ∀A ∈ J and B ∈ Π s.t. |A−B| ≤ δ0.
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Thanks to (3.1) we have

c0 := min

{
det(A−B)

|A−B|2
: A ∈ J , B ∈ Π, |A−B| ≥ δ0

}
> 0,

and setting K = max(K0, 1/c0) we deduce that

|A−B|2 ≤ K det(A−B) ∀A ∈ J and B ∈ Π. (3.3)

In the terminology of [FS08, KS08], this means that the curve Π is included in the K-
quasiconformal envelope EJ of the arc J ⊂ R2×2. Here, as in [DPGT23], we omit the
dependence on the fixed K > 0 from the notation. Therefore the differential inclusion
Du ∈ Π implies

Du ∈ EJ a.e. in Ω. (3.4)

Moreover, the inequality (3.3) for A,B ∈ J means that J is elliptic and satisfies
therefore a rigidity estimate: there exists c > 0 such that

inf
A∈J

ˆ
B1/2

|Du− A|2 dx ≤ c

ˆ
B1

dist2(Du,J ) dx ∀u ∈ W 1,2(B1;R2).

This follows from a minor adaptation of [LLP23] presented in Appendix E. As a con-
sequence, we can apply the unique continuation principle of [DPGT23, Theorem 1.3]
to the differential inclusion (3.4), and deduce that either dist(Du,J ) > 0 a.e. in Ω,
or dist(Du,J ) = 0 a.e. in Ω and Du is constant. The first possibility is ruled out by
(3.2), so we conclude that Du is constant equal to Du(x0).

3.2 Improvement under low fractional regularity

In this section we explain that the regularity at elliptic values obtained in the previous
section automatically improves to Du being either constant or with values in a single
connected component of ΠNE = γ({det(γ′) = 0}), under an extra fractional regularity
assumption.

Proposition 3.2. Let Π ⊂ R2×2 be a compact connected C2 curve of length at most 2π,
without rank-one connections. Denote by γ ∈ C2(I;R2×2) an arc-length parametrization
of Π. For any connected open set Ω ⊂ R2 and weakly differentiable map u : Ω → R2, if
u solves the differential inclusion

Du ∈ Π = γ(I) a.e. in Ω,

and satisfies in addition Du ∈ Bs
p,∞,loc(Ω) for some s ∈ (0, 1) and p > 1/s, then Du is

either constant, or takes values into a single connected component of ΠNE.
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Proof of Proposition 3.2. More precisely, we show that Du(Ω ∩ G) is either a point or
a connected subset of ΠNE, where G is the set of Lebesgue points of Du. If Du(Ω ∩
G) ∩ ΠE ̸= ∅, then Du−1(ΠE) must have positive Lebesgue measure since ΠE is open
in Π, and Proposition 3.1 then implies that Du is constant. So we assume without loss
of generality that

Du(Ω ∩ G) ⊂ ΠNE,

and show that Du(Ω ∩ G) is actually contained in a single connected component of
ΠNE.

By connectedness of Ω, it suffices to show that for any fixed open ball B ⊂ Ω,
Du(B∩G) is contained in a connected component of ΠNE. Let us therefore fix an open
ball B = Br(x) ⊂ Ω, and assume without loss of generality that x = 0.

The proof relies on properties of restrictions of Du to one-dimensional lines. For
a, b ∈ (−r, r) we define the vertical and horizontal intervals

B1
a = B ∩ ({a} × R), B2

b = B ∩ (R× {b}).

For any σ ∈ (1/p, s), we have Bs
p,∞(B) ⊂ W σ,p(B) [Tri83, Proposition 2.3.2/2], and

therefore Du|B1
a
∈ W σ,p(B1

a) for a.e. a ∈ (−r, r) [Tri83, Theorem 2.5.13/(i)]. Since
σp > 1 this implies that Du|B1

a
agrees a.e. with a continuous map. By Fubini’s theorem

we also have that H1(B1
a \ G) = 0 for a.e. a ∈ (−r, r).

Fix a ∈ (−r, r) such that both H1(B1
a \ G) = 0 and Du|B1

a
agrees a.e. with a con-

tinuous map. Since ΠE is open, if the image of B1
a under the continuous representative

of Du|B1
a
intersects ΠE, then there exists a point x ∈ B1

a ∩ G such that Du(x) ∈ ΠE,
but we have ruled out this possibility. Therefore, the image of B1

a under the continuous
representative of Du|B1

a
lies in a connected component J 1

a ⊂ ΠNE, hence there exists a
full measure set Xa ⊂ B1

a, H1(B1
a \Xa) = 0, such that Du(B1

a ∩Xa) ⊂ J 1
a .

The same argument shows that, for a.e. b ∈ (−r, r), there exist a connected com-
ponent J 2

b ⊂ ΠNE and a full measure set Yb ⊂ B2
b , H1(B2

b \ Yb) = 0, such that
Du(B2

b ∩ Yb) ⊂ J 2
b .

By Fubini’s theorem, the sets X =
⋃

a Xa, Y =
⋃

b Yb ⊂ B have full Lebesgue
measure in B. For any ε ∈ (0, 1), this implies the existence of a ∈ (−ε, ε) such that
the vertical set Xa intersects the horizontal set Yb for a.e. b ∈ (−r + ε, r − ε). As a
consequence, the connected components J 2

b ,J 1
a ⊂ ΠNE have a non-empty intersection

and therefore J 2
b = J 1

a does not depend on b ∈ (−r + ε, r − ε). Letting ε → 0, we
deduce that Du(Y ) is contained in a single connected component J ⊂ ΠNE. Since Y
has full measure this implies Du(B ∩ G) ⊂ J .

3.3 Conclusion of proof of Theorem 1.12

In this section we assume that Π satisfies the quartic estimate (1.1), and complete the
proof of part (ii) of Theorem 1.12. Since the quartic estimate implies via Lemma A.1

that Du = cof Γ(m) with m ∈ B
1/3
4,∞,loc(Ω), we can apply Proposition 3.2 and deduce
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that either Du is constant (case (ii)(a) of Theorem 1.12), or Du takes values into one
single connected component of ΠNE (case (ii)(b) of Theorem 1.12).

4 Proof of Proposition 1.5

The starting point of Proposition 1.5 is the identity which follows from the chain rule,

∇ · Φ(m) =
∑
j=1,2

αj
Φ(m)∇ · Γj(m) if m : Ω → J ⊂ S1 is smooth.

In our case, m is not smooth: in order to apply the chain rule, we use smooth approxi-
mating maps mε → m. The maps mε will in general not be S1-valued, which introduces
error terms in the above identity, and the proof of Proposition 1.5 consists in estimating
these error terms efficiently. If the quantity |h|−1/3∥Dhm∥Lp vanishes as |h| → 0, this
follows directly from commutator estimates as in [CET94, DLI15]. Here we only know
that this quantity is bounded (1.9), and basic commutator estimates are not enough
to conclude directly: they only provide the information that entropy productions are
in Lp/3, see § 4.1.1. However they also provide identities involving weak limits of error
terms, and we can take advantage of these identities and the structure of ENTΓ to
conclude.

