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Abstract

In this paper, we study an integro-differential equation which describes the evolutionary dy-
namics of a population structured by a phenotypic trait. This population undergoes asexual repro-
duction, competition, selection, and mutation. We provide an asymptotic analysis of the model,
assuming that the mutations have small effects. A standard approach for the analysis of the qual-
itative properties of the solutions of such an equation is to apply a logarithmic transformation,
which yields a Hamilton—Jacobi equation with constraint. When the reproduction term is a con-
cave function of the trait, it has been established that the solution is classical. We rigorously derive
a first-order asymptotic expansion of the solution. This expansion allows us to approximate the
moments of the phenotypic density. This result establishes a connection between the approxima-
tions of the phenotypic density obtained via the Hamilton-Jacobi approach and relevant biological
quantities, which are more suitable from a modeling perspective.

Keywords: Integro-differential equations, asymptotic expansions, Hamilton-Jacobi equation with
constraint, selection-mutation models, approximations of moments.
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1 Introduction

1.1 Model and main question

In this paper, we study the asymptotic behavior of the following parabolic Lotka-Volterra type integro-

differential equation
edne —e?An, = nER(:U,Ig(t)), t>0, zeRY (1.1)

with a nonlinearity driven by the integral term
I.(t) = ) Y(x)n:(t, z)dz, (1.2)
R

with ¢ a given smooth positive function and n. ¢(z) the initial condition. Our objective is to estimate
ne in the limit of small €. Under some monotonicity and concavity assumptions, it has been shown in
[24, 3, 21], 23] that one can write
r u+o(1)
e = oxp (100
€2 €
The objective here is to extend the approximation to the next order and prove that

r u—+ev+o(e)
4 exp (—5 ) .

Ne =
£2

1.2 Motivation and the state of the art

The equation is known as the selection-mutation model. It describes the evolutionary dynamics of
a population structured by a phenotypic trait. The population undergoes asexual reproduction, com-
petition, selection and mutations. The solution n. (¢, z) stands for the density of individuals with trait
z € R?, at time t. The mutations are represented by a Laplace term with a small coefficient, assuming
in this way that the mutations have small effects. The individuals with trait x at time ¢ reproduces
with rate R(z,I.(t)). This rate depends on the environmental feedback I.(t). This integral term can
represent the total consumption of a nutrient. The dependency in I.(¢) of the growth rate R(z, I.(t))
models the competition in the population. Indeed, we will choose R to be strictly decreasing with
respect to I. A variant of this model was first introduced by Kimura [17]. It was later derived from a
stochastic individual-based model with small mutational effects but a high mutation rate in [5] and [6].



This class of models has been widely investigated in the literature using diverse approaches. See,
for instance, [9] for an approach based on the stability analysis of differential systems or [5] 6l [7] for
stochastic approaches considering individual-based models, and [24], 3, 21, [8 [16, 25], [15] for the study
of integro-differential models.

Here, we focus on a method involving Hamilton-Jacobi equations, considering small mutational ef-
fects. This method has been first developed in [10, 24} Bl 21]. The aim is to study the qualitative
properties of the density n. when ¢ approaches 0. The solution to typically concentrates around
a dominant phenotypical trait Z(¢) that evolves in time, i.e.

Ne —e—0 p(t)é(.f - T(t))7

where 0(x —(t)) is a Dirac mass centered in Z(¢). Additionally, a closely related approach was used for
reaction—diffusion equations in the context of the ‘geometric optics’ approximation: Freidlin [14} [13]
employed a probabilistic method, while Barles, Evans, and Souganidis [11} 2] used viscosity solutions.
The first step in this approach is to perform the Hopf-Cole transformation:

ne(t,x) = exp <ug(z,a:)> (1.3)

The function u. satisfies the following equation
Opue — eAu, = |Vue|? + R(x, I(t)). (1.4)

Relying on an analysis of (1.4)), one can prove [24] 3 21] the convergence along subsequences of u. to
u a viscosity solution of the following non classical Hamilton-Jacobi equation with constraint

dyu = |Vu|?> + R(z,I(t)), t >0, z € RY,

t,z) =0,
max u(t, z) (1.5)
u(0,x) = ug.

It can be noticed that the function I(¢) is now an unknown of problem , it will be determined
by the constraint on u. We need uniqueness of solution (u, I) of the latter equation to prove strong
convergence of u. to u. This uniqueness problem has been studied in different frameworks before. It
was treated in [24] considering a particular form of R(z,I). Later, it was proved in [23] in the concave
framework, i.e. assuming R and ug to be strictly concave with respect to x. It was also proved later,
with relaxed assumptions, in [4], within the class of BV functions. The uniqueness property implies
that the convergence along subsequences is indeed a strong convergence of the whole sequence.

The goal of this paper is to derive an asymptotic expansion for the solution w. and for the inte-
gral term I. when e approaches 0. The interest of this work lies (i) in the mathematical exploration
of a singular limit, and (ii) in providing a rigorous access to quantities of interest in theoretical bi-
ology. Formal asymptotic expansions were already used by Figueroa Iglesias, Mirrahimi in [I2] and
by Gandon, Mirrahimi in [22], respectively for time-periodic and space heterogeneous environments.
This enables them to derive asymptotic expansions for the moments of the phenotypic distribution,
which are more directly measurable in biology. The results from [12] and [22] demonstrate that these
approximations yield more informative conclusions for applications. It is natural to focus on this
simple model, as its study may serve as a basis for more elaborated models incorporating additional
effects.



1.3 Assumptions

The assumptions we are stating below are the same as in [21], where the authors noticed that this
set of assumptions allowed them to work with smooth solutions, thus going quite far in the study of
. We believe that the results that we will prove under these assumptions would certainly be false
if some of those assumptions were removed.

e Assumptions on . The function 1 is chosen so that

0 < b < < < 00, Y e WH®(RY). (1.6)

e Assumptions on R. We choose R € C?, and we suppose that there is Ij; > 0 such that (fixing
the origin in x appropriately)

max R(x, ) = 0= R(0, ). (1.7)
z€Rd

This assumption implies that the resources are limited and that the growth rate R is nonpositive
for every individual in a population of weighted size ;. We also assume that

—K,|z)> < R(z,]) < Ko — Ki|z|>,  for 0 <1< Iy, (1.8)

— 2K, < D*R(z,I) < —2K; < 0 as symmetric matrices,

DFR(-,I) € L®(RY), for k € {3,...,6} and for 0 < I < Ij. (1.9)
We also assume that
k<% % (1.10)
RS 7= 2. .

These assumptions imply in particular that for all I, R has a single maximum point, that is there
is only one optimal trait for all values of I. However, the concavity of R is a stronger technical
assumption which guarantees, together with a concavity assumption on the initial data, that
the solution to remains smooth and concave for all times. The monotonicity assumption
captures the competition between individuals, it means that the growth rate decreases as the
size of the weighted population increases.

We also assume that
9?R PR *R
910 @ D gramas, @ D g iar 0 00,

for 0 <I<Ipy,andi,j, k=1,2,---,d.

(z,1)] < K3, (1.11)

e Assumptions on n(0,.). To study the qualitative behavior of n. we use, as is by now classical,
the Hopf-Cole transformation

Ne = exp <%) . (1.12)

The initial datum n(0,.) := ng will be chosen to satisfy some compatibility conditions with the
assumptions on R and 1. Namely, we require that there is I° such that

0<I°<I.(0):= Y(x)nl(z)dx < Iy, (1.13)
Rd
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1.4

and we can write

r .
nd =e% = —e=, with u® € C*(R?), and maxu®(z) =0,
gz z€RY

which implies that

ul = u® + ¢ log (Z) .
€2

As for u¥ we assume the existence of positive constants Lo,fo, Ll,fl such that

Ly — Ly[af? < u'(x) < Lo — Lo (1.14)
—2L, < D*° < —2L;. (1.15)
We also assume that
1
7< @/J(x)R(x,IE(O))ng(x)dx) = o(1), as € goes to 0. (1.16)
e R4 —

In terms of modeling, this assumption guarantees the survival of the population.

We also need the following technical assumptions

DO e L®(RY), for k € {3,...6}, (1.17)

n2(z) = Lo (z — o) weakly in the sense of measures,

with R(xo,Ip) = 0 and Iy = ) (xg)p". (1.18)

Notations

To describe the asymptotic behavior of a function f., when & approaches 0, we will use the
following notations. We will say that f. = O(ge) if and only if there exists C' > 0 independent
of e, such that for e sufficiently small, we have |f;| < C|ge|, uniformly in time and space. We
also say that f. = o(g:) if and only if there exists a function «., such that for £ small enough
we have f. = a.g., and a. tends uniformly to 0 when € goes to 0.

In this paper, all constants C' are independent of €, may eventually depend on the time interval
length T', and can change from one line to another.

For all a,b € R, we define the interval e(a, b) as follows

e(a,b) := (min(a, b), max(a,b)).

We introduce notations corresponding to the moments of the phenotypic distribution. Here we
choose ¥ = 1 and we define ¢. := ’}—j to be the phenotypical distribution. We then introduce
notations for the first moment and the central moments of order k:

M (t) == /]Rd xqe(t, x)dz,

M) = [ (o= M1e0) ac(t.)de,

We will use these notations to examine the approximations of moments.



1.5 Previous results

Under the above assumptions the following theorem is proved in [21].

Theorem 1.1 [2]] Under assumptions f, as e — 0 and along subsequences, (u:)s converges
locally uniformly to u € L2, (RT; W/Ii’coo(Rd)) NW (R LS (RY)) and (I.). converges almost every
where to I € W1 (RT), where u is a viscosity solution of the Hamilton-Jacobi equation with constraint
. Moreover, for all t > 0, the mazimum of uc(t,-) is attained at a unique point x.(t) € R%
z.(-) € WH([0,T); RY) uniformly in ¢ < eg, for all T > 0 and some gg > 0. As e — 0, (z-(t))-
converges locally uniformly along subsequences to T(t) € WH(RT;R%), the unique mazimum point of

u(t,-), which satisfies
#(t) = (=D>u(t, () VLR(z(1), I(t)), Z(0) = =0, (1.19)

and
R(z(t),1(t)) =0, I(t) < Ip. (1.20)

Corollary 1.2 As e — 0 and along subsequences, we have

ne(t, ) — p(t) 6(z — (1)), weakly in the sense of measures,
with 1)
t) = .
GURNTE0)

A natural question is therefore to understand whether the convergence in Theorem|[I.I|can be improved,
i.e. (i) whether it holds in a stronger sense than along subsequences, (ii) whether an asymptotic
expansion of the solution can be provided. The following uniqueness theorem, proved in [23], answers
the question (i).

Theorem 1.3 [23] Under assumptions (1.6)—(1.18), the Hamilton-Jacobi equation with constraint
(1.5) has a unique solution (u,I) € LS (RT; VVli’coo(Rd)) NCHRT xRY) x CHRT) and Vu € CH(R x
RY).

The uniqueness result was established in the general framework and without the concavity assumption
by Calvez and Lam in [4]. The uniqueness replaces convergence along subsequences by convergence of
the full family, and allows for error estimates. In this paper, we will provide an asymptotic expansion
of the solution (ii).

1.6 Main results

The next Theorem proves first order asymptotic expansions for the solution u. of ([1.4)), its maximum
. and the quantity I..

