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Abstract

We provide an asymptotic analysis of a nonlinear integro-differential equation which
describes the evolutionary dynamics of a population which reproduces sexually and which
is subject to selection and competition. The sexual reproduction is modeled via a non-
linear integral term, known as the Fisher’s ’infinitesimal model’. We consider a small
segregational variance regime, where a parameter in the infinitesimal model, which mea-
sures the deviation between the trait of the offspring and the mean parental trait, is small
with respect to the selection variance. In this regime, we characterize the steady states of
the problem and analyze their stability. Our method relies on a spectral analysis involv-
ing Hermite polynomials, highlighting the specific structure of the nonlinear reproduction
term. We expect that the framework developed in this article will contribute to progress
on several related problems that were out of reach with previous methods.

Keywords : Integro-differential equations, singular limits, steady solutions, quantitative
genetics, infinitesimal model.
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1 Introduction

1.1 Model and question

The purpose of this article is to study the steady solutions, and their stability, of the
following equation

on(t, ) = rBy[n](t, z) — m(z)n(t,z) — kp(t)n(t, x), (1)
n(0,2) = no(z),  p(t) = fynlt,z),
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where (t,z) € (0,00) x R and

Bulutt. (o) = [ [ T (2= 5 Y e ayay.
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Fo(x) = \/71?04 exp <Z2> .

This equation describes the evolutionary dynamics of the phenotypic density of a pop-
ulation subject to sexual reproduction, selection and competition. The unknown n(t, x)
stands for the density of individuals of phenotypic trait x at time t. The function m(x)
represents the intrinsic mortality rate of individuals of trait « and the nonlocal term xp
corresponds to a mortality rate due to uniform competition between individuals. The
parameter r scales reproduction in the population and the operator B, models the sexual
reproduction, assuming that the trait of the offsprings are distributed following a Gaussian
profile with variance o > 0 centered around the mean parental traits. This reproduction
model, which is known as the infinitesimal model, was introduced by Fisher in [16] and
it is widely used in the biological literature [6, 23] 34]. Such a model is valid under the
assumption that the trait x is coded by infinitely many alleles with small additive effects
(see [2] for a recent justification of such a model).

Here, we are interested in a particular regime where the phenotypic variance induced
by each reproductive event is small. We characterize the steady solutions of and
analyze their stability. Our analysis combines the computation of the moments of the
phenotypic distribution, following our previous work in [2I], with a spectral analysis us-
ing Hermite polynomials. With these new tools, we simplify considerably the previous
approaches in [8, 29] and we extend their results on the asymptotic analysis of the in-
finitesimal model. We believe that our approach will facilitate the analysis of several open
problems, which seemed out of reach with previous methods, as for instance the asymp-
totic analysis of models involving the infinitesimal model but accounting for spatial or
temporal heterogeneity of the environment, or the development of asymptotic preserving
numerical schemes.

1.2 Biological motivation

The infinitesimal model has been widely used in evolutionary biology and in plant and
animal breeding since the pioneer work of Fisher [16]. This work reconciled Galton’s ob-
servations [18] on the distribution and the inheritance of continuously varying phenotypes,
as human’s height, with Mendelian genetics. This model is interested in the traits that are
coded by a large number of genes with additive affects [16, [6, 23]. A central limit theorem
type result then implies that the trait of offsprings has a normal distribution centered
around the mean parental traits. This property which can be referred to as the ” Gaussian
descendants” approximation [34], was proved rigorously in [2]. Many works in theoretical
biology make however a stronger assumption that not only the offspring’s distribution has
a Gaussian profile, but also the population distribution is Gaussian [24} 25] 26| 33]. This
can be referred to as the ”Gaussian population” approximation [34]. This approximation
also seems to provide robust results, however its framework of validity is not yet com-
pletely understood [34]. Our work falls in line with studies that aim both to understand
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the validity framework of such Gaussian approximations and to improve the accuracy of
approximations in theoretical biology (see also [8,29, [32] for other works in this direction).
This article follows our earlier work in [21] where we provided an analysis of the time de-
pendent problem . The model considered in these articles considers a homogeneous
environment with no space or time variation of the environment. We expect however that
our methods would facilitate the analysis of more complex models with space or time
heterogeneity.

1.3 Expected shape of solutions

An underlying structure of enables us to simplify the computation of solutions. Indeed,
any solution n(t,x) can be split into a mass p(t) € (0,00) and a probability density
x> q(t,z) € (0,00):

n(tv :L') - p(t)q<t7 .%')

Standard manipulations show that n is a solution to (1)) if and only if (g, p) solve:

{atqos 1) = 7(Talg)(t ) — q(t,2)) — (m(z) = fpm@)a(t,y)dy)q(t, o),
(0,z) = qo(z) == no(m)//?(o),
{@p( ) = p(t) (r = Jym(z)a(t, x)dz) — kp(t)?,

(0) = f]R n(0,y)dy,

= [ [ ra (o= Y52 ) atyatwvay

We point out that system - is ”triangular” in the sense that the first equation
involves the density unknown ¢ only and can thus be solved independently. The mass p
is then recovered by integrating the second equation. Elementary properties of the kernel
I', ensure that the property:

(2)

3)

with

q(t,y)dy =1
R

is propagated when solving .

In this paper, we tackle existence/uniqueness properties of steady solutions 7 to (/1))
that is, with the same factorization as above:

{n(:v) —pg(z), z€ER,
p=(r— [gmy)a(y)dy)/x,
where g solves the following equation
{ozr(T 2[1)(@) ~ (@) — (m(2) — fp m(y)a(y)dy) (), (5)
Jra(y)dy = 1.

We also investigate the stability properties of these steady-states within the dynamical
system . Obviously, the main issue here is to compute and analyze the probability-
density part ¢ in the factorization of 7.

(4)



From the analytical standpoint, our problem is highly nonlinear and requires a subtle
understanding of the interactions between the two operators at stake in the right-hand side
of () : the (normalized) sexual reproductlon (or recombination) operator T,[g] — ¢ and
the (normalized) mortality operator (m — fR mq)q. Indeed, on the one-hand, it is by now
well-documented that probability distributions cancelling the normalized recombination
operator are gaussian distribution with variance 2« (and arbitrary center) (see e.g. [32]).
Moreover, considering the problem

{atq(tﬁv) =Talgl — 4,
q(0,7) = qo(x), To = Jp xqo(x)dz,

one can prove [27], using a contraction property of the Wasserstein distance, that, as
t — +oo, Wa(q(t,2),T' 5, ( —To)) — 0.
Let’s consider now the evolution problem with the morality operator

{atq(t, z) = — (m(z) — [ m(y)q(t,y)dy) q(z),
q(0,7) = qo(z ),

assuming that
argminm = {1, -+ ,zN}, N >1, arg min m N supp qo # 0.

Then, one can prove that [22], as ¢t — 0, ¢(t,z) — > ;" a;d(x — x;), with a; > 0 and
Zi]\il a; = 1, and o; = 0 for all z; & supp qo.

To summarize, the reproduction operator will tend to make the solution gaussian around
one center and the mortality operator will tend to make the solution to concentrate around
its minimum points. What would be the dynamics of the solution when we combine both
operators? Let’s assume that the segregational variance « is small and that qq is initially
concentrated around a trait xg which is in the convexity zone around a local minimum
point x,, of m. It was proved in [29] 21] that, when =z, satisfies an admissibility condition
ensuring that m(z,,) is not too far from the global minimum value of m, the solution
q(t,x) remains concentrated for all times, with an approximately Gaussian distribution
centered around an evolving point Z(t). Moreover, the point Z(t) solves an ordinary
differential equation indicating that it moves towards x,, as t grows. This indicates that,
for any admissible local minimum point x,,, there should exist a steady solution, with an
approximately Gaussian shape, concentrated around x,,. We prove indeed this property
in this article and show that such steady solutions are stable.

Let us now consider the following gedankenexperiment. Let us imagine that m is even
and has a local maximum in 0 and two (local) minimas —z; and z;. For a symmetric
initial data, the evolution problem will yield a symmetric solution. If we expect this
solution to tend to a steady state for large times, we face a novel difficulty. Indeed,
the recombination operator will tend to make the solution gaussian around one center
(and thus in 0), while the mortality operator will want to make the solution localized
around the two local minima of m (and thus outside 0). It is then interesting to discuss
also what happens around local maximums of m. We prove indeed that when the local
maximum points of m satisfy an admissibility condition, there also exists a steady solution
concentrated around such maximum points. We don’t expect however that these steady
states would be stable (they can be reached only for some particular initial data).
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1.4 A dimensionless parametrization of the model

In what remains of this paper, we fix x(y a local extremum for m. As we may expect from
the previous discussion, the respective flatness of m around xg (encoded by the value of
|m” (x0)|) and variance a of the Gaussian kernel involved in the recombination operator
will have a decisive impact on the properties of steady-states. To fix ideas, we propose to
non-dimensionalize the equations and fix our framework with one well-chosen parameter
€ encoding the respective amplitude of both quantities. Let g be a solution to and set

1) = e (Do [ + 0.

We obtain that ¢ solves

&Jﬁw%=ﬂwmﬂw—6hwﬂ—(m@%iémkﬁﬁwﬂadﬁw%

where:

Y SUCHCZ)) IR Y AR I .
TV W= ( mwmmy+0> i)

With this change of unknown, we have shifted the local extremum of m in z = 0 and made
it m(0) = 0. Consequently, m is not necessarily nonnegative. We have also normalized
the local expansion around 0 since

2

m(y) = i% + lot.

Below, we will consider the natural framework in which € << 1 that is
alm”(0))? <<, (6)

so that m is nearly constant on the support of steady solutions for the recombination
operator. This amounts to study system or its stationary version with » = 1,
a = ¢, and |m”(0)| = 1. We will thus analyze this case in the paper, replacing m by m
in what follows. Other important assumptions for the analysis will be made precise and
discussed below.

To end this section, we recall that we focus in what follows on the denstiy equation
(2) (resp. (5)). But the full problem aslo involves the mass equation (3] (resp. (4)). A
possible corresponding non-dimensionalization for p could be to write :

. K (T
T)=—p|—].
i) =70 (7)
With this particular choice we transform equation (resp. (4])) into a similar equation
with a new parameter

m(xo)

F=1-

replacing 7, the chosen m and x replaced with 1.



1.5 Assumptions and notations

We will consider two sets of assumptions. The first set of assumptions is weaker and is
designed to study solutions which are close to the concentrated steady solutions and allow
several local extrema of m. It reads

m/(0) =0, m(0) =0 < Hﬁén m(x) + 1, m”(0) € {*1}, (H1)

im"” (z)| < Apm(1 + |2|P), Vaz €R, for some p € N* and A,, € (0,00).  (H2)

The second condition in (H1)) is an admissibility condition on the extremum point which
requires that the value of m at the extremum point z,, is not too far from its global
minimum value. We prove in Appendix [A]that if this condition is not satisfied, then there

is no concentrated steady solution around such a point. We will use several times that
(H2|) with the condition on m”(O) appearing in (H1|) entail that

im” ()] < 24,,(1 + |zP™)), Vaz eR. (H2)

The second set of assumptions enforces that we have a unique admissible minimizer of
m and is designed to justify that any steady solution to is concentrated. Under these
assumptions we will be able to achieve the uniqueness result in a wider class of solutions.
It reads

m(z) > m(0) =0, and the value of any extremum point of m is greater than 1. (H3)

Notice that the assumption (H3) implies that for any v € (0, 1], there exists ay > 0
(possibly equal to +00) and a— < 0 (possibly equal to —oo) such that

m(z) >wv, forall z € (—oo0,a_)U (ay,+00)and m(z) <wv, forallzea_,ay).
(H3")
We define then
z_— =inf{x < 0|Vy € (2,0), m(y) < 1},
x4 = sup{z > 0[Vy € (0,2), m(y) < 1},
and we assume also that there exists positive constant ¢,,, C;, such that
|m"(z)| < Cr, Vz€Rand m"(0) =1,
m/(z) # 0, Ve (x_,0)U(0,z4), (H4)
m(x) > cpr? Vi eR.

Since Gaussian distributions have a central role in our results, we define

$2

1
Ge(r) = F\/Qg = EGXP(_TEQ)

An important part of our analysis will involve the probability density Gi:

1
V2T

6

G(z) :=Gi(x) = exp(—z2/2).




Let also oy, for all £ > 0, be the k-th order moment of G(z), that is

/ a*G(z) = oy (7)
R

Considering ¢- € L*(R, G.(x)dx) we define
M. = /Rqs(y)dy =1, M= /que(y)dy, M) = /R(y — Me1)*q(y)dy. (8)

1.6 Main results

We first consider the case where 0 is a global minimum point of m, with no other extremum
point satisfying the admissibility condition . We then prove that any steady solution
to is necessarily concentrated around the point 0, i.e. it has small central moments.
More precisely, we have the following result.

Theorem 1.1 Assume (H3) and(f4) and fix 6 € (0,1). Let e > 0 and q. € L*(R, (1 +
2?)dx) be a steady solution to satisfying:

/ m(z)q.(x)dr <1 —9. (H5)
R
(i) We have . € L'((1 + 22)%dx) for all £ € N and there exists positive constants Cy, for
k= 1,2,..., which may depend on § but not on € such that for e < ey small enough, we
have

M€70 = 1, |M€71’ S C162, |M€C’k — EkO'k’ S Ck€2+k. (9)
(ii) Assume additionally that for some positive constants &' and Ay independent of e,

_ o'y?
/ qc(y)e = dy < Ay (H6)
R

Then, there exists a constant C, independent of €, such that for € small enough,

< Ce?. (10)
L2(R,GZ Y(z)dx)

We point out that (H5) is not a very restrictive condition. One can indeed verify by
evaluating (b)) at = 0 and using the positivity of T.[q] that

/R m(y)ae(y)dy < 1. (1)

This assumption is also biologically relevant since it ensures that the population size is
positive. The second equality in indeed indicates that this is a necessary assumption
for p to be positive.