4.1 The case without boundary

We first prove Proposition 1.5 in the case of a closed curve, J = S1. The case with
boundary will be treated in § 4.2.

4.1.1 First step: entropy productions are in L
p/3
loc

In this first step we fix Φ ∈ ENTΓ and prove, using the regularity m ∈ B
1/3
p,∞ and com-

mutator estimates, that ∇ ·Φ(m) ∈ L
p/3
loc (Ω). In fact we do not use all the assumptions

on Γ in Proposition 1.5 and prove a more precise statement.

Proposition 4.1. Let Γ ∈ C2(S1;R2×2) and m ∈ B
1
3
p,∞,loc(Ω;S1) for some p > 3, such

that

∇ · Γ1(m) = ∇ · Γ2(m) = 0 in D′(Ω).

Then there exist f1, f2 ∈ L
p/3
loc (Ω;R2) depending on Γ and m such that, for any entropy

Φ ∈ ENTΓ (1.7), we have

∇ · Φ(m) =
2∑

j=1

∂θα
j
Φ(m) im · fj ∈ L

p/3
loc (Ω), (4.1)

where α1
Φ, α

2
Φ ∈ C1(S1;R) are as in (1.7).
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Proof of Proposition 4.1. Direct calculations using polar coordinates x = reiθ in R2

show that, for any C1 vector fields w : Ω → R2 and F : R2 → R2 such that ∇F (0) = 0,
we have

∇ · F (w) = ((∂rF (w) · ∇)w) · w

|w|
+ ((∂θF (w) · ∇)w) · iw

|w|2
. (4.2)

We apply (4.2) to vector fields F which are ‘flat radial’ extensions of Φ and Γj (j = 1, 2)
given in polar coordinates by

Φ̂(reiθ) = η(r)Φ(eiθ), Γ̂j(re
iθ) = η(r)Γj(e

iθ),

for some smooth η ∈ C∞
c ((0,∞); [0, 1]) such that η(r) ≡ 1 for 1/2 ≤ r ≤ 2. Recall from

the definition (1.7) of ENTΓ that

∂θΦ =
2∑

j=1

αj
Φ∂θΓj, αj

Φ ∈ C1(S1;R).

From (4.2) applied to Φ̂ and Γ̂j we therefore obtain, for any smooth w : Ω → R2,

∇ · Φ̂(w) = η′(|w|)
((

Φ

(
w

|w|

)
· ∇
)
w

)
· w

|w|

+ η(|w|)
2∑

j=1

αj
Φ

(
w

|w|

)((
∂θΓj

(
w

|w|

)
· ∇
)
w

)
· iw

|w|2
,

∇ · Γ̂j(w) = η′(|w|)
((

Γj

(
w

|w|

)
· ∇
)
w

)
· w

|w|

+ η(|w|)
((

∂θΓj

(
w

|w|

)
· ∇
)
w

)
· iw

|w|2
,

which implies

∇ · Φ̂(w)−
∑
j=1,2

αj
Φ

(
w

|w|

)
∇ · Γ̂j(w) = η′(|w|)

((
H

(
w

|w|

)
· ∇
)
w

)
· w

|w|
,

where H = Φ−
∑

αj
ΦΓj ∈ C1(S1;R2). Now we apply this to w = mε, where

mε = m ∗ ρε, ρε(x) = ε−2ρ(x/ε),

for some smooth kernel ρ with support in B1, and deduce

∇ · Φ̂(mε) = R1
ε +R2

ε, (4.3)

R1
ε =

∑
j=1,2

αj
Φ

(
mε

|mε|

)
∇ ·
(
Γ̂j(mε)− Γ̂j(m)ε

)
,

R2
ε = η′(|mε|)

((
H

(
mε

|mε|

)
· ∇
)
mε

)
· mε

|mε|
.
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To obtain the expression of R1
ε we used the fact that ∇·Γ̂j(m) = ∇·Γj(m) = 0. Because

η′(r) ≡ 0 in a neighborhood of r = 1 we have

|R2
ε| ≤ C(1− |mε|2)2|Dmε|,

for some C > 0 depending on η and H, and noting that 1 = |m|2 = (|m|2)ε we deduce
from commutator estimates (Lemma C.1 applied to G = | · |2, w = m, α = 2, β = 1,
s = 1/3, p > 3) that

R2
ε −→ 0 in L1

loc(Ω). (4.4)

Using that η(r) ≡ 1 in a neighborhood of r = 1, the same argument shows that, for the
term R1

ε in (4.3), we have

(1− η(|mε|))R1
ε

= (1− η(|mε|))
∑
j=1,2

αj
Φ

(
mε

|mε|

)
∇ · Γ̂j(mε) → 0 in L1

loc(Ω). (4.5)

It remains to estimate η(|mε|)R1
ε, which, defining α̂j

Φ(re
iθ) = η(r)αj

Φ(e
iθ) ∈ C1

c (R2;R),
we rewrite as

η(|mε|)R1
ε = ∇ ·

(∑
j=1,2

α̂j
Φ(mε)

(
Γ̂j(mε)− Γ̂j(m)ε

))
−
∑
j=1,2

(
∇α̂j

Φ(mε)Dmε

)
·
(
Γ̂j(mε)− Γ̂j(m)ε

)
.

The first line in the right-hand side is the divergence of a sequence which tends to 0
in L1

loc(Ω). Each term in the second line is bounded in L
p/3
loc , independently of ε, by

commutator estimates (Lemma C.1 applied to G = Γ̂j, w = m, s = 1/3, α = β = p/3).

More precisely, there exist f1, f2 ∈ L
p/3
loc (Ω;R2) and a sequence εk → 0 such that

Dmε

(
Γ̂j(m)ε − Γ̂j(mε)

)
⇀ fj in L

p
3
loc(Ω),

and therefore

η(|mεk |)R1
εk

→
2∑

j=1

∇α̂j
Φ(m) · fj =

2∑
j=1

∂θα
j
Φ(m) im · fj in D′(Ω).

Plugging this and (4.4)-(4.5) into (4.3), we deduce

∇ · Φ̂(mεk) →
2∑

j=1

∂θα
j
Φ(m) im · fj in D′(Ω).

Since Φ̂(mε) → Φ(m) in L1
loc(Ω), this implies (4.1).
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4.1.2 Conclusion: entropy productions vanish

Here we show that all entropy productions vanish. If Φ ∈ ENTΓ is such that there exist
β1
Φ, β

2
Φ ∈ C1(S1;R) for which

∂θΦ = β1
Φ∂θΓ1 = β2

Φ∂θΓ2, (4.6)

then applying (4.1) we obtain(
∂θβ

1
Φ(m)

−∂θβ
2
Φ(m)

)
·
(

im · f1
im · f2

)
= 0.

