Chapter 12

Application of convergent sequences of
projectors to stationary processes

Alain Boudou, Sylvie Viguier-Pla

Abstract We develop a measure of the gap between two projectors, based on
the convergence of sequences of projectors. This allows us to define the gap be-
tween two spectral measures, and develop several properties associated with the
latter. In particular, we establish the continuity of the convelution product.

12.1 Introduction

The set of projectors plays an important role in statistics and probability (ef. Ro-
main [6]). It can be equipped (ef. Halmos [5]) with a relation of partial order.
From this one, we define a pseudo-distance between projectors and a new type
of convergence of projectors which mutually legitimate one another: a sequence
of projectors (P, )ncn converges to the projector P if and only if (d(FP,. P))uex,
sequence of the pseudo-distances between I and I, converges to 0.

What precedes allows us to define the gap between two spectral measures £
and &', projector-valued, that is the upper bound of the family of the projectors
di£A.£'A). We can then establish several properties of continuity associated
with the spectral measures. These spectral measures are very often used tools in
mathematics of stationary processes.

Then, we examine the notion of maximal egalizator of two unitary operators U
and [/)'. Briefly speaking, it can be defined as the projector on the greater vector
subspace on which the operators {/ and U/’ are equal. If we denote it by R, we
show that / — R is the gap, as previously defined, between the spectral measures
£ and £’ respectively associated with the unitary operators U/ and U'. This gives
us a close relation between two concepts defined independently from one another.

We recall that the shift operators associated with a stationary process are unitary
operators.

To a spectral measure we can associate (cf. Boudou [1]) a family of unit operators
which has got a group structure. We show that if {l/;;9 € G}, family of the
unitary operators associated with the spectral measure £, is close to {U}: g € G},
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family of the unitary operators associated with the spectral measure £', then the
gap between the spectral measures £ and £' is small. This way of measuring the
grap between spectral measures is close to the problem of measuring proximity
between functional data with semi-metrics. We can find a large litterature on
this subject in Ferraty and Vieu [4]

We end the presentation by defining the set of the sta!:iun.ary processes both
filtered from the stationary processes (X, ),cc and (X ) z6-

12.2 Recalls and preliminaries

By H we will designate a C—Hilbert, by P(H) the family of orthogonal projectors,
and by G a locally abelian compact group, which dual & is of countable basis. The

o—field of the borelians of & is denoted Bs;. When G = E, (7 iz identified with
M= [—m,xl.

A random measure (rm.) Z, on Bg for H, is a vector measure such that
< ZA,ZB >= 0, when AN B =0.

Then we show the following.

The application iz : Ac Bg > | ZA|? € R, is a bounded measure.

The stochastic integral, relatively lo the rm. Z, can be defined as the unique
isometry from L*(G, By, yz) onto Hi: = vect{ZA; A € Bz} which to 14 asso-
cintes Z A, this for any *‘1 of Ba.

The image of i, element of L2(G, B, iz ), by this isometry, denoted [ dZ, is
the integral of @ relatively to the rm. Z.

Let us recall that, with any stationary continuous random function (c..f.) we can
associate one, and only one, r.m. from which it is the Fourier Transform.

A spectral measure (s.m.) &, on By for H, is an application from B onto
P{H) such that

EVG) =15

E(AUB) = EA+ EB, for any pair (A, ) of disjoint elements of B;
lim,EAX = 0, for any sequence (A, )ncn of elements of B which decreas-
ingly converges to | and for any X of H.

If ' is a second group similar to 7, and if f is a measurable application from G
into ¢/, we can define the 1mage of a s.m..

The measure image of £ by [ is the application f(€): A€ Bz = E(f~L4) e
P(H); it is a s.m., on Bg; for H.

To a s.m. we can associate a family of rm.’s as follows.

If £ isa s.m. on B for H, then for any X of H, the application ZX:Ae
Bas £AX € Hizanm.,

To any unitary operator [/ we can associate biunivocally a sm. £ on By for H
such that

UX = [e"'dZF, forany X of H.
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For any g of G, we denote by h, the measurable application from G in [l such that
e'ho(¥) = (v, g)4,,, this for any v of G. So the following stands.
If U, ts the unitary operator of H of associated s.m. h,E&, where £ isa s.m. on

B for H, then {Uy, g € G} is the group of the unitary operators of H deduced
ﬁ'om the s.m. £,

When £; and £; are two s.m.'s, on By for H, which commute, that is when they
are such that, for any pair (AL,A,_-} u{'elements of B, the projectors £, 4, and
£1 45 commute, we have the following.

