ENTIRE VORTEX SOLUTIONS OF NEGATIVE DEGREE FOR THE
ANISOTROPIC GINZBURG-LANDAU SYSTEM
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ABSTRACT. The anisotropic Ginzburg-Landau system
Au + 8V (divau) + 8§ curl*(curlu) = (|ul? — 1)u,

for u: R2 — R? and § € (—1,1), models the formation of vortices in liquid crys-
tals. We prove the existence of entire solutions such that |u(z)] — 1 and u has a
prescribed topological degree d < —1 as |z| — oo, for small values of the anisotropy
parameter |6| < 8o (d). Unlike the isotropic case § = 0, this cannot be reduced to a one-
dimensional radial equation. We obtain these solutions by minimizing the anisotropic
Ginzburg-Landau energy in an appropriate class of equivariant maps, with respect to
a finite symmetry subgroup.

1. INTRODUCTION

We study entire solutions u : R? — R? of the anisotropic Ginzburg-Landau equation
(1.1) Au + 6V (divu) + 6 curl* (curlu) = (Jul* — 1)u,

where 6 € (—1,1) is a fixed constant and we define curlu = d1us — dou; and its adjoint
curl® = (92, —01). This is the Euler-Lagrange equation corresponding to the anisotropic
Ginzburg-Landau energy

(1.2) F(u; Q) = /Q %|Vu|2 + g ((divu)® — (curlu)?) + i(l —[u]?)?, QcR2

Equation (1.1) and its associated energy (1.2) arise in the description of 2D point defects
in some liquid crystal configurations, such as smectic-C* thin films [10] and nematics
close to the Fréedericksz transition [9, 2, 3]. It has also been proposed as a toy model
to understand more complex liquid crystal equations [13]. While simplified isotropic
equations (corresponding here to § = 0) are often used to model liquid crystals, it should
be stressed that real liquid crystal materials are always anisotropic, and this reduced
symmetry gives rise to nontrivial mathematical challenges.
In the isotropic case 6 = 0, equation (1.1) is the classical Ginzburg-Landau equation

(1.3) Au = (Ju]* = 1)u,

which has been extensively studied due to its physical applications and its mathematical
richness — see the monographs [6, 19, 22| and the references therein. It is known that
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for any prescribed degree (or winding number) d # 0, the isotropic Ginzburg-Landau
equation (1.3) admits a unique solution of the form

(1.4) va(re'”) =na(r)e™,  na(0) =0, limng =1, 94 >0,

where the radial profile 74 solves a certain ODE (ordinary differential equation) problem
[14, 8].

In the anisotropic case ¢ # 0 however, the only solutions to (1.1) of the form u =
n(r)e’(@0+9) are of degree d = 1, and phase shift §p = 0 mod 7/2 [9]. Therefore, in strong
contrast with the isotropic case, the problem of finding entire solutions u: R? — R? of
(1.1), such that |u(z)] — 1 and u has a prescribed topological degree d # 1 as |x| — oo,
cannot be reduced to a one-dimensional ODE.

Our main result is the existence of solutions of any negative prescribed degree d at
infinity, provided the anisotropy ¢ is small enough.

Theorem 1.1. For anyd = —1,-2,..., there exists 0o(d) > 0 such that for small enough
anisotropy |8| < 8o(d), there are at least two distinct, smooth entire solutions u: R? — R?
of the anisotropic Ginzburg-Landau equation (1.1) satisfying

/ (1 —|ul®)? < 2nd®> and deg(u;0D,) =d forr>> 1.
R2

Remark 1.2. These solutions are, for  # 0, not radially symmetric. This is very different
from the isotropic case, where the existence of non-radial solutions is a famous open
question. As § — 0, the two solutions obtained in Theorem 1.1 converge to the radial
solutions vg and ivg (1.4) of the classical Ginzburg-Landau equation (1.3). Indeed, they
converge to solutions with finite potential energy [5,(1—|u[?)? < oo, of degree d at infinity,
and with the symmetry constraint (1.5a) for n = 1 — d. That symmetry constraint forces
these solutions to have a zero of degree D at the origin, with |D| > |d|, and they must
therefore be radial thanks to a result of Mironescu [18, Théoreme 2].

Remark 1.3. The two solutions described in the Theorem are distinct modulo the elemen-
tary symmetries of equation (1.1), which are the following transformations associated to
rotation equivariance, reflection equivariance, and translation invariance:

u(z) — e u(e’*z) a €R, 1€ {+1},

u(z) — u(2),
u(z) — u(z +a), acR%

These transformations preserve the equation (1.1) and its associated energy. Note that
in the isotropic case 6 = 0 we have invariance under any rotation of the variable u(e**2)
and of the target e®u(z) separately, but for § # 0 this is only true for « = 0 modulo 7.

Remark 1.4. A more sophisticated liquid crystal model (Landau-de Gennes) involves
tensor-valued maps. Also there, anisotropy poses challenging mathematical issues (see
e.g. [16]). The techniques of the present article would likely apply to construct interesting
non-radial solutions of the Landau-de Gennes equations.