So if we can find two such maps Φ,Φ such that

det

(
∂θβ

1
Φ(m) ∂θβ

1
Φ
(m)

−∂θβ
2
Φ(m) −∂θβ

2
Φ
(m)

)
̸= 0 a.e.,

then we deduce that im · f1 = im · f2 = 0 a.e. and the conclusion (1.8) follows from
(4.1).

Note that here all assumptions of Lemma 2.1 are satisfied, so we have (recalling
Remark 2.2)

∂θΓ = λ⊗Ψ,

for λ,Ψ ∈ C1(S1;RP1). Assume for example that there are entropies Φ,Φ such that

∂θΦ = λ2
1λ2Ψ, ∂θΦ = λ2

2λ1Ψ. (4.7)

The right-hand sides belong to C1(S1;R2) because λ ∈ C1(S1;RP1) and λ ⊗ Ψ ∈
C1(S1;R2×2). These maps Φ,Φ would then satisfy (4.6), with

β1
Φ = λ1λ2, β2

Φ = λ2
1, β1

Φ
= λ2

2, β2
Φ
= λ1λ2,

and the above determinant is equal to

det

(
∂θβ

1
Φ ∂θβ

1
Φ

−∂θβ
2
Φ −∂θβ

2
Φ

)
= −(λ2∂θλ1 + λ1∂θλ2)

2 + 4λ1λ2∂θλ1∂θλ2

= −(λ2∂θλ1 − λ1∂θλ2)
2 = −(iλ · ∂θλ)2

= −|∂θλ|2 < 0.

The last equality follows from the fact that |λ| = 1, and the last inequality follows from
the monotonicity of its phase as shown in Lemma 2.1.

In general there might however not exist entropies whose derivatives are exactly as
in (4.7), because the right-hand sides in (4.7) may not have zero average. But for any
fixed x ∈ Ω, we can modify the maps λ2

1λ2Ψ, λ2
2λ1Ψ ∈ C1(S1;R2) on a subset of S1 which

does not contain a small interval around m(x), so that the modified maps have zero
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averages and are derivatives of entropies Φ,Φ as above. At the point x, the determinant
has the same value as before, so we deduce that im(x) · f1(x) = im(x) · f2(x) = 0. And
we can do this for any fixed x, so the right-hand side of (4.1) is zero a.e., and this
concludes the proof that all entropy productions vanish.

Here is how we modify the maps. Recall from Lemma 2.1 that λ,Ψ have uni-
formly monotone phases. This implies that λ−1

1 ({0}), λ−1
2 ({0}) and Ψ−1({±Ψ(z)}) are

finite subsets of S1 for any z ∈ S1. As a consequence, we can find z1 = eiθ1 , z2 =
eiθ2 ∈ S1 \ {m(x)} such that det(∂θΓ1(z1), ∂θΓ2(z2)) ̸= 0. Denote α1 = λ1λ2, α2 = 0,
so that

∑2
j=1 αj∂θΓj = λ2

1λ2Ψ. Then Lemma D.1 gives α̃1, α̃2 ∈ C1(S1;R) such

that
´
S1

(∑2
j=1 α̃j∂θΓj

)
dθ = 0 and

∑2
j=1 α̃j∂θΓj =

∑2
j=1 αj∂θΓj away from a suf-

ficiently small neighborhood of {z1, z2} (see Remark D.2). In particular, we have∑2
j=1 α̃j∂θΓj = λ2

1λ2Ψ in a neighborhood of m(x). Therefore we can define Φ(eiθ) =´ θ
0

(∑2
j=1 α̃j∂tΓj

)
dt, which satisfies the first equation of (4.7) on an open interval

around m(x). An entropy Φ satisfying the second equation of (4.7) on an open interval
around m(x) is obtained by the same argument.

4.2 The case with boundary

We now prove Proposition 1.5 in the case with boundary, that is, J ⊊ S1 is compact
and connected.

We start by showing that there exist f1, f2 ∈ L
p/3
loc (Ω) such that

∇ · Φ(m) =
2∑

j=1

∂θα
j
Φ(m) im · fj, ∀Φ ∈ ENTΓ. (4.8)

To prove (4.8) we extend Γ to a map Γ̃ ∈ C2(S1;R2×2). Then the map m satisfies

Γ̃(m) = Γ(m), hence ∇ · Γ̃(m) = 0. Applying Proposition 4.1 to Γ̃ and m, we deduce
that

∇ · Φ̃(m) =
2∑

j=1

∂θα
j

Φ̃
(m) im · fj, ∀Φ̃ ∈ ENTΓ̃, (4.9)

for some f1, f2 ∈ L
p/3
loc (Ω). Now let Φ ∈ ENTΓ, that is,

∂θΦ =
2∑

j=1

αj
Φ∂θΓj on J,

for some αj
Φ ∈ C1(J ;R). There exist extensions α̃j

Φ ∈ C1(S1;R) of αj
Φ such that

ˆ
S1

(
2∑

j=1

α̃j
Φ∂θΓ̃j

)
dθ = 0. (4.10)
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Indeed, one can choose any extensions α̃j
Φ and modify them in a neighborhood of a

point z0 ∈ S1 \ J at which det(∂θΓ̃) ̸= 0 in order to ensure (4.10) (see Remark D.3). If

such a point z0 does not exist in the first place, one can simply modify Γ̃ away from J
by adding a term of the form ηI for I ∈ R2×2 the identity matrix and for some non-zero
η ∈ C2

c (S1 \ J ;R) with ∥η′∥∞ sufficiently large.

Thanks to (4.10) one can then define Φ̃ ∈ ENTΓ̃ such that Φ̃ = Φ on J , by setting

Φ̃(eiθ) = Φ(eiθ0) +

ˆ θ

θ0

(
2∑

j=1

α̃j
Φ∂tΓ̃j

)
dt,

for some eiθ0 ∈ J . Applying (4.9) to this Φ̃ and using that m takes values into J we
deduce (4.8).

Now we can use (4.8) exactly as in § 4.1.2 and conclude that f1 = f2 = 0. In fact
it is even easier because entropies do not have to be periodic, so we can directly find
entropies Φ,Φ ∈ ENTΓ such that

∂θΦ = λ2
1λ2Ψ, ∂θΦ = λ2

2λ1Ψ,

where λ,Ψ ∈ C1(J ;S1) are such that ∂θΓ = λ⊗Ψ on J (see Remark 2.3).

5 Examples of nowhere elliptic curves without rank-

one connections

In this section we give several examples of curves satisfying the assumptions of Theo-
rem 1.7, and prove Proposition 1.11 which states that, among nondegenerate nowhere
elliptic curves, the subset of curves without rank-one connections is open.

