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We study the stability of the cnoidal, dnoidal and snoidal elliptic functions as
spatially-periodic standing wave solutions of the 1D cubic nonlinear Schrédinger
equations. First, we give global variational characterizations of each of these periodic
waves, which in particular provide alternate proofs of their orbital stability with
respect to same-period perturbations, restricted to certain subspaces. Second, we
prove the spectral stability of the cnoidal waves (in a certain parameter range) and
snoidal waves against same-period perturbations, thus providing an alternate proof of
this (known) fact, which does not rely on complete integrability. Third, we give a rigor-
ous version of a formal asymptotic calculation of Rowlands to establish the instability
of a class of real-valued periodic waves in 1D, which includes the cnoidal waves of the
1D cubic focusing nonlinear Schrodinger equation, against perturbations with period a
large multiple of their fundamental period. Finally, we develop a numerical method to
compute the minimizers of the energy with fixed mass and momentum constraints.

Numerical experiments support and complete our analytical results.

1 Introduction
We consider the cubic nonlinear Schréodinger equation

e + Yxx + DIYPY = 0, ¥ (0, x) = o (x) (1.1)
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in one space dimension, where ¢: R x R — C and b € R\ {0}. Equation (1.1) has well-
known applications in optics, quantum mechanics, and water waves, and serves as a
model for nonlinear dispersive wave phenomena more generally [11, 31]. It is said to be

focusing if b > 0 and defocusing if b < 0. Note that (1.1) is invariant under

e spatial translation: ¢ (¢, x) » ¥ (t, x + a) fora € R
e phase multiplication: ¢ (¢, x) — e (¢, x) for o € R.

We are particularly interested in the spatially periodic setting
U(t,) €HgeNPr,  Pr={feLi,(R): f(x+T)=f(x)¥xeR}

The Cauchy problem (1.1) is globally well posed in HL, N Py [7]. We refer to [6] for a
detailed analysis of nonlinear Schréodinger equations with periodic boundary condi-

tions. Solutions to (1.1) conserve mass M, energy £, and momentum P:

.széﬁﬁww,Pw>§myfw@w,

S ax

By virtue of its complete integrability, (1.1) enjoys infinitely many higher (in terms of

&) =2 [ 1o dx -

| o

the number of derivatives involved) conservation laws [27], but we do not use them
here, in order to remain in the energy space H},., and with the aim of avoiding techni-
ques which rely on integrability.

The simplest non-trivial solutions of (1.1) are the standing waves, which have

the form
¥ (t, x) = ey (x), a€eR
and so the profile function u (x) must satisfy the ordinary differential equation
Uxx + bluffu + au = 0. (1.2)

We are interested here in those standing waves e ?u (x) whose profiles u (x) are spa-
tially periodic—which we refer to as periodic waves. One can refer to the book [3] for
an overview of the role and properties of periodic waves in nonlinear dispersive PDEs.
Non-constant, real-valued, periodic solutions of (1.2) are well known to be
given by the Jacobi elliptic functions: dnoidal (dn), cnoidal (cn) (for b > 0), and snoidal
(sn) (for b < 0)—see Section 2 for details. To make the link with Schrédinger
equations set on the whole real line, one can see a periodic wave as a special case of

infinite train solitons [25, 26]. Another context in which periodic waves appear is when



Stability of Periodic Waves of 1D Cubic Nonlinear Schrédinger Equations 3

considering the nonlinear Schrédinger equation on a Dumbbell graph [28]. Our interest
here is in the stability of these periodic waves against periodic perturbations whose
period is a multiple of that of the periodic wave.

Some recent progress has been made on this stability question. By Grillakis—
Shatah-Strauss [18, 19] type methods, orbital stability against energy (H.,)-norm per-
turbations of the same period is known for dnoidal waves [2], and for snoidal waves
[13] under the additional constraint that perturbations are anti-symmetric with respect
to the half-period. In [13], cnoidal waves are shown to be orbitally stable with respect
to half-anti-periodic perturbations, provided some condition is satisfied. This condi-
tion is verified analytically for small amplitude cnoidal waves and numerically for lar-
ger amplitude. Remark here that the results in [13] are obtained in a broader setting,
as they are also considering non-trivially complex-valued periodic waves. Integrable
systems’ methods introduced in [5] and developed in [15]—in particular conservation
of a higher-order functional—are used to obtain the orbital stability of the snoidal
waves against H7. perturbations of period any multiple of that of sn.

Our goal in this paper is to further investigate the properties of periodic waves.
We follow three lines of exploration. First, we give global variational characterization
of the waves in the class of periodic or half-anti-periodic functions. As a corollary, we
obtain orbital stability results for periodic waves. Second, we prove the spectral sta-
bility of cnoidal, dnoidal, and snoidal waves within the class of functions whose peri-
od is the fundamental period of the wave. Third, we prove that cnoidal waves are
linearly unstable if perturbations are periodic for a sufficiently large multiple of the
fundamental period of the cnoidal wave.

Our first main results concern global variational characterizations of the ellip-
tic function periodic waves as constrained-mass energy minimizers among (certain
subspaces of) periodic functions, stated as a series of propositions in Section 3. In par-
ticular, the following characterization of the cnoidal functions seems new. Roughly

stated (see Proposition 3.4 for a precise statement):

Theorem 1.1. Let b > 0. The unique (up to spatial translation and phase multiplica-
tion) global minimizer of the energy, with fixed mass, among half-anti-periodic func-
tions is a (appropriately rescaled) cnoidal function. a

Due to the periodic setting, existence of a minimizer for the problems that we
are considering is easily obtained. The difficulty lies within the identification of this

minimizer: is it a plane wave, a (rescaled) Jacobi elliptic function, or something else?
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To answer this question, we first need to be able to decide whether the minimizer can
be considered real-valued after a phase change. This is far from obvious in the half-
anti-periodic setting of Theorem 1.1, where we use a Fourier coefficients rearrange-
ment argument (Lemma 3.5) to obtain this information. To identify the minimizers, we
use a combination of spectral and Sturm-Liouville arguments.

As a corollary of our global variational characterizations, we obtain orbital sta-
bility results for the periodic waves. In particular, Theorem 1.1 implies the orbital sta-
bility of all cnoidal waves in the space of half-anti-periodic functions. Such orbital
stability results for periodic waves were already obtained in [2, 13] as consequences of
local constrained minimization properties. Our global variational characterizations
provide alternate proofs of these results—see Corollaries 3.9 and 4.7. The orbital sta-
bility of cnoidal waves was proved only for small amplitude in [13], and so we extend
this result to all amplitude. Remark, however, once more that we are in this paper con-
sidering only real-valued periodic wave profiles, as opposed to [13] in which truly com-
plex valued periodic waves were investigated.

Our second main result proves the linear (more precisely, spectral) stability of
the snoidal and cnoidal (with some restriction on the parameter range in the latter
case) waves against same-period perturbations, but without the restriction of half-

period antisymmetry:

Theorem 1.2. Snoidal waves and cnoidal waves (for a range of parameters) with fun-
damental period T are spectrally stable against T-periodic perturbations. O

See Theorem 4.1 for a more precise statement. For sn, this is already a conse-
quence of [5, 15], whereas for cn the result was obtained in [21]. The works [5, 15] and
[21] both exploit the integrable structure, so our result could be considered an alter-
nate proof which does not uses integrability, but instead relies mainly on an invariant
subspace decomposition and an elementary Krein-signature-type argument. See also
the recent work [16] for related arguments.

The proof of Theorem 1.2 goes as follows. The linearized operator around a
periodic wave can be written as JL£, where J is a skew symmetric matrix and £ is the
self-adjoint linearization of the action of the wave (see Section 4 for details). The oper-
ator £ is made of two Lamé operators and we are able to calculate the bottom of the
spectrum for these operators. To obtain Theorem 1.2, we decompose the space of peri-
odic functions into invariant subspaces: half-periodic and half-anti-periodic, even and

odd. Then we analyse the linearized spectrum in each of these subspaces. In the
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subspace of half-anti-periodic functions, we obtain spectral stability as a consequence
of the analysis of the spectrum of £ (alternately, as a consequence of the variational
characterizations of Section 3). For the subspace of half-periodic functions, a more
involved argument is required. We give in Lemma 4.12 an abstract argument relating
coercivity of the linearized action £ with the number of eigenvalues with negative
Krein signature of J£ (this is in fact a simplified version of a more general argument
[20]). Since we are able to find an eigenvalue with negative Krein signature for J.,
spectral stability for half-periodic functions follows from this abstract argument.

Our third main result makes rigorous a formal asymptotic calculation of
Rowlands [30] which establishes:

Theorem 1.3. Cnoidal waves are unstable against perturbations whose period is a
sufficiently large multiple of its own. O

This is stated more precisely in Theorem 5.3, and is a consequence of a more
general perturbation result, Proposition 5.4, which implies this instability for any real
periodic wave for which a certain quantity has the right sign. In particular, the argu-
ment does not rely on any integrability (beyond the ability to calculate the quantity in
question in terms of elliptic integrals).

Perturbation argument was also used by [14, 15], but our strategy here is differ-
ent. Instead of relying on abstract theory to obtain the a priori existence of branches
of eigenvalues, we directly construct the branch in which we are interested. This is
done by first calculating the exact terms of the formal expansion for the eigenvalue
and eigenvector at the two first orders, and then obtaining the rigorous existence for
the rest of the expansion using a contraction mapping argument. Note that the branch
that we are constructing was described in terms of Evans function in [21].

Finally, we complete our analytical results with some numerical observations.
Our motivation is to complete the variational characterizations of periodic waves,

which was only partial for snoidal waves. We observe:

Observation 1.4. Let b < 0. For a given period, the unique (up to phase shift and
translation) global minimizer of the energy with fixed mass and 0 momentum among
half-anti-periodic functions is a (appropriately rescaled) snoidal function. O

We have developed a numerical method to obtain the profile ¢ as a minimizer
on two constraints, fixed mass and fixed (zero) momentum. We use a heat flow algo-

rithm, where at each time step, the solution is renormalized to satisfy the constraints.
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Mass renormalization is simply obtained by scaling. Momentum renormalization is
much trickier. We define an auxiliary evolution problem for the momentum that we
solve explicitly, and plug back the solution we obtain to get the desired renormalized
solutions. We first have tested our algorithm in the cases where our theoretical results
hold and we have a good agreement between the theoretical results and the numerical
experiments. Then, we have performed experiments on snoidal waves which led to

Observation 1.4.

Remark 1.5. As already mentioned, our goal in this work was to avoid using the inte-
grable structure of the equation. However, our results are still limited to the cubic one
dimensional case. Indeed, we are using at several steps of our analysis explicit calcu-
lations related to the properties of Jacobi elliptic functions. Similar calculations could
be performed in the case of the cubic 1D Klein—-Gordon equation, which also admits
standing waves with cnoidal, dnoidal, and snoidal profiles, but is not completely inte-
grable. As direct arguments, most calculations could probably be replaced by Sturm-
Liouville arguments for more general nonlinearities, but there are some key points
(like in the concluding proof of Theorem 4.1) that are probably specific to the cubic
nonlinearity. Moreover, we expect all of our conclusions to be robust against small
perturbations of the nonlinearity. O

The rest of this paper is divided as follows. In Section 2, we present the spaces
of periodic functions and briefly recall the main definitions and properties of Jacobi
elliptic functions and integrals. In Section 3, we characterize the Jacobi elliptic func-
tions as global constraint minimizers and give the corresponding orbital stability
results. Section 4 is devoted to the proof of spectral stability for cnoidal and snoidal
waves, whereas in Section 5 we prove the linear instability of cnoidal waves. Finally,
we present our numerical method in Section 6 and the numerical experiments in

Section 7.

2 Preliminaries

This section is devoted to reviewing the classification of real-valued periodic waves in

terms of Jacobi elliptic functions.