A key ingredient in the proof of this theorem is the control of the variance M 5 of the
steady distribution. The proof of this property relies strongly on the assumption that 0 is
the only admissible extremum point of m satisfying . The control of the other central
moments then follows using the equations satisfied by these moments which involve a
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dissipative term, and using the fact that the terms involving the selection term m(x) have
small contributions. The proof of relies on a spectral decomposition of the solution
in terms of Hermite polynomials, which yield an orthonormal basis of L*(R, G(x)dx).

We then study the general case where m might have several admissible extremum
points satisfying . We prove that there exists a unique concentrated steady solution
around any admissible extremum point, satisfying a similar property to ([10)).

Theorem 1.2 Assume (H1)-(H2). Then, there exists a constant C such that for all C >
C and for all e < g9(C) small enough, there exists a steady solution g, € L*(R, GZ1(x)dx)
to (b)) which satisfies

Moreover, the steady solution satisfying the above conditions is unique. Such a steady
solution is positive if 0 is a minimum point of m, or if m is even and 0 is a maximum
point of m.

< Ce?, |M. 1| < Ce% (12)

_ M. 1
7.(-) = Ge() (1 + —y) )
€ L2(R,GZ Y (z)dx)

Remark 1.3 Notice that, combining the result above with Theorem |1.1], we obtain that
under assumptions f, for € small enough, the steady solution is unique in the
set of functions satisfying condition . Moreover, we will show later in the article that
condition implies that, for all k > 2, there exists a constant Cy such that

’Mgk — Ck6k’ < Ck€k+2.

Theorem implies that, when there exist several admissible extremum points of
m, then there are several steady solutions to problem . One could wonder whether
the steady solution is unique when there is only one admissible extremum point. In this
respect, Theorem [I.1] implies that any steady solution is concentrated with small central
moments. Although these properties significantly narrow the range of potential steady
solutions, they are still insufficient to establish a uniqueness result in the most general
space, for instance the larger space L'((1 + |m(x)|)dz, R) that guarantees all terms in
are well defined.

One can also wonder whether there might exist non-concentrated steady solutions to
problem . Theorem implies that this is not the case when 0 is the only admissible
extremum point of m. However, we believe that when m has several extremum points
there might exist non-concentrated steady solutions. Again, let’s consider a situation
where m is even and it has one local maximum at 0 and two minimum points at —z; and
x1. We also assume that m(0) = 0 > m(x1)+1 and hence 0 is not an admissible extremum
point and there does not exist any concentrated steady solution at 0 (see Appendix .
Therefore there exist only two concentrated steady solutions which are non-symmetric,
being concentrated around one of the minimum points, —z1 or x1. We next assume that
the initial condition ¢ in is even. Since m is even, the problem preserves the
symmetry of the solution and hence the solution remains symmetric for all times. If we
expect that in long time ¢. converges to a steady solution, then this steady solution has
to be symmetric and hence non-concentrated. We expect however that such a steady
solution would be unstable.



The proof of this result also relies on a spectral decomposition of the problem using
Hermite polynomials and the fact that the terms involving the selection term m have
small contributions. This decomposition allows us to reduce considerably the nonlinearity
of the problem. We then write the problem as the sum of a linear operator, with bounded
inverse, and a nonlinear operator, satisfying a contraction property. This allows us to
prove the existence of a steady solution satisfying the properties above. The positivity of
such a steady solution then follows from the stability result provided in the next theorem:

Theorem 1.4 Assume (H1)-(H2|). Then we have two alternatives:
(i) Assume that m"(0) > 0. Then, for any C and e < eo(C) sufficiently small, any qo
satisfying

(13)
yields a unique global solution g. € C([0,0); L*(R; GZ1(z)dz)) to which satisfies, for

some constants A1 and As,

My
—=z

(Jo(x) - Ge(x)(l + -

1 < Ce?, M, = /xqo(x)dx, | M| < Ce?,
L2(R,G; " (z)dx)

la:(t,) = Tl 2oty < At exp(—e2420) o0 () ~ Ol 2ot any - (14)

(ii) Assume that m" (0) < 0 and that m is even. Then, for any C > 0 and € < £9(C)
sufficiently small, any even initial data qo € L*(R;GZ1(z)dx) satisfying , yields a
unique global solution q. € C([0,00); L*(R; GZ1(x)dx)) to which satisfies, for some
constants A1 and Ao,

llge(t, ) — qz—:(')HLQ(R,GS_I(x)dx) < Aj exp(—Aat) H‘k,O(') - qs(')HLQ(R,Ggl(a:)d:c) :

Notice that the exponential convergence in case (ii) is faster than case (i). The &2 in
front of Ay appears in because of the coefficient a1 which converges slowly in the
general case. If we assume that m is even also in the stable case, with an even initial
condition, then the coefficient a; will remain equal to zero for all times and we will have
a similar rate of exponential convergence as in case (ii).

We also point out that in Theorem[I.2]we obtain existence of a steady solution whatever
the sign of m” (0), we do not consider necessarily a local minimum. However, since the
positivity result relies on the stability result above, we obtain the positivity of the steady
solutions which are concentrated around maximum points, only when m is even. Indeed,
when m is even we can still show that the steady solution is stable when considering
only symmetric initial conditions. Since the operator keeps the positivity of the solution,
then starting from positive and symmetric initial conditions, we obtain that the solution
converges to a positive steady solution. We believe that when m is not even, there would
still exist some positive initial conditions which would yield long time convergence to the
steady solution and hence implying its positivity. However, it is harder in the general case
to identify the appropriate initial conditions with this property.

1.7 State of the art

Several works in the mathematical community have already addressed the question of
justifying the ” Gaussian population” approximation. Our work is closely related to [8, 29]
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where a similar model with a similar scaling was studied using a perturbative analysis
based on the Hopf-Cole transformation. The method in [8, 29] was inspired by the analysis
of models with asexual reproduction leading to Hamilton-Jacobi equations [14}, 30, [I]. [8]
provided an approximation of locally concentrated steady states of the problem and [29]
provided an asymptotic analysis of the time dependent problem, characterizing solutions,
with almost Gaussian shapes, which are concentrated around an evolving dominant trait.
Our results go beyond the work in [§] in two ways. Firstly, we introduce a new method
based on the analysis of moments following [21] and a new Hermite expansion of the
solution. We believe that the methods introduced in [2I] and this article will facilitate
the analysis of more complex models with spatial or temporal heterogeneity. While [8],[29]
provide very interesting results on the homogenous problem and a robust method to
understand the behavior of solutions to more complex models with heterogeneity [12], 19],
the rigorous application of the perturbative approach to more complex models seems
hard, if not out of reach. Secondly, we provide a local stability result for the concentrated
steady solutions. Moreover, in a particular framework where we expect to have a unique
steady solution, we prove that any steady solution is necessarily concentrated and provide
a uniqueness result in a certain class of solutions.

More precisely, our results above provide the existence of steady solutions close to a
Gaussian distribution with a multiplicative correction of type G.(1 + %x) in the space
of L?(R,G-!(x)dx). The work in [§] also provides a multiplicative correction from the

Gaussian distribution. However, their method relies on a Hopf-Cole transformation. They
7(1*@)24»5211(1)
look for approximations of type e 2¢2 , with an unknown v € C3(R) such that

(1+|z))®|D*v(z)| € L>=(R), for k = 1,2,3. They obtain then the existence of concentrated
steady solutions using a perturbative analysis in this space. Theorem implies however
that the space of L?(R, G- !(z)dx) is also a natural candidate for the study of the solutions.
Working with such a space allows us to reduce the nonlinearity of the problem and leads
to a more direct proof.

A closely related model with a spatial heterogeneity and with a different scaling was
studied in [32] (see also [28, 27]) using the analysis of the moments and a contraction
property of the reproduction operator in the Wasserstein distance. The method in [21]
extended this method to the analysis of the time-dependent version of the model under
consideration in this paper. Yet, the analysis of the solutions in L?(R, GZ!(z)dz) in the
present article is completely new.

Considering a model involving an infinitesimal model and a quadratic selection function
but considering discrete time, in [9] the authors proved the uniqueness and the stability
of the steady solution. Later in [I0], the authors studied again a model with discrete
time but with a strongly convex selection function. Using a contraction property of a
certain Fisher information, they prove the uniqueness of the steady solution, under a
decay assumption on the tails of the solution and they prove the stability of such a steady
solution under some condition on the initial condition.

Other models involving a sexual reproduction have been studied in [I7}, 31, 13]. In [31]
the authors provided an asymptotic analysis on a model with asymmetric reproduction
term, where the trait is mostly inherited from the female. [I3] studied a model where
the trait is coded by quantitative alleles at two loci in a haploid sexually reproducing
population. [I7] provided a non-expanding transport distance that allowed them to study
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a model with sexual reproduction but considering constant birth and death rates.

Notice that the infinitesimal model is also related to models within kinetic theory
involving a collision operator (see for instance [I1] on an alignment model). A specificity
of the models in evolutionary biology is that the collision operator is combined with a
multiplicative operator which is not very common in the kinetic theory.

Hermite polynomials have been introduced in the kinetic theory in [20], leading to
various consequences in both numerical and theoretical aspects. They have been for
instance used to study the solution of the Boltzmann equation (see e.g. [5, Section 8]).
They have also been used to provide numerical schemes for different equations in kinetic
theory (see e.g. [4, [3]). Our work is more related to [I5] where a multiplicative operator
is also involved in the model. To the best of our knowledge, Hermite polynomials have
not been used previously in the study of the infinitesimal model .

1.8 Plan of the article

The outline of the paper is as follows. In the next section, we introduce the Hermite poly-
nomials and highlight their relevance for our analysis. We rephrase our existence/stability
result (Theorem and Theorem [1.4]) in this setting (see Theorem and Theo-
rem and conclude with some properties of Hermite coefficients of the selection rate
m.

We split what remains of the paper in terms of the underlying mathematical appraoch.
The Section [3] and the Section [4] contain proofs for Theorem combining mainly
moments arguments possibly linked with their interpretation in terms of Hermite coeffi-
cients. The Hilbert structure of the L?(R, G(z)dx) space is deeply used in the two last
sections that contain proofs for Theorem and Theorem We postpone tech-
nical remarks to the appendix as well as a complementary computation illustrating the
optimality of assumption

2 The Hermite-polynomials framework

In some parts of the article, it will be more convenient to work with 7} instead of T.. We
will hence use the following change of variables
N.(t,x) = eqc(t,ex), N.(z) = £q.(ex),

which leads to the following problems written in terms of 77:

{atha,x) = (TuN:](t,2) = Ne(t,2) = (mlea) = fm(ey)Ne(t 9)dy) Ne(t,2), (o
NE(Oax) = NE,O(x) = qu,o(a?l'), fR 0 Y dy =1
{0 = (Li[Ne](@) = Ne(@)) = (m(ex) = fy m(ey)N-(y)dy) Ne(2), (16)
Jg Ne(y)dy = 1.
The probability dens&ty G then plays a crucial role in our analysis since it satisfies
T1[G] = G and it is centered in the local minimum of m. As a consequence, straight-

forward computations entail that:

k l k—+l1
70k G,0LG] = Wa;a
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for arbitrary (k,1) € N2. This is a first cornerstone that indicate a good way of stating
our system is to look for solutions to (15)) in the form N. = hG. Indeed, we recall that
the family

(1" 95G(x)
Vil G(x)

yields an orthonormal basis of L?(R, G(x)dx). The above computations indicate a good
rephrasing of the bilinear mapping 7} is:

Hy(z) = VkeN

T\[Hy, H)] = G~ [H,G, H,G].

Indeed, we have that:

- _ V(E+ D! Hyyy

Tl[Hkaf] - ok+1 \/H\/ZT (17)
for arbitrary (k,f) € N2. We can then extend the formula by bilinearity and continu-
ity (see Appendix to define a bilinear continuous mappping 71 : L*(R, G(x)dx)? —
L?*(R, G(x)dx) with the formula:

Ti[h1, ho) = GIT1[MG, haG] Y (hy, he) € (LA(R, G(x)dx))?.
Let N, = > re o Hy G, with N solution of . One can notice that, since Hy = 1,

a9 = JgNe(z)dz = 1. Moreover, the problem (16)) reads as follows in terms of the
Hermite coefficients (ay)ken:

1 o
<2k—1 -1+ (H0>msHO)G> o — (Z o Hy, mer>
¢

=2

©) VIS g - (€)
=m’ — o Z —i—Zakalml + (Hhmer)G aq, (18)

— V=D S

for all k£ > 1, with me(z) = m(ex) and ml(:) = (me, Hy) -

Below, we will use the Hilbert structure of L?(R, G(x)dz) endowed with the canonical
scalar product (-,-)g. We use the identification with £2(Np) via the decomposition on the
orthonormal basis (H)ken,. In technical parts, we will have to treat separately indices
k =0 and k = 1. Hence, we introduce & = (a;);>¢ when k = 1,2. Correspondingly, we
shall write [ € Ny (or [ € N) for [ > 1, respectively [ € Ny for [ > 2. We keep the classical
Np to include the origin k = 0.

