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Abstract

We study two equations of Lotka-Volterra type that describe the Darwinian evolution of a

population density. In the first model a Laplace term represents the mutations. In the second one
we model the mutations by an integral kernel. In both cases, we use a nonlinear birth-death term
that corresponds to the competition between the traits leading to selection.
In the limit of rare or small mutations, we prove that the solution converges to a sum of moving
Dirac masses. This limit is described by a constrained Hamilton-Jacobi equation. This was already
proved in [8] for the case with a Laplace term. Here we generalize the assumptions on the initial
data and prove the same result for the integro-differential equation.
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1 Introduction

We continue the study, initiated in [8], of the asymptotic behavior of Lotka-Volterra parabolic equa-
tions. The model we use describes the dynamics of a population density. Individuals respond differ-
ently to the environment, i.e. they have different abilities to use the available resources. To take this
fact into account, population models can be structured by a parameter, representing a physiological
(phenotypical) trait inherited from the parent, and that we denote by z € R?. We denote by n(t, )
the density of trait . The mathematical modeling in accordance with Darwin’s theory consists of
two effects: natural selection and mutations between the traits (see [18, 24, 27, 25] for literature in
adaptive evolution). We represent the birth and death rates of the phenotypical traits bya net growth
rate R(z,I). The term I(t) is an ecological parameter that corresponds to a measure of the total
population, whatever the trait, and that represents in the simpler possible way the resources (more
precisely the inverse of it). We use two different models for mutations. A first possibility is to represent
them by a Laplacian and, in an extreme and irrealistic simplification, we take them independent of
birth, so as to write
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{8tne —eAnc = "=R(z,I(1), zeRI >0, O

ne(t=0)=n? € LYR?Y), n? >0,

I(t) = y U(x) ne(t, x)dx. (2)

Here € is a small term that we introduce to consider only rare mutations. It is also used to re-scale
time to consider a much larger time than a generation scale.

A more natural way to model mutations is to use, instead of a Laplacian, an integral term that
describes directly the mutation probability to generate a new-born of trait x from a mother with trait
y. This yields

€

One = "= R(x, I(t)) + ¢ [ 2K (X5) by, I) ne(t,y) dy, x € R ¢ >0, 3)
ne(t=0)=nl € L'(RY), n?>0,

I(t) = /]Rd ne(t, z)dz. (4)

Both types of models can be derived from individual based stochastic processes in the limit of large
populations depending on the scales in mutations birth and death (see [13, 14]).

In this paper, we study the asymptotic behavior of equations (1)-(2) and (3)-(4) when e vanishes.
Our purpose is to show that under some assumptions on R(zx,I), n.(t,z) concentrates as a sum of
Dirac masses that are traveling. In biological terms, at every moment one or several dominant traits
coexist while other traits disappear. The dominant traits change in time due to the presence of mu-
tations.

We use the same assumptions as [8]. We assume that there exist two constants ,,, ¥y such that

0<tm <t <ty <oo, b€ W (R (5)

We also assume that there are two constants 0 < I,,, < Ip; < oo such that

min R(x, I,,,) =0, max R(x, Ip) =0, (6)
z€R4 z€R4

and there exists constants K; > 0 such that, for any z € R%, I € R,

—K; < g];(x,l) <-K;'<o, (7)

sup || R( 1) |lpzoomey< Ka. (8)
<1<y
We also make the following assumptions on the initial data
—Alz|+B

I, < Y(@)n(z) < Iy, and IA, B>0,nl<e « | 9)
R4
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and that there exist a point zg € R? and positive constants Ly and M such that

e” e <nd(x), forall|z— x| < Lo, (10)
Note that assumption (10) means that initially we have some kind of biodiversity since it can be
interpreted as different traits being sufficiently represented in the population.

Here we take 1(z) = 1 for equations (3)-(4) because replacing n by ¢n leaves the model unchanged.
For equation (3) we assume additionally that the probability kernel K (z) and the mutation birth rate
b(z) verify

0< K(z), /K(z) dz =1, /K(z)e'ZQ dz < oo, (11)

b < b(2, 1) <bpar,  |Vab(z, D) < Lib(z,1I), |b(z, 1) — bz, I3)| < La|I1 — I, (12)

where by, bys, L1 and Lo are positive constants. Finally for equation (3) we replace (6) and (7) by

in [R(z, I,n) + b(x, In)] =0, R(x, Ing) + bz, Iny)] =0, 13
min [R(z, In) + b(, Im)] maxx [R(z, Inr) + b, ar)] (13)

o +b)

|R(l’,]1) — R(IE,IQ)| < K3|Il — Ig| and —K; < oI

(x,1) < —K;' <0, (14)
where K3 and K, are positive constants.

In both cases, in the limit we expect n(t,z) = 0 or R(z,I) = 0, where n(t,x) is the weak limit of
ne(t,x) as € vanishes. If we suppose that the latter is possible at only isolated points, we expect n
to concentrate as Dirac masses. Following earlier works on the similar issue [19, 7, 8, 28], in order

ue(t,x)

to study n, we make a change of variable n(t,z) = e~ ¢ . It is easier to study the asymptotic
behavior of u. instead of n.. In section 5 we study the asymptotic behavior of u. while € vanishes. We
show that u., after extraction of a subsequence, converge to a function u that satisfies a constrained
Hamilton-Jacobi equation in the viscosity sense (see [3, 20, 16, 22] for general introduction to the
theory of viscosity solutions). Our main results are as follows.