The solutions we obtain in Theorem 1.1 are invariant under a well-chosen finite sub-
group of the transformations described in Remark 1.3: this is the key to prescribing the
degree at infinity. Specifically, we impose the symmetry constraints

x . [ (Q—n)m
(1.5a) u(e'nz) = —e'nu(z) =€ = u(z),
for some integer n > 2, and in addition

(1.5b) u(z) = fu(z),




to distinguish the two different solutions (depending on the sign +). Thanks to the
symmetric criticality principle [20] (see also [17, Proposition 7.1] for a simplified version
applicable to the present case), minimizing the energy under these symmetry constraints
still provides a solution of (1.1). Moreover, the equivariance (1.5a) imposes a degree
constraint: if u is continuous and does not vanish on a fixed circle 9D,, a continuous
choice of phase 1: R — R such that u/|u|(re??) = ™) must satisfy

o (0+T) = o)+ 120

T + 2kO7T7
for some kg € Z and all § € R, and iterating this translation yields ¥ (27) — ¢(0) =
27(1 — n) + 4konm, hence

deg(u;0D,.) = (1 —n) mod 2n.

In the equivalence class (1 —n) + 2nZ the degree with minimal absolute valueisd =1—n
(d = —=1,-2,...). This will enable us to conclude that minimizing solutions have degree
d at infinity.

Remark 1.5. The construction of solutions of degree d > 2 is an open problem. Note
however that from the point of view of physics, the most relevant degrees are d = +1
since vortices of degree |d| > 2 are expected to be unstable. (The solutions we construct
here are stable with respect to perturbations which preserve the symmetry constraints,
but stability with respect to general perturbations is not guaranteed.)

With the above discussion in mind, the proof of Theorem 1.1 will proceed in two
steps. First we obtain in Proposition 3.1 entire d-equivariant solutions with finite potential
energy [(1— |ul?*)? < md?, by minimizing the energy in large disks D and letting R —
oo. This first step works for any value of § € (—1,1) and provides a solution of degree
deo = d modulo 2(1 — d). The second step, in Proposition 4.1, consists in using the
minimizing property to show that d., is in fact equal to d. This is where we require
|0] < dp(d). The most delicate part of that second step is to obtain a logarithmic energy
bound (Lemma 4.3). We note that the value of dy(d), given explicitly in Proposition 4.1,
could be somewhat improved (at the price of additional technical details) however whether
the optimal do(d) is equal to 1 or is strictly less than 1 is an open problem. Theorem 1.1
follows directly from Propositions 3.1 and 4.1.

The article is organized as follows. In Section 2 we determine the equivariant classes
that are compatible with the anisotropic equation (1.1). In Section 3 we prove the existence
of entire equivariant solutions, while in Section 4 we characterize their degree for small
enough anisotropy. In Section 5 we derive Pohozaev identity which plays a crucial role in
the computations of Section 4.

2. ANISOTROPIC EQUIVARIANT CLASSES

Let G and T be two subgroups of O(2), and let p : G — I be a group homomorphism.
Let also © C R? be a set invariant by the action of G. By definition, a map u : Q — R?
is p-equivariant if
(2.1) u(gzr) = p(g)u(z), Yz € Q, Vg € G.

We refer to [23] for a discussion of such maps, and to [4, 5] for examples of equivariant
solutions.

An equivariant class is compatible with (1.1) (cf. [20]), if given any p-equivariant map

u, the integrand of (1.2) is invariant by the action of G. Clearly, (2.1) implies that for
every g € G, and x € ), we have

u(ga)| = lu(@)],  Vu(gz) = ulg) o (Vu(x))og™,  [Vulga)l = [Vu(z)],
3



and, letting o(x) = —x denote the antipodal map,
(div)(gz) = £(divu)(z) <= pulg) =g or ulg) = ooy,
(curlu)(gz) = Hewlu)(@) = plg) =g or plg) = v og.

Thus, the anisotropic equivariant classes of (1.1) are detemined by the homomorphisms
@ G — T satisfying

(2.2) VgeG: p(g)=gorpu(g) =cog.

For instance, the solution z +— wvy(z/v/1+ ) of (1.1) (where vy is defined in (1.4)),
is equivariant with respect to the trivial homomorphism ¢ : O(2) — O(2), t(9) = ¢,
Vg € O(2). On the other hand, the solution x + dvi(x/v/1—0) of (1.1) is equivariant
with respect to the homomorphism 7 : O(2) — O(2), such that i(s) = o os for every
reflection s € O(2), and I(r) = r for every rotation r € O(2).

