EQUIVALENCE OF SUMMATORY CONDITIONS ALONG
SEQUENCES FOR BOUNDED HOLOMORPHIC FUNCTIONS

VLADIMIR YA. EIDERMAN  PASCAL J. THOMAS

ABSTRACT. A scquence of points zx in the unit disk is said to be thin for a given
positive function g, if there 18 a nontrivial bounded holomorphic function such that
the infinite series 3, p(1 — [2x]|)|f (24 )] converges. All sequences will be assumed
hyperbolically scparated. We give neccssary and sufficient conditions for the prob-
lem of thinness of a sequence to be non-trivial (one way or the other), and for two
different positive functions pq, pa to give rise to the same thin sequences. Along the
way, some concrete conditions (neccssary or sufficient) for a sequence to be thin arc
obtained.

This paper is dedicated to the memory of Malls Essén.

1. INTRODUCTION AND MAIN RESULTS

Let F be a certain class of holomorphic functions in a domain G C €. N. Nikolski
[Ni] and S. Khavinson [Kh] established the existence of positive numbers {#;} (satis-
fying certain additional conditions) and of a sequence of points {z;} C G such that
if 37, 8|f(zx)] < oo, then f = 0 for every f € F. Theorems of such kind arise in
various applications: operator theory [Ni], approximation theory [Kh], [E3], sampling,
etc. They are also of independent interest.

We shall consider the case when G is the unit disk D = {|z| < 1}, |z] — 1 as
k — oo, and F is the class H*(ID) of bounded holomorphic functions in I). Note
that since functions in the Nevanlinna class (also called “of bounded characteristic”)
can be written as the quotient of two bounded functions, all our results also apply
automatically to that class. In [CTW], [E1], [E2], [EE] suflicient conditions on {z;}
were obtained in the case {4 = 1. In [NPT], [EE] the problem of description of
sequences {z; | was studied for #; = 1 — |z;| (see [EE] for a more detailed survey).

In order to avoid summing repeatedly values of the function f at nearby points,
we impose a uniform condition of discreteness on our sequence, namely that it be
separated in the pseudohyperbolic distance dg.
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Definition 1.1. We shall say thet {z;} s separated, if

Zn T 2k

(1.1) ;}1% des (24, z1) == Inf 7.2

# ngEk
A natural special case of the problem is that of radial coeflicients: 1, = p(1 — |z]),

where p(2), ¢ € (0, 1), is a positive function. It will be convenient to write the function
p() in the form p(t) = pg(t) = 1eft),

Definition 1.2. A seguence {z;} is said to be 8-thin, if there exists a function f €
H®™ such that f Z0 and

(1.2) D pall = |z f(z) = D11 — [z’ D £(z)] < 0.

k

=4 > 0.

A non-8-thin sequence s said to be O-thick. The class of #-thin separated sequences
is denoted by Ay.

Obviously, Ay, C Ay, for 8; > 8,.

Our main results (Theorem 1.4 and Proposition 1.6) determine which pairs of
functions #,, 87 give rise to the same class of #-thin separated sequences. Those results
exhibit a certain hierarchy among separated sequences in the disk. In particular, the
classes Ay corresponding to p(t) = 2%, 0 < o < 1, are all the same, but the case
p(t) = t is distinct. Before the beginning of the spectrum (for sufficiently big p, in
particular all such p must verify limsup,_ p(2) = o0) all separated non Blaschke
sequences are thick (Theorem 1.3). After the other end of the spectrum (for "small”
p, in particular liminf; ,q p(¢)/t = 0 for all such p) all separated sequences (even
maximal separated sequences, or "nets”) are thin (Proposition 1.5).

QOur first statement 1s about the set of all possible positive functions 8.

Theorem 1.3. Suppose that 0(1) is o positive continuous nonincreasing function.
There exists a non Blaschke separated 0-thin sequence {z;} if and only if

dt
(1.3) Lmzoo

Obviously, Theorem 1.3 implies the existence of #-thin sequences for all negative
functions #(2).

