ON THE L? STABILITY OF SHOCK WAVES FOR FINITE-ENTROPY
SOLUTIONS OF BURGERS

ANDRES A. CONTRERAS HIP AND XAVIER LAMY

ABSTRACT. We prove L? stability estimates for entropic shocks among weak, possibly
non-entropic, solutions of scalar conservation laws dyu + 9, f(u) = 0 with strictly convex
flux function f. This generalizes previous results by Leger and Vasseur, who proved L2
stability among entropy solutions. Our main result, the estimate

/ﬂua,)_qudxn_wu»ﬁdmgt/|u0—u§wmf-kcu+QQt]xR%
R R

for some Lipschitz shift z(¢), includes an error term accounting for the positive part of
the entropy production measure pu = 0;(u®/2) + 8.q(u), where ¢'(u) = uf’(u). Stability
estimates in this general non-entropic setting are of interest in connection with large de-
viation principles for the hydrodynamic limit of asymmetric interacting particle systems.
Our proof adapts the scheme devised by Leger and Vasseur, where one constructs a shift
z(t) which allows to bound from above the time-derivative of the left-hand side. The main
difference lies in the fact that our solution w(¢,-) may present a non-entropic shock at
xz = z(t) and new bounds are needed in that situation. We also generalize this stability
estimate to initial data with bounded variation.

1. INTRODUCTION

We consider bounded weak (not necessarily entropy) solutions of Burgers’ equation

2
Bu + ax% — 0,

or more generally a scalar conservation law
(1.1)  Owu+0yf(u)=0, t>0,zeR,

with uniformly convex flux f” > « > 0. Let us recall that for any entropy-flux pair (7, q)
ie. n” > 0and ¢ =7n'f’, the corresponding entropy production of a bounded weak solution
u is the distribution

(1.2)  py = Oym(u) + Opq(u).

In the special case n(t) = t?/2 we will drop the subscript 7 and simply write

U2 v
(13) w=0"% +alu).  alv) = /0 L) d.

For smooth solutions the entropy production pu, is always zero, but smooth long-time solu-
tions do not exist in general. Entropy solutions are weak solutions whose entropy production
is nonpositive, i.e. p, < 0 for all convex entropies 7. Kruzkov introduced this concept in
[15] and showed that for any bounded initial condition ug(x) there exists a unique entropy
solution.
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2 STABILITY OF SHOCKS FOR FINITE-ENTROPY SOLUTIONS

Finite-entropy solutions. Here in contrast we consider weak solutions whose entropy
productions do not necessarily have a sign. Such solutions are not uniquely determined
by their initial conditions: they will in general deviate from the unique entropy solution,
and the present work addresses the question of estimating this deviation. Our motivation
comes from the study of large deviation principles for the hydrodynamic limit of asymmetric
interacting particle systems [12), 26], where it is crucial to control how much a general weak
solution can deviate from the entropy solution.

To give more details about this issue, we focus on a continuum variant introduced in [22,
3]. There, the question boils down to describing the variational convergence (I'-convergence)
of functionals of the form

E.(u) = g / [e0pu — 0, (Opu + (37g3f(u))]2 dx dt,
in the regime ¢ — 0%. The same problem is considered in [23] (with the motivation of
providing a variational point of view on the vanishing viscosity method). Limits u = lim u.
of sequences of bounded energy E.(u:) < C are weak solutions of , but not necessarily
entropy solutions. They belong to the wider class that we will call here finite-entropy
solutions: bounded weak solutions of such that

(1.4)  py, is a Radon measure for all convex 7,

where 1, is the entropy production defined in . The conjectured limiting energy Fo(u)
is the negative part pu_([0,7] x R) of their entropy production, but a proof of this fact is
still lacking.

Specifically, the missing part is the upper bound: given a finite-entropy solution u, can
one construct an approximating sequence u. — u in L' such that limsup E.(u.) < Eg(u) ?
Very similar questions arise in relation with micromagnetics models (the so-called Aviles-
Giga energy), we refer to the introduction of [I6] for more details. What makes this question
hard is the lack of fine knowledge on finite-entropy solutions. Unlike entropy solutions, they
are not necessarily of bounded variation (BV). Only very recently E. Marconi [20, 21] proved
that their entropy production is a one-dimensional rectifiable measure. This rectifiability
result is a remarkable achievement, but it seems that solving the upper bound problem
requires other new ideas.

To the best of our knowledge, only two upper bound constructions are available in the
literature, with restrictive assumptions on the finite-entropy solution u. The first construc-
tion in [23] requires u to be BV, and the approximating sequence is obtained by mollifying
u and using the fine properties of BV functions. The second construction in [3] is based on
approximation by vanishing viscosity, which converges in open regions where the entropy
production is < 0. If regions of negative and positive entropy production are not “well sep-
arated” this construction breaks down, for want of a good estimate on the distance between
u and entropy solutions when the entropy production changes sign.

In this spirit, the only estimate [16] we are aware of is not homogeneous:

/ lu — uemrl < C ut(]0,2]¢ x [-2,2]5)7 for some v € (0,1),
[0,1]¢x[—1,1]2

where u®™ is the entropy solution with initial data ug and |u| < 1. If one applies (a
rescaled version of) this estimate in small regions where p4 is small, after summing over
all regions the right-hand side may become very large because of the small exponent ~.
As a consequence, this estimate cannot be used to remove the main restriction (that the
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regions where the entropy production has a constant sign must be well separated) in the
approximation scheme of [3]. One would rather need an estimate that is homogeneous,
hence amenable to summing rescaled applications of it.

In this work we propose a new approach towards such estimate, beginning with the
distance of u to entropic shocks: if a solution w starts close to a shock and py is small,
then u remains close to a shock, and this is quantified via a homogeneous estimate. More
precisely, our main result takes the form of an L? stability estimate for entropic shocks.
For entropy solutions this question was adressed in [I8, [19] using relative entropy methods.
Here we generalize their methods to solutions whose entropy production does not necessarily
have a sign. Loosely stated, we prove (Theorem [1.1))

t
/ lu(t) — shock|? dz < /|u(0) — shock|?dz + C / /,u+(dt,dac),
0

where the shock at time t is a shift of the initial shock. We also provide a generalization to
any BV initial data (Theorem [1.4]).

Strong and very strong traces. As in [19, (13, 4], in order to implement the relative
entropy method we need to assume that u has traces on Lipschitz curves, in a strong enough
sense. From [27], it is known that finite-entropy solutions have traces which are reached
strongly in L'. We call this the strong trace property, precisely defined as follows. A
bounded function u: [0,7] x R — R satisfies the strong trace property if for any Lipschitz
path z: [0,T] — R there exist traces t — u(t,z(t)£) on each side of z(t), such that

T
(1.5)  esslim lu(t, x(t) £y) —u(t,z(t)L)| dt = 0.
y=0* Jo
In [27] entropy solutions are considered, but the proof there uses only a kinetic formulation
which is also valid for finite-entropy solutions [8]. The results of [27] also include traces
along constant time lines, implying that (for an a.e. representative)

(1.6) [0,T] >t u(t,") € L},, is continuous,

whenever u is a finite-entropy solution of .