Moreover, we point out that the symmetry constraints introduced in (1.5) are equivalent
to equivariance with respect to the homomorphisms uf, d = —1,-2,... defined below.
For every n =1 —d > 2, we denote by Dy, the dihedral group generated by the rotation
ra, of angle 7/n, and the reflection sy with respect to the x; coordinate axis. Setting

/.le_(So) = 8o, M:l_(rQn) =0 0rg, = I'(zina
py(so) =008, py(ren) =00ry, = e,

we can see that these choices for 1 (sg) and i (ra,) yield homomorphisms i : Dy, —
D,,,, such that ,udi—equivariance is equivalent to (1.5). Actually, the homomorphisms Z,
and ,uj[ (as well as their restrictions to subgroups), are the only nontrivial homomorphisms
satisfying (2.2).

Sy Sz

S1
ptyDy =Dy
So it (se)
iy (s3) nti(sz) it (sy)
Sy Sy reo(sp) o, (s1)
S1
\ [T DL =D,
So oo, (sy)
H ](53)
FIGURE 1. For n = 2 and d = —1, the images by the homomorphisms

pE, Dy — pE(Dy) = Dy of the reflections s; :=risg (i = 0,1,2,3).



S3

St
Sz
nEo(sy) i o (ss)
S5
St
+ +
Sp nZz(s3) 1o (sg)

nia(sz2) wta(sy)

pi: :Dg —» D3

FiGURE 2. For n = 3 and d = —2, the images by the homomorphism

sy Dg — ut,(Dg) = D3 of the reflections s; := risg (i = 0,1,2,...,5).

Examples of ;i }-equivariant maps are u(re?) = f(r)e!P? for any D € d +2(1 — d)Z
and real-valued f(r). The transformation u — iu provides a bijection from uj—equivariant
maps onto i -equivariant maps. We also notice that given a reflection s € Dy, the image
by a ,uf-equivariant map of the reflection line of s, is contained in the reflection line of
uj(s). Figures 1 and 2 show the images by the homomorphisms ,ufit, of the reflections
s; == rh,s0 (1 = 0,1,...,2n — 1), and illustrate why deg(u;0D,) = d mod 2n, for a
ufit—equivariant map u that does not vanish on the circle 9D,..

3. EXISTENCE OF ENTIRE EQUIVARIANT SOLUTIONS

The anisotropic Ginzburg-Landau equation (1.1) is preserved by the transformation
(6,u) — (—0,4u), so without loss of generality we will restrict ourselves to nonnegative
anisotropy 4 € [0,1). Moreover, thanks to the two-dimensional identity Au = V(divu) —
curl®(curlu), we may rewrite (1.1) as

1
(3.1) (1 —6)Au + 26V (divu) = VW (u), W(u) = Z(l — |ul?)?,
with associated energy functional
1—
(3.2) E(u,Q) = / |:(26)|VU|2 +6(divau)? +W(u)|, Jeo,1).
Q

The energy density in (3.2) differs from the previous one in (1.2) by a multiple of the null
Lagrangian 2det(Vu) = (divu)? + (curlu)? — |[Vul?. Note that for all § € (—1,1) the
left-hand side of the system (3.1) is an elliptic operator, for which standard LP and C*
estimates are available. In this section we prove the existence of entire ,udi—equivariant
solutions (that is, satisfying the symmetry constraints (1.5) for n =1 —d) of (3.1).

Proposition 3.1. Letd = —1,—2,... and§ € [0,1). There exists a smooth ,udi—equivariant
solution u: R? — R? of the anisotropic Ginzburg-Landau equation (3.1) such that

2 [ W(u) < wd?,
R2
lu(z)] — 1 as || = 400, and wu is locally minimizing in the sense that
E(u,Dg) < E(u+&,Dg)  for any i -equivariant ¢ € Hy(Dg; R?),

and any centered open disk Dg of finite radius R > 0.
5



Proposition 3.1 is proved by minimizing the energy (3.2) among equivariant maps in
the disk Dpg, with well-chosen boundary condition on dDpg, and letting R — oo. The
boundary condition on dDp is chosen to minimize the energy among S!'-valued maps. For
amap u: S! — S! (identified with its homogeneous radial extension satisfying d,u = 0),
the energy is given by

1—
E(u;S') = / {26&9U|2 + 6(Dpu - €)?| db, ue HY(SYSY).
st

Denoting by H},,(S';S') the class of H' maps from S' into itself that are (15 -equivariant,
we define

The direct method of the calculus of variation ensures that the infimum is indeed attained:
(3.3) C’(fd = E(¢;S")  for some map ¢ € H,,,(S";S"),
and we will use this map ¢ as a boundary condition on the circle 0Dg.

Remark 3.2. The map ¢ can be locally lifted as () = ¢™¥(® and the real-valued H'!
phase 1) solves the Euler-Lagrange equation

D [(1 4 8 cos(20 — 21)))Dgrb] = 0 sin (260 — 240)(Dpr))?,

which ensures that v is smooth (see e.g. [11, Theorem 4.36]). Hence ¢ is smooth, and we
have

Ciy < E(?,S")=nd*, C;,<E(ie'?,S") =nd,
because the map e’ (resp. ie'®) is ,u; (resp. p) equivariant but does not satisfy the
Euler-Lagrange equation.