Theorem 1.4 We assume (1.6)—(1.18]). Let n. be the solution of (1.1)) and u. be defined by (1.12)).
There exist continuous functions J : Rt — R, v € LW ([0, T|xR%), and a constant C(T) = C > 0

independant of €, such that we have the following expansions:

HIg —I— €JHLoo([07T]) S 082, (121)



lze — T — eyll oo (o1)) < C2, (1.22)

r 2
Jue — u — v — elog (W) | psewe (o ryxmey < C2 (1.23)

where x-(t) is the mazimum point of u:

max u(t, ) = u:(t,z(t)).
zERY

This proof relies on the methods of Mirrahimi and Roquejofire in [23], in addition to the results of [21]
within the concave framework. They noticed that the solution u is smooth, strictly concave and that
the unique maximum of u evolves according to an ODE. Moreover, we exploit the equivalence proved
in [23] between the constrained Hamilton-Jacobi problem and the ODE-PDE formulation (4.4).
The idea is then to first control I using the Laplace’s integration method and then compare u. to u
using the PDE-ODE formulation. To this end, we will use regularity estimates, maximum principle,
and the method of characteristics. Using the asymptotic expansions from Theorem we obtain first
order asymptotic expansions for the moments of the phenotypic distribution.

Theorem 1.5 We assume (1.6)—(1.18), and ¢ = 1. For all k > 1, there exists a constant Cy(T) =
Cy > 0, independant of €, such that we have

[Mi,e — T — M|~ (o,17) < CreVe, (1.24)
[ M3 . —eMal|pooo,17) < Coe?, (1.25)
I M5, o — Moge® || oo (0.7 < Cone® Ve, (1.26)
[ M3pi1e — M2k+1€k+1HLoo([o,T]) < Copy1eH, (1.27)
with
1 _ _
Mi(t) = 5 (= D*u(t 2(1)) 2D3u(t, Z(t)) + (— D>u(t,Z(t))  Volt, 7(1)), (1.28)
My(t) = (= D*u(t, =(t)))
2%)!
Ma(t) = S ()
kEo(2(k+ 1)
Moag11(t) (2 ) D3u(t, T(t)) Mo (t)*+2.

T3 2kFI(k+ 1)

Theorem follows directly from the asymptotic expansion of Theorem [[.4, combined with the
Laplace’s method of integration. The proof of Theorem is provided in the appendix

Remark 1.6 We notice that the mean phenotypic trait is close to the dominant phenotypic trait T(t)
and that the phenotypical variance is of order ¢(—D?u(t,Z(t))) 1. Using these properties, the canonical
equation and after a change of variable t — ct, we obtain that the derivative of the average
trait is equal to the phenotypical variance times the selection gradient. This is reminiscent of Lande’s
equation in quantitative genetics [19,[20]. This equation has been originally derived assuming that the
phenotypic distribution is a normal distribution. Here we relax this assumption and capture the shape
of a phenotypic distribution which is not necessarily of Gaussian type. We also track the dynamics of
the phenotypic variance which may vary significantly in long times.



The paper is organized as follows. In Section 2 we gather some useful facts about u.. All the results of
this section were stated in [21I], but, due to their importance for the sequel, we reprove the concavity
properties of u.. The asymptotic expansion process starts in Section 3, where we find an approximation
of I.(t). In Section 4 we prove that u., I., and u, I differ by an order at most . This will allow for
a complete expansion of I. and u.. Theorem is proved in Section 5.

2 Known features of u. and I.

The first quantity to estimate is I.. Once this is under control, one may derive estimates on u., the
main one being its strict concavity. Notice here that some constants are meaningful, and that one
should carefully keep track of their respective values.

Theorem 2.1 There exists I, > 0 such that
0< Iy <L) <Iy+Ce ae. (2.1)
This is a nontrivial property; see [21], Section 4.

Theorem 2.2 We have the following estimates on u. for all t > 0,

—Ly— M, |z|* = 2edMt < uc(t,z) < Lo — My|z|* + Kot, (2.2)
—2M, < D*u.(t,x) < —2M, (2.3)
HDkua(t? ')HL‘X)(Rd) < O(T)7 Jort e [O7T]7 k= {37 76} (24‘)

with M ; := max (Ll, —Vfl), and M7 := min (fl, v ZFI) Equation ([2.3)) should, once again, be under-
stood in the sense of symmetric matrices.

Remark 2.3 The estimates and were already proven by Lorz, Mirrahimi and Perthame in
[21]. For completeness, we reprove these results in detail and establish estimates for the higher-order
derivatives of u.. The estimate implies that u. is strictly concave. Therefore, uc(t,-) has a
unique mazimum that we denote x-(t) for the rest of the paper, i.e.

argmaz uc(t,-) = x:(t). (2.5)
Before we demonstrate Theorem we prove the following Lemma

Lemma 2.4 Let fix (tg,z9) € RT x RY. We define W and w, as W(ty, zo) := max|e|—1 aggu(to, xo) and
w(to, To) = minygj—y I, u(to, o).

Then, there exist Eoéo € R such that |£y] = 1,1 =1,
W(to, x0) = 0% ¢ ulto, o), Dulto,x0)-& = W(to, x0)Eo,

and
w(to, :Eo) = 8§20§0u(t0, 330), D2u(t0, :L’()).§O = w(to, xo)go.



Proof. We prove the result for w, the one for w can be proven similarly. We define H := D?u(tg, zq).
The matrix H is real symmetric, according to the spectral theorem there exists P € Oy4(R), an
orthogonal matrix, and D = diag(\y, ..., Ag) such that H = PDPT.

Thus, we have:
d d
Vi € {1 ZZ 8k] to,.%'o)
k=1 :

Moreover, if 0, = Zi:l 71,0k, then we have:

d d

8 (to,a}() ZZkaﬁk] (to,l‘o)

k=1 j=1
If P; denotes the i-th column of P then for all i € {1, ...,d}, \; satisfies:
)\i = 8123ipiu(t0, .%'0).
Let us show there exists ig € {1,...,d}, such that X\;, = 525 u(to, o).
By contradiction, we assume for all i € {1,...,d}, 8% p u(to, xo) # (9 - u(tg, x0).

We know by definition that max)¢—; 0? e = 02

s 2 u(to, o) thus, for all i € {1,...,d}, 0% pu(to, z0) <
0S0 T+

02 _ u(ty, o). We compute:
&oéo

35205()“@07%’0) = (P&y)"D(P¢)
d

d
=Y N(P&); < <Z(P§o)2> 02 ¢ ulto, o).
=1

=1

We use that P is an orthogonal matrix ie. Ef 1(P&y)?* = 1. This is a contradiction, thus there

exists ig € {1,...,d} such as \;, = 5 £, u(to, xog). Moreover P, is an eigenvector of H, of eigenvalue

85 £, u(to, zg). Therefore, we conclude that:

D?ufto, x0).&y = Vg = agogou(to, 20)&o = W(to, x0)Ep.

Proof of Theorem [2.2]
(i) Let us prove the first estimate (12.2).

We define a(t,z) :== —Ly — M, |z|*> — 2deMt and b(t,x) := Lo — M1 |z|* + Kot.

e Let us show that a < wu, :
We use the definition of a, and the assumption ((1.8)) on R, to obtain:

ora — eAa — |Val|? — R(z, I.(t)) = —2deM, + 2deM | — 4M?|z|* — R(x, I.(t))
< —4MF|z[* + K, J2|* < 0.

with a(0,z) = —Ly — M |z|> < u-(0,z), for € R Thus, a is a sub-solution of (T.4)), we conclude
using the maximum principle.



e Let us show that u. <b:
We use the definition of v, and the assumption (1.8) on R, to obtain:

O — eAb — | Vb2 — R(z, I.(t)) = Ko + 2deM, — AM;|z|? — R(z, I.(t))
> (K, — AM})|z|? > 0.

with b(0,z) = Lo — M1|z|?> > u-(0,z), x in R%. Thus, b is a super-solution of equation (T.4)), we
conclude using the maximum principle.

(ii) Let us prove the concavity estimate ({2.3).

Let § > 0 be small. We define ¢5 € C°(R™), as an increasing concave function, such that:

r if r <ot
Gs(r) =
Sh+1 ifr>0t 42
We define u. s to be the solution of
atue,é - 5AU6,5 = ¢5(‘vua,5|2) + R(fL‘, Ie(t))v t>0, z€ Rda (2'6)
ue 5(0,2) = u’(x),
and u to be the solution of
O — eAu = —2K;|z[%, t>0, x € RY, (2.7)
u(0,z) = u’(z).
e We first show that u < u.s < ue..
Let us show that u < u, 5.
We use (2.6) to compute
Byucs — elug s+ 2K |2 = 2K |2* + ¢5(|Vue 51*) + R(, I(t)).

Thanks to the definition of ¢5, we know that ¢s(r) > 0. According to the assumption (1.8) on R,
we have R(z, I.(t)) > —2K;|z|?.
We deduce that u. s satisfies:

O 5 — eAug s + 2&1!33\2 >0, t>0,x¢€ ]Rd,
ue (0, ) = u® > (0, ).
Thus, u. s is a super-solution of the following PDE
Ou—eAu=—2K|z[>, t>0, z€R,
u(0,-) = u’(:).
We define v := u. s — u and v is a super-solution of:

o —eAv>0, t>0, zecR?
v(0,-) > 0.

10



The application v is a super-solution of a parabolic equation with bounded coefficients, and 0 is the
solution of the same equation, thus we obtain u < u, 5, using the comparison principle.

We now show that u. 5 < ue.

We notice from the definition of ¢g, that for all » > 0, we have ¢5(r) < r, using (|1.4)) we find

Opue — eAue > ¢s(|Vue|?) + R(z, I.(t)), t>0, z € RY,
u8(07 ) 2 u€,5<07 )

Thus, u. is a super-solution of ([2.6)). The application ¢ is bounded, we conclude using the maximum
principle and we obtain u < u. 5 < u..

Next, we prove the following Lemma (2.5)).
Lemma 2.5 Under assumptions (1.6)—(L.18]), there exists constants 6575,QE75 > 0 such that

_Qg’J < D2u8,6 < 65,6-

Proof. We want to show that D2u5,5 is bounded, but not necessarily uniformly with respect to € or
0. To this end, we define v, 5 and w, 5 as follow
Opves — eAvg 5 = R(x, I.(t)),
06,5(07 ) = uE(O, ')7
we s — eAwz 5 = d5(|Vue 5)%),

w6,5(07 ) = 07
and we have

Ue 5 = Vg,5 + We,5, (28)
where u, 5 is the application defined in (2.6]).

e We can solve the PDE on v, s as the heat equation, and D?v, satisfies

D?uv(t, ) = / e~ @0/ D2y (0, y)dy

47Tt)

/ / (:vfy)z’/(‘l(tfs))D2R(y7 I.(s))dyds.
Re (47(t — s)

We now use the assumption (1.15)) on u’, to obtain that there exists C, C, such that

1 _
—-C< / e (x_y)2/(4t)D2u€(0,y)dy < -C.

