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Abstract

We study a parabolic Lotka-Volterra type equation that describes the evolution of a
population structured by a phenotypic trait, under the effects of mutations and competition
for resources modelled by a nonlocal feedback. The limit of small mutations is character-
ized by a Hamilton-Jacobi equation with constraint that describes the concentration of the
population on some traits. This result was already established in [BP08, BMP09, [LMP11]
in a time-homogenous environment, when the asymptotic persistence of the population was
ensured by assumptions on either the growth rate or the initial data. Here, we relax these
assumptions to extend the study to situations where the population may go extinct at the
limit. For that purpose, we provide conditions on the initial data for the asymptotic fate of
the population. Finally, we show how this study for a time-homogenous environment allows
to consider temporally piecewise constant environments.

Keywords: Parabolic integro-differential equations; Hamilton-Jacobi equation with con-
straint; Dirac concentrations; Adaptive evolution.
MSC 2010 classification: 35K55, 35B40, 35D40, 35R09, 92D15.

1 Introduction

1.1 Model and motivations

In this paper, we study the asymptotic behaviour of solutions to parabolic Lotka-Volterra
type equations used to model the evolutionary dynamics of a population where individuals are
characterized by a phenotypic trait € R?. The population density (t,z) — n(t, x) satisfies the
integro-differential problem

om(t,z) — oAn(t,x) = n(t,x)R(z, I(t)), v € RY t > 0,
I(t) = [ga¥(z)n(t, z)dz, (1)

n(0,z) =n® € L'(R?), n® > 0.

The population follows a selection-mutation dynamics, describing the interplay between ecology
and evolution via the competition for resources. The term R(x,I) models the growth rate of

*Institut de Mathématiques de Toulouse ; UMR 5219, Université de Toulouse ; CNRS, UPS IMT, F-31062
Toulouse Cedex 9, France (manon.costa@math.univ-toulouse.fr)

fTeam MONC, INRIA Bordeaux-Sud-Ouest, Institut de Mathématiques de Bordeaux, CNRS
UMR 5251 & Université de Bordeaux, 351 cours de la Libération, 33405 Talence Cedex, France
(christele.etchegaray@inria.fr)

Hnstitut de Mathématiques de Toulouse ; UMR 5219, Université de Toulouse ; CNRS, UPS IMT, F-31062
Toulouse Cedex 9, France (Sepideh.Mirrahimi@math.univ-toulouse.fr)



individuals with trait 2 depending on the nonlocal interaction term I(¢). This interaction term I
represents the total consumption of a resource, with ¢)(x) being the trait-dependent consumption
rate. The growth rate R is then naturally assumed decreasing in I. Mutations are described by
the Laplace term and arise with rate o. Such macroscopic selection-mutation models can in fact
be obtained from stochastic individual-based population models in a large population limit (see
[FM04], [CEFMO8] and subsequent works).

The qualitative behavior of integro-differential selection-mutation models have been widely
studied (see for instance |[CC04l [DJMPO5, DJMROS, BP0OS| [TR11) [Raol2]). These works mainly
investigate the long time behavior of the solutions [DJMROS| [JR11], the stability of stationary
solutions [CC04) [Raol2] and the asymptotic behavior of the solutions for instance in the regime
of small mutations [DJMPO5, [BP0§|. Here, we are mainly interested in an approach based on
Hamilton-Jacobi equations with constraint that allows to study the asymptotic solutions in the
regime of small mutations and in long time. This approach, which has been developed during
the last decade to study models from evolutionary biology, was first suggested in [DJMPO05].
The approach was rigorously justified in [BP08, BMP09, ILMP11] in the case of homogenous
environments and then was extended to study more complex models with possible heterogeneity.
Here, we will first focus on the case of homogeneous environments but extend the previous results
in [BP08, BMP09, LMPTI] to consider general initial conditions. We will next show how this
result would allow us to treat the case with a temporally piecewise constant environment.

We assume that mutations have a small effect, and we change the time scale to study the
effect of mutations on the evolution of the population. More precisely, taking o = 2 and making
the change of variable t — t/e, one obtains the rescaled problem
One — eAng = %nER(:L',IE(t)), zeRY t>0, 2)
n.(t =0) =nl € LY(RY), n? >0,

I.(t) = y Y(z)ne(t, z)dx . (3)

The study of the asymptotic solutions as € — 0 has been carried out using a Hamilton-Jacobi
approach [BP08, BMP09, LMPII]. With this scaling, the selection is fast compared to the
diversification of traits arising from mutations. As a consequence, we expect that as e — 0,
ne(t,-) concentrates as a Dirac mass which evolves in time. A classical method to study such
asymptotic solutions consists in making the Hopf-Cole transformation

ue (t,x)

ne(t,z) =e =

The problem then rewrites on u. as
gt — eAue = |Vue|? + R(z, I.(t)), xR t>0, 0
us(t =0) =elnn?.

In [BP0O8, BMP09, LMP11], the authors establish the convergence, up to a subsequence, of
(ug)e towards a function uw which is solution of a Hamilton-Jacobi equation in the viscosity
sense |CIL92l [Bar94], for different sorts of growth rates. In those earlier works, the assumptions
ensured the persistence of the population at the limit: in [BP0OS, BMP09|, the growth rate
was bounded and everywhere positive for a non-zero small enough total population size. In
[LMPII], the growth rate was assumed concave, and the initial condition was taken such that
the population was viable.

In this paper, we relax these assumptions to take into account more general growth functions
and no strong constraint on the initial condition. In particular, the population may not be viable



at initial time and may become extinct in the limit of small mutations. We provide conditions on
the initial state for the asymptotic fate of the population in a constant environment. Moreover,
our result allows us to treat the case where the environment is piecewise constant in time,
extending in this way the Hamilton-Jacobi framework to models involving sudden variations of
the environment. Let us introduce the problem under study for a temporally piecewise constant
environment.

For & a discrete space, consider e : Ry — £ a piecewise constant function describing the
environment. It is equivalently defined by the increasing sequence (75 );en in R4 and the sequence
(€i)ien in &, such that for all ¢ € Ry, there exists j € N such that T; <t < T;+1 and e(t) = ;.
Now, while still assuming that mutations have a small effect by taking o = 2 in (]), we also
consider that the environment varies slowly compared to the birth and death events. As a
consequence, the growth rate now writes R(x,e(et), I(t)). Therefore, using the same change of
variables as before, ¢t — t /e, one obtains the rescaled problem in a temporally piecewise constant
environment, that writes

One —eAn. = In.R(z,e(t), I.(1)), z € RY, ¢ > 0,
Ia(t) = fRd w(x)né(tv .%')dl', (5>
ne(t=0)=n2 € L'(RY), n? >0,

ue (t,x)

and from the Hopf-Cole transformation n.(t,z) = e~ = , we can write the corresponding prob-
lem on wu,:

Opue — eAue = |Vue|? + R(z,e(t), I(t)), =€ R >0,

Is(t) = fRd w(l’)ne(t’ m)dx ) (6)
uc(t =0) =eclnn?.

In the past years, several articles have treated the evolutionary dynamics of populations in
time-varying environments. In [LCDHI5, IABFT19], the authors study closely related selection-
mutation models with time varying environments, but considering particular forms of growth
rates. They prove that semi-explicit solutions or explicit solutions exist for this type of problems.
In |[ABFT19| the variation of the environment results indeed from a time dependent adminis-
tration of cancer drugs. In this work, the authors also seek for numerical optimal controls
corresponding to the most efficient drug delivery schedules. In [MPS15], a similar model with
the same scaling as in has been studied but considering an environment which oscillates
in time with a rescaled period 1/e, which means that in the original time scale the period of
the oscillations is of order 1. The Hamilton-Jacobi limit is then rigorously justified, where the
limiting growth rate in the concave case derives from a homogenization process. In the long-time
asymptotics, the dominant trait maximizes this homogenized growth rate. In [FIM18], the au-
thors first study the long time asymptotic of the selection-mutation problem in a time-periodic
environment, before studying the small mutations scaling. In this framework, the solutions con-
verge towards a Dirac mass while the population size varies periodically in time. The limiting
problem then describes the adaptation of the trait to the averaged environment over a period
of fluctuations. In a very recent article [CN| the authors study a selection-mutation model with
a time periodic environment and they investigate the impact of the different parameters of the
model on the final population size. In another recent article [FIM]| a similar selection-mutation
model has been studied where the optimal trait varies with a linear trend but in an oscillatory
manner. Using the Hamilton-Jacobi approach it is then proved that the population concentrates
around a dominant trait which follows the variation of the optimal trait with the same speed
but with a constant lag.

In our work, we follow the approach of [MPSI5| and consider the rescaled evolution problem.
However, in our scaling the environment varies at a slower pace than time, so that we no longer



face a homogeneization problem, and the population adapts to instantaneous environmental
variations. This work therefore provides a new perspective in the study of evolutionary dynamics
in time-fluctuating environments.

1.2 Assumptions

We first give the general set of assumptions that we consider. In these assumptions, the main
novelty is that R is neither concave nor bounded (Assumption ) We also consider a weaker
regularity assumption on R (Assumption (H6))), comparing to the works in [BMP09, [LMPTI].
Finally, we do not assume anything on the viability of the population at initial time.

1.2.1 General assumptions

Assumptions on ¢ and R: there exist strictly positive constants ¥,,, ¥y such that

0 < thy < <thpr < 400, 1h € WEP(RY). (H1)
We also assume that there exists Ip; > 0 such that
max R(x,Ip) =0, (H2)
z€eR4

so that the population size can not grow too much. There also exist strictly positive constants
K; describing the negative effect of competition on reproduction. We have Vo € R%, I € R,

— K < a—R(a:,I) <-K;'<o, (H3)
oI
— Ky — Ksla|> < R(z,I) < Ko V0 <1 <2Iy, (H4)
A(WR) > —K3 Yz eRY I€[0,21y], (H5)
and furthermore,
YO < T < 2@y, R(-,T) € W2 (RY). (H6)

The three previous assumptions are more general than the ones used in previous works [BMPQ9,
LMP11]. In those works R was assumed to be either concave or bounded. Finally, we assume
that the space of traits having a positive growth rate in the absence of competition is compact:

{z € R%, R(x,0) > 0} is compact in R?. (HT)

Assumptions on the initial condition: there exists I, such that

and there exist strictly positive constants A;, B; > 0, with i € {1,2}, such that

ul(x)

nd(x) =e =, with — A} — By|z|* <ul(z) < Ay — Bo|z|. (H9)




Note that the right-hand side is meant to control the initial population density when |z| is
large. The left-hand side inequality may be relaxed (see Remark[1.2). Finally, we assume that

(ug)a is a sequence of locally uniformly Lipschitz functions converging locally uniformly to u°.
(H10)

1.2.2 Assumptions in a concave setting

We also give a convergence result in a concave setting, that provides enough regularity to
fully characterize the dynamics. This framework relies on the uniform concavity of u? as well as
on the concavity of R. In particular, it is possible under additional assumptions to derive the
so-called canonical equation that describes the dynamics of the unique concentration point of
the population over time.