2.1 Spaces of periodic functions

Let T > 0 be a period. Denote by 7+ the translation operator
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(mf)(x) =f(x+T),
acting on L2 (R), and its eigenspaces
Pr(u) = {f € Lige (R): 7.f = pf}
for 4 € C with |u| = 1. Taking i = 1 yields the space of T-periodic functions
Pr=Pr(1) = {f € Lz (R): mf=f}
while for 4 = —1 we get the T-anti-periodic functions
Ar = Pr(—=1) = {f € Ljj(R): mf= —f}.

For 2 < k € N, letting ; run through the kth roots of unity: w* =1, and w/ = 1 for
1 <j< k,wehave
k-1 ‘
Pyr = @ Pr (),
j=0

where the decomposition of f € Pyr is given by

k-1 1 k—1
F=2f fi= @ mef
Jj=0 m=0

Only the case k = 2 is needed here:
1 1
Pyr = Pr & Ar, fza(f+ TTf)+E(f—TTf)' (2.1)

Since the reflection R: f (x) — f (—x) commutes with 7+ on P,r, we may further decom-

pose into odd and even components in the usual way
f=Fr+f, fr=S(FERp),
to obtain
Pr=Pf ®P;, Ar=A7 ®A;, Pi (resp.A;) = {f€ Pr (resp. Ar)|f(—x)==+f(x)},
and so
Pyr=Pr® Ar =Pp ©@ Pp © A ® Ar. (2.2)
Each of these subspaces is invariant under (1.1), since

Y € Pi (tesp. Af) = [Y]* € Pf = txx + b2 € Pi (tesp. A7),
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When dealing with functions in Pr, we will denote norms such as L4(0, T) by

1

q

’

T
HWﬁWM@mMIW

and the complex L? inner product by

(f.9)= [ foax (23)

2.2 Jacobi elliptic functions

Here we recall the definitions and main properties of the Jacobi elliptic functions. The
reader might refer to treatises on elliptic functions (e.g., [24]) or to the classical hand-
books [1, 17] for more details.

Given k € (0, 1), the incomplete elliptic integral of the first kind in the trigo-

nometric form is

X

=R k= [ —
- ksim)
and the Jacobi elliptic functions are defined through the inverse of F (-, k):
sn(x, k) = sin(¢), cn(x, k) = cos(¢), dn(x, k) = |1 — k?sin?(¢).
The relations
1 =sn? + cn? = k?sn? + dn? (2.4)

follow. For extreme value k = 0, we recover trigonometric functions,

sn(x, 0) = sin(x), cn(x,0) =cos(x), dn(x,0)=1,
while for extreme value k = 1, we recover hyperbolic functions:

sn(x, 1) = tanh(x), cn(x, 1) =dn(x, 1) = sech(x).

The periods of the elliptic functions can be expressed in terms of the complete elliptic
integral of the first kind

K (k) :F[g k] K (k) — L%O i:?

The functions sn and cn are 4K-periodic, while dn is 2K-periodic. More precisely,

dn € Py, sn€ Ay C Pk, cn€ Ay C Pk



Stability of Periodic Waves of 1D Cubic Nonlinear Schrédinger Equations 9

The derivatives (with respect to x) of elliptic functions can themselves be

expressed in terms of elliptic functions. For fixed k € (0, 1), we have
Oysn=cn-dn, Oycn= —sn-dn, Oydn = —k?cn - sn, (2.5)

from which one can easily verify that sn, cn, and dn are solutions of
Uxx + au + bluffu =0, (2.6)

with coefficients a, b € R for k € (0, 1) given by

a=1+k? b= —-2k? for u = sn, (2.7)
a=1-—2k? b = 2k?, for u = cn, (2.8)
a=—-(2—-k%, b=2, for u = dn. (2.9)

2.3 Elliptic integrals

Fork € (0, 1), the incomplete elliptic integral of the second kind in trigonometric form
is defined by

]
E(¢, k) = f 1 — k2sin?(0) do.
0
The complete elliptic integral of the second kind is defined as
E(k):=E z, k].
-5
We have the relations (using df = dn(z, k)dz and x = F (¢, k))
E(é, k):fX dn?(z, k) dz
0
—x— kaX sn?(z, k)dz = (1 — k2)x + szx cn?(z, k) dz, (2.10)
0 0

relating the elliptic functions to the elliptic integral of the second kind, and

" sn?(z, k)dz = (1 — KK (k) + kzj;K c?(z, k)dz,  (2.11)

E(k) =K (k) — k2f

0

relating the elliptic integrals of first and second kind. We can differentiate E and K

with respect to k and express the derivatives in terms of E and K:



10 S. Gustafson et al.

E(k) — K(k)

OE (k) = -

<0,

12 ke [ cn?(x, k)dx
ok (1 = 10— 1= K J >0

Note in particular K is increasing, E is decreasing. Moreover,

K(0) =E(0) = g K(l-) =00, E(1)=1.

2.4 Classification of real periodic waves

Here we make precise the fact that the elliptic functions provide the only (non-con-
stant) real-valued, periodic solutions of (2.6). Note that there is a two-parameter family

of complex-valued, bounded, solutions for everya, b € R, b = 0[12, 14].

Lemma 2.1 (Focusing case). Fix a period T>0, a € R, b>0 and u € Pr a non-
constant real solution of (2.6). By invariance under translation, and negation (u —» —u),

we may suppose u (0) = maxu > 0:

(@) if0 < minu < u(0), thena < 0,|a| < bu(0)* < 2lal, and u(x) = = dn(%, k),
(b) ifminu < 0, then max (0, —2a) < bu(0)?, and u (x) = icn(%, k),
for some o > 0, 8> 0, and 0 < k < 1, uniquely determined by T, a, b, and max u. They
satisfy the a-independent relations bB3? = 202 for (a) and bB? = 2k%a? for (b). In add-
ition, there exists n € N such that 2K (k) 8n = T for (a) and 4K (k) fn = T for (b). O

Note that here T may be any multiple of the fundamental period of u. An
a-independent relation is useful since a will be the unknown Lagrange multiplier for

our constrained minimization problems in Section 3.

Proof. The first integral associated with (2.6) (written as an Hamiltonian system in x)

is constant: there exists Cy € R such that
2 2. b 4
uy; + au” + Eu = Cp.

A periodic solution has to oscillate in the energy well W (u) = au? + gu‘* with energy
level Co. If 0 <minu, then a <0 and Cy< 0. If minu <0, then Cy> 0. Let

u(x) = ~v (%) with o = (maxu)~!. Then v satisfies
«a 8
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" 2 bﬁz 3
maxv=v(0)=1, v'+afv+ —vi=0.
«

(@ If 0 <minu, then a <0 and Cy< 0. Let 0 <y <y be the roots of
ay + gyz = Cy < 0.Thenu(0? =y, € (—a/b, —2a/b).
Let 8= «a2/b. Then %f:z and aB? € (-2, —1), and there is a unique

k € (0, 1) so that a3? = —2 + k2. Thus
maxv=v(0)=1, v (0)=0, v'+(-2+k?v+2vi=0.

By uniqueness of the ODE, v(x)=dn(x,k) is the only solution. Hence
1 X
u(X) = Zdn<g, k)
(b) If minu < 0, then Cy > 0. Let y; < 0 < y, be the roots of ay + gyz = Cp > 0.
Then u (0)? = y, > max(0, —2a/b) no matter a < 0 or a > 0. We claim we can choose
unique 8 > 0 and k € (0, 1) so that

2
af?=1 - 2k?, biz = 2k2,
(6%

The sum gives (a + %)ﬂz =1,thus g = (a + %)71/2 noting (a + %) > 0, and

e b b

=——¢c(0,1
2a2  2(b + aa?) (0. 1)

no mattera < 0 ora > 0. Thus
maxv=v(0)=1, v'(0)=0, v’'+(1-2k?v+2k%3=0.

By uniqueness of the ODE, v(x)=cn(x, k) is the only solution. Hence,

u(x) = écn( k). [ |

X
5
Lemma 2.2 (Defocusing case). Fix a period T>0, a € R, b< 0 and u € Pr a non-
constant, real solution of (2.6). By invariance under translation and negation, suppose
u(0) = maxu > 0. Then 0 < |blu(0)? < a, and u(x) = ésn(K(k) + %, k), for some
a>0,3>0,and 0 < k < 1, uniquely determined by T, a, b, and max u. They satisfy
the a-independent relation bB3? = —2k%a?. In addition, there exists n € N such that
4K (k)fn = T. O
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Proof. The first integral is constant: there exists Cy € R such that
u? + au® + bu4—C
X E = Lo

A periodic solution has to oscillate in the energy well W (u) = au? + gu‘* with energy
X

level Co. Hence,a > 0 and 0 < Cy < max W = f—zzb. Letu(x) = iv (u

) with o = (maxu)!.
Then v satisfies
_ _ " 2 bp? 5 _
maxv=v(0) =1, v +afv+—Fv>=0.
«
Let 0 < y < ¥, be the roots of ay + gyz = Co. Thenu (02 =y € (0, —a/b).
1/2 _ 1/2 .
Let (= ( 207 ) and k= <—b) / , noting 2a%a + b >0. Then

20a + b 202a + b
2 2 bp* 2 .
aB? =1+ k?, —~ = —2k?, and v satisfies

maxv=v(0)=1, v'(0)=0, v'+ (1+k?v-2k¥é=0.

By uniqueness of the ODE, v(x) =sn(K(k) + x, k) is the only solution. Hence

u(x) = “sn(K (k) + %, k). [ |

«

3 Variational Characterizations and Orbital Stability

Our goal in this section is to characterize the Jacobi elliptic functions as global con-
strained energy minimizers. As a corollary, we recover some known results on orbital

stability, which is closely related to local variational information.

3.1 The minimization problems

Recall the basic conserved functionals for (1.1) on Hy,, N Pr:

1 pT 1 T
M(u)ZEfO luf? dx, P(u):Eﬁj; uil, dx,

N Y b " 4
5(u>—§j; quldx—zj; uf* dx.

In this section, we consider L?(0, T; C) as a real Hilbert space with scalar product
iRej;T fg dx. The space H' is also considered as a real Hilbert space. This way, the
functionals £, M, and P are C' functionals on H'. This also ensures that the Lagrange

multipliers are real. Note that we see L?(0, T; C) as a real Hilbert space only in the
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current section and in all the other sections, it will be seen as a complex Hilbert space
with the scalar product defined in (2.3).

Fix parameters T >0, a, b € R, b = 0. Since the Jacobi elliptic functions
(indeed any standing wave profiles) are solutions of (2.6), they are critical points of the

action functional S, defined by
Sa(u) = E(u) — aM(u),

where the values of @ and b are given in (2.7)-(2.9) and the fundamental periods are
T = 2K fordn, T = 4K for sn, cn. Given m > 0, the basic variational problem is to min-

imize the energy with fixed mass:
min {£(u) | M(u) = m, u € H:, N Pr}, (3.1)
whose Euler-Lagrange equation
u” + bluPu + au = 0, (3.2)

with a € R arising as Lagrange multiplier, is indeed of the form (2.6). Since the momen-
tum is also conserved for (1.1), it is natural to consider the problem with a further

momentum constraint:

min {£(u) | M(u) = m, P(u) =0, u € Hy, N Pr}. (3.3)

Remark 3.1. Note that if a minimizer u of (3.1) is such that P(u) = 0, then it is real-
valued (up to multiplication by a complex number of modulus 1). Indeed, it verifies
(3.2) for some a € R. It is well known (see e.g., [13]) that the momentum density J(uy @)
is, therefore, constant in x, and so it is identically 0 if P(u) = 0. For u(x) = 0, we can
write u as u = pe?’, and express the momentum density as Jm (uyu) = 6xp?. Thus
Jm(uxt) = 0 implies 0y = 0 and thus 0(x) is a constant as long as u(x)=0. If
u(xp) = 0 and e’(*0~) = ¢(*ot) we must have uy (xo) = 0, and hence u = 0 by uniqueness
of the ODE. O

Since (1.1) preserves the subspaces in the decomposition (2.1), it is also natural

to consider variational problems restricted to anti-symmetric functions
min {€(u) | M(u) = m, u € Hj, N Ar/2}, (3.4)
min {€(u) | M(u) =m, P(u) =0, u € Hy, N Ar/2}, (3.5)

and in light of the decomposition (2.2), further restrictions to even or odd functions

may also be considered.
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In general, the difficulty does not lie in proving the existence of a minimizer,
but rather in identifying this minimizer with an elliptic function, since we are minim-
izing among complex valued functions, and moreover restrictions to symmetry sub-
spaces prevent us from using classical variational methods like symmetric
rearrangements.