Theorem 1.4. a) If 61,0; are positive functions and 6.(1) = 0,(1), then Ag, = As,.
b) If 01(2)/0:() — oo ast — 0 and 64(t) is a positive continuous nonincreasing
Junction satisfying (1.3), then Ag, # Ag,, . €. there exists a sequence {z;} such that

{zk} - Agz, but {Zk} ¢ Agl .
That (1.3) i1s a sufficient condition for the existence of elements in Ay will follow
from part (b) of this result, applied to #; = #. The necessity part in Theorem 1.3 will

be proved in Section 2, Theorem 1.4 will be proved in Section 3.
Consider now functions # bounded above (including negative ones).

Proposition 1.5. Assume that pg(t) is a continuous nondecreasing function such
that pg(t) < Ct with C' > 0. There exists a separated 0-thick sequence {z;} if and
only if
1) dt
(1.4) /’06( ) =00, pglt)= 1ef®),
0

42




SUMMATORY CONDITIONS FOR BOUNDED FUNCTIONS 3

Proposition 1.5 implies the existence of #-thick sequences for all nonnegative func-
tions 8(¢).
For simplicity of notation, we write p1 = pg,, p2 = ps,.

Proposition 1.6. Assume that pi(t) satisfies the conditions of Proposition 1.5, (1.4)
holds and p,(t)/p2(t) — o0 ast — 0. Then Ay # Ay,. Moreover, there exists a
sequence {zy} such that {z;} € Ag,, but (1.2) with pg = p; holds for every f € H™.

Notice that the sufficient part of Proposition 1.5 (the existence of a #-thick sequence
when (1.4) is satisfied) follows from Proposition 1.6, taking #; = 8 and an arbitrary
f;.

In Section 2 we establish some preliminary results. Some of them are of independent
interest. For example, Proposition 2.3 gives conditions on {z;} which imply that {z;}
1s B-thick, as well as a sufficient condition of existence of #-thin sequences. We develop
these results in Section 5.

2. SOME SUFFICIENT AND SOME NECESSARY CONDITIONS

First, we would like to show that our problem, which is a priori given in terms of
infinite sums, reduces in many cases to a problem about the rate of decrease of | f(z)|
as a function of (1 — |z|), when z is restricted to the sequence {zx}. Such problems
have already been investigated in [PT] and numerous other works, see the references

in [EE].

Proposition 2.1. (a) Suppose that {z;} € Ag, 6(t) > 0. Then there exists a non
tdentically vanishing function f, € H*(D) suck that

D (1= |z)efCFD £y (z)] < oo and |fi(z)] < 770D,
k

forallk c Z,.
(b) Conversely, suppose that

lim inf L)l
t+0  loglog ;

that {z;,} is separated, non-Blaschke, and that there exists a function f € H>(D)
such that

=: L >0,

|Fze)] < e7207kd,
Jorallk c Z,. Then {z;} € As.
Proof. (a) There exists a non identically vanishing function f € H*(D) such that
37, (1 — |z )ef@-1D ] f(21)] < oo. Define
{z;} =Han : [f(z)] < e~ 8=l
Then
Y 0—lmD g Y (- a0 ()] < oo

k:zké{z;.} k:zké{z;.}
So {z} \{#}} is a Blaschke sequence. Let B denote the Blaschke product with zeroes
on {zx} \ {2}}, then fi := fB clearly satisfies the desired conclusion.
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(b) Let
(2.1) Vor={z:1-2"<|z| <1271}

Since {z} is separated, 2opey, (L — |zz|]) < Cs. Let m € Z, to be chosen later,
f1 == f™. Then, because of the above and of the hypothesis, for any ¢ > 0,

30— a7 < 3T BT (1 e

k n kiz €Y,
1
=(m=1){L=c)logn __
<0+ G Ze # =0+ G Z (1) (Z—e) <X
for m large enough (for L = oo, replace I — ¢ by any positive number). O

Proof of the necessity part in Theorem 1.3.