Unfortunately the strong trace property turns out not to be enough for our purposes, and
as in [19, [13] 14] we will in fact require an even stronger property. We say that a bounded
function u: [0, 7] x R — R satisfies the very strong trace property if for any Lipschitz path
x: [0,T] — R there exist traces ¢t — u(t,z(t)+) such that (for an a.e. representative of )

(1.7)  ess li£n u(t,z(t) +y) = u(t, z(t)+) for a.e. t € [0,T].
y—0
By dominated convergence the very strong trace property does imply the strong trace

property. Functions u € BV ([0,T] x R) satisfy the very strong trace property, but it is not
known whether finite-entropy solutions satisfy it.

Stability of shocks in L? for finite-entropy solutions. We are now ready to state our
main result, on the L? stability of an entropic shock wave ©*"** with initial datum

(18) UShOCk(:I:) = u€1x<0 + ur1m>07 Ug > Up,

that is, ushok (¢, 2) = ughok (x — ot), with shock speed o = (f(u,) — f(ue))/(ur — uy).
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Theorem 1.1. Let f: R — R be such that f” > a > 0. Let u: [0,T] xR — R be a bounded
finite-entropy solution (1.4) of

O+ 0z f (u) =0, u(0,z) = ug(x).
Assume that u satisfies the very strong trace property (L.7). Let u*°%* be the entropic

shock wave with initial datum ug'°* (L.8), and set M = sup; f” and S = sup;|f'|, where
I = [min(u,, inf u), max(ug, sup u)].

There exists a Lipschitz path h: [0,T] — R such that h(0) =0 and

R 2 R+tS
(1.9) / u(t, ) — k(1,2 — b)) d g/
—R —R—tS
M3
£ 0T 1 (0,4 % [-R — 15, R+ 18]),

2

_ UShOCk dr

o

for all t € [0,T], all R > 0 and some absolute constant C' > 0, where p is the entropy
production (1.3)) associated with n(t) = t2/2.

In addition the drift h is controlled by

25t

t
M 0 —2S5t
3

M
+ (0,4 x [-25¢,251)
for some absolute constant ¢ >0 and all t € [0,T].

Remark 1.2. We were not able to remove the very strong trace assumption from this state-
ment. In the proof it is used only in Lemma to establish that u admits generalized
characteristics: for any zo € R, there exists a Lipschitz curve z: [0,7] — R such that
2(0) = xo and

2/ (t) = o(u(t,z(t)—), u(t, z(t)+) for a.e. t € [0,T7,

where o(u—,uy) = (f(uy) — f(u-))/(uy —u_) when u_ # uy, and o(u,u) = f'(u). Other
places where traces are needed require only the strong trace property ((1.5)), satisfied by
finite-entropy solutions.

Remark 1.3. The necessity of introducing a drift h(t), and the near-optimality of estimate
(1.10) when py = 0 and ug = —u, = 1, are proved in [29, Proposition 1.2].

To prove Theorem we adapt the relative entropy arguments used in [I8] [19] [14] (see
also [24] 13, 25, 29]). The relative entropy method was introduced in [6, [10] to study the L?
stability of smooth solutions among entropy solutions, and later refined in [I8} [19] to obtain
the L? stability (up to a drift) of shock waves (see [1] for LP stability estimates up to a
drift). This method is also relevant in the study of hydrodynamic limits for fluid equations
[28]. The basic idea is that for any constant vy, one has an identity of the form

1 2
§8t(u —vp)” = p — 0zq(u; vp).
Stability of the constant state vy when p < 0 then follows by integrating over z € R,
provided g(u;vp) is nice enough (e.g. has compact support). In the case of finite-entropy
solutions, one also has to take into account the contribution of pi. But when studying
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the stability of a shock, one integrates d;(u — ug)? and 0 (u — u,)?

half-lines, and boundary terms appear at the junction.

The crucial remark used in [I8, 19, [14] is that, if the initial shock is shifted by a well-
chosen length z(t), then the boundary terms combine into a nonpositive contribution. There
are two cases to consider, depending on whether or not w(t,-) jumps at z(t). At times ¢
where it does not jump, the situation is the same for entropy or finite-entropy solutions,
and the ideas of [I8 [19] [14] apply also in our case. But at times ¢ where it does jump, an
entropy solution can only make a negative jump, while a finite-entropy solution can also
make a positive jump. More precisely, denoting by (u—,u4) the values of the jump of u, it
is shown in [I8, 19] that the dissipation rate D(u_,u4;ug, u,) coming from the boundary
terms satisfies

on two complementary

D(u_,uq;up,up) <0 whenever u_ > uy and uy > u,.

To include finite-entropy solutions, we have to consider also what happens when u_ <
u4. One cannot expect the dissipation rate D to remain < 0, but what we do show (see
Proposition is that its positive part is controlled by the entropy cost of the jump, in
other words by p. This crucial observation enables us to adapt the techniques of [18], 19} [14]
to our situation and to prove the stability estimate . In fact we prove a sharper upper
bound on D, thanks to which the control on the drift h(t) can then be obtained as
in [14].

Stability of entropy solutions with BV initial data. As a complement we provide a
generalization of Theorem where the entropy solution u**°¢* is replaced by any entropy
solution with BV initial data. This relies, as in [13, 4], on applying the techniques of
Theorem [I.I]s proof to obtain estimates between u and functions with a finite number of
shocks. Each shock wave has to be shifted, and all shifts may be different. The estimate
on the drift of one single shock in Theorem is therefore replaced by an estimate
on the L' distance between the “shifted” function and the actual entropy solution.

Theorem 1.4. Let f: R — R be such that f” > a > 0. Let u: [0,T] xR — R be a bounded
finite-entropy solution (1.4) of

O+ Oz f(u) =0, u(0,x) = up(z).

Assume that u satisfies the very strong trace property (L.7). Let ¢ be an entropy solution of
(1.1) with initial datum (o € L N BVj,(R), and set M = sup; f” and S = supy | f'|, where
I = [min(inf ¢y, inf u), max(sup (o, sup u)].

There exists i € L N BVj,.([0,T] x R) N Lip([0, T, L}

loc

(R)) such that

R R+St

(1.11) / lu(t,z) —a(t,z)|* de < / lug — Co|? da
-R —R-St
M3



6 STABILITY OF SHOCKS FOR FINITE-ENTROPY SOLUTIONS

and

R
(1.12) /_R\ﬂ(t,:c) — ((t,2)| dz

<™ DG (CR—St.R+ SOV

—R-St
for some absolute constant C' > 0, all t € [0,T] and all R > 0.