We will first consider the minimization problems (3.1) and (3.3) for periodic
functions in P;. Then we will consider the minimization problems (3.4) and (3.5) for
half-anti-periodic functions in Ar/,. In both parts, we will treat separately the focusing
(b > 0) and defocusing (b < 0) nonlinearities. For each case, we will show the existence
of a unique (up to phase shift and translation) minimizer, and we will identify it with

either a plane wave or a Jacobi elliptic function.

3.2 Minimization among periodic functions

3.2.1 The focusing case in Pr

Proposition 3.2. Assume b > 0. The minimization problems (3.1) and (3.3) satisfy the
following properties:
(i) For all m > 0, (3.1) and (3.3) share the same minimizers. The minimal
energy is finite and negative.
(ii) Forall0 <m < g, there exists a unique (up to phase shift) minimizer of
(3.1). It is the constant function Uy, = \/?
(iii) For all g < m < oo, there exists a unique (up to translations and phase
shift) minimizer of (3.1). It is the rescaled function dn, gy = %dn (E k),
where the parameters «, (8, and k are uniquely determined. Its funda-
mental period is T. The map from m € (;—;, oo) tok € (0, 1) is one-to-one,
on to, and increasing.
(iv) In particular, given k € (0,1), dn =dn( k), if b =2, T= 2K (k), and
m = M (dn) = E (k), then the unique (up to translations and phase shift)

minimizer of (3.1) is dn. O

Proof. Without loss of generality, we can restrict the minimization to real-valued

non-negative functions. Indeed, if u € HL, N Py, then |u| € H., N P; and we have

Oxlulllz < ll0xullz.

This readily implies that (3.1) and (3.3) share the same minimizers. Let us prove that
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—oco < min{&(u) | M(u) = m, u € Hp, N Pr} < 0. (3.6)

The last inequality in (3.6) is obtained using the constant function ¢, o = Jsz as a test

function:
5(<Pm,0) <0, M(@m,o) =m.

To prove the first inequality in (3.6), we observe that by Gagliardo-Nirenberg inequa-

lity, we have

lulls < Tl luxdiz + lull

Consequently, for u € HL, N Py such that M (u) = m, we have

E(u) 2 Nluxllz (luxllz — m3/2) - m?,

and £ has to be bounded from below. The above shows (i).

Consider now a minimizing sequence (u,) C H, N Pr for (3.1). It is bounded in
HL. N P; and, therefore, up to a subsequence, it converges weakly in HL, N P; and
strongly in L2, N Py and Ljs; N Py towards u,, € Hy,, N Pr. Therefore, &(uy) < E(uy)
and M (u) = m. This implies that ||0yu[l;2 = limy,_.«[|0xuy,|l;> and, therefore, the con-
vergence from u,, to U, is also strong in HL, N Py. Since u, is a minimizer of (3.1), there

exists a Lagrange multiplier a € R such that

—&'(uy) + aM (uy) =0,
that is

DxxlUoo + bul + au,, = 0.
Multiplying by u., and integrating, we find that

9 B: — blluncl

lluo 2,

6Xl'l’(:x: 2 b u:)O 4 25 u X 2 uOC 4 0

therefore,
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a < 0.

We already have u., € R, and we may assume maxu = u(0) by translation. By
Lemma 2.1 (a), either u., is constant or there exist a, 5 € (0, c0) and k € (0, 1) such that
8= ay2/b and

Uoso (X) = dnaﬂlk(x) = ldn[fl k
«

B

. . . . . 2
We now show that the minimizer u,, is of the form dn, sy if m > ;—T. Indeed,

assuming by contradiction that u., is a constant, we necessarily have u., = 277” The
Lagrange multiplier can also be computed and we find a = —bu?2 = 7szm_ Since u is

supposed to be a constrained minimizer for (3.1), the operator

4bm
—Oxx — @ — 3bu§c = —Ogx — ——
T
must have Morse index at most 1, i.e., at most 1 negative eigenvalue. The eigenvalues

are given for n € Z by the following formula:

T

T

[ 27n ]2 4bm

Obviously, n = 0 gives a negative eigenvalue. For n = 1, the eigenvalue is non-negative

if and only if

2
m S r’

3

<
~

2
which gives the contradiction. Hence, when m > ;r—T, the minimizer u., must be of the
form dn,, s k-
There is a positive integer n so that the fundamental period of u,, = dn, g is

2K (k)3 = Tn . As already mentioned, since u,, is a minimizer for (3.1), the operator
—Ogx — G — 3bu02C

can have at most one negative eigenvalue. The function dyu,, is in its kernel and has
2n zeros. By Sturm-Liouville theory (see e.g., [10, 29]), we have at least 2n — 1 eigen-
values below 0. Hence, n = 1 and 2K (k)3 =T.

Using 2a? = b3? (see Lemma 2.1), the mass verifies,
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2K (k)
=5 [} 1ane s dx = 52 [ an(y, bR ay = ZE (k)

where E (k) is given in Section 2.3. Using 2K (k)3 =T,

m = —E(k)K (k). (3.7)

Note

D ey - EP (0 KK (kP
ok (1 - k?)k

> 0,

where the positivity of the numerator is because it vanishes at kK = 0 and

0 2 12 2_3 2
Sp B (1 —Kk9K?) = Z(E—KP? (0<k<1).

Thus EK (k) varies from %2 to co when k varies from 0 to 1. Thus (3.7) defines m as a
strictly increasing function of k € (0, 1) with range (% oo) and hence has an inverse
function. For fixed b, m, T, the value k € (0, 1) is uniquely determined by (3.7). We also
have 6 = and a= ﬂm The above shows (111)

The above calculation also shows that m > o7 1f Uy = dn,, s Thus, u, must
be a constant when 0 < m < ﬁ. This shows (ii).

In the case we are given k € (0, 1), T = 2K (k), b = 2 and m = M (dn) = E (k),
we want to show that u. (x) = dn(x, k). In this case, m > ;—; since EK > %2. Thus, by
Lemma 2.1 (a), Uy = dn, gs for some «, 3> 0 and s € (0, 1), up to translation and
phase. By the same Sturm-Liouville theory argument, the fundamental period of u, is

T = 2K (s)3. The same calculation leading to (3.7) shows

Thus, E (k)K (k) = E (s)K (s). Using the monotonicity of EK (k) in k, we have k = s. Thus
a = =1and u,(x) = dn(x, k). This gives (iv) and finishes the proof. [ ]
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3.2.2 The defocusing case in Pr

Proposition 3.3. Assume b < 0. For all 0 < m < oo, the constrained minimization
problems (3.1) and (3.3) have the same unique (up to phase shift) minimizers, which is
the constant function Uy, = 27'" O
Proof. This is a simple consequence of the fact that functions with constant modulus
are the optimizers of the injection L*(0, T) < L?(0, T). More precisely, for every

f € L*0, T), we have by Holder's inequality,

Ifllzz < T2l

with equality if and only if |f| is constant. Let ¢, , be the constant function
Omo = /27'". For any v € Hj,, N Py such that M (v) = m and v # e?, ; (0 € R), we have

0= ||6X‘Pm,0”iz < ”aXV”iZI

lomolifs = 4T "M (@, 0) = 4T M (v) < VI

As a consequence, £(y,, ) < £(v) and this proves the proposition. [ |

3.3 Minimization among half-anti-periodic functions
3.3.1 The focusing case in Ar);

Proposition 3.4. Assume b > 0. For all m > 0, the minimization problems (3.4) and
(3.5) in Ar/, satisfy the following properties:
(i) The minimizers for (3.4) and (3.5) are the same.

(ii) There exists a unique (up to translations and phase shift) minimizer of

E!
a, B, and k are uniquely determined. Its fundamental period is T. The

(3.4). It is the rescaled function Cna,g,k=£ cn( k) where the parameters

map fromm € (0, co) tok € (0, 1) is one-to-one, on to, and increasing.
(iii) In particular, given k € (0, 1), cn =cn(-, k), if b = 2k? T = 4K (k), and

m = M(cn) = 2(E — (1 — k?)K)/k?, then the unique (up to translations

and phase shift) minimizer of (3.4) is cn. O

Before proving Proposition 3.4, we make the following crucial observation.
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Lemma 3.5. Letv € Hy,, N Arjz. Then there exists v € Hj,, N Ar/, such that
v(x) eR, 7llz =1Vl 100l = 10xvilz, 17l = Ivils. O

Proof of Lemma 3.5. The proof relies on a combinatorial argument. Since v € Hj,, N Ar/2,

its Fourier series expansion contains only terms indexed by odd integers:

vix)= Y veli7Tx
JEL
j odd

We define ¥ by its Fourier series expansion
2 2
o . vil* + v
‘7(X) — Z ‘7jelJ2TX’ V] = M.
JjEZ 2
j odd
It is clear that #(x) € R for all x € R, and by Plancherel formula,
172 = lvllzz,  N10xVll2 = 110xvliz2,
so all we have to prove is that||7|;+ > ||v]|;4+. We have

|V(X)|2 _ Z |V]|2 + Z Wnein%ﬂx + Wnefin%"‘x,

jez ne2N
j odd n>2
where we have defined
W= Y. VT + V7
j>kjtk=n
j.k odd

Using the fact that forn € N, n = 0, the term e"7* integrates to 0 due to periodicity,

T
f ei"7¥ dx = 0,

0
we compute
1 T 4 2 2
?f vt dx = | 3 v | +2 Y [wal
0 jez

ne2N
j odd n>2
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The first part is just
2

1 1 .
>l | = plviig = 7l
JEZL
j odd

For the second part, we observe that

Vi
Wy, =

j>k,j+k_n[vf
jk odd

where the - denotes the complex vector scalar product. Therefore,

iz S |- 5 S

j>kj+k=n j>kj+k=n
J.k odd J.k odd
=2 > Gue=
j>kj+k=n
J.k odd

where by w; we denote the quantity defined similarly as in (3.8) for (¥;). As a

consequence,

Ivilzs < [1¥llzs

and this finishes the proof of Lemma 3.5. [ |

Proof of Proposition 3.4. All functions are considered in Ar/,. Consider a minimizing
sequence (u,) for (3.5). By Lemma 3.5, the minimizing sequence can be chosen such
that u, (x) € R for all x € R and this readily implies the equivalence between (3.5) and
(3.4), which is (i).

Using the same arguments as in the proof of Proposition 3.2, we infer that the
minimizing sequence converges strongly in HL, N Ar/a 10 Uy € HL. N Ar/, verifying for

some a € R the Euler-Lagrange equation
OxxlUoo + bul + au,, = 0.