Assumptions on 1 and R: we assume that v is smooth and strictly positive ; R is smooth

and satisfies (H2|) and (H3|). Assumption (H4)) is refined to: there exist positive constants such
that

— Ky — K3|z|* < R(x, 1) < Ko — Kq|z)? for 0 < T <2I. (H11)

Moreover, we assume that

— 2K, < D?R(z,1) < 2K, <0, (H12)
and
9’R PR
e < .
'8[8@ (@, I)‘ * ‘azaxiaxj (m’[)‘ = Ks (FL13)

0

. is strictly uniformly concave: for some positive

Assumptions on the initial condition: u

constants,

€
_ H14
—2L, < D*u? < 21 (H14)
We also have that (I?). converges to Iy with
O<Im§10§IM. (H15)
Assumptions for the canonical equation: we also assume that
I D*R(- 1) || oo ey < K (H16)
and
I D*u2(-) || ooty < Lo - (H17)



1.3 Main results and plan of the paper

We first prove the local uniform convergence (up to a subsequence) of (u.). towards a contin-
uous function u, and the weak convergence in the sense of measures of (n.).. Assuming conver-
gence of (I.)., we are also able to identify this limit as the viscosity solution of a Hamilton-Jacobi
equation that may carry a constraint depending on the limiting function I. First, let

Iy = {z € RY, u(t,z) = 0} (7)
be the set of zeros of the limiting function u.

Theorem 1.1. Under Assumptions (H1))-(H9),

(i) after extraction of a subsequence, (uc)e converges locally uniformly to a function u €
C((0,00) x RY) with u < 0. Moreover, up to a subsequence, (ne). converges weakly in
the sense of measures towards n € L™®(Ry; MY(RY)), with M*(R?) the space of Radon

measures in R, Finally, a.e in t, Supp n(t,-) C Ty.
(ii) Moreover, if we assume additionally (HIO), then u € C([0,00) x RY) and u(0,z) = u’(z).
(i11) If (I.): converges to I a.e. on some time interval [0,T) with T € (0,+0o0], then u is a
viscosity solution of the following Hamilton-Jacobi equation on [0,T) x R%:

Oy = |Vul® + R(z, I(t)). (8)

While I is lower bounded by a strictly positive constant, for a.e t € [0,T), Equation 18
complemented with the constraint

max u(t,x) =0, 9)
r€R

and for any Lebesgue continuity point of I, we have that
Iy C{z eRY R(z,I(t)) =0}.

Remark 1.2. Assuming (H4)), the lower bound on u? in (H9) may be relazed to: ITo € R?,
Lo, My > 0 such that
V& € B, (To), ul(xz) > —My. (10)

Then thanks to the fundamental solution of the operator Oy — oAn + Kz a?n , for all t; > 0,
there exist positive constants Dy, i € {1,2,3}, such that for e <1,
ug(t,z) > —Di|z|> — Dy — Dt for (t,x) € (t1,400) x R%. (11)

See [BMPQ0Y] where a similar result is proved in the case where R is bounded. See also [AC17|
for the study of a closely related model with quadratic growth rate.

Theorem shows that it is necessary to understand the asymptotic behaviour of (I;).. Our
main result is the following theorem, that uses the convergence of (u.). and the one of (n.)e,
both obtained up to a subsequence, to provide conditions at initial time for the asymptotic
extinction or persistence of the population.

Theorem 1.3. Assume (H1)-(H9), and that (n?). converges weakly in the sense of measures to
0
n’.
i) If
Supp n° N {z € RY, R(z,0) > 0} # 0, (12)
then for every T > 0, there exists I(T) > 0 and £(T') > 0 such that
I.(t) > I(T) > 0, YVt €10,7),Ve <e(T), (13)

and (I;)e converges up to a subsequence a.e int € Ry towards a BV function I.



Assume additionally (H10)).

i) If
3C > 0 such that Ty C {z € R%, R(z,0) < —C}, (14)
then there exists a finite and positive constant 0 < Ty < 400, such that lime 0 I¢(t)|0,1)) =

0.

iii) If

o € {x € RY, R(x,0) < 0}, (15)
then Y6 > 0, Jes > 0, Ve < g5, It € [0,T], such that

I.(t:) < 6.

Note that these conditions are based on the viability of the traits initially present in the
population, and not on the growth rate of the individuals at initial time, since we look at R(-,0)
rather than at R(-,1-(0)). Numerical simulations in Section 5| will illustrate these situations.

The first assertion corresponds to the situation where at least a part of the initial population is
viable for some strictly positive competition level. In this case we can ensure that the population
size stays uniformly strictly positive, and the previously developped tools apply to prove the
convergence. We emphasize that the population size may initially decrease for € small, so that
the competition also decreases, up until the growth rate reaches positive values for some traits
in the population (see Figure )

The two other assertions concern the case of a population where all individuals have a
negative growth rate for any strictly positive competition level. In this case, we show that at
the limit, the population size reaches zero, either punctually or during a time interval.

Remark 1.4. IfTy C {z € R?, R(z,0) = 0}, then the dynamics can not be identified: depending
on the shape of R, both extinction or persistence can occur (see Figure @)

Remark 1.5. Note that in the condition for asymptotic persistence in i) the set Supp n° is
wnvolved, which is a smaller set than 'y, which is the one involved in the condition for asymptotic
extinction in i), iii). Therefore, one situation is not described, namely when

Supp n® C {z € RY, R(z,0) <0} and Ty N {z € RY, R(z,0) >0} #0.
We illustrate this situation numerically in Section @ (see Figure @

We can now combine the theorems and to determine the limits of (I.,u.) and the
phenotypic density n.:

Corollary 1.6. Assume (H1)-(H10) and that (n?). converges weakly in the sense of measures
ton®. Then,

(i) under condition , the whole sequence (ue,I.) converges, as € — 0, to (u,I) with I a
locally BV function which is non-decreasing in Ry and uw a continuous function. The limit
(u, I) € C([0,00) x RY) x BV}0c([0,00)) is uniquely determined by the following Hamilton-Jacobi
equation with constraint

Owu = |Vul? + R(z, 1(t)),

max,cpd u(t,z) =0, (16)

u(0,z) = u%(z).

Moreover n, a weak limit of (ng)e along subsequences, satisfies

supp n C Ty C {z € R, R(z,1(t)) = 0}. (17)



(it) under condition (14), in a certain interval [0,7], I. — 0 and hence n. tends also to 0 in

L>=([0,%]; LY(R?)) and a.e.. Moreover, (uc). converges locally uniformly in [0,%] x R? to u_, the

unique viscosity solution to

owu_ = |Vu_|?> + R(z,0), (t,x) € [0,%] x RY (18)
u_(0,z) = u’(z).

The above corollary is a consequence of the theorems and and the fact that the
problem has a unique solution (u,I) in the class of Lipschitz continuous functions for u
and locally BV functions for I (see [MRI167? |). Moreover, such function I is non-decreasing
[? ]. Note also that the Hamilton-Jacobi equation has a unique viscosity solution u_ (see
[Bar94]).

Remark 1.7. One could wonder whether under condition the convergence of I to 0 holds
for allt € [0,00). We expect indeed that such property holds only in a finite interval of time [0,T),
with T < oo the mazimal time such that statement (ii) in comllary holds. We expect also that
max, u_(t,x) < 0in [0,T). At time T some viable traits appear in the population, that is the set
of mazimum points of u_(T,-) reaches the zone of viable traits that is the domain where R(-,0)
takes positive values. There would indeed exist ., € RY such that u_(T,x,) = max, u_(T,x)
and that R(z«,0) = 0. Consequently I. begins to grow. After time T, (I.). tends to a positive

function I and (ug)e converges locally uniformly to uy, the unique viscosity solution to

Oy = |Vui|? + R(x, 1(t)), (t,x) € (T,o0) x RY,
max,cpd U+ (t,z) =0,
up (T, x) = u_(T,x).

This means that, when the effect of mutations e is small but nonzero, even if initially the popu-
lation is maladapted and non-viable, while the population size drops drastically, still a very small
population evolves gradually towards better traits and after some time the population becomes
viable and may grow again. This is because in this deterministic model and for ¢ > 0 the support
of the solution is always the whole domain.

We prove such property in a concave framework in Theorem [1.8 Moreover, we illustrate the
second situation in Figure[1] in Section [j

Finally, we give additional results in a concave setting that was first studied in [LMP11] in
the case where the population persists at the limit. It was proved that if R is concave and (u?). is
uniformly strictly concave, then w is strictly concave. This property provides enough regularity to
better understand the dynamics at play. In particular in this case, u(t, -) has a unique maximum
point, that is there exists Z(t) € R? such that Ty = {Z(t)}, with Z(0) := 29 € R? the unique
maximum point of u°. As a consequence, Supp n(t,-) = {Z(t)} which means that n is a Dirac
mass concentrated on the dominant trait Z(¢). The time evolution of Z can be described by the
so-called canonical equation. We combine these results with Theorem to extend the study
to situations where the initial population is not necessarily viable, and provide an estimate of
the maximal duration of extinction, after which the population grows again.