Remark 1.5. In the case (y = u(S)hOCk, Theorem is a corollary of Theorem taking
a(t,z) = ugho*(t,x — h(t)) so that (T.11) is exactly (1.9)), and (T.12) follows from (L.10).

Remark 1.6. Tt is well-known that weak differentiability of order s = 1/3 is critical for finite
entropy solutions of (see [9, 11, [7]). Somewhat interestingly this critical exponent also
comes up in relation with Theorem[T.4} if one wishes to use Theorem[I.4]in order to estimate
the distance of u to the entropy solution starting at ug (when wug is not BV) in terms of p,
it seems natural to consider (o = ug * p. with p-(z) = e~ !p(z/e) for some smooth kernel p
and € small enough so that [ |ug—ug* pe|>dz < [ py(dt,dz). The right-hand side of
then puts forward the square root of the product

/|(U0*Ps)/|d$‘/fuo—Uo*Ps|2dl‘-

If ug enjoys some fractional derivability of order s > 0 (e.g. of Besov B3 ,, or Sobolev W2

«
R+St 9 M3
: / [uo = Gol” dz + C—5- 1. ([0, 1] x [-R — St, R+ 5t]),

type), the first factor is typically bounded by 57!, the second by €%, hence this product is
bounded by €%~!, and the exponent s = 1/3 is critical.

Outline. The article is organized as follows. In section [2| we prove the new bound on the
dissipation rate D appearing in the relative entropy method. In section [3| we recall and
adapt the arguments of [I8] 19] to prove Theorem In section [4| we prove Theorem

Acknowledgements. X.L. is partially supported by ANR project ANR-18-CE40-0023 and
COOPINTER project TEA-297303.

2. UPPER BOUND ON THE DISSIPATION RATE D

We start by setting some notations. We denote by 1, ¢ the entropy-flux pair given by

£ T
0
and by n(+|), ¢(+; ) the corresponding relative entropy-flux pair

n(ala) = n(z) ~n(a) ~of (@) & — ) = 0

q(x;a) = q(x) — q(a) —n'(a)(f(z) — f(a)).
The propagation speed of a shock (u_,uy) is constrained by the Rankine-Hugoniot condi-
tion:
flug) — flu)

(2.1) U(u*’UJr):fv
Uy — U
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and by setting o(u,u) = f'(u) the function o is continuous on R2. Given two shocks
(u—,uy) and (ug,u,) we define the dissipation rate

(22)  D(u—; uy;ue,ur) = qugsur) — qu—;ue) = o(u, ug) (n(uglur) —nlu—fug)) .

As explained in the introduction, this corresponds to the boundary terms which arise when
calculating

0 [ nult.)|u (o~ o))

at times ¢ where u(t,-) has a jump (u_,uy) at z = x(t).
Our goal in this section is to compare the dissipation rate D with the entropy cost of the
jump (u_,uy), given by

(23)  B(u-,uy) = g(uy) - g(u-) — olu_,up)(n(us) - nlu_)).

This formula corresponds to the fact that, if a solution u has a jump (u—_(t),u4(t)) along a
curve x(t), and is smooth everywhere else, then by the BV chain rule (see e.g. [2] § 3.10])
the entropy production y is given by

i) = [ Lgaiope Blu-(0),us(0) dt.

The main result of this section is the following.

Proposition 2.1. For uy; > u, and any u+ € R we have

3
D(u—,uy;ue,up) < Cr—5 max(E(u—, uq),0)
a

— Caar (e = ur) [(u = )+ (uy —up)?].

for some absolute constants C1,Cy > 0 and 0 < o < M such that o < f” < M on the
convez hull of {u_,us,up,uy}.

Proof of Proposition[2.1. The case u— > uy can be inferred from the arguments in [14]
Lemma 4.1], only the case u_ < uy is really new. For the reader’s convenience we include
a proof in both cases. Only the values of f on the convex hull of {u_,u,uy, u,} play a role
in this inequality, so we assume without loss of generality that o < f”” < M on R.

Case 1: uy > u_.
We split D as

(24) D(u—,ut;up,uy) = E(u_,uy) + F_(u_,up;up,up) + D(u_,u_;up, u,)

= E(u_,u+) + F+(u—7u+; Ug, UT) + D(u+7u+; Ug, UT)
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where

F_(u_,uy;up,up) = D(u—,uqsup,up) — E(u_,ug) — D(u—, u_;up, uy)
i (ur) [f(us) = flus) +o(umusJuy — f/(us)u_]
+ (o (umyug) = f/(us)) [0(ur) = n(ue) — upn'(uy)
+ugn (ue) — 1 (ugu-],
Fy (ue s ugsug, up) = D(u—, ugs ug, up) — E(u—, ug) — D(ug, uysug, uy)
=11 (ug) [f(u-) = flus) = o(u,up)u_ + f'(ug)uy]
+ (o (umsug) = f(us)) [0(ur) — n(ue) — upry' (uy)

+ g (ue) + ' (ur)uy, .

We also define
A=uyr —u_>0, AyL:=wup—usr > By :=u, —ug,

and we claim that

%A3 for some 8 € [a, M],

(25 Blu_uy) =
(2.6) Fy(u—,uy;up,up) = :F%A(Ai — B?) for some v4 € [a, M],

(2.7) D(usg,ug;up,up) <

~5 (4L - BY),
Proof of (2.5). Recalling that n(t) = t*/2 and ¢/(t) = tf’(t) we have
Euus) = aluy) — au) — ofu_, us)(n(uy) — n(u_))
_ R U tu- e
/u_ 0f (1) dt — = /u_ F(¢) dt

1 ! _ —u_
:4(u+—u_)2/_18f/(u+—;u +Su+2u )ds

1 9 ! s Uy +u— Uy — U pf Uy +u—
—Z(u+ u_) /_ls[f< 5 +s 5 f ——5

1 Lot - —u_
= —(uy — u_)?’/ / s f" <u+ tu pspr— Y ) ds dt.
8 0 ) 2 2

This last expression implies (2.5)) since a < f” < M and fol f_ll s2 dsdt = 2/3.
Proof of (]2.6) . We have

F_ = ;(w_%)(w—i_u?ﬂ_Qu_)ujLiu_/:+(f,(t> — f(u_))dt
1 1
— 5 =B+ B [t s - ) - F(un)] ds
0
_1 _ n2 ! ! " -
= 2A( B_)/O /o tf"(u_ + st(uy —u_))dsdt,

)]«
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which gives ([2.6]) for F_ since a < f” < M and fol fol tdsdt = 1/2. Similarly

141
F+:_;A(Ai_Bi)/o /0 t " (uy — st(uy —u_))dsdt

which gives (2.6) for F..
Proof of (2.7). We have

D) = [ af @ dt = [ f©d—u [ pod

T T

(e — ) e+ iy — 20) ()

:/W(t—ué)f'(t)dt—i-/ (t —up) f'(t) dt

Uy

([ w0+ [t-u) rw

u

=/%%wam—fwmﬁﬁ/@—w%ﬂﬂ—ﬂ@ﬂt

Up 1 '
_/u (t—ue)(t—u)/o fu+s(t—u))dsdt
u 1
+/ur(t_UT)(t_U)/0 [ (u+s(t—u))dsdt.