Then, since u., is real and in A7/, we may assume maxu = u(0) > 0 and, by Lemma
2.1 (b), there exists a set of parameters «, 8 € (0, o), k € (0, 1) such that
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Uy (X) = écn[%, k],

and the parameters «, 3, k are determined by T, a, b, and max u, with 2k%a? = b2
There exists an odd, positive integer n so that the fundamental period of u,, is

4K (k)8 = T/n (n has to be odd, otherwise, if n = 2k with k € N, u,, would be periodic

of period kT /n = T /2, which is not possible since u,, is in Ar/;). Since u,, is a mini-

mizer for (3.4), the operator
—0xx — a — 3bu?

can have at most one negative eigenvalue in L2, N Ar/,. The function dyu., is in its ker-
nel and has 2n zeros in [0, T). By Sturm-Liouville theory, there are at least n — 1 eigen-
values (with eigenfunctions in Ar/;) below 0. Hence, since n is odd, n = 1 and
4K (k) =T.

The mass verifies, using 2k%a? = b3? and (2.11),

m = %L];T (ot () P dx = %% j:w) len(y, k)P dy = %(E(k) ~ (1 - KK (K)).
Using 4K (k)5 =T,
m = M (k) = ;—gK(k) E k) — (1 — K)K (k). (3.9)

Note all factors of M (k) are positive, (;—11{ (k) > 0and

0 (E_(l_kz)K):E—K_E—(l—kz)K

— + 2kK = kK > 0.
ok k

Thus, (3.9) defines m as a strictly increasing function of k € (0, 1) with range (0, )
and hence has an inverse function. For fixed T, b, m, the value k € (0, 1) is uniquely
determined by (3.9). We also have 5 = 4KT(k) and o? = Z—; The above shows (ii).

In the case, we are givenk € (0, 1), T = 4K (k), b = 2k? and m = M (cn(-, k)), we

want to show that u. (x) = cn(x, k). In this case, by Lemma 2.1 (b), uy = cn, g for

some «, > 0 and s € (0, 1), up to translation and phase. By the same Sturm-Liouville
theory argument, the fundamental period of u., is T = 4K (s) 3. The same calculation

leading to (3.9) shows

m = M (s).
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Thus, M (s) = M (k). By the monotonicity of M (k) in k, we have k = s. Thus, a = 3=1

and u., (x) = cn(x, k). This shows (iii) and concludes the proof. [ |

3.3.2 The defocusing case in Ar/;

Proposition 3.6. Assume b < 0. There exists a unique (up to phase shift and complex
2m 2inx
. O

conjugate) minimizer for (3.4). It is the plane wave upin = \/; er
Proof. Denote the supposed minimizer by w (x) = @eiﬂ?. Let v € Hj; N Ayx such
that M (v) = m and v # e?w (0 € R). As in the proof of Proposition 3.3, we have
Wit = 4T M (w) = 4T M2 (v) < ||Vl
Since v € Ayx, v must have 0 mean value. Recall that in that case v verifies the

Poincaré-Wirtinger inequality
T
Ivilz < —Iv'llz2,
27

and that the optimizers of the Poincaré-Wirtinger inequality are of the form Ce*Tx,
C € C. This implies that

812 872
|0x w2, = FM(W) = ?M(V) < [|0x V..

As a consequence, £(w) < £(v) and this proves the lemma. [ |

As far as (3.5) is concerned, we make the following conjecture

Conjecture 3.7. Assume b < 0. The unique (up to translations and phase shift) min-

imizer of (3.5) is the rescaled function sn, g = %sn (5, k), where the parameters «, 3,
and k are uniquely determined.
In particular, given k € (0, 1), sn = sn(-, k), if b = —2k? T = 4K (k), and m =
M (sn), then the unique (up translations and to phase shift) minimizer of (3.5) issn. O
This conjecture is supported by numerical evidence, see Observation 7.1. The
main difficulty in proving the conjecture is to show that the minimizer is real up to a

phase.
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3.3.3 The defocusing case in A,
In light of our uncertainty about whether sn solves (3.5), let us settle for the simple

observation that it is the energy minimizer among odd, half-anti-periodic functions:

Proposition 3.8. Assume b < 0. The unique (up to phase shift) minimizer of the

problem

min{&(u) | M(u) = m, u € Hip, N Az} (3.10)
is the rescaled function sn, zx = %sn (E k), where the parameters «, 3, and k are
uniquely determined. Its fundamental period is T. The map from m € (0, o) to
k € (0, 1) is one-to-one, on to, and increasing.

In particular, given k€ (0, 1), sn=sn(-, k), if b = —-2k? T =4K(k), and
m = M(sn), then the unique (up to phase shift) minimizer of (3.10) is sn. O

Proof. If u € Ay, then 0 = u(0) = u(T/2), and since u is completely determined by
its values on [0, T/2], we may replace (3.10) by

T/2
min[j; [|ux|2 - §|u|4

for which the map u ~ |u| is admissible, showing that minimizers are non-negative (up

dxlfT/zlu(X)lde:m, ueH([0, T,
0

to phase), and in particular real-valued, hence, a (rescaled) sn function by Lemma 2.2.
The remaining statements follow as in the proof of Proposition 3.4. In particular, the
mass verifies, using 2k%a? = |b|5?, (2.11), and 4K (k)3 =T,

m =2 [ snusetf e = S2 [ sny, ke ay
4 16
= o K0 — B (k) = 52K (k) (K (k) — E(K),

which is a strictly increasing function of k € (0, 1) with range (0, co) and hence has an

inverse function. [ |
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3.4 Orbital stability

Recall that we say that a standing wave v (¢, x) = e ®'u (x) is orbitally stable for the
flow of (1.1) in the function space X if for all £ > 0, there exists § > 0 such that the fol-
lowing holds: if ¢, € X verifies

lvo — ullx <6,

then the solution ¢ of (1.1) with initial data v (0, x) = v, verifies for all t € R the

estimate

inf o(t, ) —e’u(-—y)llx <e.
0eR, yeR

As an immediate corollary of the variational characterizations above, we have the fol-

lowing orbital stability statements:

Corollary 3.9. The standing wave % (t, x) = e “'u(x) is a solution of (1.1), and is
orbitally stable in X in the following cases. For Jacobi elliptic functions: for any
ke (0,1),

a=1+k? b=-2k* u=sn(, k), X=H,NAxg;
a=1-2k? b=2k? wu=cn(, k), X=H. nNAx;

a=—-(2-%k%, b=2, u=dn(, k), X=H,nN Px.

For constants and plane waves: (b = 0)

2b 2 [2
a=-20 _o<b<—, u= [ x—mH. NPy
T Tm T

472 2bm L2 |2M = Hl
Q—F*T, b<0, u=e*r T, X = Hyoe N Ar/2. O

The proof of this corollary uses the variational characterizations from
Propositions 3.2, 3.3, 3.4, 3.6, and 3.8. Note that for all the minimization problems con-
sidered, we have the compactness of minimizing sequences. The proof follows the

standard line introduced by Cazenave and Lions [8], we omit the details here.

Remark 3.10. The orbital stability of sn [13] in HL, N Ar/; was proved using the
Grillakis—Shatah-Strauss [18, 19] approach, which amounts to identifying the periodic
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wave as a local constrained minimizer in this subspace. So the above may be con-
sidered an alternate proof, using global variational information. In the case of sn, with-
out Conjecture 3.7, some additional spectral information in the subspace A;/2 is
needed to obtain orbital stability in Hj,, N Ar/; (rather than just Hij,, N Az ,)—see
Corollary 4.7 in the next section for this.

Orbital stability of cn was obtained in [13] only for small amplitude cn. We

extend this result to all possible values of k € (0, 1). O

Remark 3.11. Using the complete integrability of (1.1), Bottman et al. [5], and Gallay
and Pelinovsky [15] showed that sn is in fact a minimizer of a higher-order functional

in H2. N B,y for any n € €, and thus showed it is orbitally stable in these spaces. a

4 Spectral stability

Given a standing wave (¢, x) = e ““'u(x) solution of (1.1), we consider the lineari-
zation of (1.1) around this solution: if ¢ (¢, x) = e (u(x) + h), then h verifies
i0th — Lh + N (h) =0,

where L denotes the linear part and N the nonlinear part. Assuming u is real-valued,

we separate h into real and imaginary parts to get the equation

h h — Jm (N (h
o[BI _ [Be) | [~ Im@ (k)
Jm(h) Jm(h) Re (N (h))
where
L[L+ O], J:[o 1], L, = —0yx — a — 3b u?
0 L_ -10 L. = -0y —a— buz
We call
0 L_
=5 %) (a.1)

the linearized operator of (1.1) about the standing wave e *‘u (x).
Now suppose u € H. N Pr is a (period T) periodic wave, and consider its line-
arized operator J£ as an operator on the Hilbert space (Pr)?, with domain (HZ, N Pr)?.

The main structural properties of J£ are:



26 S. Gustafson et al.

e since L. are self-adjoint operators on Pr, £ is self-adjoint on (Pr)?, while J is

skew-adjoint and unitary
Lf=L, J*=-J=J7, (4.2)
e JL commutes with complex conjugation,
JLf =JLF, (4.3)

e JL is antisymmetric under conjugation by the matrix

_(1 0
°=lo °)
(which corresponds to the operation of complex conjugation before

complexification),

JLC = —CJL. (4.4)

At the linear level, the stability of the periodic wave is determined by the loca-
tion of the spectrum o (J£), which in this periodic setting consists of isolated eigenva-
lues of finite multiplicity [29]. We first make the standard observation that as a result
of (4.3) and (4.4), the spectrum of J£ is invariant under reflection about the real and

imaginary axes:
ANeo(JL) = £\, £Ae€o(JL).
Indeed, if JLf = Af, then

(4.3) = JLf = Nf, (4.4) = JLCf= —\Cf,
(4.3) and (4.4) = JLCf = —\Cf.

We are interested in whether the entire spectrum of J£ lies on the imaginary
axis, denoted o (JL|p,) C iR, in which case, we say the periodic wave u is spectrally
stable in Pr. Moreover, if S C Pr is an invariant subspace—more precisely,
JL: (H:, N S)* — (S)>—then we will say that the periodic wave u is spectrally stable in
S if the entire (S)? spectrum of J£ lies on the imaginary axis, denoted o (J£|s) C iR. In
particular, fork € (0, 1) and K = K (k), since sn?, cn?, dn? € Py, the corresponding lin-
earized operators respect the decomposition (2.2), and we may consider o (JL|s) for
S =P, Aj C Py, with

J(J‘C|P4K) = U(J‘clsz) U U(J£|A2K)
o (JLlp,, ) Uo(JLlpy) Uo(JL],,,) Uo(JL]agy)- (4.5)
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Of course, spectral stability (which is purely linear) is a weaker notion than
orbital stability (which is nonlinear). Indeed, the latter implies the former—see
Proposition 4.10 and the remarks preceding it.

The main result of this section is the following.

Theorem 4.1. Spectral stability in P, T = 4K (k), holds for:

eu=snke(0,1),
eu=cn and ke (0, k), where k. is the unique ke (0,1) so that
K (k) = 2E (k), k. ~ 0.908. O

Remark 4.2. The function f(k) = K (k) — 2E (k) is strictly increasing in k € (0, 1)
(since K (k) is increasing while E (k) is decreasing in k), with f (0) = —g and f (1) = o0. O
Remark 4.3. Using Evans function techniques, it was proved in [21] that o (J£®®) C iR

also for k € [k, 1). This fact is also supported by numerical evidence (see Section 7). O

Remark 4.4. In the case of sn, the H2, N B,r orbital stability obtained in [5, 15] (using
integrability) immediately implies spectral stability in P,7, and in particular in Pz. So
our result for sn could be considered an alternate, elementary proof, not relying on the

integrability. O

Remark 4.5. The spectral stability of dn in P,z (its own fundamental period) is an

immediate consequence of its orbital stability in H. N P,x, see Proposition 4.10. O

4.1 Spectraof L, and L_

We assume now that we are given k € (0, 1) and we describe the spectrum of L, and L_
in P when ¢ is cn, dn or sn. When ¢ = sn, we denote L, by L, and we use similar
notations for L_ and cn, dn. Due to the algebraic relationships between cn, dn, and sn,

we have

L™ = — 0y — (1 + k?) + 6k?sn?,
L™ = —0yx — (1 — 2k?) — 6k?cn? = L™ — 3k?,
L:Lln = —Oxx + (2 — k%) — 6dn® = L}" - 3.

