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1. INTRODUCTION

The pluricomplex Green function is an important tool of several variable complex
analysis; in particular it provides a fundamental solution for the complex Monge-
Ampere equation and information about the complex geometry of domains [10] (see
[7] for an exposition of pluricomplex potential theory). For m > 2, the complex
Monge-Ampere equation is nonlinear, so studying the several-pole analogue of the
Green function (introduced in [8]) is no easy task, see [4], and [1] or [3] for some of
the few cases where it can be explicitly computed.

Let €2 be a domain in C", and poles and weights denoted by

S ={(a1,11);...;(an,vn)} T QX Ry,
where R, = [0, +00). The pluricomplex Green function is defined by
Gs(z) =
sup{u(z) :u € PSH_(Q),u(x) <vjlog|lz —a;|| + C; whenx — a;,5 =1,...,N}.

Note that if N = 1 we might as well take 14, = 1, Gg is the pluricomplex Green
function with one pole.
We also recall the definition of Coman’s Lempert function [4]:

N
(11) £s(2) :=inf{D _vilog|l : 0(0) = 2,0(¢) = aj,j = 1,.., N
Jj=1

for some ¢ € O(D, )},

where D is the unit disc in C.

It is easy to see that lg(z) > Gg(z) for all z € €.

A remarkable theorem of Lempert [10] says that equality holds in the case where
2 is convex and N = 1. Later Coman [4] proved with considerable effort that this
assertion also holds when €2 is the unit ball, N = 2, and the weights are equal. At
the same time he conjectured that the equality might hold for any number of points
and any convex domain in C". Recently, Carlehed and Wiegerinck [2], [3] proved that
Coman’s conjecture fails for the bidisc, with two poles lying on a coordinate axis and
distinct weights. The main goal of this paper is to prove that Coman’s conjecture
does not even hold in the case when all weights are equal.

Weights on the Green function are analogous to multiplicities for zeros. Since the
work of Carlehed and Wiegerinck [2], [3] uses weights greater than 1, we focus on the
behavior of Coman’s Lempert function with many poles when some group of poles
tend to the same pole. Eventually, a counterexample is obtained Section 5 of this
paper with the domain equal to the bidisc, and four poles at (a,0), (b,0), (b, ¢), (a,¢),
with € small enough (Theorem 5.1). As is [3], one can deduce from this that the
Coman conjecture fails for strictly convex $moothly bounded domains which are close
enough to the bidisc.

Along the way, we need to introduce more general notions of Lempert functions,
coming from generalizations of the Green function. The reason is as follows : when we
consider the pluricomplex Green function as a fundamental solution for the complex
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Unfortunately, this was not fully successful, since our best candidate (see Definition
3.6) is not in general the limit of the Lempert functions for the natural systems of
points which tend to the given "multiple poles” (see [14, Theorem 6.3]). However,
we gather enough information to prove that in the four-point cases mentioned above,
equality does not hold between the Lempert and Green functions.

Along the way to our counterexample, we give partial answers. There is equality
between Lelong and Rashkovskii’s Green function and our first generalization of Co-
man’s Lempert function in the case of one pole, in the polydisc, with a simple enough
singularity (Lemma 2.6; some hypothesis about integer multiplicities is of course nec-
essary). We also prove equality between Lempert and Green functions in the case of
the bidisc in C?, when all poles are on the first coordinate disc and all multiplicities
equal to one ; also, our first generalization of the Lempert function provides a nat-
ural limit when poles collide along the first coordinate disc, producing ”horizontal”
non-isotropic singularities, and this is still equal to the appropriate generalized Green
function (this is made precise in Theorem 4.1).

The organization of the present paper is as follows : in Section 2, we give notations
and definitions, introduce our generalization of the Lempert function and give Lemma
2.6 as a first motivation of this particular definition. In Section 3, we generalize to this
new Lempert functions some of the results of [17]; the proofs we give are restricted
to the particular cases which do occur in the examples below. Section 4 includes
Theorem 4.1 and provides a few negative examples in the bidisc, the latter motivating
Definition 3.6, which amends our first generalization of Coman’s Lempert function.
Finally, the counterexample is proven in Section 5.

A longer version of this paper, with the proofs of some additional facts about our
generalization of the Lempert function, is available as a preprint [14] and forms part of
the second-named author’s Ph. D. dissertation (Ha Noi, Viet Nam, november 2002).
Acknowledgements. The results of this paper were obtained in part during a stay
of the second-named author at the Paul Sabatier university. He would like to thank
Professor Do Duc Thai for stimulating discussions regarding this paper, the program
FORMATH Vietnam (and in particular Professors Nguyen Thanh Van and Frédédric
Pham) for the invitation and financial support, and the Emile Picard laboratory for
hospitality. The first-named author thanks Stéphanie Nivoche and Evgueny Poletsky
for interesting discussions concerning the topic, and also the latter for his hospitality
in Syracuse. We thank the referee for his careful reading of the paper and his helpful
suggestions.

