SOME LIFTING AND APPROXIMATION PROPERTIES
FOR MAPS IN W!1?(B3;S?)
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ABSTRACT. Smooth maps u: B> — S? can be lifted to @: B> — S® using the Hopf fibration
h:S® — S? via the factorization u = h o 4. In this note we characterize the W' ?-maps which
have this lifting property in terms of exactness of the pullback form u*wg2, and deduce a smooth
approximation property preserving the constraint u*wsz = dn.

1. INTRODUCTION

The Hopf fibration h: S* — S? is a prominent example of a nontrivial S!-bundle of S* over
S%. Tt maps a unit vector (z,w) € S* C C? to the associated complex line [(z,w)] € CP! ~ S
where the last identification is by stereographic projection.

Any smooth map u: B? — S? admits a smooth Hopf lift @: B> — S3, that is, it can be
factorized as uw = h o 4, see e.g. [0, §2]. In this note we answer two questions recently raised
in [7] about the extension of this lifting property to weakly differentiable maps, and related
approximation issues.

Let us start by remarking that, if u € W12(B3;S?) admits a Hopf lift & € W12(B?;S3), then
the 2-form u*ws> € L' (B3; A%(R3)*) must be (weakly) exact. The chain rule implies indeed

wWwge = 0 (W ws2) = 20*d0
where 6 € Q(S?) is such that h*wgz = 2df. One may check that = 2a*0 € L*(B3; \'(R3)*)
satisfies
dn = 24*df
in the sense of distributions (e.g., by mollifying @ and extending @ to R*), and therefore one has

u*wg2 = dn. Our main result states that the converse is also true, thereby positively answering
[7, Open Problem 8].

Theorem 1.1. Let u € W'2(B3;S?) be such that there exists n € L*(B3; \'(R?)*) with

dn =u'ws2 in the sense of distributions. (1.1)
Then, there exists 1 € W12(B3;S?) such that
u=nhoda, (1.2)

where h: S3 — S? is the Hopf fibration.

It would be interesting to also investigate under which conditions, for 1 < p < 2, a map
u € WHP(B3;S?) admits a Hopf lift & € WP(B3;S?) as in (1.2). In the different context of
Riemannian coverings N = N, e.g., R — S or S2 — RP2, the question of lifting A'-valued maps
to N-valued maps in Sobolev spaces has been quite thoroughly studied, see [8] and references
therein. A notable difference with the present setting is that coverings have discrete fibers,
while the Hopf fibers are circles.
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This is naturally linked with the problem of smooth approximation in W12(B3;S?). In fact,
it is known [1] that (T.1]) is equivalent to the existence of (ux)reny C C*°(B3;S?) such that
up — u strongly in Wh2(B3; S?)

and our proof of Theorem [I.1] is about choosing Hopf lifts 4y of ug with good convergence
properties. Here, it is natural to look for smooth approximations of the pair (u,n) of (1.1)
preserving in addition the nonlinear constraint dn = u*wg2. The existence of a Hopf lift a
posteriori enables us to achieve this, thus positively answering [7, Open Problem 7).

Theorem 1.2. Under the assumptions of Theorem there exist (up)ren C C™°(B3;S?) and
(M) ren C QY (B3) such that

(i) dng = ujws2 ,

(i) (uks i) — (u,n) strongly in W2 (B?;S?) x L*(B%; /\I(Rg)*) . (13)

2. PRELIMINARIES

2.1. Some basic facts involving differential forms. We adopt an extrinsic viewpoint,
namely we consider

u:= (ut,u?u?) B - S? C R?,
where R? is endowed with the standard Euclidean basis (e1, €2, e3), so that du(z) € R? ® R? is
given in coordinates as

3 dut
du(z) = Z du(z) @ ep= | du?
k=1 du3
The volume form on S* ¢ R™"*! is given by
n+1
wsn :Z(—l)j_lxjdxl/\---/\d/ﬁ/\---/\daznﬂ, (2.1)
j=1

where © denotes that the corresponding term is omitted. Thus, for n = 2, its pull-back by u is
wrwge = uldu® A du? + u?du® A dut + wddut A du®
1 .
=5u du A du = Z u - (Bju x dpu) dx? A dat (2.2)
1<5<4<3

where - and x denote the Euclidean inner and outer products respectively. Since |u| = 1, this
implies that

|u*wse|? = Z |0;u x Qgul? . (2.3)
1<j<6<3

We infer in particular the inequality
1
[u*wg2| < §|du|2 L3-a.e. on B, (2.4)

valid for any u € WH2(B3;S?). We also note from the expression in the second line of (2.2,
that u*ws2 can be identified, via Hodge duality, with the vector field

D(u) := (u- (Ou x d3u),u - (O3u x dr1u),u - (O1u x Oau)) , (2.5)
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so that, in the sense of distributions
d(u*wg2) = div(D(u)) dz, (2.6)

i.e., (distributional) closedness of the 2-form u*ws2 is equivalent to the vector field D(u) being
(distributionally) divergence-free.

