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Abstract

We prove that a BV map with values into the projective space RP? ! has a BV
lifting with values into the unit sphere S*~! that satisfies an optimal BV -estimate. As an
application to liquid crystals, this result is also stated for BV maps with values into the
set of uniaxial @-tensors. In order to quantify BV liftings, we prove an explicit formula
for an intrinsic BV -energy of maps with values into any compact smooth manifold.
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1 Introduction

For a vector n € S*! in the unit sphere in R? (d > 2), we denote by [n] the corresponding
element of the projective space RP4~! = S )7, ie.,

[n] = {#£n}.

Let Q@ ¢ RY (N > 2) be an open set and u : Q — R? be a Lebesgue measurable map such
that u(z) € RP! for a.e. z € Q. We call lifting of u (or orientation of u), any Lebesgue
measurable map n : Q — R¢ such that

u(z) = [n(z)] and n(z) e ST for ae xeQ.

The following question naturally arises (motivated in particular by the theory of nematic
liquid crystals, see e.g. [3, 4, 5, 18]):

Lifting question. If u has some regularity, is there a lifting n of u with the same regularity?
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For example, if Q is simply connected and u is continuous (respectively, u € C*(€; RIP’dil)
for some k € NU {oo}), then it is well known that n can be chosen to be continuous (re-
spectively, n € CF(Q;S%1)), see for example [13, p. 61, Prop. 1.33]. Moreover, in these
cases, only two choices of lifting n are possible, i.e., {—n,n}. The answer is more delicate
in the framework of Sobolev spaces WP, If p > 2, then a map u € Wl’p(Q;RIF’dfl) has ex-
actly two liftings n and —n belonging to W1?(Q;S%!) provided that 2 is simply connected;
however, if 1 < p < 2, there exist maps v € W'P(Q; RPY"!) that do not admit any lifting
n € WHP(Q;S%1) (see [6] and Section 2 below).

The aim of this article is to give a positive answer to the Lifting question in the framework
of BV maps together with an optimal estimate of a BV lifting. For an open set Q c RV
(N > 2) and any compact Riemannian manifold A isometrically embedded in R” we consider
the nonlinear space BV (€; V) as the set of maps u € L} (€;RP) such that u(z) € N for
a.e. ¢ € ) and the differential Du is a finite Radon measure. We will systematically use the
decomposition of the RP*N_valued measure Du into its absolutely continuous part D%u, its
Cantor part D and its jump part DJu:

Du = D% + D + D'u, D% =Vul”, Diu=@u"—u)vH 1 J,.

Here Vu, the density of D®u with respect to the Lebesgue measure £V, is called the approxi-
mate gradient of u, the set J, C Q is the (N — 1)-rectifiable jump set of u that is oriented by
the unit vector field v, and u* are the traces of u on J,, with respect to v. The three measures
D%, D°u and D7y are mutually singular. The part of Du that does not involve jumps, i.e.
Du = D%+ DCu, is called the diffuse part. We say that v € SBV if u € BV and the Cantor
part vanishes, i.e., D = 0 in €.

Remark 1.1. The above definition of the nonlinear space BV (2; N') does not depend on
the choice of an isometric embedding N' € R”. However, it is important to note that the
resulting seminorm |u|g,, = [Du|(2) does depend on the embedding, through the way it
measures jumps. To be more specific, let us consider two isometric embeddings ®,: N — R
(¢ = 1,2). The diffuse part of the seminorm does not depend on the embedding: the total
variations of D*[®,(u)] and D¢[®y(u)] satisfy

|D[®1(u)]| = |D*[®2(w)]] and |D[Pi(u)]| = |D[®2(u)]| as measures in 2 (1)

(see Lemma A.1 in the Appendix below). The jump set J,, is also independent of the embed-
ding, but the total variation of the jump part is given by

‘Dj[CI)g(u)H = |®y(ut) - @g(u_)}’HN_l |J, as measuresin 2, (=1,2.

In other words, the cost of a jump between uy and u_ is |®p(ut) — ®(u™)| (where |-| = |- |gp,
denotes the Euclidean distance in R?¢), which need not be the same for £ = 1,2. As an
example, consider the circle N' = S! and u4 = (£1,0) two opposite points on the circle. For
the standard embedding S' C R? the cost of a jump between u™ and u™ is [u™ — u™|g2 = 2.
However, any smooth injective curve v: S ~ R/27Z — RP with |y (t)|gp = 1 provides an
isometric embedding of S! into R and the cost of such jump is |y(0) — v(7)|gp, Which can
be any arbitrary number in (0, 7). In this context, one could also wish to measure jumps in
the geodesic distance which yields distgi (u*,u™) = 7 as the cost of this jump.

The answer to the Lifting question in the framework of BV maps is positive:



Theorem 1.2. Let Q@ C RY (N > 1) be an open set and u € BV (Q;RP1). Then there
exists n € BV (Q;S%1) such that u = [n] a.e. Moreover, in the case of a bounded Lipschitz
open set Q, if ng € L'(0Q;S¥™1) is a prescribed “lifting” trace at the boundary, i.e., u = [ng]
HN"1a.e. on ORQ, then there exists a liftingn € BV (2;S%1) of u such thatn = ng H¥ '-a.e.
on 0NQ2.

The main point of our article is to prove optimal BV -estimates of liftings using a method
based on fine properties of BV maps. We underlined in Remark 1.1 that the total variation
of the diffuse part of Du (i.e. the part Du that does not involve jumps) does not depend
on the choice of an embedding. This intrinsicality extends to the choice of a BV lifting n of
u € BV(Q;RIP’d_l), i.e., the total variation of the diffuse part of Dn is independent of the
lifting;:

Proposition 1.3. Let Q C RY (N > 1) be an open set and n € BV (Q;S%1). Set u = [n] in
Q. Then u € BV(Q;RPY) and the total variations of the diffuse parts of Dn and Du are
related by

|D| = |D%u|, |D°n|=|D| as measures in Q. (2)

N—-1
St

These equalities also hold for the partial derivative measures in any direction w € i.e.,

|Dén| = |D%u| and |DEn| = |DSul| as measures in .

This has interesting consequences regarding function spaces that are useful in the modeling
of liquid crystals [3, 5].

Corollary 1.4. Let @ ¢ RN (N > 1) be an open set. If u € SBV(Q;RP*1), then any
BV lifting n of u belongs to SBV (Q;S* 1. If in addition, u € WHP(Q;RP™1) for some
p > 1, then any BV lifting n of u belongs to SBVP(Q; S 1) and the approzimate gradient of
n satisfies |Vn| = |Vu| € LP(Q), while the traces of n satisfy n* = —n~ H¥N"'-a.e. on J,.

We highlight the fact that € is not necessarily simply connected in our results (in partic-
ular, in Corollary 1.4); therefore, our result covers also the case of maps u € WP ((Q; R]P’d_l)
that do not need to have a lifting n € WP (€;S1) even if p > 2. This provides a general-
ization of Proposition 4 in [5].

We are actually interested in a more precise version of the above Theorem 1.2, with optimal
BV -estimates of liftings. As BV (Q; V) is a nonlinear space, it does not make sense to consider
a seminorm. We will rather call BV-energy a quantity that is the nonlinear equivalent of a
BV seminorm. More precisely, we consider the following two cases:

e On the one hand, a natural choice is to use an intrinsic BV -energy (see (4) below): mea-
suring jumps in terms of the geodesic distance on both S*! and RP?! induced by the
Riemannian structure. Such BV-energy is independent of the choice of an embedding.

e On the other hand, the physical motivation of our problem provides us with at least
one other natural BV-energy coming from the seminorm induced by the choice of an
embedding: in liquid crystals, the projective plane arises naturally as embedded into
the linear space of so-called Q-tensors (which are symmetric traceless d x d matrices).
That is why we will also pay special attention to the isometric embedding of RP?~! into



d x d matrices given by !

1
®:[n] e RPL i —n@n e R (3)

V2

Here we naturally use for the target manifold S¢~1 of liftings the standard embedding
S%1 = {|z| = 1} C R? where |-| is the Euclidean norm in R¢.

Next we present our results in the two aforementioned cases: first, when the BV-energy
measures jumps in geodesic distance; second, when the jumps are measured in Euclidean
distance.