2. DEFINITIONS

Definition 2.1. [9]
We will say that ¥ € PSH_(D") is an indicator (centered at 0) if and only if

U(zy,...,2,) = g(log|z], ..., log|z.|),

where g is a convex continuous nonpositive valued function defined on (R_)", in-
creasing with respect to each single variable, and positively homogeneous of degree 1:
g(Ax, ... Axy) = Ag(21, ..., @), for any A > 0.

This can be introduced in a less ad hoc way, see [9].
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By [9], if ¥ is an indicator, it is a multiple of a fundamental solution to the complex
Monge-Ampere equation, that is, there exists 7 > 0 such that

(ddV (- — a))" = 16(a),

where §(a) stands for the unit mass at the point a € C™.
Let us fix the system S :={(a;,¥;)},1 <j < N, where a; € 2,1 < j < N and ¥;
are indicators.

Definition 2.2. The generalized Green function [9] is given by
Gs(z) :==sup{u(z) :u e PSH_(Q),u(z) < V(x —a;)+C;,1 <j <N},
where the inequalities are required only for x belonging to a neighborhood of each a;.

Remark 2.3. If Q is a hyperconvexr domain in C", then Lelong and Rashkovskii [9]
also showed that the Green function is the unique solution of the following Dirichlet
problem (for short we write G instead of Gg)

(a) G € PSH_(Q)NC(Q);

(b) G(z) — 0 as z — 08

(¢) U;(z) = limp_oo R7'Gla; + (exp(ug + 0 + Rlog |zk|))1<k<n), 1 < 7 < N, where
the limit exists almost everywhere for v = (uy, + 10y )1<k<n and doesn’t depend on x;

C n N
(d) (dd°G)" = 35—, 70(ay).
We now introduce a new generalization of the Lempert function.

Definition 2.4.

N
Lg(2) == int{)  7;log|¢j| : 3p € O(D,Q),9(0) = 2,

j=1

3U; a neighborhood of ¢; : ¥;(¢(¢) — a;) < 7jlog|¢ — ;| +C;,V¢ € U;,1 < j < N}.

Note that for the non-trivial case where 7; # 0, the conditions imposed on the map
¢ force ¢(¢;) = a;. In the basic case where W;(z) = log|z| for each j, we will have
7; = 1 for each j, and we simply find the usual Lempert function fg with simple
poles (v; = 1 for each j), since analytic maps are locally Lipschitz. But for N > 1,
V;(z) = vjlog 2| with some v; > 1 (and 7; = v/), this is not a priori the same as the
(s given in the Introduction (although we do not know of any example to exhibit this

phenomenon, and do not know of any general inequality between the two functions).
Lemma 2.5. Gg(z) < Lg(z), for any z € Q.

Proof. If ¢ : D — Q is an analytic disc in , with ¢(0) = 2,¢((;) = a;,1 < j < N
and ¥;0¢(¢) < 7;log|¢—¢;|+C;,1 < j <N, then Ggoy is a subharmonic function
on D, Gg o ¢ is negative and

Gsop(() <Cj+ T 0p((¢) <Ci+mlog|¢ = ¢, 1 <j<N.

Thus Gg o ¢ is a member in the defining family for the Green function on D with
poles (; and weights 7;, and hence,

- G — ¢l
s sO(C)_;T AT
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It implies that

=z

Gs(z) = Gs 0 p(0 Z j1og G-

Thus Gg(z) < Lg(z), for all z € Q. O

Recall (see e.g. [6], [12]) that the involutive M&bius map of D which exchanges
¢ € D and 0 is given by the following formula:

£—¢

1-¢&¢

Therefore it is no loss of generality, in the case of a single pole a, to reduce ourselves
toa=0.

(2.1) ¢e(C) =

Lemma 2.6. Let Q2 be the polydisc D™ in C*. If S has only one pole at (0,0), and
the indicator V is of the following simple kind

U(z) = max ¢; log |71,

where the numbers c; are positive integers, then Lg(z) = Gg(z) = ¥(2), for any
z € D"

Proof. By verifying the Dirichlet problem given by Lelong and Rashkovskii [9], we
have

Gs(z) = max ¢; log | z;].

We may assume that max; <<, ¢; log|z;| = ¢, log |zj,| for some 1 < j, < n. With this

assumption we have Gg(z) = ¢;,log|z;,|. To prove the Lemma, it suffices to show
that there exists a mapping ¢ € O(D,D") and (, € D such that

(1) ¢(0) = =,

(2) (CO) = 07

(3) Wop(() <mlog|¢— (| + C,V¢ € D, where m := [

=1 G = is the total mass

(4) mlog |Co| = ¢, log |z,
The condition (3) can be rewritten as follows

(3") <p§-k)(g“0) =0,1<k<m;—1,1<j<n, where m; :=m/c;.
We fulfill condition (4) by picking ¢y € D such that

|Gol ™0 = |25,
and put

010 = [86(0)] n(660)) v D1 <5<

where h; : D — D is such that h;({) = %, 1<j<n.