Proof of Proposition 3.1. By the direct method of the calculus of variations, for all R > 0
there exists a pu3 -equivariant map ur minimizing (-, Dg) among all ,u;lt—equivariant maps
u € H*(Dg;R?) with boundary condition

u(Re) =¢(#) VO ER,

where ( is defined in (3.3). The map ug is a weak solution of the elliptic system (3.1),
VW (ugr) € L?(Dg) and ( is smooth, hence from standard elliptic regularity theory (see
e.g. [12, Theorem 4.14]) we have that u € W%2(Dg). By Sobolev embedding this implies
u € C*(Dg) for all @ € (0,1), and bootstrapping Schauder estimates (see e.g. [12,
Theorems 5.20, 5.21]) one deduces u € C*°(Dg). In particular ug is regular enough, up
to the boundary, to derive Pohozaev’s identity (see Section 5)

2 W)= /Sl [1g5|39(|2 +6(0C - 69>2]

Dr

- R {M(&.u . 67,)2 + 17_5(37@ . 69)2]
ODn 2 2
1-6 9 9
< 5 106CI" +0(36C - e0) |,
Sl
and therefore
(3.4) 2 | Wl(ug) < Cyy,
Dgr

by definition (3.3) of ¢.



Fix 7o € R? with |z9] < R — 2 and a cut-off function € C°(Da(xg)) such that
1D, () £ N < 1p,(a) and [V < 2. Multiplying the equation (3.1) satisfied by ur by
n?ugr we obtain

u—®/° vﬂWmPsa+&»/ 0Vl fur] Vg
D3 (z0) D> (xo
+1/ 7 |furl® — 1| Jurl?
D2 (CEQ)

1 A
<oq0+30) [ VP [ vaPluf
Dy (IO) Da(xg

+ / (43 (ug) + 2 () )
DQ(ZEo)
for any A > 0. Choosing A = (14 3§)/(1 — 0) we deduce

1+30
[l < T [ 9un
DQ (CEQ) - D2 (iL‘O)

1 1
+1—6/D?<10) (43 (ur) + 200 (up) )

<1 <c+c W(uR)),
1-9 or

for some absolute constant C' > 0. Thanks to the uniform bound (3.4) we deduce that up
is bounded in H!(Dy(z0)), and as a consequence VW (ug) is bounded in L?(D;(z0)), uni-
formly with respect to R > 2 and xg € Dg_5. From elliptic L? estimates [12, Theorem 4.9
this implies that upg is bounded in W%2(D;(z0)) C C*(D1(z¢)) for any a € (0,1), and
by Schauder estimates [12, Theorem 5.20] in C?%(D1(xy)), again uniformly with respect
to R > 2 and zg € Dr_s.

By Ascoli’s theorem and a diagonal argument we may therefore extract a subsequence

R — 400 such that ug converges in CL _(R?*; R?) to a solution u € C*°(R?;R?) of (3.1). By

construction, u is ,uf-equivariant, and thanks to (3.4) it satisfies 2 [, W(u) < C’gfd < md?

(cf Remark 3.2 for the last inequality). The finiteness of the potential energy [, W (u),
together with the uniform continuity of w (thanks to the above uniform elliptic estimates
in D (x0) for any ¢ € R?), implies that lim| |00 |u(z)| = 1. Finally, for any R > R >0
and ,uzlt—equivariant ¢ € HY(R?;R?) with support inside Dr we have

E(u; D) — E(u +¢&; Dr)

= E(w; Dg) — E(ur; Dr) + E(ur + & Dr) — E(u+ & Dr)

+ E(ur; Dr) — E(urr + & Dr)

< E(u; DR) — E(UR/; DR) + E(UR/ + f; DR) — E(u + g;DR),

where we used the fact that up is minimizing and £ = 0 in D \ Dg. The right-hand

side converges to 0 as R’ — oo, since ups — u in C1(Dg). This proves the minimizing
property of w. (I

4. THE DEGREE AT INFINITY IS EQUAL TO d FOR SMALL ANISOTROPY

So far we have constructed, for any § € [0,1), an entire solution u of the anisotropic
Ginzburg-Landau equation (3.1) with finite potential energy [, W(u) < oo, whose degree
at infinity do = deg(u;dD,.) for r > 1, is of the form

dew =d+2(1 —d)N for some N € Z,

7



as explained in the introduction. Because d < 0, among all possible values of d., the one
with lowest absolute value is precisely d. In this section, we use this to conclude that,
provided the anisotropy ¢ is small enough, d., must in fact be equal to d.