5.1 The curves γk

Lemma 5.1. The curves parametrized by

γk(t) =
1

2
[eit]c +

1

2(k + 1)
[e(k+1)it]a,

for any integer k ≥ 1, have no rank-one connections, are nowhere elliptic, and satisfy
det(γ′′

k) < 0 on R/2πZ. That is, they satisfy the assumptions of Theorem 1.7.

Proof of Lemma 5.1. Since

γ′
k(t) =

1

2

([
ieit
]
c
+
[
ie(k+1)it

]
a

)
,

γ′′
k(t) =

1

2

([
−eit

]
c
+
[
−(k + 1)e(k+1)it

]
a

)
,
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it is straightforward to check that det (γ′
k) = 0 and det (γ′′

k) =
1
4
(1− (k + 1)2) < 0 for

all k ≥ 1.
It remains to check that the curve γk(R/2πZ) does not have rank-one connections.

Note that, for all t, h ∈ R, we have

det (γk(t+ h)− γk(t)) =
1

4

∣∣ei(t+h) − eit
∣∣2 − 1

4(k + 1)2
∣∣e(k+1)i(t+h) − e(k+1)it

∣∣2
=

1

4

(∣∣eih − 1
∣∣2 − (k + 1)−2

∣∣e(k+1)ih − 1
∣∣2)

= sin2

(
h

2

)
− (k + 1)−2 sin2

(
(k + 1)h

2

)
=: f(h).

We show next that f(h) > 0 for all h ∈ (0, 2π), which implies that the curve γk(R/2πZ)
has no rank-one connections.

First note that f(2π − h) = f(h), so it suffices to show that f > 0 on (0, π]. Then
we argue separately on (π/2, π] and (0, π/2].

For h ∈ (π/2, π] we have, using that sin(x) ≥ 2x
π

for all x ∈ (0, π/2],

f(h) ≥ h2

π2
− (k + 1)−2 sin2

(
(k + 1)h

2

)
>

1

4
− 1

(k + 1)2
≥ 0.

On (0, π/2] we show that f ′ > 0, which completes the proof since f(0) = 0. The
derivative is given by

f ′(h) =
1

2

(
sin (h)− sin ((k + 1)h)

k + 1

)
.

Using that sin(x) > 2x
π

for all x ∈
(
0, π

2

)
, we know sin

(
π

2(k+1)

)
> 1

k+1
and it follows

that

sin (h) > sin

(
π

2(k + 1)

)
>

sin ((k + 1)h)

k + 1
∀h ∈

(
π

2(k + 1)
,
π

2

]
.

Note that cos (x) > cos ((k + 1)x) for x ∈
(
0, π

2(k+1)

]
since the cosine function is de-

creasing on
(
0, π

2

]
. By integrating this inequality we have that

sin (h) >
sin ((k + 1)h)

k + 1
∀h ∈

(
0,

π

2(k + 1)

]
.

Putting the above two estimates together gives f ′(h) > 0 for all h ∈ (0, π/2].

5.2 Further examples

Here we show how to construct many other examples of curves satisfying the assump-
tions of Theorem 1.7.
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Lemma 5.2. Let γ ∈ C2 (R/2πZ;C) be an arc-length parametrization of a simple closed
curve, and let γ̃ ∈ C2 (R/2πZ;C) be such that |γ̃′| ≡ 1 and |γ̃′′| > 0 on R/2πZ. Then
there exists k0 = k0 (γ, γ̃) ∈ N such that for every integer k ≥ k0, the curve in R2×2

parametrized by

αk(t) := [γ(t)]c + k−1 [γ̃(kt)]a

is nowhere elliptic, satisfies det(α′′
k) < 0 and has no rank-one connections.

Proof of Lemma 5.2. To simplify notation let γ̂k(t) = k−1γ̃(kt). First note that |γ̂′
k| =

|γ′| = 1, so det(α′
k) = |γ′|2 − |γ̂′

k|2 = 0, that is, the curve is nowhere elliptic.
Moreover, we have

det(α′′
k) = |γ′′|2 − k2|γ̃′′|2 ≤ sup |γ′′|2 − k2 inf |γ̃′′|2 < 0,

provided k ≥ k0 for k0 large enough. Thanks to the identity (B.3) in the proof of
Lemma B.1 and by compactness of R/2πZ, this implies the existence of δ1 = δ1(γ, γ̃) > 0
such that

det (αk(s)− αk(t)) > 0 for any s, t ∈ R/2πZ s.t. |eis − eit| ≤ δ1. (5.1)

Also note that since γ parametrizes a simple closed curve, there exists another constant
β0 = β0(γ) > 0 such that

|γ(s)− γ(t)| ≥ β0 for any s, t ∈ R/2πZ s.t. |eis − eit| ≥ δ1. (5.2)

For s, t as in (5.2) we infer

det(αk(s)− αk(t)) = |γ(s)− γ(t)|2 − 1

k2
|γ̃(ks)− γ̃(kt)|2

≥ β2
0 −

4

k2
sup |γ̃|2,

and deduce that

det(αk(s)− αk(t)) > 0 for any s, t ∈ R/2πZ s.t. |eis − eit| ≥ δ1, (5.3)

provided k ≥ k0 for k0 large enough. Putting (5.3) and (5.1) together shows that the
curve parametrized by αk has no rank-one connections.

5.3 Proof of Proposition 1.11

Recall the definitions of the set

NE∗ =
{
γ ∈ C2(R/2πZ;R2×2) : det(γ′) = 0 and | det(γ′′)| > 0

}
,
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and its subset

NE∗∗ =
{
γ ∈ NE∗ : γ(R/2πZ) has no rank-one connections

}
.

In this section we prove Proposition 1.11, which asserts that NE∗∗ is open in NE∗ for
the C2 topology.

Let γ, γ̄ ∈ NE∗. It is clear from the expansion (B.5), the explicit form of ε̃(t, h) and
the fact that det(γ′) = det(γ̄′) = 0, that for all t, h in R we have

|det (γ(t+ h)− γ(t))− det (γ̄(t+ h)− γ̄(t))|
≤ C(∥γ′′∥∞ + ∥γ̄′′∥∞)∥γ′′ − γ̄′′∥∞h4,

for some absolute constant C > 0.
Now fix γ̄ ∈ NE∗∗ and assume without loss of generality that det(γ̄(t) − γ̄(s)) > 0

for all s ̸= t ∈ R/2πZ, then the last inequality implies that, if ∥γ′′− γ̄′′∥∞ ≤ δ for δ > 0
small enough, then for all s, t ∈ R we have

det(γ(t)− γ(s)) ≥ det(γ̄(t)− γ̄(s))− C(γ̄)δ|eit − eis|4.