Theorem 1.8. Assume (H1|)-(H3|), (H10) together with (H11)—(H15].

i) After extraction of a subsequence, (ug)s converges locally uniformly to a nonpositive and
strictly concave function u € L2 (Ry; W22 (R%)) N W;;COO(RJ’_; % (RY)). Consequently,

loc loc loc
u(t,) has a unique mazximum point T(t) .



i) IfTo C {R(-,0) > 0}, then (I.). converges to I € WL (Ry), with I > 0. Moreover, (u,I)
is the unique viscosity solution of -@, combined with u(0,-) = u°, which is indeed a
classical solution. Furthermore, weakly in the sense of measures, for (t,z) € [0,T] X R?,

ne(t,x) — p(t)é(x —z(t))
e—0

1(t)

with p(t) == oL where I is implicitly defined by

R((1), 1(1)) = 0.
Finally, assuming additionally (H16)-(H17), we have that T € WH® (R, ;RY) and satisfies
the canonical equation

T(t) = (= D2u(t, 7)™ - Vo R@(E), 1(1)),  F(0) = o (19)

iii) IfTo C {R(-,0) < 0}, then on (0,T), with T := sup{t > 0, R(z(t),0) < 0}, (I.)c converges
to 0 and wu is the unique viscosity solution of

(20)

{@u(t, z) = |Vu(t,z)]> + R(z,0)  zeRe te(0,T),
u(0,7) = u%(z),

which is indeed a classical solution. Moreover, R(Z(T),0) = 0, and assuming additionally

([16)-(T17), we have that T € WH°([0,T);RY) and satisfies the canonical equation

T(t) = (—D*u(t,7(t))) "' - Vo, R(@(t),0) Vte (0,T), T(0)= . (21)

The function h : t — R(Z(t),0) is increasing on (0,T) and for some constants Ay, Ag > 0
related to the concavity assumptions on R and ul, one has the following bounds

—R(z(0),0) —R(z(0),0)

NG R@0).0)P L R@(T), 0

<T<A

Note that the final assertion states that Z(-) reaches at a finite time T the zone of viable
traits, that is the domain where R(-,0) takes positive values. We expect indeed that for t > T,
(I-(t))- converges to I(t) > 0 (see Remark [1.7] and Figure [I)).

We now apply Theorem and Theorem to the asymptotic study of @ for the evolution
of a population in a temporally piecewise constant concave environment. More precisely, we focus
on the case where the growth rate in is defined by

R(x’ 6(t), Ia(t)) = Rl(l‘, Ia(t))]l[O,Tl) + R2($v Ia(t))]l[Tl,Tg) )

for some 17,75 > 0, and Ry, Ro smooth and concave. In this situation, we can naturally define
ue(T1,z) and I.(T1) by

us(Th,x) = lim we(t,x), I (Th):= lim I.(t).
t—=T t—=T,
The following result follows from Theorem (and Remark to deal with the discontinuity
at time 77 and determine the asymptotic fate of the population in the new environment.

Corollary 1.9. Assume that R;, i € {1,2}, satisfy (H2)-(H3) together with (H11)—(H13), and
that the initial condition verifies (H14)-(H15)). Assume additionally that (n?). converges weakly

in the sense of measures to n®, with n® satisfying . Then in [0,T3), (ue)e converges towards
a continuous function u, and (ng)e converges weakly in the sense of measures towards n, such
that



i) on [0,T1), (Iz)e converges to I > 0 with
(u,1) € LE5(10,T1); W22 (RD) 1 W52 ([0, T1); LS (RD) x Wh((0,T3)

where u is strictly concave and is the solution of the constrained Hamilton-Jacobi equation
associated with the growth rate Ry, I is defined implicitly by R(z(t),I(t)) = 0, and

one has n(t,z) = p(t)0u—z()) with p(t) = w(%(g)). Moreover, assuming additionally that

Ry and (u?). satisfy Assumptions (H16)-({17), we have that T € W1°°([0,T1); R?) and
satisfies the canonical equation in (0,T4) starting from ©(0).

ii) If Ro(T(T1),0) < 0, then there is asymptotic extinction of the population, either at a single
time point or on a time interval.

iii) If Ro(z(T1),0) > 0, then (I.): converges towards I > 0 on [T1,T») and u is strictly concave
with
(u, 1) € LT3, o) Wi (R) N W (T, To); L (R) x WH((Ty, 1))

Moreover, if Ry and u-(Ty,z) verify (H16)-({17), then T € Wh°((Ty, Ty); R?) and satis-
fies the canonical equation in (T1,T3) starting from T(17).

We illustrate numerically this situation in Section [5] The plan of the paper is as follows.
In Section [2| we prove Theorem that shows the convergence up to a subsequence of (uc)e
and (ng)s. In Section |3, we prove Theorem , the main contribution of the paper, that gives
criteria for the asymptotic fate of the population. The proof of Theorem is given in Section
[ and mainly focuses on the description of the situation of extinction. Finally, in Section
we perform numerical simulations of the model, for time-homogenous and piecewise constant
environments.

2 Proof of Theorem [1.1]

In this section, we give the proof of Theorem on the convergence up to a subsequence of
(ue)e and (ng)e. In the following, we detail important bounds and regularity results that allow
to pass to the limit and whose proofs differ from previous works due to our weaker assumptions.
The proofs of the convergence of (uc): and (n.)., and of the identification of the limiting problem
follow classical steps and are detailed in Appendix

2.1 Preliminary estimates

We first establish estimates on 1. and p..

Proposition 2.1. Assume ({1)-({6), and that 0 < I.(0) < Iy +Ce?. Then, 3go > 0 such that
Ve < gg, Vt € Ry,
0< Ie(t) < 2IM- (22)

Moreover, the solution ne is nonnegative for all time and there exists pasr > 0 such that Ve < €,
Vte Ry,

0 <pe(t)= /]Rd ne(t, z)de < par . (23)

The proof derives from [BMPQ9|, Theorem 2.1.
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2.2 Regularity of (u.).

We prove now a regularity result for u.. For T > 0, let us define D(T) = \/As + (B2 + Ko)T,
and the additional sequence (v.), := ( 2D(T)? — us) :
g

Proposition 2.2. Assume (H1)-(HY). Then,

i) the sequences (ug)e as well as (ve)e are locally uniformly bounded: there exist positive
constants Fy, i € {1,...,4}, such that for (t,z) € [0,T] x R?,

— Ay —Flt—F2|l‘|2 < ug(t,:E) < A2+F3t—F4|£L'|. (24)
Moreover, v, is well-defined and it satisfies, for (t,z) € [0,T] x RY,

with B and C' positive constants.

1) for allty > 0, (uc)e is locally equicontinuous in time and (ve)e is locally uniformly Lipschitz
on [to, T] x RY. In particular, for any L > 1 and (t,x) € [to, T] x Br(0),

Vio
i) if (Vul)e is locally uniformly bounded, then (uc)e is locally equicontinuous in time and

(ve)e s locally uniformly Lipschitz on [0, T] x R®. In particular, for any L > 1, there exists
a(L) <1 such that for any (t,z) € [0,T] x Br(0),

V.| < C(T. L) <1 + 1) | (26)

1
|V |(t,z) < C(T, L) (1 + t+a(L)> .

Proof. The proof follows arguments used in [BMP09|, see also [LMP11], [FIM18|. The novelty
here lies in the weaker assumptions on R, that is neither bounded nor concave. As a consequence,
the Lipschitz bounds are more difficult to obtain. We detail here the proof of these bounds, while
the rest of the proof is postponed to Appendix [A]

Regularizing effect in space. Neglecting the subscript € here for the simplification of nota-
tions, denote v = \/2D(T)? — u, that satisfies on [0, 7] x R?

R(z,I)
0

1
v —elAv — [Ev - 21)} |Vo|? = — (27)

Write p = Vu. Differentiating with respect to z, multiplying by |%|, we obtain that

1 1 1 1 D
Oilp| — eAlp| —2 |e= —2v|p- — 42| |p]® - =5 R(x, I —V,R-—<0. (28
Mol = 28l = 2 |5 = 20] - Sl + e 4 2] P = oo Rl Dbl + 5, VR 2 <0, (29
Now, we use Assumption (H6|) to obtain a local lower-bound on V,R: for any L > 0, there
exists K7, > 0 such that for any 0 < I < 21y, || VoR(-, 1) ||1o(B, 0)< K. We deduce thanks

to that, on [0, 7] x Br(0),

1 P Ky K
~V,R- - >_—1L _
20 Ve 1 2 T 7 Tan(m)
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Moreover, thanks to (H4)) and to , we have that

1 Ko
— —_Rlp| > —2p| > — .
52 p| 52 p| g

Ky
2D(T)
As a consequence, for some constants Az > 0, D1(7T) > 0, using the bounds on v., and for
O(T, L) large enough, we have that V(¢,z) € [0, T] x Br(0),

ipl — eAlp| = [Aslz| + Di(T)} [p| - VIp|| + 2(|p| = 6(T, L))* < 0. (29)

We are now going to find a strict supersolution for Equation to obtain an upper-bound for
|ve| on [0,T] x Br(0). For A4 > 0 to be determined later, and (¢,z) € (0,7] x Br(0), define

z(t,x) = ! + Aal”
oV (L2 zf?)
We prove that for A4 large enough, z is a strict supersolution of (29) in (0,7] x Br(0). Indeed,
we compute

Y O(T, L).

1 2A4L2%d S8A4L?|x|?
—eAz—[A D(T 2(z—0(T, L)) = — —

Oz — ez [ 3|.’L‘| + 1( )]sz+ (Z 0( s )) 4t\/i € ((L2 — |£L’|2)2 (L2 — |(E|2)‘3
1 A4L2 2A4L2$ 1 A4L2 3

—[A DD | —+——"" 44T, L)) —=—— =

[ 3‘(E|+ 1( )]<2\/'E+L2—|$|2+ ( ’ )> (L2—|$|2)2+ 2\/¥+L2—‘Jf|2

2A44L2d 8A,L* 1 AyL? 24,3
> _ —[AsL+ DD —+ —" 40T, L)) ——=—
= €<<L2—z|2>2+<L2—|x2>3 AL+ DD 57 e T D)) ey
3 A3Lf A3LS

TR T

using that |z| < L. It can be shown that for L > 1, ¢ <1 and Ay = A4(T) large enough, the
right-hand side of the inequality is strictly positive, so that z is a strict supersolution of in
(0,T] x Br(0) and for ¢ < 1. We next prove that

Ip(t,z)| < 2(t,x) in (0,7] x BL(0).