1.1 Measuring jumps in geodesic distance

In the case N' = S?~!, we denote by distga—1(n, m) (or simply, dist(n,m) when N is implied
by the context to be S¥~1) the geodesic distance between n,m € S?~! with respect to the
canonical Riemannian metric, which is the one induced by the usual isometric embedding
S%1 ¢ R%. The induced distance on ' = RP?~! is then given by:

distgpa—1([n], [m]) = distgi—1(n, m) A distga—1(—n,m)
= distga-1(n,m) A (7 — distga-1(n,m)), for any n,m € S

where a A b denotes the minimium of two real numbers a,b. Within these notations, we
introduce the following BV -energy for u € BV (€; ) defined on an open set Q C RV (Q is
always endowed with the Euclidean norm |- | = | - |gn): 2

. distpar(u(z), u
[u| gy ar = liminf. o // w (u(z) (y))ps(\x —y|) dxdy < o, (4)
’ OxQ |z — |

where {p:}e>o is a family of radial nonnegative mollifiers satisfying,

pe >0, /N pe(lz])dr =1, lim pe(|z]) dz = 0, Vh > 0. (5)
R

e—0 lz|>h

Intrinsic BV -energies of type (4) have been introduced by Korevaar and Schoen [15]. If we
consider an isometric embedding ' C R and the open set € is bounded and Lipschitz, the
BV-energy (4) of u can be expressed in the following way: |ul pv.n Tepresents the average
over all directions w € SV~ of the total variation of the partial derivative measure D u of
u in direction w € SV~! where the jump cost is given by the geodesic distance in N. This
is valid for every compact manifold N. (This averaging formula relies strongly on the radial

symmetry of mollifiers in (5)).

L If @ is the embedding (3), then |D®([n])v|gaxa = %m ® v+ v @ nlgaxa = |v|ga for every n € $*7! and

ve TSt~ T[H]RIP’d_l, which proves that ® is indeed an isometry.
2Tt is known that the liminf in (4) is equal to the corresponding limsup as proved by Korevaar and Schoen
[15] (see also Theorem 1.5) in the case of a bounded Lipschitz domain .



Theorem 1.5. Let Q C RN be a bounded Lipschitz open set, N be a compact smooth Rie-
mannian manifold isometrically embedded in RP and v € BV (4 N). For any family of radial
nonnegative mollifiers {pe teso satisfying (5), the liminf._,q in (4) is equal to the correspond-
ing limsup._,o and this limit is given by

|U|BVN:/7[ |un|d’HN_1(w)d1:—|—KN|Dcu|(Q)+KN/ distN(u_,u+)d’HN_1, (6)
’ QJSN-1

u

where V,u = (Vu)w stands for the approzimate derivative of w in direction w € SN71,

Kn :][ w - e]dHY " (w)
SN-1

1
for any e € SN1 and the average is denoted by ]éN_l = W /SN_J
This implies in particular that (4) is independent of the mollifying family {p.} with (5).
Note that our BV-energy (6) is different from the one considered by Giaquinta and Mucci
[12] (see also [11, Section 6.2.2] when N = S!).
Our main result concerning the geodesic case is the following:

Theorem 1.6. Let Q C RN (N > 1) be an open set. For anyu € BV (; RPI™Y), there exists
a lifting n € BV (Q;S%71), d.e. u=[n] a.e. in Q, with

In|pyga-1 < 2Jul gy gpa-1- (7)
Moreover the constant 2 is optimal if N > 2.

Our results hold also in dimension N = 1, but they do not provide the optimal constant.
That is why, in Section 5, we will present a different method in estimating BV liftings in the
case of dimension N = 1 for an interval Q) C R; this method will lead to the optimal constant
equal to 1 of the BV-energy of a lifting in (7). In fact, no additional jumps appear for optimal
liftings n of w on intervals 2 C R, that is why the optimal constant is less than in dimension
N > 1.

1.2 Measuring jumps in Euclidean distance

We endow S9! ¢ R? with the global distance corresponding to Euclidean distance in R?, and
interpret n € BV (€;S%1) as a map n € BV (Q; R?). We denote by ]n!BV’Rd the corresponding

seminorm, i.e. the total variation norm of Dn as a R¥™*N-valued measure:

7| gy ga = sup { / n-divedz : @ € CLH(Q,RPN) o= < 1}
Q

= / |Vn|dx + |Dn|(Q) + Int —n"|ga dHN L,
Q J7L

where the Euclidean distance is used to measure the jumps of n.
We identify RP! to a subset of R¥*? through the physical embedding (3), i.e., ®([n]) =
%n @n for all n € S, so that RP?~! is endowed with the global distance corresponding to



Euclidean distance in R%*¢, Then we interpret u € BV (Q; RP?1) as a map u € BV (Q; R4*9)
through the physical embedding (3), and denote by |u[gy gaxa the corresponding seminorm,

i.e. the total variation norm of Du as a R¥4*N_yalued measure

|U|BV,]RdXd == / |VU| Cll‘ + |Dcu|(Q) + / |'LL+ — U7|Rd><d dHNil,
Q Ju

where the cost of a jump between ut = [n*] and w~ = [n~] is given by
’UJF_Uilexd = L|n+®n+—7f<§§>rf|Rdxd. (8)
V2

Our main result concerning the Euclidean case is the following:

Theorem 1.7. Let @ C RN (N > 1) be an open set. For any u € BV (Q;RP*™1), there exists

a lifting n € BV (;S%71), d.e. ®(u) o) %n ®n a.e. in Q with
2 .
lsa < (14 2) (100 + D)) + V. [ [0l de )
Q

where C*(N,d) > 1+ 2/m, with equality if d = 2 or N = 1. In particular, for d = 2 and
N > 1 it holds

2
In|gyge < (1 + 7r> |u| py 2x2s
and the constant 1 + 2/x is optimal if N > 2.

Remark 1.8. In the proof of Theorem 1.7 we will in fact consider general embeddings
RP?~! ¢ RP. This has the effect of modifying the constant appearing in inequality (9)
in front of the jump part LDj u}, and it will turn out that the physical embedding (3) provides
the optimal constant 1+ Z. Hence, while this choice of embedding was motivated by physical
reasons, our result shows that it also stands out at the pure mathematical level.

Remark 1.9. For N > 2, the constant C%(N,d) that we obtain in the proof of Theorem 1.7
is strictly greater than 14 2/7 if d > 2, but we believe that this is a limitation of our method
and that the optimal constant should be 1+ 2/7 independently of d. However, we will prove
in Proposition 4.3 that the optimal constant is 1 + 2/7 (independently of d and of N > 2) if
the total variation is given by an averaging formula similar to | - |gy.ar, i.€.,

llallpvgocs = £, | 1Dl 1Y) (10

_/][ \un|dHN_l(w)derKN\DCuKQ)+KN/ = 0 [gara AHN
QJSN-1 Ju

where D,u is the partial derivative measure of u in direction w € SN¥~!. The difference
between |||ul|| gy gaxe and |u| gy ppa-1 lies in the jump cost: Euclidean distance vs. geodesic
distance.



We restate Theorem 1.7 in the setting relevant to liquid crystals. To this end we denote
by Sp C R%*? the space of traceless symmetric matrices (Q-tensors) endowed with the norm
| + |gaxa, and by U, C Sp the subset of uniaxial @Q-tensors with fixed orientational order

s € R\ {0}, i.e.
U, = {3* <n®n—cllld> : nESd_l},

that is diffeomorphic with RP?~! where I, is the identity matrix. We call a map Q €
BV (Q;U,) if Q € BV(Q;Sp) and Q(z) € U, for a.e. = € . Taking into account that the
(non-isometric) embedding [n] + s.(n ® n — I3/d), compared with the isometric embedding
(3), multiplies distances by a factor v/2|s,|, we have the following lifting result:

Corollary 1.10. Let Q C RY (N > 1) be an open set. For any Q € BV (Q;U,) (respectively,
Q € SBV(;U,)), there exists n € BV (S;S%™Y) (respectively, n € SBV (Q;S%1)) such that

1
Q = s, <n®n—d1d> a.e. in §Q,

and
9 .
Valsillnlgze < (14 2) (1D°QU0) + 1QI) + C*(¥.0) [ 190 as,
Q

and C*(N,d) > 1+ 2 with equality if d =2 or N = 1.