There exists one, and only one, s.m., denoted £, = E3, on Bz 2 Bg = B3 for
H, such that £ @ E3{A; % Az) =& A1 E: A, forany (4, }la]l ufE % Ba.
The image of £, & & by the measurable application S : (vi.7a) € Gx G
vi + 712 € G, denoted £, * &, is named convalution product of £, and ;.

If we denote by 4y the Dirac measure concentrated on 0, the following is easy to

verify.
The application £z : A € Bz~ §(A)] € P(H), is a s.m. on By for H, which
commutes with any s.m. £, on B; for H, and is such that £ + £5 = £.

The application w : v € G ++ — £ (3 is measurable and we have the following.

For any s.m. &, on B for H, we have £ » wé = &5,

These recalls can be found in Boudou and Romain ([2] and [3]).

12.3 Relation of order, convergence of a sequence of
projectors, gap between two projectors

Let P and @ be two elements of P(H), the set of orthogonal projectors of the
C—Hilbert H.

We say that “P is smaller than ()%, and we denote it P < Q, when P = PQ).

This defines a partial relation of order on P(H). Any family {P,;A € A} of ele-
ments of P(H ) has got, for this relation of order, a greater minorant, named lower
bound of the tamily, and denoted inf { P\: A € A}, and a smaller majorant, named
upper bound of the family, and denoted sup { P,; A € A}. We have the following.

Im Eﬂf{P_&l;}L £ A} = Mpestdm Py).

When I is an element of P(H ), if we denote by P+ the projector [ — P, then we
get the following dual properties.

(inf{PyA e ANt =sup{PL A A);

(sup {Pu: A € ANt =inf{P A€ A}

Obviously, if { 7, )sen is a sequence of projectors, we can define the limit superior
and the limit inferior of this sequence as following.

limsup (P )uen = inf{sup {m;m Znhne N}
liminf(P,)nen = sup {inf{Pr;m = n}in e N}
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Of course, we have the following relation.
liminf( P, )nen < limsup ( Py )nck-
When the two limits are equal, we say that there is a convergence.
Definition 12.1. A sequence of projectors (P, )nen is r—convergent to the projector
P, what we write lim P, = P, when P = liminf (Pu)nex = imsup (P )uen.

A sequence of projectors which is r—convergent is not necessarily convergent
as a sequence of L(H), C—Banach of the set of bounded endomorphisms of H.
Conversally, there exists sequences of projectors which are not r—convergent,
although they are Cauchy sequences of £(H). Let us note that, however, both
convergences imply the point by point convergence.

Definition 12.2. Let consider fwo projectors P and ). We call “gap between P
and (0", and we denote it d(P, '), the projector sup {P, P'} — inf{P, P'}).

Beyond the definition, this gap offers a great analogy with the classical distance
in R. In particular, we show the following.

Proposition 12.3. Two projectors I’ and () are such that d(P, Q) = 0 if and only
ifP=0qQ.

Proposition 12.4. If P is a projector and (P )uen a Sequence of elements of P(H ),
then lim! P, = P if and only if lim d(F,, P) = 0.

12.4 Continuity of the spectral measure

For a sequence (A, },en of elements of B, the limit superior and the limit inferior
are defined as follows.
lim Sup[_.xq"}lﬂ(—_'ﬁ' = r-]ul.':_ﬁ Uﬁ!iﬂ- -""Jlr:u;
lim Eﬂ;ﬁ;“;"]ﬂgm — Une?i ﬂm.'_}‘:n Jqﬂ'l-'
We can then show that
liminflA, )nen C limsup( Ay Jnen.
Of course,

when liminflAn ) nen = limsup(Ap)uen = A we say that the sequence
(A, Inen converges to A, what we write lim, A, = A

The following result is a continuity property of the s.m..

Proposition 12.5. When £ is a s.m. on B for H, if (Ay)nen is a sequence of
elements of B which converges lo A, then lim, £A, =EA

12.5 Maximal egalizator of two unitary operators

If a projector D commutes which a unitary eperator [/, then U(Im D) = Im DD,
and we can prove that the application X € ImD — UX € Im D is a unitary
operator of the C—Hilbert Im D.