If w € [uy, ug] we see that f” > « implies

D(u, s g, ) < —a </UW(W — )t — ) dt—l—/

Ur

= ) (u—1t) dt)

«Q

(47— BY),

(=}

where A = uy — u and B = u, — u. If u < u, we rewrite the above as

Up 1
D(u,u;ug, uy) = —/ (ug — t)(t — u) /0 " (u+s(t—u))dsdt

Up 1
/ (ueur)(tu)/o f"(u+ s(t—u))dsdt,

and if u > uy as

D(u, u;up,u,) = — /u(ug —up)(u —t) /0 " (u+s(t —u))dsdt

2
Ug 1
—/ (t— w)(u —t)/ Fu+ s(t — ) ds dt,
U 0
and in both cases we deduce again that (2.7)) is valid.
Combining ([2.4)) with (2.5))-(2.7) we obtain

(28) Dlu_,ussupu) < 2

_3 *<

Y+
AP TEA(AL - BY) - (AL - BY).
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Since A > 0, for any A > B and v, A > 0, by Young’s inequality ab < %a‘g + %b% (a,b>0)
we have

WA}AQ Bz}_l’Y A3 L VA%}A2—BQ‘%

2)3

From

|42 — B?” = (A — B)? |42 — B| (A+ B)? 2(A B)%(A? + B?)?

< 8(A— B)*(A* + AB + B*)? = 8(A® — B%)?,

we deduce

v 2 2 T A3 g 3

JAAT - B < Aty Ve A2( ~ BY),
and we see that choosing \3 = « /(327 ) leads to

v 2 2 87 3 P E 3

z — < - B?).

4A}A B*| < A 12(A B?)

Plugging this into ([2.8) yields
3 B 3
D(u—,uq;up,up) < <1 + 325) EA 13
Recalling ([2.5)-(2.6)) this implies

M3 o, 3 3
D(u—, uqsup, up) < C$E(U—7U+) — 5 (A% — Bi),

«
(AL - BY).

for C = 33. Remarking that
A? + B?
AP — B3 — (A— B)(A>+ AB+ B?) > (A — B)%,

Ay — By = uy — uy,

we deduce
3
D(U_,U+;u€,ur> < C?E(u—fuﬁ-)
o
- ﬂ(u@ —uy) [(ug — u_)? 4 (u, — u+)2] ,

which proves Proposition when uy > u_.

Case 2: u_ > u,.
Following [24] (see also [14, Lemma 3.3]) we write D as a combination of integrals of the
function

g(t) = f(t) = o(u—, up)t = (f(ug) — o(u_, ug)uy)
= f(t) - O'(u_,U+)t - (f(u—) - O'(U_, U+)’LL_)7
where the second equality follows from the definition of o. Specifically we have

U+ U—
D(u_,uq;up,uy) = —/ g(t)dt +/ g(t) dt.
Uy Uy

As remarked in [24] § 3], since uy < u_ and u, < uy, this can be written as

29 ~p= [lol+ [ lol.
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where I and J are disjoint intervals such that
TuJ = ([u+,u_} U [uﬁuf]) \ ([u+,u_] N [uﬁuf])‘

We denote by go the function g in the special case f(t) = fo(t) = t2/2, i.e.

1
go(t) = St —uy)(t —u-).
Since g — agp is a convex function vanishing at w4 and u_, we have

g(t) > ago(t) fort e R\ [uy,u_],
g(t) < age(t) fort e [uy,u_].

Therefore |g| > a|go| on R and one infers from (2.9) that
-D > —OzDo,

where Dy is the dissipation rate (2.2)) for f(t) = fo(t) = t?/2. To conclude the proof of
Proposition [2.1] it suffices to check that

(2.10) —Do(u—, uq;ug, ur) > c(ug — uy) [(ug — u)? + (uy — u+)2] ,

for some absolute constant ¢ > 0. To this end we compute

Uy 1 1
[ =g = )+ o= ) - e,
u

+

h 1 3,1 2
90 = glug —u_)" 4 7 (u- = ug)(ug — u-)’,
u—
so that, setting H = uy — u— and K = u, — u4, we find
1 1
—Dy = (u- — uy)(H? + K?) + 6(H3 - K3).
This implies
1 1
—Do = - (ue —up — H + K)(H? + K?) + 6(H3 - K3)

1 1

= Z(W —u,)(H? + K?) 12(H— K)?

As H - K =uy—ur — (u— —uy) < ug —u, we deduce

1 1
—Dgy > Z(W —u,)(H* + K?) — E(W —u,)(H — K)?
1 1
= (we—w) <H2 + K? — g(H — K)2>
1
> ﬁ(w—ur)(HQ—i-KQ),

proving (2.10) with ¢ = 1/12. O
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3. THE STABILITY ESTIMATE FOR SHOCKS

We follow [18, 19, 24], where wu is an entropy solution, and explain how their methods
adapt to our more general situation. Our goal is to control the increase of

R—St

(3.1) F(t)= / n(u(t, x)|u8h"0k(a: — x(t))) dx,

—R+St

for a well-chosen Lipschitz path z(¢) and R > St.
First we recall properties of the traces of u along Lipschitz curves, which require only the
strong trace property (and are thus valid for finite-entropy solutions).

Lemma 3.1. Let u be a weak bounded solution of (L.1|) satisfying the strong trace property
(1.5). Let x:[0,7] — R be a Lipschitz path, and u(t,z(t)£) the traces of u along x(t).
Then for almost every t € [0,T] we have the Rankine-Hugoniot relation

(3-2)  flu(t,z(t)+)) — flut,z(t)—) = &' () (u(t, 2(t)+) — u(t, z(t)-)).

Proof of Lemma[3.1 This is proved in [19, Lemma 6]. We sketch the proof for the reader’s
convenience. The Rankine Hugoniot relation (3.2]) follows from testing the equation

&gu + azf(u) = 0,
against a test function y of the form
X(t,8) = ¥(t) (Pe(§ — z(t) + Pe(z(t) — &) — 1),
where 1y<75 < (I)E(y) < 1y<0,

The strong trace property (1.5) ensures convergence, as ¢ — 0, to (3.2)) tested against
Y(t). O

Next we establish a formula for the variations of quantities of the form

y(t)
tos [ttt o)) do.
z(t)

for some constant vg.