Similarly for L_, we obtain
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L™ = — 0y — (1 + k?) + 2k%sn?,
L = —04 — (1 — 2k?) — 2k%cn? = L + k?,
LI = — 8y + (2 — k%) — 2dn? = L°" + 1.

As a consequence, L$®, L™, and LY share the same eigenvectors. Moreover, these
operators enter in the framework of Schrdodinger operators with periodic potentials
and much can be said about their spectrum (see e.g., [10, 29]). Recall in particular that
given a Schrodinger operator L = —0Jyx + V with periodic potential V of period T, the

eigenvalues )\, of L on Pr satisfy

A<M <3< <.,

with corresponding eigenfunctions v, such that v, has no zeros, v, , and v, , have
exactly 2m + 2 zeros in [0, T) ([10], p. 39). From the equations satisfied by cn, dn, sn,

we directly infer that
L"dn = —dn, L%"cn = —k%cn, L%*“sn=0.

Taking the derivative with respect to x of the equations satisfied by cn, dn, sn, we

obtain
L"0ysn =0, L"0ycn = 3k%0ycn, L7 0y dn = 30xdn.

Looking for eigenfunctions in the form y = 1 — Asn? for A € R, we find two other

eigenfunctions:
L_?_n X_ = e_x_, L_?_n X4+ = €+Xys

where

xe=1—(k*+ 14 Jk*—k?+ 1)sn?,
+e, =+(k*+1+2Vk*—k?>+1) > 0.

In the interval [0, 4K), x_ has no zero, sn, and cn, have two zeros each, while dn, and
X, have 4 zeros each. By Sturm-Liouville theory, they are the first five eigenvectors of
L, for each of sn, cn, and dn, and all other eigenfunctions have strictly greater eigen-
values Similarly, dn > 0 has no zeros, while cn and sn have two each, so these are the
first three eigenfunctions of L_ for each of sn, cn, and dn, and all other eigenfunctions
have strictly greater eigenvalues.

The spectra of L, LS, and L™ are represented in Figure 1, where the eigen-

functions are also classified with respect to the subspaces of decomposition (2.2).
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+ + - + + - - +
P A} Asy P; A A Py P
SNy Chg  dng,

RNN/7/4
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Fig. 1. Eigenvalues for L and L, in Pi.

We may now recover the result of [13] that sn is orbitally stable in H, N Ay,

using the following simple consequences of the spectral information above:

Lemma 4.6. There exists § > 0 such that the following coercivity properties hold:

(1) L%, >0,

(2) LEn|A;Km{sn}i >0,

@) LY|ajin{(snyy > 6,

(@) L¥|asn((smy)t > 6. O

Proof. The first three are immediate from Figure 1 (note the first two also follow from
the minimization property Proposition 3.8), while we see that in Az, L |{(sn), )0 > €,
so since sn?(x) < 1,

Lfn|{(sn)x}i = (L" — 4k? Sn2)|{(sn)x}i >e. —4k?>0

where the last inequality is easily verified. ]

Corollary 4.7. For all k € (0, 1), the standing wave v (t, x) = e :(1*¥)tgn(x, k) is orbi-
tally stable in H,, N Ask. a

Proof. Lemma 4.6 shows that sn is a non-degenerate (up to phase and translation)
local minimizer of the energy with fixed mass and momentum. So the classical

Cazenave-Lions [8] argument yields the orbital stability. ]
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Finally, we also record here the following computations concerning L{", used
in analyzing the generalized kernel of J£* in the next subsection:
Lemma 4.8. Define E (x, k) = E (¢, k) lsins—sn(x,k)- L€t ¢, and & be given by the follow-

ing expressions:

(E' (x, k) — gx) cny—k?cn® + I{Ii{;ECD

h= 2(2k2 — 1)£ + 2(1 - k?)
(£ (x, k) — £x)cn + cn,
4= —2(1- k) + 2

The denominators are positive and we have

L" ¢, = cn, L"¢ = cny.

Note E and & are odd, while ¢, is even. In particular, (¢,, cny) = 0 = (§, cn). Moreover,
L& (yen — (1 = 2k?) ) = Chy. 0

Proof. Recall that the elliptic integral of the second kind E (x, k) is not periodic. In

fact, it is asymptotically linear in x and verifies
E(x + 2K, k) = E(x, k) + 2E (k).

By (2.10), 9:E (x, k) = dn?(x, k). Denote L. = L™ in this proof. Using (2.4) and (2.5), we

have

L,cn = —4k%cn?,

L, (x cny) = 4k?cn® — 2(2k% — 1)cn,

L,cn® = 6k?cn® — 8(2k? — 1)cn® — 6(1 — k?)cn,

L,(E(x, k)cny) = 6k*cn® — 4k?(3k? — 2)cn® + 2(1 — 4k? + 3k*)cn.

Define

¢, = [E’ (x, k) — %x] cny—k?cen® + ——~—————cn.

Then ¢, is periodic (of period 4K) and verifies
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L. = [2(2’62 - 1)% +2(1 - kz)Jcn.

31

The factor is positive if 2k? > 1. If 2k? < 1, it is greater than 2(2k? — 1) + 2(1 — k?) = 2k2.

Define,

¢y = [2(2k2 — 1)% +2(1 - kz)] by

Then
L. ¢, =cn.
As for L_, we have

L_(cny) = 4k?%cn? cny,

L (xcn) = —2cny,

L (E(x, k)en) = —2(1 — k?)cn,—4k?cn? cn,.

Define

K (k)
Then ¢ is periodic (of period 4K) and verifies

2E (k)
K (k)

L& = [—2(1 — k?) + cny.

The factor is positive by (2.11). Defining

o g  2E(R))
-2 29

we get L_§& = cny. The last statement of the lemma follows from (2.8).

4.2 Orthogonality properties

The following lemma records some standard properties of eigenvalues and eigenfunc-

tions of the linearized operator JL£, which follow only from the structural properties

(4.2) and (4.4):
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Lemma 4.9. The following properties hold:

(1) (symplectic orthogonality of eigenfunctions) Let f=(f, )’ and
g = (9, 9,)7 be two eigenvectors of JL corresponding to eigenvalues
A, i € C. Then (4.2) implies

A+ a=0= (f Jg) =(f Lg) =0,
while (4.4) implies
A—fa=0= (Cf, Jg) = (Cf, Lg) =0,
so that
Ata=0= (f,9,) =(f g)=0.

(2) (unstable eigenvalues have zero energy) If JLf= A\f, A € iR, then (4.2)

implies

(f, Lf) = 0. O

Proof. We first prove (1). We have
)‘(fl Jg) = ()‘fl Jg) = (JLf! Jg) = (Lf, g) = (fl Eg) = _(fl MJg) = _ﬂ(fl Jg)/

so (A + 1) (f, Jg) = 0 which gives the first statement. The second statement follows
from the same argument with f replaced by Cf, while the third statement is a conse-
quence of (f, Jg) = (Cf, Jg) = 0.

Item (2) is a special case of the first statement of (1), with g = f. [

4.3 Spectral stability of sn and cn

Our goal in this section is to establish Theorem 4.1, i.e., to prove the spectral stability
of sn in Bk for all k € (0, 1), and the spectral stability of cn in Bk for all k € (0, k).
We first recall the standard fact that

orbital stability = spectral stability.

Indeed, an eigenvalue A = o + if of J£ with o > 0 produces a solution of the linear-
ized equation whose magnitude grows at the exponential rate e®?, and this linear grow-
ing mode (together with its orthogonality properties from Lemma 4.9) can be used to

contradict orbital stability. Rather than go through the nonlinear dynamics, however,
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we will give a simple direct proof of spectral stability in the symmetry subspaces
where we have the orbital stability—that is, in P,x for dn, and in Ak for cn and sn—
using just the spectral consequences for L. implied by the (local) minimization proper-

ties of these elliptic functions:

Proposition 4.10. ForO0 < k < 1, K = K (k), dn is spectrally stable in P,x, while cn and
sn are spectrally stable in Ayx. Precisely, we have

o (JL®)p,) C IR, o (JLP|ay) C IR, o (JLM]ay) C iR. -

Proof. Begin with dn in P,x. From Figure 1, we see L% > 0, and thus (L)*1/2
exist on dn'. It follows from the minimization property Proposition 3.2 that on dn',
L% > 0 (otherwise there is a perturbation of dn lowering the energy while preserving
the mass). Suppose JLIf = \f, AgiR. Then LY LI f = —\?f. Since (dn,0)” is an eigen-

vector of JL for the eigenvalue 0, Lemma 4.9 implies f{ L dn. Therefore, we have
(LEV2LE (L2 (L) 2 R) = =N (L) 12 )
and on dn',
L.>0=LY2L.L'?>0= )\<0

contradicting A ¢ iR.

Next, consider cn in Ayx. Again from Figure 1, we see L°|,: > 0, while the
minimization property Proposition 3.4 implies that L{"™ > 0 on cn', and so the spectral
stability follows just as for dn above.

Finally, consider sn in Ayx. By Lemma 4.6, L{® > 0 on {(sn)y }*, while L*" > 0
on {(sn)y}*, and so the spectral stability follows from the same argument as above,
with the roles of L, and L_ reversed. [ |

Moreover, both sn and cn are spectrally stable in Pjg:

Lemma 4.11. For0 < k< 1,K =K (k),

o (JLPpz) C iR, o (JLp) C iR.
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Proof. This is an immediate consequence of the positivity of £5" and £°® on P, (see
Figure 1), and Lemma 4.9. u

So in light of (4.5), to prove Theorem 4.1, it remains only to show o (J£|p;: ) C iR
for each of cn and sn.

This will follow from a simplified version of a general result for infinite dimen-
sional Hamiltonian systems (see [20, 22, 23]) relating coercivity of the linearized energy
with the number of eigenvalues with negative Krein signature of the linearized oper-
ator JL of the form (4.1):

Lemma 4.12 (Coercivity lemma). Consider J£ on S x S for some invariant subspace
S C Pr, and suppose it has an eigenvalue whose eigenfunction ¢ = (§, &) has negative

(linearized) energy:
JLE = pE, (& LE) <O.

Then the following results hold:

(1) If L, has a 1D negative subspace (in S):

Lif=-XM, A>0, Ly >0, (4.6)

then L+|€2L > 0.
(2) If L_ has a 1D negative subspace (in S):

Lg=-vg, v>0, Ly >0, (4.7)
then L,|§1L > 0.
(3) If both (4.6) and (4.7) hold, then o (JL|sxs) C iR. O

Proof. First note that by Lemma 4.9 (2), 0 = x4 € iR, and writing 4 = iv,0 = v € R, we

have L_¢, = iv§, L § = —176,.
Moreover,

(fu L+f1) = _7(f1r i§2) = W(ifp 52) = (Lffzr fz)r

so by assumption (&, L.§) = (&, L_&,) < 0.
We prove (1). For any h L £,, decompose

h=aof +hy, &=0f+¢&, hoLf, & Lf,
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where we may assume « > 0 and $ > 0. We have
0 =1iy(h, &) = (h, —i7&,) = (h, Li&) = —Xaf + (hy, LiEL).