Proposition 4.1. Let d = —1,—-2,..., 6 € [0,1) and u be a ufit—equivariant, locally
minimizing solution of the anisotropic Ginzburg-Landau equation (3.1) as described in
Proposition 3.1. Then
5 ) . 2—2d 2
deg(u, D,-)deOT‘T>>1, Zf0§5<50(d)=m1n m,ﬁ—
Proof of Proposition 4.1. The proof is a direct combination of Lemma 4.2, Lemma 4.3
and Lemma 4.4 below. Specifically Lemma 4.2 provides a lower bound

lim inf 7E(u, Dr)

R—o0 Tin

> (1 - 6)d§o7
while Lemmas 4.3 and 4.4 provide, in two steps, the upper bound

i int £ Dr)

R—o0 mln R

whenever 0 < 4§ < 2/ V3 — 1. Therefore we must have
(1= 8)d2, < (14 38)(d* + |doo — dJ),

< (1436)(d* + |doo — dI),

that is,
%, — d? — |dso — d
0> :
T 3d? + 3|do — d| + d2,

This implies do, = d as soon as

a2 — d? — |dog — d|
d < 6.(d) = inf x s )
(4) dme(d+21(1117d)Z)\{d} 3d? + 3|deo — d| + d%,

To compute d,(d) we let doo = d + x and consider the function

f() (d+2z)?—d?— |z 2% + 2dx — ||

whose derivative satisfies

T 3d2+ 37|+ (d+2)2 22+ 2dx + 37| + 4d2’

Ad+)2d* —d+x) ifz>0,
2 2\2 p/

+ 2dx + 3|x| + 4d =

(x T \:c| ) f(:L‘) {4(d—|—1‘)(2d2+d_$> if x <0.

In particular we have f/(z) <0 for 2 < —2(1 —d) and f'(x) > 0 for z > 2(1 — d), so
)= it fe) = min(f(=2(1 — d)), f(2(1 - )))

z€2(1-d)Z\{0}

2—2d
= f(2(1 — = .
el 9)) 4d? + 10 — 10d
We conclude that doo = d whenever ¢ < do(d). O

The rest of this section is dedicated to the proof of Lemmas 4.2, 4.3 and 4.4. The first
is a classical lower bound simply using the fact that u has degree d., at infinity and the
energy is larger than (1 — §) times the isotropic Ginzburg-Landau energy.

Lemma 4.2. Let § € [0,1), u: R? — R? be a smooth map and Ry > 1 be such that
lu| > 1/2 on 0D, and deg(u; 0D, ) = doo for all 7 > Ry. Then

E(u,Dp) > (1 = §)md2 m R+ O(1) as R — .
8



Proof of Lemma 4.2. We follow Jerrard’s argument [15] (see also [21]). For |z| > Ry we
may write u = pv with p = |u| and v = u/|ul, and deduce
1-9 2 N2
T|Vu| + 6(divu)® + W(u) > 572
> 1o —
— 2r2 2r2
Letting h = max(1 — p,0), we have p> > 1 — 2h and the above implies
1-— 1-— 1-96

0 2 . 2
PR A V/ ‘/‘/ > _
B | u| + 6(d1V U) + (U) (1 2h) 27‘2 27"2

Integrating on 9D, for some r > Ry this implies, since deg(v) = doo,

/aDT (1;5|V“|2 + 6(divu)? + W(u))

0
|Opul® + W (u)

1) 1
|0op|” + 1(1 - p)>.

1)
p*|0pv]? +

)
|0gv]* +

1
|0ph|? + Zh?

1 1—6 1
4.1 > (1 — 2(1=2 24 Zp?
(4.1) > (1= d)mda( hm(r>)+/m ( 5o [0ohl? + o )

where e, (1) = maxgp, h = h(Tmas) for some T4, € OD,. To bound the last term
from below we set

1
7T=3 |89h|27
™ Job.,

so that by Morrey’s inequality we have

h 2
h(zx) > ";‘” Va € D, with |z — Tpag| < c—29E
¥

for some absolute constant ¢ > 0. We deduce

1-6 1 1-6 hZ
ahQ *hQ > : mazx h2
/aDT(WlG "+ )‘ 2 7+cmm<r’ v ) e

for a possibly different absolute constant ¢ > 0. Since r > Ry > 1, we deduce

1-6 S , 5 . 1-6 hi
z > - - Cmaz
/BDT ( 5,3 |Oph|” + 4h ) > min (chmam,;gfo 5 Y+ S
> cv 175h72nax7

again for a possibly different absolute constant ¢ > 0. Coming back to (4.1) we deduce

/(,)DT (126%2 4 5(divu)? + W(u)>

> 1(1 —0)md?, —2(1 — 5)7rd§thm(r) + V1 = 6hpar(r)?
r

,
1 h
> —(1 - 8)wd>, + inf {C\/l —6h* —2(1 — 5)7rd§o}
r h>0 r
1 d?
> —(1—8)md:, —c—=
2 —(1=d)mdy — e,

for a possibly different absolute constant ¢ > 0. Integrating over r € [Ry, R] implies

E(u,Dgr\ Dg,) > (1 — &)md> 1n£—c&
s R Ro) Z fore) RO RO

and proves the lower bound. O

for all R > Ry,



Lemmas 4.3 and 4.4 are dedicated to obtaining a similar upper bound on the energy of
u. The first step is to show that the energy cannot increase faster than logarithmically.
In the isotropic case § = 0, such logarithmic energy bound is valid for any solution
(not necessarily minimizing) with finite potential energy, as follows from the estimates in
[7], which however rely very much on the isotropic structure of the equations and seem
unapplicable here. Here we show logarithmic energy growth provided § is not too large,
by constructing appropriate comparison maps and using the minimizing property of our
solutions.

