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Let 2 C R? be an open set. We demonstrate regularity and rigidity properties of weakly

On regularity and rigidity of 2 x 2 differential
inclusions into non-elliptic curves

Xavier Lamy* Andrew Lorent! Guanying Peng?

Abstract

We study differential inclusions Du € II in an open set  C R2, where
II ¢ R?*? is a compact connected C? curve without rank-one connections, but
non-elliptic: tangent lines to II may have rank-one connections, so that classical
regularity and rigidity results do not apply. For a wide class of such curves II,
we show that Du is locally Lipschitz outside a discrete set, and is rigidly charac-
terized around each singularity. Moreover, in the partially elliptic case where at
least one tangent line to II has no rank-one connections, or under some topolog-
ical restrictions on the tangent bundle of II, there are no singularities. This goes
well beyond previously known particular cases related to Burgers’ equation and
to the Aviles-Giga functional. The key is the identification and appropriate use
of a general underlying structure: an infinite family of conservation laws, called
entropy productions in reference to the theory of scalar conservation laws.

Introduction

differentiable maps u: 0 — R? satisfying the differential inclusion

where IT C R?*? is a compact connected C? curve without rank-one connections, which
is non-elliptic: tangent lines to IT may be generated by rank-one matrices. (Here and
in the rest of the article, by curve we mean a one-dimensional submanifold, with or

Du eIl a.e. in €,

without boundary, in other words it is always embedded.)

Regularity of differential inclusions is a subject with a long history. The best known
result is the analyticity of solutions of the Cauchy-Riemann equations — reformulated
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as a differential inclusion, this is the statement that if a function u : Q — R? satisfies
Du € CO4(2) = R:SO(2) everywhere, then u is analytic. In 1850 Liouville [Lio50]
proved that if a C® function u satisfies the differential inclusion Du € CO,(3) =
R, SO(3), then it is a M&bius mapping. The optimal generalization of this result is still
an open problem, which has inspired a large literature and to some extent motivated
the development of the theory of higher dimensional quasiconformal mappings [BIS2]
Res94].

It is well known (see e.g. [Miil99]) that a necessary condition for regularity of a
differential inclusion Du € K is that K should have no rank-one connections:

rank(A — B) # 1 for all matrices A # B € K.

For differential inclusions in R?*2, a general sufficient condition is due to Sverdk: if
K C R**? is a smooth connected closed submanifold without rank-one connections
that is elliptic (in the sense that its tangent spaces have no rank-one connections), then
solutions of the differential inclusion Du € K are smooth [S93, § 5].

For non-elliptic sets, we are not aware of any general regularity result, but we
describe next two examples.

Example 1.1. Consider a bounded weak solution of Burgers’ equation, which does not
dissipate energy:

2 2 U3

v v
ov+0,— =0, Oh—+09,— =0.
W EIE
According to [Pan94] (see also [DLOWO04]), the function v is both an entropy and anti-
entropy solution of Burgers’ equation, and by Oleinik’s one-sided Lipschitz estimate
must therefore be locally Lipschitz. In a simply connected domain, the two conservation
laws satisfied by v are equivalent to the existence of uy, us such that

. Owur  Opuy o - L
Du = < 8{&2 axuz - _% T ’V('U)a
so the Lipschitz regularity of v amounts to Lipschitz regularity of Du if Du € II =

v([a,b]). Tt can be checked that det(y") = 0, so this differential inclusion is nowhere
elliptic.

w|@w

w
t\2|@M <

Example 1.2. In our previous work [LLP20], motivated by connections with the Aviles-
Giga functional [AG99, [ADLM99, JK00, JOP02, ILP1§|, we studied an explicit closed
curve Ky C R?*2 which has no rank-one connections, but is nowhere elliptic. There we
established that solutions of Du € Kj enjoy some regularity: Du is locally Lipschitz
outside a discrete set — but also some rigidity: Du is explicitly characterized in any
convex neighborhood of a singularity.

Our proof in [LLP20] relied strongly on the explicit form of Ky and its link with
the eikonal equation, but since then we have been intrigued by the possibility that
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there might be a general result for differential inclusions into curves that do not have
rank-one connections and are not necessarily elliptic.

This is what we establish in this article: we prove regularity and rigidity for differ-
ential inclusions Du € II, where II C R?*? is a generic compact connected C? curve
which has no rank-one connections but may not be elliptic. More precisely, a compact
connected curve II C R?*? without rank-one connections is elliptic if and only if the
quadratic estimate

|det(A — B)| > c|A— B|*? VA, B¢cll,

is valid for some ¢ > 0 [S93, § 5]. Here we assume only a weaker quartic estimate (I.1)),
which allows the tangent lines to have rank-one connections, while retaining some weak
nondegeneracy. Our main theorem is

Theorem 1.3. Let IT C R?*? be a compact connected C? curve, with or without bound-
ary. Assume that I1 has no rank-one connections, and that it satisfies the nondegeneracy
estimate

|det(A— B)| > c|A— B]* VA Bell (1.1)

for some constant ¢ > 0. For any open set  C R? and weakly differentiable map
w: Q — R2, if u solves the differential inclusion

Du e 11 a.e. in €, (1.2)
then Du is locally Lipschitz away from a locally finite set S. Moreover, the singular set
S is empty in the following (non-disjoint) cases:

o if IT is partially elliptic (at least one tangent line to 11 has no rank-one connec-
tions);

o if II has a boundary;

e under some topological conditions on the tangent bundle TII, to be made explicit

in Theorem [1.7.

Remark 1.4. Without the nondegeneracy assumption ({1.1)), Du might fail to be Lip-
schitz away from singularities. Consider for instance, for ¢ > 0, the scalar conservation
law
AP
v
ow+ 0,2,
2+q

whose characteristic curves are given by x = x4 tvg|vg|?. For any bounded continuous
and monotone nondecreasing initial condition vy(x), there is a solution v(¢, z) constant
along characteristics for t > 0. That solution also solves

U2 ,U|U|q+2
Op— + 0,
"9 + 3+q
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and provides a solution of the differential inclusion

_ wwl|?
Du ell := {( w‘ﬁéﬂg ) Hw| < HUOHoo}a
— i

which satisfies

wff, &

det(A— B) > c|A— B|*" VA Bell (1.3)

Arguing as in [COWO08, Proposition 4.3], one can choose the initial data vy in a way
that v(¢, x) is Holder continuous with Holder exponent not better than 1/(1+¢). Zero-
energy states of generalized Aviles-Giga energies [BP17, [LLP22], would also provide
closed curves II satisfying and solutions of Du € II for which Du is not better
than 1/(1 + ¢)-Holder continuous, see in particular [BP17, Remark 4.3].

In view of Remark [I.4] the following open question is very natural:

Question: If II C R?*? is a compact connected C? curve satisfying for some
g > 0, can one deduce that any solution u of Du € II a.e. in an open set Q C R? is
locally Y1 away from a locally finite set?

In fact, one could even ask: if II C R?*? is a compact connected C? curve without
rank-one connection, can one deduce that any solution of Du € II is locally C' away
from a locally finite set?

Our method fails to answer these questions because we bootstrap from an initial

low regularity Du € B;{o?;,loc for some p > 3, which we do not know how to obtain if

(1.1) is not satisfied (see Lemma |A.1]).

1.1 Strategy of proof: entropy productions

Applying a homothety, we can assume without loss of generality that II has length at
most 27. We fix v: I — II an arc-length parametrization of class C2, where I is either
a segment [a,b] C R (a < b < a+ 27) in the case with boundary, or I = R/27Z in the
case without boundary.

Our strategy to prove Theorem is to obtain a large family of nonlinear conser-
vation laws, which can then be used to deduce regularity and rigidity.

The basic principle is as follows. The differential inclusion Du € II = ~(I) implies
Du = ~(#) for some real-valued function 6. The standard identity V - cof Du = 0 can
be interpreted as two conservation laws for the function 6, one from each row of the
matrix cof Du = cof (). If 0 is a smooth function, then the chain rule provides an
infinite family of conservation laws V - Z(0) = 0, called entropy productions in analogy
with the theory of scalar conservation laws. (Any smooth map Z: R — R? such that
=’ is a linear combination of the two rows of cof 4’ has this property.) If 6 is not
smooth, entropy productions are distributions which can in general not be computed
via the chain rule, and may not vanish. One might however expect a partial converse
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statement: if all entropy productions vanish, then 6 is (somewhat) regular. This is the
type of regularity property on which Theorem relies.

For uniformly convex scalar conservation laws, such regularity property is a conse-
quence of regularity features of entropy solutions [Kru70]: if all entropy productions
vanish, then the solution is locally Lipschitz, see Example

In the theory of the Aviles-Giga functional, methods based on entropy productions
were introduced in [DMKOOI] to obtain compactness properties, inspired by similar
arguments for scalar conservation laws [Tar79, [Tar83], and have been widely used since
then (see e.g. [DLOO03, Lorl4, [DLI15, [GL20]). The analog of the above regularity
property is the characterization by Jabin, Otto and Perthame [JOP02] of zero-energy
solutions to the two-dimensional eikonal equation: if V-m =0 and |m| =1in Q C R?
and all entropy productions vanish, then m is locally Lipschitz outside a discrete set,
and moreover singularities are rigid. This result was improved by the last two authors
in [LP18], where it was shown that only two specific entropy productions V - 3;(m) =
V - ¥3(m) = 0 are needed to obtain the same conclusion. And we improved it further
in [LLP20] by showing that the original conservation law V -m = 0 is not even needed.
This amounts to a regularity and rigidity result for the differential inclusion Du € K|
mentioned in Example where Ky = ¥+(S?) € R?*2, and ¥+ is the matrix-valued
map whose two rows are i%;,i%y. Here we identify R? ~ C and multiplication by ¢
corresponds to rotation by /2.

What we explain next is that differential inclusions into curves in R?*? are endowed
with a structure similar to entropy productions of the two-dimensional eikonal equation
V-m =0, |m| =1, and this structure can be used to obtain analogs of [JOP02l, LP18|
LLP20).

Recall that v: I — R?**? is an arc-length parametrization of II, and consider J =
exp(il) C S, that is, J = S if [ = R/27Z and J = {€“}ycop if I = [a,b]. We let
I': J — R**2 denote the cofactor matrix

[(e?) =cofy(d) VHel. (1.4)

Any solution of the differential inclusion (1.2)) satisfies cof Du € T'(J) a.e., so there
exists m: Q — J C S* such that

cof Du = I'(m). (1.5)
Therefore the identity V - cof Du = 0 implies
V-Ti(m)=V-Ty(m)=0 in D'(Q), (1.6)

where I'y,y: J — R? are the first and second rows of the matrix-valued map I'. So
the unit vector field m satisfies two conservation laws, similarly to the examples
and [1.2l If m were smooth, then the chain rule would provide an infinite family of
conservation laws

V-®(m)=0 inD'(Q),



for any smooth map ®: J — R? such that
Og® = oz(lpagPl + ozczpagfz, oz(lb, ozé: J — R.