Thus, using L,|s+ > 0, L2 = (Lilfr)'/? is well defined on f and

(hy, L&, )% = (L %Ry, L2, )7
< (h+r L+h+) (£+r L+€+)
(R Lih) + 020 (&) Li&) + B2V

(aBA)?

with both factors on the right > 0. Since (&, L&) < 0, we must have (h, L h) > 0.
Statement (2) follows in exactly the same way, with the roles of L, and L_
reversed, the roles of § and ¢, reversed, and with g and v replacing f and .
Finally, for (3), suppose JLn=(n. If (£iR, then by Lemma 4.9 (1),
(& n,) = (&, m) = 0, and so by parts (1) and (2),

(s Lymy) >0, (n Lymp) >0, =>(n, Ln) >0,

contradicting Lemma 4.9 (2). Thus, ¢ € iR. [ |

Proof of Theorem 4.1. Begin with sn in P)%. From Figure 1, it is clear that in P;%, con-
dition (4.6) holds for L{" and (4.7) holds for L*". Explicit computation yields

L" (dn? + k?cn?) = —(1 — k?)2, L°"1 = —(dn? + k?cn?),
which implies

dn® + k?cn?

i(1— k?)

mn[ i(1— k?

]:i(l—kz)

dn? + k2 cnz]

Moreover,

<£Sn dn? + k? cnz] [dn2 + k2 cn2]>
i(1—-k% || i(1 -k?
= (L{"(dn? + k?cn?), dn? + k?cn?) + (1 — k?)(L°"1, 1)
— (1 - kY2 4 (1 — K®)(1, (dn? + k?cn?))
— (1 K24 (1 k) AE(K) — 201 - KK (K)) <O,

by (2.11). Hence, all the conditions of Lemma 4.12 are verified for sn in P, and so we

conclude o (JL£%"[5. ) C IR, as required.
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Next we turn to cn. Again from Figure 1, it is clear that in Py, condition (4.6)
holds for L{" and (4.7) holds for L. Explicit computation yields

L (—dn? + k?sn?) =1, L°"1 = —dn? + k?sn?,
which implies

Jﬁcn[—dnz + k2sn?
i

_ i[—dnz + k2 snz]
i .

Moreover, when k < k., we have

< ECII

Hence, the conditions of Lemma 4.12 are verified for cn in Py when k < k., yielding

—dn® + k?sn?
i

—dn® + k?sn?
i

’

> = 2(L*"1, 1) = 4K (k) — 8E (k) < 0.

o (JL™|p ) C iR, as required. [ |

5 Linear instability

Theorem 4.1 (and Proposition 4.10) give the spectral stability of the periodic waves dn,
sn, and cn (at least for k < k) against perturbations which are periodic with their fun-
damental period. It is also natural to ask if this stability is maintained against pertur-
bations whose period is a multiple of the fundamental period. In light of Bloch-—
Floquet theory, this question is also relevant for stability against localized perturba-
tions in I?(R).

5.1 Theoretical analysis

It is a simple observation that dn immediately becomes unstable against perturbations

with twice its fundamental period:

Proposition 5.1. Both ¢ (J£%|,:) and o (J£%|,;) contain a pair of non-zero real

eigenvalues. In particular dn is linearly unstable against perturbations in Pig. O

Proof. In each of Ajy and Ay, L >0 while LY has a negative eigenvalue:
LI f= —)\f, A > 0. So the self-adjoint operator (LI)!/2L9(L9")!/2 has a negative

direction,
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(L) 12f, (L9 /2L L )/2) (L) 12 ) = ~A(f, f) <0,

hence, a negative eigenvalue (L)1/2 9 (L97)1/2g = —12g, 1 > 0. Setting h := (LI)"1/2 g,

h € Ajx (Asx), we see

dn dn
A S v i T L
+uh +uh
Hence, i, —i € R are eigenvalues of J£ in Ay (As). |

Remark 5.2. The proof shows dn is unstable in P,,x for every even n since h € Py,k.
In fact, dn is unstable in any Py,x, n > 2. Indeed, we always have L_dn = 0, thus by
Sturm-Liouville Theory (see e.g., [10], Theorem 3.1.2), 0 is always the first simple eigen-
value of L_ in P,,x. Moreover, L,dn, = 0, and dn, has 2n zeros in P,,x. Hence, there are
at least 2n — 2 negative eigenvalues for L, in P,,x. With the above argument, this
proves linear instability in P,,x for anyn > 2. O

For sn, the H?(R) orbital stability result of [5, 15] implies spectral stability
against perturbations which are periodic with any multiple of the fundamental period.

Using formal perturbation theory, [30] showed that cn becomes unstable
against perturbations which are periodic with period a sufficiently large multiple of

the fundamental period. Our main goal in this section is to make this rigorous:

Theorem 5.3. For 0 < k < 1, there exists n; = n;(k) € N such that cn is linearly
unstable in B,,x for n > ny, i.e., the spectrum of J£L® as an operator on B,,x contains
an eigenvalue with positive real part. O

We will in fact prove a slightly more general result, which is the existence of a
branch strictly contained in the first quadrant for the spectrum of J£® considered as
an operator on L?(R). Theorem 5.3 will be a consequence of a more general perturb-
ation result applying to all real periodic waves (see Proposition 5.4), and in particular
not relying on any integrable structure.

We start with some preliminaries. Let

se=( 2 5]

with

L = —0w—a—bu? L,=—0x—a— 3bu?
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where u a periodic solution to
Uxx + au + bluf? u = 0. (5.1)

We assume that u(x) € R and let T denote a period of u® The spectrum of J£ as an
operator on [L?(R) can be analyzed using Bloch-Floquet decomposition. For
0 € [0, 2w/T), define

o LY

g =\ ",
~1! 0

’

where L/ is the operator obtained when formally replacing 9, by 9y + i0 = e %0, (ei*.)
in the expression of L.. If we let (M’f)(x) = e*f (x), then LY = ML, M". Then we

have

O'(J,ClLZ(]R)) = U J,CglpT (52)
€0,

L
T
Remark here that when § = nLT for some n € N, then we have

o (JLp,) C a(JL|p,)- (5.3)

In what follows, all operators are considered on Py unless otherwise mentioned.

Let us consider the case § = % Denote
_ .
D=0y + iz

Since u is a real-valued periodic solution to (5.1), by Lemmas 2.1 and 2.2, u is a

rescaled cn, dn, or sn. In any case, the following holds:

¢ =ehu, ¢ =Dyp=e u, €Hp,NPr\{0}
are such that ker(L1) = Span(), ker(Lf) = Span(%). (5.4)

Note that for any f, g € H\, N Pr, we can integrate by parts with D:

T 5 T

J. pfgdx=-[" fDg dx
Remark that
T T
:f (,m/)dX:f uuy dx = 0.
0 0

Therefore, there exist ¢, ¢, such that

L§¢1:¢r L+S01 w, e Ly, P Lo
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The kernel of the operator J£r is generated by [ﬂ (g) On top of that, the generalized
0 [‘P1

Y1) 10

Our goal is to analyze the spectrum of the operator J£r ¢ when |¢| is small. In

kernel of J£7 contains (at least)

particular, we want to locate the eigenvalues generated by perturbation of the general-
ized kernel of JLr. For the sake of simplicity in notation, when 0 = %, we use a tilde to
replace the exponent % In particular, we write

JLr =JL, Lf=1L,.

Proposition 5.4. Assume the condition (5.17) stated below. There exist ) € C with
Re(N) >0, Im(N) > 0; bg € C; and ¢y > 0, such that for all 0 < ¢ < gy, there exist
M2 (g) € C, by () € C,w(e), wy(e) € HE, N Pr,

b1 ()| + [A2(e)| + Iv2(€) lmzerp, + w2 (e) a2 e, S 1
vo(e) L, wa(e) L, (5.5)
verifying the following property. Set

Vo =boty, i =by(e)t — 2iboL, ‘DY — Ny, (5.6)
Wo = ¢, wy = (bO)\l — 21)’(/11 (57)

Here, L:l is taken from ¢~ to ¢*. Define

A= el + e20(e),
v =1+ ev(e) + e?va(e),

W = wp + ewy + 2wy (e).

Then

T _ \%4 174
JL 8<W) - A(W)‘ O
Note that the orthogonality conditions in (5.5) are reasonable: the eigenvector
is normalized by P,w = wp = ¢, and hence w; L . To impose v, L ), we allow by (¢))

in v, to be e-dependent to absorb B, (v — vp).

Proof of Proposition 5.4. Let us write the expansion of the operators in €. We have

LI™° = LI + 2ieD + ¢2,
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Therefore,

x_ T 0 2iD 0 1
JLiE = 2
Lr £T+E[—2iD 0 ]+E [_1 0)

We expand in ¢ the equation (JL£r—¢ — \2) (MV,) = 0 and show that it can be satisfied at
each order of e.
At order O(1), we have

which is satisfied because “A/% € ker(JL) by definition.
At order O(e), we have

-~ (W —)\1 2iD (VO)
JL =0,
(W1> + [—ZID —)\1] Wo

which can be rewritten, using the expression of vy, wy, and Dy = 1, as
L~,W1 = (bO)\l — ZI)w, (58)
f4+V1 = —21b0D’l[) — )\1@ (59)

It is clear that the functions v, (¢) and w;; defined in (5.7) and (5.6) satisfy (5.8) and (5.9).
At order O(e?), we consider the equation as a whole, involving also the higher

orders of €. We have
~ [ Vg —)\1 2iD (V]) —)\2 1 (V())

sz (o) ot o) + [ 2 )

—MN 2iD)|( v, - 1 15}

eel o )0+ [ )G

—/\2 1 Vo
2 _
e [1 Az](Wz) =0

in other words

L wy =Wy + cWs + 2W,. (5.10)

Livo=T+ V3 + 2V, (5.11)
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where
Wy = v — 2iDwy + XAavg — Wy, Vo= —2iDv; — MWy — Vo — AWy,
W3 = )\1V2 — 21DW2 + )\2V1 — wq, V3 = 72iDV2 — >\1W2 -V — )\2W1,
VV4 = )\2V2 — Wo, V4 = —Vy — >\2W2. (512)

Note that V, and W, depend on by, A, and by, )\, whereas V3, V, and W, W, also depend
on v, and w,. Our strategy to solve the system (5.10) and (5.11) is divided into two
steps. We first ensure that it can be solved at the main order by ensuring that the com-

patibility conditions
(W2, ) = (V2, ) =0 (5.13)

are satisfied. This is achieved by making a suitable choice of by, ). Then, we solve for
by, A2, v2, wy by using a Lyapunov-Schmidt argument.
We rewrite the compatibility conditions (5.13) in the following form, using the

expressions for vy, wy, v;, and w,, and the properties of ¢ and :

(1 )AL + bo2i (DY, @) — (v, ¥)) M+ (0, @) — 4(¢, ) =0,

bo (Y1, Y)N2+  2i((py, DY) — (41, ¥)) A + bo (¥, ¥) — 4(L; "Dy, D)) = 0.

These equations do not depend on b; or )\, although W, and V, do. For a moment, we

write these equations as

AN + boBMN 4 C =0, (5.14)
boAz A% + B\ + boCy = 0, (5.15)
where
A = ((pll 4 € Rr

)
: ) €R,

B:=2i((DY, ) — (Y1, ¢)) €1R,
@, 0) — 4@, ) ER,

Y, v) — 4(L;'Dy, DY) €R.