- d
2

(4mt)

We now estimate J(t,x) := fo fRd ))d (x_y)z/(‘l(t_s))DQR(y,Ig(s))dyds. To this end, we use
w(t—s
the change of variables

-y

20/t —3s

11
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and we find .
1
J(t,x) = d/ / e_ZQDQR(x — 22Vt — s, 1(s))dzds.
w2 Jo JR4
Using the assumption ((1.9) on R, we conclude that
~C(T) < D*v.5 < —C(T),
Similarly, we show that there exists «(T") such that when z tends to +oo,

Ve | ~ 7lz|. (2.9)

The application ¢s(|Vue s?) is bounded, thus according to Ladyzhenskaya [18], Chap.3, there exists
C(e,0) > 0, such that |Vuw, 5| < C(g,9).

We compute ¢5(|Vue 5/?) using (2.8), and we find
05(|Vue %) = ¢5(|Vve s + 2Ve 5 - Ve 5 + [V /7).

Using the definition of ¢s, the equivalence (2.9) and the bound on |Vuwy, 5|, there exists Rs. > 0,
such as for all |z| > R;.,

bs(|Vue,?) = 1.
Thus, w, s satisfies an equation of the type:

8tw675 - SAwE,é = f(t7 &€, vw€,5))

with f(t,z, Vw.s) = 1if |z| > Rs.. According to [I8] Chap.4 and 5, since v, s is locally Cija’Hf (R x
24+a,1+5

R*), the map (¢,z) — f(t,x,p) is Cot (R? x R*) locally uniformly in p (the Holder constants

. 24alte
do not depend on p). Thus w, s is ijtra i

(RY x R*) uniformly in .

We continue the proof of Theorem

Let us show that —2M; < D?u, s(t,x) < —2M :
We prove the lower bound, the upper bound can be proven similarly.

We define v := 82€u575, we differentiate (2.6]) twice, to obtain

O —eAv — 2¢g(]Vu575\2)Vu575.Vv — 4¢g(\Vu&(;|2)(Vu€,5.V(85u575))2
= 2¢3(|VU5,5|2)|V85U5,6|2 + aggR(:E, Is(t))'

We introduce

w(t,x) := II?'a)l( 8525%,5(15, x).

We prove that w is a viscosity sub-solution of:

dw — eAw — 2¢5(|Vue 5|*) Ve 5 - Vo = 2¢5(|Vue 5/*)w? — 2K;. (2.10)
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Let h be a test function such that w — h admits a local maximum at (¢, zo). Thanks to Lemma [2.4]
there exists & such that w(tg, zo) = 85205011(150, x0). The application 6§0§0u has a local maximum at
(to, o), because w = max|¢|— agguw;. Thus, we deduce that at (to,xo)

Oth — eAh — 2¢5(|Vue 5|*) Vues - Vi < 0107 ¢ u — eADZ ¢ u — 285(|Vue 5°) Ve s - VOZ ¢ u

= 465 (| Ve 51*) (Ve 5.V (Ocue 5)) + 205(|Vue 1) VOeue s° + 02 ¢ R(x, I(1)).

By deﬁnitiorL, ¢s is concave, thus ¢§ < 0. According to the assumption (1.9) on R, we have
Reey < —2K4. Thanks to Lemma |VOeue 5| = w2 Therefore, we obtain the following
inequality

Oth — eAh — 285(|Vue 5|*) Ve 5 - Vh < 2¢5(|Vue 5*)w? — 2K ;.

Moreover, W := —2M is a super-solution of the latter equation. We compute
_ — ——2 —
265(|Vue 5|*)w? — 2K1 = 8M165(|Vue 51%) — 2K,

since ¢; is concave and ¢5(0) = 1, we have ¢ < 1.
Thus, we deduce

265(|Vue s |2)0? — 2K, < 2(4M; — K1) < 0.

Thanks to Lemma w is bounded (not necessarly uniformly in € or §). Equation (2.10) has
bounded coefficients, thus using the maximum principle for viscosity solutions, we conclude that
D2u€,5 < —2M;.

Let us prove that (u.s)s ﬁ ue locally uniformly. The application u, s is a viscosity solution
—
of (2.6), that we can write as

Oyt 5 + Hs(x, ue 5, Ve 5, D*ue 5) = 0

with
H5(x,u,p, M) = —StT(M) - ¢5(’p|2) - R(xvla(t))

— (¢s)s converges locally uniformly to Id.

Thanks to the last points,

— ug,s is locally uniformly bounded in d, because u < u. 5 < u..

— Vues and Oiues are locally uniformly bounded in 4§, because —2M; < DQUE,(; < —2M; and
u < Ug,5 < Ue.

— According to Arzela-Ascoli Theorem, there exists a subsequence (0x)ren such that

Ue 5, k4> ve locally uniformly. Thanks to the stability Theorem of viscosity solutions of
—+o00

Hamilton-Jacobi equations ([I], Theorem 2.1, p.21) v, is a solution of ((1.4]). We use the uniqueness
of viscosity solution in R? to obtain, v, = u..
We let ¢ tend to 0 and we obtain the wanted inequality —2M; < D?u,. < —2M;.
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(iii) Let us prove that ||D3u5”Loo([0’T}><Rd) <C(T), (2.4):
We differentiate three times with respect to x (1.4]), and obtain:
003 pue — eND} ;e — 2V 5 pue - Vue = 2V pue - Vojue + 2V0jus - VO3 jue (2.11)
+2V8; jue - VOyue + 035, R.

The function 8;3 kU satisfies a parabolic system of equations (2.11)), the terms of the right-hand-side
have bounded coefficients, and D3uq is uniformly bounded with respect to e, thus according to the
maximum principle, we have:

1D tel| oo 0,77 xRy < C(T).

(iv) One can prove the estimates for the derivatives of order 4, 5, and 6 similarly.

3 An approximation of I

In this section, we give an approximation of I. which leads to an estimate of R(z.(t),I-(t)), where
x(t) defined in (2.5)), is the maximum of u.(¢,-). We will use this estimate in the next section to prove
the Proposition To this end, we introduce the set 2 := {:c € R, R(x,0) > O} and we define
Z:Q — RT as follows. Let y € Q, then Z(y) € R is the unique nonnegative constant such that
R(y,Z(y)) = 0. The function Z is well defined on € because R is strictly decreasing and tends to —oo
as I approaches +oc.

Lemma 3.1 Under assumptions (1.6)—(1.18), there exists a constant C(T) = C > 0, independant of
e, such that for t € [0,T], we have

[1(t) _I(xs(t)” < Cg,

and consequently

| R(x:(t), (1)) | < Ce.

Proof. We give the proof for d = 1. The argument can be adapted easily to the general case with
d>1. Let fix T > 0.

(1) We first need to check that for all ¢ € [0,7], we have z.(t) € Q. Let t be in [0,T]. It has been
shown previously in [3], [2I] that u. converges locally uniformly to u. By definition of z.(t) and Z(¢),
they respectively maximize u.(¢,) and u(t,-). Thus, z.(t) converges to Z(t) along subsequences. We
know by definition of Z and by [23] that

R(z(t),Z(Z(t))) = R(Z(t),1(t)) = 0.

Thanks to (L.10), we observe that I(t) = Z(z(t)).
We know that I(¢) > 0, thus because R is strictly decreasing, we have

R(f(t), I(;)> > 0.

Since u. converges locally uniformly to u, for e sufficiently small, we also have

R(a:s(t), I(;)) > 0.
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We conclude using (1.10]) and (¢) > 0 again, that
R(z:(t),0) > 0, ie. z(t) € Q.

(ii) We differentiate with respect to time the equation (1.2). Then we use the expression of £0in.
from equation (1.1) and integrate by parts to obtain

d
aa[g(t) = 62/ Ang(t, z)y(x)dxr + / ne(t, z)R(z, I.(t))¢(z)dz.
R R
We define J; :=log(I.). Using the Hof-Cole transformation (|1.12)), we have

gg — 2 Jr 1= (t, 2) Ap(z)da
== [RXLELT

ue (t,2) —ue (t,ze (1))
Jre :

R(z:(t), I-(t)) (3.1)
R(z, I.(t)) — R(xa(t),la(t)))q/)(x)dx

ue (t,x)—ue (t,ze (t))
f]R € € Y(z)dz
Using ([1.6)), we control the first term of (3.1) and obtain
2fR ne(t, z)Ay(x)de
Jrne(t, 2)P(2)dw

We then prove that the last term of the right-hand side of (3.1)) is of order €. Firstly, we will find an
equivalent of the denominator and secondly show that the numerator is of order €.

_|_

= 0(e%). (3.2)

Let us show that

ue (t,2) —ue (t,z (¢)) - 2me - ol /2
| e = | (7(0) + o(VE). (33)

We use the fact that x.(t) maximizes u.(t, ), and obtain the following Taylor-Lagrange expansion

Ve e R, 3z € e(x,xe(t)), ue(t,z) = u(t, z(t)) + %DQua(t, :cg(t))(a?—xs(t))2—i—éDSuE(t, 2)(z—z-(t))>.

We introduce a > 0, to be chosen later and we split the integral in two

A1 = / e
|~z (t)| <eo

ue (t,x) —ue (t,ze(t))
As ::/ e = Y(x)de.
|z—zc(t)| >

ue (t,x) —ue (t,ze (1))
€

P(z)de,

To estimate A;, we make the change of variables y = x_\%(t) and obtain
A= e o3 D uebee v+ Duc (L g (1) + /ey dy.

1
ly|<e®™2
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We want to write an asymptotic expansion of the exponential. To this end, we use that D3u. is
uniformly bounded thanks to (2.4), and choose a such that /ey = O(e3*7!) is small, ie. a > % and
compute

_ e o5 D2uc (tae (1)y (1 + \fD:gug(t, 2)y + O(éyﬁ))

1
ly|<e®™2

x (1 (wet)) + vy (e >)—%<>@Fe>)dy
— \[7!}(335 )/ ) D ue(t, xg(t))y dy+ ¢($a( ))/ e%D2u5(t,rg(t))y2D3uE(t’ z)y3dy
ly|<e®™ 2

1
ly|<e®™2

+ \E¢(Sﬂg(f))/ 6§D2u€(t’x5(t))yQO(gyﬁ)dy—f-g(&,oz),

1
ly|<e®™2

where £(e, a) is the rest of the expansion. We will compute and estimate the first terms of the latter
equation, before we prove that £(g, a) = o(\/¢).
We choose % <a< %, such that lim._, €273 = +00, and thanks to (2.3 we have:

Veu(edt) [ ebpeteOntay — p(a), [

e Dz T OV

The second term of A; is of order o(y/€). Indeed, for a > %, [ey?| < &% 3 = = o(y/€). We then use
Theorem [2 . 2| which g1ves us that D3u, is uniformly bounded -, and the concavity estimate on u.

- ) to obtain lim._q fo 7 ez D?uc(tae(t)y? dy < f0+oo —Muy® dy < +o0.
Similarly, the third term of the right-hand side is o(y/€). We now want to make sure that the last
term is small enough, we write &(e, @)

e%DQ“E(t’%(t))yzy(l + \fp%s(t, 2y’ + O(sy6))dy

+ 5\/5/ ) e%D2u5(t,xs(t))y20(y2)(1 + \énguE(ta z)yB + O(6y6)>dy.
|<e*72

%mzwmw/

1
ly|<e“™2

Using the fact that ¢ € W?2°°(R?) thanks to (T.6]), as well as Theorem [2.2/ which gives us the estimate
D?u. < —2L; ([2.3)), and the uniform bound on D3u. (2.4) and recalling that we chose % <a< %, we
deduce that £(g, ) = o(\/2).