In analogy with scalar conservation laws, we follow the terminology of [DMKOO1] and
call such maps ® entropies, the distributions V - ®(m) entropy productions, and we let

ENTy = {<I> € C2(J;R?): 3ak, a2 € CL(J;R) s.t.
9p® = ald,l, + a;agrg}. (1.7)

Our map m is not smooth enough to apply the chain rule, so it is not obvious that
entropy productions should vanish. If we manage to prove that they do, then the ideas
of [JOP02, [GMPS23] can be applied to obtain regularity and rigidity (see § 2 and [3)).
Therefore, the main ingredient in our proof of Theorem is the following proposition,
which shows that entropy productions do vanish provided m has some low fractional
regularity (it is classical that this starting low regularity is guaranteed by the quartic
nondegeneracy estimate , see Lemma. We state it here in the nowhere elliptic
case where det(Jy") = 0 (i.e. all tangent lines to IT are generated by rank-one matrices),
under the nondegeneracy assumption that det(93I') does not vanish, which in that case
is equivalent to the quartic estimate ([1.1]) (see Lemma. It will a posteriori be valid
in the general setting of Theorem [I.3]

Proposition 1.5. Let J C S be compact and connected. Assume that T' € C?(J; R?*?)
satisfies |0pT| = 1, det(9yT') = 0 and | det(92T)| > 0 on J. Then any solution m: Q —
J C St of (1.6) satisfies

V-®m)=0 inD'(Q), V®eENT, (1.8)
provided m € BP%OOJOC(Q; SY) for some p > 3, that is,
Dhm D
up 12N o () = (m(a 4 ) @)L nen, (19)
|h|<1 |h|3

for allU CC Q.

A less general version of the above proposition also lies at the heart of our previous
work [LLP20], in a special case where 9pI'(e??) = \(e?) @ ie? for some \: S' — S!, and
the identity mapping is an entropy: idsi € ENTr. Here our proof follows a similar road
map, but requires new ingredients to deal with the more general setting.

The basic principle is as follows. In order to apply the chain rule, we consider a
mollified map m,, but this destroys the nonconvex constraint |m| = 1: the identities
showing that entropy productions vanish for a smooth m are not valid for m.. Our
task consists in proving that the error terms thus introduced are negligible as ¢ — 0.
Standard commutator estimates play an important role, as in [DLI15], but they are
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not eno gh to conclude directly: they only serve to show that entropy productions
are in Lp As in [LLP20], we then need to bootstrap that information into eventually
obtalmng that entropy productions vanish. A crucial feature in [LLP20] was the special
role played by the identity mapping: an entropy that can be extended to a linear
mapping of R2. Here we do not have this structure in general and rely on a different
argument. A well-designed decomposition and careful use of commutator estimates
enable us to obtain identities relating entropy productions and weak limits of some
error terms, see (4.1). Testing these identities with well-chosen entropies shows that
the error terms vanish.

Remark 1.6. A key observation in [LLP20] was that different choices of extensions of
entropies might provide different information in the limit, but our new argument allows
us to use only classical radial extension, and provides a simpler proof of the main result
in [LLP20)].

The details of Theorem are quite different in the two cases where the curve is
either

e nowhere elliptic,
e or partially elliptic.

Next we describe the precise statements we obtain in these two cases.

1.2 Nowhere elliptic curves
1.2.1 The case without boundary

Here we consider a closed C? curve IT = v(R/27Z) that is nowhere elliptic, which in
terms of the arc-length parametrization v amounts to

det('(8)) =0 VO eR.

This is the only case where the differential inclusion may develop singularities.
Specific details about rigidity of singularities depend on topological properties of the
tangent bundle T'II, which, as a loop into the set of 2 x 2 rank-one matrices, induces a
loop into the projective line RP' = S'/{41}.

More precisely, let ¥: S' — RP* = S'/{£1} be the C' map such that the image of
the rank-one matrix (cof 7/(#))? is spanned by W(e). An explicit expression of ¥ in
terms of v is provided in Lemma [2.I] and Remark 2.2 The map ¥ carries a winding
number deg(¥), which characterizes its homotopy class in m; (RP').

We adopt here, following e.g. [BCL86, § VIIL.B], the convention that the winding
number is a half-integer: it is given by

pw(2m) — ¢y (0)

deg(¥) = €

Z 1.1
- , (1.10)

N | —



for any continuous phase opy: R — R such that U(e?) = {£ev@}. The map ¥ is
orientable, that is, can be lifted to a C* map ¥: S — S', if and only if deg(¥) € Z,
and in that case deg(¥) corresponds to the usual winding number for loops in S'.

Our precise description of regularity and rigidity properties of the differential inclu-
sion into II depends on the value of this winding number.

Theorem 1.7. Let I1 C R**2 be a closed C? curve of length 2, without rank-one con-
nections and nowhere elliptic. Denote by~ € C*(R/27Z; R?**?) an arc-length parametriza-
tion of I and assume that det(+"(0)) # 0 for all 6 € R.

For any open set @ C R? and weakly differentiable map u: @ — R2, if u solves the
differential inclusion

Du e Il = y(R/27Z) a.e. in €,

then Du is locally Lipschitz outside a locally finite set S C €.

Moreover, letting W: S — RP' = S'/{%1} be the C' map such that the image
of the rank-one matriz (cof v'(0))T is spanned by W(e?), we have that S is empty if
| deg(W)| ¢ {1/2,1}, and singularities are rigid if | deg(V)| € {1/2,1}.

More precisely:

(a) If | deg(¥)| & {1/2,1}, then S = 0 and Du = ~(0) is constant along characteristic
lines directed by W(e?).

(b) If | deg(¥)| = 1, then the map ¥ can be lifted to a C* diffeomorphism ¥: S — S'.
Moreover, in any convex subset U C §2 containing a singular point xo € UNS,
we have Du = () with € = V=Y(v) and v: U — St is given by

T — Zo

v(x) =T for a.e. x € U,
|z — @0

for some T € {£1}.

(c) If |deg(W¥)| = 1/2, then the map ¥:S' — RP' = S'/{£1} is a C' diffeo-
morphism. Moreover, for any disk Ba.(vo) C € centered at a singular point
{20} = Ba(20)NS, we have Du = ~(0) with ¢ = W=1({£v}) andv: B,(xg) — S
1s given by either

r — Tg

v(@)

- F— for a.e. x € B,(x),

or there exists ¢ € St such that

( = e for a.e. x € B,(xg) N{(x — z9) - ¢ > 0},
TN s Lipschitz in B,(xo) N {(z — o) - { < 0}.



Remark 1.8. For nowhere elliptic curves, the nondegeneracy estimate ([1.1)) happens
to be equivalent to the condition det(”(f)) # 0, see Appendix [B]

Remark 1.9. The rigid singularities in parts (b) and (¢) of Theorem correspond
to zero-energy states of Aviles-Giga functionals. In case (b), the S'-valued map w =
iW(e?) is a zero-energy state of the Aviles-Giga functional as described in [JOP02].
In case (c), the RP'-valued map v = i¥(e?) is a zero-energy state of an unoriented
Aviles-Giga functional, as described in [GMPS23|. In particular, optimality of our
regularity statements follows from the optimality of the regularity statements in [JOP02]
GMPS23]. Tt is also instructive to compare Theorem with [Igb00], where nowhere
elliptic curves are used instead to construct very irregular solutions of related differential
inclusions.

1.2.2 The case with boundary

Here we consider a compact connected nowhere elliptic curve with boundary. Since
the curve is not closed, the differential inclusion (1.2]) cannot have singularities with
nontrivial winding numbers as in parts (b) and (¢) of Theorem

Theorem 1.10. Let II C R**2 be a compact connected C? curve with non-empty bound-
ary, without rank-one connections and nowhere elliptic. Denote by v € C*([a, b]; R?*?)
an arc-length parametrization of I and assume that det(v"(0)) # 0 for all 6 € |a, b).

For any open set @ C R? and weakly differentiable map u: @ — R2, if u solves the
differential inclusion

Du € 11 = 7([a, b]) a.e. in €,

then Du = ~(0) is locally Lipschitz in 2, and constant along characteristic lines directed
by W(e?), where W: [a,b] — RP' is the C' map such that the image of the rank-one
matriz (cof v/ (0))T is spanned by V(e®).

The proof of Theorem is essentially a reproduction of the proof of Theorem

case (a). This case with boundary is crucial in the proof of Theorem in the partially
elliptic case as described in §[1.3]

1.2.3 Examples of closed nowhere elliptic curves

It is natural to wonder whether there exist many curves II C R?*2 satisfying the as-
sumptions of Theorem One important example is the curve K studied in [LLP20],
which is parametrized by

1(t) = 3"l + gl

where, for z € C, [z]. and [z], are the naturally associated conformal and anticonformal
matrices,

Rez —Tmz MRez Tmz
[Z}C_(jmz Re 2 )’ [Z]“_<sz —%ez)' (1.11)



Indeed there is a family of related examples, parametrized by

W(t) = 5l + 5

(k+1)it
2 G

. VkeN k>1 (1.12)

That these satisfy the assumptions will be checked in § and similar examples will
be given in §[5.2l For this curve ~y;, the map ¥ appearing in Theorem has winding
number deg(¥) = k/2, as can be inferred from the proof of Lemma

In general, it is easy to check whether a closed C? curve II parametrized by v €
C?*(R/27Z; R**?) is nowhere elliptic, as this simply amounts to the local condition
det(y’) = 0. It is also easy to check the nondegeneracy assumption as it is
equivalent to | det(y”)| > 0 (see Remark and Appendix [B). Let us denote by NE,
the set of such parametrizations:

NE. = {y € C*(R/27Z; R>*®): det(v') = 0 and | det(")| > 0} .

What is usually harder is to check the condition that II = v(R/27Z) has no rank-one
connections. We show however that the subset NE,, C NE, which corresponds to
curves without rank-one connections is somewhat large, in the sense that it is open.

Proposition 1.11. The set

NE,, = {7 € NE,.: v(R/27Z) has no rank-one connectz’ons},

is open in NE, for the C? topology. In particular it contains a neighborhood of each

curve v, (L12).

1.3 Partially elliptic curves

Here we consider a curve IT = «(I) which is partially elliptic: we divide it into elliptic
and non-elliptic points,

H:HEUHNE, HE: {’y(t) det(y/(t)) %O}, HNE :H\HE,

and assume, in contrast with the previous section, that IIyg # II. In this case the
differential inclusion (|1.2)) again cannot have singularities.

Theorem 1.12. Let IT C R?*2 be a compact connected C? curve without rank-one
connections and assume that Il # ().

(i) For any connected open set Q C R? and weakly differentiable map u: 0 — R?, if
u solves the differential inclusion

Du eIl a.e. in ),

then either Du € Ilyg a.e. or Du s constant.
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(ii) Assume moreover that 11 satisfies the quartic nondegeneracy estimate (1.1)), then

(a) either Du is constant,

(b) or Du is locally Lipschitz in ), takes values into one single connected com-
ponent of Ixg, and we are in the situation of Theorem [I.10

Part (i) of Theorem follows from the unique continuation principle established
recently in [DPGT23]. (A weaker version of this result, namely Du is locally constant
in Qp = (Du)~'(Ilg), which is sufficient for our purpose, could also be deduced from
regularity properties of degenerate elliptic equations in two variables established in
[Lle23 Theorem 1.9].) Under a low regularity assumption which is implied by the
quartic nondegeneracy estimate , this first conclusion can be strengthened to Du
being either constant or with values into a single connected component of Ilyg.