The existence of a non-trivial f; € H®(D) such that |fi(2)| < e~?0~1) over the
sequence {zx}, which is non-Blaschke and separated, implies that g(#) := et is
not an essential minorant in the language of [LS]. The main result of that paper is
that ¢ is an essential minorant if and only if

/1 di -
mﬁ
(1 —1)log(75)
which is exactly the negation of (1.3). Therefore, if (1.3) does not hold, there are no
sequences in Ag. O

For a given sequence {z;} let N,, be a number of points z; in Y, where Y, is as

in (2.1).
Lemma 2.2. Let > N, 27" = co. Then for every f € H®, f #£ 0, there exists a
set J of indices with the following properties: 3, _, Npy27™ < 00, and

|f(z)| > exp{—C(f,8)2™/Nn} for at least N,./2 poinis z;, € Y, m g T,
where C(f,8) is a positive constant and § is the constant from (1.1).

Lemma 2.2 was in fact proved in [EE] (see proof of Proposition 7.9 (a)), although
it was not formulated in this explicit form. In Section 4 we give another, essentially
self-contained proof (without resorting to Govorov and Grishin as in [EE]).

Proposition 2.3. Let 8(t) be a positive nonincreasing function and pg(t) = 1),
a) Suppose that {z;} is a separated sequence and

(2.2) Z Nimps(27™) exp{—y2" [N} = 00 for every v > 0
mgF

and for every set J of indices with Emej N2 < oo. Then {z1} € Aq.
b) Suppose that a set L of indices and a sequence {N,,} of nonnegative integers are
such that N, t oo, Npy2™™ L0 asm € £, m — o0, and

(2.3) Z Nopa(27™) exp{—y2" /N, } < o0 for some v > 0.
mek

Then there exists o separated 0-thin sequence {z}, for which N,, are the given num-
bers.
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Examples

a) If N = pn2™/(6(27) + logm), where p,, — o0, then {z:} ¢ Aq.

b) If N,, = p2™/(6(27™) + log m) with a positive constant p, then there exists a
separated sequence {z;} € Ag, for which N,, are the given numbers.

Proposition 2.3 generalizes and refines Proposition 7.9 in [EE]. Its proof will be
given in Section 4.

3. PROOFS OF THE MAIN RESULTS

Proof of Theorem 1.4 {a). It will be enough to show that if 8; > ¢f,, for some ¢ > 0,
then Ag, C Ag,. Without loss of generality, assume that ¢ < 1.

Suppose that {zz} € As,. By Proposition 2.1, we can pick a non identically van-
1shing function f; € H“’(D) such that

[filze)| < Bk wE ez,
Pick an integer m > ¢~!. Then
|f1(zk)m| < 6—6_191(1_|zk|)eﬂl(1_|zk|)|f1(zk)|,

50

370 = [z)e 0D ()" < ST — [z 0l h0 D) £ z,)

k k

< 31— [zl 0k £y (z)] < oo,

P
so fi* is a non identically vanishing function in H* (D) which proves that {z;} € Ag,.
[

Proof of Theorem 1.4 (b). Assume that (1.3) holds with # = §;. First we construct a
sequence {z; } € Ag,.
We note that (1.3) is equivalent to the following condition:

(3.1) > [2(27)]) 7" = oo

Without loss of generality we may assume that #5(¢) T oo as ¢ — 0. We show that
there exist a set £ of indices and a nondecreasing sequence {N,,} of positive integers
with the following properties:

(3.2) > (27 =00, > [#(27)]77 < o0,

meL el

(3.3)  271/0,(27™) < N,, £27/0,(27™), N,27™ | Oasm €L, m — oo.

Denote ¢,, = [6,(27™)]7'. Then ¢,, | 0 and }__ &,, = oo. Choose integers m,,, M,
such that m, < M,, <m,,; and

1 M 1
% < Z Epn < H,

rm=rin=+1



6 VLADIMIR YA. EIDERMAN  PASCAL J. THOMAS

and set £; =J, {m, +1,..., M, }. Then (3.2) holds with £ = £,;. Let
Tm = {J g > m, ngj < Qmsm}: £=£1\ U T

mely
Since
Y <2 Y 27 =g,
jEJHA j=m+1
the relations (3.2) with £ = £, imply the same relations with £. For m,k € £,
m < k we have 2" %¢,, < £ < £,. Fix m; € £ and set Npw, = [2™€,,], where

[-] denotes the integral part of a number. Suppose that N,, is already defined, and
E=min{j:5¢€ £, > m}. Then we set

Ny = min{2*""N,,,, [2%a:]].