Theorem 1.1. Assume (5)-(10). Let n. be the solution of (1)-(2), and ue = eln(ne). Then, after
extraction of a subsequence, ue converges locally uniformly to a function u € C((0,00) xRY), a viscosity
solution to the following equation:

Ou = |Vul* + R(z, I(1)),

max u(t,z) =0, Vt>0, (15)
R4
1) — 1() ae. / V@)t z)ds = I(t)  a.c. (16)

In particular, a.e. in t, supp n(t,-) C {u(t,-) = 0}. Here the measure n is the weak limit of n.
as € vanishes. If additionally (u?). := eIn(n?) is a sequence of uniformly continuous functions which
converges locally uniformly to u® then u € C([0,00) x R?) and u(0,z) = u®(z) in R



Theorem 1.2. Assume (8)-(14), and (u?). is a sequence of uniformly Lipschitz-continuous functions

UGO
which converges locally uniformly to u®. Let n. be the solution of (3)-(4) with n? = e <, and u, =
eln(ne). Then, after extraction of a subsequence, u. converges locally uniformly to a function u €
C(]0,00) x R%), a viscosity solution to the following equation:

Ou = R(z,I(t)) + bz, 1(t)) [ K(2)eV*Zdz,

t,z) =0, Vt>D0,
max u(t, x) (17)

u(0,z) = u’(z),
I(t) — I(t) a.e., /n(t,x)da: =1I(t) a.e. (18)

In particular, a.e. int, supp n(t,-) C {u(t,-) = 0}. As above, the measure n is the weak limit of n.
as € vanishes.

These theorems improve previous results proved in [19, 8, 7, 29] in various directions. For the
case where mutations are described by a Laplace equation, i.e. (1)-(2), Theorem 1.1 generalizes the
assumptions on the initial data. This generalization derives from regularizing effects of Eikonal Hamil-
tonian (see [26, 1, 2]). But our motivation is more in the case of equations (3)-(4) where mutations
are described by an integral operator. Then we can treat cases where the mutation rate b(x, I') really
depends on z, which was not available until now. The difficulty here is that Lipschitz bounds on the
initial data are not propagated on u. and may blow up in finite time (see [12, 5, 15] for regularity
results for integral Hamiltonian). However, we achieve to control the Lipschitz norm by —u,, that
goes to infinity as |z| goes to +oo.

We do not discuss the uniqueness for equations (15) and (17) in this paper. The latter is studied,
for some particular cases, in [8, 7].

A related, but different, situation arises in reaction-diffusion equations as in combustion (see [6, 9,
10, 21, 23, 30]). A typical example is the Fisher-KPP equation, where the solution is a progressive
front. The dynamics of the front is described by a level set of a solution of a Hamilton-Jacobi equation.

The paper is organized as follows. In section 2 we state some existence results and bounds on n.
and I.. In section 3 we prove some regularity results for u. corresponding to equations (1)-(2). We
show that u. are locally uniformly bounded and continuous. In section 4 we prove some analogous
regularity results for wu. corresponding to equations (3)-(4). Finally, in section 5 we describe the
asymptotic behavior of u. and deduce the constrained Hamilton-Jacobi equation (15)-(16).

2 Preliminary results

We recall the following existence results for n. and a priori bounds for I (see also [8, 17]).

Theorem 2.1. With the assumptions (5)-(8), and I, — Ce®> < I.(0) < Iy + C€?, there is a unique
solution ne € C(R*; LY(RY)) to equations (1)-(2) and it satisfies

I, =1,—-CE<I(t)< Iy +Ce =T}, (19)

where C is a constant. This solution, ne(t, ), is nonnegative for all t > 0.



We recall a proof of this theorem in Appendix A. We have an analogous result for equations (3)-(4):

Theorem 2.2. With the assumptions (8), (11)-(14), and I, < I.(0) < I, there is a unique solution
ne € C(RY; L' N L®(RY)) to equations (3)-(4) and it satisfies

I < Ie(t) < In (20)
This solution, ne(t,z), is nonnegative for all t > 0.

This theorem can be proved with similar arguments as Theorem 2.1. A uniform BV bound on I(t)
for equations (1)-(2) is also proved in [8]:

Theorem 2.3. With the assumptions (5)-(9), we have additionally to the uniform bounds (19), the
locally uniform BV and sub-Lipschitz bounds

CC 0
%1() —eC e /¢ I)dw, (21)
Lotz o+ [0 +w<x>>n8<x>R("“’f°)daz, 2

where C' and L are positive constants and oc(t) = [pa ne(t, x)dx. Consequently, after extraction of a
subsequence, I.(t) converges a.e. to a function I(t), as € goes to 0. The limit I1(t) is nondecreasing as
soon as there exists a constant C independent of € such that

0 o
/w a:I) _C€<€1)'

We also have a local BV bound on I.(t) for equations (3)-(4):

Theorem 2.4. With the assumptions (8)-(14), we have additionally to the uniform bounds (20), the
locally uniform BV bound

d % I1%) + b(z, I?
ZI(t) > =C' +e it/ng(g;)R(‘”’ )+ L), (23)
€

T
/ \%Ie(tﬂdt <20'T 1 ", (24)
0

where C', C" and L' are positive constants. Consequently, after extraction of a subsequence, I.(t)
converges a.e. to a function I1(t), as € goes to 0.

This theorem is proved in Appendix B.

3 Regularity results for equations (1)-(2)

In this section we study the regularity properties of u. = elnn,, where n. is the unique solution of
equations (1)-(2). We have

Ue

1 ue 1 e
Oine = 8tuge e, Vne=—-Vucec, Anc= (fAu6 |Vu5] ) .
€ €



Consequently u. is a smooth solution to the following equation

{&gue — eAue = |Vue|? + R(z, I.(t)), x€R,t>0, (25)

uc(t = 0) = elnn?.