We now estimate As. One can make the same change of variables y = i\fg(t) to obtain

Azzv%/ | AP OE DN oy 4+ () dy,
|[>e*72

Using agam . ., we obtain that the application under the integral is integrable. We also
have £~ 2 goes to +oo when e approaches 0. Thus, we have Ay = o(1/¢). Finally, we obtain

2me

/eus(tﬁx)Us(iﬂfs(t»w(x)dx A —|—A
€ = A1 2 = T19 /1 —/\1
R | D2u(t, z(t))|

$(E()) +o(VE).
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We now prove that the numerator of the last term in (3.1)), is of order £4/¢, ie.

‘ /R R (R(x,]a(t)) - R(xg(t),la(t))>1/)(a:)dx‘ < Cev/e. (3.4)

We proceed as before and split the integral in two, with a to be chosen later

Ar = /m_%gaa pretesimetetd (R L.(1) = Ra-(t), () ) de,
Ay = /W_waa e @) (R (e, L) - R(ee(), 1(1) ) da.
We write the following Taylor-Lagrange expansions:
Vo € R, 3z € ez, 2o(t)), uelt,x) = ue(t, ze(t)) + %DQuE(t, e — z.(t)?,
Vo € R, 32’ € e(,2:(t), R(z,I-(t)) = R(2:(t), I(t)) + VaR(2:(t), I:(t)) - (z — z(1))

+ DR L)@ — )

We start by controlling A,. Using the assumption (1.6 on 1, the uniform boundedness of z.(t), the
assumptions (1.8) (1.9) on R, and the estimate (2.3)) on D?u., we obtain the following inequalities

D2uc(t,2) (z—we (1)?
s < | e T VR 0. L) - re(1))da
r—xe|>e™

1 21/.5 2)(x—xe 2
1 / T @) DR (2, L (1) (@ — (1)
|z—xc|>e™

—Mq|z — z(t 2
<Ol [ e (FHEZEOD o0
|x—xe|>e™ €
—M|z — z-(1)|?
Ol DRl [ e (PO
T—xe|>e™ €
oo M) 2> oo M) 2>
< 20||¢||Oo/ ze” = dv+ 20||¢||OO||D2RHOO/ z’e” = dw.
ex e
We can compute the two integrals of the right-hand side explicitly and we obtain
oo M2 = 20—
/ ge tdr = —— e M€ 1,
gx 2M1
/Jroo $2e’M?2 dzr = Eil e~ Mt = /+°° efﬁiﬁ dx < EOHFIe*MlE%W1 + S
e My 2M 1 Je 2M AMy '\ My

Plugging the results of the integrals in the latter inequality, we obtain
|Ag| < CeeMe ™" | Ceotle M ™ | Og /e,

Thus, we have Ay = O(e\/€), with 0 < a < 3.
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To estimate Aj, we write a Taylor-Lagrange expansion to the next order. There exists 2/,2" €
e(z,x:(t)), such that

3 D%us (t,we () (@—2e (1) 2+ § D3ue (1,2 ) (z—we (1))
A = / e c VaoR(z:(t), I(1)) - (z — z.(t))dz
|[x—xe|<ex
1 D2uc (t,we (1) (m—we (1) %+ F D3 uc (t,2") (z—we (1)) ]
2 6

+ / e : fDQR(z', I(t)(z — z.(t))%dz.

|z—zc|<ex 2

After the change of variables y = l\/sg(t), and for + < o < %, we have

Al = g/ll ) 6%D%E(t,:}cs(t))y2+§D3us(t,zn)y3 VJ;R(xg(t)Ja(t)) Sy + \égD2R(Z/,I£(t))y2
yl<e® 2

X p(ze(t) + Vey)dy

e [ eArhtsn gy VE Dt )y + O(e)
ly|[<e®™2 6

x [VaR(2(t), (1)) -y + \szR(Z’,Is(t))yz] (¥(x=(1)) + Veyd' (z=(1)) + O(ey?))dy

= e (2(t)) VaR(z(1), I (1)) / e3Dus(te-(0)ry qy

1
ly|<e®™2

et (2(1) Vo R (2(t), (1)) / 2 DPuelta O O ey ) dy

1
ly|<e®™2

+ 5\2/5 (fcs(t))/ | esDPulta O D2R (! I (1)) yPdy
lyl<e®™2

+ 5\6@ (e (1)) VR (2-(1), I-(1)) / eaDPueltee O Dy (=, I (#))y'dy

1
ly|<e*™ 2

+ 8\/g¢/(a}€(t))va($g(t); Ig(t)) / e%D2uE(t,xs(t))y2y2dy + 5(8,04).

1
ly|<e“™2

The first term of the right-hand side is 0 because the interval of integra?ioQH is symrr%etric and the
function is odd. The second term, ew(xg(t))VxR(xE(t),Ia(t))f| 1 ex PPtV O ey T dy is

y|<e® T2
of order O(?), indeed the integral Jr e%D%E(t’””E(t»yz\dey is finite, thanks to the concavity estimate
[2.3) on u.. Using the concavity estimate (2.3) on w., the assumptions (I.9) on D?R and D3R, we
conclude that the other terms are of order O(e4/¢). Hence,

‘/Re()(()) (R, () — R(ae(0), 1(1)) ) w(@)de| < Oz,

Finally, we combine the last three estimates (3.2) (3.3]) (3.4 with the equation (3.1]), and we obtain

the following ODE:

5%Jg(t) = R(2-(t), I.(1)) + O(e). (3.5)

(iii) We denote J := log(Z). By definition of Z, we have
R(xa(t),f[(xa(t))) =0. (3.6)
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We differentiate the latter equation (3.6) with respect to time and obtain

d

va(acs(tLI (xs(t)))r'csu) + %R(fﬂe(t),f(ws(t)))az (z=(t)) =0,

thus,
d VIR(xS(t),I(xg(t)Dx'E(t)
Ej(xg(t)) =— p .
T(wc(t) G R (we(6), T (:(1)))

We know that x. converges to T and that 0 < I,,, < Z(%(t)) = I(t) < 2Ip;. We deduce that for e
sufficiently small, we have 0 < 17’” < TI(z:(t)) < 2Ip for all t in [0,T]. Now, we use assumption ((1.10]),
and obtain

 VeR((0).Z(x:(1))
T(a(1)) 4 R (=(0), Z(e=()

We need to verify that z.(t) = O(1). To this end, we use that by definition z.(t) maximizes u.(t, "),
which leads to

—0(1).

Vu.(t, z:(t)) = 0.

We differentiate with respect to time to obtain

%Vus(tvxs(t)) = VOyue(t, x(t)) + D2u€(t,x5(t))j3€(t) =0

Thanks to (1.1)) we have for all i € {1,...,d},
0;0vus = e0;Aue + 20;(|Vue|)|Vue| + 0; R(x, I.(t)).

Hence, we have
#o(t) = (=D%uc(t, 2 (1)) [VaR(2o(t), (1)) + eV Aw,] . (3.7)

By Theorem and the uniform boundedness of z.(t), we have

ie(t) = O(1)
Finally, for all ¢ € [0, T], we have
6%](%(15)) - R(we(t),I(:L‘g(t))) +O(e).

We subtract the latter equation from the equation (3.5)) and we obtain for all ¢ € [0, T,

E% (Js(t) - j(l'z-:(t))) = R(l‘g(t),fs(t)) — R($E(t),I(IEE(t))) + O(E)

We multiply by sgn(J-(t) — J (z-(t))) and use the fact that R is decreasing with respect to I, thanks
to the assumption (1.9, to obtain the inequality

s%]JE(t) = T (z(1))] < —|R(2:(1), I:(t)) — R(z<(t),Z(z=(t)))] + O(e).
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We denote R(z,.J) := R(x,e’), and we use the mean value theorem to obtain

GV = T (o0)] < min R, D) — T (w(0)] + O(e)

We apply Gronwall’s lemma to the last inequality
C
1J(t) = T (2:(1))] < Ae™ = + O(e).
Because I, and Z(x.(-)) are bounded in [0,7], we have

L(t) — I(z:(1))| < Ae=F +O(e),

ie. for T > 0 fixed, for ¢t in [0,T], |I(t) — Z(z:(t))| < Ce, and consequently, for ¢ in [0,7],

R(z:(t),I:(t)) = R(-(t),Z(z-(t))) + O(e) = O(e). This completes the proof of Lemma

4 FError estimate to the order ¢.

O

In this section, we will prove the Proposition using Lemma [3.1] This proposition is a first step

before proving the Theorem To this end, we adapt some methods used in [23].

Proposition 4.1 We assume (1.6)—(1.18). Let ne be the solution of (1.1)) and u. be defined by (|1.12)).

There exists a constant C(T) = C > 0, independant of €, such that we have the following error estimate

e = I|| o o,1)) < Cb,

|ze — Z| Loo (jo,17) < C,

r

|ue —u — elog( < Ck¢,

g )”L;’OW,‘CI’C’O([O,T]XRd)

e

where z(t) is the mazimum point of u.:

max u.(t,z) = u:(t,z(t)).
z€RY

4.1 System of equations satisfied by (u., I, x.)

We first notice that (ue, Ic,x.) solves the following system

R(z(t), I(t))) = O(e), for t € [0, T,
o(t) = (= D2uc(t,2.(t))) " [VoR(z(t), () + eVAu.] , for t € [0,T],
Opue = |Vue|* + R(x, I.) + eAue, in [0, 7] x RY,

with initial conditions

uE(O,m):uO—i—alog( >, I.(0) = Iy + eJo + O(?),  2.(0) = 29 + O(e).

™
m@‘ =
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Indeed, we proved in Lemma 3.1/ that R(z-(t),-(t)) = O(¢). The second line (3.7) was proved in the
last section. This system of equation (4.4]) allows us to compare (uc, I, z.) with (u, I, z) which solves

the system
R(z(t),1(t))) =0, for ¢ € 0,7,
#(t) = (—D2u(t, 2(t))) " VLR(Z(t),I(t))), forte [0,T),
o = |Vul? + R(z, I), in [0, 7] x R

To this end, we define
Ve(t, ) = u:(t, ) + € log(

)-

In this way, we remove the term of order loge, so that (ve, I, ) solves

o™
wm‘ =

R(z:(t),1:(1))) = O(e), for t € [0,T],
e (t) = (—D?ve (t, zo( t))) [VoR(2:(t),I:(t))) + eVAv], fort € [0,T],
e = |Vv:|? + R(w, I.) + eAvy, in [0, 7] x R%.

with initial conditions

v:(0, ) = u, 1.(0) = Iy +eJy + 0(52), ze(0) = zo + O(e).

4.2 An approximation for z., I. and u., of order O(¢)

In this subsection, we prove Proposition [4.1}
Proof. We fix T'> 0, and ¢ € [0, 7).
(1) We start by proving the following inequality
I1.(8) — T(ae(8))] < Claa(t) — 7()| + C=.
By definition of Z, we have for all y € Q, R(y,Z(y)) = 0, thus,

R(z(t),Z(z(t))) — R(@(t), Z(ze(t))) = R(e(t), Z(2=(t))) — R(T(t), Z(w<(1))).