2.1 Hermite-polynomial expansions vs moments analysis.

In summary, we have three formulations for the analysis of and its stationary variant
(5). Firstly, we can work with the unknown g. solution to the nondimensional system.
Below, we denote M, j, the moments and M ;k the centered moments of ¢ :

M, i, :/:Ekqg(ax)dzv, M,S:/(a:—Ml)qu(x)da: VEkeN.
R R

12



Secondly, we have the rescaled unknown N.. Its moments are denoted with tildas:

M= [ N, M= [ (o= 30Ny VEEN.
R R
Notice that the moments of N, relate to the moments of ¢. in the following way
M1 (t) = eM. 1(t), Co(t) = *ME(t), for all k € Na. (19)

Finally, we have the multiplier pertubation of the Gaussian h of N, so that N, = hG.
This latter unknown belongs to L?(R, G(x)dz) and will be expanded in terms of Hermite
polynomials.

The Hermite coefficients (ag)ken, of the multiplier perturbation h are related to the
central moments of its associated solution N.. Indeed, we recall that Hy =1, H; = z and
hence

oy = /Rh(x)G(:c)da; =My =1, o = /R:Uh(a:)G(x)da: =M.

Higher coefficients measure the distance between N, to the Gaussian profile in a certain
sense given in Lemma below. In this statement oy, refers to Gaussian moments @

Lemma 2.1 Let h € L?*(R,G(z)dx) and N = hG. We have, with obvious notations to
denote moments:

A =

(M§ — o — R(k)), YEk>2,

==

with
1 (k\ ~p_
R(k) = f_(}(l)M{“ (1P ZZ] =0 | ufO‘JUl J
"’Z; 1 s J)'fa]ok J

Proof. Given k > 2, we compute

e = /R (= M0)EN (2)dz
_ lz; MF (= 1)k (’;) /R 2N, 2)de
:lzk;Mf_l( kl()Za]/xH

We next notice that, whatever the value of [, j,

'HA(2)G(z)dx = (1) I G(x)dx
| #@c@an = [ S Lol

:anZAZ(z—l)...(z—j+1)xljG(x)dx




We deduce that

k l
ME:ZM?_Z( B < )Z T )
ZZO l—J Vil

J=

— !
~ k I
=0, + VE oy + ZMffl(—l)k_l < > Z Q0]
2 1) & T A
k—1
+ OéjUk,j.

_jl\/>

This concludes the proof.

J=1

2.2 Rephrasing our main results with Hermite-polynomial
expansions.

In order to obtain our results on the local existence, uniqueness and stability of a steady
state, it will be convenient to work with the formulation of the problem given in ([L5)).
Such local results will be given working with a certain set, defined as follows, for given
e>0and C >0,

U () = {N =Y opHGstoag=1 |on| < Ce @l < 052} :
k=0

This set represents a small neighborhood of G in L?(R, G~ (x)dx). In particular the gap
between the central moments of the elements of &/(¥)(C)) and the central moments of the
Gaussian G is small. One can indeed verify using Lemma that for any N € U (5)(0 ),
the central moments of N satisfy, for some positive constants C,

Mo=1, |My|<Ce,  |Mf— okl <Cre?
Moreover, one can verify that N, € U©)(C), is equivalent with, g.(z) = %Ng(f) €
L*(R, G- (x)dz) and

< Ce?, M. =1, |M. 1| < Ce2
L2(R,GZ () d)

7.0) - G (142551

We obtain existence and uniqueness of stationary solutions to in the set U (C).

Theorem 2.2 Assume (H1)-({2). There exists C > 0 such that, for all C > C and
0 < ¢ < go(C) sufficiently small, there is a unique stationary solution N. to m
U ().

Working in U (E)(C’) does not guarantee that our solution is positive. This latter prop-
erty yields from the stability analysis since we recall [2I] that positive initial data yield
positive solutions to the time-dependent problem. Hence, our second main result concerns
the stability of such stationary solutions. In this analysis, we restrict again to solutions
in the form hG with h € L?(R, G(z)dx), or equivalently with N € L?(R,G~!(x)dx). We

prove:

14



Theorem 2.3 Assume (H1)-(H2|). Then we have two alternatives:

(i) Assume that m"(0) > 0. Then, for any C > 0 and ¢ < £9(C) sufficiently small,
any Ny € U(E)(C) yields a unique global solution N. = h.G to with he €
C(]0,00); L*(R; G(z)dx)) which satisfies, for some constants Ay and As,

NE,O(') _Na(')
G

HNE(t, ) = Ne()
G

< Ay exp(—Aqet) H

L2(R,G(x)dx) L2(R,G(z)dx) '

(i) Assume that m"(0) < 0 and that m is even. For any C' > 0 and ¢ small, any even
initial data Ny € Z/I(E)(C) yields a unique global solution N. = h.G to with
he € C([0,00); L?(R; G(x)dx)) which satisfies, for some constants Ay and As,

< A1 eXp(—AQt

G L2(R,G(z)dx)

HNE(t, ) — Ne()
G

)HNE,O(') ~N:()

L2(R,G(z)dx) .
Consequently, in these two cases, the steady solution given in Theorem[2.3 is positive.

We point out again the discrepancy between the rate of convergence we obtain in item
(ii) and the convergence rate in item (i). This is again due to the fact that item (i) allows
non-zero first coefficient o in contrast with item (ii). Notice that Theorems and
then follow from Theorems 2.2] and 2.3

2.3 Hermite-polynomial expansion of source term m

We note that m. € L?(R, G(z)dx) under the sole condition that it increases polynomially

at infinity. This entails that mé‘f) = (m;(:))kzo € (%(N) whatever ¢ > 0. The behavior of

this sequence when € — 0 is the content of the following computation:

Lemma 2.4 There exists a constant K, € (0,00) for which:
Imellr2® G < Kme®, Ve € (0,1).
in particuliar \m,(:)] < Kpne? for allk € Ny. In case k = 1 we have even the better estimate:
|m(16)\ < Kpe?, Ve e (0,1).
Proof. Recalling that m(0) = m/(0) = 0 and (H2), we have:
el e ooy = [ 1me(o) = me(0) PG )

2

1
<&t / 2t [ / (1 —t)m, (tex)dt| G(x)dz
R 0
g454A3n/x4(1+yx\p“)?G(x)dx
R

S C(p7 Am)64'

15



Eventually, we have proven that there exists a constant K,, independent of ¢ for which:

Imell 2. Ga)de) < Kme?, Ve €(0,1). (20)

Regarding mga) we have a little better. Indeed, we recall that we computed H(z) = x.

Hence,
ml® = /R (me(z) — m2(0))2G(z)dz.

However, we have m/(0) = 0 so that, using the taylor expansion of m in 0 to order 3 there

holds: - . )
" 1 - t
me(z) =m (O)eTm + 53333/ (2)m(3) (ext)dt
0

and

17

2 1 _ 1\2
@ = 0 / PG (@) + & / 24 / Q=D O (cat)dtGr)da
2 R R 0 2

By symmetry, the first term on the right-hand side vanishes and we conclude using as-

sumption (H2) that:
m{?| < Kne,  Vee(0,1). (21)

O
Remark. By generalizing the argument, we can prove a similar bound for arbitrary

coefficients m,(:) provided that the successive derivatives of m enjoy a polynomial growth
condition similar to (H2). Indeed, given k € N we use the Taylor expansion of me in 0 to
order k —1 with integral remainder. We obtain that there exists a polynomial Py of degree

<k —1 such that:

ms(ﬂb’) = Pk,(g([;> +5k1‘k /1 (1 _ t)k_l

O - .

where the polynomial growth of m¥) entails that:

-t g (k) Pr

Since Py is of degree less than (k — 1), we have:
(Pg(ex),Hi)g =0

and :

) < A [ 1 lelpemG < et | [ (o Pt
Eventually, we conclude that there exists a constant C’T(?f) independent of € for which:

mP|<cWeb  VE>1 ve<l (22)

Nevertheless, the constant Cgf) depends a priori on k and we should enforce a more

stringent assumption to get uniform bounds in k (which would be useless below anyway).
For technical purpose below, we provide here also another estimate related to m..

16



Lemma 2.5 Letl € N. There exists K; such that:
Ime || 2 v Ga)ax) < Kig?, Ve € (0,1).
Proof. Let ! € N. Arguing as in the previous proof, we have:

el s, ceyaey = [ Im(ea) PLE@) PG a)do

smﬁém%+WMWwwmmm

The last integral is bounded by comparing the decay of H; and G at infinity. 4

3 The concentration property of the steady states:
the proof of Theorem [1.1-(i)

We recall that we treat from now on equation with r =1 and o = € > 0. Our proof
splits in two phases. Firstly, we show that the variance and higher moments of a possible
solution have the right scaling. This enables us to prove that M. 1 has the right scaling
and the expected expansion for M, 2. With this technical material at-hand, we provide a
proof for Theorem [1.1+(i).

3.1 Preliminaries.

As mentioned in introduction, an important ingredient in the proof of Theorem [1.1}(i) is
to show that the phenotypic variance M, 7 is small. We prove indeed that:

Proposition 3.1 Assume (H3)), and let g. € LY(R,(1 + 22))dx), for all | € N, be a
solution of , with its central moments defined in .
(i) We have

< et (23)

(it) Assume additionally (H5). Then, for all k > 2, there exists a positive constant Cy,
independent of €, such that

£

ML = / |z — M. |*g.(z)dz < Cre®. (24)
R

Proof. We start with the proof of item (i). This proof relies strongly on Assumption
(H3), that implies that 0 is the only admissible extremum point satisfying (H1I]).
We multiply by (z — M.,1) and integrate to obtain

/ om(2)q. (z)dz = M., / m(2)7.(z)dz. (25)
R R
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We next multiply (5| . ) by (z — M. 1)? and integrate to obtain, using the equality above,

)

([ =Moo = baza) = [ @ = MesPmiog, (e)do
- ( [ ) ([ me)
/Rx m{o)g(@)dr - (/m ?)q (v dw) (/wzqs dac)

—2M5,1/xm(x)q€ dz:—|—2M21/m x)q.(z)dx

fmnto ([ [ o)

S 2 MS,
/(x—Me,l) T:(g)(z)dx = — + —=,
R 2 2

One can verify that

and hence

(5-52) = fole— Mer)Pm(@).(@)de — (f m@)g.(2)ds) ([ (@ Me1)’q. (x)dz)
= [pa? m( )4 (z)dz — ([ m(z)g.(z)dz) ([ z*q.(x)dx) . -

In order to prove it is hence enough to show that the right-hand side is positive,

o (L) ([ awa) < [ ne i

This is where Assumption (H3|) plays an important role. To prove the inequality above,
we introduce the following probability density (recall that m > 0 in this section):

(w)qg( )
m©)2.0)dy’ VxeR.

Pele) = T

We have, because of regarding the second identity:

/R pe(a)dz /R G.(x)da = 1, /R 2p.(2)dz = /R g (e)de =M.y (27)

We also notice that
pe(r) m(x)

7.(r)  Jem)a(y)dy’
Inequality entails that we can set v := [, m(y)g.(y)dy € (0,1) into (H3’). We obtain
that there exist z,, * € (0, +00] such that

pe(z) <q.(z), in[—z 2] and G.(z) < pe(z), in (—oo,—x,|U[z", +00). (28)

We show that these properties imply that

/R 2%q.(2)dz < /R 22p.(v)da.

18



Let’s suppose the contrary. Then, we can assume, without loss of generality up to ex-
changing the role of Rt by R~ in the following arguments, that

/R X 22p.(z)dz < / 2%q.(x)dx.

R+

We rewrite this inequality as below

*

+oo z
[ o) —a@)do < [ 2 @) - pela)) o
x 0

*

Using we obtain that the terms in the integrals above are nonnegative. Let’s suppose
that z* # +00. We deduce that

+o00 z*
x*/ z(pe(z) — g.(z))dx < x*/o z(q.(z) — pe(z))dz,

*

—+o0 z*
(x*)z/ (pe(z) — G.(2))da < (SC*)2/O (@=(2) — pe(@))da.

*

Since z* > 0, the two inequalities entail respectively:

/}R+ rpe(x)dr < /R+ rq.(x)dx, /R+ pe(z)dr < /R+ 7.(2)dx.

Note that these inequalities hold also trivially if 2* = 400. We next use to find that

/R ap(-a)de < / 27, (—a)de, /R pe(-a)de > / w(—x)de.  (29)

R+ R+

We recall that
pe(—x) <G (—x), forall0 <z <z, G.(—x)<p(—x), forallz>ux,.

Note that in view of , T4 may not be equal to 400 nor equal to 0. We then obtain
that

T s +oo T “+oo
/ $p5(—x)daj—|—/ $p5(—I)d$</ :vqs(—x)dx%—/ xq.(—z)dz
0 Ty 0 Ty
that we rewrite as below
+oo Tx
| aloca) ~a s < [ o) - pu-a)n

Notice again that similarly to above the terms in the integrals above are nonnegative. We
deduce that

“+o00 Tx
m*/ (ps(—x) — @_X—x))dw < IL‘*/ (66(—56) — pe(—x))dzx.
T 0

We deduce that
[ pl-ado < [ a(-oyia
Rt Rt
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This is in contradiction with the second equation in (29). This conclude the proof of (i).

We turn now to the proof of (ii). This proof relies on the analysis of the equation
on Mg, which includes a dissipative term. Assumption (H5) and the fact that m is
nonnegative, together with a fine analysis of the terms coming from the reproduction
term lead to the result.

Assumption (H5|) implies that there exists Iy > 0 such that

_ 1 )
/m(x)qa(m)dx <1- 0t o

We first prove that, for all [ > max(lp,2) + 1,
MC

&,

2l
o < Oge™.

