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Abstract. In this paper we consider double covers of the projective space in relation with
the problem of extensions of varieties, specifically of extensions of canonical curves to K3
surfaces and Fano 3-folds. In particular we consider K3 surfaces which are double covers
of the plane branched over a general sextic: we prove that the general curve in the linear
system pull back of plane curves of degree k > 7 lies on a unique K3 surface. If k 6 6
the general such curve is instead extendable to a higher dimensional variety. In the cases
k = 4, 5, 6, this gives the existence of singular index k Fano varieties of dimensions 8, 5, 3,
genera 17, 26, 37, and indices 6, 3, 1 respectively. For k = 6 we recover the Fano variety
P(3, 1, 1, 1), one of only two Fano threefolds with canonical Gorenstein singularities with
the maximal genus 37, found by Prokhorov. We show that the latter variety is no further
extendable. For k = 4 and 5 these Fano varieties have been identified by Totaro. We also
study the extensions of smooth degree 2 sections of K3 surfaces of genus 3. In all these
cases, we compute the co-rank of the Gauss–Wahl maps of the curves under consideration.
Finally we observe that linear systems on double covers of the projective plane provide
superabundant logarithmic Severi varieties.

Let π : V → Pn be the double cover branched over a smooth degree 2d hypersurface B,
and L be the pull-back to V of the hyperplane class. For k > d, the general membre W of |kL|
is the normalization of a degree 2k hypersurface W [ in Pn everywhere tangent to B, with an
ordinary double singularity along a smooth complete intersection Z of type (k, k − d), and such
that there exists a degree k hypersurface containing Z and cutting out on B its contact locus
with W [ . Our main observation in this article is the quite surprising fact that given W [ with
an ordinary double singularity along the smooth complete intersection Z, there always exists B
fulfilling all the other requirements, so that W [ lifts to the corresponding double cover of Pn
(see Section 3 and in particular Proposition (3.4)).
This gives us the possibility to describe smooth degree k sections of K3 surfaces of genus
2 (sextic double planes) and to study their extensions. In particular we compute the coranks
of their Gauss–Wahl maps (see subsection 1.2 for the relevant definitions). More precisely, let
K2 be the moduli stack of primitively polarized K3 surfaces (S, L) of genus 2, and KC kk2 +1
the moduli stack of triples (S, L, C) such that [S, L] ∈ K2 and C is a smooth membre of the
linear system |kL|. One has the forgetful map ckk2 +1 : [S, L, C] ∈ KC kk2 +1 7→ [C] ∈ Mk2 +1 . We
determine the dimension of the general fibre of ckk2 +1 , and when k > 3 this gives us cork(ΦC )
(the co-rank of the Gauss–Wahl map of C, see subsection 1.2) for the general C in the image of
ckk2 +1 by [7, Thm. 2.6]; when k = 3 (resp. k 6 2), C is a plane sextic (resp. hyperelliptic) and
the relevant cohomological invariants were already known. This is stated in Theorem (4.1). The
coranks of the Gauss–Wahl maps had been found previously in [8], but the values given in [8,
Table 2.14] are wrong for k = 4, 5, 6, as has first been pointed out by Totaro [22, Ex. 5.2]; see the
corrigendum to [8] for details. The approach in [8] is completely different, purely cohomological.
We find that for k > 7 the general curve in the image of ckk2 +1 lies on a unique K3 surface,
hence it is extendable only one step; this may also be seen from the results in [8]. For k 6 6
however, we find that ckk2 +1 has positive dimensional fibres, hence the general curve in its image
is extendable to a higher dimensional variety by [7]. For k = 4, 5, 6 respectively, this gives
the existence of singular Fano varieties of dimensions 8, 5, 3, genera 17, 26, 37 and indices 4, 5, 6
respectively. For k = 6 this turns out to be P(3, 1, 1, 1), one of only two Fano threefolds with
1

canonical Gorenstein singularities with the maximal genus 37, as has been proved by Prokhorov
[21]. Our results show that P(3, 1, 1, 1) is not extendable. For k = 4 and 5, the Fano varieties
have been identified by Totaro as sextic hypersurfaces in weighted projective spaces, see (4.8).
As another application of our main observation, we study in Section 6 the extensions of
smooth degree 2 sections of K3 surfaces of genus 3. Indeed a general K3 surface of genus 3
is a smooth quartic S, hence it may be realized as an anticanonical divisor of various double
covers V of P3 branched over a quartic; the linear curve sections of V in its anticanonical
embedding are complete intersections of type (2, 4) in P3 . In this case the results of [7] do not
apply because the curves under consideration have Clifford index 2, however we compute the
relevant cohomological invariants by hand (Proposition (6.4)) and observe that they fit with our
description of the extensions.
Our main result in this article is also applied in [10] to analyze the extensions of plane
quintics in their canonical model. In the follow-up article [6] we give a systematic description
of all the maps ckg : KC kg → Mk with k > 1 that have positive-dimensional general fibre (see the
notation in subsection 1.2).
In Section 5 we make an observation of a different nature, namely that linear systems on
double covers of the projective plane provide superabundant logarithmic Severi varieties. The
actual dimension exceeds the expected dimension by the geometric genus of the double cover.
We guess that there should be a conceptual explanation of this fact, but couldn’t find it.
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between Prokhorov’s extremal Fanos [21] and the Donagi–Morrison example [13]; we thank him
for his constant help and interest. ThD benefited from conversations with Justin Sawon which
have been of great importance in the development of this project. We are grateful to Burt
Totaro for sharing with us the Fano varieties that he identified as the universal extensions of
K3 double sextic planes in the cases k = 4 and 5. We also thank Jason Starr, who spotted a
flaw in the first version of this article, in the proof of our main theorem. Eventually we thank
the referee for his careful reading of this text.