First, note that for |z| — L or t — 0, z(t, z) goes to infinity, so that |p(t,z)| — z(¢, ) attains its
maximum at an interior point of (0,7 x Br(0). Define now t,, < T such that

t,x)| — z(t,z)} = 0.
(tw)e((ﬁiﬁ{xmm){‘p( )| = z(t, )}

If such t,, does not exist, then the result is proved. Otherwise, take z,, such that V(¢,z) €
(O,tm) X BL(O),
Ip(t, @)| = 2(t,2) < |p(tm,; Tm)| — 2(tm, Tm) = 0.

Then, we have at this point that

O(|p(tm, Tm)| = 2(tm, Tm)) >0, — A([p(tm, 2m)| — 2(tm, Tm)) > 0,
[Pty 2m) | VD (Emy T )| = 2(Emy T ) V2 (b, Tin)-

As a consequence, since |p| (resp. 2) is a subsolution (resp. strict supersolution) of (29), we
obtain from this that

2(|p(tm, zm)| — (T, L))* = 2(2(tm, xm) — 6(T, L))* <0,

and we deduce that
|p(tm7 xm)| < Z(tm’ xm) s

12



in contradiction with the definition of (¢,,, z,,). Therefore, in (0,7 x Br(0), for L > 1, we have
that A4(T)L2
1 4
t,x)| < z2(t,x) = +
plt.2)] < 2(t.2) = 5=+ T

Finally, we deduce that, on (tg,T] X B (0),
2

+0(T, L).

Ip(t, )| < C(T, L) (1 N j%) |

Additional assumption on the initial condition. We consider now that (Vu?). is locally
uniformly bounded such that for any L > 1, there exists a(L) small enough such that

|Vaul| < in Br(0).

1
2v/a(L)’
For As > 0 a large constant, define

B 1 AsL?
2v/t+a(L) (L? - |z[?)

z(t,x) +6(T, L).

We can prove similarly to the previous proof that for As large enough, z is a strict supersolution
of in [0,7] x Br(0). Moreover, as |x| — L, z(t,z) goes to infinity and for all x € Br(0),
we have that

p(0,2)| < 2(0,2).

One can then follow similar arguments as in the previous part to show that, in [0, 7] x Br(0),
p(t, z)| < 2(t, ),

and hence, in [0,7] x B (0),

SISl

1
lp(t, )| < C(T', L) (1 + Ha@)) : (30)

3 Proof of Theorem [1.3

In this part, we prove Theorem We start by treating the asymptotic persistent case 7).
Then, we deal with the asymptotic extinction of the population on a time interval ii), before
giving the proof in the case of the asymptotic extinction at a time point #ii).

3.1 Asymptotic persistence

We prove now the first statement of Theorem [I.3] Take T' < 0o, and consider Assumptions
—, as well as . First, we show that in this case, there exists a strictly positive uniform
lower bound for (I).. Then, we use this property to show that I, has bounded variation, which
leads to the convergence up to a subsequence of (I;)c.
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3.1.1 Strictly positive uniform lower bound on (I;).

In this section we aim at proving . We start by proving an inequality related to the time
derivative of I.(t). Let us remark that

G0 =< [ Avpne(t,a)do + (1),

where )
-2 / b2y (t, 2) Rz, I.())dz (31)
We now consider the evolution of the negative part of J., defined by (J-(t))— := max(0, —J-(¢)).
Lemma 3.1. Under assumptions —, there exist two positive constants G1 and Go such
that, for e <1,
(J(0)_ < —, (32)

and
-1
4 - < - ML) (33)

Proof. We start by deriving . From (H4|),(H8|) and (H9|), we have that

R(x,1.(0)) > —Ky — K3|z|?, I1.(0) <Ip, andn.(0,z)<e

Ag—Byl|z]
€

For any positive constant M, we obtain

£ J.(0) = / (e, 0) Rz, 1.(0))dz + / )z, 0)R(z, 1.(0))dz,
{l=|<M}

{lz|=M}
Ao Ed!
> —In (Ko + K3M?) — ¢y e (Ks + K3|z[*)de
{lz[>M}
The second term of the right-hand-side is small for M > As/By and € < 1 and we obtain .
To obtain , we compute the time derivative of Jg, to get

1
st(t)z— / YR*nedx+ [ YRAn.dx + / AYn.dz / wnsa—Rde‘
dt 52 Rd Rd Rd Rd 8[

>0

+J£t) wgajd

Now, we find that [pq wRAnde = fRd (YR)n.dx > —Ksp:(t) > —Kspp using (H5|) and
Proposition n Moreover, from (H1)) and ( .,

—K I.(t) < @st da: < —-K;'I(t) and Ayn.dz

Rd

< pe(t) | A oo,

so that Proposition @ leads to

( Awnadsc) ( / wnsfffdx) > Kipe(OL(1) | A% [loo> —2K1 || A oo Tnrpar.
Rd R4

Therefore, we obtain that

d
dtJ()>—G+J€() n, E—dx for some G > 0.
Finally, considering the negative part of Ja, and using || permit to conclude. [
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Let us now define for I € (0, I;),
Qr :={z eR% R(z,I) > 0}, (34)

and for e >0 and t € (0,7,

Q.(t) .= {z € RY, R(z,I.(t)) > 0}.
We first prove the following Lemma.

Lemma 3.2. Assume (H1))-(H9), and . Then, there exists ¢g > 0, Iy € (0,1p) and
I, € (0, Iy) such that for all € < ey,

I.(0) > (z)n(x)dx > In > 0. (35)
Qr,

Proof. The left-hand-side inequality always holds true. We prove that the assertion is true for
some I, and Iy in (0, Iy). Consider xg € Supp n° N {z, R(x,0) > 0} which is possible thanks

to (12). Then, we deduce that R(zo,0) > 0, and from (H3) that there exists I, € (0, Ips) such

that R(zo, L) > M > 0. As a consequence,

Supp n’ N Qy, #0,
and therefore

/ n®(z)dz > 0.
Qr,

Since ¥ > 1, > 0, and (ngk)k%+oo converges weakly in the sense of measures towards n?, we
obtain that for every e small enough

(z)n(x)dz > %/ n®(z)dz = Iy > 0.
o 2 Ja,,

Finally, we know from Assumption (H3|) that VI; < I, we have Qy, C Qy,, leading to

(z)n(x)dz < Y(2)nd(x)da.
o Qr

As a consequence, taking a smaller I, does not change the inequality, and we can assume
I, < Iy. O

We now introduce two e-dependent times that also depend on a small parameter § < %* that
is fixed:
te = inf{t > 0,1.(t) < I, — d}, (36)

se = inf{t > t., I.(t) < I, — 26} . (37)

Lemma [3:2] yields that these times are positive since I, < Ij.

The proof of in Theorem i) is separated in different cases.

Case A: if s > T for ¢ < ¢(T), with &(T") a small positive constant, then by definition,
Vit < T, Ve <e(T), I(t) > I, — 20.

Case B: we fix % < < 1 and we consider two subcases.
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Case B1: if, up to a subsequence,
se <T and s, —t, > &7, (38)
then for all ¢ € (0, sc), I.(t) > I, — 26, and we deduce from Lemma |3.1| that for ¢ <1

d KT, — 296)

g =) < G2~ . (J(1))_ -

Let us denote G = Kfl(Lk — 20) and remark that since § < 1 and , we obtain from the
Gronwall inequality that

(e(s2)- < (L) el 4% < e, )

where the last inequality holds for some H > 0 and € < 1.
Now, let us show that I is bounded by below on (s, T'). For t € [s., T],

L(t) = L(s.) + ¢ / t / A (2)ne (, w)dzdu + / t J(w)du,

t
z&@wmmmw@w—/cuw>m,

I, —26
> —
-2

L}qum,

for ¢ small enough, using (H1)). To conclude the proof it is sufficient to prove that

t I, — 26
/SE (Je(w)) _du < 20,

We proceed by contradiction and assume that up to a subsequence, there exists T, < T such

that .
= I, — 26
[ ) _du ="

Now using Lemma [3.1| again, V¢ € [s., T¢]

d K{IL(t)
n € t < R——— £ t
S0 < Ga = S (L)
K [E52 [ () du]
< Ga - : CAC)
K1, — 26)
<Gy— L .
<Gy T ()
As a consequence, Vs, <t < T,
4Goe Ky MUe—26) s 4Goe
(Je(t)- < [(Je(se))- — _12:| e (t=se) _1—2
K (1, —29) K{ (1, —29)

Using , we deduce that there exists a positive constant G such that Vt € [s.,T:], 0 <
(J=(t))— < Ge. As a consequence, we have that
I —25

Te
0< _/ (Jo(s))_ds < GeT

which leads to a contradiction as € — 0. The result is then proved in this case.
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Case B2: if, up to a subsequence,
se <Tands. —t. <&, (40)

then we first prove that at some e—dependent time, the resource consumption of individuals
having a positive growth rate is uniformly bounded from below (see Lemma [3.3). Next, we
prove that this is sufficient to conclude. Recalling the definition of 2; in , we introduce a
family of test functions ¢, ; such that for a given C’ > 0 and 2(1 — ) < o < 1,

wer(x) =1 for x € Q7 cicare
we1(x) =0 for x € Qf
e 1(x) € (0,1) for . € Qr\ Q7 crearz .

Moreover, we ask that ¢, —0> 1, and that
E—r

C
D% 0e tllzeqaty < (41)

for ¢ > 0. Such a sequence of functions exists since using the assumptions on R, for any
T € Qp creas2, then d(z,09r) > Ce®/? with C > 0.
Finally, we define

Iz—:,l(t) = o ¢(x)n€(taw)wa,lg(t)(x)ds'
We start by proving the following lemma.
Lemma 3.3. Assume (H1))-(H9), and , then there exists €1(6) > 0 and I > 0 such

that for a sequence (Tc)e<c,(5) with 7= € (0,71, we have
IE,I(T{-:) Z Il 9
and I. > I on [0, 7].

Proof. Let us introduce for t € (0,7,

I a(t) = » P(x)ne(t, x)(1 — e 1,—25)d,

an approximation of the consumption rate at time ¢ of individuals that would have a negative
growth rate for a competition level of I, — 25. We obtain the result depending on the situation
at time ..

a) First, assume that

L
I572(t6) < § .