The outline of the paper is as follows. In Section 2, we discuss the optimality of the
estimates we found for BV liftings. In Section 3, we prove the geodesic case, in particular,
Theorem 1.6, while in Section 4 we prove the Euclidean case. In Section 5, we discuss the case
of dimension N = 1. In Appendix A we prove the claims in Remark 1.1 and Proposition 1.3
about the diffuse part’s total variation. Finally, in Appendix B we prove Theorem 1.5 giving
the expression of the intrinsic BV -energy (4).

2 Optimality of our estimates

We start by considering the case N = d = 2 for the unit open disc 2 = D C R? and
u = [n] € BV (D;RP!) with n: D+ S! ¢ R? ~ C given in polar coordinates by

n(re?) :eig, 0<r<1,0<6<2m. (11)

This map wu describes a defect of degree 1/2 that can be observed in liquid crystals and is
depicted in Figure 1. Moreover, u belongs to W'P(D; RP!) for all p < 2. We will prove by
this example that the constants obtained in Theorem 1.6 and for d = 2 in Theorem 1.7 are
optimal.

The geodesic case. Note that n has a jump along the radius R := {# =0} = [0,1) x {0}
but u = [n] is locally Lipschitz in D\ {0}. Moreover, u and n are smooth away from R; since
RP! is locally isometric to S!, any isometric embedding RP! ¢ R” will be such that for any
w € St it holds |V, ulgp = |[Vun|ge in D\ R. Here V,n = (Vn)w is the approximate gradient
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Figure 1: Defect of degree 1/2 — representation of u (left) and n (right).

of n € BV (D; R?) in direction w, and in polar coordinates it holds Vn(re?) = %eig ®ie' for
0<r<1,0<60 <27 Therefore, we have by (6) that

|ul gy gt —/][ |Vun| dH! (w) da
’ D Js!

NS
0 0 2r St

= Ko.

w - e dH (w) rd dr

On the other hand, by (6), it holds |n|gy .« = 2Kom as |Din|(D) = 7HY(R) = «. To prove
optimality of (7) it remains to show that other BV liftings cannot have a smaller BV -energy.
Indeed, let 7 € BV (D;S') be a lifting of u. For a.e. r € (0,1), the restriction of 7 to the
circle C(0,7) centered at 0 of radius r is BV. This restriction must have at least one jump
between two opposite vectors since [n] = u. Such jump costs m = dist(n2, —n). Moreover the
absolutely continuous part of the tangential derivative of i has the same total variation as
the one of n, i.e. r~!|dyn|. Hence using (6), the properties of one-dimensional restriction of
BV maps [2, Section 3.11] and polar coordinates, we find that

1 2
7l gyt > Kg/ </ |Opn| dO + 7r> dr = 2Kam = 2u| gy gp1-
0 0

This shows optimality of the constant 2 in the estimate of Theorem 1.6 for N = d = 2.

Remark 2.1. For arbitrary N > 2 and d > 2 it suffices to extend the above example
constantly in the additional variables, i.e., consider the cylindrical domain Q = Dx (0,1)VN =2 ¢
RY and

u = [n] with n(re?,y) =2, r € (0,1),0 € [0,27),y € (0,1)V 2,
and identify its target S' with S* x {Oga—2} C S*~1. Note that u = [n] € WhP(Q; RP41) for
all p < 2 and u admits no WP lifting (see [6]), but only BV liftings.

The Euclidean case. Let u = [n] within the isometric embedding (3), i.e., ®(u) = %n@n
where n is given in (11). By the above computation, it holds

|u|BV,]R2X2 == / |Vn| dﬂj =T,
D

where as above Vn is the approximate gradient of n. For any BV lifting n of u, the restriction
of n to a.e. circle C(0,r) with r € (0,1) must have at least one jump between two opposite



vectors, and such jump costs 2 = | — (—n)|. Moreover the absolutely continuous part of the
tangential derivative of 7 has the total variation r~!|3yn|, therefore |D%i| > r=1|0pn|dz as
measures in ). Hence, we have

1 2T
- 2
7l gyre > Ml pyRe = / </ |Ogm| dO + 2) dr=m+2= (1 + W) |[ul gy ez
o \Jo

This shows optimality of the constant in Theorem 1.7 for N = d = 2. For arbitrary N > 2
and d > 2, it suffices to extend the above example constantly in the additional variables in a
cylindrical domain (as in Remark 2.1).

3 “Geodesic” lifting. Proof of Theorem 1.6

The proof of Theorem 1.6 relies on ideas introduced in [9] where the case of BV liftings
of S'-valued maps was analyzed. Our main contribution in this paper consists in adapting
those ideas to the case of RP4 '-valued maps, using new tools based on the group of special
rotations G := SO(d) endowed with the Haar measure. More precisely, we start by considering
a measurable map F': S*~1 — §%1 guch that

if n - 0
F(n) = " 1 mrea> s and F(n) = F(—n), Vn € $%1, (12)
—n ifn-e; <0

where eg = (0,...,0,1) € R Since F is symmetric, there exists a measurable map L : RP4—! —
S%1 such that
L([n]) = F(n), VYneS¥

Given u € BV (Q;RP? 1), the map n = L(u) satisfies [n] = u a.e. in , but since L is not
Lipschitz one cannot in general expect n to belong to BV (€;S%1). To remedy this problem
we consider the following symmetric map for any special rotation R € G := SO(d):

Fr: ST 58471 Fp(n) = R7'F(Rn),
and the corresponding lifting map Ly: RP?1 — S given by
Lr([n]) = Fr(n), VneS¥L

We claim that for any v € BV (Q;RP?!) one may choose R € G such that n := Lg(u)
belongs to BV (Q;S%1) and satisfies the estimate (7). The main ingredient is the following
averaging inequality over the group G endowed with the normalized Haar measure u. We
recall that p is the unique regular Borel measure p on G satisfying

W(R-A) = p(A-R) = pu(A), VA€ Bor(G), VR € G,

and p(G) = 1. In particular, the pushforward measure of p under the map R € G —
Rn € S%1 (for an arbitrary fixed n € S 1) is a rotation-invariant measure on S~ and
therefore, proportional to H?~1[S%"!; in other words, for every n € S¥~! and any Borel set
S € Bor(S%1),

W({R: Bn e S}) = )\1d7-[d1(S), (13)

where \g = HI~1(S?1).



Lemma 3.1. For any u € BV(QaRPdil) it holds
dist (L  Lr(u
/// Sd— 1 R( ( )) R( (y>))p5(|l‘—y|)dl‘dydﬂ(R)
QxQ |z =yl
distgpa-1 (u(z), u(y))

<9 // pe(lz — y)) dxdy,
Qx0 fﬂf—y’

where p. is any family of nonnegative radial functions.

Proof of Theorem 1.6. This is a direct consequence of Lemma 3.1 and Fatou’s lemma when
passing to the liminf as ¢ — 0: indeed, by averaging over G, there exists Ry € GG such that

(4) 1STgd—1 u
Lao(@)l gy < [ it [[ S ErOOLEROOD (o ) doaydir)

o =0 |z — y|
dist (L L
<timgt [ ff o atele R B ) 12— ) dudy aury
e—0 QxQ |z -y
o distppa—1 (u(x), u(y))
< 2lim inf RP ’ —y|) dzdy = 2 -
< 1211_)161 //an iz —y] pe(|r — yl) dzdy ‘U|BV,1RIP“I Ly
where the last inequality is due to Lemma 3.1. O

In order to prove Lemma 3.1 we start by proving the following:

Lemma 3.2. For any n,m € S it holds
2
/ distga—1 (F(Rn), F(Rm)) du(R) = — distga-1(n, m) distga—1(—n, m).
G 7T
Proof of Lemma 3.2. Given n € S%~! we split G into the partition:

G=G UG, UZ, (14)

where
Gf ={RecG:(Rn)-eq>0}, G, ={ReG:(Rn) eq<0},

and Z, is p-negligible since

w(Zy) =p({Re€G: Rn-eq=0}) = 13 ’Hd_l ({w estliw.eg= O}) =0.