We have the following regularity results for w..

Theorem 3.1. Assume (5)-(10) and let T > 0 be given. Set D = B + (A% + K3)T. Then we have
ue < D%, For all ty > 0, ve = v/2D? — u, are locally uniformly bounded and Lipschitz in [to, T] x R?,

Vol < O(T)(1 + j%m (26)

where C(T) is a constant depending on T, K1, Ko, A and B. Moreover, if we assume that (u)e :=
eln(n?) is a sequence of uniformly continuous functions, then u. are locally uniformly bounded and
continuous in [0, co[ xR,

We prove Theorem 3.1 in several steps. We first prove an upper bound, then a regularizing effect
in x, then local L* bounds, and finally a regularizing effect in t.
3.1 An upper bound for u,
From assumption (9) we have u?(x) < —A|z| + B. We claim that, with C = A% + Ko,

ue(t,x) < —Alz|+ B+ Ct, vt > 0. (27)
Define ¢(t,z) = —Alz| + B + Ct. We have
A(d—1)

]

Orp — eNp — |Vo|* — R(x, I(t)) > C +e — A% — K, >0.

Here K> is an upper bound for R(z, I) according to (8). We have also ¢(0,z) = —Alz|+ B > u%(z).
So ¢, is a super-solution to (25) and (27) is proved.

3.2 Regularizing effect in space
Let u = f(v), where f is chosen later. We have
Ou = f'(0)0w, Opu = f'(v)0pv, Au= f'(v)Av+ f'(v)|Vo|:

So equation (25) becomes

O — eLv — [e‘;,((;’)) + f’(v)} V|2 = R}% ). (28)
Define p = Vu. By differentiating (28) we have
f// , f/// f// 2 "
Oyp; — eAp; — 2 [e f’((z)) + f (v)] Vv - Vp; — [e f’((vv)) — Ef’((;)))Q + ()| |[Vu|*ps
") ‘ 1 OR
B C TOr



We multiply the equation by p; and sum over ¢:

2 aes 2 " //02
at‘g'—ezwmpi—z[e“Hf’(m}v it [f() /')

) Py~ Py O
e
= e D T Vet

First, we compute Y. (Ap;)pi

— A‘p| Z|v 1‘2
= |p\Arp| +[VIpll> =Y Vil
We also have

Ip - Oz, p|?
IV|pl]? = §j W < 10u,pl? =D 10u,p? =D Vs
i 1,j J
It follows that

> (8pi)pi < |plAlp|-
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We deduce

Oilp| — eAlpl =2 [ef”(v) + f’(v)] p-Vipl - [efm(”) ROk

f'(v) f'(v) f’(v) + ()| Ipl’ (29)
RECOy L g g 2
< f/(v)2R( D)lpl + () VR Bk

From (27) we know that, for 0 <t < T, u. < D(T)?, where D(T) = /B +CT. Then we define
f(v) = —v? + 2D?, for v positive, and thus




f"(v) =0,

[ _ L ?
7o) P

From (29), Theorem 2.1, assumption (8) and these calculations we deduce

1
+ f”(v)} =2+e3>2

dlp|
ot

Ky

<0.
2 Ip| - 35 <

calpl -2 [ L+ )] - Vol + 2 -

Thus for (T large enough we can write

2D2

el _ ) -2 [ J}é; N f’<v>] p- Vip| +2(p| — 0)°

Define the function

Yit.3) = y(t) = 5= +0.

Since y is a solution to (30), and y(0) = oo and |p| being a sub-solution we have

1
Ipl(t, =) <y(t,r) = —% +0.

2Vt
Thus for v, = v/2D? — u,, we have

1
Voe|(t,z) < —= +0(T), 0<t<T.

2Vt
See Appendix C for more details on the comparison principle used above.
3.3 Regularity in space of u, near t =0

Assume that u? are uniformly continuous.
[0,T] x Re.

(30)

(31)

We show that u,. are uniformly continuous in space on

For § > 0 we prove that for h small |uc(t,x + h) — uc(t,xz)|] < §. To do so define we(t,z) =
ue(t,z + h) — uc(t,z). Since u? are uniformly continuous, for h small enough |w(0, )| < %. Besides

w, satisfies the following equation:

Orwe(t, x) — eAwe(t, x) — (Vue(t,x + h) + Vu(t, z)) - Vwe(t,x) = R(z + h, I(t)) —

From Theorem 2.1 and using assumption (8) we have

Orwe(t, ) — eAwe(t, x) — (Vue(t,z + h) + Vue(t, z)) - Vwe(t,z) < Ksh|.

Therefore by the maximum principle we arrive at
H}Radx]we(t,x)| < nﬁadx|w€(0,a:)] + Ks|hlt.

So for h small enough |uc(t,z 4+ h) — uc(t,z)| < 6 on [0,T] x R%.



3.4 Local bounds for u,

We show that u, are bounded on compact subsets of ]0, oo[de. We already know from section 3.1 that
ue is locally bounded from above. We show that it is also bounded from below on C = [to, T| x B(0, R),
foral R>0and 0 <ty <T.

From section 3.1 we have u(t,z) < —A|z| + B+ CT. So for R large enough there exists ¢y such

that for € < ¢g
ue —Ale|+B4CT I
/ eedr < / e € dr < —.
lz|>R |z|>R 29

We have also from (19) that

Il
e dr >
/Rd (v
We deduce that for R large enough and for all 0 < € < ¢q

I/
/ e <dr >
|z|<R 29

Therefore there exists €1 > 0 such that, for all € < ¢

3z € RY  |xo| < R, uc(t,zo) > —1, thus wv(t,z0) < v/2D2 + 1.