Lemma 3.2. Let u be a finite-entropy (1.4) solution of (l.1). Let y,z:[0,T] — R be
Lipschitz paths, let 0 <t; <ty <T and assume that

y(7) < 2(7) VT € (t1,t2).
For any vy € R, we have

z(t1)

z(t2)
(3.3) / n(u(ta, €)[vo) dé — / n(u(tr), ©)lvo) de
Yy

(t2) y(t1)

= / 1y crcty, y(r)<é<z(r) H(dT,dE)

T / g, y(r)4);w0) — ¥ (P (u(r, y(7)H) [oo)] dr

t1

- /  [aulr, 2()=); v0) — # (P, 2(r)—)[wo)] dr.

t1
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Proof of Lemma[3.94 The proof is essentially the same as e.g. [19, Lemma 6], see also [13|
Lemma 2.4]. We sketch it here for the reader’s convenience, the only difference being that
we keep the terms involving pu. We may assume without loss of generality that y < z in
[t1,t2] (otherwise consider instead [t; + §,t2 — 6] and let § — 0 at the end).

We test the identity

On(ulug) + Oxq(ulug) = p,

against a test function x of the form

X(7,8) = (1) (P (y(1) — &) — P(€§ — 2(7))),
where 14 tecrcty—e < Ve(T) < 1iycrcty, loc—e < @o(z) < 1ycp.

and obtain ([3.3)) as ¢ — 07, thanks to the strong trace property (1.5 and the time-continuity
property (|1.6)). O

Using Lemma we will obtain a formula for the variations of F(t) (8.1)), and thanks
to Lemma we will see that at any time ¢ where u(t,-) has a jump (u_,u4) at z(t), the
increase of F'(t) is controlled by u plus the dissipation rate D, which owing to Proposition
is in turn controlled by py. Note that so far this is valid for any Lipschitz curve x(t).
However, in order to control the increase of F'(t) at times ¢ where u(t,-) does not jump at
x(t), we need to constrain 2/(¢). The next lemma gives us a tool to do so. This is the only
place where we require the very strong trace property.

Lemma 3.3. Let u be a bounded finite-entropy (1.4) solution of (1.1 and assume that u
satisfies the very strong trace property (1.7). Then for any xo € R there exists a generalized
characteristic of u starting at xg, that is, a Lipschitz path z: [0, T] — R such that z(0) = x¢
and

(3.4)  2'(t) = o(u(t,z(t)—),u(t,z(t)+)) for a.e. t €10,T]
where u(t, z(t)+) denote the traces of u along x(t) and o is the shock speed (12.1))

Proof of Lemma([3.3 This is proved e.g. in [19, Proposition 1]. The path z is obtained as
a limit of paths x(t) solving ) (t) = @y (t, xx(t)), where @ is a mollification (with respect
to the x variable) of f’ ou. The very strong trace property then ensures that x satisfies

min{ f'(u(t, z(t)£))} < 2'(t) < max{f'(u(t,z(t)%))} for a.e. t €[0,T],

so that 2/(t) = f'(u(t,z(t))) for a.e. t where there is no jump, i.e. u(t,z(t)—) = u(t, z(t)+) =
u(t,z(t)), and at jump points (3.4]) follows from (3.2)). O

We are now ready to prove our main result.

Proof of Theorem[1.1. We apply Lemma and let the Lipschitz path z: [0,7] — R be a
generalized characteristic starting at 0, i.e. z(0) = 0 and

(3.5)  2'(t) =o(u_(t),us(t)) fora.e. te|0,T],

where uy (t) = u(t, x(t)£) denote the traces of u along x(t).
Let R > 0 and F'(t) defined by (3.1) for all t < R/S. We assume without loss of generality
that R > ST (otherwise replace T by R/S). Consider the time

te =sup{t €[0,T]: — R+ St <z(t) < R— St}.
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By definition of S = sup; |f’| we know that |2’| < S and deduce
— R+ St<uz(t)< R— St vt € [0,t.),

and z(t) € (—oo, —R + St]U[R — St,00) Vit > ts.

For t € [0,t,] we have
z(t) R—5t
F(t) = / n(u(t, z)|ug) dx +/ n(u(z,t)|u,) dz.
—R+5t z(t)

We apply the variation formula (3.3) to compute F'(¢) — F(0). Note that the identity

q(u;v) 2 /u ’ /1 /

= t—o)f'(t)dt =2 s fi(us+v(l—s))ds.

Hlo) ~ =02/, (t—v)f(t) ; ( (1—s))

and the definition of S ensure that

(3.6) |q(u;v)| < Sn(ulv) Vu,v € I = [min(ug, inf u), max(u,, sup u)].

As a consequence, whenever y'(t) = S or 2/(t) = —S the corresponding term in the right-
hand side of (3.3) gives a nonpositive contribution, and we deduce

F(t) = F(0) < 4 (BR,)

o [ T 0 o)

— a'(7) (n(up (1) ur) — n(u—(7)|ue) | dr,
where
Blg’t:{(r,f): 0<7<t,-R4+7S<{<R-71S5}.

Recalling (3.5)) that 2’ = o(u_,u4) a.e. in [0,T], we recognize the dissipation rate D (12.2)
and rewrite the above as

t
B0 F) = FO) < pa(B) + [ Dlu- () us(rhiue ) dr,
Since
1
o(u_,uy) — o(ug,uy) = /0 [f/(tu_ + (1 = t)uy) — f'(tue + (1 — t)uy)] dt.
and f’ is M-Lipschitz on I we have

o (u—y uy) = o(ug, ur)| < = (lue — u| + |ur —uyl),

2
so using the upper bound on D provided by Proposition we deduce from (3.7 that

3 t
F(t) — F(0) < pa(B,) + C’l% /0 max(E(r), 0) dr

— Cy(ug — u)]\;;/o (@ (1) — o(ug, uy))? dr,

where F(7) is the entropy cost of the jump (u_(7),us (7)) (2.3). From the characterization
[17, 8] of the one-dimensional part of u we have

fs | {(ra(r))} = max(E(7),0) dr,



STABILITY OF SHOCKS FOR FINITE-ENTROPY SOLUTIONS 15

and obtain
M3 P
(38)  F(1) < F(O)+ C (B3,

— Co(up — ur)]\j[;/o (' (1) — o(up, u,))? dr, Vit € [0, ty].