1.4 Plan of the article

In § 2] we give the proofs of Theorems and about nowhere elliptic curves. In
§ 3] we give the proof of Theorem about partially elliptic curves. In § @ we show
Proposition [1.5] In § 5] we provide examples of closed nowhere elliptic curves and the
proof of Proposition In the appendices we collect and prove various technical tools
that are used in the course of the article, in particular in Appendix [A] we establish the
initial low fractional regularity which follows from the nondegeneracy estimate .
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2 The nowhere elliptic case: proofs of Theorems (1.7

and 1.10

Proposition [1.5]is the main ingredient in the proofs of Theorems and and will
be proved in § 4] Here we show how Theorems[1.7] and follow from Proposition [1.5

First note that thanks to Lemma [A.1] under the assumptions of Theorem in
particular the quartic estimate (L.1]), the map m given by Du = cof I'(m) has the

1/3

Looloc and we can apply Proposition : the map m solves the

fractional regularity B
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family of conservation laws . In this section we use this family of conservation laws
to obtain the conclusions of Theorems [I.7] and .10l

This is done in several steps and the map ¥ appearing in Theorems and
plays a crucial role. First we check in § that the map m = i¥(m) is a zero-energy
state of the eikonal equation, in the sense of [JOP02] if ¥ is S'-valued, and in the
sense of [GMPS23] if ¥ is RP'-valued. (This idea has already appeared in [LLP22
Theorem 4], see Remark[2.6) In particular, this gives parts (b) and (c) of Theorem [1.7]
in which cases ¥ is a C! diffeomorphism and m can have rigid singularities. Then in
§[2.2.2, we use geometric arguments to show that the singular set of m is empty in the
case where the curve is closed and ¥ has a high winding number. This gives part (a)
of Theorem [I.7] The same geometric arguments allow to show that the singular set of
m is empty if the curve has boundary, finally giving Theorem in § 2.3

The different cases in the conclusion of Theorem are due to different topological
properties of the tangent bundle of the curve II, described by the map ¥ appearing in
Theorem . First we give a more explicit form of this map ¥ (see Remark , which
will be convenient for the proofs.

Lemma 2.1. Assume that v € C*(R/21Z; R**?) satisfies [y (0)] = 1, det(+/(9)) = 0
and det(v"(0)) # O for all 6 € R. Then there exist \,¥ € CY(R;S'), and integers
k,l € Z, such that, for all € R,

cof v/ (0) = 9L (e?) = \(0) ® W(0), (2.1)
where I is defined by , and
V(0 +21) = e U(0), MO+ 27) = “"A\(H).

Moreover, 5\, T have strictly monotone phases:

~ . A

A= e W= e with ¢y, py € CHR;R) such that |p], || > 0.
Proof of Lemma[2.1 Let v.,7. € C*(R/27Z;C) correspond to the conformal and an-
ticonformal parts of 7, that is,

v = [ele + [Valas (2.2)

where, for z € C, [z]. and [2], are the associated conformal and anticonformal matrices
as in (1.11]). Since II is nowhere elliptic and ~ is an arc-length parametrization, we have
0=det(7) = |7.> = [74)? and 1 = |7/|? = 2]7.]* + 2|7/|?, and deduce that

1
RAEAES 5

In particular, the maps 7.,7,: R/2nZ — 1S' have well-defined winding numbers,
deg(7.),deg(v!) € Z. We may choose ¢., p, € C'(R;R) such that

L(6) = 5O, (0) = e,

12



and we have
cof o = ( —sin (£722) sin (£522)  —sin (£522) cos (£52) )

Ccos (‘Pcé@a) Sin (Wc;@a) CcOoS (Wc‘;’ﬂoa) cos (@c;@a)

. i‘Pc‘HPa . jPa—¢c
= 2 e 2 |

so we can define

Q i@e(9)+60a(9)
2

AO) =i 2 () = e

iwa(e)—ﬂoc(g)
2

By definition of the winding numbers deg(v.), deg(~.), we have

(¢a £ @) (0 + 27) — (@ £ @.)(0) = 27m(deg(v,,) £ deg(72))-

Letting k = deg(v,) — deg(y.) and ¢ = deg(v,) + deg(.), this implies all claimed
properties of A\, U, except the strict monotonicity of their phases. That monotonicity
follows from the nondegeneracy condition

0 < |det(y")| = |det(X © ¥ + Ao ¥)| = [N [¥],

where the penultimate equality follows from (2.1), and the last equality from the fact
that |A| = |¥| = 1. This implies |X|, |¥’| > 0 on R. O

Remark 2.2. As a consequence of Lemma [2.1 we can define the map

U e CY(shsh), W(ef) = u(h) if k is even,
U e CY(SYLRPY, w(e?) = {+£¥(4)} if k is odd.

This map has winding number deg(¥) = k/2, and is a C* diffeomorphism if |k| € {1, 2}.
(Recall our convention (L.10)) that the winding number of a loop in RP" is a half-integer.)
Similarly we can define A, S'-valued or RP'-valued, so that 9" = A®¥. It then follows
that the image of (cof v/(6))T = (9, (¢%))? is spanned by W¥(e®).

Remark 2.3. If v : [a,b] = [ — R?*? is a curve with boundary and satisfies the

assumptions of Lemma 2.1] then the same construction as in the proof of Lemma
gives A\, U € C'([a, b];S') such that

cof /' (0) = BT () = A(B) @ W(H) V0 € [a, b].

Then, as in Remark we can define W(e?) = U(0), M) = \(#) € CY(J;S) for
J =exp(il).
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2.1 Relation to zero-energy states of Aviles-Giga functionals

First recall the notations from §[1.1} Specifically, we assume without loss of generality
that II has length at most 27, and ~: I — II is an arc-length parametrization of class
C?, where I is either a segment [a,b] C R (a < b < a + 27) in the case with boundary,
or [ = R/27Z in the case without boundary. Further, we set J = exp(iI) C S'.

Here, for m :  — J solving the family of conservation laws (1.8)), we check that the
map m = i¥(m) is a zero-energy state of the eikonal equation, in the sense of [JOP(2]
if ¥ is S'-valued, and in the sense of [GMPS23] if W is RP*-valued. This is due to the
fact that, if $:S' - R%isan entropy of the eikonal equation in the sense of [DMKOOQ1],
that is,

Dp® () - ¢ =0 Vo € R,

then (restricting to even maps ® in the case where W is RP'-valued) the map ® o (i)
is an entropy in the sense of the present paper, and therefore V - CTD(ﬁz) = 0, which is
enough to apply the regularity and rigidity results of [JOP02, (GMPS23| to the map m.

Since W, and therefore do (iW), is only C*, we must first extend to entropies
® which are only C*.

Lemma 2.4. Assume that T € C?(J;R**?) satisfies det(02T) #0 on J. If m: Q — J
satisfies

V-®(m)=0 in D'(Q), V® € ENTy,
then this identity is valid for all maps ® in the larger class
ENT}::{@e(ﬂ@LR%:aa;age<ﬂ@LR)&t

%@:%%n+%%m}

Proof of Lemma 2.4 This follows directly from the fact that ENTy is dense in ENT},
in the C' topology. Let indeed ® € ENT}, and of := o), € C°(J;R). There exist
ol € C'(J;R) such that ), — o/ uniformly.

If J={e}yenp & S', the formula

Dy (e?) = d(e) + /9 <Z @iatrj> (eYdt V0 € [a,b],

defines an entropy ®; € ENTr, and ®;, — @ in the C! topology since ®(e'*) = ®(e™)
and Jp®, — Jp® uniformly.

If J =S, the average of 23:1 aldpT; on S! tends to the average of 23:1 Al 9T =
0y® on S!', which is equal to zero. Therefore, applying Lemma , we obtain 64{, €
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C'(SY;R) such that &), — o uniformly and 23:1 &7.0pT; has zero average on S'. Then
the formula

dp(e?) = d(1) +/0 (Z &f;@ﬁ}) (e

defines an entropy ®; € ENTy, and ®;, — @ in the C' topology since @ (1) = ®(1)
and Jp®, — Jp® uniformly. O

Now that entropies are allowed to be C!, we can check that entropies of the eikonal
equation provide entropies in our setting.

Lemma 2.5. Assume that T € C?(J;R**?) satisfies [0p]'| = 1, det(0p') = 0 and
| det(92T)| > 0 on J. Let P e C’l(S1 R?) be such that Op®(e®) - 19 =0 for all € R,

and in the case where ¥ is RP -valued assume in addition that ® is even. Then ® =
P o (10) € ENTF.

Proof of Lemma[2.5. Let u(e?) = 9y® (™) - ie', so that p € C°(S};R) and Dp® () =
1 (ew) ie? for all # € R. Note for later use that u is odd if d is even. In all cases, we
have, with the notations of Lemma [2.1] (and Remark [2.3]in the case where J ¢ S'),

A

() = (10 () = D(!EHr@)) o e T,
S0
0p®(e”) = =y (O (0))¥(6) Vo€ I.
Using that 9s0;(e®) = X;(0)¥(0) and |A]> = 1, this becomes

Dp® () = G1(0)0T1 (") + G2(0)0pT 2 (),
where &;(0) = —¢ (0)u(i¥(0))A;(6).

We clearly have &; € C°(I;R), and show next that this function is 27-periodic in the
case J = S!, distinguishing the cases where k := 2deg(¥) is even or odd.

Note that ¢y (6 +27) = py(0) + k7, so ¢ is 2m-periodic in both cases. If k is even,
then U is 2m-periodic. Since A2 is 27 periodic this implies that ) is also 27 periodic,
and therefore so is &;. If k is odd, then \II(G +27) = —¥(h) and again since A ® W is
27m-periodic this implies that (0 +27) = —A(0). Moreover in that case we assume that
d is even and therefore o is odd, so we also find that &; is 27-periodic.

Hence a;(e?) = &;(0) is well-defined and continuous on J, which proves that ® €
ENTY.. O

Combining Lemmas [2.4) and 2.5} if m : Q@ — J solves the family of conservation laws
, then the map m = i¥(m) is an S'-valued zero-energy state of the Aviles-Giga
energy [JOP02, § 2], or an RP'-valued zero-energy state of the unoriented Aviles-Giga
energy [GMPS23], § 1]. We will use this structure of W(m) in the next two subsections
to show Theorems [L.7 and [L.T0l
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Remark 2.6. In [LLP22] Theorem 4] we used a similar property (link with zero-
energy states of Aviles-Giga) to prove regularity of solutions to a generalized eikonal
equation N(Vu) = 1, where N is a strictly convex C' norm on R?: if all entropy
productions (associated to that eikonal equation as in [LLP22| § 2]) vanish then Vu is
continuous outside a locally finite set. Using an appropriate equivalent of Lemma [2.5
one could obtain the same result for solutions of any equation of the form A(Vu) =1,
where {A = 1} is a closed strictly convex C? curve in R%. Vanishing of all entropy

productions can, in turn, be inferred from a zero-energy assumption (as in [LLP22]), or
1/3,3

from a regularity assumption Vu € W/

(in fact Vu € B2 s enough).

3,¢cp,loc

and a commutator argument as in [DLI15]

2.2 The case without boundary: proof of Theorem [1.7]

Recall from and Remark , we use the convention that the winding number
deg(¥) of a continuous loop ¥: S! — RP' is a half-integer, and ¥ can be identified
with a continuous loop ¥: S! — S! if and only if deg(¥) € Z. In this subsection, we
prove the following result, from which Theorem follows immediately.

Proposition 2.7. Assume that T' € C?(S'; R**?) satisfies |0pT| = 1, det(9pT') = 0 and
det(92T) # 0 on S'. Let m: Q — S* solve the family of conservation laws (1.8)). Then
m s locally Lipschitz outside a locally finite set S C ().