In the following we prove that I.s(s.) is still small and hence I.1(s:) = I.(s:) — I 2(sc) is
bounded from below by a positive constant. To prove that, we derive an estimate on I o for
t € (te, se):

d 1
&15,2(0 =& A(p(1 — @571*_25))715@,1‘)(211' + / Yn (1 — @5,1*—26)R(1'a I(t))dz
Rd € JRrd

1
<ol /R (1= e 29 Rz, L(0)dz
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where we used (H1IJ), and . Now, 1—, 1,25 has its support in Q;*725+C’€°‘/2' Moreover,
in [ts, sc], we have that I.(t) > I, — 20, so that (H3]) yields
R(z,I.(t)) < R(z, I, — 26) < R(z, I, — 20 + C'e*/?) + C'e*? K,

! a/2 c
< C"Kqe%77, Va;EQI*_QMC,Sa/Q.

As a consequence, we obtain that
d
gl < Crel™ 4 Coe™? 1 o(1) .

The Gronwall Lemma yields that

IE,Q(SE) < 15,2(t5)6026 2 1(55_t5) + 70 1i/2 1 (6026 /2 1(55_t5) — 1)
plomiia
< %(302654-&/2—1 + 0162304/2 (602€5+a/2—1 . 1) 7
2

using the assumption on I »(t.) and . It follows that since 8 + a/2 > 1 by assumption on
a, for € small enough I o(s.) < I,/4. Then,

Ia,l(se) = Ia(se) - I&,Q(Sé‘) ,

I,
21*—25—Z>0,

for § small enough, leading to the result by setting 7. = s..

b) In the other case, assume that

1
Ie,2(t5) Z g*
We first evaluate an approximation of I. 5 on (0,t.), that enables us to deduce that ¢, is small.
From this we will obtain that I. ;(¢-) is bounded by below by a positive constant. For ¢t € (0,t.),

d

1
&IE,Q(t) =& A(¢(1 - 905,1*726))716(757 .%')d.’L‘ + g /]Rd wnE(l - 905,1*726)]{(337 IE(t»dx :

Ra

Using (H1)), and (41)), we have that the first term in the right-hand-side is smaller than
C1e'~ for some C; > 0. Moreover, note that 1 — ©e.1,—25 has its support in

c c
91*726+C’€°‘/2 » QI* -6

since I, — 0 > I, — 20 + C'e*/? for ¢ small enough. It follows that, since for all t € (0,t.),
I(t) > I. — 0, there exists Cy > 0 such that R(z, I(t)) < —Con Qf ., ./ Note that the
constant Cy depends on §. Using this information we obtain that

d

Co
L
det ™

2(75) < Cl€l_a — ? 572(t),

and the Gronwall Lemma combined with the estimate on I, 5(t.) yields

I,

C
3 S lealte) < Lp(0)e™ Pt 4 Zhete (1 e )

—¢
Co
o,

< Iye =t 4+ Ot
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where we have used (HS]). It follows that necessarily, t. < Ae for some A > 0.
Let us now deduce a lower bound for I. ;(¢.). We compute

g w(w)ne(tv x)ws,l*fé(x)dw = 5/

1
= neBWper-sho+ - [ vnRosdo.
R4 R4 g€ Jrd

Using and , the first term on the right hand side is bounded from below by —Cse!~®
for some C3 > 0. Moreover, ¢, 1, s has its support in 27, _s that is included in a compact by
(H7)), so that |R| < C4 for some Cy > 0. It follows that

d _ Cy
dt/ wns@s,l*fzde > _0351 & — / wna%,fradx,
R 3 Rd

and the Gronwall Lemma yields that

c C C
(@) (te,2)por—5(@)dz = [ p(a)nl(@)per.—s(w)dre” =t = 2220 (1—em )
R4 R4 4

Now, we have that for € small, I, — § + C’e < I, and using the definition of ¢, 7,5 and Lemma
Vel @)pe s —s(a)do > [ Y(@)nl(a)de,
Re O, _sicreal?

> (z)n(x)dz > Io.
Qr,

Finally, from t. < Ae, we obtain that

Gy

>0
Ci°

; w(m)ne(tm x)¢5,1*76($)dx > IoefC4A -
R

for € small enough, leading to I.;(t.) > I > 0 for some I, and the result is proved by taking
Te = te. O

We have derived a positive uniform lower bound for I, at some e-dependent time interval.
It remains to extend this result to obtain a uniform lower bound on the interval [0,7]. Write
E :=| A¢ || pa and define

ve = inf{t > 7., J.(t) > —(E + 1)e}.

Then, either v, > T or v, < T, and we prove now the result in each situation.

i) If v. > T, then for all ¢t € [7.,T], J-(t) < — (£ + 1) ¢, so that

E
d(t) — ¢ Ap(z)ne(t, x)dz + Je(t) < —e < 0,
dt Rd

so that I. is strictly decreasing. From (3, we deduce that for any = € R?,

) ) dIL(t)

so that for all t € [r.,T],

> K 'e>0,

R(z,I.(t)) > R(z, I.(12)) + (t — Tg)Kl_ls
> (t—7)K{'e  on Q.
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Now, for t € [7.,T1], let us introduce

Les(t) = | et 2)perr)de-

In particular, note that I 3(7.) = I.,1(7:). We compute

d

1
alsg(t) 5/ A(Q,Z)goavle(%))ng(t,x)dm—i—/ Ve 1. (r) e (t, 7) R(z, I (t))dw
Rd g JRrd

> —Ce'™ 4 (t — ) K{ 'L 3(t)

for some C > 0, using (H1J), and . We deduce that for ¢ € [7., T,

2 Kit-re)? [t Ky(s—re)?
Ies(t) > I: 3(7'5)6 2 (-7 e gl 0‘/ e 2 ds
Te

K,T? 1
> 1. 1(r.) —CTe 2 @
> — CTef T e~ > 0

fo

r eo(T) small enough. It follows that there exists I(7) > 0 such that V¢t € (0,7,
I(t

e <
) > 1o 3(t) > I(T).
i) I

ii) If v. < T, we can use the previous argument to show that

Jeo(T) > 0, L(T') > 0 such that Ve < go(T), Vt € [, ve), 1(t) > L(T).

Therefore, I.(v;) > I(T'), and J.(v.) > —(E + 1)e. For € < &1(T") small enough and t € (v.,T),
we have that

I.(t) = Ig(y5)+/ Il(s)ds = Ig(l/g)+/ Je(s)ds+O(e)(t —ve) > 2/ (Je(s))—ds, (42)

and we obtain from that

—1 t
G0 = 6= T (B2 = [as) -

3

Now, we want to show that under some conditions, Ve < go(7), fT(JE( ))—ds < ( ). Let us

Ve
proceed by contradiction. Assume that this is not the case: there exists a sequence (ek)k in
(0,e1(T)) with kgrfoogk = 0, and VF, there is a first time 7/ < T such that fl:‘:zk (Jep(8))—ds =
#. Then we have Vk > 0,

d KV I(T) ,
a(‘]sk( )> <G- ?T(‘]Ek(t))* VVsk <t< Tsk'

As a consequence, Vk > 0, Vv, <t < T/

EL?

€k

I 4y, 1GK I (C R
(or(B))= < (o (vey)) e 15 o) ¢ ACKOE (1_e H >)

or equivalently

B 4G K gy, 4;((1 (t—vey,) n 4G K¢y,
I(rT)



Since (Je, (ve,))— < (E + 1)ei, we deduce that there exists a positive constant G such that
Vt € [ve,, T, ], 0 < (Je, (1)) < Gieg. As a consequence, we have that

T: I(T
0 g/ (., (s))_ds = IT) _ eyt

€k

which leads to a contradiction for k large enough. Therefore, for all ¢ < £1(7"), we have
fZ(Jg(s))_ds < %, and from the estimate ([42)), we have that Ve < &1(T), for ¢ € (ve, T),

I~

T
L(t) > (4)
and the result is proved.

BV bound

We derive now a sub-Lipschitz bound as well as a BV bound on I. that allow to pass to the
limit after extraction of a subsequence, ending the proof of the first point of Theorem

Proposition 3.4. We assume (H1)-(H9) and that there exist I(T) > 0 and eo(T") > 0 such that
Ve < ep, YVt €10, T], I.(t) > L(T). Then, fore <eg <1, and Cy, G some positive constants, we
have the sub-Lipschitz bound

T2 = |+ 73] - oron- R, )
and the BV bound
T

/0 Cg;(t)' dt < A(T) + I](% ( Rdw(w)na(O,w)R(w,Is(O))dx)_ ) (44)

L(T)
Moreover after extraction of a subsequence, (I:(t))s converges a.e in Ry when £ goes to zero to

a function I such that YT > 0, there exists I(T') > 0 such that I(t) > I on [0,T].

Proof. We adapt the proof of [BP0§|. We want to show that

T
J
for some positive constant C. Writing

m=(G0) +(50) =Fo+2(Fo) .

dr.

T
i (Hdt < C

dl.
dt

we obtain that

T T
/0 Cg;(t)‘ dt = I.(T) — 1.(0) +2/0 <ng(t)>_dt
Now, on [0, 7],
L0 =< [ Av@n(ta)de + L0 2 ~Crepa(t) - (1) 1)
so that
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(i{:(t))_ < Ciepm + (Je(t))— .

Therefore, we have that
T
/

and the uniform BV bound on I; relies on a uniform bound for fOT(JE(t)),dt. We use Lemma
together with the lower bound on I, to get

dI.
dt

(t)‘ dt < Ia(T) - Ie(o) +2TCrepy + Q/OT(Ja(t))—dta

d I(T)
() <G = E(Ja(t))—,

leading to

This inequality combined with give the sub-Lipschitz bound . Finally, we also obtain

that
T
|

dlg(t)‘ dt < IE(T) — IE(O) +eT (201,0M 4 2]6(:;1)

Kie _%T
+2l(T) <1—e ) (J:(0))—,

GK; Kie L)
< 2 _ o Ki= )
<2y +Ce” 4T <2C1PM + 2I(T)> + 2l(T) (1 e K1 ) (J:(0))—

We deduce that, for € small enough, (I.(t)): is uniformly bounded in VVllo’Cl (Ry). Therefore, as
e — 0, (I-(t))- converges along subsequences in L'(Ry) and a.e. in R, to a function I which is
of bounded variation. This concludes the proof of Proposition [3.:4] and of the first assertion of
Theorem [L.3] O

3.2 Asymptotic extinction on a time interval

We show now the second statement of Theorem We recall the assumption namely
that 3C > 0 such that

Ty = {z € R, u(0,2) =0} C {x € RY, R(z,0) < —C},

Let us define for 6 > 0,
O == {z € R, u(0,z) > -6}

and recall that Oy = T'g since u < 0 from Theorem i). Using , Oys is bounded and
from the local uniform continuity of u, for § and a small enough, we have O5 C A¢/y := {7 €

R%, R(z,0) < —C/2} with dist(Os,0A¢/2) > a > 0.
Moreover, by the uniform continuity in time of u, there exists Ty > 0 so that

)
vt € 10, Tp), {x e RY, u(t,x) > —2} C Os.
Now, since 1 is positive and bounded by (H1|), we write on [0, Tp),

I(t) < ¢y ne(t, z)dx + PYps ne(t, z)dx,
Os (Oé)c
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and we prove that each term separately goes to 0, starting with the second term.
From Proposition (i), there exist positive constants F;, i € {1,...,4}, such that for
(t,z) € [0,T] x R%, Ve < &,
—AT — Flz|* <u.(t,z) < BT — Fylz|.