Now for t € [t.,T] we have
R—-St
FO = [ ol 0lw) do
—R+5t
where vy = u, or uy. Therefore, applying (3.3|) and remarking again that the terms involving
y'(t) = S and 2/(t) = —S give nonpositive contributions, we obtain
F(t) = F(t.) < py (Bl \ Biy) Ve[t T,

Combining this with the estimate obtained in [0, t,] and recalling the definition (3.1)) of F'(¢)
we deduce that

R—tS 5 R ,
/ ‘u(a:, t) — ughock(ﬂf — x(t))‘ dx < / ‘UD _ UShOCk de

—R+tS -R

M3 s
+ C?N-ﬁ-(BR,t) vt e [0,T].

Provided we set h(t) = z(t) — ot and replace R by R + St, this implies our main result

since BR+S“ C [0,t] x [-R — St, R + St].
To prove estimate ([1.10)) on h(t), simply remark that (3.8]) readily implies that

a t ) R hock M3
expue =) [(W@Rar< [ - R de s (B
M 0 -R

for some absolute constant ¢ > 0, provided —R + St < z(t) < R — St. Since we know that
|z(t)| < St we may choose R = 2St, and deduce (1.10). O

4. THE STABILITY ESTIMATE FOR BV INITIAL DATA

This section is dedicated to Theorem s proof, following the scheme introduced in [13].
It is based on considering initial conditions {y with a finite number of entropic shocks at

2y < -+ < a¥, of the form

(4'1) CO( ) = UO( )1x<z(1) + U?($)1x?<x<x8 +oe ’U?V(x)lz>x9va

where 1)0 > 1)1 > > U?V are nondecreasing functions on R.

Since (y depends only on the restrictions of v? to pairwise disjoint intervals, we may assume
that their extensions to R, in addition to being nondecreasing, satisfy

infCoﬁvogsupCO and O<v] 1—v0§d0 on R,

for all j € {0,..., N}, where do (v? v;_q vo)(mo) is the schock amplitude of ¢y at xo Note

that with these notations the negatlve part of D(p is given by (D(p)— Z] dgéwo

The function @ appearing in Theorem [I.4] is then going to be piecewise equal to the

entropy solutions v; of (L.1) with initial data v;(0,z) = v?( x). Since f is convex and the
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’U? are nondecreasing, v; is directly obtained by the method of characteristics and we have

that

v; is a locally Lipschitz solution of and 0,v; >0 Vi€ {0,...,N}.
Moreover the entropy solutions v; are ordered as their initial data

sup (o > v > vy > -+ > vy > inf (p,
and their differences have the following nonincreasing property: for any time ¢ > 0 and

R > 0, and intervals I = [-R, R|, Ip = [-R — St, R + St] we have

(42)  sup(vja(t,) = vyt ) < sup(v s = vj) <

This last assertion follows from the method of characteristics: for all x € I there are
y < z € Iy such that
vj—1(t,z) — vt ) = 051 (y) — vj(z) < vj_1(2) —v)(2).

We construct the function @ by shifting the shocks between the functions v;. To deal with
shocks between nondecreasing functions (instead of constant functions as in Theorem ,
we need an equivalent of Lemma [3.2) where the constant vy is replaced by a locally Lipschitz
solution v of with dzv > 0. This corresponds to [13, Lemma 2.4] which we transpose
here to our setting:

Lemma 4.1. Let u be a finite-entropy (1.4) solution of (L.1)). Let y,z: [0,T] — R be
Lipschitz paths, let 0 <t <ty <T and assume that

y(1) < 2(T) VT € (t1,t2).
For any locally Lipschitz solution v of (L.1|) such that O,v > 0 we have

2(t1)

z(t2)
(4.3) / Dt €)[o(ta, €)) dé — / n(ultr), €)lu(tr, €)) dé
Yy

(t2) y(t1)

< /1t1<T<t2,y(T)<£<z(T) p(dr,d§)

+/2 [q(u(r, y(7)+);0(r, y(1) — ¥ (T)n(u(r, y(7)+H)o(r, y(7)] dr

t1
to
= [ latutr s vt (7)) = #n(utr, (1)l )]
t1
Proof of Lemma[.1 Since v is locally Lipschitz we may use the chain rule and find
On(ulv) + 8zq(u;v) = p— 1" (v)dv [f(u) — f(v) = f'(v)(u — v)]
< s
because f is convex and " (v)d;v > 0. Then ([4.3)) follows as in the proof of Lemma[3.2 O
Equipped with Lemma [£.I] the construction and estimates of @ become very similar
to the proof of Theorem [I.4] as it simply consists in shifting the shocks along generalized
characteristics of uw. One small technical difficulty is that the curves may merge, or cross

the bounds of integration. We start by considering the simplest setting where no merging
nor crossing happens:
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Proposition 4.2. Let t; < ty and u: [t1,t2] x R = R be a bounded finite-entropy solution
(1.4) of (1.1). Let x1,...,xN: [t1,t2] — R be generalized characteristics of u, that is,

2l (t) = o(ult, z;(t)—), u(t, z;(t)+)) for a.e. t € [t1,ta].
Assume that R > 0 is such that for all T € (t1,t2),
—R—S(ta—7):=2o(7) <z1(7) < -+ <an(T) < xn41(T) := R+ S(t2 — 7).

Then, for any vg > --- > vy locally Lipschitz solutions of (1.1) such that Oyv; > 0 for
j=0,...,N, and u(t,z) defined by

ﬂ(t, :U) = UO(ta $)1x<a:1(t) + v (tv x)]-arl(t)<w<ar2(t) +ooet Q]N(t x)1x>z1\r(t)a

we have

N1 (t2) ) Ty1(t1) )
(4.4) / |u(te, ) — t(te, x)|” dox — / lu(t1, z) — a(ty, z)|” dx
zo(t2) zo(t1)
3

< Alt1,12) 1= O i (0, 12) % (wota), o1 (1))

and, for any entropy solution u’™ of (1.1)),

xn1(t2) Tn+1(t1)
(4.5) / ‘ﬂ(tg,x) ent tQ, ‘ dx —/ ‘ﬂ(tl, ) - uent tl, ‘ dx
zo(t2) zo(t1)

N to
<2 / Vi1t 23 (0)) = v 25(0) 05(0)

where the functions 0; satisfy

xn+1(t1) 9
(16) o Z 2 gt < / luts, ) — it 2)2 dz + At £2),
@o(t1)

and C > 0 is an absolute constant.

Remark 4.3. In the case of one shock between constant functions, (4.4) corresponds to

(T.9) while (4.5) can be inferred from (1.10) and Kruzkov’s L' stability estimate [5, Theo-
rem 6.2.3].