Moreover, let A, ¥ € C*(S';RP') satisfy O’ = A @V and k := 2deg(¥) € Z \ {0},
and identify U with a map in C1(SY;SY) if k is even. The map m satisfies the following
additional properties depending on the value of k :

(a) If |k| ¢ {1,2}, then S = 0 and m is constant along characteristic lines directed
by ¥(m).

(b) If|k| =2, then in any convex subset U C §2 containing a singular point xy € UNS,
there exists T € {£1} such that
r — X9

W(m(x)) =

=7T— for a.e. x €U.
|z — 0

(c) If |k| = 1, then for any disk Bs,(x9) C Q centered at a singular point {zo} =
Bo,(z0) NS, we have ¥(m) = {£v} in B, (), with v as in Theorem[1.7 (c).

Note that in case (b) where | deg(¥)| = 1, the map ¥ induces a C! diffeomorphism
S' — S'. And in case (c) where |deg(¥)| = 1/2, the map ¥ is a C' diffeomorphism
S' — RP'. Therefore the proof of Theorem follows directly from Proposition
and Proposition [1.5| via the identification Du = cof T'(m) = v(0) with m = e%.

In the next two subsections we provide the proof of Proposition first obtaining
some regularity for W(m) which readily implies the cases (b) and (c¢), and then dealing
with the remaining case (a).
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2.2.1 Regularity of ¥(m)

Thanks to Lemmas and , the map m = i¥(m) solves V - ®(m) = 0 for all
® € CY(S';R?) such that 9y®(e?) - ¢ = 0 (restricting to even maps ® in the case
where k is odd, i.e. ¥ is RP'-valued). As a consequence of [JOP02, Theorem 1.3] or
[GMPS23, Theorem 1.2], we conclude that W(m) is locally Lipschitz continuous outside
a locally finite set S C €2, and moreover:

e if kiseven,ie. U € C'(S!;S'), then v = W(m) is as in part (b) of Proposition

e if k is odd, i.e. U € CY(SY;RP'), then ¥(m) = {£v} for a map v: Q — S! which
is as in part (c) of Proposition [2.7]

In particular, this concludes the proof of Proposition in cases (b) and (c), where ¥
is a C'! diffeomorphism, and it remains to treat case (a).

2.2.2 The case |k| ¢ {1,2}

In that case, ¥ is not injective, and the family of conservation laws contains in
fact much more information than the one used when applying the results of [JOP02,
GMPS23] to m. This is why we can expect more regularity.

One way of taking advantage of the extra information contained in is to con-
sider a specific family of nonsmooth entropies, similar to the ones used in [DMKOOI,
Lemma 2.5] and which are also the main tool in [JOP02]. These nonsmooth entropies
are related to kinetic formulations of conservation laws [LPT94| [Per02], and we will use
them precisely via the kinetic equation they provide.

Lemma 2.8. For any & € S* and any open arc A¢ C S' with extremities ag # be €
“L{£E}), the map ®°: St — R? given by

(I)é(z) = £1ZGA§7
18 a generalized entropy in the sense that there exist &, € ENTr such that
Pr(2) = d(2) as k — oo, VzeSh

Remark 2.9. In the case where VU is a diffeomorphism, there are only one (|k \ =1)or
two (|k| = 2) choices for a; and be. But here W is not injective, |deg(V)| = d > 3/2,
so a¢ and b¢ can be chosen among 2d > 3 points, and this is where we gain a lot of
information.

Proof of Lemma[2.8 The proof is very close to the proof of [LLP22, Lemma 15]. Fix
0., 0, € R such that

ag = e'la be = e g, <6, <8, +2m,
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and denote

A

@(9(1) = 7'55, \I/(Qb) = 0¢ g, Te, O¢ € {:tl}
We may choose ¢y, € R such that
{X-eo =0} N {0,,0,} = 0.

We fix a smooth nonnegative kernel p € C2°(R) with support supp p C (0,1) and unit
integral [p = 1, and let ps(0) = $p(%). Then we define o, a} € C*(R/27Z;R) by
setting

cos(to) cos(to)

ab(g) = 2N g—0,) — 20 (6, —6),
5(0) ¢ito - A(0u) e s ( ) eito - \(6y) ¢ s (O )
5 sin(to) sin(to)
az(0) = mTE ps (0 —0.) — mag ps (O —0), Y0 € (04,0, + 2],

and extended as 27w-periodic functions. Note that these functions are supported in
(04,6, +0) U (0, — 0,0,) + 27Z.
Then we define ®5: (6,, 6, + 27] — R? by setting

0
o5(0) = / (ag(t)atrl(e“) + ag(t)atm(e“)) it V0 € (0,0, +2r].
a
Using the identity (2.1]) defining A and U, we see that it satisfies

(1)5(0) . eito . S\(t) \if(t) . . _
$O)=1e | ——LW(t)ps(t —b,)dt,  if 6 € [0, 46,6, — 4],
etto - \(6,)

ey [ €A g _
¥0) = [ R et 0

~

e \(t) - .
oo | Y (056, — )t if 0 € (6,6, + 27,
o= 0000 + 2

Since 7:W(6,) = 0c¥(6,) = £ by definition of 7, ¢, we deduce the limit

{g if 0 € (0,,0,),

lim ®5(6) =
MO =10 itoc 6,0, + 20

6—0

(2.3)

This corresponds exactly to ®¢(e).
~ The function ®§ may not be 27-periodic, that is why we need to modify the functions
. Since, by the above,

2
agaerj> d9 = 5(0, +27) = 0 as d — 0,
1

(5

j=
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by Lemma there exist &} € C*(SY;R) such that (&} — o) tends to 0 uniformly as
0 — 0, and ijl &}yL'; has zero average on S'. Then the map

TE(e?) = /9 9 (dg(eit)atrl(e“) n dg(e“)atrg(eit)) dt

is well-defined, ®§ € ENTy, and &(e?) — ®5(0) — 0 as d — 0, for all 6 € (0,, 0, + 2x].
Thanks to (2.3), we deduce that ®§(z) — ®¢(2) as § — 0, for all z € S O

Combining Lemma and (|1.8]), we see by dominated convergence that for every
¢ € St and A an open arc with extremities ag # be € U™({££}), we have

f . Vx]-m(z)eAg =0 in D/(Q) (24)
We deduce the following:

Lemma 2.10. Let x; be a Lebesgue point of m and xo # x1 be such that [x1,x5] C Q.
Let § = 2=7%. Then, for any open arc Ae C St with extremities ag # be € WH{£E}),
we have

m(zi) € Ae == the set {z :m(x) € A¢} has density 1 at x.

Proof of Lemma[2.10. The proof is exactly the same as the proof of [JOP02, Propo-
sition 3.1]. We include some details for the convenience of the reader. According to

([2.4), the function x¢ given by
Xg(a:) = 1m(;t)6A57

is constant in the direction of £ in a neighborhood of the line segment [z, 23], that is,
¢ (x) = x(z - i€) for a.e. x in a d-neighborhood of [z, x5 for some § > 0 and some
measurable function x: (t; — 0,t; +0) — {0, 1}, where t; = 1 - i§ = x5 - i¢{. Note that
since A¢ is an open set and x; is a Lebesgue point of m, so we have that ¢; = x;-i{ is a
Lebesgue point of x and x (t1) = 1. It follows that the set {z : m(z) € A} has density
1 at zo. ]

What makes Lemma [2.10| more powerful in the case where ¥ has a high winding
number is that there are several different choices of open arcs A¢. We use this flexibility
in the following form.

Lemma 2.11. There is a constant ¢ € (0,1) depending on the map ¥, with the following
property. For any z # z € SY, there exist & # & € RP' and open arcs A, Ag, C S
with extremities in W1(&;), U=H&), such that:

21 € Agl, Z9 € A52, A£1 N A& = @,
and  distgpi (&1,&2) > ¢|z1 — 2o
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Proof of Lemma[2.11, We first set some notations. Recall that ¥: S! — RP' is C!
with uniformly monotone phase and winding number k/2 with |k| > 3. Let us assume
that the phase is increasing and k& > 3, the case of a decreasing phase and k < —3 being
completely similar. For any ¢ = {#¢”’} € RP' we can write the preimage ¥~1(¢) as

U ({£e}) = { P}y,
where the angle functions oy € C'(R;R), ¢ € Z, are uniformly increasing and satisfy
oy + g < g1, Quyp = oy + 2m, VYl e Z,

for some small enough constant ¢y > 0 depending on ¥. The functions «, can simply
be chosen as the inverses of the functions oy — ¢, where oy € C'(R;R) is a uniformly
increasing phase of U as in Lemma[2.1] They satisfy also ap(- + 7) = a1 ().

Without loss of generality we assume that z; = €', 2z, = € for some 0; < 6, <
01 + 7, so that |z; — 25| is of the order of #; — #;. By a continuity argument, we can
find & = {£e’®} € RP' and ¢y, ¢, € Z such that ¢; < ¢, < {; + k and

0; € [, (Bo) + c1(fg — 01), cu;41(Bo) — ea(b2 — 01)], 7 =1,2,

for some small enough constant ¢; > 0 depending on W.
Since k > 3, we must have either oy, 11(8o) + co < ap,(Bo) or ap11(bo) + co <
oy, +1(Bo). We assume that we are in the first case,

g 11(Bo) + co < g, (Bo),

the other case being completely similar.

For ¢ € RP' such that distgp (£,&) < 7/4, we can write & = {4} for some
B € (Bo — /4,080 + 7/4), and the angles a;, are uniformly increasing functions of j.
If ¢; is small enough, then we can choose & = {Fe®1}, & = {£e} with 8,5, €

(Bo — /4, Bo + m/4) and
ag, (B1) = o, (Bo) + %C1(92 —01), api1(B2) = a1(Bo) — 301(92 —6h).
It follows that

B — B2 = (b1 — Bo) + (Bo — B2) = (b2 — 61),

for some small enough constant ¢ depending on ¥. Choosing ¢; smaller compared to ¢
if necessary, we may assume oy, +1(81) < ay,(B2), so that

g (B1) <01 < ag11(B1) < ag,(B2) < 0z < agy1(B2).

Thus we have

distgp: (§1,&2) = P1 — Po > (02 — 01) 2 c|z1 — 2],
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and

zj € Afj = eXp@(afj(ﬁj)?afﬂ-l(ﬁj)))a ] = 172a

where the open arcs Ag, have their extremities in W=1(¢;).
Moreover, since oy, +1(81) < ag,(f2), and by monotonicity of the «a, we also have

g 41(82) < apy1(Bo) < g 4x(Bo) = auy (Bo) + 21 < ay, (B1) + 2,
we deduce Ag, N Ag, = 0. O

We can now combine Lemmas and to deduce that m is locally Lipschitz.

Let x1,29 € § be two Lebesgue points of m, and z; = m(z;) for j = 1,2. If
m(z1) # m(xz), then applying Lemma @, we obtain & € RP', open arcs Ag, C S!
with extremities in W~'(§;) such that z; € A, and

diStR[Pal (51,52) Z C|Zl — 22‘. (25)

As & # & in RP!, the two lines x; + R&p, xo + RE, intersect in a point z, € R2.
If the segments [xg, 1] and [zg, 23] were contained in €2, then one would deduce from
Lemma that both sets {m € A¢} have density one at x(, but this is impossible
since Ag, N Ag, = 0. So at least one of the segments [x¢, z1], [0, 22] cannot be contained
in 2, which implies that

dist({z1, zo}, 00) < max{|zo — z1], |zo — 2|}

Let 6 € (0,7/2] be the angle between &; and &. From elementary trigonometry in the
triangle with vertices {zo, x1, 22}, we deduce that

|z1 — 902|

distgp: (§1,82) = 0 Ssin (0) <

max{|zo — x1|, |xo — 22|}
|71 — o
- diSt({l'l, ZL‘Q}, (?Q) .