Therefore there exist 79 > 0 such that for all ¢ € [0, Tp] and |z| > 79, u:(t,z) < ,%m. Now,

/ ne(t, z)dx —/ ne(t, sc)dw+/ ne(t, z)dz
(05)° (05)°NB(0,r0) (05)°NB(0,r0)°

—Fylz|

g/ ng(t,x)dw—F/ e 2 dx.
(Og)CﬂB(O,To) (O5)CﬁB(O,TQ)C

Finally it remains to control the integral on (Os5)° N B(0,7r9). Remark that on (Oy)°, for any
t € 0,Tp), u(t,-) < —3% < 0 and there exists gp > 0 small enough so that Ve < ey, on (Os)",
ue(t,-) < —4. We then deduce that

0= / ne(t, z)de < / e~ i=dx < | B(0,ro)|e i .
(0s)°NB(0,10) (05)°NB(0,r0)

Combining with , f(Oa)C ne(t,x)dz goes to 0 as e — 0 for every t € [0,Tp).
We now consider fa; ne(t,r)dz on (0,7p). Let p. € C% (Acy2) be a test function such that

@- = 11in Oy, and such that | D?p; [|e< % Such test function exists for € small enough. Then,
for ¢t € [0, Tp),

(46)

OS/ ng(t,x)dxg/ e (T)ne(t, x)dz.
Os R4
Moreover,

d
T /Rd we(T)ne(t,x)de =€

1
<e || Ape [loo pur + 8/d ve(x)ne(t, ) R(x,0)dx,
R

1
Ap.ng(t,x)dz + 5/

y ve(z)ne(t, ) R(x, I.(t))dz,

R4

C
< pM — 2 / Ws(x)ns(tym)dma
g JRrd

using Assumption (H3|). It follows that on (0,7)) using Assumption (HS§|), we have

2
[ oe@mnettads < [ puema(0apdze £ 4 20 (12 EY)
Rd Rd C

<6(€_2%t+8> — 0,
e—0
where C' > 0. This concludes the proof of Theorem ii).

3.3 Asymptotic extinction at a time point

We show now the last assertion of Theorem [I.3] namely that if
Iy C {z € RY, R(z,0) <0},
then, for any T' < +o0,

V6 >0, Jes > 0, Ve < es, It € [0, T, I(t) < 6. (47)
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Recall that the space of possible concentration points of the population at the limit writes
Iy := {z € R% u(t,z) = 0}. We prove the result with a contradiction argument. If is
not true, then 37, 6 > 0, 3(ex)r — 0 such that V¢ € [0,7], I, (t) > § > 0. Then, following

€k
Proposition (I, )k converges on (0,7) towards a function I : ¢ — I(t) > J, and by Theorem
[[-1] w is then a viscosity solution of the following constrained Hamilton-Jacobi problem:

Oru = |Vul? + R(x, I(t)),

max u(t,z) =0,
xT

Supp n(t,-) C 'y C {R(-,I(t)) = 0} for all Lebesgue point of I.

Now, by assumption (H3|),
Vx € Ty, R(z,6) < R(x,0) +sup drR(x,1)§ < —K; 1§ <0.

By continuity of u, there exists n > 0 small enough so that

{u(0,-) > —2n} C {R(~,5) < —;;(1} ,

and there exists t; > 0 small enough so that
Therefore, for t € (0,1) and x € I'y, we have that

0
— < -
0= Rz, (1)) < R, 0) < 57 <0,

leading to a contradiction.

4 The concave case

In this part, we give the proofs of Theorem as well as Corollary that deal with a
constant or piecewise constant concave environments.

4.1 Proof of Theorem [1.8|
i) One can verify that Assumptions (H11)—(H15)) imply (H4)—(H9). Therefore, one can use

Theoremwhich implies that (u.). converges locally uniformly to a function u € C([0, 00) x R%)

with u < 0. Moreover, in [LMP11] it is proved that under the assumptions of Theorem the
. . . 2, 1, .

function w is indeed strictly concave and u € LS, (Ry; W2 2% (RT)) N W, (Ry; LS (R?)). Con-

sequently, u(t,-) has a unique maximum point Z(¢).

ii) Note first that Supp n® = I'g since I'g has a unique point. Therefore, if Ty C {R(-,0) > 0},
then (I.). converges to I € WH*°(R, ), with I > 0, thanks to Theorem [1.3}(i). Moreover, thanks
to Theorem [1.1}(iii) u is a viscosity solution to (8)-(9), together with «(0,-) = «°. In [MRI6]
it is proved that the viscosity solution (u, I) to such Hamilton-Jacobi equation is indeed unique
and smooth. Moreover, under the assumptions of the theorem, the canonical equation can
be derived similarly to [LMP11].

iii) Since I'y € {R(-,0) < 0}, thanks to Theorem [I.3}(ii), there exists Ty > 0 such that
lime 0 Ic(t)|(0,7,) = 0. We define T}, to be the maximal point such that this property holds. It
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is immediate that T}, > T. Otherwise, one can extend 1), to greater valuei thanks to Theorem
(ii). We expect indeed that T,,, = T. We next, deduce that V¢t € (0,7), lim._,o I(t) = 0.

Equations and can then be derived similarly to and .
Next, we study h defined by h(t) = R(z(t),0). We compute

H(t) = VaR(@(t), 02 (t) = Vo R(E(L), 0)(~Dult, 7(1))) ™ V. R((1),0).

so that h is increasing while |V, R(Z(¢),0)| # 0, and non-decreasing in the general case. As

a consequence, since thanks to the assumptions (H2)-(H3) we have max,cps R(x,0) > 0, we
deduce that T < +o0o. We provide some estimates for 7. From [MRI6] (Theorem 1.1), and
using the estimates ([12) and (fI14)), we have that on [0,T] x R?,

0 < min(2L4, \/%2) < —D?u(t,z) < max(2Ly, /K,) .
Moreover, by the concavity assumption on R, we have that for ¢t € (0,T),

Vo R(@(T),0)* < [VaR(@(t),0)|* < [V.R(z(0),0)*.
It leads to

1 _ 1
V.R@T),0)* <1'(t) < — =
max(2L, \/Kg)‘ @), 0F < 7(t) < min(2L1, v K2)

The result then follows from this estimate combined with the equality

V. R(%(0),0)]”.

T
/ B'(t)dt = —h(0) .
0

4.2 Proof of Corollary

In this part, we prove Corollary that describes the dynamics of the population when
a switch in the environment occurs. First, the convergence of (u.). and the one of (n.). for
t € [0, Ty) follows from Theorem [1.8] that also yields point i) and that the u. (T}, ) are uniformly
strictly concave and verify Assumption . By definition of u.(T1,z) and I.(T1) and by
continuity of 4 and I, we have that I(77) = lim, T I(t) satisfies Assumption (H15), and that
u(Ty,z) = limyyp, u(t,z) is well-defined and strictly concave. Therefore, the convergence of
(ue)e and of (ng). for t € [T1,T») follows from Theorem Moreover, I'ry, = {Z(11)}. As a
consequence, point (ii) follows from Theorem [1.3] and éii) follows from Theorem combined
with Theorem [I.8

5 Numerics and application to switching environments

In this part, we perform some numerical simulations of — and to illustrate the
selection-mutation dynamics in temporally constant and piecewise constant environments. For
that purpose, we use a finite difference scheme with an implicit time discretization scheme, at
the exception of the nonlinear term I.(t) that is treated explicitly. In all the section we choose

i) = 1.
5.1 Constant environment

We begin with numerical simulations of the problem - that illustrate Theorem . We
consider the growth rate given by

R(z,I.) = a(x) — I,
with a to define.
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Asymptotic persistence and extinction on a time interval

We choose a as a quadratic function with
a(r) =0.25 — 22, (48)

so that a is strictly positive in (—0.5,0.5). We choose two expressions for the initial condition,
in order to illustrate the two first cases of Theorem They are given by (see Figure

) =D, Lo)=02 (49)
Case 1: (b,c) = (—0.6,—0.4), Case 2: (b,c) = (—0.7,—0.6). (50)

In the first situation, a part of the initial population is composed of individuals having a positive
growth rate in the absence of competition. In this case we have asymptotic persistence of the
population. One can see that n. evolves towards the best trait x = 0 (see Figure . For
small times, the population size drops (see Figure [Id) as a result of the extinction of the part
of the population that is not viable, but it does not reach zero as the population seems to be
sustained thanks to larger trait values (see Figure . In the second case, the initial population
size vanishes near ¢ = 0 and the population gets extinct asymptotically (see Figure . After
some time, the population grows again at some trait values having a nonnegative growth rate
in the absence of competition (see Figure . When the effect of the mutations ¢ is small but
non-zero, indeed still a very small population persists and evolves gradually towards better traits
and after some time the population becomes viable and may grow again. This observation is in
line with Remark and the initial time where the population starts to grow corresponds to T'
in Theorem although here we are not in the concave framework of the theorem. Note also
that the maximum of u. is negative until the population starts to grow (see Figure .