Remark 4.4. The right-hand side of (4.5) can be written more compactly as

/ @136 s dH,
Ja

where Jz = U;{(t,2;(t) }eft) 1) Is the jump set of @ with normal vector v = (v, 1),
[i] = 44 — @— denotes the jump of @ along that jump set, and the function 6 is defined on
Ju by 0(t,zj(t)) = 0;(t). Then (4.6]) translates into

@ /92| \dH1</xN“(t1)| (t1,2) — i(tr, )| do + A(t1, )
Vg < u(ty,r) —ulty, T+ 1,1t2).
CM? Ja zo(t1)
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Proof of Proposition[{.2. For all j € {0,..., N} we apply Lemma to the paths y = x;,
z = x;41 and locally Lipschitz nondecreasing entropy solution v;:

@j41(t2) zj41(t1)
/ u(t, @) — (s, 2)Pde — / fu(ty, @) — ii(tr, 2)Pde
CCj(tz) xj(tl)

<pye({t <7 <to,x(t) <€ <wjpi(t)})

+ / o, 23(r)4): o 2(7))

= @5(m)n(u(r, z;(r)+)|v(r, 2;(7)))] dr

—/2 [q(u(T,xj+1(7')_)5U(Tvxj'i'l(T)))

t1
— & (T)n(u(r, 2j41(1) =) o(T, 2541(7)))] dr.
Summing all these inequalities, we deduce

N1 (t2) ) n+1(t1) )
/ fu(ta, ) — lta, )| d — / fu(ts, z) — it 2)[ de
xo(t2) zo(t1)

+

< i ((t1, t2) X (wo(t1), Ta41(t1))
N ts
+Z/ D(u(t, zj(1)=), u(r, 2 (7)+);vj-1(7, 25(7)), v (7, 2;(7))) dT
j=1""

Here we discarded the boundary terms involving the paths zg and zx41 as they give non-

positive contributions thanks to (3.6)). Since vg > --- > vy we may apply Proposition
to obtain, as for (3.8) in the proof of Theorem |1.1

TN (t2) ) zn1(t1) )
/ |u(te, z) — u(te, x)|” dx — / lu(t1, z) — a(t1, z)|” dx
zo(tz2) zo(t1)

<Mtt) = a2 [ (ea(nay () = oyl () () dr

where

(4.7)  s5(t) = 25(t) — o(vja(t,2;(2)), v; (¢, 25(1)))-

This implies in particular (4.4). Note for later use that it also implies
o

N ta
i | i) — ) s dr

j=174

(4.8)

Tn+1(t1) 9
g/ by, 2) — it 2)2 dz + At ).

o(t1)

Now we turn to the proof of (4.5). For any convex entropy 7 and associated flux ¢, we
compute

iy := Opij(u) + Opq (1)



STABILITY OF SHOCKS FOR FINITE-ENTROPY SOLUTIONS 19

Note that @ need not be a solution of (|1.1)), but we can still compute this entropy production.
Since @ is a Lipschitz solution of (1.1)) outside of the Lipschitz curves z;, the BV chain rule
ensures that fi5 is concentrated on those jump curves, and

MzZm )¢ {g;(t) dt},

95(t) = —wj(t) [7(v;(t, 25 (8))) = N(vj-a(t, 25 ()] + Gvj(t, 2(8)) — 4(E,vi-1(¢))).
Recalling from the definition of s; that (t) = o(vj_1(t, (1)), vj(t, z;(¢))) +s5(t), we
see that

9i(t) = E(vj1(t, z;(t)), v; (£, 25(t)))

Fs5(0) [0 6, 25(0))) — (w2 (65O

where Ej(u—,uy) denotes, as in (2.3)), the entropy cost of a jump (u—,u, ) for the entropy
7. Here, since vj_1 > v; we have Eﬁ(vj_l, vj) <0, and therefore

(4.9) i < (sup 7' oal) A,
A= Z t,x;(t))s {\;(t) dt},
Aj(t) = (Ujfl(tvmj( ) —vj(t,z;(t))) |s;(2)]

Even though 4 is not a solution, and its entropy production is not nonpositive, we claim
that the proof of Kruzkov’s L' estimate [5, Theorem 6.2.3] can be adapted to obtain

(4.10) 0y [u™ — @) + 0y Q(u™:; @) < A,

where Q(u;v) = sign(u—wv)(f(u) — f(v)). We follow [5, Theorem 6.2.3] and use the variable
doubling technique: from ({4.9)) and the fact that u®™ is an entropy solution we have
(4.11) (9 + 0| (s, y) — a(t, 2)| + (9x + 9,)Q(u" (s, y); a(t, x)) < A(t, @),

and we test this against

t+s x4y t—s T—y
ot = (52550 0 (52) . (552,

for any nonnegative test function (t,x), p:(t) = ¢ 1p(e't) with p a smooth nongative
function with compact support and unit integral, and small enough & > 0. In the proof of
[0, Theorem 6.2.3], it is shown that the left-hand side of tested against ®. converges
to the left-hand side of tested against ¢, as € — 0. To obtain we only need to
check that the same happens with the right-hand sides. We have

<)\(t, 37)7 (I)e(ta z,s, y)>

t t— _

= [t~ =5, ci) Adt.do) p(5)ol5) dsdy —> (v,

by dominated convergence, since v is bounded and A is a finite measure. This proves (4.10)).
(Direct computations using the BV chain rule would also provide a proof.)
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Testing (4.10]) as in the proof of Lemma and discarding nonpositive boundary terms,
we deduce that

N1 (t2) TN 41 (t2)
/ ‘ﬂ(t2,$) - ue”t(tg,:n)‘ dx — / ‘ﬂ(tl,x) - ue”t(tl,:ﬂ)‘ dz
JIO(tQ) xo(t1)

< / 14 <t<ta,zo(t)<z<zny1(t) A(dt, dx)

N to
-y / Vit (0) = vt (1)) ;) dr,
j=1"h

where 0;(t) = \/vj_1(t,z;(t)) — vj(t,z;(t)) |s;(t)| satisfies ([4.6) thanks to (4.8). O
Now we turn to the proof of Theorem for initial conditions (y with a finite number

of shocks as in (4.1)).

Proof of Theoremfor Co as in (4.1). We let z1,...,zn: [0,T] — R be the generalized
characteristics of u starting at x(lj, el x?\,. We let

te =sup{t € [0,T]: z1(7) < --- < zn(r) Vr € [0,t]} >0,

so that the curves z; do not intersect on [0,t,). If t. < T, some of the curves intersect at
t«, and for all j € {1,..., N} such that

Tj-1(te) <xj(te) = zjpa(te) = ... = ze(ts) < zepa(ts),

for some £ € {j+1,..., N} (with the convention that zg = —oco and zx 41 = +00), we modify
Zj41,...,2¢ on [t, T] by setting them all equal to ;. In particular after this modification
these curves are still generalized characteristics of u. We repeat that procedure, at most
N times, until we have generalized characteristics z1, ..., z, starting at l‘(l), ey x?\,, which
may intersect, but not cross:

1 <zy<...<zy on][0,T].
Then we define % on [0,7] x R by setting
ﬂ(t, l‘) = ’U(](t, $)1x<a:1(t) + U1 (tv x)]-azl(t)<x<ar2(t) +eee UN(t7 $)13?>$N(t)’

where v; are the entropy solutions of (1.1)) with initial data v?. Note that some terms of
this sum may become zero as t increases and curves merge.
For any t € [0,7] and R > 0 we set

xo(t)=—R—-S({t—71), xnyi1(r) =R+ S(t—171),
A ={(1,6): 0 <7 <t, 20(7) <& < wn41(T)}.