1 – Notation and background
1.1 – General notation and convention
We work over the field of complex numbers.
We call H the hyperplane class of the projective space Pn , and use h(d) as a shorthand for
h0 (Pn , dH).
For A and B two linearly equivalent, distinct and effective Cartier divisors on a projective
variety X, we denote by hA, Bi the pencil generated by A and B.

1.2 – Extensions and ribbons
We use freely troughout the text the notions of extensions, ribbons, etc. They are carefully
treated in [7], but we include here a short reminder for the reader’s convenience. The material
in this subsection is not involved in the proof of our main result Theorem (3.2); we use it for
the applications in Sections 4 and 6.
(1.1) A projective variety X ⊆ Pn is extendable r steps if there exists a projective variety
Y ⊆ Pn+r , not a cone, and having X as a linear section. The variety Y is then called an (r
steps) extension of X.
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It has been proved by Lvovski [20] that the extendability of X ⊆ Pn is controlled by the
invariant
α(X) = h0 (NX/Pn (−1)) − n − 1,
namely if X is smooth and irreducible, not contained in a hyperplane, and not a quadric, and
if α(X) < n, then X is extendable at most α(X) steps.
When X is a canonical curve C ⊆ Pg−1 of genus g, one has
α(C) = cork(ΦC ),
V2 0
the co-rank of the Gauss–Wahl map ΦC :
H (C, KC ) → H 0 (C, 3KC ) which is defined by
linearity and the relations s ∧ t 7→ s · dt − t · ds. When X is a linearly normal K3 surface S ⊆ Pg ,
one has
α(S) = h1 (TS (−1)).
(1.2) If X ⊆ Pn is either a canonical curve C ⊆ Pg−1 or a linearly normal K3 surface S ⊆ Pg of
genus g > 11 and Clifford index > 2, then there holds the following strong converse to Lvovski’s
Theorem, see [2] and [7]: there exists Y ⊆ Pn+α(X) an α(X) steps extension of X, such that
every 1 step extension X 0 ⊆ Pn+1 (up to projectivities of Pn+1 leaving X fixed) appears in a
unique way as a linear section of Y containing X. We call Y the universal extension of X.
In particular, under the above assumptions the 1 step extensions of X ⊆ Pn fit in a universal
family parametrized by a projective space of dimension α(X) − 1.
(1.3) Let us denote by:
— Mg the moduli stack of smooth curves of genus g;
— Kgk the moduli stack of polarised K3 surfaces (S, L) of genus g such that L has divisibility
exactly k, i.e., S is a smooth K3 surface, and L is an ample, globally generated line bundle on
S with L2 = 2g − 2, such that L = kL0 with L0 a primitive line bundle;
— KC kg the moduli stack of pairs (S, C) with C a smooth curve on S and [S, OS (C)] ∈ Kgk ;
— ckg : KC kg → Mg the forgetful map [S, C] 7→ [C].
If g > 11 and [S, C] ∈ KC kg is such that Cliff(C) > 2, one has

dim (ckg )−1 (C) = cork(ΦC ) − 1,
see [7, Thm. 2.6]. We shall also consider:
— Fgk the moduli stack of Fano threefolds V of genus g and index k, i.e., smooth varieties V
with −KV ample equal to kL0 for some primitive line bundle L0 , and KV3 = 2 − 2g;
— FS kg the moduli stack of pairs (V, S) with V ∈ Fgk and S ∈ | − KV | a smooth surface;
— skg : FS kg → Kg the forgetful map [V, S] 7→ [S] (with Kg the union of all Kgk , k > 0).
Again it holds that if g > 11 and Cliff(S) > 2 then the fibre of skg over S has dimension
h1 (TS (−1)) − 1 [7, Thm. 2.19], but we will not use this in this text.
(1.4) A ribbon over X ⊆ Pn (a projective variety, as always) with normal bundle OX (1) is a
2
= 0, and IX/X̃ = OX (−1). These ribbons are uniquely
scheme X̃ such that X̃red = X, IX/
X̃
determined by their extension classes eX̃ ∈ Ext1 (Ω1X , OX (−1)), and two ribbons are isomorphic
if and only if their extension classes are proportional.
If X is smooth and Y ⊆ Pn+1 is an extension of X, then the first infinitesimal neighbourhood
of X in Y is a ribbon over X with normal bundle OX (1), which we denote by 2XY . In this case
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we say that Y is an integral of the ribbon 2XY . The extension class of the ribbon 2XY lies in
the kernel of the map
η : Ext1 (Ω1X , OX (−1)) → Ext1 ( Ω1Pn