(4.5)

Thanks to Lemma 3.1 we have R(z-(t),-(t)) = O(e). Hence, combining with the latter equation we

obtain

R(w.(t), (1)) + O(e) — R(#(t), Z(a.(1)) = R(x(t), Z(z=(1))) — R(z(t). T(a.(1))
Thus, we have
R(@(1), I(1)) — R(z(t), Z(z=(1))) = R(@(t), I(t)) — R(2=(t), I(t)) + O(e)
+ R(ze(t), Z(z(t)) — R(z(t), Z(2:(1))).
There exists I € e(I:(t),Z(z:(t))), and (c,c’) € [0,1]2, such that

;IR( (1), D)(I(t) = Z(2e(t)) = O(e) + VaR(cT(t) + (1 = c)ze(t), L(t)) - (@(t) — 2<(1))

+ Vo R(dz:(t) + (1 = )Z(t), (2 (1)) - (w(t) — Z(¢)).
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According to the assumption (L.10), we have —K, < %R < —Kj. Moreover, t — VR(z(t)), and
t — VR(z.(t)) are bounded because T and x. are in a compact set for ¢ in [0, 7.
Finally, we obtain

[1e(t) = Z(2=(t))] < Clae(t) — ()] + Ce.

(ii) To prove the expansions, we will use the following Lemma.

Lemma 4.2 Under assumptions (1.6)—(1.18)), for § €]0,T] small enough, we have
HUE - uHLtOOW;LOO([Qﬁ]XRd) < CHI(E()) - IEHL("?([O,J})é + Ced.

Proof of Lemma [4.2]

(a) Let us show that [[v: — ul| foo(po 5)xre) < CllIe — I||00d + Ced.
To prove this inequality, we define r := v, — u. According to (4.6 and (4.5)), r satisfies the equation:

Or = eAve + (Vu+ Vue) - Vr + R(z, I.(t)) — R(z,1(t)). (4.7)

We have already proven that D?v. is uniformly bounded in Theorem thus eAv. = O(g). Then,
we can write:

Or = (Vu+ Vu.) - Vr+ R(z, I(t)) — R(=, I(t)) + O(e).
We study this PDE using characteristics. The characteristics satisfy:

V() = =Vu(t, (1)) — Ve (t,7(1))-

Let (t1,21) bein [0, d] xR?. The gradients Vu and Vv, are Lipschitz with respect to their state variable.
Hence, we can apply the Cauchy-Lipchitz Theorem. There exists a unique global characteristic 7(t)
for ¢t € [0, 1] such that y(t1) = z1. Multiplying #(¢) by Vr(t,~(t)), we obtain

Vr(t, (1) - A(t) = <f Vu(t, (t)) - va(t,v(t))) LV (t,7(t)).

Thus with (4.7)), we obtain

%r(t,’y(t)) =0(e) + R(, I(t)) — R(z, I(¢)).

We integrate and use the initial condition r(0,7(0)) = O(e), to obtain

t1
r(t1,y(t)) =r(t,21) = / R(z,I.(s)) — R(x,I(s))ds + O(e)t;.
0
Finally, we find
V(tl,ml) € [0, (5] X Rd, ’T(tl,xl)‘ < CHIE — IHLOO([(L(S])& + Céé.

This is the inequality we wanted [[ve — ul| oo (0,51 xrt) < Cl[Le — I[|Loo(j0,5))0 + CES.
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(b) Let us prove that ||Vv. — Vu| peo(jo,5)xrt) < CllI: = I[| Lo ((0,5))0 + Ce0.
We differentiate with respect to e; the equation (4.7]), and we obtain

0:0;r = e AO;v: + (V&we + V&Zu) -Vr+ (Vu + VUE) -Voir + 61R($, IE) — 61R(x, I).

Multiplying by 0;r and summing over all ¢, we have

d d d
> 00 Oir = eVAve - Vr + Y (Ve + Vo) - Vrdir + Y (Vo + Vu) - VOirdir
=1 =1 =1
d
+Y (OiR(w,I.) — OiR(x, 1))dir.
=1

Thus, we deduce

d d
> 00 - Oir < el VAV |Vr| + > [VOue + Voul|0ir||[Vr| + |VR(w, I.) — VR(x, I)||Vr|
=1 i=1
d
+ 3 (Ve + Vu) - Voirdr.

i=1

We know that D?v., D?u, D3v. are uniformly bounded thanks to (2.3)), and ([2.4)), then we divide by
V],
and obtain

|Vr| < Ce+ C|Vr|+ (Vv + Vu) - V|Vr| + [VR(z, I.) — VR(z, I)].

Finally, we have
0¢|Vr| < Ce + C|Vr| 4+ (Ve + Vu) - V|Vr| + C|I(t) — I(t)]. (4.8)
As in the last point, we study the characteristics of the equation. The characteristics satisfy:
V() = =Vu(t,y(t)) = Vo (t,7(t)).

Let (t1,21) be in [0, 6] x R, according to the Cauchy-Lipshitz Theorem, there exists a unique charac-
teristic such as y(¢1) = x1. Moreover, v is well-defined in [0,¢;]. By definition of 7, we have

VIVr|(t,y(1) - A(t) = =(Vu(t, (1) + Voe(t,7(1))) - VIVr|(E, y(1))-
We add the equation (4.8 to the latter equation, and we obtain:
d
&’VT’(E’Y@)) < CIVr|(t,y(t) + CllIe = || (jo,8)) + Ce.
Using the Gronwall’s Lemma, we obtain the inequality.

(c) We now prove || D?v. — D2u||Loo([0,5]XRd) < C|Le = 1|z (jo,5))6 + Ced.
We differentiate two times with respect to £ the equation (4.7)), we find

8,:6?57" = €A8§5v€ + (Vaggva + V(‘)ggu -Vr +2(VOogv. + VOeu) - VOer + 852,5]%(3:, I.)— 852£R(;1:, I)
+ (Vv + Vu) - VOZr.
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Thanks to the estimation (2.4) in Theorem we know that D*v. is uniformly bounded. Thus,
eAaggvs = O(eg). With similar arguments, we obtain

O|0Fer| < CllIe=1| oo (0,6)) S+ CllOZer || oo (0,5 xRy T (Vvet V) -V|0Zer [+ C | T L ||| oo (0,5 +Ce- (4.9)

The characteristics follow

V() = =Vu(t, (1)) — Ve (t,7(1))-
Let (t1,21) be in [0,8] x R?, and according to the Cauchy-Lipshitz Theorem, there exists a unique
trajectory « such that v(¢1) = x1, and it is well defined in [0, ¢1]. By definition of 4, we have

VI0Zer (8, 4(0))] - () = —(Voe(t,7(1)) + Vult, 4(2))) - V|0Zr(t, 7 (2))]-

We use the equation (4.9)), to obtain

d

31 %er v D) < Ol = Ll (o + CllOgr |l =051 + Ce-
We integrate the latter line in [0, §] and deduce that

‘85257“(151, 1‘1)| < C(SHI — IEHLoo([O’(;]) + C”8€2§T||Loo([0’5]><Rd)6 + Ced.

Hence H(‘)érHLoo([O’g]XRd) < CdHI—IgHLoo([Q(;D+CH8£2£THLOO([O75]XRd)5+C€6, and for ¢ sufficiently small,
we obtain the wanted result.

(d) We prove ||[DFve — DFul|poo (o sjxray < CllIe — Illpoo(o,5)0 + Ced, for k = 3,4, with similar
arguments.

O
(iii) We now show that |z — Z|| e ((0,5)) < COllwe — T Loo(0,67) + C€d + Ce.
According to the equations (4.6|) and , z. and T satisfy the following ODE:
#o(t) = (=D (t,2(t))) " [VoR(ze(t), I.(t)) + eD%v.]
#(t) = (~D*u(t,z(t))) " VLR(2(1), I(t)).
Moreover z.(0) = Z(0) + O(e) = z¢ + O(e), thus

T(t) — zo(t) = /0 [( — Du(s,%(s))) " VaR(x(s), I(s))
— (=D (s5,2(5))) " [VaR(e(s), L(5)) +2VAw] |ds + O(e),
and hence,

|Z(t) — z(t)] < 5/0 |(D2v5(s,xe(s)))AVAvs(s,xe(s))|ds

+ [ |[(= D?u(s,2(s)) "' = (= D>ve(s,x(s)) ") VaR(E(5), I(5))|ds



We study the three integrals of the right-hand side independently, we define:

Ay ::5/0 |(Dzvs(s,xg(s)))_IVAva(s,xg(s))}ds,
Ag = /0 ’ (- D2u(5,§(s))_1 - (- D?u,(s, xg(s))_l)]VxR(f(s), I(s)) ’ds,
Az = /0 ’( — DQUE(S,xa(s)))_l[VxR(a:a(S),IE(S)) — VxR(f(S)aI(S))HdS-

— According to the results (2.3) and (2.4) on D?v. and D3v., we have

4, < 9O
— ZZ .

— We now estimate As.
We can write the following equality

(= D?uls,7(s))) " — (~Dve(s,2e(s))) ™" =
(= D%u(s,%(5))) " [D?u(s,(s)) — D?ve(s, 22 (s))] ( — D?ve(s, 2o (s))) ",
and we use the result of Lemma (4.2}
[ve = ul| Lo j0,6)) x w2oe () < CO|lLe = Z(Z(-)) | Lo 0,67y + C6.
We write the following triangular inequality:
[ (t) = Z(z ()| < [L(t) — Z(z=(t))] + |Z(ze(t)) — Z(=(1))].
We already know from (i) that
[Le(t) — Z(ze(t)] < Ce + Clae(t) — z(t)],

and we could show similarly, using R(z.(t),Z(z-(t))) = 0 = R(Z(t), Z(z(t)), that |Z(z-(t)) -Z(z(?))| <
Clze(t) — Z(t)|. We obtain

|1(t) — Z(z(t))| < Ce + Clx(t) — Z(t)|. (4.10)
Thus for § < 1, we have:

Az < O[IVR(@(), 1)L (o,17) X (Cdl|xe — T Loo(p0,5)) + CE0) < Ced + C6|xe — T Loo (0,67)-
— We estimate Ags.
Using assumptions , and , we obtain
[VaR(2e(s), 1e(s)) = Vo R(T(s), I(s))| < [VaR(2e(s), Ie(s) — Vo R( (s), Ic(s))]
+ Ve R(2(s), I(s)) — Vo R(z(s), 1(s))]

< sup |[D*R(, )Iloolll“e T Lo ([0,6))

)

82
010z;
< Ce+ CHxE — T Loo((0,6])-

—i—Csup] R||1:(s) — I(s)]
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Thus, we proved that ||xe —T|| oo ([0,5)) < Ced+C0l|xe—T oo ([0,5)) +Ce. Then (1-C9)||ze—T| poo(j0,6)) <
Ced + Ce, and for § < 55, we have an estimate on . for ¢ in [0, 4]

|2e = Z|| oo (po,5)) < Ce.
We can iterate the argument [%] times to obtain the result
|ze — || oo (po,1) < Ce.

We combine this inequality with Lemma[3.1] and Lemma [£.2] to conclude the proof of Proposition [4.

r

e = Il 2o (o)) < Cé, [|ze = Z|poo(o,) < Ce, |lue — u — elog( < Ce.