To this end, we multiply by (z — M571)2l and integrate with respect to x to obtain that

/// x— M.1)*T(z - yl P2 4o (y1)ge (yo)dyrdyadz — MEy,

- /R(x — M571)2lm($)q&‘($)dw — (/R m(x)qu)dm) My

We deduce, using (H3)), that

/// z—M.1)"'Te(z - = +y2)q (y1)3:(y2)dyrdy2dz = (1 - /Rm(x)qs(m)dx> MEy

(1N
2\ oapr1 T g | Mear
(30)

We next provide an approximation of the 1.h.s. A; of the inequality above. Let’s denote
by €%59;, the 2i’s moment of the normal distribution I'. We then obtain by expanding
little by little:

_l’_
Ay = / / /(x — M5,1)2lfg(x _un 5 y2)q5(y1)q5(yg)dy1dy2dx

+ + 21 +
/// _nt U . 2o Mey) Te(a - & : %) 4e (1) 4= (y2)dyr dyndec

%Gy 20-2i
- Z 9212 / / yr— Mey +y2 - Ma,2> 4= (y1)q=(y2)dy1dys
i~ 20-2i
2159, 20— 2
- Z( ) 21— 2 Z ( k )Mec,kMec,Ql—Qi—k'

k=0

We gather in this expression, the smaller and larger moments. For this, we note that
MZo=1, MZ; =0 and that oo = 1 and we consider that

o fori=1:

i~ 21—2i
2\ %5y 20 — 24
<2z> 92— 22 Z ( k )Mc Mo o k_52l02l7

k=0
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o fori=1-1

i~  20—21 . c
21\ €25y 20 — 24 21 o~ Mz,
(21) 92— 22 Z ( k )Mackaac,?l—%—k - <21 _ 2> %5919 28 )

k=0

e in the terms ¢ =0, ...,1 — 2,

o020\ . .
> ( g ) MepMegigip = 2Mc 519
k=0,1,21—2i—1,2~2i

~ 2 _ Mg
Al = €2lel + ( l ) 821720'2172 £,2

We infer that

20 —2 2
-2 20—2i—2
20\ 9~ 1 20 — 2i
+ Z <22> 5210%W Z < k ) M MEo o (31)
=0 k=2

1 21 82 g9;
+ 9211 2Z+Z< > 921-2i—1 12

We next notice that, using an interpolation argument, for all j such that 2 < j < 2[ — 2,
we have

My < (M) (M) 772
We deduce, thanks to , that

ji—2
7‘10 7‘[0 _
5] Sgl 1 ( 672l)21 2.

We use this inequality in to obtain that

~ 21 521_25%
< 2l
Ay <e“oy + <2l—2> —

5 ‘52 A2 2l — 27 20+42i 20-2i—4
i — 2042 2i
+Z< ) 921—2i > ( L >5 T (Mey) T

k=2
1 1 2 l—i—1
20~ — C T—1

T oaT 2l+§:( )5 0250 2i=1¢" T(Ma)

~ 1(2l—-1) . 1
<e” (JZl * (2)02’2> + o Me

1-2 - 2A-2i—2
21 09; 2l — 23 214-2il 224
+ <21> 2212¢< Z < k ))5 FU (M) 7
i=0 k=2
-2 _
21 024 2il Lozl
+ (21> 22172%15“( o) T
i=1

We next remark that (20—2i—4)/(2{—2) € (0,1) for all i € {0,1—2} (resp. (I—i—1)/l-1¢€
(0,1) for all ¢ € {1,...,1 — 2), hence we may then the Young’s inequality in the last two
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lines above to find that, for arbitrary ¢y > 0, there is a constant K (I,¢o) depending on [,
the (522‘)1':1,...,5 and cp such that:

- 1
Ay <2 K(leo) + (221_1 + Co) M¢ o).

Choosing next ¢y small enough we obtain a constant Ko; depending only on [, possibly in
a complicated way, such that

1 o
A < K2162l + (22[—1 + 4> M;Ql. (32)
Plugging in the left-hand side of and using [ > lp + 1 we deduce that
4Ky
MEC,QI < 5 2

Note that using Holder inequality, the inequality above implies that
M E'?,L < Ckz?k,
for all 2<k <[ and thus for all k£ > 2 since [ is arbitrary large.

We next prove the following Lemma.
Lemma 3.2 Let’s assume — —. Then, for e < eg small enough, we have
| M o — 2 < Cet, M. < Ck,
with C' a constant that does not depend on €.

Proof. In order to obtain the precise estimate on M, in Lemma we use again
, but this time we provide a more precise approximation of the r.h.s using a Taylor
expansion on m and the previous estimates f. We recall that reads

(2 -5 = [ Mo o)de - M [ o)

We next use a Taylor expansion on m as follows

m(x) = m(X) + (& = X)m'(X) + (z — X)*r{"[X](2), (33)

1
ri*[X](z) = / (1 —o0)m"(X + o(x — X))do satisfying [r7"[X](2)| < Cp, Vzx €R,
0
by (H4)). This leads to

[ @ = Mm@y w)ds =m0 |

(& — Me)?q.(2)d + ! (M. 1) / (& — M.1)*q.(2)dz
R

R
— 4pm 1](z)dx
+ /R (& — Mey) (M. 1) (2)d

= n(Mey)MEy + ! (Me1)MEy + /R (2 — Moy) ' [Me1)(2)7. () do.
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We then obtain thanks to and Assumption (H4) that

[ &= Mm@ )dn (M) M = (M )M < Cs"
Similarly, we compute using

[l @)ds = m(en) + [ - Mo Mol @) ()
and again thanks to and Assumption (H4) we obtain that

|M§,2 [ @ @de - mOpzs| < 0
R

Introducing these inequalities in and applying with k = 3, we conclude that

2 c
e M,

S = 52| < I (M) MEg| + Ot < e (34)

We next rewrite the equality as below

[ @ Mm@ (e)iz <o,
R
Using again we obtain that

m! (M) MEy + / (2 — Me 1) (M) (2)7. (2)dz = 0.
R

We deduce again that
|/ (M) M| < CeP

Since |M¢y — £2| < Ce3, we find that for e sufficiently small
|m/(M.1)| < Ce. (35)
We next notice that
Rm(:v)qs(ac)dx = m(M.1) + O(£?),
which implies that for £ small enough
m(Me1) <1—46/2.
This inequality together with and Assumption implies that
| M. 1| < Ce.
We also deduce using that

| Mo — e < cet.
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3.2 The proof of Theorem [1.1}-(i).

We divide the proof in three parts : (0) integrability properties of ., (i) the estimate on
M¢,, (ii) the estimate on |M, 1|.

g,

(0) Integrability properties of g.. By definition, if g, is a solution of (f]), we have:

<1+m /m )ae(y )dy> 7. = Te[q.]-

We note here that combining assumption (H5|) with (H4|), we have

<1+m /m )= (y )dy>>c(1+a:)

so that: o
7.(z) < mﬁe[%](iﬁ)’ Vz e R (36)
At this point, we obtain our result by induction on £. We already have the property for

¢ = 1 by assumption. If the property holds for [ € N, then we may apply Proposition[B.I]to
obtain that 7.[g.] € L'((1+22)!dz). Plugging in entails that . € L' ((1+22)¢+Ddz).

(i) The estimate on M¢,. We prove the estimate on M¢; by induction. The estimate
is already proved for £ = 2. We assume that the estimate holds for all k < kg — 1. We
prove it for k = kg following similar arguments as in the proof of Lemma on the
estimate on M.

We multiply by (z — M. 1)* and integrate to obtain

_|_
/// x— M1)'Te (2 — = 2y2) (V1)@ (y2)dyrdyadz — M< o,

- / (2 = Moy Fm(@)7. (a d:v—(/ m (). (z >dx) S

Let’s first estimate the right hand side. Using , evaluated at X = M, 1, we write

(37)

/R(fU_Me,l)km(w)Qs(x)dx = m(Me,l)Msc,k‘i’m/(Ms,l)Msc,kH"‘/R(x_Me,l)k—i_QT?ln[Me,l](x)%(x)dxv
and hence, since [M. 1| < Ce and |MZ,[ < Cjel,

/R(w — Mavl)km(w)qa(x)dx — m(M., 1)M

We obtain similarly
/ m(x)q. (z)de = m(M: 1) +m' (M) M. + / (x — M 1)*r" M 1](2)q.(x)dx,
R R
and hence

2)q.(z)dx — m(Mz1)| < Doe>.
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We deduce that, up to changing the constant Dy,

j/<a:—»ﬂ4e4>krn< ). (2)dz — ( j/ ()7 (x)de) M2, | < Dyet+2, (38)
R

Recall that o, is the k-th order moment of G and 55}, is the k-th order moment of T..
Note that

k)2~ ]C/QL]C' for k even,
op = 282G, = ¢ 2M2(k/2)! (39)
0 for k odd.

For the Lh.s. of (37 @, we compute
+ _
/// x — M.1)*T, (v — 7 y2)q (Y1) (y2)dy1dyadz

ko
/// ( Y1 y2 0 ! Y2 671> T, (;5 Y1 ! y2> (017 () dyad
kO € 5:7, k()
:2()%1z(j)Mme]
We next use the assumption of induction to deduce that

+
/// x— M.p)PoT (z — & yz)qa(yl)qg(yz)dmdyzd:v

1 o= (ko ~ 1 (ko —i
D S () L= 3] i P

=1 7=0

ko—1

2k0 i 00 Z < >Ujako —Jj +O(e k0+2)'

In these sums, we note that j and ko —j (resp. 4, j and kg—i—7) cannot be simultenaously
even if kg is odd. As a direct consequence, since the odd central moments of a Normal
distribution vanish, if kg is odd we obtain that

Y1+ Y2\ _ _ 1
/R/R/R(w—Me,1)k°Fa($— ! 5 2)q€(y1)q5(y2)dy1dy2d:1: = SR 1 Tk T O(e hot2y,

and hence

= O(eh+?),

Let’s now assume that kg is even and hence there exists [y such that ky = 2ly. We have,
using again the equality above, and the fact that the odd central moments of a
Normal distribution vanish,

y+y 1 ¢
///x—EMW( ) ()T () dyndyad — s M

lo—1 .
1 21 2lp — 2
=glo_—_ > E (220> 022" ) < ij > 025021y —2i—2;

i=1 7=0

ako

lo—1
1 20,
+ < a0 Z < ]> 02j 02125 + O 1),
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We next use to obtain that

200\ (2o — 2i L\ (lo—i
9 2 02i02j0200~2i~2j = 02 | ; § .

We deduce that

y1+y2 1 ¢
/// x— M. 1) (z - 5 =)= (y1) e (y2) dy1 dyada — WM&%

lo—1
1 l lp—1
22l 0 0
=€ 0021022102<Z‘)2 Z( j >

i=1 j=0
1
+€210021022710 Z (jo) + O( ko+2)
j=1

1
=002, o3 [210(210 —1)+2° - 2} +O(eMF?) = 2oy, (1 - )+ O("?).

22[071
We then combine , and the equation above to obtain that

Ero =50k, + O(F).

(ii) The estimate on [V, ;|. Similarly to the proof of Lemma 3.2) we use the following
equality

[ o= Mepymi@)a.(a)ds =0
We next use a higher order Taylor expansion for m(x) around M, ;
m(z) =m(Mey) +m' (Me1)(z — Mey) +m" (M 1)(x — Me1)? 4 r5 [M 1] (z) (z — M. 1)
Combining the equalities above, we obtain
m/ (Me, ) MEy +m" (Meg) MEg = O(e?).
From the estimate in step (i) we deduce that
m’(M&l)M;Q = 0(54).

From Lemma [3.2] we deduce that

and hence
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4 The proof of Theorem [1.1(ii)

In this section we prove Theorem [1.1{-(ii). Let g, be a steady solution to (5)) and N.(z) =
£q.(ex). We will prove that

Hm(x) — Gz)(1 + M., m)’ < e, (40)

L2(R,G~Y(z)dx)

which implies . To this end, we will use the expansion of N, in terms of Hermite
polynomials, that is N. = h.G, with h. € L?(R, G(x)dx) that we can expand as follows

+o00
he(z) = a;Hi(x).
=0

Since ag = 1 and a1 = M&l, Hy(x) = 1, Hy(x) = =, proving is equivalent with
showing

+o00
D af < Ceh (41)
k=2

We split the proof of Theorem [1.1}(ii) into two steps. We first obtain separately
informations on moments of h.. We postpone the proof of Theorem [1.1}(ii) to the last
part of this section.

4.1 Crude bounds on moments of h,

From item (i), we already have @D on the moments of g.. We translate at first this
estimate in terms of the Hermite coefficients (a)ren in the lemma below. We emphasize
that such estimates are interesting by themselves, but they hold for fixed k only so that
we will need a different analysis afterwards to complete our result.

Lemma 4.1 For all k > 1, there exists a constant C), such that
lag| < Che, lo| < Che.
Proof. We first notice thanks to @D and that
lay| = |[M.,| < Cie.

We next prove the result for £ > 2 by induction and using Lemma Note that, for
k=2,

=5
V2
Using again @ and we deduce that |as| < Cae?2. We now suppose that, for all
2 <k < ko, |ag| < Cre?. we prove the result for k = ko + 1. In view of Lemma @D
and it is enough to prove that |R(ko + 1)| < Ci, 1162

Since for all 2 < k < ko, |ax| < Cre? and since |]\7571\ < (e, we deduce that

Qg = M;,Q — 09 — R(Q)), R(2) = Mz:?,l - 2M€710‘1 = _Mgﬂ'

R(ko+ 1) = — (ko + 1) M., (kooogy—1 + ook, ) + (ko + ook, + O(e?)
=(ko + 1)(oy — Mz1)og, + O(£2)
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where O(g?) stands for a quantity dominated by Cj,c2. We next use that a; = M, 1, to
deduce that |R(ko + 1)| < Ck,+1€2. This ends the proof.

To compute £2-norm of the coefficients (ay)ren, we will need the following lemma that
yields a control on the fourth moments of the solution.