Ad

Splitting the integral according to (14), we obtain

/ du(R) dist(F(Rn), F(Rm)) = u((Gf NG U(G,, NG,,))dist(n,m)

G
+u((GF NG, U (G, NGE)) dist(—n, m).

We claim that it holds

WG NG U (G N GEY) =~ dist(n, m). (15)

s

10



Since p(G) = 1 and dist(—n, m) = © — dist(n, m) this will imply
1
p((Gy NG U (G, NGy)) = — dist(—n,m),
T

which completes the proof of Lemma 3.2, up to proving the claim (15). For that, we will make
repeated use of the (double-sided) G-invariance of p and the fact that

GE =GER™' forall R€ G andne St (16)

If n and m are not collinear 3, choosing R, to be the rotation of angle 7 in the 2-plane (n, m)
spanned by n and m and the identity in its orthogonal, we find that

(GY NG )R =G, NG,

and therefore
p((Gr NG U (G NGr)) =2u(G NG,

so that (15) reduces to
1
w(GFNG) = Py dist(n, m). (17)
T

To show (17) we define the continuous function ¢: S~ x S¥=1 — [0, 1] given by
o(n,m) = u(GHNG,), vn,me ST
Using again (16) and the G-invariance of i we obtain
o(Rn, Rm) = ¢(n,m), Vn,me S ReG.

Therefore p(n,m) is a function of the scalar product (n - m), or equivalently a function
of dist(n,m) = arccos(n - m) € [0,7]. In other words, there exists a continuous function
¥ [0, 7] — [0,1] such that

o(n,m) = (dist(n,m)) Vn,m € S,
The function 7 can be expressed as
»(0) = p(eq,cosbeq+sinbeq_1) = p(eq, Rgeq) Vo € [0, 7],

where Ry € G is the rotation that maps e4 to (cosfey + sinfey_1) and acts as the identity
on the subspace of R? spanned by (e1,...,eq_2). Let § € [0,7) and £ € [0,7 — 6]. For any
n € S% ! one can check the following implications

(n-ed>0andn~R96d<0) — n-R9+§ed<O,
(n-R9+§ed<0andn~R9€d>0) = n-eq >0,

3 If n = m (respectively, n = —m), then G;} NG, = G,, NG, = 0 (respectively, (G NG,,)U(G, NG}) =
GruaGy, Wea \ Z,) so that (15) is obvious.
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which yield

Gf NGy

R0+§5d

NG

Roeq

=Gt L NGR

Roeq’

—¢. nat O (¢

+ —
G nG Rgyceq Rgeq Reeq

R9+56d

+) -1
nay NG ) Ry

Ropeq

As a consequence, the definition of ¢ implies (0 + &) = (0) + ¥ (§). As 1 is continuous, we
deduce that () = A for some A € R. Now, we claim that ¢ (7/2) = 1/4, so that A = 1/(27)
and this proves (17). To prove that ¢ (r/2) = 1/4 it suffices to remark that for 6 = 7/2 we
have Ry peq = eq—1 and Ry jpeq_1 = —eq, so that the sets (G N GEd ) and (GE NGE )
have the same measure under p (so, equal to %u(G“‘) 11(G) = 1) because it holds

_ (16)
(64,nGo ) Bofy = G UGE,

w/2 €d—1
]

Proof of Lemma 3.1. Pick one measurable map n such that [n] = u a.e. Then, using the same
argument as in [17], by Fubini’s theorem and Lemma 3.2 we have

Q><Q |90 Yl

_ // ddy P10 = YD) / du(R) dist(F(Rn(x)), F(Rn(y)))
QxQ G

|z — y|

// P2 =YD it (), n(y)) dist(—n(x), n(y)) dzdy
QxQ

|z —
// pe \x_ dist (u(z), u(y)) (7 — dist(u(z), u(y))) dzdy
Qx0 ‘l’ y‘

dist(u(x), u(y))

Proof of Theorem 1.2. The existence of a BV lifting of u € BV (Q; RP4~!) for an arbitrary
open set Q C RY is proved in Theorem 1.6. Assume now that € is bounded and Lipschitz
and ng € L'(0€;S%1) is a prescribed lifting of u at the boundary. Let 7 € BV (€;S%!) be
a lifting of w in Q (not necessarily equal to ng at the boundary). By the trace theorem for
BV functions (see e.g. [2, Theorem 3.88]), we know that 7 has an L'(9Q;S% 1) trace at the
boundary and [#i] = [no] = u H¥ "!-a.e. on 90. Set f =7 -ng on 9. Then f takes only the
values {+1} as 1 and ng are two possible orientations of the same line field u at the boundary
9Q. In particular, f € L*(9; {#1}). Then one chooses an extension f € WhH(Q;[—1,1]) of
f in Q (for example, the harmonic extension of f in (2 satisfies that property). By the co-area
formula, f has almost every level set of finite perimeter, in particular there exists o € (—-1,1)
such that the characteristic function 1 {F>a} is of bounded variation in €. Set f =21 (F>a} -1

in Q. Then f € BV(Q;{£1}) and f = f = f #HV'-a.e. on Q. Now, one considers n = f7.

As f and 7 are BV N L™ maps in €2, then their product n is BV in €2 with values into s-t.
moreover, [n] = [#] = u a.e. in Q and n = (f)%*ng = ng HV '-a.e. on 9Q. O

O]
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4 “Euclidean” lifting. Proof of Theorem 1.7.

As explained in the introduction, when we measure the jumps in the BV-energy, we may
want to use Euclidean distances instead of geodesic distances. In that case, the choice of an
isometric embedding is crucial. For S¥~! we stick to the canonical embedding S*~! c R¢, and

for n € BV (Q;S%!) we denote by In|pyga the usual BV-seminorm of n € BV (;R%), i.e.

the total variation norm of Dn as a RN _valued measure.

For RPY~! it is not obvious what a canonical embedding should be. Physics provides us
with the natural embedding (3), but to understand better the effect of this choice we will also
consider general isometric embeddings

d: RP1 5 RP.

We denote by ®: S¥~! — RP the canonically associated map on the sphere S¥1, i.e., ®(n) =
®([n]) for all n € S*~1. For u € BV (Q;RPY"1) we will identify u with ®(u) € BV (;RP) and
denote by |u|py ¢ the usual BV seminorm of u € BV (£); RP), i.e. the total variation norm of
Du as a RP*N_valued measure. We also denote by Du the Cantor part, by Du the jump

part of the differential Du of u € BV (Q;RP) and by Vu its approximate gradient.

Theorem 4.1. Let Q C RN (N > 1) be an open set. For any u € BV (Q;RP*™1), there exists
a lifting n € BV (;S1) with u = [n] a.e. in Q and

2 . .
lsa < (14 2) ID%ul) + CO@|Dul(@) + C*(v.a) [ [Vuldn, 1s)
)
where
- 2 fcos? + (m —0)sin?
C7(®) = —su 2 — 2:n,m e ST, 9 =arccos(n-m) € [0,7] p,
@ |®(n) — ®(m)|

2 a 2 12 d—2
CN,d) =14+ ——— sup / < w-v > dH (W) ¢ .
( ) Hd—l(Sd—l) peRi-L { si-2 \ £ ( k) ( )

=1
N 2
2 k=1 [vk]"=1

The constants C7 and C® satisfy C7,C* > 1+ 2/mw. For the tensorial embedding ® in (3) it
holds C = 1+2/7. For d =2 it holds C*(N,d = 2) = 1+ 2/ (independently of ®) and this
constant is optimal if N > 2.

Remark 4.2. For d > 2 and N > 2, the formula for C* found in Theorem 4.1 leads * to
C* > 1+2/7, but we conjecture that the optimal constant should be 1+2/7 for any d, N > 2.
Note that C*(1,d) = 1+ 2/7 for every d > 2 (see the proof of (21)). However, 1+ 2/ is not
the optimal constant when estimating the BV seminorm of liftings in dimension N = 1; for
example, the optimal constant is v/2 in the case of the tensorial embedding (3) (see Section 5).

4 For d = 3, choosing v1 = 61/ﬁ and vo = eg/\/§ in the supremum of the formula for C* yields

C*(N,d=3)>C*2,d=3) > 1+%/ %d#(w)=1+1/ﬁ> 142/
st

for all N > 2.
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As mentioned in Remark 1.9, we prove that we always obtain the optimal constant 142/7
in dimension N > 2 provided that ® the total variation is measured as the average over all
directions w of the sphere SV~ of the total variation of partial derivative measure in direction
w (the jumps being measured by the Euclidean distance).