Multiplying (5.14) by C, + A;)\?, (5.15) by B)\;, and subtracting gives
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A Ao\ + (A1Cy + Ay G — BY)AE + GG, = 0, (5.16)

a quadratic equation in \? with real coefficients. If A A, = 0, the roots of (5.16) are

given by

7(A102 + A, Cy — Bz) + \/(Alcz + A, Cy — BZ)Z — 4A,A,CC,

)\12 -
2A,A;

We now assume that the discriminant of this quadratic is negative:
(Alcz + A, Cy — B2)2 — 4A,A,CC2, < 0 (5.17)

which implies that A;A4; = 0, and, moreover, guarantees the existence of a root )\ of
(5.16) strictly contained in the first quadrant: RRe)\; > 0 and IJmA; > O (the other roots
being — )\, £ ). It follows from (5.17) that B = 0, and so we may solve (5.14) and set

(AN + C)
bp = —————,
B\

so that both (5.14) and (5.15) are satisfied.
We now solve for by, Ay, v, W, using a Lyapunov-Schmidt argument. The first

step is to solve, given (b;, \y), projected versions of (5.10) and (5.11),

L wy =Wy + P [eW; + 2]
Lovy=Vy+ Py [eVs + 2V (5.18)

to obtain v, = vy (b, N\p) € ¥, wy = wy (by, \p) € ¢t
Lemma 5.5. Given any b; € C, A\, € C with |by| + |[A2] < M, there is a unique solution
(v, o) = (va(b1, A2), wa(by, o)) € (Hpe N Pr 0 ypt) x (Hp, N Pr 0 gt

of (5.18), with ||wy||z2 + ||[wa||gz < C(M). O

Proof. By the expressions (5.12), we may rewrite system (5.18) as a linear system of v,

and wo,

2 (o) =[5r) <)
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where

L.+ Pyi2ieD + €% (eh + e2X)Pye
—(eh + €2g)P. L+ P_i2ieD + €|

€

Sy = Pyt (—2iD[biyp — 2iboL; Dy — Aigy] — M (boh — 20)t — Ao)
Sw = Pt (M[b1¢ — 2iboL; ' Dy — M| — 2iD (o — 2i) ¥ + Asbot))
Ry, = P, (M2(21 — boh) ¥y — [—2iboL, ' Dy — Npy))

Ry = P (a[biy) — 2iboLy ' DY — Mpy] + (2i — boA)wy).

Note that Sy, Sy, Ry, and R,,, do not contain v;, w; or €. Recalling the definition

,C:

. o]
o L)

it follows from (5.4) that
L% (Pr ) x (Pr 0 gh) — (Pr N Hige N $h) x (Pr N Hige N o)
is bounded, and hence, so is ZZ;I, uniformly in € for € sufficiently small, with
1227 = Z7 iy S e

Thus

() =23) ) -

gives (v, (b1, A2), wa(by, \2)) as desired.

(5.19)

(5.20)

The second step is to plug (v» (b1, A2), wa(by, A2)) back into V3, V,, W3, W,, and

solve, for (b;, Az), the remaining compatibility conditions

(Vs + Vs, ¥) = (W3 + cWa, ) =0

(5.21)

which, together with (5.18), complete the solution of the eigenvalue problem. Using

(5.20) and (5.12), we may write (5.21) as the system

= (=2iD[L; 'Sy + 0(e)] — ML 'Sy + 0(2)] — vi — oWy + £V, 1))

0
0= (ML 'S, + 0(e)] — 2iD[L 'Sy + 0(e)] + Novi — Wy + WG, @)
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and then by the expressions (5.7) and (5.6) and (5.19), we may further rewrite as

by

Dby, deic) = (M + 0(:))| !

]+F+ 0(e) =0, (5.22)

where ® is a rational vector function of b;, Ay, and ¢; F is a fixed (independent of

(b1, \2))|F| < 1, and M = 37@

(;’ " l—o is the matrix
11 A2,

(—4DL, "Dy — M2ipy — o, 1)) (2iDyp, — 2(Mbo — i) ¢y, ¥)
(—=2iME, "Dy — 2iMDiy, ) (=M, — 2iboDiy — 2iboL, ‘D — My, ¢)

4(L.'Dy, DY) — AN2(n, ) — (0, ¥)  —2i(py, DY) — 2(Nbo — i) (¢1, ¥)
—2iM (DY, ¢y) + 20N (Y1, ) =2\ (py, ) + 2ibo (Y1, ¥) — 2ibo (DY, ;)

B\ —B — 2\bo4,
b

*)\13 *boB — 2>\1A1

—Cy — Ag\? —B — 2\boAs|
—)\1B —bOB - 2)\1A1

where in the last step, we used (5.15). The determinant of M is, using (5.15) and (5.14)

to eliminate by,

detM = —2)\13 [B + %Al + /\1boA2]
0

=—-2\B
B B

= -2\ (B? — 241420\ — CLA; — CiA).

2 2
g AMAC, AN+ CIAZ]

Since 4;, Ay, G, Cy, B? are real, and \;4;4; = 0, we have det M = 0, otherwise )\12 € R.
Thus, (b;, A\2) may be solved from (5.22) for ¢ sufficiently small by the implicit
function theorem, providing the required solution to (5.21), and so completing the proof

of Proposition 5.4. u

Proof of Theorem 5.3. We need only verify the assumptions of Proposition 5.4 for the
case of u(x)=cn(x; k), T=2K(k). Since u = cn€hy, we have u?= cn? € Pr.
Moreover, (5.4) holds (see Figure 1). It remains to verify the condition (5.17). The values
of the coefficients for the equations of by and A are given by the following formulas,
obtained by using the equation verified by cn and the explicit expressions given by
Lemma 4.8. Due to the complicated nature of the expressions, the dependence of E and

K on k will be left implicit:
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kK (2E — K) + (E — K)?
A=l ) = o) = e e T =2k — k(1= &)
k?K (2E — K) + (E — K)?
Ay = (Y1, ¥) = (& ux) = 22 (E— (1 - K)K)
B =2i((¢y, DY) — (Y1, ¥)) = 2i((dy, Uxx) — Az2)
l 2EK (k — 1)(k + 1)(K — E)

(E(1 — 2k?) —K(1 —k?))(E— (1 - Kk)K)'
2K2(k — 1) (k + 1)
E—(1-k)K
Co= (1, ¥) — (LD, D) = (tx, Un) — 4(L; " Une, )

_ 2K%*(k-1)(k+1)
T E(1-2kY) —K(1—k?

’

Ci=(p, ) — 4, ) = (u, u) — 44 =

’

Therefore,

(A1Cy + AyCy — B?)?2 — 4A1A,CC,

- 16K*E2(1 — k)3(1 + k)*(K — E)? -0
T O KE-(1-K)KP(EQ - 2k?) — (1 — kHK?

Thus, Proposition (5.4) applies, providing an unstable eigenvalue of J (L) for
0= % —¢,and all 0 < ¢ < g. It follows in particular that cn is unstable against per-

turbations with period 4nK, where n is the smallest even integer greater than -

€0

™ ™ -27
Indeed, lete = -=-. Thenf = - — ¢ = * ==, and by (5.3), we have o (JL|p,) C o (JLlp,,,)-

This concludes the proof of Theorem 5.3. ]

5.2 Numerical spectra

We have tested numerically the spectra of the different operators involved. To this
aim, we used a fourth order centered finite difference discretization of the second
derivative operator. Unless otherwise specified, we have used 2'° grid points. The spec-
tra are then obtained using the built in function of our scientific computing software
(Scilab). Whenever the spectra can be theoretically described, the theoretical descrip-
tion and our numerical computations are in good agreement.

We start by the presentation of the spectra of J£P9, for pq = cn,dn,sn on By.
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Observation 5.6. On Py, the spectrum of J£PY is such that

o if pg = sn theno (J£*) C iR forallk € (0, 1),

e if pq = cn, then o (J L) C iR for all k € (0, 1), including when k > k.,

e if pq = dn, then J£% admits two double eigenvalues 4+ with A > 0 and the
rest of the spectrum verifies (o (J£)\ {£\}) C iR for allk € (0, 1).

The numerical observations for cn and dn at kK = 0.95 are represented in Figure 2. O
30 - . 30 - .
25 1 25
* *
20 204
* *
15 4 154
* *
10 - . 10 1 .
5 - * 5 *
* *
0 - H 0 . $ .
* *
-5 . =54 -
-10 . -10 ¢
* *
-15 A -15 A
* *
-20 A -20
* *
-25 A -25
-30 T T T R T T T 30 T T T T +—— T T T )
-1 -0.8 -0.6 -04 -0.2 0 0.2 0.4 0.6 0.8 1 -1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

0.4 0.5

Fig. 3. o(JL) on L?(R) for k = 0.9 (plain (blue) curve), first order asymptotic around 0 (dashed
(red) lines).
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We then compare the results of Theorem 5.3 with the numerical results. In
Figure 3, we have drawn the numerical spectrum of J£® as an operator on L?(R). To
this aim, we have used the Bloch decomposition of the spectrum of J£® given in (5.2):
we computed the spectrum of J(£)’ for 0 in a discretization of (0, %] and we have
interpolated between the values obtained to get the curve in plain (blue) line. In order
to keep the computation time reasonable, we have dropped the number of space points
from 2'° to 28. We then have drawn in dashed (red) the straight lines passing through
the origin and the points whose coordinates are given in the complex plane by
+), £, A given in the proof of Proposition 5.4. The picture shows that the dashed
(red) line are tangent to the plain (blue) curve, thus confirming \; as the first order in
the expansion for the eigenvalue emerging from O performed in Proposition 5.4.

Numerically, eigenvalues on the Number 8 curve in Figure 3 are simple, and
move from the origin toward the intersection points of the Number 8 curve with the
imaginary axis, when 6 is decreased from 7/(2K) to 0*.

These eigenvalues are simple because we did the Block decomposition (5.2) in Pyx
with 6 € [0, 27/T) = [0, 7/K), and cn is only in P, (—1), not in Pyg. Thus, it is in the ker-
nel of L’ only for § = 7/(2K). The bifurcation occurs only near § = 7/(2K), not at § = 0.

In contrast, Rowlands [30] did the Block decomposition in Py with
0 € [0, 7/(2K)). We have cn€Pyk, and cn is in the kernel of L/ only for # = 0. The bifur-
cation occurs only near § = 0.

These two approaches are essentially the same, and our approach does not

give a new instability branch.
6 Numerics

We describe here the numerical experiments performed to understand better the nature of
the Jacobi elliptic functions as constrained minimizers of some functionals. To this aim,

we use a normalized gradient flow approach related to the minimization problem (3.3).

6.1 Gradient flow with discrete normalization

It is relatively natural when dealing with constrained minimization problems like (3.3)
and (3.4) to use the following construction. Define an increasing sequence of time
0=ty < -+ < t, and take an initial data uy. Between each time step, let u(t, x) evolve

along the gradient flow

us = —&'(u) = uxx + blufu,

xeER, t,<t<tpy, n>0.
U (ty, X) = up(x),
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At each time step t,, the function is renormalized so as to have the desired mass and
momentum. The renormalization for the mass is obtained by a straightforward

scaling:

m

Uni 1 (%) = U (bsr, x)\/w. (6.1)

thi1 X))
When there is no momentum, like in the minimization problems (3.1), (3.4), and only
real-valued functions are considered, such approach to compute the minimizers was
developed by Bao and Du [4].

However, dealing with complex valued solutions and with an additional
momentum constraint as in problems (3.3), (3.5) turns out to make the problem more
challenging and to our knowledge little is known about the strategies that one can use
to deal with this situation (see [9] for an approach on a related problem).

To construct u, in such a way that P(u,) = p, a simple scaling is not possible
for at least two reasons. First of all, if p = 0, a scaling would obviously lead to failure
of our strategy. Second, even if p = 0, as we are already using a scaling to get the cor-
rect mass, making a different scaling to obtain the momentum constraint will result
into a modification of the mass. To overcome these difficulties, we propose the follow-
ing approach.