From Section 3.2 we know that v, are locally uniformly Lipschitz

et + h) — ve(t, )| < (C(T) + ——)]|Al,

v

Thus for all (¢,z) € C and € < €;

ve(t,z) < E(to, T, R) := /2D?*(T) + 1 + 2(C( L)R
NG

It follows that
uc(t,r) > 2D*(T) — E*(to, T, R).

We conclude that u. are uniformly bounded from below on C.

If we assume additionally that u? are uniformly continuous, with similar arguments we can show
that u. are bounded on compact subsets of [0, co[xR?. To prove the latter we use uniform continuity
of u¢ instead of the Lipschitz bounds of v.

3.5 Regularizing effect in time

From the above uniform bounds and continuity results we can also deduce uniform continuity in time
i.e. for all 7 > 0, there exists § > 0 such that for all (¢,s,z) € [0,T] x [0,7] x B(0, &), such that
0<t—s<#,and for all € < ¢y we have:

lue(t, x) — ue(s, )| < 2n.



We prove this with the same method as that of Lemma 9.1 in [4] (see also [11] for another proof of
this claim). We prove that for any n > 0, we can find positive constants A, B large enough such that,
for any x € B(0, %), s €[0,T] and for every € < €,

ue(tay) 7“6(87:6) < ’I’]+A‘l’fy‘2+B(t*S), for every (tvy) € [SaT] X B(OaR)v (32)
and
uc(t,y) — uc(s,x) > —n — Alz —y|> — B(t — s), for every (t,y) € [s,T] x B(0, R). (33)
We prove inequality (32), the proof of (33) is analogous. We fix (s, ) in [0, T[xB(0, &). Define

E(ty) =uc(s,x) +n+ Aly—z* + Bt —s),  (t,y) € [s,T[xB(0, R),

where A and B are constants to be determined. We prove that, for A and B large enough, £ is a
super-solution to (25) on [s, T|xB(0, R) and {(t, y) > ue(t,y) for (t,y) € {s}xB(0, R)U[s, T|xIB(0, R).

According to section 3.4, u. are locally uniformly bounded, so we can take A a constant such that
for all € < ¢,

8 || ue llLoe(jo,11xB(0,R))
A> 7 .
With this choice, £(t,y) > ue(t,y) on [0, 7] x 9B(0, R), for all 5, B and x € B(0, &). Next we prove
that, for A large enough, £(s,y) > ue(s,y) for all y € B(0, R). We argue by contradiction. Assume
that there exists 7 > 0 such that for all constants A there exists y4 . € B(0, R) such that

Ue(svyA,e) *’U,G(S,‘T) > 7I+A|3/A,e*93|2~ (34)

It follows that

2M
|?/A,e - 33| < 7,

where M is a uniform upper bound for || wue |zec(jo,7)xB(0,R))- Now let A — oo. Then for all ¢,
lyae — x| — 0. According to Section 3.3, u. are uniformly continuous on space. Thus there exists
h > 0 such that if [ya, — 2| < h then |ue(s,ya,c) —ue(s, )| < %, for all e. This is in contradiction with
(34). Therefore £(s,y) > uc(s,y) for all y € B(0, R). Finally, noting that R is bounded we deduce
that for B large enough, { is a super-solution to (25) in [s,T] x B(0, R). Since u, is a solution of (25)
we have

uc(t,y) < E(t,y) = ue(s,z) +n+ Aly —z|> + B(t —s) for all (t,y) € [s,T] x B(0, R).

Thus (32) is satisfied for ¢ > s. We can prove (33) for ¢ > s analogously. Then we put z = y and
we conclude taking 6 < .

4 Regularity results for equations (3)-(4)
In this section we study the regularity properties of u. = e€lnn,, where n. is the unique solution of

equations (3)-(4) as given in Theorem 2.2. From equation (3) we deduce that u. is a solution to the
following equation
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ue(t,otez) —ue(t,x)
€

{&ue = R(z,I(t)) + [ K(2)b(z + ez, I.)e dz, xeR,t>0,

uc(t = 0) = elnn?.

We have the following regularity results for w..

UCO
Theorem 4.1. Let n, be the solution of (3)-(4) with n? =e <, and u. = eln(ne). With the assump-
tions (8)-(14), and if we assume that (ul). is a sequence of uniformly bounded functions in W1,
then ue are locally uniformly bounded and Lipschitz in [0, oo[xR%.

As in section 3 we prove Theorem 4.1 in several steps. We first prove an upper and a lower bound
on u., then local Lipschitz bounds in space and finally a regularity result in time.

4.1 Upper and lower bounds on u,

From assumption (9) we have u?(z) < —A|z| + B. As in section 3.1 we claim that

uc(t,x) < —Alx|+ B+ Ct, Vt>0. (36)
Define v(t, z) = —Alz| + B + Ct, where C' = by [ K(2)e?ldz + K. Using (8) and (12) we have

O — R(z, I.(1)) — / K()b(a + ez, L)e™ = 0 > 0 — Ky — by / K(2)e*ldz > 0.

We also have v(0,z) = —Alz| + B > uY(x). So v is a supersolution to (35). Since (3) verifies the
comparison property, equation (35) verifies also the comparison property, i.e. if v and u are respec-
tively super and subsolutions of (35) then u < v. Thus (36) is proved.