Lemma 4.3. Letd = —1,-2,..., 6 € [0,1) and u be a ui-equivariant solution of the
anisotropic Ginzburg-Landau equation (3.1) described in Proposition 3.1. Then

i inf £ Dr)

2
j <5< — 1.
im ini R < 00, provided 0 < § < 1

V3

Proof of Lemma 4.5. Let
f(R)= RE@OD),  g(R)=R [ (1-WPP  o(R) =su 1.
dDg dDg
There exists Rg > 2 such that for R > Ry we have o(R) < 1/2 and may write
u=apel@=0¢) in R?\ Dg,
for some real-valued smooth functions p = |u|, ¢ in R? \ Dg,, and

1 ifuis ug—equivariant,
o =
¢ if u is p  -equivariant,

and do, = d modulo 2(1 — d). The ,udi—equivariance of u translates into
p(e'™72) = p(2) = p(2), ¢ ('T72) = 0(2) = p(2).

For all R > Ry we have, with the notation 9, = eg - V = 719y,

d 2 1
R/ o, 2+<°C+aT) giR/ .,
aDR( 2 R 4 (1-0(R))? BDR‘ |

hence, for any 7 € (0,1), using 2R 1d. 0, < n " R™2d2, + 1 (0, ¢)?,

1 1
R 9,0)% + (1 —n) (0, 2giz%/ 37u2+27r(1+>dgo.
3DR( p)” + (1 =) (9-¢) 1=o(R)? aDRI | ;

From Pohozaev identity (see Section 5)

1 1 1 1
R i5(8711 eg)? + 75(8771 cey)? = R/ i5(37u cep)? + J(&u -eg)?
oDn 2 2 8Dn 2 2
+2 W(u) — R W(u),
Dr DR
we deduce

146 2
R/ aTu2g—/ ohul? + —— W (u),
e e B g LD

10



and therefore

(4.2) O—UXP—NRD%%QD(&M2+@%@2

1 1-6 /1 2 4
<t awﬁ+5(‘”R/ wmﬁ+/tww)+”ﬁa
2 ODg 2 1—6 8DR 1—5 R2 n

4
- —R/ Vul?+ [ W)+ —d?,
DR R2 n

146 A o
< ° W il 3
st [ we s T,

We define real-valued functions v, h in Dp solving
Ay =0in Dgr, 1 =y on 0Dg,
Ah=0in Dg, h=1-—pon dDg.

From Poisson’s formula
1 27\'

w(mia) _ Z n (L)In‘ einO’ Cn = — g0(1%62'0)672'7%6 do,

2 0

we deduce

/\wW:%EJMMF
Dr
< 271'23712|cn|2 = R/ (0:0)2,
o

Dgr

and similarly

/ WWSR/ (0",
DR 8DR
2 R 2
[ weg [ a-pr<om)
Dn 2 Jopg

Moreover thanks to the maximum principle we have |h| < o(R) in Dg. And by uniqueness,
the harmonic extensions &, have the same equivariance as p, . Therefore we obtain a
u;t—equivariant map @ in Dp agreeing with v on dDg by setting

doo 041))

@ = o min(r,1 — h) el in Dp.

Denoting by ¢ a generic absolute positive constant (whose value may change from line to
line) we have

/ Va2 < fdgolnR+/ \Vh|2+(1+a(R))2(1+n)/ V4|2
Dr n Dr Dr

g%&mR+O+diﬂ+mR (0-p)% + (Orp)?
8DR
c (14+0(R)?1+nl1+46
e T O E e AR ML

where we used (4.2) for the last inequality. Moreover we have

W (a) §c+c/ h? < c+cg(R),
Dr

11
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so we deduce
1436

B(u Dn) < B p) < 52 [ vil+ [ wia
Dpgr Dgr

1(1+a(R))* 147 (1+0)(1+39)
2(1-0(R))?1—n 1-9
for any R > Ry and n > 0. Setting

IN

F(R) + %dio MR+ [ W(u) +cg(R),
R2

f(r) + 2cg(r) ar.

r

R
F(R) = E(u; Dg) + 2¢ W(u) = /
Dr 0
we obtain

(4.3) F(R) < c.(R)RF'(R) + %dgo InR+3c [ W),
RQ

(14+0(R))?>1+n(1+0)(1+30)
(1-0(R))?*1—n 1-9¢ '
Multiplying by u the equation

(1 —6)Au + 26V(divu) + (1 — |ul*)u =0,

c«(R) =

N |

and using that u, Vu € L> and 1 — |u|?> € L? we infer that R + E(u; Bg) grows at most
linearly, and therefore

F(R)

(4.4) lim sup ——+ < oo.