X

, OX (−1))

induced by the conormal exact sequence of X ⊆ Pn [7, Lem. 4.4].
When X ⊆ Pn is a canonical curve C ⊆ Pg−1 (resp. a linearly normal K3 surface S ⊆ Pg )
the map η is TΦC (resp. 0). It follows that coker(ΦC ) (resp. H 1 (TS (−1))) parametrizes those
ribbons likely to be integrated to an extension of X. The central point in [2] and [7] is that
when g > 11 and Cliff > 2, each such ribbon may be integrated in a unique way to an extension
of X (up to projectivities leaving X fixed).
(1.5) Under suitable assumptions, and in particular if X ⊆ Pn is either a canonical curve or
a linearly normal K3 surface, one may interpret H 0 (NX/Pn (−1)) as parametrizing all possible
embeddings in Pn+1 of those ribbons over X with extension class in ker(η) (see [7, §3]). Note
that two such embeddings of the same ribbon differ by a projectivity of Pn+1 leaving each
point of X fixed; these projectivities form the group of homotheties and translations of the
n-dimensional affine space, and amount for the difference between h0 (NX/Pn (−1)) and α(X).
In general it is not true that the integral of a ribbon is unique, and indeed we shall see
examples of this in the present text, which already appeared in [4]. We expect that in this case
(under suitable assumptions)
the extensions of X with fixed first infinitesimal neighbourhood
L
0
are controlled by
l>2 H (NX/Pn (−l)). More generally we expect that given a k-th order
ribbon X̃ (where we take the order of an ordinary ribbon to be 2) over X with normal bundle
n+1
OX (1) embedded
, the Hilbert scheme of extensions of X containing X̃, if nonempty, is
P in P
0
of dimension l>k h (NX/Pn (−l)).
These expectations are verified in the situations we consider in this article, see Theorems
(4.1) and (6.3).

2 – Divisors on double covers of the projective space
(2.1) We begin by reviewing some elementary facts about double covers. Let d be a positive
integer. We consider a degree 2d hypersurface B in Pn , and π : V → Pn the double cover
branched over B. Let H be the hyperplane class on Pn , and L be its pull-back to V . For all
k ∈ N we have
(2.1.1)

H 0 (V, kL) = π ∗ H 0 (Pn , kH)  π ∗ H 0 (Pn , kH − 21 B),

which is the isotypic decomposition of H 0 (V, kL) as a representation of Z/2. The first summand
corresponds to divisors that are double covers of degree k hypersurfaces in Pn , and the second
to divisors that decompose as B (seen as the ramification divisor in V ) plus the double cover of
a degree k − d hypersurface in Pn .
(2.2) Proposition. For k > d, the general member W of |kL| is not a double cover of some
hypersurface in Pn , the restriction π|W is birational on its image, a degree 2k hypersurface W [
in Pn everywhere tangent to B, with an ordinary double singularity along a smooth complete
intersection Z of type (k, k − d), and such that there exists a degree k hypersurface containing
Z and cutting out on B its contact locus with W [ .
Proof. The divisor W belongs to a unique pencil hA0 , B + D0 i, with A0 and D0 the double covers
of hypersurfaces A and D in Pn of respective degrees k and k − d. Thus W [ := π(W ) belongs
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to the pencil h2A, B + 2Di, from which it follows that W [ is double along Z := A ∩ D, and
touches B doubly along A ∩ B, which accounts for the whole intersection scheme of W [ and B.
2
The base locus of this pencil is the scheme defined by the ideal IZ2 (IA
+ IB ).
The pull-back π ∗ W [ ∈ |2kL| splits as W + i(W ), with i the involution on V associated to
π ; it has a double singularity along Z 0 := π −1 (Z) and π −1 (B ∩ A), with at each point one local
sheet belonging to W and another to i(W ). The union Z 0 ∪ π −1 (B ∩ A) is the base locus of the
pencil hA0 , B + D0 i.
2
(2.3) Remark. Note that π induces a 2 : 1 map hA0 , B + D0 i → h2A, B + 2Di wich ramifies
exactly at the two points [A0 ] and [B + D0 ]. It is the restriction of the map π∗ : |kL| → |2kH|,
which is 2 : 1 on its image, the join of the two loci of divisors 2A and B + 2D respectively.
Both these loci are to be regarded as 2-Veronese varieties, of respective degrees 2h(k)−1 and
2h(k−d)−1 . By the general point of the join there passes a unique joining line, so π∗ (|kL|) has
degree 2h(k)+h(k−d)−2 = 2dim(|kL|)−1 as a subvariety of |2kH| (see, e.g., [18, p. 236]).
(2.4) All the above may be conveniently seen by writing down equations. The double cover
V is the degree 2d hypersurface y 2 = g2d (x), in the weighted projective space P(1n+1 , d) with
homogeneous coordinates (x, y), x = (x0 , . . . , xn ), where g2d is the equation of B in Pn .
The linear system |kL| is cut out on V by weighted k-ics in P(1n+1 , d). For all W ∈ |kL|
there exist homogeneous polynomials fk−d (x) and fk (x) of respective degrees k − d and k such
that the homogeneous ideal of W in P(1n+1 , d) is

IW = y 2 − g2d (x), yfk−d (x) − fk (x) .
In the decomposition (2.1.1) of H 0 (V, kL), the first and second summands respectively consist
of polynomials of the form fk (x) and yfk−d (x), and the involution i is given by (x, y) 7→ (x, −y).
The divisors A0 and B + D0 are defined in V by the equations fk (x) = 0 and yfk−d (x) = 0
respectively. Eliminating y from the ideal IW , one finds the equations of W [ in Pn , namely
fk (x)2 = g2d (x)fk−d (x)2 .
Then the hypersurfaces A and D in Pn are defined by fk (x) = 0 and fk−d (x) = 0 respectively.