By definition of NE∗∗ and Lemma B.1 there exists κ̄ > 0 such that

det(γ̄(t)− γ̄(s)) ≥ κ̄|eit − eis|4,

so if ∥γ′′ − γ̄′′∥∞ ≤ δ for δ > 0 small enough we deduce

det(γ(t)− γ(s)) ≥ κ̄

4
|eit − eis|4.

That is, γ ∈ NE∗∗, and this shows that NE∗∗ is open in NE∗ with respect to the C2

topology.

Appendix A Fractional regularity of m

In this appendix we establish the initial low fractional regularity which is required to
apply Proposition 1.5. Since Π has no rank-one connections, [Š93, Lemma 1] implies
that det(A− B) has a constant sign over all matrices A ̸= B ∈ Π. Composing u with
a reflection does not affect Theorem 1.3, so we may assume without loss of generality

det(A−B) > 0 ∀A ̸= B ∈ Π,

and the coercivity of the determinant (1.1) can be rephrased as

det(A−B) ≥ c |A−B|4 ∀A,B ∈ Π.

Quite classically, this implies some fractional regularity for the map m defined in (1.5),
which satisfies Du = cof Γ(m).
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Lemma A.1. Let J ⊂ S1 be compact and connected. If m : Ω → J solves (1.6) where
Γ ∈ C1(J ;R2×2) satisfies

det(Γ(z)− Γ(z′)) ≥ c|z − z′|p ∀z, z′ ∈ J, (A.1)

for some p > 1 and c > 0, then m ∈ B
1

p−1

p,∞,loc(Ω;S1), that is,

sup
|h|≤1

∥Dhm∥Lp(U)

|h|
1

p−1

< ∞ for all U ⊂⊂ Ω,

where Dhm(x) = (m(x+h)−m(x))1x,x+h∈Ω . In particular, if p = 4 then m ∈ B
1
3
4,∞,loc.

Proof of Lemma A.1. The proof is essentially the same as the first step in [Š93, Theo-
rem 5]. Here, for the reader’s convenience, we reproduce the proof with minor adaptions.

Since this is a local result, we may assume without loss of generality that Ω is simply
connected. Since ∇ · Γj(m) = 0, we infer that curl (iΓj(m)) = 0, and thus there exists
Fj : Ω → R with

∇Fj = iΓj(m) a.e. in Ω. (A.2)

For any given U ⊂⊂ Ω and h ∈ R2 with |h| sufficiently small, e.g. |h| < 1
3
dist(U, ∂Ω),

by (A.1) we have

det (Γ(m(x+ h))− Γ(m(x))) ≥ c|Dhm(x)|p

for a.e. x ∈ Ω with dist(x, ∂Ω) > |h|. By (A.2) we have

det (Γ(m(·+ h))− Γ(m(·))) = (iDhΓ1(m)) · (DhΓ2(m)) = Dh∇F1 ·DhΓ2(m).

Hence gathering the two above equations, we obtain∣∣Dhm
∣∣p ≲ Dh∇F1 ·DhΓ2(m) for a.e. x ∈ Ω with dist(x, ∂Ω) > |h|. (A.3)

Let χ ∈ C∞
c (Ω) be a test function with dist(suppχ, ∂Ω) > 2h and 1U ≤ χ ≤ 1Ω.

Integrating by parts and using that ∇ · Γ2(m) = 0 (and thus
´
Ω
∇
(
DhF1χ

p
p−1

)
·

DhΓ2(m)dx = 0), we have

ˆ
Ω

χ
p

p−1Dh∇F1 ·DhΓ2(m) dx = −
ˆ
Ω

DhF1D
hΓ2(m) · ∇(χ

p
p−1 ) dx

≲ |h| ∥∇F1∥L∞(Ω)∥∂θΓ2∥L∞(J)∥∇χ∥L∞(Ω)

ˆ
Ω

χ
1

p−1

∣∣Dhm
∣∣ dx

≲ |h| ∥∇χ∥L∞(Ω)

(ˆ
Ω

χ
p

p−1

∣∣Dhm
∣∣p dx) 1

p

.
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Recalling (A.3) we deduce

ˆ
Ω

χ
p

p−1

∣∣Dhm
∣∣p dx ≲ |h| ∥∇χ∥L∞(Ω)

(ˆ
Ω

χ
p

p−1

∣∣Dhm
∣∣p dx) 1

p

,

and thus(ˆ
Ω

χ
p

p−1

∣∣Dhm
∣∣p dx) 1

p

≲ |h|
1

p−1 ∥∇χ∥
1

p−1

L∞(Ω).

As 1U ≤ χ, it follows that

sup
|h|≤t

∥Dhm∥Lp(U)

|h|
1

p−1

≲ ∥∇χ∥
1

p−1

L∞(Ω)

for t > 0 sufficiently small. For larger |h| values, the boundedness of m implies that

supt<|h|≤1 |h|
− 1

p−1∥Dhm∥Lp(U) is bounded. Thus m ∈ B
1

p−1
p,∞ (U) for all U ⊂⊂ Ω.

Appendix B The nondegeneracy condition (1.1) for

nowhere elliptic curves

As in the beginning of Appendix A, we may assume without loss of generality

det(A−B) > 0 ∀A ̸= B ∈ Π.

Here we show that the nondegeneracy estimate (1.1) is equivalent, in the nowhere
elliptic setting, to the assumption that det(γ′′) does not vanish.

Lemma B.1. Let I = [a, b] for some a < b ≤ a+2π and γ ∈ C2(I;R2×2). If det(γ′) ≡ 0
on I and

det(γ(t)− γ(s)) > 0 ∀t ̸= s ∈ I, (B.1)

then the estimate

det(γ(t)− γ(s)) ≥ c|eit − eis|4 ∀t, s ∈ I (B.2)

is satisfied if and only if det(γ′′) does not vanish on I.

Remark B.2. The assumptions of Lemma B.1, in particular, the condition (B.1), imply
that det(γ′′) < 0, see (B.3). The case det(γ′′) > 0 would correspond to the opposite
estimate

− det(γ(t)− γ(s)) ≥ c|eit − eis|4 for some c > 0.
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Proof of Lemma B.1. First we prove that, for any t ∈ I,

lim
s→t,s∈I

det(γ(s)− γ(t))

(s− t)4
= − 1

12
det(γ′′(t)). (B.3)

Under the additional regularity assumption γ ∈ C3(I;R2×2) this follows directly from
a Taylor expansion. Indeed, derivating twice the identity det(γ′) ≡ 0, we obtain

cof γ′ : γ′′ = 0,

cof γ′ : γ(3) = −cof γ′′ : γ′′ = −2 det(γ′′),

and then the Taylor expansion

det(γ(t+ h)− γ(t)) = det

(
hγ′(t) +

h2

2
γ′′(t) +

h3

6
γ(3)(t) + o(h3)

)
= h2 det(γ′(t)) +

h3

2
cof γ′(t) : γ′′(t) +

h4

4
det(γ′′(t)) +

h4

6
cof γ′(t) : γ(3)(t) + o(h4)