Since 2™¢,, < 2*c;, we have Nj, > N,,.
Now we prove (3.3). If Ny = [2%¢;], then the inequalities in (3.3) are evident. If
N; = 2™ N,,, then by induction we have

k—lg okl — gk-mgm—l, o gk-mpy — N,

Moreover, the inequality Ny < N,,2=™ implies that N;27% < N,,2=™. Thus, (3.3) is
established.
Let [, = N,,27™. By (3.3) we have 6,(27™) < 1/1,, < 26,(27™), and

Npwp2 (277 ) exp{—2"[Nu} = lnexp{02(27") —v/ln}
< Emexp{—l/lm} < l;_,

if v is sufficiently big. By (3.2), 3, .. {2, < oo. Thus, the condition (2.3) is satisfied,

and the existence of a separated #3-thin sequence {z;} follows from Proposition 2.3 b).
Now we show that {z;} ¢ Ag,. Let p,, = 6:(277)/62(27™). By (3.3), 62(27™) <
2™ [N,, < 26,(27™). For pi(t) = te®1() and for a fixed constant v we have

Nop1(27™)exp{—¥2"/Np} = laexp{i(27™) — 42" /N, }
> lm exp{ﬁ'z(ﬁ_m)(pm - 27)} > lma

for sufficiently big m € £. By (3.2) and (3.3) 3, I = co. Wesee that (2.2) holds,
and by Proposition 2.3 a) {z;} € Aq,. O

Proof of the necesstty part of Proposttion 1.5,

Suppose that (1.4) fails. By taking a Riemann sum, we will show that any separated
sequence 1s thin, even better : that we can take as function f the constant 1. The
separation condition (1.1) implies that every Whitney square contains at most M =
M(8) points z;. Hence, N,, = O(2™) for every separated sequence {z;}. Then

Dol —|a) €D Nep2T™) < C Y 2%p(27™);

the convergence of the last series is equivalent to the negation of (1.4). O

To prove Proposition 1.6, we need the following elementary fact about numerical
series.
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Lemma 3.1. If )" 2°p,(27") = o0, p1(t) € Ct and p;(1)/p2(t) = 00 ast — 0, we
can choose o subset of the integers A C Z, such that

(3.4) 3 2,(27) < o0,
neA

and

(3.5) 3 227 =
ned

Proof. We can recursively define a strictly increasing sequence of integers {n;} such
that

L. p2(27%) 27901(27%), n 2 my;
2‘ Enjﬁn{nj.'.l zﬂpl(z_ﬂ) 2 1‘

Now we pick

n; = min{m > n; : Z 2p1(27") > 1},
ny<ndm

and set
Aii={n€Zi:n; £n< n;}, A:=U;A,;.

It is clear that )7 ,2%p,(27") > Ejl = 00. Because 2%p;(27") < C for all n,
E.AJ- 2%p1(27") € 14 C for all 7, therefore by (1)

D22 <Y e (27 <22 (14 C) < 0.
A i A
0

Proof of Propostiion 1.6. Consider the sequence S = {z,,; :m € A, 0 <37 < 2™},
where

Zmg = (1 —2"")exp(27™2mej), 0<Lj5 <27,
and A is the set from Lemma 3.1. For any f € H*, by (3.4),

Yo oL = D) < Iflleo P p2(1 = |2]) = | flles D22 (2

z€85 €5 ned

Now we will show that & ¢ Ag,. Let f € H®, f # 0, be given, and let J be the
set from Lemma 2.2. Since N,, = 2™ as m € A, the set J is finite, and by (3.5) we
have

Zﬂl (1 — |z f(z)] = Z 271 (27" ) exp{—C(f,8)} = 0.

mE.A\..’ur
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4, PROOF oF LEMMA 2.2 AND PROPOSITION 2.3.

Our alternative prove of Lemma 2.2 is based on the following Lemma, which is
proved in [NPT, p. 124, lines 3 to 17] and is the main ingredient in [PT, Lemma 3].