Proposition 4.3. Let Q C RN (N > 1) be an open set. For any u € BV (;RPY™Y), there
exists a lifting n € BV (§;S%1) with u = [n] a.e. in Q and

2
Inlllgyre < {1+ . I[|ulll gy gaxa

where the seminorm ||| - ||| gyrp was introduced in (10).

Proof of Theorem 4.1. The main change with respect to the geodesic case in Theorem 1.6
consists in computing the total variation of BV liftings in Euclidean case using some trun-
cation maps as in [9]. More precisely, for ¢ > 0 we introduce a Lipschitz approximation
F.: S%1 - R of the symmetric map F: S¥1 — S% ! introduced in (12), that is given by

n ifn-eq>e,
F.(n) = %(n ceq)n if In-eq] < g,
—-n ifn-eq < —e,

so that F. is symmetric on S¥~1. We also introduce for any R € SO(d) the map F. g : S¢! —
R? given by
F. r(n) = R"'F.(Rn),

and the corresponding map L. r: RP T — RY, Le r([n]) = F. g(n) for every n € S9~1. Note
that F;, F. g and L. g are not S%1_valued maps; however, this property will be satisfied
almost everywhere in the limit € — 0. We will prove

2 _
/ |Le,r(u)| gy gadi(R) < <1 + W) |Dcu|(Q)+Cj|Dju‘(Q)+C’a/ |Vu|dz+o(l), ase — 0,
G ’ Q

(19)
which implies (18) by arguing as in [9]. For convenience of the reader, we sketch the argument
here: any rotation R € G defines an “equator” Er = {[n] Rn € ST2 x {0} C Sd_l} -
RP4~1 outside of which L. r converges towards Lg. For p-a.e. R € G, the set {z € Q: u(x) €
ER} has zero Lebesgue measure, which allows to deduce by the lower semicontinuity of the
seminorm | - |gy e under Lj . topology that |Lr(u)|pyra < liminfeo|Le p(u)| gy a- Thus
from (19) we may conclude by Fatou’s lemma that

9 o
/ |Lr(u)| gy radp(R) < <1 + 77) |Dul(2) + C7| D7 u|(Q) + Ca/ |Vu|dz,
G Q

and by the averaging theorem, one can choose a rotation R for which (18) holds for n = Lg(u).

5Repeating the arguments at Section 2, then one concludes that indeed the constant 1 + 2/m is achieved
when using the seminorm ||| - ||| gy gp for u and its liftings n in any dimension N,d > 2.
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Proof of (19). By the rank-one property of BV-maps [1] (see also the recent simple proof
in [10]), the Cantor part D of Du can be decomposed as Du = a ® n|D| for some
SP~1_valued map a and S¥~!-valued map 7, and the chain rule gives

e ()| gy = /Q DL g(u)al d|Du| + /Q DL n(w)Vul do
+/ |Le,r(u®) — Le g(u™)| a1
Ju

Here the differential DL, p(u): T, RP1 5 RY is identified with DL, p(u)II: RP — R?, where
IT is the orthogonal projection R” — T,RP4~1. In particular the product DL. r(u)Vu is a
d x N matrix. Moreover, we write Vu = ¢|Vu| for a RP*N_valued map g with |g|gpxy = 1
a.e. Next we show that as e — 0, for any fixed u,ut,u” € RP¥! ¢ € SP~1 and g € RP*N
with |g|grpx~ =1, it holds

/G DL p(w)g| du(R) < C* + o(1), (20)
[ 1L ntwyol (R < (1+2) o), (21)
G v

/G L p(u™) — Lop(u™)] du(R) < C9|0(ut) — B(u™)| + o(1), (22)

from which (19) follows (where o(1) are quantities independent of w,u*,u™,a and g that
converge to 0 as € — 0).

Proof of (20). Let n € S¥! be such that u = ®(n). Then DL, gr(u) = DF. g(n)D®(n)~!,
where D®(n) is viewed as a map from 7,,S% ! to T,RP?"!, and it is an isometry. Therefore
it holds

|DL. r(u)g| = |DF. gr(n)g|, with g= D®(n) 'Tlg € RN and |g| < |g| = 1.

As DF. g(n) = R™IDF.(Rn)R, we obtain
/G DL p(w)g] du(R) = /G DE. r(n)g] du(R) = /G |R"\DF.(Rn)Rg| du(R)

1
= / 9] du(R) + - / In® ' (Rg)eq + (Rn - eq)g| du(R)
{|Rn-eq|>e} € J{|Rn-eq4|<c}

1
= [ glde L [ (Rn-eag| dulr)
{|Rn-eq|>e} < J{|Rn-eq|<ec}

1

+ = / In @ '(Rg)ed| du(R)
€ J{|Rn-cql<e}

1
<142 / 'g'Req| du(R), (23)
€ J{|Rn-eq|<e}

where we denoted by ‘() the transpose of a matrix (-) and we used the triangle inequality
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and |g| < |g| = 1. Next we compute

1/ t—t 1 / t— d—1
- §'Reg| du(R) = ————— gw| dH (W
c {|Rn-ed|§a}| d‘ ng 1(Sd 1) {weSd_1:|w‘n|<E}| ‘ ( )
2 t~ ! d— 2
Hd_l(Sd 1 /Sd ) {0}‘ ‘d”fl )+0( ) ( )

where § = R, 'g with R, € SO(d) such that n = R,eq. Note also that for every w’ €
S92 x {0}, |'gw’| = |"hw’| with h = pg € RE=D*N “where p is the matrix of the orthogonal
projection RY — R4~!. Hence, gathering (23) and (24), we find that

/G |DL: r(u)g| du(R) < <1 + ,Hd_I?Sd_l)L> +o(1), ase—0,

where L :=  sup {/ }thw} d?-ldz(w)} ,
her(@-DxN (Jsd-2
|n|*=1

with the convention that S?2 = {£1} for d = 2. Denoting by v1,...,vy the columns of h,
this proves (20). Note that if d = 2 then L = 2 and thus C*(N,d = 2) = 1 + 2/x for every
N > 1. The estimate of the general case C*(N,d) for d > 2 is done below (see (25)).

Proof of (21). We consider the special case of rank-one matrices g :==a®mn, |a| = |n| =1 in
the above computation, which leads to the same estimate, with the supremum defining the
constant L restricted to rank-one matrices h = b® 7, |b| = |n| = 1, hence

2
/G [DLe,r(u)a| du(R) < <1 + ’Hd_l(Sd_l)M> +o(1),

where M := sup / b w| dHT 2 (w).
pesd—2 Jsd—2

If d = 2 then M = 2 and we obtain (21). If d > 3, by rotational invariance we have by
integrating over w = (wy,...,wq_1) € S472:

_ d§ _ _
_ d—2/ \ _ o2 _ 9qyd—2(pd-2
M= [ elane) =2 [ \i- e ),

V1- ¢

Hi2(Bi?) xS (D)

2) _ 1
HTET) T T(G241) ged 21
we obtain (21). Note that this shows also that

and since

CY(N,d) > C*(1,d) = 1 + M=1+2/T. (25)

2
/Hd—l(Sd—l)
Proof of (22). Let n,m € S be such that vt = ®(n) and v~ = ®(m). Then we find

L 1Eerlort) = L) dn(R) = [ 1P (Rn) = F(Rm)| dp(R) +o(1), s = =0,
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where we used
1
'Hd I(Sd 1)

Arguing as in the proof of Lemma 3.2 and denoting by 6 the angle § = arccos(n - m) € [0, 7]
we obtain

[ 1P GRn) = F (R du(R) = "

m™—0 0
= 1— 2 in2 Z4/(1 2 02
- \/( cos )2 + sin 9+7r\/( + cos )2 + sin” 6

p({|Rn-eq) <e}) = HI T fwe st [w-n|<e})=o0(1), ase—0.

0

0
|n —m| 4+ —|n+m)|
s

2 i 0
= — <(7r—9)s1n2+00082>

™

< Cj@(n) —®(m)| = Cj‘q)(zﬁ) —®(u7)|.