Asymptotic extinction: critical case

Figure [2 illustrates the third situation described in Theorem occurring when I'y C
{R(-,0) = 0}. For that purpose, we consider

R(x,0) = a(x) = —2*(x — 0.75)(x — 2). (51)
Moreover, we consider two initial conditions given by

22 x—0.75)2

nd(z) = \I/a%e% , n2%(z) = \I/E%e< 7 , I.(0) =0.2. (52)
Figure [2a] shows the corresponding growth function as well as the two initial conditions that we
consider. One can see in Figure[2 that the solutions behave differently. The solution issued from
nd! (Figures keeps a total population size that is close to zero during a whole time
interval, before increasing again very fast from a population density concentrated at trait values
having a positive growth rate. Figures[2e[2f{2g]illustrate the situation when the initial population
is concentrated near values that have a positive growth rate in the absence of competition. In
that case, the population size first drops and gets close to zero, but then the mutations allow
reaching better traits fast enough to rescue the population. This illustrates the critical situation
where asymptotic extinction occurs punctually in time. Note however that here the population
size does not reach zero since € > 0.
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Figure 1 — Numerical simulations of — for R(x,0) given by and initial conditions
given by (49)-(50). (a): initial conditions and growth rate R. (b)-(c)-(d): situation when Supp
n® N {z € RY R(x,0) > 0} # (). The population density evolves towards better trait values,
while the population size stays strictly bounded away from zero. (e)-(f)-(g): situation when
'y € {z € RY R(z,0) < —C} for some C > 0. The population size almost immediately
drops to very small values, while max,cpa us(t,2) < 0. Then, when the population density
concentrates around trait values that have a positive growth rate, the population size grows
again, while max, g uc(t, ¥) returns near 0. Parameters: r = 0.25, I.(0) = 0.2 ; dz = ¢ = 1073
cdt = 1074

Case not treated by Theorem

Figure |3] illustrates the situation described in Remark where Supp n° C {R(-,0) < 0}
and T'o N {R(-,0) > 0} # 0. For that purpose, we consider again and

nO(z) = \/02'721_786)@ <—(“’ ﬁ; 5)2> + \/%exp (-i) , (53)
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Figure 2 — Numerical simulations of (2)-(3)) in the case where I'y C {R(-,0) = 0}, for R(z,0)
given by and initial conditions given by (52). (a): initial conditions and growth rate
R. (b)-(c)-(d): situation when the initial population concentrates far from viable traits. The
population size drops to very small values on some time interval. (e)-(f)-(g): situation when the
initial population concentrates near viable traits. The population size initially drops but rapidly
increases away from zero. Parameters: I.(0) = 0.2 ;dz =¢ = 1073 ; dt = 10~%.

so that Ty = {—0.75,0} and Supp n° = {-0.75}, with R(0,0) > 0 and R(—0.75,0) < 0.
Therefore, Iy meets a viable trait (z = 0), but the population size at this point vanishes as ¢
goes to zero (see Figure. In this case, the individuals holding traits with negative growth rates
die quickly which leads to a rapid drop of the population size to very small values. Afterwards,
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the population stabilizes around the best trait and grows again.
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Figure 3 — Numerical simulations of — in the case of Remark where Supp n? C
{R(-,0) < 0} and Ty N {R(-,0) > 0} # 0, with a(z) given by and an initial condition
given by . The population density is split between a subpopulation concentrated at non
viable trait values, and a subpopulation concentrated at viable trait values, but having a mass
going to zero as € — 0. The population size drops immediately as the population carrying
traits with negative growth rates disappears, but it quickly increases again towards a positive
stationary value, as the population concentrates around the best possible trait. Parameters:
de=e=10"3;dt =10"%

5.2 Piecewise constant environment

In this section, we illustrate different phenomena arising in a temporally piecewise constant
environment. More precisely, in the case where the environment switches between two states,
we consider Problem for e a periodic function of time with period T such that for t € [0, T],
e(t) = Ljo,r/2)(t) +21 72,1 (t). Then, for (t,z) € [0, 7] xR?, we define the corresponding growth
rate R(z,e(t), [c(t)) by Rew)(z,I:(t)). We investigate numerically situations where the period
of fluctuations has an effect on the dynamics, whether it acts on the fate of the population, the
mean population size, or on the dynamics of the optimal trait.

Effect of the period of fluctuations on the fate of the population
We consider here a periodic switch between two concave growth rates given by
Ri(z,1(t)) = ri(x) — I(t) and Ra(z,I.(t)) =rao(z) — I(t), (54)
ri(z) =7 — glz + 6)?%, ro(x) =1 — g(z — )2,
with gf2? < r < 4¢g#? to ensure that there are traits viable in both environments. Here, we take
0=05 g=1 and r=0.5. (55)
The initial condition is given by (see Figure

1
4 _\/§z2
O(z) = po jﬁ %, pop=025, (56)

and allows initial persistence in both environments. Figures [Ab] and [Ad show the evolution of
ne and p. over the first environmental switch when the period of fluctuation is large (7' = 1).
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On [0,7/2), the population concentrates on better traits relatively to the first environment.
However, these traits have negative growth rates in the second environment. As a result, at
switching time, the population is in a situation of asymptotic extinction.

Then, we consider the case where the period of fluctuations is smaller (7" = 0.2), for the

same initial condition. In this situation, the period is small enough so that the population
remains concentrated in traits which are viable in both environments. The population is therefore
persistent, and n. is periodic in time (see Figures |4d| and . This illustrates how the fate of a
population may be drastically affected by the timing of environmental fluctuations.
Note indeed that in the case where the period of fluctuations is small and of order e, it is
proved in [FIMI8| that the population would get adapted to a homogenized environment. In
this particular case, it means that when T takes small values the dominant trait would stay
around the trait 0 which is the optimal trait for the average environment and maximizes the
average growth rate M We can observe this tendency for 7' = 0.2 in Figure

3 0.5 5
5
0.4
2 0.4+ 4
4
— 0.3
s 1 ® 0.3 3 _
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(d) ne(t,x) (€) pe(t) = [pame(t, z)dx

Figure 4 — Numerical simulations of for a growth rate given by f and an initial
condition given by (56). (a): initial condition and the growth rates R;. (b)-(c): situation
when T = 1. There is asymptotic extinction at the first switching time, since the population is
concentrated at trait values with positive growth rates in the first environment and to negative
growth rates in the second one. (d)-(e): periodic solution when 7' = 0.2. The solution remains
concentrated at trait values that correspond to positive growth rates in both environments, while
the population size reaches a periodic time evolution. Parameters: dz =¢ = 1073 ; dt = 10~%.

Effect of the period of fluctuations on the mean population size

We are now interested in highlighting how the period of fluctuations between two environ-
ments can have an effect on the mean population size of the population. To do so, we consider
the growth rates given by with § =1, r =1 and g = 0.2. This choice aims at considering
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environments where each respective optimal trait is also viable in the other environment and
the asymptotic extinction of the population can not occur. The initial condition is given by (56
(see Figure . A natural indicator for the mean population size during a period is given by

T
PE(T) = /O po(t)dt

We perfom numerical simulations of the solution of (b)) for 7' ranging in [0.1, 5]. Figure [5b|shows
several simulations of the time evolution of the size of the population for increasing values of
the period T', when a stationary regime is attained. It is observed that the population size drop
gets larger and larger for an increasing time spent in each environment. However, Figure
shows that the stationary mean population size over a period of fluctuations increases with the
length of the period. This can be interpreted as follows. For a small period of fluctuations, the
population never gets fully adapted to an environment, but does not suffer much either from
the fluctuations. If the period of fluctuations is larger, this allows the population to concentrate
on the optimal trait in each environment. As a consequence, the population size can drop
significantly at switching time, which seems more costly. Understanding which situation is
better from an evolutionary point of vue is not intuitive and depends strongly on the shape of
the growth rates. Our simulations show an example where larger periods of fluctuations are
better from an evolutionary point of vue, even if the population is less stable in the ecosystem.

Effect of the period of fluctuations on the concentration trait

Finally, we illustrate in Figure[6]the situation where the period of fluctuations affects the trait
value at which the population concentrates. For that purpose, we consider an environmental
switch between a concave and a symmetric bimodal shape. More precisely, consider

1 2 4
Ri(z,1.(t)) = 0.7 — 51'2 —I.(t) and Ro(z,I(t) =0.2— §x4 + 5m2 —I.(t), (57)
with an initial condition given by
(@-1)°
nd(z) = P e—t% , po=025. (58)

\V2me

Both growth rates and the initial condition are shown in Figure @ Figures (resp.
@ show the evolution of the solution n. and the total population size p. during two periods,
when a stationary periodic solution is attained, for a short period (resp. large period). One
can see that when the period of fluctuations is small, the population remains monomorphic
and mostly adapted to the bimodal environment. When the period of fluctuations gets larger,
the population has enough time to adapt to the unimodal environment. In this situation, the
population becomes dimorphic in the bimodal environment. This may be an effect of the fact
that € # 0, so that very small mutations can have an effect on the population dynamics. Overall,
these simulations show that when the environment switches between very different phenotypic
landscapes, complex phenomena may appear and the trait at which the population concentrates
may by hard to predict.

A Proof of Proposition

Proof. (i) Upper bound on (u.)..
For (t,7) € Ry xR?, let us define u(t, ) = — Ba|x|+Ag+(B2+Ko)t. Then by (9], we have
that Ve > 0, Vo € R, u2(x) < 7(0, ), and for I. defined by (3) and a.e (¢t,2) € Ry x R?,

€

d—1
oyt — eAT — |Va|* — R(z, I.(t)) > B3 + Ko + aBQT — B3 — Ko >0,
i
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Figure 5 — Numerical simulations of for a growth rate given by with 8 =1, r =1 and
g = 0.2 and an initial condition given by . (a): growth rates for each environment and

initial

condition. (b): evolution of p.(t) over a period for different period values T. Drops in

population size become larger when the period of fluctuations increases. (c): stationary mean
population size over a period of environmental fluctuations as a function of the duration 1" of the
period. The mean population size increases as the period of fluctuations gets larger. Parameters:
de=e=10"3;dt =10"%

(b) & (c)

using (H4). As a consequence, @ is a supersolution to (4f). Using a comparison principle
in the class of L? functions, we obtain that for (¢,z) € Ry x R?,

u(t,x) < —Balx| + Ay + (B3 + Ko)t .

Lower bound on (u.)..
Denote M; = max (@, Bl) and define for (¢,2) € [0, T] x R?, u (¢, 2) = — Ay — My|z|? -
(2deM; + K»)t. From (H9), u.(0,z) < u2(z) on R%, and (H4) yields that

Oue — |Vue|* — R(x, I.) — eAue < —Ko — 4M? 2> + Ko + Ks|z|* <0,

and the lower bound on u, follows. Moreover, the lower bound on u. leads to .