0
Then the function ¢ = (1, -, p,) and (o satisfy all properties (1), (2), (3’) and
(4). 0O
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3. EXISTENCE OF EXTREMAL DISCS

We now extend to this new Lempert function some known properties of its usual
counterpart. The following generalizes [17, Theorem 2.4, p. 1054], or in the case of
the unit ball [13, Proposition 3, p. 338] (see also [16, Papers V and VI]).

Proposition 3.1. Let Q be a conver domain and S = {(a;,¥;) : 1 < j < N} and
S"={(a;,V;) : 1 <j <N —1} where a; € Q and V; are indicators centered at a;.
Then

Ls(z) < Lg/(2), for all z € Q.

The proof of this proposition can be found in [14, Section 4]. Since that full proof is
elementary and rather tedious, the one given below restricts itself to the special case
where n = 2 and the indicators are of the type used in Lemma 2.6, with 1 <¢; < 2.

Proof of Proposition 3.1
This proof adapts the ideas of [17], [13, Proposition 3], and [15, Theorem 2.7].
Given any 0 > 0, there exists a holomorphic map ¢ from the disc to {2 and points
¢ ebD,1<j <N —1,such that (z) =0,
N-1

LS/<Z) S ZTj 10g|<]0| S LS/(Z> + 5,
j=1

and ¥; o p(¢) < 1jlog | — Cj0| +C;,1<j <N -1 Letr <1, to be specified later.
0
We set ¢"(C) := @(r¢). If r > max|(?], 1 < j < N — 1, we have % e D and

e .
@(_):CLJWISJSN_L
T

and more generally

. ¢} ¢} .
(31) Wj0¢"(Q) < mloglr(C— =)+ ¢ < mylog|(C = =) +Cp 1< j< N -1

We will introduce a correcting term to ensure that the same property hold for j = NV,
without destroying it for j < N —1. -

Let K denote the convex hull of ¢"(DD) U {ayx}. Since ¢"(D) U {(a,0)} CC Q, we
can find an ¢ > 0 such that the distance between K and 0f2 is at least e M; where
M, = sup,5 |ay — ¢|.

Lemma 3.2. Giwen any m € N*, there exists h a holomorphic function on D and
some C* € D satisfying
[} h(D) C Us = UxG[O,I}D(Iyg);
e 1(0) =0,
¢ e .
e h(C*) =1, and W ({*) = 0.
Accepting this lemma temporarily, define

P(C) = ¢"(€) + h(Q)(an — ¢"(C))-
The definition of ¢ and the first condition above show that (D) C Q. Clearly,
p(0) = z.
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We have h(¢) = O((¢ — g;—30)2) for 1 < j < N —1, so that the conditions (3.1), which
reduce under our restrictive hypotheses to the vanishing of the derivatives of certain
coordinate functions of ", still hold for ¢.

Finally, one also checks that ¢(¢) = any+(h(¢)—1)(an—¢"(¢)) = ay+0O((¢—C*)?),
which will imply ¥y op(¢) < 7y log | —(*|+ Cx. For the mapping @, the logarithmic
sum of the preimages yields

N-1 0
E log g,
: r
J=1

Since this construction can be carried out for any r arbitrarily close to 1, we have
LS(Z) S LS/(Z). O

N-1

1 1
+log |C*]| < Zlog\(ﬂ + (N — 1)10g; < Lg(z)+0+ (N — 1)10g;.
j=1

Proof of Lemma 3.2. Let p be a Riemann map from D to U so that p(0) = 0. We
look for h under the form h = p o hy, where h; is a holomorphic map from D to itself
such that
L] hl (0) - 0,
¢ e .
L hl(T]):h1<7j) :07 1 S] SN_]-v and
e there exists ¢* € D such that hy(¢*) = p~*(1) and A} (¢*) = 0.
Let By be the finite Blaschke product with a single zero at the origin and double
0
zeroes at the points CTJ', 1 <5 < N —1, and look for h; under the form h; = Byg,
where ¢ is holomorphic and bounded by 1 in modulus on the unit disc. For ease of
notation, write v := p~1(1) € D.
The function h; will fulfill the above conditions if and only if
R TN (s B 1(s)
9(¢") = , 9(¢7) = —g(¢ =7
D= meyr T RG T TR
By the Schwarz-Pick lemma, such a function can be found if and only if |¢'(¢*)| <

(L= 1g(¢HP)/ (L= I¢), e

(1 . |C*’2) ‘B(/)<C>k>| < 1 - |7|2|BO(<*)|_2
| B3(¢)| il
Since |y| is fixed and lim¢ ., [Bo(¢)| = 1, lim¢; |By(¢)| = |Bj(1)] < oo, this is
achieved for (* close enough to 1. a

We will use the shorthand S’ C S to mean that the sets of poles are included as
noted, and that the indicators remain the same for all points of the smaller set, as in
Proposition 3.1.

Proposition 3.3. Let Q2 be a bounded taut domain, and S = {(a;, ¥V;)}j=1,. n, N > 2.
If Ls(2) 1s not attained by any analytic disc, then

Ls(z) > glé% Lg/(2).