Lemma A. Let f € H*(D) and 6’ € (0,1). Then there ezists a function h, positive
and harmonic on I, such that for all z for which dn(z, f~1(0)) > &,

e M) < | f(2)].

In particular, if {21} is @ separated sequence, there exists a Blaschke sequence b C {21}
such that for eny zi ¢ b,
eM) < | f(a)]-

Proof of Lemma 2.2. By Lemma A, there exists a positive harmonic function % and
a Blaschke sequence & C {23} such that

For z; ¢ b, ") < |f(z)].
Let

Ji={m :#b0Y, > N,/4}].
Since b is a Blaschke sequence, we have 3 - N,,27™ < oo.

Let C(f,4) > 0 be a constant to be chosen later. For a point a € Y,,, let 1, C 0D
be the arc centered at a/|a|, of length 2=™. By the separation condition, the I, for
zy € Y, form a covering of finite multiplicity of D, that is to say, there exists a
positive constant €', (4) such that

> xn, <Gi(9).
2k €Y
By Harnack’s inequality, for 8 such that ez;/|2z| € I,,, we have
R(e®(1 — 27™)znf|za|) > Coh(21).
For m € 7, let
N =#{z €Y \b: k(=) > C(f,80)2™/Nn }.
The mean-value property for harmonic functions gives

h(0) = fﬂ R((1— 2-*‘“)6“’)% >C (87 - NL 27 CLO(f, 827/ N,

therefore

N <(CC(f,0) ' CL(HR(0O)N,, < N, /4
for C(f,d) large enough. At the remaining points zj, of which there are at least
Ny, /2, we do have

F(z)] 2 €76 > exp{—C(f,6)2" [N.,. .

Proof of Proposition 2.3 (a). Under conditions of Proposition 2.3, we have

Z N,27™ = o0.
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Moreover, pg(1 — |2]) = (1 — |2)ef1-RD » 2-m-1e827™) = 1p5,(2-), 2 € V,,. Let
f € H®, f £0, be given, and let J be the set from Lemma 2.2. If v > C(f, d), then
by (2.2)

St - alf(a) 2 23 Y s ()

mgJ zx€¥m
1
> 1 Z Nops(27™) exp{—y2" [Ny} = o0.
megd
O
Lemma 4.1. Suppose that Pi(t), t € (0,1), is & nondecreasing function, P,(1)(1—1)
is ¢ nonincreasing function tending to 0 as t — 1, end d,, < 1 are given positive
numbers. Then there are a sequence {z;} C D and an absolute constant M with the

following properties: oll poinits z;, are situaled on the circumferences |z| =1 — 277,
m=1,2,...;

mind|z; — zx| 1§ F k, |25] = |z =1 -27"} 2> dy;

(4.1) N.(1—-27™)> M(dwP(1—27"D 41, m=12,...,

where N,(1 — 27™) is the number of points z with |z:| = 1 — 27™, and for every
T > 0 there 1s a nontrivial function f € H™ such that

(4.2) log|f(z)] < —Pi(|z))T, k=1,2...

We omit the proof, which is exactly the same as the proof of Lemma 4.3, part 2
in [EE] with é(¢;) = 1/d; and #; = 1 — 277, It follows from Lemma 4.3 in [EE] that

Lemma 4.1 is sharp.

Proof of Proposition 2.3 (b). Pick d,, = 2=™. By assumption, N,,27™ | 0, {N,,} is
a nondecreasing sequence and N,, — oo on L. Hence, there exists a nondecreasing
function P;(t) such that

P(l—2™)= M2*/N,,, m¢cX,

where M is the constant from (4.1), Pi(¢) t oo, P(2)(1 —2) ] 0 as ¢ — 1. Let {2z}
be the sequence from Lemma 4.1. By (4.1),

N,(1-27")> N,,, melkL.
If we choose a sufficiently big number 7', then by (4.2)
log|f(zk)| < -—M2"T[N, < —42"/N,,, |z|=1-2"", mekL.