= −h4

12
det(γ′′(t)) + o(h4),

implies (B.3).
In the general case where γ ∈ C2(I;R2×2), one may actually use the bilinearity of

the determinant to obtain the same outcome with only two derivatives. Specifically, for
t, t+ h ∈ I we have

det(γ(t+ h)− γ(t)) = det

(
hγ′(t) + h2

ˆ 1

0

(1− s)γ′′(t+ sh) ds

)
= h2 det(γ′(t)) + h3

ˆ 1

0

(1− s) cof γ′(t) : γ′′(t+ sh) ds

+ h4 det

(ˆ 1

0

(1− s)γ′′(t+ sh) ds

)
. (B.4)

Using that cofγ′ : γ′′ = (det(γ′))′, we can rewrite the penultimate term as

h3

ˆ 1

0

(1− s) cof γ′(t) : γ′′(t+ sh) ds

= h2

ˆ 1

0

(1− s)
d

ds
[det(γ′(t+ sh)] ds

− h4

ˆ 1

0

s(1− s) cof

(
γ′(t+ sh)− γ′(t)

sh

)
: γ′′(t+ sh) ds

= h2

ˆ 1

0

det(γ′(t+ sh)) ds− h2 det(γ′(t))− h4

3
det γ′′(t) + h4ε(t, h),
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where

ε(t, h) =

ˆ 1

0

s(1− s)

[
cof γ′′(t) : γ′′(t)− cof

(
γ′(t+ sh)− γ′(t)

sh

)
: γ′′(t+ sh)

]
ds

=

ˆ 1

0

ˆ 1

0

s(1− s)

[
cof γ′′(t) : γ′′(t)− cof γ′′(t+ τsh) : γ′′(t+ sh)

]
dτ ds,

hence supt |ε(t, h)| → 0 as h → 0 thanks to the uniform continuity of γ′′. Plugging this
into (B.4) gives

det(γ(t+ h)− γ(t)) = h2

ˆ 1

0

det(γ′(t+ sh)) ds− h4

12
det(γ′′(t))

+ h4ε̃(t, h), (B.5)

where

ε̃(t, h) = ε(t, h) +
1

2

ˆ 1

0

(1− s) cof γ′′(t) : (γ′′(t+ sh)− γ′′(t)) ds

+ det

(ˆ 1

0

(1− s)(γ′′(t+ sh)− γ′′(t)) ds

)
,

so supt |ε̃(t, h)| → 0 as h → 0 thanks again to the uniform continuity of γ′′. Since
det(γ′) ≡ 0 on I, this implies (B.3).

A first consequence of (B.3) is that the estimate (B.2) implies that det(γ′′) does not
vanish.

For the converse, assume that det(γ′′) does not vanish. Since the left-hand side of
(B.3) must be nonnegative according to (B.1), we deduce that det(γ′′) < 0, and for all
t ∈ I there exists δt > 0 such that

det(γ(t+ h)− γ(t)) ≥ h4

24
inf
I
| det(γ′′)| ∀h ∈ (−δt, δt), t+ h ∈ I.

By compactness of I this δt can be chosen independent of t, so we have

det(γ(t)− γ(s)) ≥ c|eit − eis|4 if |eit − eis| ≤ η, for s, t ∈ I,

for some constants c, η > 0 depending on γ. Moreover by compactness of the set of
couples (t, s) ∈ I × I such that |eis − eit| ≥ η, there exists c > 0 such that

det(γ(t)− γ(s)) ≥ c ≥ c

24
|eit − eis|4 if |eit − eis| ≥ η,

and this proves Lemma B.1.
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Appendix C A commutator estimate

Lemma C.1. Let Ω ⊂ Rn be open and w ∈ Bs
p,∞,loc∩L∞(Ω;Rk) for some s ∈ (0, 1) and

p > 1. Let ρ ∈ C1
c (Rn) with supp ρ ⊂ B1 and

´
ρ dx = 1 and denote convolution with

ρε(x) = ε−nρ(x/ε) by a subscript ε. Then for any α, β ≥ 1, any C2 map G : Rk → R,
we haveˆ

U

|G(wε)−G(w)ε|α|∇wε|β dx ≤ cεsmin(p,2α+β)−β ∀U ⊂⊂ Ω,

for some constant c > 0 depending on ∥G∥C2, ∥w∥∞, |w|Bs
p,∞(U), ∥ρ∥C1, α, β, p and U .

Proof of Lemma C.1. For any U ⊂⊂ Ω the regularity Bs
p,∞,loc of w amounts to

ˆ
U

|Dhw|p ≤ |w|pBs
p,∞(U)|h|

sp,

for all |h| ≤ 1. Moreover, letting R = ∥w∥∞, for any ε > 0 we have (see e.g. [LLP20,
Lemma 17])

|G(wε)−G(w)ε| ≤ c0∥G∥C2(BR)

ˆ
B1

|Dεyw|2ρ(y) dy,

|∇wε| ≤
c0
ε

ˆ
B1

|Dεzw| |∇ρ|(z) dz,

for some absolute constant c0 > 0, so applying Jensen’s inequality and Fubini’s theorem
we deduceˆ

U

|G(wε)−G(w)ε|α|∇wε|β dx

≤ c

εβ

ˆ
B1

ˆ
B1

ρ(y)|∇ρ|(z)
ˆ
U

|Dεyw(x)|2α|Dεzw(x)|β dx dydz,

for some constant c depending on ∥G∥C2(BR) and ∥ρ∥C1 . For any y, z ∈ B1 we have, by
Hölder’s inequality with exponents q = (2α + β)/(2α) and q′ = (2α + β)/β,

ˆ
U

|Dεyw|2α|Dεzw|β dx ≤
(ˆ

U

|Dεyw|2α+β dx

) 1
q
(ˆ

U

|Dεzw|2α+β dx

)1− 1
q

≤ c|w|min(p,2α+β)
Bs

p,∞(U) εsmin(p,2α+β).

In the last line we used the Besov regularity assumption, and the constant c depends
on ∥w∥∞, |U |, α, β and p. Plugging this back into the previous estimate concludes the
proof.
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Appendix D A modification lemma

Lemma D.1. Let Γ ∈ C2(S1;R2×2) be such that det(∂2
θΓ) is not identically zero. Let

Γ1,Γ2 denote the two rows of the matrix Γ. For any α1, α2 ∈ C1(S1;R), there exist
α̃1, α̃2 ∈ C1(S1;R) such that

ˆ
S1

(
2∑

j=1

α̃j∂θΓj

)
dθ = 0

and
2∑

j=1

sup
S1

|αj − α̃j| ≤ C

∣∣∣∣∣
ˆ
S1

(
2∑

j=1

αj∂θΓj

)
dθ

∣∣∣∣∣ ,
for some constant C depending only on Γ.