In particular, if Q is convex and bounded, the conclusion becomes

Ls(z) = gllél’é Lg(2).
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Proof. The proof of this Proposition is adapted from that of [17, Theorem 2.2, p.
1053].
Take a sequence of analytic discs ¢*, where

©"(0) = z and \I/jogok(C)SleogK—Cﬂ—ka, V(eD, k>1,1<j<N

such that Zjvzl 7;log |C}| converges to Lg(z), as k tends to 0.

By passing to a subsequence, using that €2 is taut, we may assume that ©* converges
locally uniformly to some ¢ € O(D, 2). Also (if necessary, by passing to a subsequence
again), we may assume that C]’? — (€ D, for each 1 < j < N, as k — oo.

We need to see that for each (; € D,

(3.2) U, 0p(¢) <T1jlog|¢ — (| + C;, for ¢ in a neighborhood of ¢;.
Recall (from [9]) that U being an indicator (centered at 0) means that
U(z1,...,2n) = g(log|zl, ..., log|z|),
where ¢ is a convex continuous nonpositive valued function defined on (R_)", in-
creasing with respect to each single variable, and positively homogeneous of degree

1o g(Azq, ..., Axy,) = Ag(xq, ..., xy,), for any A > 0.
We study the situation for a fixed pole a;. We must have for each k& > 0,

PG+ h) = (9 (G +h), 1 <1< n) = (agah™ + O(Jh™F1),1 <1< n).

From the above expression,
‘I’j<90k(g€ +h)=g (_mk,l +

so the conditions on ¢* imply that

10g \ak l| -+ O(h))
: log |h|,
og 7] .

(3.3) g(—m") < 71j, where m" := (my1, ..., Mpn).

Passing to a subsequence if needed, we may assume that m* — m =: (my,...,m,) €
(NU {oco})™. The uniform convergence on compacta of the sequence ¢* implies that
of all derivatives, and that in the limit <pl(q)(§j) = 0 for ¢ < my; — 1. This, together
with (3.3), proves (3.2).

If no ¢; € JD, ¢ is an analytic disc attaining the infimum in the definition of
Ls(z). That is excluded by our hypothesis. Otherwise, assume after renumbering the
coordinates that (; € D,1 < j < M and ¢; € 9D for M + 1 < j < N. (Note that not
every (; can be in dD, as this would imply that Lg(z) = 0.) Then ¢ is a member in the
defining family for Lg/, where S" := {(a;, ¥;)},;=1..m, and thus Lg(z) > Lg/(z). O

Corollary 3.4. Let €2 be a bounded taut domain in C", and let S be as above. Then
for every z € Q there exists an analytic disc ¢, such that p(0) = z, passing through a
(non empty) Sy C S such that ¢ attains the infimum in the definition of Lg,(z), and
Ls,(z) = mingrgrcg Lgr(2).

Proof. It S is a singleton, a normal family argument close to the one used in the
previous proof will show that the corollary is true for this case.

Otherwise, by the previous proposition, either there is an analytic attaining the
infimum, or ming.gcg Lg(2) = Lg,(2) for some proper subset Sy C S, and Lg,(2)
is attained by an analytic disc passing though z and the points in Sy (otherwise one
could pass to a still smaller subset). 0J
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As the consequence of Corollary 3.4 and Proposition 3.1 we have the following.

Theorem 3.5. Let €2 be a bounded convexr domain, then the infimum in the definition
of the function Lg is attained by an extremal disc that passes through a (non-empty)
subset S" C S (possibly the whole system S).

However, it would be natural to consider as well the more general case of the
relationship between the Lempert functions of two systems S := {(a;,V;) : 1 < j <
N} and S" = {(a;,¥}) : 1 < j < N}, where U; < W forany 1 <j < N (S"C S
corresponds to the case where the \Il; have 7; = 0 for a; outside the pole set of S’).
Unfortunately, our generalized Lempert function is not in general monotone when we
compare two such generalized pole sets, see a counter-example below (Proposition
4.2). We therefore introduce a corrected Lempert function L.

Definition 3.6. Let S := {(a;,¥;) : 1 < j < N} and Sy := {(a;,¥}) : 1 < j < N}

where a; € ) and ¥V, \Iljl are indicators. We define
Lg(z) == inf{Lg(2) : Ui >0 +C;,1<j< N}
Lemma 3.7. Gg(z) < Lg(2) < Lg(2).

Proof. The fact that Lg(2) < Lg(z) follows from the definition. For any S as in the
definition, Lgi1(z) > Gs1(z) > Gg(z), as follows from Lemma 2.5 and the definition
of the pluricomplex Green function. O

In the situation related to the example in Proposition 4.2 where two fixed poles
ap,az lie on a coordinate axis, az lies on a line orthogonal to this axis at a;, and a3
tends to aq, then the limit of the ordinary Lempert functions is given by an Lg, and
not by the corresponding Lg (the limit of the corresponding Green functions is not
known in this case). A precise statement and a proof can be found in [14, Theorem
5.5]. However, there are other examples where L also fails to be the limit of the
Lempert functions for single poles [14, Theorem 6.3].

4. EXAMPLES IN THE BIDISC

First, we would like to give one case where the Green function with several poles
and indicator singularities is equal to its generalized Lempert counterpart. This is
analogous in spirit to the result of Carlehed and Wiegerinck about the Green function
with several poles in the bidisc [1], [3] (but easier).