We will also rely on the following form of the Hodge decomposition [6, Corollary 5.6]:

Proposition 2.1. Let 1 < p < oo. For any n € LP(IB%3,/\1(R3)*), there exists a unique
representative 1’ € LP (B3, /\1(R3)*) such that

' =dn,  d'n'=0, ny=0 (2.7)
in the weak sense. Precisely, the last two identities in (2.7) are equivalent to
/ (', dip)y =0 for all p € C°(B>). (2.8)
B3

2.2. The Hopf map. Denoting by 7 the inverse stereographic projection

2z |22 —-1
: S? =
R €U} 28 1) = (e e )

the Hopf map h : S? ¢ C2 — S? is given by
h(z,w) = 7(z/w) = (220, |2* — [w]?), (2.9)
where the last equality holds true because |z|>4|w|? = 1 for (z,w) € S®. The 1-form on S? C R*
given by
0 = —x?dx! + zlda® — 2*da® + 23da? (2.10)
satisfies
h*wse = 2d0 = 4(dz’ A dz? + dx® A da?) . (2.11)
It is convenient to choose particular coordinates on S* and S?, namely
[0,7/2] x S! x St 3 (¢!, €2) i (" sint, e'¥2 cost) € S, (2.12)
[0,7/2] x St 3 (t, %) = (e sin2t, — cos 2t) € S?. '

In these coordinates, we have
gss = (dt)* 4 sin? t (dipy)? + cos® t (dp2)?
gs2 = 4(dt)” + (sin?2t) (dp)?,

and the Hopf map takes the simple form

h: (t, e, e92) iy (8,01 792)) |

One can choose an orthonormal frame {71, 72, 73}, defined at a chart point (¢, %1, e?2) € §3
as

—i%—i T '—g T3 1= cotti—tanti (2.13)
o1 Bpr’ Pt dp1 dpa’ '

so that 71 is the fundamental vertical vector field, i.e., the generating vector field of the S'-action
St x $3 3 (e, (u,v)) — (eu, efv) € S3. With this choice,

0 2 0

—, dh = —

ot’ (72) sin2t O’

71 -«

dh(11) =0, dh(mr)=
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where ¢ := 1 — 2. The pair {f1, fo} := %%, Slet%} is an orthonormal frame on S?, and in

these coordinates the differential of the Hopf map dh: T'S® — T'S? has matrix representation
0 20
dh = <0 0 2) . (2.14)

2.3. Known approximation and lifting results.

Theorem 2.2. A map u € WH2(B3;S?) is in the strong Wh2-closure of C*°(B3;S?) if and
only if u*wsz is distributionally closed. Moreover, any map in WLH2(B3;S?) is in the strong
Wh2_closure of C>°(B3;S?).

Proof. The first assertion is a direct reformulation of [I, Theorem 1], via the identification of
the 2-form u*wge with the vector-field D(u) of (2.5) and the subsequent identity (2.6). The
second assertion follows directly from [2 Theorem 1]. O

Thanks to the fact that any S'-bundle over B3 is trivial, every map u € C*°(B?;S?) admits a
Hopf lift & € C*°(B3;S?) such that u = hod. Moreover, all possible lifts are classified according
to their gauge n = 2u*0, where 6 is the 1-form defined in (2.10)).

Lemma 2.3 ([5, Lemma 2.1]). For any u € C*°(B3;S?) and n € Q1 (B3) with u*wsz = dn, there
exists a unique (modulo S*) Hopf lift 4 € C™(B?;S3) such that

u=hotd and n=20"6. (2.15)

Moreover, the chain rule relates the differentials du and d to the gauge . We note here that
this relationship is valid as soon as u and @ are weakly differentiable and record in particular
the following formula.

Lemma 2.4. For any u € WH1(B3;S?) and 0 € WH1(B3;S?) such that u = h o, we have
1 1
di|? = 1]n|2 + Z|du|2 L3-a.e. on B3, (2.16)
where n € LY(B*; A\Y(R3)*) is given by n = 2a*0, for 0 € QX(S3) defined in (2.10).

Proof. The coefficients in are actually different in [5] due to a different choice of normal-
ization for the metric on S?, see [4, Lemma 3.6]. For the readers’ convenience we reproduce the
proof here. In the orthonormal frame {71, 72,73} on T'S?, the 1-form 6 of corresponds
to the scalar product against 7, cf. (2.13]). Thus, the condition n = 24*0 and , ,
imply 7 = 271(4) - da, hence

In|? = 4|m - dal*. (2.17)

Moreover, recalling the expression (2.14)) of dh in this orthonormal frame, the chain rule gives
du = dh o dit = 2(72 - du) f1 + 2(73 - dii) f2, hence

|du|?* = 4|79 - da|?* + 4|73 - da)?,

which, together with (2.17)), implies (2.16)). O
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3. PROOFS OF THE MAIN THEOREMS

Proof of Theorem [I.1] The proof follows in a sense the lines of proof of [4, Theorem 3.3]. Using
the assumption (1.1)) and Theorem we can find a sequence of maps (uy)reny C C™(B3;S?)
such that

ug — u strongly in WH2(B3;S?) and L3-a.e., as k — co. (3.1)
Since (by the smoothness of uy), we have
duj, ws2 = up(dwg2) =0,
and B? is simply connected, we can also fix smooth 1-forms (13 )reny C Q*(B?) such that
dne = upws2,  d'm =0,  (qk)v =0, (32)

cf. Proposition By the Bourgain—Brezis elliptic estimates, see for instance [3, Theorem 4.1],
we have

1kl 323y < Cllug wszl L1 s2) (3.3)
for a universal constant C' > 0. We remark that, nevertheless, the critical exponent 3/2 = 1*

on the right-hand side is not needed for the argument below, and hence one could also appeal
to more standard elliptic estimates.