For every m € L we choose N,, points from {z;} with |z;| = 1 —27™. We also denote
this subsequence by {z;}. Using (2.3), we have

Y e =lzllf =)l = Y Y pe(1—lal)lf(a)] <

me'E zkEYHl
< e Z Ninps(27™ ) exp{—v2" /[Ny } < 00.
mel

Thus, {z;} € Ag, and the proof of Proposition 2.3 is complete. O



10 VLADIMIR YA. EIDERMAN  PASCAL J. THOMAS

5. FURTHER PROPERTIES OF THIN SEQUENCES

The following assertion was proved in [EE] (see Proposition 7.8). Let N,, be given
nonnegative integers, and let

Zmp = (1 —27™)exp(2mik/N,), 1<k<N,, m=12...

for Noy > 0. Then {z i} € As for pg = 1 ¢f and only if {zux} ts @ non-Blaschke
sequence, that is 3, N,27™ = 0.

On the other hand, if we know only, that {z.,} is a separated sequence, we need
essentlially stronger conditions on {N,,} (see Proposition 2.3 with pg = 1). Thus,
there is a certain connection between the dispersion of points over annuluses Y,, and
the massivity of a sequence, i. e. numbers N,, (we also can interpret this relation
as a connection between the dispersion of points and the possible decay of nontrivial
bounded function over a sequence). In the present section we investigate this connec-
tion. In particular, we develop Lemma 2.2, Proposition 2.3 and some results in [EE],
and give another approach to obtaining such assertions, which is based on estimates
of subharmonic functions outside exceptional sets.

Let a sequence {z;} be given. For every m, for which Y,, contains at least six points
zy, and for every z € Y;, we set

g =moin{|z; — zx| 1 5 # k, 25,28 € Yo ).
Let d,, be the mean value of [N,,/6] smallest numbers d,,  (here [-] is the integral

part of a number). Our main tool is the following lemma.

Lemma 5.1. Let {z;} be a separated sequence. Let a set K of indices be such that
NpZz6asmekK, and 3 Nu27" = oo. Then for every f € H®, f £ 0, there
exisis a set J of indices with the following properties: 37 . N,27™ < o0, and

(5.1) £ (2)| > exp{—C(f, 8)(Nend.n) ™'}
for at least N, [2 points z; € Y., whenm € K\J, where C(f,9) is a positive constant
and & is the constant from (1.1).

Since d,, > Const 2~™, Lemma 5.1 refines Lemma 2.2. We shall prove Lemma 5.1
in Section 6.
Corollary 5.2. Let 8(t) be a positive nonincreasing function and pg(1) = 1e?®),

a) Suppose that {z;} ts a separated sequence. Let K be a set of indices satisfying
conditions of Lemma 5.1 and such that

(5.2) Z Nupa(27™) exp{—7(Nud) ™'} =00 for everyy > 0
meXNT
and for every set J of indices with 3, .7 Nu2™™ < o00. Then {z1} ¢ Ag.
b) Suppose that a set £ of indices, a sequence {N,,} of nonnegative integers and
a sequence {d.,} of positive numbers are such that 1 > d,, > 27", {d.2™} s &
nondecreasing sequence, Ny, T oo, Npd,, | 0 as m € £, m — oo, and
(5.3) Z Nopa(27™) exp{ —¥(Nppdyn) '} < 00 for some 4 > 0.
mel
Then there exists o separated 0-thin sequence {z;} with |z =1 — 27™ as z; € Y,
for which N,, are the given numbers and d,, > d,,.
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Proof. (a) The proof is essentially the same as the proof of Proposition 2.3 (a) with
the obvious corrections: we use Lemma 5.1 instead of Lemma 2.2.

(b) We argue by analogy with the proof of Proposition 2.3 (b). Let Pi(t) be a
nondecreasing function such that P, (1) t oo, P(2)(1 —%) ] 0 as ¢t — 1 and

P]_(l — Q_m) = iW(idem)_lj m e £,

where M is the constant from (4.1). Let {z;} be the sequence from Lemma 4.1. By
(11),
N,(1-27") > N,,, melkL.

By (4.2), for sufficiently big numbers T' we have
log |f(zx)] € —MT (Nwdw)™" < —¥(Npdn)™, |zx|=1-2"", meL.