Theorem 4.1. Let V,,(z) = max {mlog|z|;log |22}, for any m € N*.
Let ay,aq,...,any €D, and

S = {((aho);\PTm); ceey ((aNao);\Iij)}-
Then for any z € D?,

N
Ls(z) = Gs(2) = max{> _m;log|a,(21)];10g |z|}.
j=1
As a consequence, if ag-i-) €D, 1<j5<N,1< i< my, are distinct points which
verify

. k .
lim a(-i):aj, 1< <my,
k_»w ]7
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and S®) the pole system made up of all the ag-? with equal weight 1,
then limy_o L (2) = Lg(2) and limg_, Ggi (2) = Gg(z2), for any =z € D%

Proof. First of all, the Green function has the formula given above. To prove this
assertion it suffices to show that the function defined by the right hand side verifies the
Dirichlet problem in Remark 2.3. Indeed the conditions (a), (b) and (c) are trivially
fulfilled. The last condition follows from the following theorem of Zeriahi [18], [19].

Theorem. For i = 1,2, let ; be an open set in C" and u; a locally bounded
plurisubharmonic function in €, such that (dd°u;)™ = 0 in ;. Define v(z1, z3) =
max{ui(z1), ua(22)},n = ny + ne. Then (ddv)™ = 0 in Q; x Q.

By our definition,

N
Ls(z) = inf { ij log|¢;] : 3p € O(D,D?),

j=1
©(0) = 2z,¢1(¢;) = @j;SOék)(Cj) =0,0<k<m; —1,1<5< N}.

If z; € {ai,...,a,}, say z1 = ay, then picking (" = 29 and ¢(¢) = (a1,{™), we

see by Proposition 3.1 that
log |22 = milog |G| 2 Li(ar,00w,,)(2) 2 Ls(2) 2 Gs(2) = log |2,

so there is equality throughout.

If 21 ¢ {ai,...,a,}, we may reduce ourselves to z = (0,7) and |a1| > |ag| > ... >
lan| > 0. Then

Gs(2) = max{log[ay™ - a5™ - - ay™[;log|7]}.

We will use induction on N. When N = 1 the equality follows from Lemma 2.6.
Suppose that N > 1 and the theorem is proved for N — 1. We consider three cases.

Case 1. |y| < la" - a3?---ay™]|.

Then Gg(z) = log |a™ - a3 - - - ay™|. The map

Y (=)™
o (o (i) )

=1

verifies all the requirements with (; = a;. This implies that G(z) = L(z).

Case 2. |y| > |a5? - - ay™]|.

Then G(z) = log|vy|. Moreover, G(z) is also equal to the Green function G;(z) for
the system with N — 1 poles

Sl = {((CL??O); \I]mz); BRI ((ano); lIlmN)}

By induction, G; = Ly, where L is the generalized Lempert function with respect
to S1. On the other hand, we always have Lg(z) < Li(z) by Proposition 3.1. Hence
Gs(z) = LS(Z)

Case 3. |ay™ - a3? ---ay™| < |y| < lag?---ay™|.

We now show that the Gg(z) = log|v| is also equal to the new Lempert function,
and the infimum in the definition of the new Lempert function is attained by an
extremal disc ¢ passing through all poles (aq,0); (ag,0);...; (an,0) and z.
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Set M = Z; . m; and define r € (0,1) by

ol oz
|7|
We have, for any 1 < j < N,

Ja; [ < lag|™ < Jan|™ <o

by the hypothesis on 7. So a;/r € D. We introduce the map ¢ : D — D? given by

0= (o))

where (; = %, 1 <5 < N, and @ is chosen such that
r

") E) TG
e’ (— — | — = .
r r r
It is easy to verify that ¢ verifies the conditions in the definition of Lg and that

|G- G- (YN | = |y]- Hence, ¢ is an extremal disc for the new Lempert function,
and Gg(z) = Lg(z) in this case. O

We will now give some negative results, mainly that the generalized Green function
can be different from the generalized Lempert function as given in Definition 2.4.
We shall need some notation, to be used in this section and the next one.
For z € D?, we will use the following indicators:
(4.1) Wy(z) := max(log |z1], log|22]),
Uy (2) ;= max(2log|z1],log |22]), Wy (z) := max(log|z1]|,2log |z2|).
Here H stands for "horizontal” and V' for ”vertical”, for the obvious reasons : for
a € D?,
U, (¢(¢) —a) < 7;log|¢ — Co| + C translates to (10 =1, 7y = 7 = 2):
©(Cp) =a, when j=0,
p(C) = a,¢5(¢o) =0  when j=H,
() = a,¢1(C) =0 when j=V.
For a, b € D, let

Sa0 {((a,0),%o)} ={(a,0)}

Saovo = {((a,0), ¥); ((b,0), ¥o)} = {(a,0); (b, 0)}
Sav = {((a,0), ¥y)}
Sev = {((a,0),¥v)}

Saov = {((a,0),¥o); ((b,0), Uy)}

SaVbV = {((Q,O)’\I/V),((b7 0)7\11\/)}
We will denote with the corresponding subscripts the pertinent Green and Lempert
functions, e.g. Guopv, Laosv, Laovy, €tc. A special case of Theorem 4.1 is that L,gy =
Gampo for any a and b in the disc, for instance. .
We start by giving an example of a situation where Lg(z) < Lg(z), with S = Syopv .
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Proposition 4.2. For z; € D, Laovv (21,0) > Laopo(21,0), and therefore
Loopv (21,0) > Laopy (21,0) > Gaopv (21, 0).