Recalling (2.5) we deduce that

|1 — 22

cdist({z1, x2},0Q)

[m(x1) —m(z)| = |21 — 22| S

The above estimate holds automatically if m(z1) = m(z3), hence m is locally Lipschitz.

In particular, W(m) is locally Lipschitz, and by [JOP02, [GMPS23], it is constant
along characteristics directed by & = ¥(m). Along these characteristics, the map m is
continuous with values into the finite set W~!({#£}) and must therefore be constant.
This concludes the proof of Proposition part (a). O
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2.3 The case with boundary: proof of Theorem [1.10

Let J = {e?}gelan) & S', so that we have Du = cof I'(m) for some m: Q — J.
As T'(e"?) = cof v(6), the assumptions of Theorem amount to I' € C?(J;R**?)
satisfying |0pT'| = 1, det(9") = 0 and |det(97T')| > 0 on J. Moreover, I satisfies the
quartic estimate , see Remark and Appendix .

Thanks to Lemma |A.1| we have m € Bi’/;loc(ﬂ; J). Applying Proposition we
deduce that

V-®(m)=0 V&€ ENTy.

This can be used as in § to deduce that m is locally Lipschitz. In fact the proof
is simpler in this case, and we sketch next how to adapt the main steps.

Since we have 95| = 1, det(9p") = 0 and | det(93T)| > 0 on J, as in Lemma[2.1] (see
Remark we can find C' maps 5\, U [a,b] — S' with uniformly monotone phases
and such that

oL (e”) = XNO) @ W(0) VO € [a,b].

This also defines ¥ € C'(J;S") by ¥(e) = W(6).

In that setting with boundary, Lemma and the kinetic formulation become
valid for any £ € W(J) and any arc exp(iZ) = A¢ C J, where 7 has one of the forms
(01,62), [a,0,) or (04,0 for e € W=1({££}). (The proof is actually easier since we
don’t need to make the approximating entropies periodic.) Writing m(z) = €?@ for
0: Q — [a,b], this implies in particular

A

\I/(Oz) . Vxlg(x)<a =0 Va € [a, b],

and the corresponding version of Lemma Namely, if z; is a Lebesgue point of 6
such that 0(z1) < o, then the set {6 < o} has density one at all points z, € 21 +R¥(a)
such that [z1, 23] C Q. The same holds for the set {# > a} if §(z1) > a. Thanks to
the uniform monotonicity of U’s phase, we obtain the following simpler version of
Lemma For any 6; < 05 € [a,b] we can find 6; < oy < ay < 0 such that

dist e ({£T (1)}, {£T(an)}) > (2 — 0).

As in § , we apply this to the values ; = 6(z;) at Lebesgue points z;,xs of 6,
deduce that the lines x; +R\i/(ozj) must intersect 9€2 before crossing, and conclude that
6 is locally Lipschitz, and so are m and ¥ (m).

Finally, Lemmas and ensure that m = i¥(m) is an S'-valued zero-energy
state of the Aviles-Giga energy in the sense of [JOP02, § 2]. Arguing exactly as the end
of § , we deduce that m is constant along characteristics directed by ¥(m), and
this concludes the proof of Theorem for Du = cof I'(m). O
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3 The partially elliptic case: proof of Theorem [1.12]

3.1 Regularity at elliptic values

In this section we prove part (¢) of Theorem [I.12] that Du € IIyg or Du is constant.
For this part we do not need to assume the quartic estimate (1.1]), but only the fact
that II has no rank-one connections. Recall from the beginning of § that we assume
without loss of generality that II has length at most 27, and v: I — Il is an arc-length
parametrization of class C?, where I is either a segment [a,b] C R (a < b < a + 27) in
the case with boundary, or I = R/27Z in the case without boundary.

Proposition 3.1. Let II C R?*2 be a compact connected C? curve of length at most 27,
without rank-one connections. Denote by~ € C*(I;R**?) an arc-length parametrization
of I, and by Iy = v({det(y’) # 0}) C II the subset of elliptic values. For any connected
open set Q C R? and weakly differentiable map u: Q — R2, if u solves the differential
inclusion

Du e Il =~(I) a.e. in €,
and Qi = (Du)~'(Ilg) has positive Lebesgue measure, then Du is constant.

Proof of Proposition[3.1. The proof we present here, based on the notion of quasicon-
formal envelope [F'S08| [KSO8] and a recent unique continuation result of [DPGT23], has
been pointed out to us by Riccardo Tione. (Another possible proof, based on [Lle23|
Theorem 1.9], would require a refined, and rather technical to demonstrate, version of
Kirszbraun’s extension theorem.)

As in the beginning of Appendix [A] we assume without loss of generality that

det(A—B)>0 VA#Bell (3.1)

We assume that {2z has positive Lebesgue measure: then we can pick a Lebesgue point
zo of Du such that Du(xy) € llg. Since Ilg is open in II, for every neighborhood of
Du(xg) in I, its preimage by Du has positive Lebesgue measure. Therefore we may
fix @’ <V < a' + 27 such that det(y’) # 0 on [d/, 0] C I and, letting

J =([d",V]) C 1,
we have that

dist(Du, J)~*({0}) has positive Lebesgue measure. (3.2)
For every ty € [¢/,V/] and h — 0, we have

det(y(to + h) — v(to)) = h* det(v'(to)) + o(h?).

According to (3.1)) this implies in particular det(y’) > 0 on [d/, '], and by compactness
of [a’, b'] we deduce the existence of §p > 0 and K, > 0 such that

|A— B> < Kodet(A—B) VA€ Jand Bellst. |A— B| <.
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Thanks to (3.1) we have

) det(A - B
co::mln{ﬁ:AGJ,BEH, |A—B|Z50}>O,

and setting K = max(Ky, 1/co) we deduce that
A— B < Kdet(A—B) VAeJand Bell (3.3)

In the terminology of [FS08, [KS08], this means that the curve II is included in the K-
quasiconformal envelope £7 of the arc J C R?*2. Here, as in [DPGT23], we omit the
dependence on the fixed K > 0 from the notation. Therefore the differential inclusion
Du € 11 implies

Du e &y a.e. in €. (3.4)

Moreover, the inequality (3.3) for A, B € J means that J is elliptic and satisfies
therefore a rigidity estimate: there exists ¢ > 0 such that

inf / |Du — Al*dx < c/ dist*(Du, J)dx  Yu € WH(B;;R?).
AeT B1/2 B

This follows from a minor adaptation of [LLP23] presented in Appendix . As a con-
sequence, we can apply the unique continuation principle of [DPGT23, Theorem 1.3]
to the differential inclusion (3.4), and deduce that either dist(Du,J) > 0 a.e. in €,
or dist(Du, J) = 0 a.e. in Q and Du is constant. The first possibility is ruled out by
(3-2), so we conclude that Du is constant equal to Du(zy). O

3.2 Improvement under low fractional regularity

In this section we explain that the regularity at elliptic values obtained in the previous
section automatically improves to Du being either constant or with values in a single
connected component of Iyg = y({det(7’) = 0}), under an extra fractional regularity
assumption.

Proposition 3.2. Let II C R?*2 be a compact connected C? curve of length at most 2,
without rank-one connections. Denote by~ € C*(I;R**?) an arc-length parametrization
of I1. For any connected open set Q C R? and weakly differentiable map u: Q — R?, if
u solves the differential inclusion

Du eIl =~(I) a.e. in €,

and satisfies in addition Du € B, _,.(Q2) for some s € (0,1) and p > 1/s, then Du is

either constant, or takes values into a single connected component of llyg.

24



Proof of Proposition[3.9. More precisely, we show that Du(2 N G) is either a point or
a connected subset of IIyg, where G is the set of Lebesgue points of Du. If Du(2N
G) NIg # 0, then Du~'(Ilg) must have positive Lebesgue measure since Iz is open
in II, and Proposition then implies that Du is constant. So we assume without loss
of generality that

DU(Q N g) C HNE7

and show that Du(2 N G) is actually contained in a single connected component of
HNE-

By connectedness of €, it suffices to show that for any fixed open ball B C (,
Du(BNG) is contained in a connected component of Iy g. Let us therefore fix an open
ball B = B,(z) C 2, and assume without loss of generality that z = 0.

The proof relies on properties of restrictions of Du to one-dimensional lines. For
a,b € (—r,r) we define the vertical and horizontal intervals

B'=Bn({a} xR), B2=Bn(Rx{b}).

For any o € (1/p,s), we have By (B) C W?P(B) [Iri83, Proposition 2.3.2/2], and
therefore Du|g € WoP(B,) for a.e. a € (—r,r) [I1i83, Theorem 2.5.13/(i)]. Since
op > 1 this implies that Du|p: agrees a.e. with a continuous map. By Fubini’s theorem
we also have that H'(B!\ G) =0 for a.e. a € (—r, 7).

Fix a € (—r,r) such that both H'(B} \ G) = 0 and Dul|p: agrees a.e. with a con-
tinuous map. Since IIg is open, if the image of B! under the continuous representative
of Dulp: intersects Ilg, then there exists a point « € B, NG such that Du(z) € g,
but we have ruled out this possibility. Therefore, the image of B} under the continuous
representative of Du|p: lies in a connected component JI C Ilyg, hence there exists a
full measure set X, C B}, H*(B}\ X,) = 0, such that Du(B! N X,) c JL.

The same argument shows that, for a.e. b € (—r,r), there exist a connected com-
ponent J;? C Iyg and a full measure set Y, C BZ, H'(B?\Y,) = 0, such that
Du(B}NY,) C J2.

By Fubini’s theorem, the sets X = |J, X,,Y = U, Y» C B have full Lebesgue
measure in B. For any € € (0, 1), this implies the existence of a € (—¢,¢) such that
the vertical set X, intersects the horizontal set Y, for a.e. b € (—r+¢e,7 —¢). As a
consequence, the connected components J2, 7! C Ilyg have a non-empty intersection
and therefore J? = J! does not depend on b € (—r + ¢,7 — ¢). Letting ¢ — 0, we
deduce that Du(Y) is contained in a single connected component J C Ilyg. Since YV
has full measure this implies Du(BNgG) C J. O

3.3 Conclusion of proof of Theorem [1.12

In this section we assume that II satisfies the quartic estimate ([1.1]), and complete the
proof of part (i7) of Theorem Since the quartic estimate implies via Lemma

that Du = cof I'(m) with m € By (), we can apply Proposition and deduce

4,00,loc
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that either Du is constant (case (i7)(a) of Theorem [1.12]), or Du takes values into one
single connected component of [Iyg (case (i7)(b) of Theorem [1.12)). O

4 Proof of Proposition (1.5
The starting point of Proposition [1.5]is the identity which follows from the chain rule,

V-®(m) = Z o (m)V - T;(m) if m: Q — J C S is smooth.

§=1,2

In our case, m is not smooth: in order to apply the chain rule, we use smooth approxi-
mating maps m. — m. The maps m. will in general not be S'-valued, which introduces
error terms in the above identity, and the proof of Proposition [1.5|consists in estimating
these error terms efficiently. If the quantity |k|~/3||D"m||L» vanishes as |h| — 0, this
follows directly from commutator estimates as in [CET94], [DLI15]. Here we only know
that this quantity is bounded , and basic commutator estimates are not enough
to conclude directly: they only provide the information that entropy productions are
in LP/3, see § . However they also provide identities involving weak limits of error
terms, and we can take advantage of these identities and the structure of ENTp to
conclude.