For every m € £ we choose N,, points from {z;} with |z;| =1 — 27™. The obtained
sequence we also denote by {z;}. Using (5.3), we have

S oo Dl = 303 w1 = [l <

mEL 2 €Ym

< CZ Nimps(27™) exp{ —y(Nndn) '} < 0.

el

O

Corollary 5.2 shows the connection between the dispersion of points over annuluses
Y., and the massivity of a sequence {zx}. It is clear that Corollary 5.2 is a direct
generalization of Proposition 2.3. Another special case gives the following assertion.

Corollary 5.3. Let Npdw > ¢c>0emc K and ps(t) > ety ¢4 > 0. Then a
separated sequence {z;} is 0-thick if and only if

(5.4) D Np2™™ = oo,
mekl
Proof. Clearly, if {z;} ¢ Ay, then (5.4) holds.

Conversely, the condition (5.4) and the inequality pg(t) > ¢t imply (5.2), and our
assertion follows from Corollary 5.2. O

Corollary 5.3 is a generalization of Proposition 7.8 in [EE], quoted at the beginning
of this section. It is easy to see that Corollary 5.3 is not correct for pg(¢) such that
liminf; 0 ps(t)/t = 0. Indeed, in this case there exist numbers ¢; € (0,1) for which
tipa/t; < 1/2 and 3777, po(t;)/t; < co. Let K = {m;}, where 2771 < ¢; < 27",
and let Ny, = 2™, 24, = (1 — #;) exp(27ik /Ny, ), 1 £k < Npnyo Then {21} is a
separated f-thin sequence satisfying (5.4).

6. PRoOOF OF LEMMA 5.1.

We need certain preliminary definitions and results. Let f be a meromorphic
function in I, and let {ax} and {bx} be zeros and poles of f, respectively. We assume
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that 0 is neither a zero nor a pole of f. The Nevanlinna characteristic of f is defined

by (cf. for example Hayman [Hal, p. 4)

r

IZn

2n
Ty(r) = %l log" [f(re®)|dp + ) log
[Bi | <
Since T(r) is a nondecreasing function of r, liﬁ] T¢(r) =:T4(1) exists for functions f

in the Nevanlinna class N, 1. e., functions of bounded characteristic.

To f € H*(D) with zeros {a,}, a. # 0, we associate a non-negative measure n on
the closed unit disc D defined as follows: for every set £ C D for which E N oD is
measurable, we define

. 1 —_ if 1
(6.1) n(E)_llmQ—/ﬁmEElog £(re”?)| db + Zlogm.

r—=1 2
an €l

We note that »(ID) = T7,£(1). For the proof that this limit exists, we refer to [EE,
Appendix 1]. We quote the following theorem in the form given in [EE] (see Theo-
rem 2.10 in [EE] and the remark after it).

Theorem 6.1. {Govorov—Grishin) Suppose that f ¢ H®(D), f(z) £ 0. For every
P > 1 there exists a system of discs D*(wy,ry) such that

(6.2) log |f(2)| > —A1PTy4(1), zeD\|JD",
k

(6.3) > < 1/P,

k

and every z € |J, D* belongs to at most A, discs D* (we shall say that A, is the
multiplicity of this covering). Moreover,

(64) W(Dk) > A;gPTlf_f(l)'rk.

Here Ay, Az and Az are absolute positive constants and n is the non-negative measure

on the elosed unit disc D defined by (6.1).

Proof of Lemma §.1. Let

Mo ={m: N,d, > 1/2},
.rMJ' ={m : Q_j_l < i'vmam S 2_'?'}: J = 1:2:“ !
Gi= |J Ym B=c)?,

meM;

where ¢(d) is a positive constant which will be chosen later, depending only on 4,
and ¢ is the constant from (1.1). Let a function f € H*, f # 0, be given and let
D¥(wjx,rix) be a system of disks from Theorem 6.1 with P = P;. We introduce the



SUMMATORY CONDITIONS FOR BOUNDED FUNCTIONS 13

following sets of disks:
Djy = {D{:DiNG; #2, rjp<i(l—|wia)}, D= Uﬁyl;