To prove a lower bound on u. we assume that u? are locally uniformly bounded. Then from equation

(35) and assumption (8) we deduce
atUG(twr) Z _KQ)

and thus
ue(t, ) > —[[ud|| e B0,R)) — Kat, Vz € B(0, R).

Moreover, |Vu?| being bounded, we can give a lower bound in R?

uc(t, z) > inful(0) — |Vl poo|z| — Kot, Vo e R (37)
€

4.2 Lipschitz bounds

Here we assume that u, is differentiable in x (See [15]). See also Appendix D for a proof without any
regularity assumptions on ..

Let pe = Vue - x, where x is a fixed unit vector. By differentiating (35) with respect to x we obtain

11



ue(t,otez) —ue(t,z)

Ope(t,x) = VR(z, I(t)) - x + /K(Z)Vb(x ‘ez, l)-xe < dz

t, - t, ue( s T EZ)*UE( ,z)
+ / K()b(a + ez, 1) LT+ 2) 2Pt 3) veltarceimuctin) |

€

Thus, using assumptions (8) and (12), we have

ue(t,otez) —ue(t,z)
€

Ope(t, ) < Ko+ Ly /K(z)b(x +ez, I )e dz (38)

t,x + €z) — p(t, ) et ucte) |

+ /K(z)b(x + ez,Ie)pe(

€

Define we(t,x) = pe(t,z) + Liuc(t,z) and A (t,z,2z) = w From (38) and (35) we
deduce

we(t,x + €z) — we(t,x)eAé(
€

Opwe — Ko(1 + Ly) — /K(Z)b(iﬂ +ez,I.) 62,2) 1

< 2Ly /K(Z)b(.’IJ + €z7Ie)€A5(t’x’Z)dZ
— Ly /K(Z)b(w +ez, I )A(t, x, Z)eAe(t,m,z)dZ

=1L /K(z)b(x + ez, I )eBeto2) (2= Ad(t,z,2))dz
< Libyre,

noticing that e is the maximum of the function g(t) = e!(2 — t) in R. Therefore by the maximum
principle, with Cy = Ko(1 + L1) + L1byse, we have

we(t,x) < Cit + max we(0, x).
R
It follows that

pe(t,x) < Cit+ || Vug Lo +L1(B+ Ct) 4+ L1(||Vu8HLc>o|x| + Kot — ug(ac = 0)) (39)
= CQt + C3|$’ + 047

where Cy, C3 and Cy are constants. Since this bound is true for any |x| = 1, we obtain a local bound
on |Vug|.

4.3 Regularity in time
In section 4.2 we proved that u. is locally uniformly Lipschitz in space. From this we can deduce that

Orue is also locally uniformly bounded.

Let C = [0, T] x B(xo, R) and S; be a constant such that || uc ||z )< S1 for all € > 0. Assume that
R’ is a constant large enough such that we have uc(t,z) < —S; in [0,T] x R\B(zg, R'). According to
(36) there exists such constant R'. We choose a constant S such that || Ve || zoc(0,71xB(z0,7) < 52
for all e > 0. We deduce
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ue (t,z+ez)—ue(t,x)

|8tu6| < |R(‘T7[€(t))‘ + /K(Z)b(l’—l— €Z7IE)6 € (]1|z+ez\<R’ + ]1|:c+ez|2R’)dZ
< Ko+ bM/K(Z)652Z|]1|x+EZ|<R/dZ + bM/K(Z)]l|CC+€Z2R/dZ
< Ko+ by (1+ /K(z)eSQ|Zdz).

This completes the proof of Theorem 4.1.

5 Asymptotic behavior of u,

Using the regularity results in sections 3 and 4, we can now describe the asymptotic behavior of wu.
and prove Theorems 1.1 and 1.2. Here we prove Theorem 1.1. The proof of Theorem 1.2 is analogous,
except the limit of the integral term in equation (17). The latter has been studied in [19, 12, 7, 29].

Proof of theorem 1.1. step 1 (Limit) According to section 3, u. are locally uniformly bounded and
continuous. So by Arzela-Ascoli Theorem after extraction of a subsequence, u. converges locally uni-
formly to a continuous function wu.

step 2 (Initial condition) We proved that if ¥ are uniformly continuous then . will be locally
uniformly bounded and continuous in [0, 7] x RY. Thus we can apply Arzela-Ascoli near ¢ = 0 as well.
Therefore we have u(0,x) = lir% ue (0, 7) = u®(z).
e—

step 3 (ma)éu = 0) Assume that for some ¢,z we have 0 < a < u(t,z). Since u is continuous
z€R!

u(t,y) > § on B(x,r), for some 7 > 0. Thus we have n(t,y) — oo, while € — 0. Therefore I(t) — oo
while € — 0. This is a contradiction with (19).

To prove that max u(t,z) = 0, it suffices to show that lin%) ne(t,z) # 0, for some x € RY. From (27)
z€R €~
we have

ue(t,z) < —Alz| + B+ Ct.