4.1 The case without boundary

We first prove Proposition in the case of a closed curve, J = S'. The case with
boundary will be treated in §[4.2]

4.1.1 First step: entropy productions are in Lfo/c?’

In this first step we fix ® € ENT and prove, using the regularity m € B;,/oi and com-
mutator estimates, that V- ®(m) € Lfo/cs (Q). In fact we do not use all the assumptions
on I' in Proposition [L.5| and prove a more precise statement.

Proposition 4.1. Let I' € C*(S';R**?) and m € B} _,,.(;S") for some p > 3, such

,00,loc
that
V- -Ti(m) =V -Ty(m)=0 in D'(Q).

Then there exist fi, fo € Lp/3(Q;R2) depending on I' and m such that, for any entropy

loc

® € ENTr (1.7), we have

loc

V- ®(m) =Y dpody(m)im - f; € LV(Q), (4.1)

where ok, a2 € CY(SY;R) are as in (1.7)).
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Proof of Proposition[{.1. Direct calculations using polar coordinates z = re® in R?
show that, for any C! vector fields w: 2 — R? and F': R? — R? such that VF(0) = 0,

we have
V- F(w) = ((0,F(w)-V)w) - il + ((0pF(w) - V) w) - %

|w]

We apply (4.2)) to vector fields F' which are ‘flat radial” extensions of ® and I'; (j = 1,2)
given in polar coordinates by

O(re) = n(r)@(e?),  T;(re”) =n(r)T;("),

for some smooth 7 € C2°((0, 00); [0, 1]) such that n(r) = 1 for 1/2 < r < 2. Recall from
the definition ([1.7)) of ENTy that

(4.2)

2
000 =Y a0y, of € C'(SLR).
j=1

From (4.2) applied to ® and fj we therefore obtain, for any smooth w: € — R2,
~ w w
v = (o (2 (%)) v) o
|wi |wi
2 .
[ w w w
o et () (o (5) ) ) e
; ?\ Jw| "\ Jwl |wl?

-7: b
where H = & — > o T'; € C(S'; R?). Now we apply this to w = m,, where
me=mx*p., p(x)=e"p(z/e),

for some smooth kernel p with support in B;, and deduce

V- ®(m.) =R + R?, (4.3)
R! = o/<m€>v T:(m.)—T m)e |,
22 0% g (Tsmo) = T(m).)




To obtain the expression of R! we used the fact that ij (m) =V-I';(m) =0. Because
n'(r) = 0 in a neighborhood of » = 1 we have

B2 < C(1 = me|*)*| Dme],

for some C' > 0 depending on n and H, and noting that 1 = |m|> = (Jm|?). we deduce
from commutator estimates (Lemma applied to G = |- |2, w =m, a =2, f =1,
s =1/3, p> 3) that

R —0 in L} .(9). (4.4)

Using that n(r) = 1 in a neighborhood of r = 1, the same argument shows that, for the
term R! in (4.3)), we have

(1= n(fm.|)) !
=) ¥ o () V- Tym) 50 in Lh() (45)

j=12 |

It remains to estimate 7(|m.|) R}, which, defining & (re??) = n(r)aj(e?) € C}(R* R),
we rewrite as

n(|me|)R: =V - (Z &y (me) (fj(ma) - fj(m)e))

j=12

B Z (Vd‘é)(ma)Dm8> : (fj(ma) - f](m)5> :

The first line in the right-hand side is the divergence of a sequence which tends to 0
in L1 (Q). Each term in the second line is bounded in L?  independently of e, by

loc

commutator estimates (Lemma applied to G = fj, w=m,s=1/3, a=p=p/3).
More precisely, there exist fi, fo € L / 3(Q; R?) and a sequence & — 0 such that

loc

D
3

D (Tym)e = Tyma)) = f; in L, (%),

and therefore
2 . 2 .
n(ime VR, =Y Vag(m) - f; =Y dag(m)im- f;  inD'(Q).
j=1 j=1
Plugging this and (4.4)-(4.5)) into (4.3]), we deduce

2
\E @(mak) — Z Doy (m) im - f; in D'(Q).

j=1
Since ®(m.) — ®(m) in LL_(2), this implies (1)). O
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4.1.2 Conclusion: entropy productions vanish

Here we show that all entropy productions vanish. If & € ENTT is such that there exist
By, B2 € CL(S'; R) for which

0p® = B30sT1 = B30T, (4.6)

then applying (4.1)) we obtain

(oot ) (i) =0

So if we can find two such maps ®, ® such that

0oBy(m)  OpPg(m)
det ( —gggé(m) —gegi(m) ) #0 ae.,

then we deduce that im - f; = im - fo = 0 a.e. and the conclusion ([1.8)) follows from
().

Note that here all assumptions of Lemma are satisfied, so we have (recalling

Remark
Ol =\ VU,

for \, ¥ € C*(S'; RP'). Assume for example that there are entropies ®, ® such that
0p® = NI\, 0p® = Ao\ V. (4.7)

The right-hand sides belong to C'(S';R?) because A € C'(SL;RP') and A @ ¥ €
C1(S';R**%). These maps @, ® would then satisfy (4.6]), with

ﬂé = )\1)\27 ﬁé = )‘%7 ﬂé = )‘ga ﬁ% = )\1)\27

and the above determinant is equal to

qet [ %Ps Doy ) _ — (XAt 4+ A1pAo)?
_an2 _anp2 | = 200 A1 + A10pA2)” + 4X1 A20p A 10 X2
o2 032

— (oA — MsAa)? = —(iX - Op))?
= —|89)\’2 < 0.

The last equality follows from the fact that |A| = 1, and the last inequality follows from
the monotonicity of its phase as shown in Lemma [2.1

In general there might however not exist entropies whose derivatives are exactly as
in , because the right-hand sides in may not have zero average. But for any
fixed x € €, we can modify the maps A2\ W, X2\ ¥ € C1(S!; R?) on a subset of S! which
does not contain a small interval around m(z), so that the modified maps have zero
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averages and are derivatives of entropies ®, ® as above. At the point z, the determinant
has the same value as before, so we deduce that im(z)- fi(x) = im(z) - fo(z) = 0. And
we can do this for any fixed x, so the right-hand side of is zero a.e., and this
concludes the proof that all entropy productions vanish.

Here is how we modify the maps. Recall from Lemma that A\, ¥ have uni-
formly monotone phases. This implies that A\;*({0}), A;'({0}) and W' ({£¥(z)}) are
finite subsets of S' for any z € S'. As a consequence, we can find z; = €,z =
e?2 € St \ {m(x)} such that det(9yI'1(z1),Dl2(22)) # 0. Denote a3 = My, ag = 0,
so that Z§:1 @;0pT; = AXW. Then Lemma [D.1| gives &1,d9 € C'(S';R) such

that [, <Z?:1 dj@@Fj) dd = 0 and Z?:l a;00; = 25:1 a;0p'; away from a suf-

ficiently small neighborhood of {z1, 22} (see Remark |[D.2)). In particular, we have

ij.:l @;0sT; = MV in a neighborhood of m(x). Therefore we can define ®(e) =

foa (2]2':1 djatfj) dt, which satisfies the first equation of (4.7) on an open interval

around m(z). An entropy ® satisfying the second equation of (4.7) on an open interval
around m(z) is obtained by the same argument. O

4.2 The case with boundary

We now prove Proposition in the case with boundary, that is, J & S' is compact
and connected.
We start by showing that there exist fi, fo € L” / 3(Q) such that

loc

2
V-®(m) =Y Oyad(m)im- f;, Vo€ ENTY. (4.8)
j=1

To prove ([A.8) we extend I' to a map I' € C2(S'; R2*2). Then the map m satisfies
I'(m) =T'(m), hence V - I'(m) = 0. Applying Proposition to I' and m, we deduce
that

2
V-®(m) =Y dpa’(m)im- f;, VP e ENT, (4.9)
j=1

for some f1, f» € L"3(Q). Now let ® € ENTY, that is,

loc

2
0o =Y ahdl;  onJ,

=1

for some ofy € C*(J;R). There exist extensions &, € C*(S%;R) of aj such that
2 . o~
/ (Z agba@rj) dh = 0. (4.10)
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Indeed, one can choose any extensions é}é and modify them in a neighborhood of a
point zo € S'\ J at which det(85I') # 0 in order to ensure (see Remark . If
such a point 2z, does not exist in the first place, one can simply modify r away from J
by adding a term of the form nI for I € R**? the identity matrix and for some non-zero
n € C2(S'\ J;R) with |||« sufficiently large.

Thanks to one can then define ® € ENT% such that d=3don.J , by setting

q)(ez@) _ (I)(BZGO) + / (Z @é@J}) dt,
60 \ 5=

for some ¢ € J. Applying ([4.9) to this ® and using that m takes values into J we

deduce (4.8]).
Now we can use (4.8)) exactly as in § and conclude that f; = fo = 0. In fact

it is even easier because entropies do not have to be periodic, so we can directly find
entropies ®, ® € ENT such that

Dp® = N0, 9@ = M\ U,

where A\, U € C*(J;S!) are such that 9I' = A® ¥ on J (see Remark [2.3). O

5 Examples of nowhere elliptic curves without rank-
one connections

In this section we give several examples of curves satisfying the assumptions of Theo-
rem [I.7, and prove Proposition which states that, among nondegenerate nowhere
elliptic curves, the subset of curves without rank-one connections is open.

5.1 The curves ;
Lemma 5.1. The curves parametrized by

wlt) = 5%+ 5Ty

[ (k:-i-l)it]a’

for any integer k > 1, have no rank-one connections, are nowhere elliptic, and satisfy
det(vy) < 0 on R/2xZ. That is, they satisfy the assumptions of Theorem[1.7

Proof of Lemmal5.1. Since
([ie"], + [ie™07])

([=e"]. + [+ 1) ),
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it is straightforward to check that det (7},) = 0 and det (7})) = (1 — (k +1)?) < 0 for
all £ > 1.

It remains to check that the curve v, (R/27Z) does not have rank-one connections.
Note that, for all ¢, h € R, we have

I it|2 1
det (v (t + h) — 4 (t)) = I ‘e (t+h) et] _ m ]e(
- i <‘eih — 1’2 —(k+1)72 ‘e(kﬂ)ih — 1|2>

:sm?(g>-—(k+&)ﬂsm?(£ﬁéigﬁ)::hﬂh)

We show next that f(h) > 0 for all h € (0, 27), which implies that the curve v, (R/27Z)
has no rank-one connections.

First note that f(2m — h) = f(h), so it suffices to show that f > 0 on (0,7]. Then
we argue separately on (7 /2, 7] and (0,7 /2].