3 – Families of double covers containing a divisor
(3.1) We shall consider double covers as in (2.1) and the corresponding linear systems in families. For all d ∈ N∗ we let Vd be the linear system of degree 2d hypersurfaces in Pn , which
we consider as the parameter space of double covers of Pn branched over a 2d-ic. Then for all
k > d, we consider VW k,d the parameter space for pairs (V, W ) with V ∈ Vd and W ∈ |kL| on
V (where as usual L = π ∗ H on V , with π : V → Pn the double cover).
On the other hand for all k > d we let Zk,d be the parameter space for complete intersections
of bidegree (k, k−d) in Pn (with the convention that for k = d this is just one point corresponding
to Z = ∅). Eventually, we let Wk,d be the parameter space for degree 2k hypersurfaces in Pn
singular along some Z ∈ Zk,d .
From (2.1) we have a commutative diagram
VW k,d
q

p

#
Wk,d


Vd
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where p and q are the forgetful maps (V, W ) 7→ V and (V, W ) 7→ W [ respectively. Our main
result is the following.
(3.2) Theorem. The forgetful map q : VW k,d → Wk,d is dominant, with generic fibre of
dimension h0 (Pn , 2k − d).
The following lemma is the keystone of the proof. Recall that if X ⊆ Pn is a variety defined
(k)
by the prime ideal IX , then for all positive integer k the k-th symmetric power IZ is the ideal
of those polynomials vanishing at the order at least k at every point of X (see, e.g., [14, 3.9]).
(3.3) Lemma. Let Z be the complete intersection in Pn of two hypersurfaces of degrees a and b
(2)

respectively. The second symmetric power IZ of the homogeneous ideal IZ ⊆ R = k[x0 , . . . , xn ]
has the following resolution,
(2)

0 → R(−2a − b)  R(−a − 2b) → R(−2a)  R(−a − b)  R(−2b) → IZ → 0.
(2)

Proof. By [24, Appendix 6, Lemma 5], the second symmetric power IZ equals the square IZ2 .
We compute a resolution of IZ2 as follows. The ideal (x, y)2 ⊆ k[x, y] = S has the resolution


−y
x
0

0
−y
x


(x2 ,xy,y 2 )

0 → S(−3)2 −−−−−−−−→ S(−2)3 −−−−−−→ S → 0,
as may be computed for instance using the method of [15, Cor.2.4], and then removing the
trivial extraneous factors. The resolution for IZ2 may then be obtained by replacing x and y by
two generators of IZ , of degrees a and b respectively. Alternatively, see [17].
2
(3.4) Proposition. Let k > d be two positive integers. Let W [ be a degree 2k hypersurface
in Pn , with an ordinary double singularity along Z, a smooth complete intersection of type
(k, k − d) in Pn , with the convention that Z = ∅ if k = d. Assume moreover that W [ is general
among such hypersurfaces. Then there exists a family of dimension at least h0 (Pn , O(2d − k)) of
degree 2d hypersurfaces B everywhere tangent to W [ and such that there exists a unique degree
k hypersurface containing Z and cutting out the contact locus of B and W [ on B.
Proof. Let us first prove the existence of one smooth (2d)-ic B with the required properties. Let
fk−d , fk be generators of degrees k − d and k respectively of the homogeneous ideal IZ . By the
(2)
resolution of IZ given in Lemma (3.3), the equation g of W [ may be written in the form
(3.4.1)

2
g = fk−d
g2d + 2fk−d fk gd + fk2 ,

with g2d , gd homogeneous polynomials of degrees 2d, d respectively.
We now put this equation in an appropriate form:

(3.4.2)

2
2
g = fk−d
g2d + 2fk−d fk gd + fk2 = (fk + fk−d gd )2 + fk−d
(g2d − gd2 )
= f˜2 + f 2 g̃2d ,
k

k−d

where f˜k = fk + fk−d gd , and g̃2d = g2d − gd2 . Note that f˜k generates IZ together with fk−d . By
generality of W [ the (2d)-ic B defined by g̃2d is smooth, and by the equation of W [ in its form
(3.4.2), B is everywhere tangent to W [ , along (g = f˜k = 0).
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Now the existence of a family of the asserted dimension of such B’s comes from the non2
unicity of the expression of g in (3.4.1), and more precisely of the linear syzygy between fk−d
and fk−d fk . For all a2d−k ∈ H 0 (Pn , O(2d − k)) we may also write


2
g = fk−d
g2d + 2a2d−k fk + 2fk−d fk gd − a2d−k fk−d + fk2 ,
2
ĝ2d , with
and the same computations as above yield that g = fˆk2 + fk−d

fˆk = fk + fk−d gd − a2d−k fk−d
= f˜k − a2d−k f 2


and

k−d


2
ĝ2d = g2d + 2a2d−k fk − gd − a2d−k fk−d

= g̃2d + a2d−k 2f˜k − a2d−k f 2 .
k−d

The hypersurfaces defined by ĝ2d move in dimension h0 (Pn , O(2d − k)) and have the asserted
properties.
2
The above Proposition (3.4) shows that the forgetful map q is dominant with fibres of
dimension at least h0 (Pn , O(2d − k)). The next statement shows that this is indeed the exact
dimension, by a dimension count.
(3.5) Proposition. For all k > d, we have
dim(VW k,d ) − dim(Wk,d ) = h0 (Pn , O(2d − k)).