Proof. From the above, Luopo(21,0) = Gaopo(21,0) = log |pa(21)] + log |dp(21)|, where
¢q and ¢y are as in (2.1). We have
Laowy (21,0) = inf{log |a] + 2log |¢2| : Fp € O(D, D?),
90(0) = (21,0), 90<Cl) = (CL,O), QO(QQ) = (b’ 0) and 90/1(C2> = O}’

Lao(21,0) = inf{log 1| : 3p € O(D,D?), p(0) = (21,0) and ¢(¢1) = (a,0)},
Ly (21,0) = inf{2log|(,| : I € O(D, D?),
©(0) = (21,0), 9(¢2) = (b,0) and ¢} (¢2) = 0}.
S0 Laopv (21,0) > Lao(21,0) + Lpy(21,0), since each of the infima on the right hand

side is taken over a family of maps ¢ which is wider than the one used in the definition

Of LaObV~
By Lemma 2.6, L,(z1,0) = log |¢a(21)], Lev(21,0) = log |dp(21)].
Now suppose that Laopy(21,0) < Laopo(21,0). This means

Loovv (21,0) < Gaopo(21,0) = Lao(21,0) + Ly (21,0),

so there is equality throughout. Since L,opv(21,0) < min(Lao(21,0), Ly (21,0)),
Proposition 3.3 shows that the infimum in the definition of L,y is attained by a
map . It follows from the Schwarz Lemma applied to a and z; that its first coordi-
nate ¢ is a Mébius map of the disc. But we also had to have ¢} ({s) = 0. This is a
contradiction. ]

The following example is similar, and will be useful in the final construction.
Proposition 4.3. Ifa # b € D and |y|*> < |ab|, then
Gaviv(0,7) < Laviv (0,7).

Proof. First of all we can rewrite the generalized Lempert function as follows

Lavyv (2) = inf{2log |Gi] + 21og |G| : Fp € O(D,D?), 0(0) = 2,
W(Cl) = (a7 0)7 QD(CQ) = (b7 0) and Qoll(cl) =0, SDII(CZ) = O}
As in the proof of Proposition 4.2, by Lemma 2.6 we have

Lov(2) = Gay(2) = max{log|d.(21)];210g | 22|}, Vz € D2,

and similarly for Lyy (2) = Gy (2).
By using the Dirichlet problem given by Lelong and Rashkovskii [9], we can verify
that

Gavey (2) = max{log|¢a(z1)] + log |¢y(21)]; 210g | 22|}
Since |v|* < |ab|, Gavv (0,7) = log |al + log |b].
From Lemma 2.5 we already know Guypr(2) < Laysv(2), for any z € D?. Suppose
equality holds at zp := (0,7). Then, by using Lemma 2.6 and the definition of L,y
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we have

Gavey (20) = log |al + log |b] =
Gav(20) + Gy (20) = Lav(20) + Lov(20) < Lavev(20) = Gavev (20)-
Hence equality would hold throughout. Now, by Proposition 3.3, the infimum in the
definition of L,ypy is attained by an extremal disc ¢ that passes through both (a,0)
and (b,0). Tt follows that ¢ must be extremal for L,y and Ly,. We will prove that
this is impossible.

First of all we characterize all extremal discs for L,y. Let ¢ = (@1, p2) be such a
disc. By the definition there exists ¢; € D such that ¢(0) = (0,7), ¢(¢1) = (a,0),

©1(G) =0, [Gf* = |al.
Setting ¢ := ¢, 0 @1 © ¢¢,, we have

9(0) =0,4'(0) = 0,9(¢1) = a,|i|* = |al.
The Schwarz Lemma now gives g(¢) = €*¢?, where § € R. It implies that

2
00 =0a((0a0) ). weD
If the function ¢ is an extremal disc for Ly, then there is (; € D such that
21(0) = 0,91(G2) = b, ¢ (¢2) = 0, |G| = (0]

Clearly (; # (3 since a # b. Since @; only has one critical point, the condition
(&) = 0 is not verified, so we have a contradiction. O

Proposition 4.4. Ifa #b e D, |y| < |a|, and |y|* < |ab|, then
Gaviv (0,7) < Laowv (0, 7).