R—o

We claim that this linear growth estimate and the differential inequality (4.3) imply that

.. F(R) . (140)(1+ 30)
(4.5) lgrigéf R < 0o, provided — 15
Assume by contradiction that liminf F(R)/In R = oo and that (1+6)(1+30)/(1—9) < 2.
Thanks to the latter we can choose 7, R1 > 0 so that ¢.(R) < 1 for all R > R;. And
since liminfr_,oo F(R)/In R = co we may further increase R; and deduce from (4.3) the
inequality

< 2.

F(R) <¢RF'(R)  for some é € (0,1) and all R > Ry,

But this implies that the function R ~ F(R)/R'Y¢ is ultimately nondecreasing and
thereby contradicts (4.4) because 1/¢ > 1. The conclusion follows from (4.5) since
E(u; Br) < F(R). O

Thanks to Lemma 4.3 we now have a logarithmic bound on the energy, and we may
perform a sharper construction to obtain a more precise upper bound.

Lemma 4.4. Letd=—1,-2,... and u: R2 = R? be a uf-equivam’ant map which locally
minimizes the energy E(u, Dg) as described in Proposition (3.2) and such that
E(u, DR>

liminf === < o0

Then
.. .E(u,Dg)
1 f——
Foee  InR

where do = deg(u; 0D,.) for large enough r > 0.
12
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Proof of Lemma /.4. The proof follows an argument by Shafrir [24]. By assumption we
may fix a finite C, > liminfr_, o E(u, Dr)/In R, and there exists a sequence Ry < Ry —
400 such that

Cy
<=

E(u; 3DRk) )

On 0Dpg, we have 1/2 < |u| < 3/2 and deg(u;0Dg,) = dw, S0 we can write u =
apy(0)e!@==0+¢k) for some real valued H' functions py, @r, where we take o = 1 if u is
/g equivariant, and o = 4 if w is p; equivariant. Equivariance of u translates into

pr (€'T72) = pr(2) = pr(2),  @n (€'T72) = u(2) = ¢u(2) Vz € ODp,,
and we have, denoting 9, = eg - V = 710,

R [ (@ul + o) S Ot = Cn
3DRk

Since ¢y, is determined modulo 27 we may moreover assume the pointwise bound |pg| <
1+ Cy«. Define a ,ufl[-equivariant map @ = ape’@=9) in Dp \ Dg,, /2 by setting

p=14 I ), () 1)
¢ = %‘Pk(a)

With that definition, we have % = u on dDg, , @ = ae’>? on ODg, /2, and

E‘(ﬁ;DR,C \DRk/Q) ,S 1 + C**

For small £ > 0, it is possible to construct a map u.: D1/ — R2 which is ,uf—equivariant
with u, = aet@=? on 0D,/ and such that

1-6 1
E.-(uz: Dy o) ;:/ TP+ S(div ) + W)

Dyyo
) 1
< (1+36)7 (d° + |doe — d]) In -+ 0(1)

as ¢ — 0. To give a sketch of u.’s construction, let NV > 0 be the unique nonnegative
integer such that

doo —d=2(1—-d)oN, o€ {£1}.

Then fix N circles with radii \; = 7%, j = 1,..., N, and construct u. by putting one
vortex of degree d at the origin, and 2(1—d) vortices of degree o equally spaced along each
circle 9D, , in a way that respects the uf—equivariance. Such configuration will satisfy
the claimed energy bound on u.. We perform the explicit construction in Lemma 4.5 in
the ,uj—equivariant case and for ¢ = +1, the other cases being similar.

Finally, setting @(z) = u.(ex) for |z| < R/2 and € = 1/Ry, and combining this with
the construction of % in Dg, \ Dg, /2, we obtain a y -equivariant map @ in D, such that
@ =u on 0Dpg, and

1 ~ 2
and the minimizing property of v implies the same bound on E(u; Dy, ). O

13



Lemma 4.5. For any integers d < —1, N > 0 and D = d + 2(1 — d)N, there exist
g0 = e0(d, N) > 0 and, for 0 < e < 9, a u -equivariant map u. : Dyjy — R? such that
u((1/2)e?) = eP? for all € R, and

1, 1 , 1
AW<JWM4€JW%0§wM—%D—mm€+Q

for some constant C depending only on d, N.

Proof of Lemma 4.5. If N = 0,i.e. D = d, we may simply take u.(re*?) = min(2r/e, 1)e?,
hence we assume N > 1.