Proof. The space VW k,d is a projective bundle over Vd , and for V ∈ Vd we have dim(|kL|) =
h(k) + h(k − d) − 1 by (2.1), therefore
dim(VW k,d ) = dim(Vd ) + h(k) + h(k − d) − 1 = h(2d) + h(k) + h(k − d) − 2.
If k > d, for all Z ∈ Zk,d , there is a unique degree k − d hypersurface D which contains Z. In
turn the linear system |kH| on D has dimension h0 (D, kH) − 1 = h(k) − h(d) − 1, hence
dim(Zk,d ) = h(k − d) + h(k) − h(d) − 2.
Eventually for each Z ∈ Zk,d , hypersurfaces of degree 2k singular along Z form a linear system
of dimension
(2)

h0 (Pn , IZ (2k)) − 1 = h(0) + h(d) + h(2d) − h(2d − k) − h(d − k) − 1
= h(d) + h(2d) − h(2d − k)
(2)

where the first equality is obtained from the resolution of IZ given in Lemma (3.3). We thus
find
(
h(k − d) + h(k) + h(2d) − h(2d − k) − 2 if k > d
dim(Wk,d ) =
h(2d) − 1
if k = d.
hence

(
h(2d − k) if k > d
dim(VW k,d ) − dim(Wk,d ) =
h(d)
if k = d.
2

We may now prove our main result stated above.
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Proof of Theorem (3.2). Proposition (3.4) shows that q is dominant, since for general W [ ∈ Wk,d
and for all B as in Proposition (3.4), the double cover π : V → Pn branched over B has two
copies of W , the partial normalization W of W [ along Z ∈ Zk,d , as membres of |π ∗ O(k)|.
Namely, the pull-back π ∗ W [ splits as two copies of W , as explained in Section 2.
On the other hand, the two spaces VW k,d and Wk,d are seen to be irreducible from their
descriptions in the proof of Proposition (3.5), and the dimension of the generic fibre of q is
dim(VW k,d ) − dim(Wk,d ) = h(2d − k) by the same Proposition (3.5).
2
In fact it is even possible to prove Theorem (3.2) without the constructive Proposition (3.4).
By Proposition (3.5) it is enough to show that the generic fibre of q has dimension h0 (Pn , O(2d−
k)), and this may be seen as follows. Let (V, W ) ∈ VW k,d . Then V is a degree 2d hypersurface
in the weighted projective space P(1n+1 , d) and W is cut out on V by a degree k hypersurface
in P(1n+1 , d), see (2.4).
If k > d, those V 0 such that (V 0 , W ) belongs to VW k,d form the linear system

PH 0 P(1n+1 , d), IW (2d) ,
which has dimension


h0 P(1n+1 , d), O(2d − k) = h0 Pn , O(2d − k) ,
the equality coming from the fact that 2d − k < d, hence degree 2d − k polynomials don’t involve
the weight d variable.
If k 6 d one has to take care of the fact that there are automorphisms of P(1n+1 , d) fixing W ,
and degree k hypersurfaces in the same orbit under the action of automorphisms of P(1n+1 , d)
give the same double cover. When k = d the automorphisms fixing W are all of the form
(x, y) 7→ (x, ay) for some a ∈ C hence form a 1-dimensional group, whereas the linear system
of (2k)-ics containing W has dimension


h0 P(1n+1 , d), O(d) = h0 Pn , O(d) + 1.

4 – Curves on K3 surfaces of genus 2
For all integers k > 3, we let Ck be the locus in Mk2 +1 of those curves C that have a plane
model C [ of degree 2k with k(k − 3) nodes forming together a complete intersection of type
(k, k − 3), and no further singularity.
(4.1) Theorem. For all k > 3, the forgetful map ckk2 +1 : KC kk2 +1 → Mk2 +1 dominates Ck .1
For very general C ∈ Ck , the Gauss–Wahl map of C has corank
cork(ΦC ) = h0 (P2 , O(6 − k)) + 1 − ν2 (C),
with

(
1
ν2 (C) = h NC/Pg−1 (−2) =
0
0



if k = 3
if k > 4.

(The normal bundle NC/Pg−1 is with respect to the canonical embedding C ⊆ Pg−1 ).
this we mean by a slight abuse of terminology that the Zariski closure of the image of ckk2 +1 coincides
with that of Ck .
1 by

8

(4.2) Remark. For k = 1, 2, the image of ckk2 +1 is the hyperelliptic locus in Mk2 +1 , and the
generic fibre has dimension 18 and 15 respectively. It is not clear in these cases how to relate
the dimension of the generic fibre to the corank of the Gauss–Wahl map, which is 3g − 2 for all
genus g hyperelliptic curves [23, 9].
Proof of Theorem (4.1). We consider the family K2 of all smooth plane sextics; it is a dense
open subset of V3 , in the notation of (3.1). For all positive integers k, the moduli space Kkk2 +1 is
isomorphic to the quotient of K2 by the action of PGL(3). Over K2 , we consider for all k > 3 the
dense open subset KCkk2 +1 of VW k,3 parametrizing pairs (S, C) with S a smooth sextic double
plane and C a smooth member of the linear system |kL| on S, in our usual notation. Then by
Theorem (3.2) the forgetful map KCkk2 +1 → Wk,3 is dominant, with general fibre of dimension
h(6 − k). After we divide out by the action of PGL(3), we obtain that ckk2 +1 dominates Ck , with
general fiber of dimension h(6 − k).
For very general C ∈ Ck there exists, as we now know, a primitive K3 surface (S, L) of genus
2 with Pic(S) = Z.L, such that C ∈ |kL|. By [16] the Clifford index of C is computed by a line
bundle on S, hence