Lemma 4.2 Assume (H3|), (H4)) and (H6). Then, there exists a positive constant As
such that, for e small enough,

2
4N5(x)
/Rx Gl dx < As. (42)

Proof. We recall that _
_ T:[q.]

q: = —
T l4m— fpm(y)g(y)dy.
Assumption (H4) and Lemma imply that

/ m(y)q.(y)dy < Cm / y2q.(y)dy < Ce2.
R R

Therefore, for e small enough, [ m(y)q.(y)dy < 1/2. Using this property and since
m(z) > 0 we obtain that, for £ small enough,

7. < 2T[q.], (43)

We deduce from and the definition of T, that

_ 2 (z— 0392)2 4 592 1 §y2 | _ LT '
0<g.(z) < 8\/E//eXp (— ST 2 2 (n)e = qya)e = dyrdys.

9

One can verify that

(51 + 1) 20'
—.%'2— #—1-33(3/14-%)_5/(3/%‘1‘9%) g _1+2(5,x2 V(xvyl)y2) 6R37
and hence
25’ 2 ,2 2 20,2
2 1+257 o'yy 2 2A 14207
q < T2 2 d ) < Lem7 22—, 44
Ll@) < 7 (/ng(yl)e AN “

If & > 1/2 then, % > 1/2 and hence, we deduce from the assumed integral bound that

there exists a constant A, independent of € such that we have the pointwise bound:

A ,12
20757, Yz eR (45)

If we are in the case ' < 1/2, we notice that (44)) implies that for any constant §” < %,
there exists a constant A} such that

g2
/Rqe(y)e 2 dy < Al
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Moreover, the mapping &' — 1 +2 6, — ¢’ is positive on [0,1/2] and vanishes in 0 and 1/2
only. Consequently, we can iterate the computations above a finite number of times to
obtain that there exists a constant As for which

Ay _s:?
g.(z) < 22782, VzeR
€

The inequality then follows thanks to N.(z) = £q.(ex). O

4.2 Main proof

We are now ready to prove . We will find an estimate of type
Z lo|? < Cet, for € < g, with gy small enough,

and C independent of L. We will prove this property by induction. Since this property is
already true for L = 2 (see Lemma [4.1]), we assume that, for L > 2,

Z lag|? < Ce?, for € < gg, with g small enough, (46)

with C and ¢y to be chosen later. We then prove that

L+1

Z |l |2 < Ce?.
k=2

For k=2,--- L+ 1, we multiply by aj and sum over k to obtain

L+1 1 L+1
Z <2k—1 -1+ (H07msH0 ) O% = Zak (Z O‘lHl»msHk>
k=2
L+1 L+1
(©) \Fozk Q-
+ D aem” =) Z e
k=2 k=2 Mk =D
L+1 oo L+1
— Z Zakalml + Z ay (Hi,meHy) g o
k=2 I=1

We control the terms separately. On the left-hand side, we have:

L+1 1 1 L+1
> <2k1 -1+ (HOvWEHO)G> ap < (- 5 + (Ho,m-Ho)c) > aj.
k=2 k=2

Moreover, thanks to Assumptions (H3)), (H4) and we have

/ me(x)G(x)dx < C’me

29



and hence

L1, . L+1
Z <2k1 —1+ (Ho7m5H0)G> ap < (- 3T Crme?) Z oz,
k=2 k=2

We next split the right-hand side RHS; + RHS2 + RHSs + RHS, + RHS5. Concerning

the first term, we have:

L+1

LRffSl|<:‘j£: (j{:(nfﬁ,ﬂkl{k> ak’

G

L+1
= ‘/m(E (ZQZHZ > <Z ak.Hk(x)> G(a:)dx‘
k=2
+00 2 1/2 L+1 2
m2(x a Hy(z x)dx « x)dx
[ m >(ZZ Hi >) Gaar | ([ (; kﬂk) G(z)d
too 2 V2 a 1/2
= /ng(m) (Zaﬂﬁ(x)) G(z)dz <Z ai) .
1=2

k=2

1/2

IN

We notice that, using that m” is uniformly bounded,

+oo 2 +oo 2
2 4 4
/Rms(a:) (; alHl(a;)> G(z)dr < Cse /Rx (; alHl(m)> G(z)dx

~— 2
< 0354/Rm4 (]éa(f)) — agHp(x) — alHl(ac)) G(z)dz.

We are now in a position to apply Lemma We obtain that there exists a constant B
independent of ¢ such that

+00 2
/ m?(x) (Z olel(a:)) G(z)dx < B?e*
R 1=2

L+1 1/2
|RHS;| < By&? (Z a§> .
k=2

We also compute, using Lemma

L+1 12 ,p 1/2 L+1 1/2
k=2

k=2

and hence

L+1

j{:Tngjak
k=2

We leave aside RHS3 and we next compute

IRHS,| <

L+1 L+1

|RHS,| = ) Zak mE,ZalHl ozk /mE - G(:L‘))d:l?‘
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Using again Assumptions (H3|), (H4|) and we have

/m\E dx<CmE /m5 x)dr < Cpe /szg(a:)dx.
R

We deduce that there exists a constant By such that

L+1
|[RHS4| < Bae® > .

k=2
For the last term of the r.h.s. we have
L+1

|RHS5| < |aa| |Y (Hy,meHy) g o
k=2
L+1 2 1/2
<Jon (z) (z <H1mg,Hk>z)
k=2 k=2

+o0 1/2
< aq] (Z ai) [me Hil £2(r,G () dx)
k=2
+o0 1/2
S K101€3 (Z Oé%) y
k=2

where we have used Lemma It remains only to control the cubic term RHS3. This
is the only term for the control of which we will use the induction assumption. We have
indeed and consequently, for all k such that 2 < k < L we have |az| < Ce2. We also
recall that |a1| < Cie. Enforcing that C' > C; without restriction, we compute that:

L+1

>

k=2 =1

L4l k—1
< S laslad + 2 32‘ o] 3 (’;)

L+1 k-1 1/2
7|a2|0z1 + C% 32 \/mak' (Z <];>>

A0

ll

|RHS3| <

<
=1
L+1 \/E|
2.3 |
§7|a2|a1+0 Z ok /2
L1 \'? rro0 N\ 1/2
k=3 k=3

L+1 1/2
§7\a2|e +02 (Zak) .
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We next choose g¢ such that C%¢y < 1. We deduce that for all € < &g,

L+1 1/2 Lol 1/2
| 3] < —\/ée |ova| + g ay < Bse g ag .
k=3 k=2

Combining the inequalities above we deduce that

1 L+1 1/2
<2 —(Cm + Bg)€2> (Z ai) < (B + Ky + K1Cie + Bs)e?.
k=2

Choosing C' large enough — wrt constants Bj, K,, and Bs that are independant of L —
and g9 small enough — wrt Cy,, Bo, K1, C] that are also independant of L — we obtain the
result.

5 Proof of Theorem 2.2

We look now for a solution to in the form N, = h.G where h. € L*(R,G(x)dzr) and
¢ is sufficiently small. Note that ultimately we are interested in a positive solution N,
corresponding to a population density. However, for the moment we focus on the proof of
Theorem which does not require a positivity condition. The positivity of the steady
solution will follow from Theorem [2.3]

We recall that in Section [2| we transformed into a problem on ¢?(N) by writing:

(o)
h = Z O{ka.
k=0

Noticing that N, being of unit mass translates into g = 1, we infered the infinite di-
mensional system of equations in terms of (o )r>1. We want to construct a unique
solution to this system such that:

|Oé1| < (Ce ‘52| < 062,

with a C' sufficiently large and an ¢ sufficiently small. Below we assume C' and ¢ are given
and we only point out restrictions on these quantities for our result to hold true. To avoid
incompatibility requirements, we introduce other notations K,, for a constant depending
on m and C and K for a constant independent of relevant parameter.

To prepare computations we provide a preliminary analysis of in order to design
a resolution method. Indeed, in case k = 1, we have 281 — 1 = 0. Hence, the factor of
o1 in the left-hand side of is (Ho, m-Hp) that is of order €2, while it will remain of
order 1 for k > 2. It is then not possible to use this term as a pivot to compute «q while
it is possible for ay (k > 2). This remark motivates the following splitting to solve .

Firstly, assuming @y is given, we infer that a; solves:
o0
mgg)oz% + (Ho,maHo)G — (Hl,maﬂl)g + Zalml(g) o1
=2

o
=m{? + oy (HymHy)g. (47)
1=2
A central technical result in our analysis then reads:
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Lemma 5.1 Let C > 0, there exists a constant K,, depending only on m such that, for
e sufficiently small (depending on C') the following properties hold true:

(i) Given ag € Bgz(NQ)(O,C%Q) there is a unique oy € (—Kpe, Kpe) solution to (47)).
(ii) The induced mapping &y — a[@ia] that is defined on By (w,) (0, Ce?) is Kp,-Lipschitz.

We remark that, in terms of «q, the equation is quadratic if mga) # 0 while it
(e)

degenerates into a linear equation when mf = 0. The linear case arises when m is even
which we assume in our analysis when m has a maximum in 0. However, in this latter
context, our approach restricts to even solutions for which a; vanishes by assumption.
We postpone the proof of Lemma to a further subsection.

Secondly, assuming that o is given, the system of equations for k > 2 reads:

Llaz) = my” — Qla
where, £ and Q are defined by
1

S
ﬁk[@g] = <2k—1 -1+ (HQ,mEHQ)G> ap — <Z athmsHk)
=2 G

Oy [a] */Wi L B ia(H meHo)
k|C2] = (073 l 1, TMello)G
28 = Ik = 1)) —

— (] (Hl, msHk)G.
for £ > 2. Our rewriting of the set of equations for k > 2 relies on the remark that we
have in our system source terms depending on (), linear terms in @, and bilinear terms
in @;. We point out that, despite a; is a priori a fixed quantity so that the associated
terms could be considered as source terms or linear terms, we treat them as nonlinearities
since in what follows, we assume that a; = a1 [@].

For legibility, we dropped the e-dependencies for £, Q. Key results concerning these
mappings are the following two lemmas. Concerning £, we have:

Lemma 5.2 Let ¢ be sufficiently small. For arbitrary Qy € (?(Ny) there is a unique
o= L7YQ,) € (?(Ny) satisfying

o L[az] = Q,
o |ap| < 2M0+2|Q,| with ko € N to be made precise depending on m only.

Assuming that «; = «a1[a@e] in the formulas defining Q, we obtain:

Lemma 5.3 There exists a constant K, depending only on m such that, for e sufficiently
small, depending on C, the mapping Q-] is well-defined on Bz, (0, Ce?) with

e Q]| < Kipe®
e oy — Q[an] is Kpe-Lipschitz on B2y, (0, Ce?).

Again the proofs of these technical results are postponed to a further subsection. We
explain at first how they entail Theorem
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5.1 Proof of Theorem [2.2

Let us denote by the same symbol K, the max of the K, constructed in Lemma [5.3
Lemma and Lemma Let then C = 2kF3[K,, and fix C > C, ¢ sufficiently small
so that Lemma [5.2] and Lemma [5.3] hold true.

Existence. We obtain existence of a solution by a fixed-point argument. Let T :
B2y, (0, Ce?) — 2(Ny) be defined by:

Tlao) = L' [mS — Olaw]]

Let @2 € By, (0, Ce?). Applying Lemma we have
|Qfan]]| < Kim(C +1)e?,

while Lemma ensures that [(®)| < K,,e2. Combining with Lemma we obtain
that:

Tlawe]| < 28072 (Kpne® + K (C + 1)) .

Consequently, choosing e sufficiently small, we infer that 7 maps B2, (0, Ce?) into
itself.

Furthermore, given B(l) and B(Q) in Bz, (0, Ce?), applying successively the Lipschitz
properties of Q and the boundedness of the right inverse £7!, we infer:

ITIB®] = TIB ey < 2772 Kme BY — B 2y

In particular, 7 is a contraction up to restricting the size of . We conclude that 7 admits

a unique fixed-point on By, (0, Ce?) that we denote af) = (a,(:))kzg. We denote the

corresponding age) = ai[as).
We set now:

he=Ho+ Y oy Hy
k=1

By construction h. € L?(R, G(z)dx). Furthermore, for arbitrary k > 0 we can define:

oo
W = (mehe, Hy)g = (Ho,meHy)g + Y of” (Hy,meHy)a ,
=1

We can then recast the k-th equation of into:
= <T[h€] - (1 — / mg(x)hg(x)G(aj)d:E> hE,Hk) Vk>1. (48)
R G

In particular, thanks to Lemma we have (yi)reny € ¢2(N), and then >, viHg €
L*(R, G(x)dx). Let denote m = (Y., vHg — mch:)G. Since m. grows polynomially, we
have that = +— 7(z) exp(n|x|) € L*(R) for all > 0 so that the Fourier transform # of 7 is
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holomorphic on C. By construction, all derivatives of 7 vanish in the origin showing that
7 and thus 7 vanish. Identifying Hermite coefficients, we conclude that:

(T(he)(x) — helr)) — (mm) -/ mghgamdx) he(s)=0 VieR

Uniqueness. Let N, be a solution to in U(¢)(C)). We can then construct h. and the
associated @(®) € (2(N). By assumption we have that ag':) € Bpm,)(0, Ce?). Multiplying
the equation for h. lvith Hj,, we infer that @(®) satisfies so that ags) is indeed a fixed
point of the above T that is a contraction. This ends the proof.

In the following subsections, we give proofs for the technical lemmas : Lemma
Lemma [5.1] and Lemma [5.3

5.2 Proof of Lemma 5.2l

Let Qy € £2(Ny) and remark that we are interested in solving the system:

1 oo
<2k_1 -1+ (Ho,msHo)G> o — (Z OélHl,msHk> =Qr Yk2>2, (49)
=2 G

where the unknown is @y € £2(Ny).