Finally, we check that C7 > 1 + 2/7 for every isometric embedding ® : S¥~! — RP. Indeed,
it suffices to consider n = ¢4, m = cosfeg + sinfey_1, to compute

0 a0
Hfos§+(w 6)sin§ = (1 + 7r)94—0(«9) as 6 = 0"
}<I>( d(m |—9‘D<I> €d)ed— 1‘+0
and to remark that |D6(€d)€d—1’ = 1 since ® is an isometric embedding. Moreover, in the
case of the tensorial embedding (3) one has
— — 1
d(n) —d(m)| = —=n®n—mm| =sind, 26
|®(n) — ®(m))| \/5’ | (26)

and it can be checked that
0 6
cos 5+ (m— ) sin 5 < (1 n g) sin® VO e 0,7,
so that €V = 1 + 2/7 for the embedding ® in (3). O

Proof of Proposition 4.3. We give two proofs, the first one works under the additional as-
sumption on Q being bounded and Lipschitz (because this method is based on Theorem 1.5),
while the second method works for general open set €.

First method for a bounded Lipschitz open set §: Considering S~ ¢ R¢ endowed with the
Euclidean distance | - |[ga and RP4~! ¢ R?*? endowed with the distance (8), we will use the
technique presented in the proof of Theorem 1.6 combined with Theorem 1.5. More precisely,
by the proof of (22), we have that for every n,m € S

T—40 0
L 1P ) = (Rl i) = T = s + L+l < (14277 ] = ] g

This inequality combined with Lemma 3.1 lead to

/ //QXQ |LR |1‘ - y|( (y))hRd ps(|$ — y|) dxdy dM(R)

(y)|gaxa
(14 2/7) // x —y|) drdy,
/ QxQ ]a:—y! (| |)
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where p. is any family of nonnegative radial functions. By Theorem 1.5 and the definition
(10), one has the representation formula for [[|u|||gy gaxa respectively of [|[Lr(u)||gyre in
terms of (4) for the distance (8), respectively |- |ge. The conclusion follows as in the proof of
Theorem 1.6.

Second method for an arbitrary open set ): We repeat the argument of the proof of Theo-
rem 4.1. Within those notations, the chain rule implies for small ¢ > 0:

N-1 = u ul ded N1 (0
LéMDﬂmMMMH Mww_LéHAWQMKWUdM (w)du(R)
[ DL sl dDrulan @)

+L£Nlhwwﬂ%mW@D.%Mm@mwﬂw4mwﬂ4@mwﬁ

where V,u = £|Vyu|, Dy = a ® n|D| with £ = £(w), a,n are unit length maps and v is a
unit normal vector at J,. By (21) and (22) (with C7 = 1+ 2/7), it entails that

/G]é | D[ Ler(w)]|(2) a1V (w)dp(R) < (1+2/m)[ull pygaxa + o(1)

as € = 0. As in the proof of Theorem 4.1, one concludes that there exists a rotation R € G
such that the lifting n = Lr(u) = lim._,o L. r(u) of u satisfies

(10) —
R llovss @ £ 1DLLr(l@) Y1) < (1+2/m)lullpygs-e

5 The one-dimensional case

When the definition domain is an interval 2 = I C R, the situation is simpler, since it is
possible to lift any map u € BV (I; ]R]P’d_l) without creating additional jumps for optimal BV
liftings n (in contrast e.g. with the example in Section 2). Moreover, we will prove that the
optimal constant in the estimate of a BV lifting in dimension N = 1 is strictly less than the
ones found in Theorems 1.6 and 1.7. To show this, we start by fixing an open cap around the
north pole (0,...,0,1) of the sphere S

U= {w e S distga—1 (w, eq) < 71/4} c s

This cap has the property that for any n™ € U of the closure of U, the distance between
nt and n~ (either geodesic or Euclidean) is the smallest of the distances between any other
representants of the classes [n*] € RPY~! namely

dist(n™,n”) = min {dist(n,m): n = tn*, m=+n"}, vnt e U,

where dist = distga—1 or distga. Moreover, for any n* € S%~!, one can always choose R €
SO(d) and T € {£1} such that n* and 7n~ both belong to the set R~! - U.

Next we fix an isometric embedding of RP?~! into RP (whose choice will not play any role
in the outcome) so that we may consider the RP-valued vector measure Du and its diffuse
part D% + D®u. We prove the following:
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Proposition 5.1. Let I C R be an open interval and u € BV (I;RP?1). Then there exists a
lifting n € BV (I;S*1) such that

[Dn|(I) = [D*ul(I), |[Dn|(I) = [D[(I), Jn= Ju,

and at every jump point x € Ju(= Jp), the traces n*(x) belong to R~ -U for some rotation
R € SO(d) depending on x.

Proof. As usual, u € BV is identified with its precise representative away from J,, i.e., u is
continuous away from .J, (see [2]). We denote by II the canonical projection IT: ¥~ — RP4~L,
The family {II(R~'-U): R € SO(d)} is an open covering of RP4~!, and since v € BV, there
exists § > 0 such that for any open interval (a,b) C I,

|Du|((a,b)) <6 = 3R € SO(d) such that u((a,b)) C TI(R™'-U).
Moreover, we may find numbers ag < a; < --- < aj, such that

I = (ap,ap) =IoUIL U--- I}y, Iy = (ag, apy1),
and |Dul|((ag, ap+1)) < 0, Ve e{0,...,k—1}.

At the points aq,...,ar_1 the map u is either continuous or has a jump.

For each ¢ € {0,...,k — 1} we denote by uy the restriction of u to I,. By the above there
exists Ry € SO(d) such that the image of u, lies in V} := H(Rg_l -U). The map Ly := Lp,
(defined in Section 3) is smooth on that set V; (as F'is smooth on U), so that by the chain rule,
we may define the BV lifting ny = Ly(ug) € BV (I;;S?1), which takes values into RZ1 -U.
At every & € Vp the differential DLy(§) is simply the identity on 7, gR]P)d*l ~ TL[(S)Sd_l, SO
that by the chain rule it holds

|D%n|(1y) = |D%u|(1Ly), |Dne|(Iy) = |Duy|(Ly), and Jp, = Jy, in L.

Note that the map ny = —ny is also a lifting of u, with the same properties (with Ry mod-
ified accordingly). Next we glue all these liftings together by choosing a sequence of signs
T0, - - -, Tk—1 inductively, ensuring that the local liftings ny = 7yn, are such that

if u is continuous at ay,

{nmaz) = 7ig(a

+
e(ag’)
or ﬁg_l(ae_),ﬁg(a;) € Re_l - U for some R, € SO(d) if u has a jump at ay,

where m(aj) and 7ig(a,, ;) are the traces of g at ay, respectively at ay11. Finally, we define the

lifting n € BV (I;S% ') by n =y on each interval Iy; then n satisfies the desired conclusion.
O

5.1 Optimal constants on an interval ()
We distinguish two cases:

1. “Geodesic” lifting: When measuring jumps in geodesic distances, the lifting obtained
in Proposition 5.1 gives the estimate

Inlpygi-1 < [ulgygpa-1-
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Therefore, the optimal constant in dimension N =1 is 1, so less than the constant found at
Theorem 1.6.

2. “Euclidean” lifting: When measuring jumps in Euclidean distances, since for any n,m €
R~'.U it holds 6 := arccos(n - m) € [0,7/2] and

0
N —m|ga = \/(1 —cos0)? +sin? § = 2sin 2
we obtain the estimate

In|gygra < C(®)|ulpy o

2sin ¢
C(®) :sup{‘cmn)sin(;(m)‘: n,m € Sd_l, 0 = arccosn -m € (0,71/2)} > 1.