Dl (o11xma)

€

5 The full expansion of I. and u.

In this section, we prove Theorem We first need an approximation of order 1 for I.. To this end,
we use the result of Proposition and we use similar ideas as in Section [3| to prove the following
Lemma 5.1

Lemma 5.1 Under assumptions (1.6)—(1.18), there exists a constant C(T) = C > 0, independant of
€, such that we have
|1 _I(xa(‘)) - EKHLOO([O,T]) < 0627

with

K(t) = —gretor | (P VR@®), 1)) + 3D?R(@ (1), 1(1) ) [D2u(t, 7(6)] "

)| _ VeR@(®),1(0) (= D2u(ta(t) " VR(z(0).1(1))
v 1(0) & R@(0),1(1))

Proof. We give the proof of Lemma [5.1] in the appendix [A]

To obtain an asymptotic expansion of x. and v., we study the following functions: y. := % and
Ve —U
&€

We 1=

5.1 Equations satisfied by y. and w,

We start by showing that y. and w. satisfy the system of Lemma

Lemma 5.2 In [0,T], (we,y:) satisfy the system

Je(t) = f() + G()VI(Z(L)) - ye(t) + [~ Dult, T (t ))] 'D?w. (t,T(t))[-D?ult, z(t))] " VR(E(1), I(t))
+[=D?ul(t, w(a))] 1D3 (t,7(t))ye (t)[- D*u(t, = ())]81VR(f(t)7I t)) + h(t)ye(t) + O(e)
dyw, = 2Vu - Ve + i —R(z,I(t))VZ(Z(t)) - ye(t) + Au + ﬁR(x,I(t))K(t) + O(¢)



with initial conditions: y-(0) =0, w:(0,z) =0, and

f(t) := VAu(t,z(t)) + [—D2u(t,f(t))]_1%VR(T(t), I(t))K(t),
0

9(t) := 57 VR((t), 1(t)),
h(t) = [~D*u(t,7(t))] ' D*R(z(t), (1)).

Moreover, we have estimates for the derivatives of w; :
0r0;we = Adju + 2V 0oju - Vwe + 2Vu - VOjw, + 010; R(x, 1(t)) (I(E(t)) Yy (t) + K(t)) +O0(e),
and
8t82ng = A@gju + 2V8Zju - Vwe +2V0ju - Vojw, + 2Vu - vaﬁng
+ 0102 R(w, 1) (T((1)) - y=(t) + K (1)) + O(e).
Proof. Using the equations and , we have

Te(t) — j(t) = eVAuv(s,7:(s)) + ([_D2U€(57$€(5))] t- [-D ( y L
— [=D?u(s,z(s))]  [VR(E(t), I(s)) — VR(2(s), I(s))]-

We know from Lemma 4.2 that eVAw. (s, z.(s)) = eVAu(s,Z(s)) + O(£?).

We estimate the last term of the right-hand side of (5.2))

VR(@(t), [(s)) =V R(z=(s), I-(s)) = VR(Z(t), I(5)) = VR(T(s), I(5))+V R(Z(5), I (s)) =V R(z=(s), I(s)),

and use a Taylor expansion to obtain

2

VR(E(), 1(5)) + VRGE(5), L(5)) = r VR0, 1(6)) ((s) — 1(5) + G-V RE(), H)(Te(s) — 1(5)
+o((L:(s) = 1())?).

According to Proposition we already know that I.(t) = I(t) + O(g), thus (I.(s) — I(s))? = O(e?),

and we find —VR(Z(s), I(s)) + VR(Z(s), I.(s)) = ZVR(@(t),1(s))(I-(s) — I(s)) + O(?).

We also know from Proposition that . =7 + O(e), which gives us

—VR(@(t), I(t)) + VR(z(t), L(t)) = D*R(@(t), (1)) (T(t) — 22 (t)) + O(?).

We obtain the following equation

i (t) — Z(t) = eVAu(s,z(s)) + ([~D*v.(s,2-(5))] ! = [-D*u(s,%(s))] ) VR(z(s), I.(s))
+ [=D2u(s, ()] 2V R((s), I(5)) (L (s) — 1(5))

+ [=D?u(s,7(s))] 7 D*R(@(s), I (5)) (T(s) — 2=(5)) + O(€?).
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We proved in Lemma [5.1] that
I.(t) = Z(z(1)) + K (t)e + O(e?).
Then, we write
I(t) — I(t) = I(t) — Z(xe(t)) + Z(xe(t) — 1(2)
= eK(t) + O(®) + Z(x:(t)) — I(1)
)

(
= eK (1) + VI(z(1)) - (2=(t) = z(1)) + D2I( (1) - (ze(t) = T(t))* + O(?).

We obtain a first expansion of I.(t)
L(t) = I(t) + eK(t) + VIZ(Z(t)) - (z(t) — Z(t)) + O(?).

We deduce that

[~D%u(s,z(s))]” 1881-VR( (), 1(5))(I(s) = I(s)) = e[~D*u(s,z(s)] a1 Y (E(s), 1(s)) K (s)

+[=D%u(s, (s))]” o1 VEE(s), 1(5)) VI(z(s)) - (x=(s) — z(s)) + O(e?).

We next write a Taylor expansion for D2R(%(s), I.(s)),
D?R(x(s), I:(s)) = D*R(x(s), 1(s)) +€§IDQR( (5), 1()) (K (s) + VIZ(x(5)) - 9e(s)) + O(e?)

= D*R(%(s), I(s)) -i-EaalDQR( (), 1(s))K(s) + O(?).

We now only need to write a Taylor expansion for the second term of the right-hand side of (5.2))

[—D?ve(t, e (1)) = [=D?u(t, z(t))] !
= [=D%vc(t, 2 ()] [D?ve(t, (1)) — D*u(t, 7(1))][—D*u(t, (1)) .

We estimate the following expression
D?u.(t,z.(t)) — D*v.(t,%(t)) + D*v.(t,Z(t)) — D*u(t,z(t)) = D3v.(t,Z(t))(Z(t) — z(t)) + O(e?)
+ D?(v. — u)(t,T(t))
= D*(v- —u)(t,T(t))
+ D30 (t,T(t))ye(t) + O(e?).

Finally, y. satisfies the ODE

G=(t) = F(8) + §(O)VT - ye(t) + h(t)y=(t) + [~ D*ult, z(1))] " D*we(t, 7(1)) [ D*u(t, T(t)] "' VR(T(1), (1))
+ [=D?u(t,7(1))] 7 DPult, T(t) )y= (1) [- D*u(t, T(¢))] " VR(T(t), I(t)) + O(e).

We now look for an equation on we, to this end we use systems (4.6)), (4.5). By subtraction, we obtain
O(ve —u) = eAve + (Ve + Vu) - V(ve —u) + R(z, I.(t)) — R(x, I(t)).
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We previously proved in Lemma that for § small enough, we have Av. = Au+O(¢) in [0, 7] x R?,
hence eAv, = eAu + O(¢?) in [0, 7] x R4

We use again the expression: I.(t) — I(t) = eK(t) + VZ(Z(t)) - (z=(t) — Z(t)) + O(?), and we obtain
3}

R, (1)) — Rl 1)) = 2= R, 1(0)) - [ () + VE(R() - (-(0) ~ 7)) + O()]
2
b5 o3RG ) () — 2(0) + O,

We deduce that

R(z, 1(6) — R(r, 1(1)) = <5 R(a, 1)) K (1) + - Rl 1) - VIG() - (2=(0) ~ 7(0) + O(E2).

We obtain an equation for w,:

dyw. = Au+ %R(x, I0))K(t) + (Vv + Va) - V. + %R(x, I())VI(E()) - y=(t) + O(e).

We also know from Lemma that in [0,7] x RY, Vo, = Vu + O(g). Thus, V. - V(v. — u) =
Vu - V(ve —u) + O(e?), and Vo - Vwe = Vu - Vw. + O(¢).

Finally, w, satisfies the following transport equation

oI

With similar arguments, we obtain equations for the derivatives of w.. We have

Do = 2V Vi + - R(w, 1)) VI(ED) - v (1) + Au + ;IR(x I)K(t) + O(e).

Oi0we = Adgu + 2V - Vw, + 2Vu - Voyw. + 0;0;R(x, I(t)) (I(f(t)) () + K(t)) +O(e),
and
010} jwe = ADF ju+ 2V ju - Ve + 2Vju - Vow, +2Vu - VI; jw.
+ 0108 R(w, 1) (T((1)) - y=(t) + K (1)) + O(e).
The couple (y.,w,) satisfies the system written in Lemma and this ends the proof.

O

To finish the proof of Theorem [I.4] - ii), we need to prove that y. and w. converge to a limit in
LOOW2 ([0, T] x R%), when ¢ approaches 0. To this end, we prove the Lemma

Lemma 5.3 The couple (ye,w.). uniformly converges in LW2°([0,T] x RY) to the unique solution
(y,w) of the following system:

g(t) = F(t) + g(t) - y(t) + h( y(t) + |- D?u(t,z(t)]~ D*w(t, z(1)) [ D*u(t, z(t))] " VR(T(t), I(t))
D7) D 700Dt 7)) VR, 1)
Orw = 2Vu - Vw + 57 —R(z, I(t))VI(Z(t)) - y(t) + Au + 8IR($,I(t>)K(t).

(5.3)
with initial conditions: y(0) =0, w(0,z) = 0.
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Proof. We first prove that (y., w.) converges in LWa ([0, T] x RY) to (y,w) solution of (5.3)), and
next we will prove the uniqueness of ([5.3)).

(i) To this end, we denote g, := y. — y and W, := w, — w. We use (5.1)) and (5.3) to write

Je(t) = A(t)Je(t) + B(t)D*i.(t, (1)) C(t) + E(t)ge(t)F(t) + O(e)
O = 2Vu - Vi. + G(t, 2)iie(t) + O(e),

with initial conditions: g.(0) =0, w:(0,2) = 0. The maps A, B, C, D, E, F, G are determined in
function of the parameter of the problem. We determine w. along the characteristics that satisfy:

V() = =2Vu(t, 7(1))-

According to the Cauchy-Lipshitz Theorem, for ¢; € [0,7], and for z; € R%, there exists a unique
trajectory v defined in [0,¢;] such that v(t1) = z1. As before, we obtain

Vi e 0,ti], Il (0) < Clad(@) + O
We integrate, to find
Vte[0,T], VxeRY |i.(tz) < C/Ot 17| (s)ds + Ce.
We take the supremum in space of the last inequality, and obtain
0, iy < € [ 15l (5)as + O

We differentiate the second equation with respect to z, and we use that VG and D?u are bounded to
obtain the inequality

d _ . - -
3/ V|t 1(1) < CIVae|(t,7(1) + Clye(t)] + Ce,
then we integrate and we use that D?G and D3u are bounded to find
t t
Vit < € [ 1l(s)ds+C [ 19005, o +Ce.
Similarly, we obtain an estimate of the second derivative
d - N - -
a\DQws(t,v(t))\ < C1ge(t)| + C| D% | + C|Vide| + Ce,
then
) t b t
D2t e < € [ Iolohds + € [ 1005, uwquads + € [ IVtu(s, s uagds + Ce.
According to the ODE, we have

d . N - _
a’y€| < C|y€| + |CD2w€(t,l‘(t))| + Ce,
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and then . .
) < C /0 ly(s)lds + C /0 D2 (5, ) | oy ds + Ce.