If the projector D commutes with a second unitary operator U7, then the appli-
cation X € ImD — U'X £ ImD is a second unit operator. If both operators,
such obtained, are equal, we say that D iz an egalizator of U and [J'. Hence the
following definition.
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Definition 12.8. A projector D is an egalizator of the unitary operators U and U
when D commudes with U7 and U’ and when VD = 1" D,

We show the following.

Proposition 12.7. The upper bound of the family of the egalizators of the unttary
operators U and V' is also an egalizator of U and U, named maximal egalizator
of the unitary operators U and U7,

This notion is a new way of dealing with the proximity between two unitary
operators : two unitary operators are close together when the maximal egalizator
is projecting on a great subspace. So, the unitary operators | — 2h & h and T
(|lall = 1) have (heh)" as maximal egalizator, they are equal except on a subspace
of dimension 1, and can be considered close together, unless ||(7— 2h@h)—I|| - = 2.

12.6 Gap between two spectral measures

Definition 12.8. We name gap between two s.m.’s £ and E“, on By for H, and we
denote it Er ¢, the upper bound of the family of projectors [d{EA,E'A); A e Bzt

It is easy to verify that two s.m’s £ and &', on Bz for H, are equal if and only if
Es ¢ = 0, and that Fg ¢, = EC{0}.
The gap between two s.m.’s is invariant by convelution.

Proposition 12.9. If fwo sm.’s £ and &, on Bz for H, commute with a third s.m.
it then, Eglgr = Eg,m,p

*{x=
Consequently, we can show the following.

FProposition 12.10. Iftwos.m.s £ and £, on Ba for H, commaute, we have Eg ¢ —
(w€) + £'G{n}.

The convolution preduct is continuous, with respect to this measure of the gap
between two s.m.'s. More precisely, we have the following.

Proposition 12.11. If £ and o are two s.m.’s, on By for H, and if (£, )nen is @
sequence of s.m.’s, on B, for H, which commute with o and such that lim) E¢_ ¢ -
U, we can affirm that the sm.’s £ and o commute and that lim| Eg_ .. g40 = .

The maximal egalizator and the gap between two s.m.’s are two different, expres-
sions for the same reality.

Proposition 12.12. If £ and &' are the s.m.’s respectively associated with the
unitary operators U and U, then (Eg ¢ )" is the maximal egalizator of U and 17",

This last result can be generalized in the following way.

Proposition 12.18. If {U;:y € G} and {Ur;;g € G} are the groups of the uni-
tary operators on H respectively deduced from the sm.’s, on By for H, £ and &',

then Er s = sup R.l g € (), where H‘ﬂl ts the maximal egalizator of the unitary
operators U, and U,

Hence, from this resul, a proximity between the families {U/;: g € ¢} and { Ulige
'} implies a proximity between the s.m.'s £ and &', and conversally.
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12.7 Filtered of two stationary continuous random
functions

If Z 15 the rm. associated with the stationary exf [X,);cq, and if £ is a s.m,,

on By for H, compatible with the rm. Z, that is such that £ AZG =F A, for any
A of B (there exists an infinity of such rm.’s, ¢f. Boudou [1]), we can show the
following.

For any X of Hz, (UyX )ycq: is a stationary c.rf. filtered from (X;) ec

Let us recall that a stationary c.r.f. filtered from {X,),c¢ is a stationary c.r.f. of
the type ([(..9)¢(.}dZ) eer, where ¢ is an element of L*(G, Bg, jiz).
Let us consider two stationary er.f's (X,);ec and (X )4eq, of respective associ-

ated rm.'s Z and Z’, we wish to determine all the stationary c.r.f's, both filtered
from (Xg)gec and from (X, )ec.

For this purpose, let us consider twoe s.m.’s £ and &', on B for H, respectively
compatible with the rm’s Z and 2'. Let (Uz:g € G} and {U};g € G} be the
groups of the unitary operators on [ respectively deduced from the s.m.s £ and
E'. If X belongs to Hz M Hz N Im E§-1E,_ then (U, X }yec and (U, X ),ec are, from

what precedes, stationary c.r.f’s reapectively filtered from (X ),eq and (X ).eq,
but as Im Ez ¢, = NyeqKer(U; — U7)), they are equal, hence the following result.

Proposition 12.14. For any X of Hz N Hz NIm Eg ¢, (UgX)sec = (U X ) gec is
a stationary c.r.f. filtered from (X, ) eq and from (X} )e0.

We show that any filtered function both from (X}, and from {X;)HE(,- is of this
type.
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