The fact that C(®) > 1 can be checked by considering n = e4, m = cosfey + sinfey_1 so that
|®(n) — ®(m)| =60+ o0(1) as  — 0T (see the proof of (22)). For the physical embedding (3),
by (26), the constant C(®) is

2sin ¢
C= sup 2 — /2,
OSGSﬂ'/Q sin 6

yielding
7| gy ra < \/§|U|BV,RdXd'

Note that v2 < 1 + % which was the optimal constant C7 in Theorem 4.1 achieved for the
tensorial embedding (3). In particular, for Q-tensors (as in Corollary 1.10) we obtain

|54] ’n’BV,Rd < ’Q‘BV,SO'

Remark 5.2. If the definition domain is Q = S! (so, still of dimension 1 but not a simply
connected domain), then the situation is different from the one explained above for an interval.
In fact, it is similar to the case of dimension N = 2 in Theorems 1.6 and 1.7 because a BV
map u : S! — RP?! can create additional jumps for any optimal BV lifting as in the example
in Section 2. (The corresponding situation for BV maps with values into S! was studied in

[14].)
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A The diffuse part of the BV seminorm

In this first part of the Appendix, we prove the claim (1) in Remark 1.1 that the total variation
of the diffuse part of Du for u € BV (Q;/N) is independent of the choice of an embedding
N c RP. Furthermore, we prove Proposition 1.3 stating that the total variation of the diffuse
part of Dn for any lifting n € BV (£; S 1) of a map u € BV (Q; RP?!) is independent of the
lifting n.
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Lemma A.1. Let N1 ¢ RP1 and Ny € RP2 be two smooth compact submanifolds and
U: Ny — N be a smooth local isometry, that is, V¥ (y): TyN1 — Ty, N> is a linear isometry
for all y € N1. Ifuy € BV(Q;N1) for an open set @ C RN, then the map uy = ¥ (uy) belongs
to BV(Q;N2) and

|D%uq| = |D%s2| and |Di| = |Dusq| as measures in Q.
In particular, the above equality also holds in terms of partial derivatives in direction w €
SN~ i.e., |D%uy| = |D&us| and |D¢uy| = |DSus| as measures in €.

As a consequence of Lemma A.1, the claim (1) follows by setting uy = ®p(u), Ny = ®¢(N),
(=1,2and ¥ = dy0 P,

Proof of Lemma A.1. One may extend ¥ to a 1-Lipschitz map U: RPr — RP2 in such a way
that _

VU(y) = VO(y)lr,n, Yy €N, (27)
where TI7, n;, denotes the orthogonal projection matrix on the tangent space T,N1 in RP1. By

the chain rule [2, Theorem 3.96], as W is Lipschitz on RP1, we have that uy = \Tl(ul) belongs
to BV (€; RP2) with uy € A3 a.e. in © and

D%y = VU (uy)Vuy £V,
d(DCuy) (28)

Duy = VU (u1)g|Duy|, g¢:= ADom|

In particular, D%uy = VU (u)Vui LY and DSuy = VU (u;)(g - w) |[Duy| as measures in €,
for every direction w € SV¥~1. The chain rule also implies that for any Lipschitz function
F:RPt — R that vanishes on A (in particular, F'(u1) = 0 in §2), it holds

VF(u1)Vu; =0 LN-ae. and VF(u;)g=0 |Dl-a.e.

For any z € N} we may choose functions {Fj}x=1,.. p,—dimA; vanishing on N; and such that
{VF(z)} spans the normal space of N7 at z. In particular, applying this to z = u;(z), we
deduce that

U7, A Vur = Vuy LN-ae. and Iz, vg=9 [Dul-ae. (29)
Combining this with (27) and the fact that V¥ (uy) is an isometry on T3, N7, we deduce that

‘D\Tl(ul)Vul‘:|Vu1| LNae.  and ‘D\Tl(ul)g‘:]g\ |DCuy |-ace.,

(as well as ‘D\Tl(ul)kul‘ = |Vou1| LN-a.e. and ‘D\T/(ul)(g . w)’ = |g - w| |Duy]-a.e.) which,

recalling (28), implies the conclusion. O

Proof of Proposition 1.3. By (1) we may fix the canonical embedding S?~! c R?, so that n €
BV (%; RY) satisfies [n|* = 1 a.e. We also fix an isometric smooth embedding ®: RP?~! s RP
and denote by ®: S~! — RP the induced symmetric map (i.e., ®(n) = ®([n]) for every
n € S71) and we identify ®(S41) = RP™!. Then V&(n): T8 — Ty,  ®(RP™) is a
linear isometry for any n € S, and it holds u = ®(n) so we may apply Lemma A.1 to
conclude that |D%u| = |D%n| and |D | = |Dn| as well as |D2u| = |D%n| and |DSu| = |DSn|
as measures in 2, for every direction w € SN~1. O
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B Representation formula for the intrinsic BV -energy

In this part of the Appendix, we prove Theorem 1.5 which gives a representation formula for
the intrinsic BV-energy |u| gy, \ for any compact submanifold N C RP. In the case of scalar

functions u : Q — R this is proved in [8] (see also [19], [7]). A corresponding formula for WP
for p > 1 maps with values into a metric space is proved in [16] and our proof is inspired by
their methods.

Some notations: For u € BV (Q; ), we consider the following measures

me — (/ dist(u(i)au(y))psﬂx _ y|) dy> dr € M(Q), for e > 0,
Q |z =yl

to = |Vou| LY + | DCu| 4 |w - v| dist(u™, u YHY T, € M(Q), for we SVTL

Here v denotes a unit normal vector to the rectifiable jump set J, of u, while u* are the
traces of u along J,, relative to this normal vector v. Moreover V,u = (Vu)w is the approx-
imate derivative of u in direction w, and similarly DSu = (D u)w is the Cantor part of the
distributional derivative of u in direction w. By Alberti’s rank one theorem, there exists an
SP=1 x S$N~1valued map (a, b) such that D°u = a ® b|D°u|. Hence, D¢u = (w - b)a|Du| and

o 1Pzl @) a1 ) = 1D%ul(@) o8 @) = Kn|Dul(@),
gN-1 gN-1
Therefore, Theorem 1.5 amounts to prove that

lim m®(Q) = ]é () dHN N w). (30)

e—0

As Q is a Lipschitz bounded open set, by even reflection across the boundary 02, we may
extend u in a neighborhood of 0f2 so that we may assume

u € BV (Qg; N) for some H > 0 and |Du|(992) =0
(see [2, Proposition 3.21]) where we denote by
Qp = {z e RY: dist(z,Q) < h} for any h € (0, H].
In the proof of (30) we use the following two lemmas:

Lemma B.1. Let u € BV(S;N). For any w € SV~ the measure p, € M(Q) is the least
upper bound of the family of measures

(Dufelbeeys  where fe(x) = dist(u(x), &), v € ©, € €N,

i.e., on the one hand |D,, f¢| < po as measures in Q for every & € N, and on the other hand
every measure 0 € M(Q) with |Dyfe| < o in Q for every & € N satisfies p, < 0. As a

consequence,
f1,(§2) = sup {Z !Dwfsi\(Ui)} :

where the supremum is taken over all finite families {&;} C N and {U;} of open subsets with
pairwise disjoint compact closures U; C ).
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Lemma B.2. Forr € (0,H), it holds
/ dist (u(z + rw), u(z)) dz < rue (), Vw e SN
Q

Proof of Lemma B.1. We will denote
Ye(z) = dist(z,&) for all £,z € N.

By the triangle inequality, ¢ is 1-Lipschitz on N, so it can be extended to a Lipschitz function
on RP such that Vel <1 on N; we still denote this extension by 7¢. By the chain rule
applied to u : © — RP, we have

D fel = Ve (u) - V| £V + V() - Dgul + |w - v |y (™) = v [HY LI,
< |Voul N4 | Dl + |w - VH’V&(UJF) - 7£(U7)"HN71 |J. as measures in €.

It yields | D, fe| < pi, Y& € N since |ye(u™) — y¢(u™)| < dist(u™, u™) by triangle inequality.
We now show that any measure o such that |D,, f¢| < o for all £ € N must satisfy p, < 0.
Let o be such a measure. Then, letting

_ d(Dgu) o do . do i do
ST dpgu 7 T aeN T T dDgul T T anN I
we have for all £ € N
o%(z) > [Vye(u(x)) - Vou(z)| for LN-a.e. z € Q,
o(x) > [Vye(u(z)) - g(z)] for |D{ul-a.e. x €,
ol (x) > |w - v||re(ut (@) — ve(u (2))] for HN " Lae. x € J,.