Cliff(C) = deg( L|C ) − 2 h0 ( L|C ) − 1 = 2k − 4.
For k > 3 we thus have Cliff(C) > 2, which implies that ν2 (C) = 0 (see [7, §3] and the references
therein). Moreover C has genus k 2 + 1 > 11, so we have by [7, Thm. 2.6] that

cork(ΦC ) = dim (ckk2 +1 )−1 (C) + 1,
which completes the proof in this case.
When k = 3, C is a smooth plane sextic so it has ν2 (C) = 1 (see [19, Prop.4.3]; this may
also be proved as in Proposition (6.4)), and cork(ΦC ) = 10 as for all smooth plane curves of
degree d > 5 [23, Rmk. 4.9].
2
(4.3) Remark. Let Γ be a nodal plane curve whose set of nodes Z lies on a cubic curve T .
Then the rational surface ST obtained by blowing-up the plane at the points Γ ∩ T provides an
extension of the canonical model of the normalization of Γ, see [7, §9] and the references therein.
Now let k > 3 and C be a general member of Ck . Then C [ is a nodal curve with set of nodes
Z, and there exists a linear system of dimension h(6 − k) − 1 of cubics containing Z. These
cubics in turn give a family of the same dimension of mutually non-isomorphic rational surfaces
extending the canonical model of C.
If k > 3, then C has Clifford index > 2 and genus > 11, so that by [7] its canonical
model has a universal extension. Then the existence of a K3 extension of C, together with
the aforementioned rational extensions imply that the family of extensions of C has dimension
> h(6 − k) hence cork(ΦC ) > h(6 − k) + 1. Since the latter inequality is in fact an equality, we
see that those rational extensions of C form a divisor in the universal family of all extensions
of C.
Moreover note that C may be seen as a smooth curve in the surface S 0 obtained by blowing
up P2 at Z. This surface has h1 (S 0 , OS 0 ) = 0 and h0 (S 0 , −KS 0 ) = h(6 − k), so that
cork(ΦC ) > h0 (S 0 , −KS 0 ),
thus showing that in [23, Conjecture p.80] the inequality may be strict.
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(4.4) Prokhorov [21] has proved that all Fano threefolds V with canonical Gorenstein singularities have −KV3 6 72, and that there are only two such threefolds reaching this bound, namely
the two weighted projective spaces
Y1 = P(3, 1, 1, 1) and Y2 = P(6, 4, 1, 1).
This implies that no K3 surface of genus g > 37 is extendable [21, Cor. 1.6].
The threefold Y1 has Picard group generated by O(1), and the linear system |O(3)| embeds
it in P10 as the cone over the 3-Veronese surface v3 (P2 ) ⊆ P9 . One has ωV ∼
= O(−6), so the
anti-canonical model of Y1 is the 2-Veronese re-immersion of Y1 ⊆ P10 in P38 , and the general
S ∈ | − KY1 | is a K3 double cover of P2 branched over a sextic. In turn, hyperplane sections of
S ⊆ P37 are members of the linear system |6L|, in our usual notation.
(4.5) Corollary. The anti-canonical embedding of Y1 = P(3, 1, 1, 1) is not extendable.
Proof. Let C be a smooth curve linear section of Y1 . It is non-degenerate in P36 , and has
α(C) = 2 < 36 by Theorem (4.1). It thus follows from [20, Thm. 0.1] that C cannot be
extended more than 2 steps, hence Y1 cannot be extended.
2
(4.6) Remark. Let C ∈ C6 be general. Corollary (4.5) tells us in particular that Y1 is the
universal extension of the canonical model of C. Continuing Remark (4.3), we point out that
there is a unique plane cubic T passing through the 18 nodes of C [ , and the corresponding
rational extension ST is the unique hyperplane section of Y1 containing C and passing through
the unique singular point of Y1 (its vertex in the model as the cone over v3 (P2 )). Eventually,
note that C ∩ T set-theoretically consists of 18 points, which is the maximum for ST to be
smoothable to a K3 surface (see [2] and the references therein for more details).
(4.7) The threefold Y2 on the other hand has Picard group generated by O(12). It is singular
along the line joining P0 = (1 : 0 : 0 : 0) and P1 = (0 : 1 : 0 : 0); along this line and off
P0 , Y2 looks analytically locally like a line times a surface ordinary double point. The general
S ∈ | − KY2 | has an ordinary double point at its intersection with the line P0 P1 , and has Picard
group generated by O(2). Thus S is a K3 surface of genus 37 with 6-divisible hyperplane
sections, as are the anti-canonical sections of Y1 . Still our results don’t let us tell whether Y2 is
extendable or not.2
(4.8) For k = 4 and 5 respectively, Theorem (4.1) together with [7, Thm. 2.1] indicates the
existence of arithmetically Gorenstein Fano varieties of dimensions 8 and 5, indices 6 and 3, and
genera 17 and 26 respectively. These have been identified by Totaro (personal communication).
Both are sextic hypersurfaces in a weighted projective space. The one for k = 4 is defined by
0 = y 2 + x20 z0 + x0 x1 z1 + x0 x2 z2 + x21 z3 + x1 x2 z4 + x22 z5 ,
in P(46 , 3, 13 ), where the xi ’s have weight 1, y has weight 3, and the zi ’s have weight 4; the one
for k = 5 is defined by
0 = y 2 + x0 z0 + x1 z1 + x2 z2 ,
in P(53 , 3, 13 ), where the xi ’s have weight 1, y has weight 3, and the zi ’s have weight 5.
These extensions and similar universal extensions for complete intersection K3 surfaces are
described in detail in [6, §3], see also [10].
2 After