For j = 1,...,N we define radii \; = j/4N, and will construct u. with a vortex of
degree d at the origin, and 2(1 — d) vortices of degree 1 equally spaced along each circle
dD),;. These degree 1 vortices are centered at

zjp = eFTa), k=0,...,201—-d)—1,j=1,...,N.

We fix a small radius p = p(d, N) > 0 such that the disks D3,(0), D2,(z; ), are mutually
disjoint. In the set

w:=D,(0) U JD,(xjr),
3.k
we define u. by setting
ue(re?) = min(r/(pe), 1) €',
ue(xjp +re?) = (—1)% min(r/(pe), 1) e,

for all 7 € [0, p). Then wu. is yf-equivariant in w, and
1 1
/ <2|Vu8|2 + €2W(u5)) < (d*+|D—dl) 1n§ +C(d, N).

Since the trace of u on Ow is smooth and S!-valued with
deg(uz,0D,(0)) + Y _ deg(uc,dD,y(z; 1)) = d +2(1 — d)N = D,
Jik

there exists a smooth map w,: Dy /5 \w — S! such that u, = u. on dw and u.((1/2)e") =
e'P?  Moreover, choosing this map u, minimizing the Dirichlet energy among S!'-valued
maps with these boundary conditions ensures that u, is /ij—equivariant, because the
boundary conditions are equivariant and the minimizer is unique [6, § 1.2]. Hence, set-
ting ue = u, in Dj/o \ w we obtain a /iji'—equivariant map satisfying the conclusion of
Lemma 4.5. (]

5. THE STRESS-ENERGY TENSOR AND POHOZAEV IDENTITIES FOR ANISOTROPIC
GRADIENT SYSTEMS
Let Q C R? be an open set. We consider the system
(5.1) Au + 8V (divu) + § curl* (curlw) = VW (u), u = (u1,us) € C*(Q;R?),
with W € C'(R% R), and § € R. Equation (5.1) can be written as a divergence-free
condition, that is,
(5.2) divT = (Vu) " (Au+ 6V (divu) + 6 curl* (curl w) — VIV (u)) = 0
for the stress-energy tensor

T(u, V) = ( %i %2 >

14



with

1 1 5 )
Ti1(u, Vu) = §|81u|2 — §|32u|2 + i\Vu1|2 - 5‘VU2|2 - W(u),
Ti2(u, Vu) = O1u - Ogu + §Vuy - Vug + 0(divu)(curl u),
T51(u, Vu) = 01u - Ogu + 6Vuy - Vug — 0(div u)(curl u)

1 1 5 5
Too(u, Vu) = §|82u|2 - §|(91u|2 + §\Vuz|2 - i\Vu1|2 — W(w),

where - stands for the Euclidean inner product. Condition (5.2) is an algebraic fact that
follows from a long, but otherwise not difficult computation. In the isotropic case where
0 = 0, the stress-energy tensor reduces to the symmetric matrix (cf. [1, Section 3.1] or
[22, Section 5.1]):

T(u, Vu) =

1 [ 10wuf* —|0ul® — 2W (u) 201u- Dau
2 201u- Do |Ogu|? — |Oyul? — 2W (u) )~

Proceeding as in [1, section 3.6], we are going to derive Pohozaev identities for (5.1), with
the help of the stress-energy tensor.

Proposition 5.1. Let Q C R? be an open set, let Dr(xo) be an open disc of radius r
centered at xq, such that D,(zo) C Q, and let u € C%(Q;R?) be a solution of (5.1), with
W € CHR?%R). For every v = xo + 7€, we denote by (e, eq) the orthonormal basis
(€9, ie®), and by O, (resp. O, ), the partial derivatives with respect to the vector e, (resp.
69).

Then, we have

(5.3) Q/D,(x )W(u) = r/ap,. (W(u) + 1;2”5(8” o) + 17_5@% : er)2>

1446 g 1-96 9
-7 —(Oyu-e.) "+ —(Opu-e ,
/{)DT< 9 ( ) 5 ( 9))
and

(5.4) 26 (divw)(curlu) = r/

(((5 div u)(curl u)
Dy(x0) D,

—8(V(u-e)) (V(u-ep)) — Oru- afu).

Proof. Without loss of generality we take zyp = 0. We derive (5.3) (resp. (5.4)), by
applying the divergence theorem to the vector fields X = (21711 + x2T%1, 21112 + x2T52)
(resp. Y = (—x2T11 + 2111, —x2T12 + 21T52) in the disc D, (zg), where we have set
x = (x1,22). In view of (5.2), one can check that div X = Tj; + Ths = —2W (u), while
divY = —Ty9 + To; = —26(divu)(curlu). Moreover a long but otherwise not difficult
computation gives:

X x= —’r‘2 (W(u) + 174»§(87—’U, . 69)2 + 1%5(87'” : 67’)2
146 1-46
— T(aru . 67-)2 - 7(87'/“' ! 69)2)?

and

Y.z =—r? (5(divu)(curlu) —0(V(u-er)) - (V(u-eg)) — Oru - 3Tu>.

15
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