Remark 5.4 In this system, one could expect to approximate the left-hand side by the
diagonal operator with coefficients (1/2F~1 — 1)k>2 that is the operator obtained by deleting
the e-dependent terms. However, we lack a uniform bound of the perturbation in terms
of €. We should then use this remark for small k only and use that the second part of the
left-hand side corresponds to the operator h — mch that is controlled by assumption .
Thanks to this assumption, we can introduce a number kg € N (depending on m but not
on €) such that:

1

Uniqueness. Firstly, we investigate uniqueness of a @y € £2(Ny) such that L[as] = Q,.
By difference, this amounts to show the unique solution with Q4 = 0 is @ = 0.

So let’s suppose ap € (?(Ng) is a solution with @, = 0. Multiplying by a4, each
k-equation and summing over k, we obtain:

[e.e] 1 [e.e] [e.e]
> <2k_1 -1+ (Ho7meHo)G> - <Z Oéle,msHk> ay = 0. (51)
=2 k=2 \I=2 G
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Concerning the second term, we have:

o0 [e.9]
> (Z o Hy, m:—:Hk> o,
a

k=2 \[=2

_ / me(@)] S e () 2G () da
R 1=2

ko+1 ko+1 ko+1 [e'e)

= Z Z alal//mEHl(a:)Hl/(x)G(x)d:I:+2 Z Z alal//mng(a:)Hl/(x)G(x)da:

=2 1'=2 R 1=2 U'=ko+2 R

+ [ @] Y ai()PG(a)ds,

R I=ko+2
where
(o, ¢] 1 o0
/ng(x)\ Z alHl(;p)‘QG(x)dx Z - <1 - 2k0+1> Z |O[l’2'
l=ko+2 1=ko+2

Combining a Cauchy Schwarz inequality and Lemma [2.4] we have:

ko+1 [e%e]

> S awr [ mele)Hil) Hi(e)Go)ds
1=2 U'=ko+2 R
1 1
ko+1 2 [ee) 2
> - ( [y azHlWG(m)czx) > faf
R 1=2 I=ko+2
1 1
ko+1 2 0 2
> —’Kn, <Z |Oéz!2> >l
1= I=kot+2
ko+1 [e¢)
K K
2m 2 25 m 2
Z—ETZW‘Z’ &y Z |y ]”.
=2 I=ko+2

with a constant K,, depending only on m (also through k). Similarly, we obtain

ko+1 ko+1

> > [ meo)Hio) Hi () Gla)do

=2 U'=2

ko+1 3 /kotl 3
> ( [me@?y aszx)PG(x)dx) (Z w)
R 1=2 1=2

V
&
=
3
VR
g
M3
2
T
~_—

Eventually, we conclude that

00 00 1 o) ko+1
-2 (Z o Hi, mer> o < (1 + Kpne? — 21<:0+1> > Nl +2Kme? Y o,
k=2 \1=2 ¢ I=ko+2 1=2

(52)
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As for the first term of , we obtain similarly:
Z F — ]. "‘ (HQ,mEHQ)G O[k.
k=2
ko+1 1 0
< - ( - > Z |O‘l’2 < ko2 Km52> Z ‘al|2~ (53)

k=ko+2

Plugging and into , taking small e, we infer that :

k‘()-i-l 00
*Z el + 4W > <0,
= k0+2

that is as =0
Eristence. We proceed now with constructing a candidate @y = £71Q, by finite-rank

approximations. Let K > kg+1 be arbitrary large. We look for agK) = (agK), . ,ag()) €

RE-1 solving:

K
1
<2k_1 1+ (Ho,mgHo)G> alf) - (Z al(K)Hl,msHk> =Qp Vk=2.. . K, (54)
G

=2

This turns out te be an invertible linear system. Indeed, let us denote by M@ the matrix
implicitly involved by this system. For any 5 = (f1,..., k) we have

K K
3 - M&) 'BT _ Z [(2]}1 —1+ (H(),mgH[))G> Br — (Z ﬂle,maHk> ] B
1—2 G

k=2

The restrictions on € required in the previous uniqueness proof entail with similar com-
putations that (when K > ko)

ko+1 K
B' Z BZ‘Q 2k0+2 Z ‘6[’2.
[=2 l=ko+2

This entails that Ker(M®)) = {0}. We recover that there is a unique aéK) solution to
(54). Below we denote also agK) the trivial extension of this solution and that is an
element of ¢/2(Na).

For arbitrary K > kg4 2, we observe again that (thanks again to our previous restric-
tions on ¢):

K
I (x (K (K K
sl P <af MO a0 = 37 Q)
and then by a Cauchy-Schwarz ineuquality:

@) < 2210, VK > ko +2.
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We can then extract a weakly converging limit @s. Since the left-hand side of is
continuous for the weak topology for arbitrary k > 2, we obtain that @ is a candidate to
be £71Q,. Furthemore, it satisfies the required control

Qo] < 2MF2(Q,.

This ends the proof.

5.3 Proofs of Lemmas 5.1 and 5.3l

We analyze successively the a; equation and the mapping Q. This order is chosen since
o1 is involved in the definition of Q.

Proof. [Proof of Lemma

As indicated above, we consider the case mgg) # 0 only. The case mge) = 0 yields with
similar (but simpler) arguments.

Proof of item (i). Let By € £2(Ny) with ||BQ”EQ(N2) < Ce? and set

D©) .= (Hy,m.Hy)q — (Hl,msﬂl)g,

mg = (By, M Zﬁlml ;

= (Z BiHy, m-Hi)g.
1=2

With such notations equation with associated with By reads:

In this equation, we notice that, by a standard integral convergence argument, we have
that:
DO = [ (1= [Hi(@)P) (e — mo(0)Gla)do
R

—2 0 [ (1m0 PG + o),

where the coefficient of 2 above is nonzero thanks to assumption (H1J) and since fR(l —
|H1(2)|?)2?G(z)dz = [(1 22G(z)dz # 0. On the other hand, the analysis of source
terms in Lemma [2.4] and Lemma m entails:

(56)

Imal < 1Ba2llez ) M9 | 2R, G @)y < Kme?[|Ballez vy
s < 11Ballez o) MmO Hill 2R, w)ae) < Kme?[1Ball 2y
|m§5)\ < K.

Thus, using ||, l,2(n,) < Ce?, we infer that :
2 " 2
(D 4|+ 4 () + ) = & <m2(0) / (1—|H, (:U)|2)3:2G(33)dx> +0(%),
R
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so that admits two real roots for small ¢ :

N[

DO +my ([D(E) +mg]” + 4m{ (m{? + ﬁ%ﬁ))

ar = -— € + €
2m§ ) 2m§ )
1
DO my  ([D9 ] +amD i + g )
o] = — —
e e
Introducing
Ay = M (i +179))
(DO + my]?
we remark that:
D) +m - DE +m
al:(gmaﬁ)(‘/l—FAﬁ_l) alz_(Qﬁ(\/l—i‘Aﬁ—Fl).
1
With similar arguments as previously, we get that:
(D(E) +mg) = mQ(O)/(l — |Hi(2)*)22G(2)dx % 4+ O(e?)
R

while |m§| < K,e and Ag < K12 with a constant K7 depending on C. Since the square
root is 1-lipschitz on [1/2,3/2], we conclude:

() | ~
Ay <2l Emsl e
| D) + myg|
while o

laq| > —.
€

We have then one possible root that is a;.

Proof of item (ii). Let us now consider B(l) and B(z) in By, (0, Ce?). We have,
with obvious notations (and applying the linearity of B — (mﬂ, mg))

1) (2)
my’ —m +m

2mg
(1) =) (D) + ()> 1) A @)
S KnelB7 =87 lem,) + —(’A — A7)
my
where:
DO +mP) 0 o
(g) |A6 _Aﬁ |
my

| =) 0m9wwm@DMD@me”%Hm9Dnﬁ> @)
B
(DO +m?) DO +m@|(DE) +mD)2
—=(1) (2
< KnlBY = B gy
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This concludes the proof.
With these computations, we analyse now the behavior of Q.

Proof. [Proof of Lemma Firstly, we fix € small so that the content of the previous
proposition is satisfied. Since Q is made of component multiplications and a1, the formula
defining its components are well-defined on BZQ(NQ)((L Ce?). To prove that the result lies
in /?(Ng) we restrict to compute the value in 0 and lipschitz-properties of the mapping.

We have:
Qk[0] = a1 [0)(meHy, Hy)c

Hence, combining Lemma [2.4] and the previous lemma yields:
1Q[0]] < loa[0][[lme Hill L2, 6(x)da) < Kime®.

To compute the lipschitz properties, we extract the bilinear part frqm the nonlinear
part due to ay. For § € Bpy,)(0, Ce?) we split Qx[3] = QY1B, B] + Ry [B] where:

Rulf] = QIﬂal[Bm_Q 4

Combining the lipschitz-properties of oy and the size of m. in L?(R, G(x)dz) we obtain:

O 1 B)Bir8h3 -+ Bron [B)(Hr, me)e — onBl(Hy, meHy ).

=5 =3 —=(1) =2
IRIBY] = RIBM ey < KmelBY =B leequyy ¥ (8D, 8P) € [Bauy (0, C?)]2.
While with similar arguments as previously, we have, for arbitrary ), 33 in ¢2 (Ng) :

(2)

00 k—2 (1)
k! B B (2) 2
||Q [ (2)]”421\1) ka 27 +Z Zﬂk (Hj,meHy)g|
’ k:24 1=2 VI =1)! k=2 =2
00 k—2
1 (1
SZ@ 18012182 \2+Z\5 21BN 4y e Holl2 g, ey

This concludes the proof.

6 Proof of Theorem 2.3

We proceed with the anlysis of the time-dependent problem . Similarly to the sta-
tionary problem, we use the fact that the problem reads more simply when formulated in
terms of the unknown h = N./G. Hence, we rewrite the problem to be tackled:

oth = (T[h] — ( / me(z )dx) h, 57

and we analyze the potential large-time properties of a solution to this problem. Our
approach to Theorem follows the classical scheme. Firstly, we analyze a Cauchy
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theory for with a given initial data hg € L?(R,G(z)dx). We obtain existence and
uniqueness of a solution for short times. In a second step, we show that for initial data
close to the stationary state hy, = N. /G, we have a uniform bound for the solution that
entails this solution is global in time. We end-up the section by a proof of the stability
estimates.

Before going into more precise statements and their associated proofs, we remind that
we tackled a problem similar to in [21] up to normalizing the mass of the density. We
proved that non-negative continuous initial data with enough bounded moments yield a
unique solution that is continuous (in time and space) and has bounded moments (com-
parable to the initial data). Furthermore, this solution remains positive for all times. The
main challenge in the first part of this section is to prove that we can construct a continu-
ous solution that remains bounded in the weighted-L? space. The uniqueness result that
we mention here entails that, if we assume further that the initial data is positive and
continuous, the solution we construct is the unique one we constructed in our previous
paper so that it remains positive as long as it exists.

6.1 Cauchy theory for

In this part, we build a Cauchy theory on the basis of the following a priori estimate. Let
h be a solution on (0,7). We perform a dot-product between and h (according to
the L?(R, G(z)dx) scalar product). We obtain:

2&m<nm®qm@+/u+m@mw@Wmmw

_ /n% G (@) dallh(t, )22z 000

We recall that we assume 1+m, > 0. Since T is bilinear continuous (see Lemma |C.1)), this
entails via a standard Gronwall inequality that the L?(R,G(x)dz)-norm of the solution
may only double on short times (see Section for related computations) so that:

h e L>®(0,T; L*(R, G(z)dz)) (58)
V1+m.h e L*(0,T; L*(R, G(z)dx)). (59)

We point out that, with such a regularity, we have in particular
(Tlh]—h (m / me(o )dx) h e L2((0,T); LR, G(x)dz)) C LL,((0, T)xR).
This entails that we may require

ouh = (T[h] — h) — <m / me( )dx) hin D((0,T) xR),  (60)

so that d;h € L?((0,T); L*(R, G(z)dx)). We have then h € C([0,T]; L*(R, G(z)dx)) so
that initial conditions can be matched in the sense:

h(0,-) = ho in L' (R, G(x)dx) (61)

Eventually, we give the following definition for our solutions:
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Definition 6.1 Given hg € L*(R,G(x)dx) and T > 0, we call solution to on (0,7)
any h: (0,T) x R = R satisfying reqularity requirements - and equation m

the sense of —.

Our main result concerning the Cauchy theory reads:

Theorem 6.2 Let hy € L*(R, G(z)dz)NCy(R) be non-negative and such that

1holl 2 (r,G(2)dz) < M.

Then there exists Thy > 0 depending only on M such that, for arbitrary T < Ty, there is
a unique solution to on (0,T). Moreover, this solution is non-negative.

What remains of this subsection is devoted to the proof of this theorem. We split this
proof into two parts. Firstly, we obtain uniqueness relying on our previous contribution
[21], we postpone the existence proof to the end of this subsection.

6.1.1 Proof of Theorem [6.2 Uniqueness

Let ho € L*(R, G(x)dz)NCy(R) be non-negative and h any solution that we may construct
on (0,T) for some T > 0. In particular, for all k& > 1, we have ng := hoG € X} where:

X = {n € LY(R), /R(l + |z])*n(z)dz < oo} .

and n = hG € L*>((0,T'); X}). Seeing as a differential system in IV, with source term
T1[N¢| we infer that:

n(t,x) =ng(z)exp [ t(1+ me(x / /ma (s,y dyds]
+/Otexp [—(t—s)(l—i—ma / /m n(u ydydu] Tiln(s, )]ds.