For h € (m/2, 7] we have, using that sin(z) > 2 for all z € (0,7/2],
(k+ 1)h) 1 1

>0
> )71 e =

ket D)i(t+h) _ (k+1)it 2

f(h) > " (k +1)"?sin? (

T2

On (0,7/2] we show that f° > 0, which completes the proof since f(0) = 0. The
derivative is given by

) = (sin ) -

E+1

sin ((k + 1)h)> |

Using that sin(z) > 27”” for all z € (0, g), we know sin (ﬁ) > k#ﬂ and it follows
that

smun>gn(2 sin ((k + 1)h) Vhe( i ”}

(k+D>> kot 1 2(k+1) 2

Note that cos (z) > cos ((k+ 1)z) for z € (O, m} since the cosine function is de-
]. By integrating this inequality we have that

™

creasing on (O, 5

‘ sin ((k 4+ 1)h) T
h) > ———= h — .
sin (h) > 1 Vh € O’2(k+1)
Putting the above two estimates together gives f’(h) > 0 for all h € (0,7/2]. O

5.2 Further examples

Here we show how to construct many other examples of curves satisfying the assump-
tions of Theorem [T
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Lemma 5.2. Lety € C* (R/27Z;C) be an arc-length parametrization of a simple closed
curve, and let ¥ € C? (R/2rwZ; C) be such that |¥'| =1 and |¥"| > 0 on R/27Z. Then
there exists ko = ko (7,7) € N such that for every integer k > ko, the curve in R?*?
parametrized by

ar(t) = [y(B)], + k" [1(kt)],
is nowhere elliptic, satisfies det(af)) < 0 and has no rank-one connections.

Proof of Lemma[5.3. To simplify notation let 45 (t) = k~'y(kt). First note that |y}] =
1| =1, so det(a,) = [7/|* — |%|* = 0, that is, the curve is nowhere elliptic.
Moreover, we have

det(af) = " — K" < sup |2 — B inf 7" <0,

provided k > ko for ko large enough. Thanks to the identity (B.3]) in the proof of
Lemma[B.1]and by compactness of R/27Z, this implies the existence of d; = &;(v,7) > 0
such that

det (au(s) — ag(t)) > 0 for any s,t € R/27Z s.t. |e"® — | < 4;. (5.1)

Also note that since v parametrizes a simple closed curve, there exists another constant
Bo = Bo(7) > 0 such that

|v(s) =) = Bo for any s,t € R/27Z s.t. |e"* — €| > §;. (5.2)

For s,t as in (5.2) we infer

L.
det(ax(s) — an(t)) = [7(s) = Y(B)° = 5 |3(ks) — F(kt)[?
4
> 65—z sw il
and deduce that
det(ag(s) — ax(t)) >0 for any s,t € R/27Z s.t. |e — | > 6, (5.3)

provided k > kg for ko large enough. Putting (5.3) and (5.1)) together shows that the
curve parametrized by aj has no rank-one connections. O]

5.3 Proof of Proposition [1.11

Recall the definitions of the set

NE. = {y € C*(R/27Z; R>*?): det(7') = 0 and | det(v")| > 0},
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and its subset

NE.. = {fy € NE.: 7(R/27Z) has no rank-one connections}.

In this section we prove Proposition [1.11] which asserts that NE,, is open in NE, for
the C? topology.

Let 7,7 € NE,. It is clear from the expansion (B.5]), the explicit form of (¢, k) and
the fact that det(y') = det(y') = 0, that for all ¢,k in R we have

|det (y(t + h) = (1)) — det (Y(t + h) = 7(t))]
< O llso + 17"l = 3" lsch",

for some absolute constant C' > 0.

Now fix 4 € NE,, and assume without loss of generality that det(y(¢) — 5(s)) > 0
for all s # t € R/27Z, then the last inequality implies that, if |7 —7"||cc < d for § > 0
small enough, then for all 5,7 € R we have

det((t) —7(s)) = det(7(t) = 7(s)) — C(7)dle" — ™"

By definition of NE,, and Lemma there exists £ > 0 such that
det(3(t) —7(s)) = &le" — "I,

so if ||V — 7"||ee < 6 for § > 0 small enough we deduce
det(y(t) = (s)) 2 Slet — |1

That is, v € NE,,, and this shows that NE,, is open in NE, with respect to the C?
topology. O]

Appendix A Fractional regularity of m

In this appendix we establish the initial low fractional regularity which is required to
apply Proposition [1.5| Since II has no rank-one connections, [S93, Lemma 1] implies
that det(A — B) has a constant sign over all matrices A # B € II. Composing u with
a reflection does not affect Theorem [[.3], so we may assume without loss of generality

det(A—B) >0 VA # B ell,
and the coercivity of the determinant (1.1) can be rephrased as
det(A— B) >c|A—B|* VA Becll

Quite classically, this implies some fractional regularity for the map m defined in (|1.5),
which satisfies Du = cof T'(m).
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Lemma A.1. Let J C S* be compact and connected. If m: Q — J solves (1.6 where
I € CY(J;R**?) satisfies

det(T'(2) = T'(2)) > clz = 2P Vz,2/ € J, (A1)

1
for some p>1 and ¢ >0, then m € B*_!, (Q;S'), that is,

p,00,loc

| D"m|| o)
sup ————~

T < 00 for allU CC Q,
lhj<1t |h|P=T

1
where D'm(x) = (m(z+h) —m(x))1szineq - In particular, if p = 4 then m € B}

4,00,loc*

Proof of Lemma[A. 1l The proof is essentially the same as the first step in [893, Theo-
rem 5|. Here, for the reader’s convenience, we reproduce the proof with minor adaptions.
Since this is a local result, we may assume without loss of generality that (2 is simply

connected. Since V -T'j(m) = 0, we infer that curl (iT';(m)) = 0, and thus there exists
F; : Q — R with

VEF; =il'j(m) a.e. in Q. (A.2)

For any given U CC Q and h € R? with |h| sufficiently small, e.g. |h| < 5dist(U, 02),

by we have

det (T'(m(z + h)) — T(m(x))) > c¢|D"m(x)[P
for a.e. x € Q with dist(z, 9Q) > |h|. By we have

det (T'(m(- + h)) — L(m(-))) = (iD"T'1(m)) - (D"Ty(m)) = D"V F, - D"T'y(m).
Hence gathering the two above equations, we obtain

|D"m[" < D"VF; - D"y (m) for a.e. z € Q with dist(x,0Q) > |h|.  (A.3)

Let x € C°(£2) be a test function with dist(supp x,0) > 2h and 1y < y <

1.
Integrating by parts and using that V - Iy(m) = 0 (and thus [,V (Dhlepfl) -
D"T'y(m)dx = 0), we have

/XPpthVFthFQ(m) dx = —/DhFl D"Dy(m) - V(x7-1) da
Q Q

_1
S |7 ||VF1||Loo(m!\89F2||Loo<J>HVXHLoo(Q)/QXP—I\DhmIdx

S RIVX ooy (/Q Xﬁ‘Dhmlp dm)
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Recalling (A.3) we deduce

[ Dl e < IV ( / xpfllD’”‘m\pdx)p |

and thus

1
P 1
( / XP’%|Dhm\pdx) < T |Vl
Q
As 15 < y, it follows that

||Dhm||Lp(U
sup

) < 1
I T IV E= e

for ¢ > 0 sufficiently small. For larger |h| values, the boundedness of m implies that
1

SUDy< <1 \h\fp%lHDhmHLp(U) is bounded. Thus m € Bj (U) for all U cC Q. O

Appendix B The nondegeneracy condition (1.1)) for
nowhere elliptic curves

As in the beginning of Appendix [A] we may assume without loss of generality
det(A—B) >0 VA # B e 1l.

Here we show that the nondegeneracy estimate (1.1)) is equivalent, in the nowhere
elliptic setting, to the assumption that det(y”) does not vanish.

Lemma B.1. Let I = [a,b] for some a < b < a+27 and v € C*(I; R**?). Ifdet(y) =0
on I and

det(y(t) —y(s)) >0 Vit #£sel, (B.1)
then the estimate

det(y(t) — v(s)) > cle — e*|* Vt,s el (B.2)
is satisfied if and only if det(y") does not vanish on I.

Remark B.2. The assumptions of Lemma , in particular, the condition (B.1)), imply
that det(y”) < 0, see (B.3). The case det(y”) > 0 would correspond to the opposite
estimate

—det(y(t) — v(s)) > cle™ —e™|* for some ¢ > 0.
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Proof of Lemma[B.1l First we prove that, for any ¢t € I,

Under the additional regularity assumption v € C3(I;R?*?) this follows directly from
a Taylor expansion. Indeed, derivating twice the identity det(y') = 0, we obtain

cofv': " =0,
cof 71 /) = —cof 4": 4" = —2det(v"),

and then the Taylor expansion

det(y(t + h) —(t)) = det (hv’(t) + %27”(75) + %37(3) (t) + 0(h3))
= h?det(y/(t)) + %cof v (t): " (t) + hzdet(’y”(t)) + %cof A () : v () + o(h*)
= ety (1)) + o),

implies .

In the general case where v € C?(I;R**?), one may actually use the bilinearity of
the determinant to obtain the same outcome with only two derivatives. Specifically, for
t,t+ h € I we have

1
det(y(t + h) — y(t)) = det (hv’(t) + h2/ (1 —s)Y"(t + sh) ds)
0
1
= h*det(y'(t)) + h3/ (1 —s)cofv'(t): v"(t + sh) ds
0
1
+ h* det (/ (1 —s)y"(t + sh) ds) : (B.4)
0
Using that cofvy’: 7" = (det(y’))’, we can rewrite the penultimate term as
1
h3/ (1 s)cof y/(£): '(t + sh) ds
0

= h2/0 (1- s)%[det(fy'(t + sh)] ds

o /01 s(1— s) cof (W + Sh})l - W)) (¢ + sh) ds

S

1 4
= h2/ det(7/(t + sh)) ds — h* det(v/(t)) — %det 7" (t) + h'e(t, h),
0
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where

(t+ sh) — (1)

5(t,h)—/015(1—s) lcof”y”(t):’y”(t)—cof (7' > ):’y”(t+sh) ds

1
= / / s(1—s) [cof v'(t): A" (t) — cof v (t + Tsh): ¥"(t + sh) | dr ds,
0 Jo

hence sup, |e(t, h)| — 0 as h — 0 thanks to the uniform continuity of 7. Plugging this
into (B.4)) gives

4

det(y(t+ h) — (1)) = h2/0 det(y'(t + sh)) ds — %det(v”(t))

+ h*E(t, h), (B.5)

where

E(t,h) =e(t,h) + % /0 (1 —s)cof ¥"(t): ('(t +sh) —~"(t))ds

+ det (/01(1 — $)(¢'(t+ sh) —4"(1)) ds) ,

so sup; |€(t,h)] — 0 as h — 0 thanks again to the uniform continuity of +”. Since
det(v’) = 0 on I, this implies (B.3).

A first consequence of is that the estimate implies that det(~”) does not
vanish.

For the converse, assume that det(y”) does not vanish. Since the left-hand side of
(B.3]) must be nonnegative according to (B.1]), we deduce that det(y”) < 0, and for all
t € I there exists d; > 0 such that

h4
det(y(t+ h) —~(t)) > Y ir}f |det(v")]  Vhe (=d,6), t+hel.

By compactness of I this §; can be chosen independent of ¢, so we have
det(y(t) —v(s)) > cle® — e™|* if [ —e| <, for s,t € I,

for some constants ¢, > 0 depending on . Moreover by compactness of the set of
couples (t,s) € I x I such that |e’® — €| > 7, there exists ¢ > 0 such that

€ is e | i is
det(y(t) —v(s)) = ¢ > §|€t—€ * if [e" — €| >,
and this proves Lemma [B.1] O
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Appendix C A commutator estimate

Lemma C.1. Let Q C R" be open and w € Bj ..V L>(Q;R¥) for some s € (0,1) and
p>1. Let p € CH(R™) with suppp C By and [ pdx =1 and denote convolution with
pe(x) = e "p(x/e) by a subscript e. Then for any o, 3 > 1, any C? map G: R* — R,
we have

G(w.) — G(w).|*|Vw.|? do < ce®™inp2a+5)-5 YU cc 1,
|
U

for some constant ¢ > 0 depending on ||G||c2, |w|loo; |w|Bs @), lpllcrs @, B, p and U.