It follows that for M large enough

—Alz|+B+Ct
€

lim ne(t, z)dr < lim e = 0. (40)
e—0 |z|>M e—0 |z|>M
From this and (19) we deduce
/
li_r% wen ne(t, z)dr > 1/}—;';

ue(t,x)

If u(t,z) < 0 for all |z] < M then lim e~ ¢ = 0 and thus lim f‘m
e—0 e—0

contradiction with (40). It follows that max u(t,z) =0, Vt>D0.
zeR

<M ne(t,z)de = 0. This is a

13



step 4 (supp n(t,-) C {u(t,-) = 0}) Assume that u(tp,z9) = —a < 0. Since u, are uniformly contin-
uous in a small neighborhood of (to, z), (¢, ) € [to—d,to+ 6] x B(zo, d), we have u(t,z) < -5 < 0 for

UE(t = dtdx = 0. Therefore

e small. We deduce that f[to 5,t0-6] X B(20,0) ndtdr = f[to 5.t0-+5] x B(z0,5) LT hm e
we have supp n(t, ) C {u(t,-) = 0} for almost every ¢.

step 5 (Limit equation) Finally we recall, following [§], how to pass to the limit in the equation.
Since u, is a solution to (25), it follows that ¢.(t,z) = uc(t, x) fo ))ds is a solution to the
following equation

Orpe(t, ) — eNpe(t, ) — |V (t,z)|* — 2V (t, ) - /0 VR(z,1.(s))ds
—e/ AR(w,Ie(s))ds—i—]/ VR(z, I.(s))ds|?.
0 0

Note that we have I.(s) — I(s) for all s > 0 as € goes to 0, and on the other hand, the function

R(x,I) is smooth. It follows that we have the locally uniform limits
t t
lim | R(z,I(s))ds :/ R(z,I(s))ds,
e—0 0 0
t

t
lim [ VR, L(s))ds = / VR(z, 1(5))ds,
e—0 0 0

t

lim [ AR(x,I.(s))ds = /t AR(x,1(s))ds,
0

e—0 0

for all ¢ > 0. Moreover the functions fg R(x,I(s))ds, fg VR(z,1(s))ds and fg AR(z,I(s))ds are

continuous. According to step 1, u(t,z) converge locally uniformly to the continuous function u(t, x)

as € vamshes Therefore ¢c(t,x) converge locally uniformly to the continuous function ¢(t,x) =
fo ))ds as € vanishes. It follows that ¢(t,x) is a viscosity solution to the equation

Orp(t, z) — |[Vop(t,x)|* — 2Vo(t, ) /0 VR(x,1(s))ds
:|/0 VR(z, I)ds|*.

In other words u(t, z) is a viscosity solution to the following equation

Owu(t, x) = |Vu(t,z)|* + R(z, I(t)).

A Proof of theorem 2.1

A.1 Existence
Let T > 0 be given and A be the following closed subset:
A={ueC([0,7],L'(RY), u >0, | ut,) |1 < a},
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where a = ( f ngdx) eg. Let @ be the following application:

d:A—- A
U+ v,

where v is the solution to the following equation

v —eAv=2R(z,I,(t)), x€R,t>0, (41)
v(t = 0) = nl.
L(t) = | Y(z)u(t, z)dz, (42)
R4
and R is defined as below
R(z,I) if o<1 <2Iy,
R(z,I) =< R(z,2Iy)  if 20y <1,
R(z, 1) if 1<,

We prove that
(a) ® defines a mapping of A into itself,
(b) ® is a contraction for 7" small.

With these properties, we can apply the Banach-Picard fixed point theorem and iterate the con-
struction with 7" fixed.

Assume that u € A. In order to prove (a) we show that v, the solution to (41), belongs to A. By
the maximum principle we know that v > 0. To prove the L' bound we integrate (41)

Zf/vd:c = /UR(w,Iu(t))da: < 1maxR(:c,Iu(t))/vd:c < Kz/vda:,
€ €

€ zcRd

and we conclude from the Gronwall Lemma that

KoT
| v|< (/n?dw) et =a.

Thus (a) is proved. It remains to prove (b). Let uj, us € A, v1 = ®(u1) and vo = ®(uz). We have

Oy(v1 — v2) — eA(v1 —v2) = % [(Ul - UQ)R(xv Luy) + v2 (R(a:, Ly,) — R(m,[w))] :

Noting that || v2 |11 < a, and |R(z,I,) — R(x, I,)| < Ki|ly, — Lu,| < K1ty || ug — us || we
obtain

d Ky
p7 [ v1 —va |1 < —~ | v1 —wa |l +

Using v1(0, ) = v2(0, -) we deduce

aK Yy

| ur —uz [|pr -

15



K KoT
CRVOM () |y — g s -
K2 t T

[ v1 = w2 [[pperi<

KT | KT K
Thus, for T' small enough such that e ™« (e7¢ —1) < W,

has a fixed point and there exists n. € A a solution to the following equation

® is a contraction. Therefore ®

{atne—eAne Rz, I(t), z€R,0<t<T,

ne(t =0) = n?.
I(t) = | p(e)ne(t, x)de,
R4
With the same arguments as A.2 we prove that 17’” < I(t) < 21y and thus n. is a solution to
KoT KoT
equations (1)-(2) for ¢ € [0,T]. We fix T small enough such that e ¢ (e ¢ —1) < ﬁmfffb% Then
we can iterate in time and find a global solution to equations (1)-(2).