Proof of Lemma D.1. We denote by v ∈ R2 the integral

v =

ˆ
S1

(
2∑

j=1

αj∂θΓj

)
dθ,

and prove the existence of β1, β2 ∈ C1(S1;R) such that

ˆ
S1

(
2∑

j=1

βj∂θΓj

)
dθ = v and

2∑
j=1

sup
S1

|βj| ≤ C|v|. (D.1)

Then it suffices to define α̃j = αj − βj.
We look for βj in the form βj(e

iθ) = bjfj(e
iθ), for some b ∈ R2 and f1, f2 ∈ C1(S1;R),

then the first identity in (D.1) amounts to

Ab = v, where A =
( ´

S1 f1∂θΓ1 dθ
´
S1 f2∂θΓ2 dθ

)
∈ R2×2.

So it suffices to choose f1, f2 such that det(A) ̸= 0, then we simply set b = A−1v, and
the second estimate in (D.1) follows from |b| ≤ ∥A−1∥|v|.

To find f1, f2 such that det(A) ̸= 0, we can pick for instance z1, z2 ∈ S1 such that
det(∂θΓ1(z1), ∂θΓ2(z2)) ̸= 0 and choose, for j = 1, 2, fj approximating the Dirac mass
at zj. The existence of such z1, z2 follows from the fact that det(∂2

θΓ) is not identically
zero: if det(∂θΓ1(z1), ∂θΓ2(z2)) = 0 for all z1, z2 ∈ S1 then ∂θΓ1(S1) and ∂θΓ2(S1) are
contained in a single line, which implies that ∂θΓv0 = 0 is identically zero for some fixed
v0 ∈ S1, and therefore det(∂2

θΓ) is identically zero.

Remark D.2. In the above proof, we only modify αj around zj, where z1, z2 ∈ S1
satisfy det(∂θΓ1(z1), ∂θΓ2(z2)) ̸= 0. As a consequence, we can choose α̃j such that∑2

j=1 α̃j∂θΓj =
∑2

j=1 αj∂θΓj away from any neighborhood of {z1, z2}.

Remark D.3. If we assume that det(∂θΓ(z0)) ̸= 0 for some z0 ∈ S1, then we can
choose f1, f2 approximating a Dirac mass at z0, and deduce the existence of α̃j as in
Lemma D.1, with the additional condition that α̃j = αj away from any neighborhood
of z0.
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Appendix E Rigidity estimate for elliptic arcs

We provide here the extension of [LLP23, Theorem 1.1] needed in the proof of Propo-
sition 3.1, namely, a rigidity estimate for C2 elliptic arcs J ⊂ R2×2. In [LLP23] this
was established for smooth closed elliptic curves.

Proposition E.1. Let a < b and γ ∈ C2 ([a, b] ;R2×2) be injective such that J =
γ([a, b]) is elliptic:

det(A−B) ≥ c0|A−B|2 ∀A,B ∈ J , (E.1)

for some c0 > 0. Then J satisfies a rigidity estimate: there exists C = C(J ) > 0 such
that

inf
A∈J

ˆ
B1/2

|Du− A|2 dx ≤ C

ˆ
B1

dist2(Du,J ) dx,

for all u ∈ W 1,2(B1;R2).

Proof of Proposition E.1. We will show in Lemma E.2 that we can find a closed C2

curve Γ ⊂ R2×2 such that J ⊂ Γ and Γ is elliptic:

det(A−B) ≥ c1|A−B|2 ∀A,B ∈ Γ. (E.2)

Granted this, we can directly apply [LLP23, Theorem 1.1] which provides C = C(Γ) > 0
such that

inf
A∈Γ

ˆ
B1/2

|Du− A|2 dx ≤ C

ˆ
B1

dist2(Du,Γ) dx ≤ C

ˆ
B1

dist2(Du,J ) dx, (E.3)

for all u ∈ W 1,2(B1;R2). In [LLP23, Theorem 1.1] this is stated for a smooth curve Γ,
but the proof only requires C2 regularity (and could probably be modified to require
only C1 regularity). Moreover, given u ∈ W 1,2(B1;R2) and A ∈ Γ attaining the infimum
in the left-hand side of (E.3), we can integrate on B1/2 the elementary inequality

dist2(A,J ) ≤ 2|Du− A|2 + 2dist2(Du,J ),

and use (E.3) to deduce

|B1/2| dist2(A,J ) ≤ (2C + 2)

ˆ
B1

dist2(Du,J ) dx.

Taking Ã ∈ J such that |A− Ã| = dist(A,J ) and combining the above estimate with
(E.3), we obtain

ˆ
B1/2

|Du− Ã|2 dx ≤ (6C + 4)

ˆ
B1

dist2(Du,J ) dx,

thus proving Proposition E.1.
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Lemma E.2. Let a < b and γ ∈ C2 ([a, b] ;R2×2) be injective such that J = γ([a, b])
satisfies (E.1). Then there exists a closed C2 curve Γ ⊂ R2×2 such that J ⊂ Γ and Γ
satisfies (E.2) for some positive constant c1 < c0.

Proof. First we extend the C2 curve γ to [a− ε, b+ ε] for some ε > 0, while conserving
the ellipticity (E.1) for J = γ([a − ε, b + ε]). To that end we set γ(a − t) = γ(a) −
tγ′(a) + t2γ′′(a)/2 for 0 < t ≤ ε. That way (E.1) is satisfied with a possibly smaller
constant c0 (not renamed) for A,B ∈ γ([a − ε, a + ε]) provided ε is small enough,
because det(γ′(a+h)) = det(γ′(a))+ o(1) ̸= 0 for h → 0. And (E.1) is satisfied also for
A ∈ γ([a− ε, a]) and B ∈ γ([a+ ε, b]) because A ≈ γ(a) and det(γ(a)−B) is bounded
from below by a positive constant. The same arguments apply for the extension to
[b, b+ ε]. Note that γ is smooth in [a− ε, a) ∪ (b, b+ ε].

Then we use the classical fact [Zha97, FS08] that the ellipticity (E.1) of J implies
that the conformal-anticonformal decomposition (2.2) of γ is given by

γ = [γc]c + [H ◦ γc]a,

where γc ∈ C2([a− ε, b+ ε];C) is injective with |γ′
c| > 0 on [a− ε, b+ ε], and

H : γc([a− ε, b+ ε]) → C,

is k-Lipschitz for k =
√

(1− 2c0)/(1 + 2c0) ∈ (0, 1). Next we extend H to a k-Lipschitz
map over C with a possibly larger k < 1 such that the extension is smooth outside a
sufficiently small neighborhood of γc([a, b]). The proof is very similar to the proof of
[LLP23, Lemma 3.1], and we sketch below the key steps.