Proof. The arguments are similar to those in the proof of the above proposition,
so we only indicate the differences. As in the proof of Proposition 4.2, Ly (2) >
Lao(2) + Ly (2) = Gao(2) + Gy (2) by Lemma 2.6 ; because of the value of ||, this
is equal to Gaypy(z). So if the conclusion was not true, equality would have to hold
throughout, but the extremal disc ¢ in the definition of L,y(0,~) would have to have
a Mobius map for its first coordinate 1, and since this has no critical point, it could
not be extremal for Ly (0, 7). O

5. THE MAIN COUNTEREXAMPLE

Theorem 5.1. Coman’s question admits a negative answer in the bidisc for equal
weights. More precisely, consider, for e € C,

5S¢ :={(a,0);(b,0); (b,e); (a,e)} with b = —a,

where the weights are all equal to 1. Denote by G* and L the corresponding Green
and generalized Lempert functions. Let z = (0,7) with |a]*/? < |y| < |a|. Then,
lim iglfLE(z) > Gaypy(2) and therefore, for |e| small enough,

E—>

Ge(2) < L(2).
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Proof. Using the result of Edigarian about the product property of the Green function,

[5], we have
£—1
1—zv|)’

GaVbV(0> ,Y) = lli%Ga((L ’7) = log |a’| + lOg |b| = log |CL|2.

G°(0,v) = max { log |a| + log |b|; log |y| + log

Thus

By Propositions 4.3 and 4.4, and since Lqapo(z) = log || > log |a]? = Gaypyv(2), with
z = (0,7), we have

(5.1) ii_I)%GE = Gaviv (2) < Lavev(2) = min{ Laoso(2), Laveo(2), Laosv (2), Lavsv (2)}.

We consider [ := liminfZ®(z). We want to prove that I > Guypy(2). In many

e—0
cases, this will follow from I > Eava(z).
Recall that L¢ is a Lempert function with simple poles, and thus the usual definition
(the /g in the introduction) coincides here with our generalization given in Definition
2.4. For each ¢, pick an analytic disc ¢° € O(D, D?) such that

¢°(0) = z,¢°(¢1) = (a,0), ¥°(G3) = (b,0), ©°(¢3) = (b,€),¢"°(¢) = (a,¢)
and such that Z?Zl log |¢5| converges to [ as e — 0.

By passing to a subsequence, we may assume that ¢° converges locally uniformly
to some ¢ € O(D, D?). élso (if necessary, by passing to a subsequence again), we may
assume that (5 — (; € D, for each j, as € — 0.

Denote K = {k € {1,2,3,4} : (, € D}. It is easy to see that DN{¢y, (4} N{(, (5} =
0.

If K =0 then I = 0, and hence we have I > L,ypy(2) > Gavpv(2), by (5.1). So
now we only consider the cases where K # ().

If Cj 7é Qm \V/j 3'é k e K, then I = ZkeKlogKkla Py € O(]D)’]D)’ 902(0) =~ and
wo(Cx) = 0,k € K. It implies that

w0 =TT (5 o

keK
where h € O(D, D) and h(0) = — 7 Thus we have
erK Ck
Laoo(2) = log |y <> log |Gl =1,

keK

and hence, 1> zava(Z) > Gava(Z>.
If K =1{2,3} and (3 = (3, then, since (5 — (s, ¢§ — G and |¢§ — 5| > |¢],

Thus [ > Ly, (2) > Laosy (z) by Proposition 3.1. So that I > Eavw(z) > Gavpy (2).
Similarly, if K = {1,4} and ¢, = (4, then ¢|(¢1) = 0. Thus I > Ly (z) >
Lavio(2) 2 Lavev (2) > Gaviv (2).
If K =4{1,2,3},( = (3, then ¢ (¢2) = 0. Thus I = log (1] +21og |(a| > Laopy(2) >

Lovuy (2) > Gaypy (2). The same reasoning obtains if K = {4,2,3}, (2 = (3.
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Similarly, if either K ={1,2,4},(; = (4 or K = {1,3,4}, (1 = {4, then ¢}(¢) = 0.
This implies that I > LaVbO(Z) > zava(Z) > Gava(Z).

If K ={1,2,3,4} and (; = (4, (2 = 3, then ¢ (1) = ¢1(¢2) = 0. It implies that
I =2log |G| +2log |G| > Lavev(2) > Lavev(2) > Gavev (2).

Suppose now that K = {1,2,3,4} and ¢; # {4, (o = (3. This is the final and
most delicate case (the proof of [14, Theorem 6.3] suggests that it does occur). Both
previous types of argument now break down, because we only get

I < min(log |G, log |Ca]) + 21og |G| = Laoev (2);
or, from the fact that ¢5(¢) = @2(Ch) = @2(Ca) = 0 and 5(0) = 7,
I <log |G|+ log |G| + log [Co| > log |v| > Laoso(2)-

By using a rotation in the first coordinate we can assume that a > 0. We will prove
that I > Gavpv(2). If not, we would have

(5.2) log |C1] + log |C4| 4+ 21og |G| = I = Gayeyv (2) = 2loga.
Then the function ¢, has the following properties:
(5.3) ©1(0) = 0; ¢1(C1) = ¢1(C) = a5 1(C2) = —a; ¢1(¢2) = 0.