A.2 Uniform bounds on I.(t)
We have

dle d

dt — dt

We define ¢y, = x - ¢ € Wg?c(Rd), where xr, is a smooth function with a compact support such
that xrlgo,) = 1, XL\R\B(O,QL) = 0. Then by integration by parts we find

wﬂmwﬂﬂzewﬂ(Mm@@W+ [ vt )Rl 10)dz.

wL(x)Ane(tax)dx = AwL(x)ne(tv .%')dZC
R4 R4

As L — o0, 11, converges to v in I/Vlicoo (R%). Therefore we obtain

lim AN (x)nedr = Ap(x)nedx,
L—co JRd R4
lim Yr(x)Ane(t, z)dr = Y(z)Ane(t, x)dx.
L—oo Jpd R4

From these calculations we conclude

dl,

“o=c | av@ndea)de+ L (@t 2)R(w, 1)) da.
R € Jpa

It follows that
dI,
. min R(z, I)<—<eclf + I max R(z, I.).

wm € zcRd T dt ’(ﬁ r€R4
Let C' = ClKl . As soon as I, overpasses Ip; + Ce2, we have R(z,I.) < — Kfl = 251 and thus daif
becomes negatlve. Similarly, as soon as I, becomes less than I,,, — C€?, Cg; becomes positive. Thus

(19) is proved.
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B A locally uniform BV bound on I, for equations (3)-(4)

In this appendix we prove Theorem 2.4. We first integrate (3) over R? to obtain

%Ie(t) = 1/ne(t,x)(R (,Ic(t)) + b (x, I(t)) )d:c.

Define J(t) = %Is(t). We differentiate J. and we obtain

d .1 O(R + b)
90 = 230) [ el 2T

+ ;2 / (R(w, I) + b(z, IE)) [nE(t,m)R(a:, I)+ / K (y — x)b(y,I€)n5(t,y)dy] dr.

We rewrite this equality in the following form

(z,I(t))dx

%Jg(t) A /ng(t, @W(Q;,L(mdm + elz/ng(t,a:) (R(z, L()) + b(, (1)) da

t é //Ke(y = o) (R(z, 1e(t)) = R(y, (1)) )b(y, Le(t)) ne(t, y)dyda
45 [ [ Ky = 2)(bl16)) by, 10))b(o: L0t )y

It follows that

%Je(t) > 1J€(t)/ne(t,a;)a(g;b)(x,Ie(t))da:—i—;/ng(t, ) (R, L()) + b(z, 1(1))) *da

Ko+ by L
—2+Ml//K(z)|z]b(:z:+ez,I€(t))n€(t,x+ez)dzdaf
€

%Je(t) /ne(t,x)gwfaj_b)(xje(t))dx + ;2 /nﬁ(t, 2) (R(z, 1.(6)) + b(x, L(1))) e — &2,

€

v

where C] is a positive constant. Consequently, using (14) we obtain

%(Je(t))_ < % - %(Je(t))_,

with (Je(¢))— = max(0, —J(t)). From this inequality we deduce

(D)~ < G+ ()%

With similar arguments we obtain

/ cht

()5 = — b+ () e 7
2

with (Je(t))+ = max(0, J.(t)). Thus (23) is proved. Finally, we deduce the locally uniform BV
bound (24)

T q T q T q
/0 |dtI€(t)|dt:/0 Cﬁfe(t)dt+2/0 (&Ie(t))_dt
< Iy —In+20T+0(1).
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C Complement to the proof of the regularizing effect (26)

In this section, we provide some details for the comparison principle used in the proof of (26). In
Subsection 3.2 we proved that p = Vv satisfies the following (see the inequality (30))

Olpl

€ 3
_ —2|= = . — < 0.
oot —eOlpl =2 [ — 20| p- VIpl + 2(pl — 0)* <0

To apply the comparison principle we first claim the following lemma that we will prove at the end of
this section.

Lemma C.1. Assume (8) and (10). Then, there exist positive constants Ay, By and Dy such that,
forallt; >0 and e <1,

_Alle + By + Dqt

" < ue(t, x), for (t,z) € (t1,+00) x RY. (43)
1

The above lemma implies that

1
D(T) <wv. < \/2D2 + — (31 + DiT + Aq|z]?), for (t,x) € (t1,+00) x R%

We deduce that, for some positive constants Ay and Da(T),

dlp|

5~ €Ol = —=[Azfa] + Do(T)] [p| - Vip| + 2(Ipl ~ 6)> <0,  for (t,x) € (t1,+00) x RY. (44)

\F
Define, for (¢,z) € (t1,T] x Br(0) and for As to be chosen later,

St AsR?
#0.9) = 57+ T

We prove that, for A3 = A3(T) chosen large enough, z is a strict supersolution of (44) in (¢1, 7] x Br(0).
To this end, we compute

+40.

Byt ) !
z(t,x) = — ,
! At —t)VE—t
2A3R2$
Vv t, == )
A00) = TR~ o
2A3R2 8A3R2|$|2

80 = T Py VR -

We then replace this in (44) to obtain

g—f — €Az — T(AQM + Do(T))|2Vz| +2(z — 0)2 =
1 2A3R 8A3R2|x‘2 A D 1 6 2A3R2\x|
G Z(Rf L + vt —) — v (A2l + Do) (gt + Tt + O)
3
+2(2 t;.'fll]:_ \/7(1%2 ‘xgj)RZ 1 1 2A5R3
_E(ﬁ(mg—\ml";); + e =) 116_ TR+ Do) (57 + i O vt

3
+(\/t tl)t1(R2 |x]2)2 +2t1\/ﬂ(1%2—\x|2)3’
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where we have used that || < R. One can verify that the r.h.s. of the above equality, for R > 1,
e <1,t; <1and A = A3(T) large enough, is strictly positive. Therefore, z is a strict supersolution
of (44) in (t1,T] x Bgr(0) and for e < 1.