In the first step, possibly after a reparametrization, we may assume without loss of
generality that γc(t) is an arc-length parametrization of γc([a − ε, b + ε]). For fixed ε
and small enough δ > 0, denote Rδ := [a, b]×(−δ, δ) and Rε

δ := ([a− ε, a) ∪ (b, b+ ε])×
(−δ, δ). The map

φ : (t, r) 7→ γc(t) + riγ′
c(t),

is a C1 diffeomorphism between Rδ ∪ Rε
δ and φ(Rδ ∪ Rε

δ). Since γ is smooth in [a −
ε, a)∪ (b, b+ ε], this map φ is further a smooth diffeomorphism between Rε

δ and φ(Rε
δ).

For z ∈ φ(Rδ ∪ Rε
δ), define H̃(z) = H(γc(t)) where z = φ(t, r). This H̃ agrees with H

on γc([a − ε, b + ε]), and is C1 in φ(Rδ ∪ Rε
δ) and smooth in φ(Rε

δ) by the regularity
of γa = H ◦ γc and φ−1. Further, we have ∥D(φ−1)∥ ≤ 1 + Cδ for some constant C

depending on γc, and it follows that H̃ is k̃-Lipschitz with k̃ = (1 +Cδ)k < 1 for small
enough δ.

In the second step, we extend H̃ to C such that the extension is smooth outside
a sufficiently small neighborhood of γc([a, b]). By Kirszbraun’s theorem, we can first

extend H̃ to a k̃-Lipschitz map (not renamed) over C. For α > 0, we define Hα(z) =´
C H̃(z+αχ(z)y)ρ(y) dy for a smooth kernel ρ ≥ 0 with support in B1 and

´
ρ(y) dy = 1,

and some smooth cut-off function χ with 1Uδ2/4
≤ 1 − χ ≤ 1Uδ2/2

and ∥∇χ∥∞ ≤ 8/δ2,
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where Uδ := {z ∈ C : dist(z, γc([a, b])) < δ}. Note that Hα agrees with H̃ in Uδ2/4 and

is smooth in
(
C \ Uδ2/2

)⋃
φ(R

ε/2
δ/2 \R

δ2/8
δ/2 ) for α small enough. In particular, Hα agrees

with H on γc([a− 3δ2

16
, b+ 3δ2

16
]). Further we have

|Hα(z)−Hα(z
′)| ≤

ˆ
B1

|H̃(z + αχ(z)y)− H̃(z′ + αχ(z′)y)| ρ(y) dy

≤ k̃

(
1 +

8α

δ2

) ˆ
B1

|z − z′| ρ(y) dy = k̃

(
1 +

8α

δ2

)
|z − z′|,

so Hα is kα-Lipschitz for kα = k̃
(
1 + 8α

δ2

)
< 1 for α sufficiently small.

Finally we use the above Hα to construct the closed curve Γ containing J . To that
end, we claim that γc([a − ε/3, b + ε/3]) can be extended to a closed C2 curve in C
parametrized by γ̃c ∈ C2(R/LZ;C) for some L > b − a + 2ε/3. This can be obtained
as a consequence of Jordan’s theorem stating that the complement of a Jordan arc in
the plane is connected, but we sketch here a simpler proof in our C2 context. Recall
that φ is a C1 diffeomorphism between Rδ ∪Rε

δ and φ(Rδ ∪Rε
δ). We can find an open

neighborhood V of Rδ/2 ∪ R
2ε/3
δ/2 with V ⊂⊂ Rδ ∪ Rε

δ, and extend the straight segment

[a− ε/3, b+ ε/3] into V \
(
Rδ2 ∪R

ε/3

δ2

)
to form a smooth closed curve and apply φ to

obtain a C1 closed curve inside φ(V) extending γc([a− ε/3, b+ ε/3]). Finally smoothen

that curve outside [a − ε/3, b + ε/3] (using the same method we used to smoothen H̃
via a cut-off function of the form of χ) to turn it into a C2 closed curve γ̃c extending
γc([a− ε/3, b+ ε/3]).

We are now equipped with γ̃c ∈ C2(R/LZ;C) injective such that γ̃c = γc on [a −
ε/3, b+ε/3]. Then we define γ̃a = Hα ◦ γ̃c. Since Hα is smooth in

(
C \ Uδ2/2

)⋃
φ(R

ε/2
δ/2 \

R
δ2/8
δ/2 ), we know γ̃a is C

2 outside the interval [a− δ2

8
, b+ δ2

8
]. Further, sinceHα agrees with

H on γc([a− 3δ2

16
, b+ 3δ2

16
]), it follows that γ̃a = Hα◦γ̃c = H◦γc = γa ∈ C2([a− 3δ2

16
, b+ 3δ2

16
]).

Thus, we deduce that γ̃a ∈ C2(R/LZ;C). Setting

γ̃ = [γ̃c]c + [γ̃a]a,

it follows that Γ = γ̃(R/LZ) is a closed C2 elliptic curve containing J . The ellipticity
follows from the fact that Hα is kα-Lipschitz with kα ∈ (0, 1).
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35(2):481–516, 2018.

[LPT94] Lions, P. L., Perthame, B., and Tadmor, E. A kinetic formulation
of multidimensional scalar conservation laws and related equations. J. Am.
Math. Soc., 7(1):169–191, 1994.

[Mül99] Müller, S. Variational models for microstructure and phase transitions.
In Calculus of variations and geometric evolution problems. Lectures given
at the 2nd session of the Centro Internazionale Matematico Estivo (CIME),
Cetraro, Italy, June 15–22, 1996, pages 85–210. Berlin: Springer, 1999.

45



[Pan94] Panov, E. Y. Uniqueness of the solution of the Cauchy problem for a
first order quasilinear equation with one admissible strictly convex entropy.
Math. Notes, 55(5):1, 1994.

[Per02] Perthame, B. Kinetic formulation of conservation laws, volume 21 of
Oxf. Lect. Ser. Math. Appl. Oxford: Oxford University Press, 2002.

[Res94] Reshetnyak, Y. G. Stability theorems in geometry and analysis. Trans-
lated from the Russian by N. S. Dairbekov and V. N. Dyatlov. Revised and
updated translation, volume 304 of Math. Appl., Dordr. Dordrecht: Kluwer
Academic Publishers, rev. and updated transl. edition, 1994.

[Tar79] Tartar, L. Compensated compactness and applications to partial differ-
ential equations. Nonlinear analysis and mechanics: Heriot-Watt Sympo-
sium, Vol. IV, Res. Notes in Math., 39, Pitman, Boston, Mass.-London,
1979, pages 136–212, 1979.

[Tar83] Tartar, L. The compensated compactness method applied to systems of
conservation laws. Systems of nonlinear partial differential equations, Proc.
NATO Adv. Study Inst., Oxford/U.K. 1982, NATO ASI Ser. Ser., C 111,
263-285 (1983)., 1983.

[Tri83] Triebel, H. Theory of function spaces, volume 78 of Monogr. Math.,
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