We sum the last equations to obtain

|G (6] + [|e (£, )| oo ey + Ve (E, )| oo may + [1D? e (¢, )| Lo ety

<c /O (1561 15ty + 95, ety + 105,y ) s + .
We use the Gronwall lemma to conclude that (y.,w.) converges in LW2°([0,T] x R%) to (y, w).
(ii) To prove the uniqueness, we use the same method. Let (yi,w;) and (y2,ws3) be two couples

of solutions.
We define y := y1 — y2, and w := wy — we, they satisfy:

() = A@)y(t) + B(t)D*w(t, z(t))C(t) + E(t)y(t) F ()
w =2Vu-Vw+ G(t,z)y(t).

We can determine w along the characteristics that satisfy:

Y(t) = =2Vu(t,y(1)).

According to the Cauchy-Lipshitz Theorem, for ¢; € [0,7], and for z1 € R, there exists a unique
trajectory «y defined in [0,¢1] such that v(¢1) = 1. As before, we obtain

vie0,n], Slul(tA() < Clylo).

We integrate, to find
t
Ve [0,T], VreRe |w(ta) < c/ 1y(s)ds.
0

We take the supremum in space of the last inequality, and obtain
¢
ity < © [ ll(s)as

We differentiate the second equation with respect to z, and we use that VG and D?u are bounded to
obtain the inequality

%Ile(tm(t)) < CVwl(t,~(t) + Cly(t);

then we integrate and we use that D?G and D3u are bounded to find

t t
IVt ey < € [ Iol)ds +C [ 1V )i
Similarly, we obtain an estimate of the second derivative

d
aIDQw(tm(t))l < Cly(t)| + CID*w| + C|Vul,
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then

1020 (t, )| e ity < C / lyl(s)ds + C / | D2 (s, )| o rayds + C / IV (5, ) | e ety ds.

According to the ODE, we have

d _
Syl < Cly| +CDu(t,3(0),

and then
)] < c/ 1y (s) |ds—|—C/ D2 (s, )| e gy s

We sum the last equations to obtain

()] + llw(t, ) o @ay + 1Vt ) g may + 1 D*w(t, )] oo (ray

t
< C/o ly(s)| + llw(s, )| oo ey + VW (s, )| oo (ray + |1 D%w(s, M oo (rayds

We establish the uniqueness using Gronwall’s Lemma. Hence the sequences (y.). and (we

to the unique solution (y,w) of the system.

5.2 Proof of Theorem [1.4]

We proved in the last section that we have for ¢ € [0, T,
I(t) — T(z(t)) — K(t)e| < Ce2
Using the expansion of z., we obtain for ¢ € [0, T],
|I(t) — I(t) —eJ(t)] < Ce>.

Moreover, we showed that

2
[v: —u — EwHLtOOsz"’O([O,T]XRd) < Ce”

Hence,

< Ce2.

lue — u — ew — elog ( ) HLgowfv‘X’([o,T}x]Rd) =

™
wm‘ =

)e converges

O
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A  Proof of Lemma [5.1]

We prove this result for d = 1. Similar arguments can be used to prove the result for d > 2.
We recall that J. = log I and start from the ODE (3.1]) again

0y et A0
dt Jg ne(t, x)p(x)de
Jre : (

+ R(zc(t), I (t))
R(x, I.(t)) — R(xe(t),Is(t)))w(x)dx

ue (t,x) —ue (t,xe (1))

Jge = W(x)dx

_l’_

According to the estimate (3.3]), we write

= CM xz L o 3
/Rns(tax)Aw(x)dx = A¢( s(t))\/|D2u5(t,$€(t))’ + (f)a

and

ug (t.ze (1)) 2me
t de=e¢ = | = .
/Rna( ,$)¢($) x € w(%( ))\/|D2u€(t7$&‘(t))| +O(\/g>
Thus, we can estimate the first term of the right-hand side in (3.1))

2 June(t ) AY(z)dz 5 Ap(ac(t)) o(e?
Jg ne(t, x)(x)dz - ° (x(1)) + o(e%).

We use the estimate z.(t) = Z(t) + O(e), given in proposition and we obtain:

2fzret DAV _ M@)o
Jg ne(t, z)(x)dx b (z(1)) .

Plugging the latter result in (3.1]), we find

- gm T R(z.(0).1.())

ue (t,x) —ue (t,we (1))

A (R(m, (1) — R(z.(t), Ig(t)))d)(a:)dx
ue (t,2) —ue (t,ze (1))

Jze c (z)dz
We now look for an expansion of order O(g?) for the last term of the right-hand side in (A.T)):

Jre

+ + 0(52).

ue (t,x) —ue (t,xe (t)) (
£

R(z, L.(1)) = R(w-(t), L.(1) ) (x)d

ue (t,x) —ue (t,xe (1))

Jre = Y(x)dx

We already have an estimate for the denominator in ({3.3))

ue (t,2) — ue (t,2e (1)) B 2me - o
[ e = | [ @) + o2
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We now focus on the numerator, we want an expansion of order O(2/€). Let a be nonnegative.
We split the integral in two parts, and define:

ue (z,t) —ue (we (1),t)
A ;:/ R ) (R(e, 1) — R(ae(0), 1(1)) ) da,
|z—xe|<ex
ue (z,t) —ue (we (1),t)
A ;z/ T @) (R (e, 1) - R((0), 1(1)) ) de.
|x—ze|>e
We first show that A = O(2/¢). As before, there exists z, 2’ € e(w.(t),z) such that
A :/ ¢ VR(ze(t)), (1)) (z — 2=(2)
|x—xe(t)|>e>

1
+ EDZR(Z’, IL(t)(z — xg(t))2>¢(x)da:.
Using the assumptions ([1.8]) (1.9) on R, and the concavity estimate (2.3)) on u. we have:

D2uc(t,2)(m—ac(1)2
) / e TR G R (2 (1), L(1)) (2 — mg(t))dw‘
e (0)|>e

D2ug (t,2) (x—ze (1))> (
2e

< VR0, L) [ e iy

ly[>e

AT a— ].
< Cee M7 O(e*V/2), for 0 < a < 5

and

2”5 2)(T—Te 2 1
‘ / o elermetdl §D2R(3/7fa(t))(x — z=(t)) " (z)dx
[o—ze (1) >0

“+o00 I
_ 2
< HwHooHD2RHoOE\/5/ e MRy
e 2

SC&@/E

+o0o
e

1

a—3

_ 1
M1y 24y = O(e%\/e), for 0 < a < 3
Hence, Az = O(e2/z).

We now expand A;. We use Taylor expansions to write

LD (b2e (1)) (@—we (1) 2+ § DSuc (t,0e (1) (z—ae (8)) 3+ oy DHuc (h,2e (1)) (= ()44 iy DOue (,2") (2 —xe (1))°

A = e c
' /H (] <ee
x (9(e0) + 4 (2:(0) - (2 = () + 50" (D) & — 20 + " (") — 2=(0))")

< (VR (0, L(0) & = () + 3DPR(re(0), 1. (0) (& — (1) + SDPR(!, () (& — (1))

We make the change of variables y = mf\xfz(t) and we obtain

A = / e%D2ug(t,xs(t))y2+%D3u5(t,:c5(t))y3+iD‘lug(t,a}e(t))y‘l-‘r51\2/05D5ug (t,2") (x—m (1))®
1
ly|<e®™2

< (9la=0) + VB (o(0)) -y + 5o (a0 + gevEy” ("))

X (\/EVR(we(t), L) -y + %5D2R(:U5(t), L(t)y* + %e\/ED?)R(z’, Ig(t))y?’) Vedy.
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We develop the exponential for % >a > % and we find

Ay = / | eaDucltae )y’ (1 + ﬁDgug(t, 2o (O)y? + = Dhuc(t, 2o 1))yt
ly|<e“™2 6 24

+ Jag Douslt 2y + 25 (DPuc(t, 2e(6)s + O(evEy"))

x ($(relt)) + VEY (2(0)) -y + o0 (@) + ceva ("))
X (\@VR(a:E(t), L) -y+ %aDzR(a:a(t), L(t)y* + és\/ED3R(z’, Ia(t))y3> Vedy.

We develop the latter equation and we keep only the term of order smaller than O(?). We find

A = 5¢($E(t))VR(xs(t)7I€(t)) / e%D2us(t,xs(t))y2ydy

ly|<e®~ 2
Ve 2 L D2%ue (b (t)y?, 2
+ — (z2(t)) D*R(z4(t), I-(t)) ez : y-dy

ly|<e®™2

+ 6\6/5 <ZEE (t))VR (335 (t)’ I (t))Dsua(t’ Te (t)) / e%D2“€(tv$€ ()y? y4dy

1
ly|<e®™2

+5\/5;0’(x5(t))VR(xE(t),Ig(t))/ ) G%DQuE(t,xa(t))yQyZdy
ly|<e®™2
2
+ 7w(x5(t))vR(x5(t), Ig(t))D4u8(t, {L’e(t))/ e%DQUE(tyxe(t))yQyde

1
4 ly|<e®™2

M N M
)

_l’_

W (2e(t)) VR(2e(t), (1)) (D ue(t, (1)) / exDuelte= () y gy

1
ly|<e*™ 2

N
NN

+ %w/ (xs(t))VR(xe(t)a Iz—:(t))Dsus(t7 xs(t)) / e%DQUE(twe(t))yQy5dy
3

1
ly|<e®™2

1/)($5(t))D2R(.T5(t), Ig(t>)D3U5(t, :L‘E(t)) / 6%D2u5(t,mg(t))y2y5dy

1
ly|<e®™2

)

T

—_

2
+ U OD R ), 1) [ st gy

1
ly|<e®™2
2

™

+ w/(xs (t))DQR(.%g (t), I (t) / e%D2ug (t,xs(t))y2y3dy

1
ly|<e“~2

+ G EOTRE, L) [ POy 0 e)

1
ly|<e®™ 2

b |

We notice that every term of order €2 is equal to 0, because we integrate an odd function over a
symmetric interval. We now need to compute the remaining integrals. To this end, we use the result
of Lemma [4.2] to find

/ | eaDPuslba O 2y — \/ox| D2, (¢, 2(t))| 2 + O(e) = V2r| D?ult, 2(t))| "2 + O(e),
ly|<e*™2

/ | eaDPue(te )y’ tqy — 397 | D2uc (1, 2(1))| 73 + O(e) = 3v2r|D?u(t, (1)) 2 + O(e).
lyl<e®3
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Finally, we proved that A; = e\/zf(t) + O(e2\/€) for t in [0, T| with
;
2

M\W
Njw

J(t) = V2V (z(t)) - VR(E(1), 1(t))| D*ult, (1)) (1)) DR(z(1), 1(t))| D*u(t,z(t))|

i J%WWR(:C@% 1(8)) Du(t, 7(8))| D2u(t, 7(1))| 5.

We combine the latter result with the equivalent of the denominator, and we obtain:

d

e e(t) = R(w:(t), I(1)) +ef (t) + O(e?),
with
f(t) = [W VR(2(t), (1)) + %DQR(f(t),I(t))} |D2u(t, 7(t))| "

+ VR, 1) Dou(t, 7(0)|Dult, 7(1)] >

Moreover, we have R (z-(t),Z(z-(t)) = 0. We differentiate with respect to time, and we use the error
estimate (4.2]) on z., from Proposition to obtain

V.R(T(), I(t)) (~Du(t,7(t)) " VR((), (1))
I(t) G R(@ (1), 1(1))

& () = - +0(e) = glt) + 0(e).