Choosing £ = u~ (x) in the last inequality gives
ol (x) > |w-v|dist(u(z),u(x))  for HN tae. z € J,. (31)
To use the first two inequalities we remark that given any unit vector v € Tu(z)./\/ , choosing

§ = expy(y)(tv) for a small enough ¢ > 0 we have Vy¢(u(x)) = —v. Therefore, taking the
supremum over all £ € A/, we deduce that

o(z) > ‘HTMI)N un(x)) for LN-a.e. z € Q,
of(x) > ‘HTU(I>NQ(-T)‘ for |D{ul-a.e. x €,

where HTu(z) N is the projection matrix on the tangent space Tu(x)]\/ . Recall by (29) (in the

proof of Lemma A.1) that V,u(z) € TyN for LN-ae. z € Q and g(x) € Ty@zN for
| D¢ ul-a.e. x € Q2. Hence the above becomes

o%(x) > |Vyu(x) for LN-a.e. z € Q,
o(z) > |g(x)] for |D{ul-a.e. x € Q.
Combining this with ¢/ and the fact that £V, |D¢u| and H~!|.J, are mutually singular, we
deduce that o > p,,.
The last statement of the lemma is a consequence of the properties of the least upper

bound of a family of measures (see e.g. [2, Definition 1.68]) and the inner regularity of the
measures | D, fe|. O

23



Proof of Lemma B.2. This is the equivalent of Lemma 2.2 in [16]; for completeness, we present
the proof. We use the properties of one-dimensional restrictions of BV functions as presented
n [2, Section 3.11]. We denote by €, the orthogonal projection of 2 onto the hyperplane
w™, and define for any y € (), the one dimensional section Qy ={teR: y+twe Q}. Given
f € BV(Q;R), then for almost every y € (), the one-dimensional restriction f;’ given by
fy ) = f(y +tw) is BV in O, and the measure D, f can be disintegrated as

Dyf=LN "' Q,®Dfy.
Applying this to the functions f¢ for £ in a dense countable subset D C N, we write
Dofe = LY Qw @ D(fe)y.

Since the set D is countable, the negligible set of y € €, outside which D(f); is not well
defined can be taken independent of & € D. Moreover it is easily checked that Lemma B.1
characterizing p., as lowest upper bound of the family {|D,, f¢|}cca still holds when restricting
this family to the dense subset £ € D. Thus we infer a corresponding disintegration of p,, as

My = LNt LQOJ & (,Uw)zja

and the measure (), defined on €2 satisfies (i)} > |D( (fe)y )|. Note also that similar
disintegration formulas hold with €2 replaced by €2, for re(0,H )
For almost all y € €, and ¢ € , and for all § € D we have

|fe(y + tw + rw) — fe(y +tw)| < [D(fe)y |8, +7)) < (p)y ([t + 7)),
since [y + tw,y + tw + rw) C Q. Applying this for £ arbitrarily close to u(y + tw) yields

dist(u(y + tw + rw), u(y + tw)) < (pw)y ([EE+71)).

Hence we obtain

/Qdist(u(:c +rw), u(x)) de = / /w dist(u(y + tw + rw), u(y + tw)) dt dy

<[] et mady.
Q, Jay
Remarking that

/w(,uw) ([t,t+7r))dt = //w]lt<z<t+r dt d(pi)y //_T sew—z ds d(pw)y (2)

0
:/ (uw);)(Q‘;s)ds—/O (hw)y () + 5) ds,

T

we conclude

/Qdist( u(z +rw), u da:</ / L)y (5 +s) ds dy
< /Q 3@ dy

<r /( o (SO dy = ().
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Proof of Theorem 1.5. As outlined above it suffices to prove (30).

Step 1. Proof of the inequality “ <” in (30). 5 We follow the ideas in [16]. Denoting the
diameter of the compact manifold N by diam N = sup{dist(u,w) : u,w € N}, it holds for
any h € (0, H) and any € > 0:

O [ ) T

N-1 N-1
/SN 1/0 r/dlst u(z +rw)) de p(r)r™ ~Hdr dHY T (w)
iam N
+d (MYH (Q)/ oell2]) dz
|z|>h

h

_ éiam NYHN (Q
<f o))+ BEEEE g
SN-1 |z|>h
where we used Lemma B.2 and the fact that foh pe(r)rN"ldr < W. By the definition

of mollifiers, we deduce by passing at the limsup € | 0:

limsupm®(Q) < ][ fhe () dHY Y (w).
SN-1

e—0

Finally, passing at the limit h | 0, as 1, () € L' (w € S¥1) (because u € BV (Q; N)), we
conclude by the monotone convergence theorem

lim sup m®(Q2) < lim Lo () dHY 7L (w) :][ 1o (Q) dHN 71 (w).
e—0 hi0 JsN-1 SN-1

Recalling that |Du|(0Q) = 0 hence ,,(92) = 0 for every w € S¥~1 we obtain the upper
bound in (30).

Step 2. Proof of the inequality “ > in (30). Let w € SV~!. 1In the following we will use
Lemma B.1. For that, we fix a finite family of directions {;} C A and a finite family {U;} of
open subsets with pairwise disjoint compact closures U; C € (in particular, dist(U;, 92) > 0).
For every i, let ¢; € C°(U;) with |¢;] < 1. Recalling that v¢(z) = dist(z,§) for &,z € NV, it
holds for any € > 0 and h € (0, H A min; dist(U;, 9Q) A min; dist(supp ;, 0U;)):

(Dufion = [ - Veoraide= [ [ (- Toioulel)drg ) de
- / / 2 “‘Z'“’,) #ilT) |, (12)dz e, (u()) da
/ / (%“’j‘”f (”—w-wxx))pg(rz\)dzm(u(x))dw
|z|<h

—l—/Ui /Iz>hw-V‘Pi(ﬂf)pe(\z\)dzfy&(u(x))dw
= I+ II+1II1. -

5We use only at this Step 1 the assumption of Q being Lipschitz.
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Treating the term I. As h < dist(supp p;, U;), then ¢; = 0 on U; \ (U; 4+ rw) for every
€ (0,h) so that we have

i :c—i—rw i (T _
HN-1(§N-T1) SN I / / il = i )ps(T)TN 1dr7§¢(u($))d1’

<

- /0 pr | [ e+ (u)ds = | o ula)) o dr
- [Coor [ [ anatute e [ o ute)as] o
= [ o [ 20 =) = ) ]

!

u(@ - 1w)) — g (u())

h _
:/ gpz(:n)/ . AU ps(r)rN_ldrdx.
; 0

K3

7

The triangle inequality implies |vg, (u(x —rw)) — ve, (u(x))| < dist(u(x — rw), u(x)), which
combined with |p;| <1 and the fact that U; — hw C Q, yield:

‘ I ‘ < HN_l(SN_l)/ /h dist (u(z _Trw)’u(m))pg(r)rN_ldr dx < m,(U;), (34)

where m;, is the following positive measure on {2 of density

dmg dist _
;n“’ L2 €N ’HNl(SNl)/ ist(u(z), u(x Tw))pa(r) N1
r r>0, x—rweN r

Treating the term II. As |pi(z + rw) — @i(x) — rw - Vo;(x)] < §‘|v2g0iHLoo, we deduce that
h ..
|1T] < 5 diam (NMYHN(Q) || V204 || oo - (35)
Treating the term II1. We have

117 | gdiam(N)’HN(Q)HVgoi\Loo/ p(|2])dz. (36)

|z[>h

Conclusion. By (33)-(36), passing first to liminf as ¢ — 0 and then second to the limit ~ — 0,
we deduce that [(D,,fe,, vi)| < liminf._,omZ (U;); moreover, taking the supremum over all
@;, this entails | Dy, fe,|(U;) < liminf._,o m,(U;). Since the open sets U; have pairwise disjoint
closures in €2 this implies

Z | Dy, fe,|(U;) < thmfm ) <liminf » m (U;) < liminfm ().

e—0 - e—0
i

Now taking the supremum over all finite families {¢;} and {U;} we deduce by Lemma B.1:

ey () < liminfm, ().

e—0
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Then Fatou’s lemma implies

f 11, () dHN 7H(w) < liminf m,(Q) dHY 71 (w) < lim inf m®(Q),
gN-1

e—0 SN-1 e—0

where we used

]éNl mS(Q) dHY T (w) = mS(Q).

Steps 1 and 2 prove in particular that lim._,o m®(2) exists and is given by (30). O
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