As 7 increases from 0 to ¢, some curves x1(7), - ,zx(7) may merge, or exit the interval
[20(T), zn+1(7)] (but they can not enter it, as [z} < S). We partition [0, 7] into at most N
intervals inside which no merging nor crossing happens. In those subintervals we can apply
Proposition Concatenating all resulting estimates , we deduce

R R+St
[ tuttass) — itz )P - [ ju0.) — 0.0 da
—-R —R—St
M3
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which proves . Concatenating the estimates we obtain a function 6 defined on
the jump set J Of i, such that for any entropy solutlon u™,

R R+St
(4.12) /_R a(t,z) — u(t, x)| do — / |@(0,z) — u(0,z)| dw

—R—-St
O
g/ [0 || dH,
Jq‘lﬂAR,t
R+St

a
and / 62 |v,| dH! </ u(0,2) — @(0,z)|* dz + A0, t).
CM2 J{LﬁAR,t —R—St ’ ( ‘

Here we use the notations of Remark . | denotes the jump of @ along the jump set J;
with normal vector v = (v, 1,).

Then we estimate the right-hand side of (4.12)),
[
JﬂﬂAR‘t

< (/ il M\d#) </ 92\%\01%1)
JaNAR,¢ JaNAR,¢
M R+St

<M / (] v A / w(0,2) — (0, )| dz + A(0, 1).
o2 JaNAR+ R— St

Using the nonincreasing property (4.2) of the differences between the functions v; we can
estimate [u], and obtain, with Xo = {j: :):9 € [-R— St,R+ St]},

=
[SIE

L ! t su Vj T.°) —vsi(T, - T
/JaﬂAR,tHU]HVAd/H S/O Z o) (]_1( i ) ]( , )) d

S, lro(M)en (7))

<ty d)=t- (D) ([-R- St,R+ St)),
Jj€Xo

hence

/J ol ant < CaDG) (R - 56 R+ SiVE

R+St
\// — (0, 2)% dz + A0, ).
R— St

Combining this with (4.12)) and choosing u®™ = ( readily implies (1.12)), and concludes
the proof of Theorem [I.4] when the initial condition (y has a finite number of shocks as in

(1) O

Before turning to the proof of Theorem for any initial condition (y € L N BVjy(R),
we gather some estimates on the function # that we just constructed:
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Lemma 4.5. When {y has a finite number of shocks as in (4.1), for any 0 < s <t < T
and R > 0 we have the bounds
(4.13)  [Dgul([s,?] x [-R, R])
(4.14)  |Deul([s,?] x [-R, R])

2(t = 5) (IS0l + (Do)~ (=12 = 5t, R+ 51)))

<
< S|Dgil([s,t] x [-R, R]),

R
(4.15) /_R ji(t, ) — (s, )| dz < 25([[Collo + (DG)— (=R — St, R + St])) (t — 5).

Proof of Lemmal[.5 To obtain (4.13)), remark that (D,u)_ consists only of shocks which
are differences between the v;, therefore using the nonincreasing properties (4.2)) of such
differences and letting Xo = {j: 2} € [-R — St, R + St} we have

(Dyi0) (s, 1] X [~R, R]) = / @l lva]

Jan([s,t]x[-R,R])
<(t-9) Y d = (t - 5)(DG)_ (R~ ST.R + ST))
J€Xo
This implies (4.13) since |D,u| = D,u + 2(D,4)— and
Dyu([s, t] x [-R, R]) < 2(t = s) [l . <2(t = 5)[|Colls -

To obtain (4.14)) we simply note that outside J; the function @ is Lipschitz and satisfies
Oy = — f' ()0, @, and for the jump part we take into account that the normal vector satisfies
|vt| < S|vg|. Finally, using that

R
/_ it ) = als.@)] de < Dyl 1] % [<R. )

we obtain (4.15]) as a consequence of (4.13)-(4.14)). O

Remark 4.6. We also have the Oleinik-type bound D,u(t,-) < 1/(at) for all t € (0,T],
since the functions v; satisfy d,v; < 1/(at) and all other contributions to D, @ are negative
shocks.

Finally we prove Theorem for any initial condition {y € L N BV,.(R).

Proof of Theorem[I.4, We fix {p € L*> N BV,(R) and approximate it with functions (g
of the form as follows.

We have (o = (1 + (2 where (; is nondecreasing and (, is nonincreasing. For a large
integer k, and L = L(k) = 2% we let af < --- < a¥ equipartition the interval [k, k], that
is,

a’g:—m%zk, for ¢ € {0,...,L},

and we define
L

k k k
Gr(®) = afle@m<ay + D 0Lk <ca@izat + L G )50
/=1

1

Since (2 is nonincreasing, the sets {¢» < af}, {ak | < & < af}, {¢2 > ak} are intervals,

and the modified initial condition CAOJC = (1 + (2,1 is equal almost everywhere to a function
of the form (4.1). If the interval {alg < (< alz} is not the full real line, the infimum
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and supremum of CAOJc may however be far from inf {y and sup (y, so we introduce a further
modification.
Note that

2k, .
60— (G + )l = G2 = Gol < 3¢ in the interval {af < & < af}.

Therefore, letting vy, = inf{ak < ¢ < ak} and z, = sup{ak < (s < a%}, the nondecreasing
function

Cl,k(x) = Cl (y]j)lxgyk + Cl(ﬁ)lyk<x<zk + Cl(Z,;)lx>zk,

satisfies

2k 2k
inf ¢ ~ ok < G+ Qo SSUPC0+27 in R.

The modified initial condition

Cok = Ci i+ ok

is equal almost everywhere to a function of the form (4.1)). Moreover we have

Cok — Co in Lj;.(R)
(Déos)— (=R, R]) — (DCo)—([~R, R]) for all R >0,

as k — oo. Applying Theorem to the initial condition (y; we obtain functions 1y
satisfying —. Thanks to Lemma we may extract a subsequence of 4 such
that ay(t, -) converges in L7 for every ¢ € [0,T], and pass to the limit in (L.1I)-(1.12)). The
limit @ satisfies the bounds of Lemma (4.5 O

1]
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