this article has been written, it has been proved [12, Cor. 6.4] that Y2 is not extendable.
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5 – Miscellaneous remarks on plane curves
(5.1) Superabundant log-Severi varieties. Fix a curve B of degree 2d, and let π : S → P2
be the double cover ramified over B. We consider the image VB,k in |2kH| of the linear system
|kL| on S. It has dimension
h0 (S, kL) − 1 = h(k) + h(k − d) − 1,
and parametrizes curves of geometric genus
gk,d = 12 (2k − 1)(2k − 2) − k(k − d)
everywhere tangent to B, the number of contact points is thus 2kd.
The family of curves VB,k is therefore contained in the log-Severi variety Vg2kH
(0, [0, 2kd])
k,d
of the pair (P2 , B), in the notation of [11]. By definition, this log-Severi variety parametrizes
plane curves of degree 2k and geometric genus gk,d , tangent to B at 2kd unassigned points. The
expected dimension of this log-Severi variety is
−(KP2 + B) · 2kH + gk,d − 1 + 2kd = k(k + 3 − d),
and by [11, (1.4.0)] a component of the Severi variety has the expected dimension if it has an
irreducible member and
−KP2 · 2kH − 2kd > 1

⇐⇒

2k(3 − d) > 1.

The latter inequality holds if and only if d 6 2.
It turns out that the dimension of our family VB,k exceeds the expected dimension of the
log-Severi variety. Indeed a direct computation shows that

dim(VB,k ) − expdim Vg2kH
(0, [0, 2kd]) = (d−1)(d−2)
2
k,d
= pg (S)
(cf. [3, V.22 p.237] for the last equality).
The two following examples are applications of our main result, Theorem (3.2), in the cases
n = 2 and d = 1, 2 respectively.
(5.2) Sections of quadric surfaces. A quadric in P3 is a double cover of the plane branched
over a conic. In this case we obtain for all k > 1 a correspondence between
a) smooth complete intersections of bi-degree (2, k) in P3 , and
b) plane curves of degree 2k with k(k − 1) nodes at a complete intersection of bidegree (k, k − 1).
We remark that these curves are k-gonal, which is not immediately apparent from the presentation b).
(5.3) Sections of degree 2 Del Pezzo surfaces. A Del Pezzo surface of degree 2 is a double
cover π : S → P2 branched over a quartic. It is also isomorphic to the blow-up of P2 at
seven points in general position, and one has π ∗ H ' −KS . We thus obtain for all k > 2 a
correspondence between
a) plane curves of degree 3k with seven k-fold points in general position, and
b) plane curves of degree 2k with k(k −2) nodes at a complete intersection of bi-degree (k, k −2).
We observe that the above curves are Cremona-minimal, i.e., it is not possible to lower
their degrees by applying Cremona transformations. It thus happens that a curve of type a)
is birational to a curve of type b), but the birational isomorphism between them may not be
realized by a Cremona transformation of the projective plane.
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6 – K3 surfaces in Fano double projective spaces
In this section we apply our main result Theorem (3.2) to study the extensions of those K3
surfaces that are anti-canonical divisors in Fano solids double covers of the projective space P3 .
Let π : V → P3 be a double cover branched over a hypersurface B of degree 2d. We have
KV = (d − 4)L, hence V is Fano if and only if d < 4. Theorem (3.2) is relevant only for sections
of |kL| with k > d, which leaves only the two cases d = 1, 2 since we take k = 4 − d. For
d = 3, members of | − KV | are sextic double planes and these have already been considered in
Section 4.
(6.1) When d = 1, V is a double cover of P3 branched over a quadric, and this is a quadric
hypersurface in P4 . Then KV = −3L and anticanonical divisors of V are complete intersections
of type (2, 3) in P4 , which is the general form of genus 4 K3 surfaces.
The general S ∈ | − KV | is mapped birationally by π to a sextic surface, double along a
complete intersection of type (3, 2). Conversely, every such sextic may be unprojected to a cubic
section of a quadric in P4 , in a unique way by Theorem (3.2).
(6.2) The case d = 2 is more interesting. Then V is a double cover of P3 branched over a
quartic surface, KV = −2L, and the general S ∈ | − KV | is mapped birationally by π to a
smooth quartic surface. In its anticanonical embedding V is a quadric section of the cone in
P10 over the Veronese variety v2 (P3 ) ⊆ P9 . Hyperplane sections of S in its embedding in P9
are 2-Veronese re-immersions of quadric sections of S in P3 . In this case we obtain the following
results.
(6.3) Theorem. For general C in the image of c29 , the fibre of c29 over C has dimension
cork(ΦC ) − 1 + ν2 (C) with
cork(ΦC ) = 10

and

ν2 (C) = h0 (NC/P8 (−2)) = 1.

For (S, C) in this fibre, the family of pairs (S 0 , C) such that the ribbons 2CS and 2CS 0 are
isomorphic has dimension ν2 (C).
Moreover, the fibre of s29 : FS 29 → K92 over S has dimension h1 (TS (−1)) − 1 + ν2 (S) with
h1 (TS (−1)) = 10

and

ν2 (S) = h0 (NS/P9 (−2)) = 1.