Recall that, as noted in [4], the renormalizing step (6.1) is equivalent to solving

exactly the following ordinary differential equation:

1

(6.2)
tn+l - tn

U= ppu, th <t<tpy, n=>0, u,= llu(t )” ?
n) L

Inspired by this remark, we consider the following problem, which we see as the

equivalent of (6.2) for the momentum renormalization:

U =iwnpuy, XER, t,<t<tps;, n=>0, (6.3)

where we want to choose the values of @, in such a way that P(u(t,+1)) = p. To this
aim, we need to solve (6.3). Note that (6.3) is a partial differential equation, whereas
(6.2) was only an ordinary differential equation. We make the following formal compu-
tations, which can be justified if the functions involved are regular enough. As we
work with periodic functions, we consider the Fourier series representation of u, that

is
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with the Fourier coefficients

Then, (6.3) becomes
2m . .
0iC; = —?ancj, JEZ, tp<t<tys1, n=>0.
For each j € Z and for any ¢, < t < t,.1, the solution is
2m .
cj(t) = exp *7an(t = tn) |G (tn),

and, therefore, the solution of (6.3) is

u(t,x)= Y. exp[—z%jwn(t - tn)]cj(tn)ei%”fx,

Jj=—00
Using this Fourier series expansion of u, we have
. 4r . 9
P(u(tni1)) = — Z ] exXp _?an(tnﬂ — tn) |Cj(tn)| .
j=—o0
We determine implicitly the value of @,, by requiring that =, is such that

P(u (tn+l)> =D.

In practice, it might not be so easy to compute =, and, therefore, we shall use the fol-
lowing approximation. We replace the exponential by its first-order Maclaurin polyno-
mial. We get

P(u(tn+1)) = - i ﬂ'j[l - 4T_7Tjwn(tn+1 - tn) |Cj(tn) |2 + O(w,f(tn_u - tn)z)-

j=—

Therefore, an approximation for w, is given by ,, which is defined implicitly by

> . 47 . |
b=- Z 77][1 - %an(tmrl - tn) |Cj(tn) |2~

j=—

Solving for 7, we obtain

Wy =
Jj=—0o0 Jj=—

D+ i lecj(tn)lz][(thrl - tn)%ﬂz i jzlcj(tn) |2J .

We can further simplify the expression of &, by remarking that
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472 =,
Z J2lci (tn) .

/2
O (ty) P dx = —
/2| (tn)l T2

Pt) = - 3wl [

j=—o0 -
This gives

- p— P(u(ts)) _
" (tner — to) 1951 () [

This is the value we will use in practice.

6.2 Discretization

Let us now further discretize our problem. We first present a semi-implicit time dis-

cretization, given by the following scheme:

ﬂn+1 - un ~ ~ ~
s ixUni1 + Dlunflny1,  Unir € Pr,
o0
A ~ 27T I
Un+1 = Z Cf(un+1)[1 — — 0ty j |e'TX,
j==o0 T

Up1=1U m
n+1 = Unyl |[——
M (Gn1)
where ¢, is given by
. _ p—Pun)
n — P
5t”axun”2Lz

and (c; (in+1)) are the Fourier coefficients of @i, ;. Note that the system is linear.

Remark 6.1. If p = 0, at the end of each step, u,,; has the desired mass and momen-
tum. If p = 0, then u,; only has the desired mass and it is unclear if the algorithm
will still give convergence toward the desired mass-momentum constraint minimizer.
We plan to investigate this question in further works. O
Finally, we present the fully discretized problem. We discretize the space inter-
T T .
val {_E' E} by setting

x0 =T xl— x04 [5x, 5X=%, L € 2N.

We denote by u,,’ the numerical approximation of u(t,, x'). Using the (backward Euler)
semi-implicit scheme for time discretization and second-order centered finite differ-

ence for spatial derivatives, we obtain the following scheme:
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~1 l ~1-1 ~1 ~1+1
u -—u U — 24 +u 5
ol n= nl n;1 ntl 4 blurlllzurll+1' ur(l)+1 = unL+1f (6.4)
ot bx
L/2 27T + 2
Upoi= 3, Cj(un+1)[1 - ?5t@nj}elﬂl5x, (6.5)
j=-L/2
-1 1 m

Upyy=Upy ' (6.6)

M (G 41)
1 L ~l 27§16,
T 1210 Un 1€ 1%

As the system (6.4) is linear, we can solve it using a Thomas algorithm for tri-

where ¢j (Tip41) =

diagonal matrix modified to take into account the periodic boundary conditions. The
discrete Fourier transform and its inverse are computed using the built in Fast Fourier
Transform algorithm.

We have not gone further in the analysis of the scheme presented above. As
shown in the next section, the outcome of the numerical experiments is in good agree-
ment with the theoretical results. We plan to further analyze and generalize our

approach in future works.

7 Numerical solutions of minimization problems

Before presenting the numerical experiments, we introduce some notation for particu-

lar plane waves. Define

2u .
Gup = ?Me %, the plane wave with M (¢, ) = p and P(g, ) = p.

In the numerical experiments, we have chosen to fix k = 0.9. The period will be
either T = 2K (k) or T = 4K (k). We use 2' grid points for the interval [—%, %} The time
step will be set to 1. We decided to run the algorithm until a maximal difference of
103 between the absolute values of the moduli of ujl and the expected minimizer has
been reached.

We made the tests with the following initial data:
(a)up(x) =5, (b)uo(x) =exp(2inx/T), (c)uo(x) =1+ cos(2inx/T) + i. (7.1)

Depending on the expected profile, we may have shifted u; so that a minimum or a
maximum of its modulus is at the boundary. Since the problem is translation invari-
ant, this causes no loss of generality.

Since the initial data ug in (7.1) do not match the required mass/momentum, u,

are very different from uy. Thus, (7.1) is a random choice, and this shows up in the
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rapid drop from ¢, to t; in Figure 4. The idea is to show that the choice of initial data
is not important for the algorithm and that no matter from where the algorithm is
starting, it converges to the supposed minimizer (unless the initial data have some

symmetry preserved by the algorithm).

7.1 Minimization among periodic functions

Minimization among periodic functions is completely covered by the theoretical
results’ Propositions 3.2 and 3.3. We have performed different tests using the scheme
described in (6.4) and (6.6) and we have found that the numerical results are in good

agreement with the theoretical ones.

7.1.1 The focusing case

In all the experiments performed in this case, we have tested the scheme with and
without the momentum renormalization step (6.6) and we have obtained the same
result each time. This confirms that in the periodic case the momentum constraint
plays no role (see (i) in Proposition 3.2, and Proposition 3.3). In what follows, we pre-
sent only the results obtained using the full scheme with renormalization of mass and
momentum.

We fix T = 2K (k) and b = 2. We first perform an experiment to verify the agree-
ment with case (ii) in Proposition 3.2. Let m = % < g. With each initial data in (7.1),

we observe convergence towards the constant solution, hereby confirming case (ii) of

Difference with the constant wave Energy evolution

e |E(un) - E(‘;m.())‘

0 —— max [ul] = J@mo(ah)|

Moduli difference
Energy Difference
S

T T T T T T T T T 10~ T T T T T T T T T

T T T T T T T T
0O 1 2 3 4 5 6 7 8 9 10 11 12 13 14 0O 1 2 3 4 5 6 7 8 9 10 11 12 13 14

. 2 2 . . .
Fig.4. Form = _ < ., focusing, periodic case.
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Proposition 3.2. The results are presented in Figure 4 for initial data (c) of (7.1). The
requested precision is achieved after 14 time steps.

The second experiment that we perform is aimed at testing case (iv) of
Proposition 3.2. Let m = M(dn) = E (k). Once again we observe a good agreement
between the theoretical prediction and the numerical experiment. The results are pre-
sented in Figure 5 for initial data (c) of (7.1). The requested precision is achieved after
16 time steps.

All the other experiments that we have performed show a good agreement with
the theoretical results in the focusing case for minimization among periodic functions.

To avoid repetition, we give no further details here.

7.1.2 The defocusing case

We now present the experiment in the defocusing case. We have used b = —2k? and
T = 4K. We have tested the algorithm with and without the momentum renormaliza-
tion step (6.6), obtaining the same results. The results are presented in Figure 6 for ini-

2(K—E

tial data (c) of (7.1) and mass constraint m = M(sn) = =—; ). The requested precision

is achieved after seven time steps.

7.2 Minimization among half-anti-periodic functions

We will in that case add an additional step in the algorithm in which we keep only the

anti-periodic part of the function. This way it will not matter whether or not our initial

Difference with dn Energy evolution

—— [E(uy) — E(dn)]

s max [ul| — | dn(z)]| 0

Moduli difference
Energy Difference
S

Fig.5. Form = M(dn) = E (k), focusing, periodic case.
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data has the right anti-periodicity, since anti-periodicity will be forced at each iter-

ation of the algorithm.

7.2.1 The focusing case

We compare in this section the numerical results with Proposition 3.4. We have used

= 2k? and T = 4K. The tests performed show a good agreement between the numerics
and the theoretical result. We present in Figure 7 the result for initial data (c) of (7.1)
and mass constraint m = M (cn) = 2(E — (1 — k?)K) /k?

Difference with the constant wave Energy evolution
10!
i | |e—— | E(u,) — E(
10° - —— m?x ‘|un\ — |pmo(z )|‘ [E(uy) (©m.0)]
[ 5
) <
2 o T 10 A
% 107 1 g
= &
~ A
= >
£ 1071 20
[} -1
8 = 10
= =
10 1
r r r r r T 107 T T T T - -
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7
ty tn

. 2(K—-E . . .

Fig.6. Form = M(sn) = ¢ 2 ), defocusing, periodic case.
Difference with cn Energy evolution
10"
0 v max |Jul]| — | en(z)] | E(un) — E(cn)|
10 1 1 ' 10°

8 § 1071

T 197! A 5]

51 g 107

o) & 10

< A

5 G107

2 1 ,

g 10 5

= = -4

= /o101

107 1 1071
T T T T T T T 10° T T T T T T T
0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8
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Fig.7. Form = M(cn) = 2(E — (1 — k?)K)/k?, focusing, anti-periodic case.
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7.2.2 The defocusing case

We finally turn out to the defocusing case, still imposing anti-periodicity. We have
usedb = —2k? and T = 4K.

We have tested the algorithm without the momentum renormalization step (6.6)
and confirmed the theoretical result Proposition 3.6, which states that a plane wave is

the minimizer. We present the result in Figure 8 for initial data (c) of (7.1) and mass

Difference with the constant wave Energy evolution
10!
0 e max ||ul| = | (2)] | B(un) — E(pmz)|
10 1 1 VK 10° -
g g 107 A
= =1
& g 107
° A
o -3
= 2 2 10
° 10 =
= =
= = -4
= & 10 1
3 -5
10 1 10
T T T T T T T T T T T 10’6 T T T T T T T T T T T
0 5 10 15 20 25 30 35 40 45 50 55 60 0 5 10 15 20 25 30 35 40 45 50 55 60
th tn

Fig. 8. For m = M(sn) = 2(E (k) — K)/k?, defocusing, anti-periodic case without momentum

constraint.

Difference with sn Energy evolution

—— |E(un) — E(sn)]

10° —— - max |ul| — |sn(a!)]

Moduli difference
Energy Difference
5

Fig. 9. For m = M(sn) = 2(E (k) — K)/k?, defocusing, anti-periodic case with momentum

constraint.
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constraint m = M(sn) = # Note a plateau in the two graphs of Figure 8. This is

due to the fact that the sequence remains for some time close to sn (which is the
expected minimizer if we impose in addition the momentum constraint), before eventu-
ally converging to the plane wave minimizer.

Finally, we run the full algorithm with mass and momentum renormalization
2(K - E)
kz
result is available in this case. We made the following observation, which confirms

for mass constraint m = M(sn) = and 0 momentum constraint. No theoretical

Conjecture 3.7.

Observation 7.1. The function sn is a minimizer for problem (3.5) with m = M (sn). O

We present in Figure 9 the result of the experiment with full algorithm for ini-
2(K—E)
kz

tial data (c) of (7.1) and mass constraint m = M(sn) =
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