At this point, we remark that m. is continuous with (1 + m.) > 0. Furthermore, by
standard convolution arguments, we have that T7[n] € L>(0,T; Cy(R)). This entails that
n € Cy([0,7] x R) solves in D'((0,7)) for all x € R. We can then argue that [21]
Proposition 1] entails there is at most one such solution that is positive.

6.1.2 Proof of Theorem [6.2. Existence

To obtain existence of a solution in the sense of Definition we proceed with a Galerkin
method. For this, we plug that h(t,z) =), ai(t)Hi(x) in and transform this system
into the infinite differential system:

Qg -
Q= E —ap — § aHy , me(Hy, — akHO)> Vi >1,
2"«‘ N (
i G

=0
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where oy = 1 is constant with time.

Fix K > 1 arbitrary large. By a standard Cauchy-Lipschitz argument, there exists

Tk > 0 and a unique (aéK))kzl,,,.7K € CY([0, Tk]) satisfying:

) (K) K
. (K) : L Y%kl (K) (K) (K)
Gy = —ap  — o, "Hy, me(Hy — oy, H0)>
2 z; (k= 1) (; . Vk=1...K
oz](cK)(O) =a)
with oz(() ) — 1. Let us denote h< Ek 0 ozk Kg k. Dot-multiplying this latter differential

system with (a,(ﬁK))k:L“_’K, we infer that:

(K) (K) (K)

K k
1d 9%
S 1032 a@yan | + 112 @0 w)de)
S q 2R G(e))] L2(R,G(2) kZZ %—1)

—(PE)p pE) KDy G+/m YR (&, 9) G (y)dy |72 k. 60y

where P is the projection on the K-first modes in the Hermite expansion. Since this
is a bounded symmetric mapping, we have:

(B )50, — / me ()[R (1, 1) PG y)dy
R

Eventually, we infer that:

1d
& [Hh(K)Hiz RG(:(:)da:)] +/(1 +ma(y))\h(K)(t7y)!2G(y)dy
K (K),,
\/l?
-2 /mE (t. )G, ()0
=0 1=0

To control the right-hand side, we recall that T defines a bounded bilinear mapping on
L*(R,G(x)dr) (see Lemma so that there is a constant C% independent of K for
which: K) (1), (K)

Q.

ZZ 2k: == < Cullh™ | 32(g, g(o)an)
k=0 =0 ﬁ

Similarly, by a standard Cauchy-Schwarz inequality:

/ng(y)h(K) ()G W)Yo @@y < Ml 2@ 6@ 1M1 2@ 6@ dn)-
Eventually, we obtain that:

1d
2dt [”h(K)H%Q(R,G(I)dI)] +/R(1 +me(y)) R (¢, ) PG (y)dy

< (Co + [mell 2@ c@)an ) IR 2@ c @ (63)
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Consequently, with a classical blow-up alternative argument, we obtain that, under the
further assumption that ||hol|r2(r,G(2)dz) < M, We can build a time Ty depending only

on M such that Tx = Ty and |hF)(t, M r2®,c(e)dz) < 2M for all t < Ty. Integrating a
last time and using this control on the norm of A we obtain also that:

T
/0 /R (1 + me ()W) (1, 4) PG y)dy < M+ (Cor + lmell 2. creyin) 8Tor M.

We can let now K tend to infinity in this family of approximate solutions. For legibility
we drop the index M and assume these solutions are defined on (0, 7). With the computa-
tion above, we have that h(%) is bounded in L>(0,T; L*(R, G(z)dz)) with /T + m.h{%)
bounded in L2((0,T); L*(R, G(x)dx)). We can thus extract a subsequence, that we do not
relabel, for which

)~ p in L>®(0,T; L*(R, G(x)dz)) — wx
VIFmh®) ~D  in L2((0,7); L*(R, G(z)dx)) — w.

We note here that the mapping h +— /T + mch is linear continuous L*(R,G(x)dz) —
LY(R, G(x)dz). Because of the weak convergence of h{¥) we conclude that D = /T + mch.

For fixed k € N, we can then pass to the limit in the k equation satisfied by a,(cK) for K > k.
We infer that h =), o, Hj, with

=0 =0

\/k! b A >
Q= —Qap — arHy , me(Hy — o H
E= R > I > auH; , me(Hy, — apHo) . vken,

In other words, we obtain that:

01(h Hi)e: = (T, Hie) = (VT malho VTF ) + [ )b ) Glo)dv(h 1)
(h(0,-), Hy) = (ho, Hi)
Notice that
C>®(R) C {p € L*(R, G(x)dz) s.t. VI+m.p € L*(R,G(z)dx)}

in which the (Hj)i>1 are dense (since m grows at most polynomially). Moreover, ¢ €
C®(R) if and only if ¢(+)/G() € C°(R). We infer that this latter equation extends to all
test functions in C2°(R). That means holds in D’((0,7") x R) with an initial condition
in L'(R, G(x)dx). This ends the existence proof.

6.2 Orbital stability of stationary states

In the previous proof, we obtained local-in-time existence of a solution for arbitrary initial
data. We obtain now that, for data sufficiently close to the Gaussian, the solution is global
and remains close to the Gaussian. We start with a statement in the stable case:
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Proposition 6.3 Let us assume that m” (0) > 0. Given Coy > 0 there exists C1 and Co
depending on Co and m such that the following property holds true.
Given e sufficiently small and a non-negative initial data hg € L*(R, G(z)dz)) N Cy(R)
such that
09 < Toe  [[adll < Cos?,

there is a unique global solution h to that satisfies moreover:
ar ()] < Cre faa(t)]| < Cae? Wt 20. (64)

In this statement and from now on, we drop the index ¢?(Ny) in the norm of sequences
with index 2 for legibility. In the unstable case, we have the following;:

Proposition 6.4 Let us assume that m//(O) < 0 and that m is even. Given Cy > 0 there
exists C'y depending on Co and m such that the following property holds true.
Given ¢ sufficiently small and a non-negative even initial data hy € L*(R, G(z)dz)) N
Cy(R) such that
a[l) =0, HagH < 60527

there is a unique global solution h to that satisfies moreover:
a1(t) =0, | (t)]] < Cae? vt > 0. (65)

What remains of this section is devoted to a unified proof of both statements. Since
we constructed a local-in-time Cauchy theory for in the space L*(R, G(z)dx) N C(R)
that propagates that h(¢,-) > 0, we focus herein only on a proof of the bounds (resp.
(65)). For this, we fix Cy > 0 and we consider either that m satisfies m"(O) > 0 (stable
case) or that m” (0) < 0 and is even (unstable even case). We fix a non-negative initial
data hY enjoying the bound:

o} < Coe @3] < Coe?,

and that is moreover even in the unstable case. We assume a priori that, for some 7" > 0,
which may depend on ¢, we have a unique solution on A on (0, 7") in the sense of Definition
satisfying moreover (resp. ([65)) up to time 7" for some C'; and C to be fixed. We
prove in the following arguments that, under some restrictions on C'y and € (independent
of the solution and T') we have that

la1(D)] < Cie/2  |aet)] < Cac?/2  Wte[0,T]. (66)

Our result then follows via a standard continuation argument relying on our Cauchy
theory. We split now the proof in two parts corresponding to the two bounds to be
obtained.

From now on, we use similar notations as in the stationary case. Namely, we rewrite
as a differential system on ¢?(N) :
do
= = w4 £O[a) + QO [a]. (67)
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where £) and Q) stand for the respective extensions to the exponent k = 1 of the £
and Q in the previous section:

ﬁ(s)[a] = [<2k1—1 -1+ (Ho,mEHo)G) o — (Z alHlamsHk) ] (68)
G keN;

=1

and

€ Q|
Q( = [ oF Z ll _l Zakalml ]

Without restriction, we enforce the first condition that Cs > 1 (so that powers of Cy grow
with the exponent) and € <1 (so that the converse holds). We also enforce the condition
62 > 61.

Part 1. Computing a bound on aq(t). We start with the unstable even case. Thanks to
the symmetries of the operator T (and thus T) and the symmetries of m we note that
hs(t,x) = h(t, —z) is also a solution to (57)) in the sense of Definition with the same
initial data h°. By uniqueness, we obtain that h(t,-) is even for all ¢ € [0, T]. This entails
that:

keN;

ay(t) = /Rh(t, z)Hi(z)G(x)dx = /Rh(t, z)zG(x)dxr =0, vVt e [0,T].

We have our expected property.
The stable case requires more details. We multiply the first equation of with aq

S a2 = mPay + £P[a)on + 0[] as.

For the first term, we argue again that ]m18)| < Kpe? (see Lemma ) to yield that

m{Pon| < 2

5€ lonl” + nKme‘*, (69)

for arbitrary n > 0. As for the second term, we note the following explicit formula
o0
£ [a]ar = (Ho.meHo)g — (Hi,meHy)) |oa]? — (Z alHl,mgalfIl) .
=2
in which we already computed (see (56])) and since m”(0) = 1, that
|(Ho,meHo)c — (H1,meH1)g—e*Do| < Kpe®

where

Dy = /(1 — 22)2%G (x)dz<0.
R
On the other hand, thanks to Lemma we have a constant K, for which:

(2, nHyyonmeHy) | < aalll Y2020 aiHyll 12 (R 6()dx) HmsHlHL2 R,G(x)dx) (10)
S Kms2||a2|| ]a1| S Km (53|a1|2 + 02 6 5
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where we applied that |[az|| < Cae?. Consequently, for small &, we have
3|D —
ﬁga) [a1]ag < —€2|40|\a1|2 + KmC2255. (71)
Finally, we observe that:
a1 a1 = Z ozloqml

Applying a Cauchy-Schwarz inequality and Lemma we infer again:

Z alml(e)
=1

< ||al||€2(N1)Km52 < K, Cae?,

and
Qgg) [al]al < Kmégé‘g‘alﬁ. (72)

Choosing 7 sufficiently small in (depending only on m) and combining with —
we infer that, for ¢ sufficiently small (depending on m and Cs) there holds:

d o Dol 5 1o 4
el 1=Vl < .
dt|a1| + 5 © lag]* < Kpe (73)

After time integration, this entails that, as long as |a1| < Cie and ||az|| < Cae? we have:

4K, 2
lar () < Jar (0)]* + Dy| (74)
We have the expected bound of by choosing
— —2 4K,
C1 (C’O + |D0|> . (75)

Part 2. Computing bounds on &s. In this second part, we do not distinguish the stable
case and the unstable even case. We write a priori estimates directly for the full unknown
@s. The reader should note that these estimates should be written at first for (ao, ..., ak)
with arbitrary large K to recover our estimates letting K — oo.

We multiply now equations for @y with @y. This yields:

— (¥, @) + (L5 [, @) + (05[], @z)

(e)

with ever the same convention that Ly’ (resp. @és)) regroups the components of £
(resp. Q) with index k > 2. We compute again a bound for the right-hand side under
the assumption that || < C1e and ||@a|| < Cae? and ¢ sufficiently small.

For the first term, we have again by a Cauchy-Schwarz inequality:
o
) My~ 2, Km 4
> m ol < Jlal + 5 (76)
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for arbitrary n € (0, 1). Concerning the second term, we note that

- ([ 1
(5[], @) = > (214—1 — 1+ (Ho, m-Ho) > o |* — (Z i, me Zaka>
k=2

At this point, we note that, thanks to (H1)), we have a ky > 2 such that:

cet1> ko
We split then correspondingly the sum with respect to the chosen exponent ky. We obtain
ko+1

© 1 ko+1 ko+1
€)f— 1 — E : §
(£2 [al],ag) = E <2k1 -1+ (HO,meHO)G> |O[k|2 - < alHl,mg Ozka>
k=2 =2 k=2 a

ko+1

o0
-2 Z o Hy,me Z oy Hy, - <041maH17ZOéka>
k=ko+2 G

k=2

[e.e] o0
+ Z ( + (Ho, meHo)c )|Oék|2— > aH,me Y apHy
I=ko+2

G

l=ko+2 l=ko+2

We denote with 17,75, T3 the three lines on the right-hand side of this latter identity. For
the last term, we remark that, by introducing hy,

= Zfikoﬂ ayHj, there holds:

1
T3 = <2]€0+1 + (HO)msHO)G) / |hk0’2G($)d$ - /(1 + m5)|hk0’2G(.’I))d$
R R

1
< (—W—F(Hg,mEHO)G) /R\hkOPG(:z)dx

where we used the bound from below on (1 + m.) to pass from the first to the second
line. When ¢ is chosen sufficiently small (depending on m), the above computations entail
that:

1 o

2
T 9ko+2 D okl (77)
k=ko+2
Concerning T, we apply again Lemma [2.5] to yield that

Ty <

ko+1 ko+1

((Ho,meHo)a| + Y > [(Hi,mHi)g| < Kme®.
=2 k=2

Consequently, we obtain the bound:

k0+1 ko+1

1< -5 Z |k |* + Kine? Z ok,

and, choosing ¢ sufficiently small (with a threshold depending on m)

k0+1

1< — Z .
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Finally, we have:

ko+1 [e’e]
’TQ’ < 2 Z almEHl, Zaka <a1m8H1,Zaka> .
121 k=2 k=2 G

Applying again Cauchy-Schwarz inequalities and Lemma [2.5] for k& < kg + 1 we infer:

1
ko+1 ko+1 00 2
Z almaHlyzaka < Kpe? (Z ’al|2> Z |ou|?

l=ko+2

< Kme®|[az]?,

o0
‘(almEHl,Zaka> < Jon[[[@2|lllme Hill r2(r G @)dz) < Kme”|aa|[|@a]].
k=2 G

Combining the two latter estimates and introducing the a priori bounds |a;| < Cle,
|@2|| < Cee? and C; < Cq we conclude that:

Ty < KpnCa e, (79)
Eventually, we combine —— to yield:
(Zg‘?) [@ﬂ,@g) < - 2k0+2 ||042|| + K, 02 e (80)

As for the nonlinear term, we have:

( Zak[2k Z\/jlaki_llJrZakalml )

that we split into S + So where:

oo k—1 [e%S) )
1 k
S = g ok <l)al04k—lak , So= lg_l alml(s) kE_l a,i.