We next prove that
‘p(tvx” < Z(tu l‘), in (tl)T] X BR(O)

To this end, we notice that z(t,z) goes to +00 as |z| — R or as t — t1. Therefore, |p|(t,z) — z(t, x)
attains its maximum at an interior point of (¢1, 7] x Br(0). We choose t,, < T such that the maximum
of |p|(t,z) — z(t,z) in the set (¢1,tm] X Br(0) is equal to 0. If such t,, does not exist, we are done.
Let x,, such that |p|(t,x) — z(t,z) < |p|(tm, Tm) — 2(tm,Tm) = 0 for all (t,x) € (t1,tm) x Br(0). At
such point, we have

0< 8t(‘p|(tm>$m) — 2(tm, Tm)), 0 < —A(|p‘(tm,xm) — 2(tm, Tm)),

1P|ty i )V |D|(trns Tm) = 2(timy T ) V2 (Ey T )

Combining the above properties with the facts that |p| and z are respectively sub and strict superso-
lution of (44), we obtain that

2(1p| (tms Zm) — 0) — 2(2(tm, Tm) — )% < 0.

It follows that
Pl (tms Tm) < 2(tm, Tm),
which is in contradiction with the choice of (¢, z,). We deduce that
1 N A3(T)R?
2Vt =11 Vti(R?— |z]?)

The above equality holds for all R > 1. We let R — oo to obtain

p(t,2)| < 2(t,2) =

+0(T), in (t1,T)] x B(0).

1 As(T)
p(t, z)| < N

+6(T), in (t1,T] x RY.

It follows that
Ay(T)

N

Ip(t,z)| < +6(T), in (2t;,T) x R4

Finally, choosing t; = % we obtain (26).
We conclude by providing the proof of Lemma C.1:
Proof of Lemma C.1. We first notice thanks to (8) that n satisfies

—Kone < €dyne — An,.

Using the heat kernel and assumption (10), we obtain that

ol

€

(z—y)%2  Mg+Kot
d/ et T e Sy < ne(t,z), V(t,z) € RT x R%
(47Tt)§ |y71'()|SL0
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We deduce that

_ 22 +2(Lo+zo))?  Mo+Kot
€

| B, (z0)e dct <n(t,z), V(t,z)eRT x RY,

d
2

and hence

€

z|? + (Lo + |zo])?
clog(—=— By, (ao)) — U E 0l

(Mo + Kat) < uc(t,z), Y(t,z) € RT x R%

(4mt)2 2t

It follows that
d
€2 z)? + (Lo + |zo|)?
elog(—— | Bry (20)]) — 27+ (Lot 20)” a0 4 Koty < u(t,2), (o) € (41, 400) x RY.
(47t)2 2ty

Finally (43) follows for e < 1, choosing constants A;, By and D; large enough and noticing that log(t)
goes more slowly that ¢ to the infinity. O

D Lipschitz bounds for equations (3)-(4)

Here we prove that u. are locally uniformly Lipschitz without assuming that the latter are differen-
tiable. The proof follows the same ideas as in section 4.2.

Let ¢ = %. From (35) we have

O (ue(t, + h) — uc(t,x) + ch(2uc(t,z + h) — uc(t,z))) — (14 2ch)R(x + h, I) + (1 + ch)R(x, 1)

= /K(z)b(x + h+ ez, IE)euE(t’Hhﬂ?_ue(t’HM dz — /K(z)b(x +ez, 1)

e (t,x+ez) —ue(t,r)
e e dz

ue(

ue (t,xt+ez)—ue(t,z)
e €

+2h( / K(2)2b(z + h + ez, I)e et g / K(2)b(z + ez, 1) dz)

Define o = telbrted)ue(be) g uelbathies) uelbeth) A(4 p) = 2u(t, a+h) —uc(t, ¥) and we(t, ) =

€ €

w + ¢A(t,x). Using the convexity inequality
ef <e*+ef(B—a),
we deduce
hoywe(t,x) — (1 + 2¢h)R(x + h, 1) + (1 +¢h)R(x, I,)
< /K(z)b(m +htez, L) (e + e (B—a))dz — /K(z)b(x + ez, I.)e%dz

+¢h( / 2K (2)b(x + h + ez, I.)ePdz — /K(z)b(x + ez, 1.)e“dz)

< /K(z) (b(z 4+ h+ez, 1) — bz + ez, I.))e*dz
At,x +ez) — A(t, x)

€

—i—/K(z)b(x—l—h—i—ez,Ie)e’B(ﬁ—oa—i—ch )dz

+ch / K(2)b(z + h+ ez, 1.)e? (2 — 28 + a)dz — Ch/K(Z)b(:E + ez, I )e%dz.
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From assumptions (8) and (12) it follows that

t,x + €z) — we(t, x)
€

Opwe(t,z) < /K(z)b(m +h+ ez I.)e? wel dz

+ Ko + 3cKs + /K(z) (EbMeﬁ(Q — 2B+ @) + (Liby — by )e®)dz.
Notice that
ehare® (2 — 28+ ) + (Libyr — Ty )e® = ebpre® (2 — 28 + o) — Libyre®,

is bounded from above. Indeed if we first maximize the latter with respect to 5 and then with respect
to a we obtain
= B e — 2 @ b]\/f62
cbyre” (2 — 28+ a) — Libpre® < 2¢bpre2 — Libpyre™ < ——.
1
We deduce
t,x+ez) —w
€

e(t,7) dz + G,

dpwe(t, ) < / K()b(z + h + ez, 1)e? 2l
where G is a constant. Therefore by the maximum principle, (36) and (37), we have
we(t,x) < Gt+ || VUl || Lo —2CA|x + h| + 2B — cul(z = 0) + ¢ || Vi ||z~ |2

Using again (36) and (37) we conclude that

uc(t,x + h) —u(t, )
h

< (G+2Ko)t +e( — A+ || Val || e ) (2] + 2|z + h]) (45)
+ 3¢B+ || Vil || —3¢inful(z = 0).
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