Invoking Lemma 2.3} we now fix lifts (ix)rey C C(B?;S?) satisfying
hoty = ug and n = 2456 . (3.4)
In view of (2.4]) and (3.1)-(3.3)), by passing to a non-relabeled subsequence, we have
1
e — 7 weakly in L3/?(B% /\"(R®)") as k — oo, (3.5)

for some 77 € L3/2 (1833; /\1(R3)*). By (3.5)), (3.2) and (2.8) (applied to ny), we also see that
nn = 0. By ([2.16]) applied to the triplet (g, nx, ux), together with (3.1)) and (3.3]), we have

sup HakHWLW?(IB?’) < +00,
keN

and passing to a further non-relabeled subsequence, we obtain @ € w3/ 2(B3;S?) so that

fyy — 1 weakly in W13/2 (IB%?’; R4) and pointwise £3-a.e. in B?, as k — 0o. (3.6)
Using now (3.5 and (3.6), we can pass to the limit in (3.4)), to infer that
hot=wu, 7=20"0 L ae. inB>. (3.7)

Indeed, the first identity in follows from the £3-a.e. convergence of (g, ux) to (@, u), while
for the second one therein, we observe the following. In view of (2.10), the forms 4} can
be written in coordinates as second-order polynomials of the form uy e diyg, where the latter
notation indicates that each monomial in the expression is of first order separately in 4, and
dt. In particular, since

Gy, — @ strongly in L3(B*R?) and diy — da weakly in L¥2(B%R* @ R?), as k — oo,

this product structure of weakly convergent against strongly convergent objects justifies the
second identity in (3.7)), by taking the limit of the second identity of (3.4]).

Further, for any j,¢ € {1,2,3}, we have

U * (@uk X 8guk) = Uk - (ajuk X 8zuk — 8ju X 8[’LL) + ug - (3]u X agu) .
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Since |ug| = 1, by (3.1]) the first term in the right-hand side above converges to 0 in L*(B?3), and
the second term converges to u - (Qju x dpu) in L' (B?) by dominated convergence. Recalling
the expression ([2.2)) of u*wsz, we deduce the convergence

2
ujwgz — urwge  in L (Bg; /\ (R3)*) . (3.8)
Therefore, taking also (3.5)) into account, we may pass to the limit in (3.2]) and deduce
dn=u"wg2, d'7=0, 7ny=0,

in the sense of distributions. We now note that, as dn = u*ws2 and 1 € L?, by Proposition
we have also 77 € L%, Hence, by (3.7) and (2.16]), we conclude that @ € W12(B3;S?). O

Proof of Theorem[1.9. By Theorem there exists & € WH2(B3; S?) satisfying (1.1]) and (1.2)).
Applying Theorem we find (i )reny € C°(B?;S3) such that

Gy — @ strongly in WH?(B3;S?) and £3-a.e. in B®. (3.9)
Let us now set
up == hoty € C°(BS?), (G :=2ui0 € Q(B3). (3.10)
Since h is smooth on S?, the convergence and the lifting identity imply
up = h oy, — hot=u strongly in WH2(B3;S?). (3.11)
The explicit expression of 0 gives
Gk = 2030 = 2( — Gjda}, + 4pdag — yday + dpdag) =: g e diy, (3.12)

where, as in the proof of Theorem the latter notation indicates that each monomial in the
expression ([3.12)) is of first order separately in 4y and dig. As for the proof of (3.8)), we write
Uy ® diy, :ﬁkO(dﬁk—dﬁ)+ﬂkodﬁ.

The fact that |ug| = 1 and the convergence ([3.9) ensure that the first term in the right-hand side
converges to 0 in L?, and the second term converges in L? to 7 e d&: by dominated convergence.

Hence letting & — oo in (3.12) gives
1
Cr — 20*0  strongly in L?(B%; /\ (R?)*). (3.13)
Since
d(n—2u%0) =0,

cf. again (2.15)), (2.11)), and where 7 is as in (1.1]), by a standard mollification argument we can
also find (Cx)ren C Q2H(B3) such that

~ ~ 1
dC, =0, (;—n—24"0 strongly in L? (IB%?’; /\ (RS)*) . (3.14)
Finally, setting ng := (x + Ek, (1.3) (i) follows from ([3.10)) and the first property in (3.14)), while
(1.3))(ii) from (3.13) and (3.14). O
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