Regularizing effect in time Finally, we show the local equicontinuity in time of (uc)e
on either [to, 7] x Br,/2(0) or [0,7] x Br/5(0), depending on the hypothesis on the initial
condition. In the following, we work with the general notation [t;, T] x Br(0).
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Figure 6 — Numerical simulations of for a growth rate given by and the initial condition
given by (58). (a): the initial conditions and the growth rates R;. (b)-(c): long-time periodic
solution and the total population size evolution when T" = 1: the switching frequency is high
enough to maintain the trait in the same subpart of the phenotypic landscape. (d)-(e)-(f): long-
time periodic solution when T = 10. The switching frequency is low enough to allow for an
exploration of the bimodal environment. The apparition of a dimorphic population may occur
only for € # 0. Parameters: dz =¢ = 1073 ; dt = 1074,

Let us show that Vn > 0, 30 > 0 such that V(t, s, z) € [t;, T]* X B, /2(0) with 0 <t—s <0,
for all € < €p, we have that
lue(t, ) — ue(s, z)| < 2n.

We follow the proofs from [BBL02, Lemma 9.1] and [BMP09, sec. 3.4]. It consists in
using the local uniform L bounds on (u.). and the uniform continuity in space to obtain
the local equicontinuity in time. Take (s,z) € [t;, T[xBp/2(0), and define for (¢,y) €
[s,T[xBr(0) and any n > 0,

((t,y) = us(s,2) + 0+ Alz —y|* + B(t — s),

with A and B constants to be defined. We show that for A and B large enough, ( is
a strict supersolution to (@) on [s,T] x Br(0), and ¢(t,y) > uc(t,y) on {s} x B(0,L) U
[s,T] x 0BL(0). First, using point (a), (uc)e is locally uniformly bounded, so that we can
take A such that Ve < g,
8 1] e || oe 2,1y x BL(0))
72 <A.
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With this choice, for (¢,y) € [s,7] x 0BL(0) and any n > 0, B > 0, ((t,y) > u:(t,y).
Now, on {s} x B(0, L), we need to show that for A large enough, ((s,y) > uc(s,y). Let
us proceed by contradiction. If there exists n > 0, VA > 0, Jya. € B(0,L) such that
((s,ya,) < ue(s,ya,), or equivalently

Ua(svyA,s) *UE(S,l') > T]+A|l‘*yA,€|2, (59)

then we obtain that

Ue(S,YAe) — Us(S,T) — 2M
RPN U DR P

with M a uniform upper bound on || we || oo (11, 71x B(0,1))- AS a consequence, for all & > 0,
limg o0 | — yae| = 0. Since (uc)e is uniformly continuous in space on B(0, L), there
exists h > 0 such that for all € > 0, if [z —ya.| < h, then |uc(s, z) —us(s,yac)| < 3. This
contradicts (59)), and we deduce that ((s,y) > u.(s,y) on B(0, L). Finally, we have that in
[s,T] x B(0, L), for B large enough and C' > sup;, <. <ar,, || B(Y; I:(?)) || oo ((s,71x B(0, L))

¢t y) — eAC(ty) — IVC(ty)P = R(y, (1)) = B — 2Ade — 9A’L? — C > 0
and ( is a supersolution of . Now since u is a solution of , we deduce that for all
(t,y) € [s,T] x B(0, L),
us(t,y) < C(ty) = ue(s,x) + 0+ Alr — y[> + B(t — 5).

We can prove similarly that, up to changing A and B, uc(t,y) — us(s,z) > —n — Alx —
y|?> — B(t — s). We conclude by taking z =y and 0 < 2 in both inequalities.
]

B Proof of Theorem (i)-(ii)

We use now the regularity properties obtained in Proposition [2:2] to prove the convergence
of (ug)e and of (ng)e

Convergence of (u.).

From Proposition we know that (ug)e is locally uniformly bounded and locally equicon-
tinuous. We use the Arzela-Ascoli theorem to deduce that up to a subsequence, (u.). converges
locally uniformly to a continuous function « in (0, 7)) x R?. If moreover (Vul). is locally uniformly
bounded, then (u)c is locally uniformly bounded and locally equicontinuous on [0, 7] x R, and
the Arzela-Ascoli theorem applied near t = 0 shows that u € C([0,00) x RY). In particular,
u(0, 1) = lime_y0 ue (0, z) = u’(x).

Proof of u <0

Assume that for some (¢, z), there exists b such that 0 < b < u(¢,z). Then, by continuity
of u and by locally uniform convergence of (u.), there exists r > 0 and ¢y > 0 such that
Y(t,y) € B(x,7) and £ < e, u-(t,y) > 3. As a consequence, on B(z, 1), ne(t,y) — +oo when
€ — 0, which contradicts the upper bound on I..

Proof of the convergence of (n.).

We know from Proposition that n. is uniformly bounded in L{°LL(R; x RY). As a
consequence, (n.). converges in L% (M!(R%))to a measure n.
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Proof of supp (n(t,-)) C {u(t,-) =0}

Assume that there exists a* € supp n(t*,-) such that u(t*,z*) < 0. Then, since (u.). is
equicontinuous on a neighborhood of (t*,x2*), we obtain that for € small enough, there exists
a, 6 > 0 such that on Vs := (t* —6,t* +§) x B(z*,0), we have that u.(t,z) < -5 < 0. We

deduce that
/ ndtdr = / lim eus(st’w) dtdx =0,
V(; V(; e—0

which is a contradiction. Therefore, for almost every ¢, supp(n(t,-)) C {u(t,-) = 0}.

C Proof of Theorem [1.1] (iii)

In this section, we identify v = lim._,¢ u., assuming that (I.). converges to a function I.

Identification of the Hamilton-Jacobi equation (8)

We define ®.(t,z) := uc(t, ) fo ))ds. From (4)), we deduce that

t
D (t, ) — eAD(t,x) — |[VD(t,2)|* — 2V (t, ) - / VR(z,1.(s))ds
0
2

—8/0 AR(z,I.(s))ds + /0 VR(z,I.(s))ds

Our goal is to pass to the limit ¢ — 0. Since I — R(z,I) is smooth, we obtain the locally
uniform limits on [0, T7:

t

lim R(x,[a(s))ds:/o R(z,I(s))ds,

e—0 0
t t
lim [ VR(z,I(s) ds:/ VR(z,1(s))ds,
0

e—0 0
t t

lim | AR(z,I.(s))ds = / AR(x,1(s))ds.

e—0 0 0
These limiting functions are continuous. Moreover, since, (u.). converges locally uniformly to
the continuous functlon U as € goes to zero, it follows that (®.). converges locally uniformly to
¢ with ®(¢,z) = u(t, ) fo ))ds as € goes to 0, and this function is continuous. Next,
let us show that ® is a v1bc051ty solu‘mon of

t t 2
X (t,x) — |VO(t, x)|* — 2V(t, x) - / VR(z,I(s))ds = / VR(z,1(s))ds (60)
0 0
Then, it will be straightforward that u is a viscosity solution of
duu(t,z) = |Vu(t,z)|? + Rz, I(t)), (61)

and the proof will be complete. To show this result, take ¢ € C*°((0,T") x ]Rd), and suppose that
® — 1) has a strict local maximum at a point (¢1,21) € (0,T) x RY. Then, since (®.). converges
locally uniformly to @, there exists a subsequence (g;);, with £; — 0, and there exists (tc;, z;)
such that (tc;,z.;) is a local maximum point of ®.; — ¢ and lim;, o(te;, 7e;) = (t1,71).
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Now, since V®,(t;,7c;) = V(te,, x¢;), Or®Pe(te;, ;) = O(te;, ve;), and —Ad(te;, 7)) >
—Ai(te;, ze,), we deduce that

te - te - 2
J J
at¢(t€j7$5j) - |V¢(t5j)x€j)|2 - 2v¢(t8j)xfj) : 0 VR(xEj7I(S))dS - 0 VR(xEjyl(S))ds
) te; te; 2
= 0y Pc(te;, we;) — |VOe(te;, 7e,)|” — 2V OL(te, ze; ) - VR(xe,,I(s))ds — VR(xe,,I(s))ds|
0 0
te.

= ejAD(te;, xe;) + €5 J AR(xe;, I(s))ds,

0

te.
SQAM%J@HijJAM%wugm&
For €; — 0, and since 1 is smooth, it leads to

t1 t1 2
O (ty, w1) — |Vp(ty, z1)[> — 2Vep(ty, 21) - VR(z,I(s))ds — VR(z,I(s))ds| <0.
0 0

The case of a local minimum can be treated similarly. Finally, we have proved that ® is a
viscosity solution of . It follows that u is a viscosity solution of .

Constraint when [ is strictly positively lower bounded on (0,7")

We assume that there exists I > 0 such that for ¢t € (0,7), I(t) > I. In that case, we show
that
maxu(t,z) =0Vt € (0,T).
reRd
Using the upper bound in , there exist positive constants such that
ue(t,x) < —Alz| + B+ Ct.

Therefore, for M large enough, we obtain that

. . —Alz|+B+Ct
lim ne(t, x)dz < lim e E x=0,
e—0 |z|>M e—0 z|>M
so that we can write 7
lim ne(t,z)de > —. 62)
e—0 |lz|<M E( ’ ) wM (

Now, if for all |z|] < M wu is strictly negative, there exists a positive constant a such that
u(t,x) < —a for all |z| < M. By the locally uniform convergence of (us): to u we then deduce
that lim._,q f|m|<M ne(t, z)dx = 0, which contradicts , and the result follows.

Proof of I'; C {x € R, R(x,I(t)) = 0}

Take t any continuity point of I, and T such that u(¢,Z) = 0. Using the definition of a
viscosity solution at this point with the null function as a test function, we obtain that

R, 1(t) > 0.

Next for the other inequality, integrate Equation in time on (¢,t+s) with s > 0 small enough,
at the fixed point T, and divide by s. We obtain that

u(t + 5,7) S u(t+s,7) —u(t,T

S S

) 1 ) x u))du
0> > < [ R@I¢+ ),
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and for s — 0T, since I is continuous in ¢, we have that

0> R(z,I(t)),

and that concludes the proof of Theorem
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