Proof of Lemma[C.1. For any U CC 2 the regularity B? of w amounts to

p,00,loc

[ 1P el < futy, g lhl

for all |h| < 1. Moreover, letting R = ||w||~, for any ¢ > 0 we have (see e.g. [LLP20]
Lemma 17])

Gwn) — Gw).] < col|Cllossy / Dw[2(y) dy,

B1

V| < & /B D] [Vpl(2) d,

for some absolute constant ¢y > 0, so applying Jensen’s inequality and Fubini’s theorem
we deduce

[ 166w0) = Gl Pl da

U
C

< & [ [ ool [ 1Dvu 0w s dy,
€ By J B U

for some constant ¢ depending on ||G||c2(p,) and ||p||c1. For any y, z € By we have, by
Hélder’s inequality with exponents ¢ = (2a+ 3)/(2a) and ¢ = (2a + 8) /5,

1 1—1
[ 1D D do < ( [ 1D dm) ( [ 1w dx>
U U U

min(p,2a+ﬁ)€5 min(p,2a+5)

< cwlp, @)

In the last line we used the Besov regularity assumption, and the constant ¢ depends
on ||w||s, |U], e, B and p. Plugging this back into the previous estimate concludes the
proof. O
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Appendix D A modification lemma

Lemma D.1. Let I' € C?*(S';R**?) be such that det(93T) is not identically zero. Let
I'1,Ty denote the two rows of the matriz T. For any ai,as € CY(SY;R), there exist
Gy, g € CH(SYR) such that

2
and nglp la; —a;| < C
j=1

2
/ (Z (Ij@gFj) db >
St j=1

for some constant C' depending only on T.

Proof of Lemma[D.1. We denote by v € R? the integral

2
(% :/ (Z @j(?@Fj) d&,

and prove the existence of 3, 85 € C*(S;R) such that

2 2
/ (Z Bj8gfj> df = v and Zsup 18] < Clvl. (D.1)
St U=t j=1 %'

Then it suffices to define a; = o; — ;.
We look for 3; in the form 3;(e?) = b, f;(e?), for some b € R? and fy, f> € C1(S};R),
then the first identity in (D.1]) amounts to

Ab=wv, where A= ( [, fi0eT1df | [ f205T2df ) € R*.

So it suffices to choose fi, f> such that det(A) # 0, then we simply set b = A~ v, and
the second estimate in follows from [b] < [JA7|[v].

To find fy, fo such that det(A) # 0, we can pick for instance z;,2, € S! such that
det(0pT'1(21), 0p'2(22)) # 0 and choose, for j = 1,2, f; approximating the Dirac mass
at z;. The existence of such 21, 25 follows from the fact that det(9;I") is not identically
zero: if det(9pT1(21),0pT2(22)) = 0 for all 21,2, € S' then 9pT'1(S') and 9pT'o(S!) are
contained in a single line, which implies that dyI'vy = 0 is identically zero for some fixed
vy € S', and therefore det(97T") is identically zero. O

Remark D.2. In the above proof, we only modify «; around z;, where 21,2, € S
satisfy det(0pl'1(21), 0pl'2(22)) # 0. As a consequence, we can choose &; such that
232:1 a;0pl'; = Z?zl a;0pl'; away from any neighborhood of {21, 22}.

Remark D.3. If we assume that det(9y'(2)) # 0 for some 2y € S', then we can
choose f1, fo approximating a Dirac mass at 2o, and deduce the existence of @; as in
Lemma [D.1], with the additional condition that é&; = «; away from any neighborhood
of 20-
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Appendix E Rigidity estimate for elliptic arcs

We provide here the extension of [LLP23, Theorem 1.1] needed in the proof of Propo-
sition , namely, a rigidity estimate for C? elliptic arcs J C R**2. In [LLP23| this
was established for smooth closed elliptic curves.

Proposition E.1. Let a < b and v € C?([a,b];R**?) be injective such that J =
v([a,b]) is elliptic:

det(A— B) > ¢|A— B> VA,BcJ, (E.1)

for some c¢o > 0. Then J satisfies a rigidity estimate: there exists C' = C(J) > 0 such
that

inf / |Du — A]* dx < C/ dist*(Du, J) dw,
AeTJ By /s B

for all w € W'2(By; R?).

Proof of Proposition[E.1. We will show in Lemma that we can find a closed C?
curve I' C R?*2 such that J C I" and T is elliptic:

det(A— B) > c;|A— B> VA, B¢cT. (E.2)
Granted this, we can directly apply [LLP23| Theorem 1.1] which provides C' = C(I") > 0
such that

mf/ |Du — A|* dx < c/ dist?(Du, ') dx < c/ dist>(Du, J)dz,  (E.3)
Aer Bi)2 By By

for all w € WH?(By;R?). In [LLP23, Theorem 1.1] this is stated for a smooth curve T,
but the proof only requires C? regularity (and could probably be modified to require
only C'! regularity). Moreover, given u € W?(B;;R?) and A € T attaining the infimum
in the left-hand side of , we can integrate on By, the elementary inequality

dist?(A, J) < 2|Du — AJ* 4 2dist*(Du, J),

and use (E.3|) to deduce
| By 2| dist*(A, J) < (2C + 2)/ dist?*(Du, J) d.
B1

Taking A € J such that |A — A| = dist(A4, ) and combining the above estimate with
(E.3), we obtain

/ |Du — A>dz < (6C + 4)/ dist?*(Du, J) dx,
By

By

thus proving Proposition [E.1] O
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Lemma E.2. Let a < b and v € C*([a,b] ; R**?) be injective such that T = ~([a,b])
satisfies (E.1)). Then there exists a closed C? curve I' C R?*2 such that J C T and T
satisfies (E.2) for some positive constant ¢; < c.

Proof. First we extend the C? curve v to [a — &, b + €] for some € > 0, while conserving
the ellipticity for 7 = v([a — €,b + €]). To that end we set y(a —t) = y(a) —
ty'(a) + t*9"(a)/2 for 0 < t < e. That way is satisfied with a possibly smaller
constant ¢y (not renamed) for A, B € ([a — £,a + ¢]) provided ¢ is small enough,
because det(y' (a+ h)) = det(y'(a)) +o(1) # 0 for h — 0. And (E.1)) is satisfied also for
A€ v([a—e,a]) and B € y(Ja+ ¢,b]) because A =~ y(a) and det(y(a) — B) is bounded
from below by a positive constant. The same arguments apply for the extension to
[b,b+ ¢]. Note that 7 is smooth in [a —&,a) U (b, b+ €].

Then we use the classical fact [Zha97, [FSO8| that the ellipticity of J implies
that the conformal-anticonformal decomposition of v is given by

Y = [Yele + [H 0 Yela,
where 7. € C?([a — &,b + €|; C) is injective with |7)| > 0 on [a — &,b + €], and

H:v.(la—e,b+¢]) = C,

is k-Lipschitz for k = /(1 — 2¢o)/(1 + 2¢) € (0,1). Next we extend H to a k-Lipschitz
map over C with a possibly larger £ < 1 such that the extension is smooth outside a
sufficiently small neighborhood of 7.([a,b]). The proof is very similar to the proof of
[LLP23, Lemma 3.1], and we sketch below the key steps.

In the first step, possibly after a reparametrization, we may assume without loss of
generality that 7.(¢) is an arc-length parametrization of v.([a — ¢,b + ¢]). For fixed e
and small enough 6 > 0, denote Rs := [a, b] x (—0,0) and R := ([a — &,a) U (b, b + ¢]) x
(—0,0). The map

©: (t,1) = 7e(t) + rivi(t),

is a C! diffeomorphism between Rs U R and ¢(R; U R5). Since « is smooth in [a —
g,a) U (b,b+ €], this map ¢ is further a smooth diffeomorphism between R5 and ¢(R5).
For z € o(Rs U RS), define H(z) = H(7.(t)) where z = o(t,7). This H agrees with H
on v.([a — &,b+ ¢]), and is C' in (Rs; U R5) and smooth in p(R5) by the regularity
of v, = H o7, and ¢~'. Further, we have ||[D(¢™1)|| < 1+ C§ for some constant C
depending on 7., and it follows that H is k-Lipschitz with k& = (14 C0)k < 1 for small
enough 4. B

In the second step, we extend H to C such that the extension is smooth outside
a sufficiently small neighborhood of v.([a,b]). By Kirszbraun’s theorem, we can first
extend H to a k-Lipschitz map (not renamed) over C. For o > 0, we define Hy(z) =
Je f[(z—l—ax(z)y)p(y) dy for a smooth kernel p > 0 with support in By and [ p(y) dy = 1,
and some smooth cut-off function x with 15, <1 —x <1y, and ||[Vx|e < 8/6%,

52 /4 52/2
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where Uy := {z € C : dist(z,7.(]a, b])) < 6}. Note that H, agrees with H in Us2/4 and
is smooth in (C\ Usz2/2) U @(RZ% \ joég) for a small enough. In particular, H, agrees
with H on v.([a — %, b+ %]). Further we have

[Ha(2) = Ha(Z)| < [ |H(z + ax(2)y) — H(Z + ax(z)y)| p(y) dy

B1
~ So , ~ 8a ’
<i(1+3) Bl|z—z|p<y>dy=k(1+5—2)|z—z|,

so H, is k,-Lipschitz for k, = k (1 + %—?) < 1 for « sufficiently small.

Finally we use the above H, to construct the closed curve I' containing 7. To that
end, we claim that v.([a — /3,0 + £/3]) can be extended to a closed C? curve in C
parametrized by 3. € C*(R/LZ;C) for some L > b — a + 2¢/3. This can be obtained
as a consequence of Jordan’s theorem stating that the complement of a Jordan arc in
the plane is connected, but we sketch here a simpler proof in our C? context. Recall
that ¢ is a C! diffeomorphism between Rs; U R5 and ¢(Rs U R5). We can find an open

neighborhood V of Rj/ U R?%g with V CC R; U R5, and extend the straight segment

[a—¢/3,b+¢/3] into V' \ (R52 U R§§3> to form a smooth closed curve and apply ¢ to

obtain a C! closed curve inside ¢(V) extending v.([a —&/3,b+¢/3]). Finally smoothen
that curve outside [a — £/3,b + £/3] (using the same method we used to smoothen H
via a cut-off function of the form of ) to turn it into a C? closed curve 7. extending
Ye(la —€/3,b+¢/3]).

We are now equipped with 5. € C?(R/LZ;C) injective such that 7. = 7. on [a —
e/3,b+¢/3]. Then we define 5, = H, 0. Since H, is smooth in (C\ Us2/2) | @(RE@\

jogg), we know 7, is C? outside the interval [a—%, b+ %]. Further, since H, agrees with

H on e(Ja—38 5432)), it follows that 7, = Hy07. = Hoye = 74 € C*([a—32, b+ 32]).

Thus, we deduce that 5, € C?*(R/LZ;C). Setting

¥ = [ele + [Yala,

it follows that I' = 4(R/LZ) is a closed C? elliptic curve containing J. The ellipticity
follows from the fact that H, is k,-Lipschitz with k, € (0,1). O
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