For S5, we use again Lemma and the a priori bound on |aq| and [[@z]| to yield:

3
o0 2 o0 3
'SQ'S<Z‘O‘I'2> (Z\mf)r?) < mell g2 oy (joal? + [@])?
=1 =1

and .
|G| < K,nCo £d. (81)

Finally, for S; we use properties of binomials as in Appendix [B] Lemma

oo [k—1 2 l
_ 1 k
1511 < @] Z[Z% <l>azak_z] < I [Z kZa%ai l]
k=2 =

k=2 Li=1

< e |, 2]
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In the regime prescribed by |[az|| < Cze?, and the already proven inequality (that
we have also trivially in the unstable even case), we conclude again that,

_ 4K,,e2  —
|S1| < Cae? (]a1(0)|2 + D ‘8 + 022&?4) . (82)
0
Finally, combining and and choosing ¢ sufficiently small (wrt m and Cs):
(&) 3 s = 4K ,e?
(O [a], @) | < KnCa’e® + Cae? <|a1(0)]2+ o ) . (83)

Combining with 7 sufficiently small (wrt ko) and letting K, be a large enough constant
such that K, >3+ 1/(2n), and (83), we conclude that:

d o
@l +

_ — 3 — 4K e
STl < Ky (0o + 1) + € <|a1(0)|2 + ) e (84)

| Do

and after time integration:
_ _ 4K e
[oi2]|* < [|@a(0)]* + 2%0** (K,,Km (02355 + 54) +Cs (ya1(0)|2 + = > 52>

We have finally the expected bound of if:

1
Cy >2 {cﬁ + kot <2KnKm + Oy <C§ + %’F))} ’ (85)
0
and ¢ is chosen sufficiently small.

We observe that reduces to choosing C9 sufficiently large wrt Cp. In , we
note that the right-hand side is sublinear in Cy so that is surely satisfied if Csy is
chosen sufficiently large wrt m and Cy. We can then match the two conditions with Cs
sufficiently large. This ends up the proof.

6.3 Asymptotic stability of stationary states (Proof of The-

orem

We conclude this part with a proof of our main result, Theorem For this, we fix C.
Applying Proposition [6.3] in the stable case, or Proposition in the unstable even
case, we obtain that, for any non-negative bounded and concentrated initial data hg, there
exists a unique global solution h(t,-) to that satisfies, since C'; < Cj,

’Ozl(t)’ < 626 Hag(t)H < 6282 Vt>0.

Up to increasing the size of C'y and restricting the size of ¢, Theorem guarantees also
the existence of a unique stationary solution h to in L2(R, G(z)dx) whose coefficient
in the Hermite basis satisfy:

0] < Cae |[a5°]| < Cae®. (86)

We may then compute the difference h(t) —h and especially its coefficients in the Hermite
basis (Sk)ren. We recall that 5y = 0 so that we restrict to the coefficients larger than 1 in
our computations. Theorem is then a consequence to the following statements. In
the stable case we show:
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Proposition 6.5 Assume that m’ (0) > 0. Then, there exists K(©) and K >0 depend-
ing both only on m such that:

1B1®)lleiy < KONBO) |2,y exp(—KJe*t) V> 0.

Item (i) of Theorem [2.3]is a consequence to this statement. Item (ii) of Theorem
is a consequence to the following proposition:

Proposition 6.6 Assume that m" (0) < 0 and that m is even. Then, for any even initial
data there exists K, depending only on m for which:

181 ()2 vy) < 11B1(0)l 2y exp(—Kmt) V>0,

In what follows, we give again a unified proof of both propositions. Substracting from
the equation for @; the stationary solution ag"o), we obtain that (3, is a solution to the
differential system: B

B,

Q@ [51] +Q [/81] (87)

with Z(a) defined in and

— 2B l+5l04k > (c0)y (&)
QB [ j Z L (anBy + Broy™)ymy .
=g CE 1=1 kEN;

We show that the solutions to this system — satisfying the a priori bounds — decay
exponentially to 0 when ¢ is sufficiently small.

In the unstable even case, we have directly by symmetry that 51 = 0. In the stable
case, we multiply the first equation of by (1. We recover:

thfﬁlf = De|pi]? - (Z 5zHl,ﬁ1maH1> + Y (Bor + i B1)Bimy”,
=2 =1

G
where D, = (Hy, m.Hy)a — (Hy, m<H;)q satisfies (recall m” (0) = 1)
|D. — 2Dy| < Kpné?, Dy < 0.
We estimate the remainder terms, using Lemma and similarly to ,

(Z BlHlvﬁlmaHl>
¢

< Kme®|Bul[IBsll < Ko (21611 + €l 5]|*)

=2
with again the same convention for || - || and K, depending only on m. As for the last

term, we use that |a;| + ||oz2 )|| < 2C1e and |ay| + Ha; | < 2C9¢e. This entails thanks
to Lemma [2.4] and a Cauchy-Schwarz inequality that

< Jaul |84 (Z'W) (Z'ml )

=1

+ 1812 @ml‘ > (ZW)

< CoKme® (181]? + [1Bal?)

(e 9]

> (Bioa + o™ B1) rmy”)

=1

(SIS
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We conclude that, for € sufficiently small,

D f
Lo+ Dole2gs 2 < kelBy)2 (58)

2dt

We obtain a similar inequality on 3, in both stable and unstable even cases. To this
end, we multiply the equation on 35 by 3,. We obtain

5 dtHﬁzHQ > (2;3_1 -1+ (Ho,msHo)G> |Bel? — (Z 51Hl,meZﬂka>
=1 =2

h=2 ¢ (89)

00 k 1 0o
o By— z+5l% (c00)y,(€)
+ Z + ) (B + Bray™ymy™ | By
=2 = VI =1

We compute the right-hand side of this system as previously. We split the right-hand
into L + N L where L stands for the first line and N L for the second one. Introducing kg
again, such that (1 +m.) > 275 we rewrite L = Li<y+ L) + L), with

ko+1 1 ko+1 ko+1
L= <2k_1 -1+ (H0>msHO)G> |8x1? — (Z BiHi,me Y Bka>
=2 k=2 G

k=2
oo 1 oo o0
L= ), <2k_1 -1+ (H07msHO)G> Bel> = Y. BiHi,m. > BiHy
k=ko+2 I=ko+2 k=ko+2 I
[e%¢] ko+1
Ly = - <51H17maZBka> —2 Z BiHi, me Z BrHp
k=2 a I=ko+2 .
For the first and second terms, we infer as in Section that, for e sufficiently small,
k0+1 1 [e'e)
L(< < —= Z |ﬁk|2 L(z) < _W Z |/3k|2
k=ko+2

As for L., we obtain, with similar computations as in the previous subsection, that

Loy < Kme? (1811185l + 18211%) < Ko (1611 + €l1Ba]I?) -

Eventually, we conclude that, for € sufficiently small,

1
L < —WHBQHQ + K’ |51, (90)

As for the nonlinear term, we write NL = NLi + N Loy, with

VRS Bt + Bral) St (00)y, (€
NI = Y Br,  NLy=> "> (B + By )m” By
R VIk =) k=2 1=1

o2



Concerning N Lo, using the Cauchy-Schwarz inequality and Lemma [2.4] we obtain

INLo| < 3 1Bl Y 18:01m 1+ 3 1862 S g™ llmy?|
k=2 =1 k=2 =1

< (@2l 1B 1Bl oy T+ 1Bl 2 ey 12 |
< CoKme® (1817 + |1Bal?) -

As for N L1, we use again the Cauchy-Schwarz inequality and a classical binomial identity
to yield

oo [k—1 2 % oo [k—1 2 %
— 1 k 1 k (00)
NLy < |8l ) aif g )leallBr—i] + ) ai\[ g )1Ailles= ]
k=2 L1=1 k=2 L1=1

B 1 k—1 1 k—1 %
<17l (z%zmk_ma@ + (S z )
k=2 =1 k=2 =1

IN

L= s _ (o0 3

SIBalIBleny (I ey + 18 Iegy)
— - 1

< cze||/32u<ﬂ% A BE

c, C’25

‘5 ? + ( + Ca8)||Ba* < B1” + *HBQH%

for arbltrary n € (0,1) and ¢ small enough. Eventually, we obtain that, for arbitrary fixed
€ (0,1), we can find a constant K, such that, for ¢ sufficiently small (depending on 7),
NL < Kz |61 + ]8>

Chosing n = 1/2k0+4, combining with and restricting the size of € if necessary, we
finally obtain a constant K, for which

1 _ ~
L+ NL S —WH62H2 +Km€2’,81’2.

Combining this with we obtain that

thumrr? sorall Bl < Kl (o1)

This completes the proof in the unstable even case since 51 = 0 and the latter inequality
entails the expected exponential decay of |3;]. In the stable case, we multiply (88 with
4K,,/|Do| and do a summation with ([91), to obtain

1d |4Kn, 1 = . . K _
T [‘D B+ 11B2I| + egallBll® + 2Kl B < Kine?| B 4 71 Konel B |
Restricting again the size of ¢ if necessary, we conclude that:
1d |4K,, — .
5& [|D | ’/81’2+ H/82H2 2]§0+5H52H2+Km€2‘51’2 < 0,

that implies again the expected exponential decay of ||3;[|2(y,) With time.
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A The admissibility condition of the extremum
point

In this section we prove that the second inequality in Assumption (H1)) is indeed a nec-
essary condition for the existence of a concentrated steady solution around z,,. Let’s
consider a steady solution

Tla) = 4.1+ m(o) — [ m(e)e.()da).
We define
minm(z) = m_.
z€R
We also let €2, be the following set
Q={z|m_ <m(x) <m_+1+n},

with n > 0. We then claim that

n
qe(t,x)dr > ——.
/Q,, : 1+

This inequality would imply that if m(z,,) > m_ 4+ 1+ n, then there is no steady solution
concentrated around x,,.
To prove this property we define

m(x) =m(x) —m_ —1—n.

Then, we have
Q,={z| —1—-n<m(z) <0}

We can re-write the equation on ¢. as follows

Tlge] = g-(1 +m — /mqadx)'
From the positivity of T'(¢.) and g. we deduce that
[ ey <1+ m(o)
We then evaluate this at the minimum point of m to obtain
[ ety < =,
We then use the fact that

/nw@@@s/mwuwm
Q, R

to obtain that

(—1- 77)/9 ge(y)dy < —n,

n

which leads to the result.
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B T, is continuous on L!((1 + 2?)'dx).

In this appendix, we focus on the following proposition:

Proposition B.1 Let e > 0 and [ € N. The mapping q — T:[q| is bilinear continuous on
LY(1 + 2%)dx).

We provide a proof to make the paper self-contained. However, we point out that this
result is a straightforward continuation of [21, Lemma A.2].

Proof. We give a proof in case ¢ = 1. Since bilinearity is obvious, we focus on integrability
properties. Let I € N and ¢ € L'((1 + 2?)!dz). Given £ € {0, ...}, we have for all z € R

20
+ + +
i) = [ [ (o= 252 e ) (o P e dnd
o 0 .
+ + i —i
=22 ok //( = y2> Iy (x—y12y2) vila(yn)lys " la(y2)ldyrye
k=0 i=0

Here we note that for all instances we have ¢ < 2] and k — ¢ < 2] and that when j < 2/
we have y/q(y) € L*(R) with :

[ ety < G0 [ @+ laldy
We can then apply Fubini theorem to yield that z2¢Ty[q](z) € L'(R) with:

/RSUM\Tl[CJ](w)!dw < C(4,1) </R(1 + yz’)!q(y)!dy>2-

This ends the proof.

C T is continuous.

Let hy,hy € L?(R,G(x)dx), with

o oo
hi =Y arHg, hy= BpH,
k=0 k=0

such that (ag)reny € £2(N) and (Bg)ren € £2(N). We define

~ — uBr—i
Ti[h1, he] = Z’kak where 7, = ok Z VEkeN. (92)

= VU(E =)

Lemma C.1 The operator Ty defines a bounded bilinear mapping L*(R,G(x)dx)? —
L?*(R,G(x)dx). Moreover, we have

Tilh1, he) = G T [M G, haG] (b1, he) € (L*(R, Gdx))?. (93)
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Proof. Bilinearity is obvious. We prove that T is a well-defined continuous mapping.
In particular, we show that the right-hand side of is converging in L?(R, Gdz). We

have
b (& Jallat]
2 N M leul|Br—1|
POLTRED (Zl!(k—l)!

keN k=0 1=0
[e'S) 1 k k k
2 22
<D > (l’> > aibi
k=0~ =0 1=0

Up to extending the sequences oy and S by ap = 0 and S = 0 if k € Z \ N, we obtain

DohwlP <Y aisi < (Z |al|2> (Z |5l|2) .

keN keZ leZ kEZ kEZ

Consequently, 77 defines a bounded bilinear mapping L?(R, G(z)dz)? — L*(R, G(z)dzx).
The interested reader can also verify that the operator (hi, ho) — G~ T1[h1G, haG] is a
bilinear continuous mapping L?(R, G(z)dr)? — L?(R,G(x)dr). Finally notice that the
equality holds for hy = Hy and hy = Hj, for any (k,¢) € N2, thanks to (17). The
equality then follows from the continuity of both operators. 4
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