There is one (V, S) in this fibre such that the ribbon 2SV is trivial.
Proof of Theorem (6.3). Let C be a general member of the image of c29 . There exist a quadric Q
and a quartic S in P3 such that C = Q ∩ S. One has ωC = OP3 (2)|C , and the canonical model
of C is its 2-Veronese re-immersion in P8 . General K3 extensions of the canonical model of C
are 2-Veronese re-immersion in P8 of smooth quartics in P3 .
Let 1C = C and 2C be the ribbon of C in S. The latter ribbon is cut out on S by the square
of an equation of Q. We thus have that for all k = 1, 2, kC is a complete intersection of type
(2k, 4) in P3 . It follows that
(
10 if k = 1
0
3
h (P , IkC (4)) − 1 = h(0) + h(4 − 2k) − 1 =
1 if k = 2,
which proves that extensions of C form a 10-dimensional family, in which those S 0 such that
2CS 0 = 2C form a 1-dimensional subfamily.
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In turn the general extension of S ⊆ P9 is the anti-canonical model of a quartic double P3 .
These form a 10-dimensional family by Theorem (3.2). A particular member is the double cover
branched over S itself, in which the ribbon of S is trivial, see [4, (2) p.875].
It only remains to prove the assertions about α(X) and ν2 (X) for X = C, S. This is the
object of Proposition (6.4) (note that as V ⊆ P10 is a quadric section of the cone over v2 (P3 ),
its hyperplane section S ⊆ P9 is a quadric section of v2 (P3 )).
2
(6.4) Proposition. Let Y = v2 (P3 ) ⊆ P9 be the 2-Veronese embedding of P3 , S a smooth
quadric section of Y , and C a smooth hyperplane section of S. We have:
(i) h0 (NY /P9 (−1)) = 10 and h0 (NY /P9 (−k)) = 0 for all k > 2;
(ii) h0 (NS/P9 (−1)) = 10 + 10, h0 (NS/P9 (−2)) = 1, and h0 (NS/P9 (−k)) = 0 for all k > 3;
(iii) h0 (NC/P8 (−1)) = 10 + 9, h0 (NC/P8 (−2)) = 1, and h0 (NC/P8 (−k)) = 0 for all k > 3.
Proof. We follow [1] to compute the cohomology of NY /P9 . Let E be the vector space underlying
P3 . For all k we have an exact sequence
0 → E  OP3 (1 − 2k) → S 2 E  OP3 (2 − 2k) → NY /P9 (−k) → 0
(beware that in [1] NY (1) means NY  OP3 (1), whereas we take it as NY  OP9 (1) = NY 
OP3 (2)). This gives the dimensions in (i), as well as the vanishing of H 1 (NY (−k)) for all k ∈ Z,
and of H 2 (NY (−k)) for all k 6 2. Moreover, by [1, Thm. 2] H 2 (NY (−k)) also vanishes for
all k > 4, and has dimension 6 for k = 3 (to apply [1, Thm. 2] to our situation, one should
substitute their U , T , and k to our E, {0}, and 2k respectively, so that for us their S χ  T is
always {0} and µ−1 (T ) is the kernel of the multiplication map E  E → S 2 E; also note that
there is a misprint in the statement of [1, Thm. 2], as the assumption “k > d − n − 1” should
read “k > d + n + 1”).
We start by computing the cohomology of NS/P9 . We shall use the exact sequence
0 → NS/Y = OS (2) → NS/P9 → NY /P9

(?)

To compute the cohomology of NY /P9

S

S

→ 0.

we use the restriction exact sequence

0 → NY /P9 (−2) → NY /P9 → NY /P9

S

→ 0.

Since H 1 (NY /P9 (−k)) = 0 for all k, we find that
(
0

0

0

h ( NY /P9 (−k) S ) = h (NY /P9 (−k)) − h (NY /P9 (−k − 2)) =

10 if k = 1
0 if k > 2.

Moreover, since H 1 (NY /P9 (−k)) = 0 for all k and H 2 (NY /P9 (−k − 2)) = 0 for all k 6= 1, as we
have seen in the first paragraph of the proof, we find that H 1 ( NY /P9 (−k) S ) = 0 for all k 6= 1.
We may now return to the exact sequence (?). Using the fact H 1 (OS (k)) vanishes for all k,
we find that
h0 (NS/P9 (−k)) = h0 ( NY /P9 (−k) S ) + h0 (OS (−k + 2)),
which gives the dimensions in part (ii) of the Proposition. Using in addition the vanishing of
H 1 ( NY /P9 (−k) S ) = 0 for k 6= 1, we find that H 1 (NS/P9 (−k)) vanishes for all k 6= 1.
Next we compute the cohomology of NC/P8 in a similar fashion. We consider the exact
sequence
0 → NC/S = OC (1) → NC/P9 = NC/P8  OC (1) → NS/P9 C → 0
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which gives an isomorphism NC/P8 ∼
= NS/P9

C

. Then we consider the restriction exact sequence

0 → NS/P9 (−1) → NS/P9 → NS/P9

C

= NC/P8 → 0.

Using the vanishing of H 1 (NS/P9 (−k)) for all k 6= 1, we obtain for all k > 1
h0 (NC/P8 (−k)) = h0 (NS/P9 (−k)) − h0 (NS/P9 (−k − 1)),
which gives the dimensions in part (iii) of the Proposition.

2

(6.5) Remark. It has been proved by Wahl [23, Thm. 4.8] that a curve of genus g > 5 sitting
on a rational ruled surface has cork(ΦC ) > 9. This corresponds in general to the existence of
rational surface extensions, see [7, §9]. For curves C as in Theorem (6.3), there are in addition
K3 extensions. This would imply that cork(ΦC ) > 9 as in Remark (4.6), should the integral of
a ribbon be unique. This is not the case because ν2 (C) = 1, but the corank nevertheless jumps,
as we have observed above.
On the other hand, it has been proved by Brawner [5] that a general tetragonal curve of
genus g > 7 has Wahl map of corank 9. Curves as in Theorem (6.3) have two g41 ’s, and thus
provide examples of tetragonal curves with Wahl map of exceptional corank.
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