Din = {Df:D?ﬂng/—-@, rix > s(1—|wx))}, Do= UD”

We shall show that

Z (1—|z]) < 0.

znEDL
By (1.1), each disk D;‘? € D, contains at most N = N({) points z;. Moreover, disks
from Dy do not intersect OD), and by (6.1)

Dk) — Z log R D;ﬂ c Dl:
a.eﬂ"

where a; are zeros of f. By (6.4), n D?) > 0. Hence, every disc D_':.‘ € ‘D, contains at
least one zero of f. Each disk in D, intersects at most two sets Y,,. For each j the
multiplicity of the family {D;“} is the absolute constant A;. Hence, the multiplicity
of the covering D, is at most 3.4,. Thus,

D -lahg Y Y-l <
2 €Dy D}€eDy z €D}
<e Z Z (1—|ag]) < SAQCZ(I — la;|) < o0,

D" €D a; eD"

that what we need.

Let 71 be the set of indices m such that #{z :z; € Y., N D1} > N,./6. Then
Y ON2T<e Y (1-a) < oo
med 2ED

We set X1 = K\ Ji. Then at least %Nm points z; do not belong to D; for every
mc K.

Fix 7 > 0. We split the points z; € D;2 N G, into two subsets Z;; and Z;; in
the following way. Let z; € Y,,. Then 2z € Z,,, if every disk D_;‘ € D, ; containing
z;, does not contain other points zy € Y,,; 2 € Z,5, if there exists a disk D? € D,
containing at least one other point zy € Y,, besides z;. Let

1V£,f = #{z; tz €Y N Zj',g}, r=1,2;
Jiz={m € M; : Ni' > N.[6}, T=|]Tz.
i

We shall prove that

Z N2 < oo.

mef
Assume that D;? € D;; and D? NY, #+ 3. Then

(65) ik > %Q_M_l.
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Indeed, if r; ; € 1271, then by the inequality |w;;| <1 — 27" 4 r; ;. we have

rig 2 51— Jwial) > (2777 — i) = 5 - 8rp = i,

and we come to a contradiction. From (6.5) we deduce that
z 27« 2-2- Or;r = 367 .
m:D Yy, #0
Moreover, the number of disks D_':.‘ € D;; intersecting Y,, is at least N#!. Hence,

Y Nn2m<6 ) Nt

meEdy 2 mEFy 2
e .
-m i , I, S
<6 Y Y 2m<6 3625,;;<Pj—c12
k:DEED; 2 m:DENY, #0 k
(in the last inequality we used (6.3)). We have
S A=Y Y N <y o
mefe i mEdya

Now we shall show that
(6.6) Ni? <IN, forallme KnM;.

For fixed m we consider disks D¥ containing more than one point z; € ¥, N Z;;.
Then 2r; 1 > d,.;. The separation condition (1.1) implies that d,,; > c(c?)?'m, where
§ is the constant from (1.1); and since the disks D(z;, dyn1/2) are disjoint, denoting
by Az the area measure,

C(J)Q_mrj,k 2 )\;(D(wj,k,ﬁrj,k)ﬂym)
> Y % (Dladey/2) N Vi)
J:z;eﬂjfm}’mmzj,z
> d@®2™ Y dag

Lzg eDf MYNZ, 2
Thus
E dm,g < Cg(&)?‘j’k.

J:z;eﬂj.‘ NYwnZ,2

If (6.6) does not hold, then

1. - -
Vo < NI S D7 duy

g:zi EKHHZJ',Q

ca(d e2(8) ;. 1. —
< Z Z dm,{ < Z 62(5)"“:}35 < QPJ) = (:2(—6))2 T« élvmdm:
k

kL €DENYNZj2

if ¢(d) is sufficiently big. That contradiction proves the validity of (6.6). Thus, if
J = J1 U Ja, then for every m € KX\ J the number of points z; lying outside of
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U, D;f is at least

5 .1 52 5 1 1 1

N — N7 — NI > 2Ny — e N — 2N = 5 N

The inequality (5.1) follows from (6.2). O
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