We combine the two ODE to write:

5 U0 =T (2:(0)) = R(a.(0), L) ~ R(z2(0), T(w.(0)) +eh()) + O, with h(1) = [(2) (0.

We define k. (t) := JW=T@=0)) and obtain the following ODE

£

egk;g(t) _ R(z:(t), I-(t)) — R(z<(t),Z(z:(1)))
dt E

+h(t) + O(e).

Using the mean value theorem with R(-,J) = R(-,e”), we obtain

e She(t) = L) o

dt
Let us show that (k). converges when e approaches 0. The application k. satisfies an ODE of order
1, which can be solved

R(z-(t), I(t)) ke (t) + h(t) + O(e), with I.(t) between I.(t) and Z(z.(t)).

8

ke (t) = ke (0)e Jo L@ grR@e() Le(D)ds | g ().

where k, . is a particular solution. We determine £, . using the method of variation of constants. We
t 7 15} T
write kp o(t) := )\E(t)eé Jo 1e@) 37 R=()):1:(1)ds e differentiate to obtain:

S hpelt) = (EX1) + ALul0) 2 Rlae0), (1)) exp (£ /0 Tu(s)ds - R(ra(s), L(+))ds),

and we use the ODE to find:



We write the latter integral as follows
kp,a(t) = A1(t) + Aa(t),

with

1 t t . .
A=~ /0 e LT B R@e(0).Fe DS y (), A1) = /0 e [T R (9).1(Dds O (1) .

We first estimate Ag. Thanks to (1.10)), we have that %R < —Kj. Moreover, I.(t) € e(I.(t), Z(z-(t))),
thanks to Theorem n and Proposition u we deduce that I.(t) > 17"1 > 0. We obtain

¢ (t—u) ImKo K
|Aa(t)] < C/ e = 2 du=—(1—e "2 )=0().
0

We will now compute A; using integration by parts. We find

- - t - -
Aq(t) = [— = hw) et fs<s>%R(re<s>Ja<s)>ds]t + / B (w)e? Jule) 5r R(ee(s)Le()ds gy
(u)OrR(z<(u), I (u)) 0 Jo (A2)
A2

Thanks to ((1.10), Theorem and Proposition the integral of the right-hand side of (A.2]) is of
order O(e). We deduce that

Ar(t) = K (t) — K(0)et Jo @) g Rae().L(s)ds 4 0(¢),

with
K(t) =~
I(t) grR(x(t), 1(1))
Finally, for t > 0, we have k,.(t) = K(t) + O(e) and k,.(0) = O(e). We conclude that k.(t) =

K(t) + O(e) for all t > 0. Consequently, we deduce that J.(t) = J(zc(t)) + K (t) + O(?), and
I.(t) = Z(2:(t))(1 + eK(t) + O(e?)). This concludes the proof of Lemma

B Approximation of the moments — Proof of Theorem

We prove the result for d = 1. The proof could be adapted for d > 2.

(i) Proof of (1.24): the expansion of M, ..
We use the asymptotic expansion from Theorem to write

1 ug (t,x)
M .(t) = JAT) @ re = dx
1>
1 us(i ug (t,z)
xz —T(t dx
i @t

[(@ — T(t))e R+t +0(E) gy
+ .

[ 6M+v(t,x)+o(5)dx

— (1) +
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We proceed as in the proof of Lemma equation (3.3), to find an equivalent of the denominator of
the last term of the right-hand side

u(t,z)—g(t,i(t)) +u(t,2)+0(e) _ 2me o
/e dx DPa(t. 70| exp(v(t,Z(t))) + o(\/¢).

u(t,z)—u(t,z(t))
Now, we need to compute [(z — Z(t))e E Hut2)+0(E) gy,

Let o be a nonnegative constant. We split the integral in two terms:
Ay o= / (z — z(t))e T () +0E) g
2= (t)|<e>
Ag 1= / (- T(t))ew’z)_g(t’m))‘H’(t@)“‘o(a)dw.
|lz—Z(t)|>e>
We know that Z(t) maximizes u(t,-), we write the following Taylor expansion
1 1 1
u(t, z) = u(t, 7(t)) + 5 D*ult, 3(1)) (@ = F(1)* + £ Du(t, 7)) (@ = T(1))* + 5 Dult, ') (@ - 7(1))",
with 2’ € e(z,Z(t)). Thus, we deduce that

A = / (IE _ j(t))eéDzu(t,E(t))(xff(t))2+éD3u(t,§(t))(:rfi(t))3+iD4u(t,x’)(xff(t))‘lv(t,x)JrO(s) da.
|lx—Z(t)|<ex

We make the following change of variable y = Lfg(t) and for % <a< %, and we obtain
A = 5/ . ye%DQU(tﬁ(t))yQJr%D3u(t3(t))y3+2%D4U(t,m/)y4+v(t,f(t)+x/5y)+0(€)dy
ly|<e®™2

= / | yea DPutr)y? (1 + \égD3u(t,a:(t))y3 + VEVU(t, (1)) - y+
|

y|<e® 2

+0(ey® +e+eyt + 5y2)> e tZM)qy

= 8fD?’u(t, Z(t)) /

R
v2m 2 — -2 3 — 2 — -3 — 2
=5 eVe|Du(t, z(t))| "2 D u(t, z(t)) + V27 - e/e| D u(t, z(t))| 2 Vou(t, Z(t)) + O(e”).
Indeed we use that D*u is bounded and that we have —2M 1 < D2y < —2M; thanks to the Theorem
Now, we prove that Ay = O(e?).
We compute, for € small enough

APy 4 2BVt a(t) [ PO 2y 1 O()
R

u(t,z)—u(t,z(t))
|As] S/ |z —T(t)|e c Hute)+0(e) gy
(1) >

gf/l 1y|e—Mly“v(tvw“WyHO“)dySOE/, L lyle™ ¥ dy = O(?).
Yy Yy

[>e*72 [>e*™2

Therefore, we conclude that for ¢ € [0, 7],

M (t) =T(t) + %]D2u(t,T(t))]_QD?’u(tj(t)) + e|D?u(t, 7(t))| " Vo (t, Z(t)) + O(eV/e).
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(ii) Proof of (1.25): the expansion of Mj_.
Using the asymptotic expansion (|1.24]) of M; ., we can write that

J (= 7(0) + Mr(0)e + O(ey/3) e 00000 4y
s P (L F(0) +0()

M; . (t) =

We need an expansion of the numerator. For % <a< %, we will split the integral into two parts,
u(t,z)—u(t,z(t))
Ay ::/ (z —Z(t) + Mi(t)e + O(z—:\@))ze B Hut2)+0(E) 4,
lz—F(t)|<eo

Ay = / (& —F(t) + Mi(t)e + O(ey/2)) e 40t 106 g
|z~ (t)|>e®
Next, we obtain

A =E , (VEy + My(t)e + O(e/2))2e2 Dm0

ly|<e®™2
VE 3y 3 6 - 2 (L3 (1))
X (1 + FD u(t,2)y’ + O(ey®) + O(e) + VeVu(t,z(t)) + O(ey ))dye :
_ Eﬁ/y2e;D2u(t,x(t))y2dy « T 4 O(2,/5)
R
= V21 - ev/E|D2u(t, 7(t))| "2 4 O(2 /).

With methods similar to those used before, we show that Ay = O(e?\/e). Thus, we deduce that
Mg _(t) = eMy(t) + O(e?) with My(t) = |D>u(t, z(t))|~".

(iii) Proof of (1.26): the expansion of Mj, _.
Using the asymptotic expansion ((1.24]) of M; ., we can write that

J (2 = T(t) + Mi(t)e + O(e/2)) e 01060 gy
M% exp(v(t,z(t)) + O(e)

Mg, (1) =

We need an expansion of the numerator. For % <a< %, we will split the integral into two parts,
u(t,z)—u(t,z(t))
Ay = / (¢ — Z(t) — Mi(t)e + O(ey/a)) e = Do ta)t0(e) g
lz—z(t)|<e*

Ay :Z/ (z — 2(t) — Mi()e + O(e /) e = H ()00 g,
|le—Z(t)|>ex
Next, we obtain

Av=vE | (Ve = M)+ Ofey/a) et

y|<e* ™2
Ve 3 3 6 - 2 u(t,3(t))
x (1+ 5 D’u(t,z)y” + O(ey®) + O(e) + VeVu(t,Z(t))y + O(ey”) Jdy e
_ gk\@/ YPEADHUETON gy o (ETO) | Ok,
R
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We denote Ty (t) := [ kaeiD u(ta(t ))dey. By integration by parts, we obtain

T (t) = Var - (22:2'M2() + (B.1)

On the other hand, we find that A = O(e**!). Thus, we deduce that Mg, (1) = ek Mor (1) + O(eF/2).

(iv) Proof of (1.27): the expansion of Mg, ., .

[ (z = T(t) + My(t)e + O(ey/E)) e ruta)+0() gy

My (1) =
% exp(v(t,z(t)) + O(e)

We need an expansion of the numerator. For % <a< %, we will split the integral into two parts,
u(t,z)—u(t,z(t))
A= / (2 — B(t) — Mi(t)e + O(ey/a)) e D t0t)+06) g,
|lz—Z(t)|<ex
A o o 2k+1 u(t,z)fu(t,f(t))+v(t w)+o(€)
9 1= (z —Z(t) — Mi(t)e + O(ev/e)) " e c ’ dz.
|lz—Z(t)|>ex
Next, we simplify A; and use the expression (B.1)) of I'(¢) to obtain

Al \[/< \[y Ml( )E+O(€\[))2k+l 1D2 (t2(t))y

X (1 + \6[D3u(t 2)y° + O(ey®) + O(e) + VeVu(t, Z(t))y + O(5y2))dy eV ()

2

6

+6k+1ﬁvv(t’x(t))/y2k+2€;D2u(t,m(t))y2dyev(t,z(t))
R

_ 0+5k+1\[D u(t,=(t)) / A DR gy ot (1)
R

— P/ My (t)(2k + 1)/ Yy kg3 D2u(ta(0)y? dye’®=®) 4 O(e"?)
Druf(t,
= ghtl vttt [WFHz(t) + Vo(t,Z(t))Dryr () — (2k + 1)M1(t)1“k(t)} + O(eF*?).
Separately, using the expression ((1.28)) of M (t), we compute

(2k -+ DM (1) = o (1) (5 Malt) D¥ult, 7(0)) + Vo(t, 7(1) ).

Finally, we find that

A = Ek+1\@€v(t’w(t))D3u(t7$(t))(rk_%2(t) . %Mg(t)FkJrl(t)) + O(Ek+2)
_ EkJrl ﬁev(t,f(t))Di’yu(t?E(t))(

2k + 3
_ 1)!
_ €k+1\/gev(t’$(t))D3u(t,f(t)) . g . (Q(k“‘ )) M2(t)k+2+%\/§+ O(€k+2).

Ma(t) = 3Ma(t) Prsa(t) + O(+2)

6
2k+1(k 4+ 1)!

On the other hand, we find that Ay = O(¢"*?). Hence, Mg, | (t) = e"! Myy i1 (1) + O (51 /€). This
ends the proof.
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