Setting f := ¢_q 01 0 ¢¢,, with ¢, defined as in (2.1), we have f(0) =0, f/(0) =0
and f(¢;) = —a. The Schwarz Lemma shows that |(5|*> > a, and hence

(5.4) 2log |G| = log a

Setting g := ¢, o @1, we have g(¢;) = ¢g({4) = 0 and ¢g(0) = a. Thus the function g
must have the following form

9(¢) = 96, (O) e, (O)h1(€), V¢ € D, where hy € O(D, D) and hy(0) , hence

__a
Ci1Ca
(5.5) log |(1| + log |¢4] > loga.

The assumption (5.2) implies that all the inequalities in (5.4) and (5.5) become equal-
ities. Now, since ¢9(0) = v and (1) = p2((2) = wa(l) =0,

4
_ G —¢ ) — oy
©a(C) = jzll’]l;ég (1 v, ha(¢),  where hy € O(D, D) and he(0) = Gl

It implies that |y| < |¢1¢oCs| = a*/2. This contradicts the hypothesis |y| > %2, and

the inequality I > G,ypv(2) is proved.
If K={1,2,3,4} and ¢; = (4, (2 # (3, the proof is similar. m

REFERENCES

1. M. Carlehed, J. Wiegerinck, FEzemples de points extrémaux dans le cone des fonctions
plurisousharmoniques négatives, Prépublication No. 176, Laboratoire de Mathématiques
Emile Picard, Université Paul Sabatier, Toulouse, décembre 1999.

2. M. Carlehed, J. Wiegerinck, The Lempert function and the pluricomplex Green function are
not equal in the bidisc, Report 99-24, Mathematical preprint series, Department of Mathe-
matics, University of Amsterdam.

3. M. Carlehed, J. Wiegerinck, Le cone des fonctions plurisousharmoniques négatives et une
conjecture de Coman, Ann. Pol. Math. 80 (2003), 93-108.



PLURICOMPLEX GREEN AND LEMPERT FUNCTIONS FOR EQUALLY WEIGHTED POLES15

4.

10.

11.
12.
13.

14.

15.

16.

17.

18.

19.

D. Coman, The pluricomplexr Green function with two poles of the unit ball of C™, Pacific J.
Math. 194, no 2, 257-283 (2000).

A. Edigarian, Remarks on the pluricomplex Green function, Univ. Iagel. Acta Math. 37 (1999),
159-164.

J. B. Garnett, Bounded Analytic Functions, Academic Press, Inc. New York-London, 1981.
M. Klimek, Pluripotential Theory, Clarendon Press, Oxford, 1991.

P. Lelong, Fonction de Green pluricompleze et lemmes de Schwarz dans les espaces de Banach,
J. Math. Pure Appl. 68, 319-347 (1989).

P. Lelong and A. Rashkovskii, Local indicators for plurisubharmonic functions, J. Math. Pure
Appl. 78, 233-247 (1999).

L. Lempert, La métrique de Kobayashi et la représentation des domains sur la boule, Bull.

Soc. Soc. Math. France 109, 427-474 (1981).
E. A. Poletsky, Holomorphic currents, Indiana Univ. Math. J., 42, no 1, 85-144 (1993).
W. Rudin, Function Theory in the Unit Ball of C™, Springer Verlag, New York-Berlin, 1980.

P. J. Thomas, Continuity and convergence properties of extremal-interpolating disks. Publi-
cacions Matematiques, 39, no 2, 335-347 (1995).

P. J. Thomas, N. V. Trao, Pluricomplex Green and Lempert functions for equally weighted
poles. Prépublication no. 240 du Laboratoire de Mathématiques Emile Picard, Université
Paul Sabatier, Toulouse, France, march 2002 (25 pp.). Available as an e-print on math arXiv:
http://xxx.lanl.gov/abs/math.CV /0206214 .

N. V. Trao, Disks extremal with respect to interpolation constants. Publicacions Matematiques,
44, no 2, 119-133 (2000).

F. Wikstrom, Jensen Measures, Duality and Plurisubharmonic Green Functions, Doctoral
thesis No 18, Umea University, 1999.

F. Wikstrom, Non-linearity of the pluricomplex Green function, Proc. Amer. Math. Soc. 129,
no. 4, 1051-1056 (2001).

A. Zeriahi, Fonctions Plurisousharmoniques Extrémales, Approzimation et Croissance des
Fonctions Holomorphes sur des Ensembles Algébriques, These d’Etat, Université Paul
Sabatier, 1986.

A. Zeriahi, Fonction de Green pluricomplexe a pole a linfini sur un espace de Stein

parabolique, Math. Scand. 69, 89-126 (1991).

Pascal J. Thomas

Laboratoire Emile Picard, UMR CNRS 5580
Université Paul Sabatier

118 Route de Narbonne

F-31062 TOULOUSE CEDEX

France

pthomas@Qcict.fr

Nguyen Van Trao

Department of Mathematics

Dai Hoc Su Pham 1 (Pedagogical Institute of Hanoi)
Cau Giay, Tu Liem

Ha Noi



16 PASCAL J. THOMAS NGUYEN VAN TRAO

Viet Nam
ngvtrao@yahoo.com



