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Abstract

We look for solutions to general nonlinear Schrodinger equations built upon
solitons and kinks. Solitons are localized solitary waves, and kinks are their
non-localized counter-parts. We prove the existence of infinite soliton trains,
i.e. solutions behaving at large time as the sum of infinitely many solitons. We
also show that one can attach a kink at one end of the train. Our proofs proceed
by fixed point arguments around the desired profile. We present two approaches
leading to different results, one based on a combination of L? — L?" dispersive
estimates and Strichartz estimates, the other based only on Strichartz estimates.

Keywords: soliton train, multi-soliton, multi-kink, nonlinear Schrodinger
equations
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1. Introduction

We consider the nonlinear Schrodinger equation:
iou+Au+ f(u) =0, (NLS)
where u = u(t, x) is a complex-valued function on R x R d>1.

Our goal in this paper is to advance a study initiated in [11] on the existence of
exotic solutions to (NLS). We look for infinite soliton trains, i.e. solutions which behave
asymptotically as the sum of infinitely many solitons, possibly attached to a kink at one
end. We want to show that such behaviour is possible for general nonlinearities under mild
hypotheses. A typical nonlinearity example is the double-power nonlinearity:

f) = ul®u — ulPu, 0<a<pf < oma. (1.1)
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Here and thereafter we denote the critical exponentby oax = +ooford = 1, 2 and opax = ﬁ
for d > 3. Note that we are using the term solifon in its broader meaning of solitary wave.

Let us shortly review some results on multi-solitons, i.e. solutions to (NLS) behaving at
large time as a finite sum of solitons. The inverse-scattering transform makes possible a precise
long time description of the dynamics (see e.g. [8]), and provides a convenient way to build
multi-solitons (see e.g. [18]); however it is limited to integrable equations (for Schrodinger
equations, only the 1D cubic case is integrable). For non-integrable Schrodinger equations, one
of the first results of the existence of multi-solitons was obtained by Merle [16] for L?-critical
equations, triggering a series of work on multi-solitons. For energy-subcritical nonlinearities,
Cote, Martel and Merle [7,14] obtained the existence of multi-solitons built upon ground states,
while the excited states case was treated by Cote and Le Coz [6] under a high speed assumption.
Stability/instability results have been obtained by Cote and Le Coz [6], Martel, Merle, Tsai [12]
and Perelman [17]. However, stability of multi-solitons for power-type nonlinearities is still
an open issue.

The existence of objects like infinite soliton trains is of importance as they usually
provide examples of extreme phenomena in the asymptotic behaviour of solutions of nonlinear
dispersive equations. For example, for the Korteweg—de Vries equation, an infinite train of
solitons was used in [13] as a counter example to show the optimality of an asymptotic stability
statement. For nonlinear Schrodinger equations, the asymptotic stability results usually hold
under assumptions (typically in weighted spaces) excluding the infinite train behaviour. To
our knowledge, our previous work [11] was the first one to establish the existence of infinite
soliton trains for non-integrable Schrodinger equations (for the integrable 1D cubic nonlinear
Schrodinger equation, the existence of infinite soliton trains may be obtained via the inverse-
scattering transform, see [10]).

Before stating our main results, let us give some preliminaries. To work in an energy-
subcritical context, we first assume the following.

Assumption (F0). Ler d > 1. Suppose f(u) = g(|u|2)u where g € C°([0, 0), R) N
C*((0, ), R), g(0) = 0 and

18" ()| + 157" ()] < Co(s*/2 +5/), Vs >0,
where 0 < o) < ap < Apax and Cy > 0.
A bound state is a nontrivial solution ¢ € H'(R?) of the elliptic equation:
A+ f(@) = wp (1.2)
for some frequency w > 0. We shall sometimes denote a bound state along with its frequency
(¢, w) to emphasize the dependency of ¢ on w. Any bound state ¢ with frequency w and

parameters x° € R? (position), v € R (velocity) and y € R (phase) corresponds to a solitary
wave solution (soliton) of (NLS):

. 1 1
R0,y (1, X) = @500 g (0 0y, (1.3)

The profile of an infinite soliton train is a sum of the form:
o0
Rw=7) Rj, Ri(t,x)=Ry , 0,62, jeN, (1.4)
j=1

where (R;); are given solitons with bound state profiles (¢;, w;) and parameters x?, v; € R?

and y; € R. A solution u(¢) is called an infinite soliton train if, for some profile Ru:
u(t) — Roo(t) > 0 as t—> oo

in some space-time norm.
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Constructing a solution to (NLS) around an infinite train profile as (1.4) is much trickier
than when the profile is made with a finite number of solitons. First of all, we need to make
sure that the profile is well defined, as the addition of infinitely many solitons may very well
be infinite. We also have to take into account that it is very likely that the profile will not
belong to the same functional spaces as the solitons. In order to deal with these issues we need
a control on the growth of the solitons’ profiles (see (1.5)) and also to guarantee some space
integrability of the train (see (1.6)).

We will assume the following for our infinite train:

Assumption (T1). For 0 < a; < omax given, the sequence of bound states {(¢;, w;) : j € N}
satisfies, for some 0 < a < 1 and D, independent of j,

950)| +0; 26,0l < Dy, vx e R Vi €N, (L)

and, for some rg > 1, doy ro <2+,

2
d

1
A=) o' " <oo. (1.6)
jeN

We say a nonlinearity f satisfies (T1) if such an infinite sequence (¢;, ;); exists for
some ry. Examples of such nonlinearities will be given in section 2.

Note that the set [1, c0) N (d%, 2 + «y) for ry is nonempty since 0 < o] < k. The
condition ry > % ensures that the exponent ail — % > 0. Thus w; — O as j — oo,
and (1.6) is a condition on how fast w; goes to 0. The existence of sequences of bound
states satisfying assumption (T1) is guaranteed by proposition 2.1, where bound states with
small frequencies are constructed as bifurcation from 0 along a fixed radial bound state Q of
the equation AQ + [Q|*' Q = Q together with the estimate (1.5). Note that the ¢; may be
arbitrary excited states solutions of (1.2); in particular they may be sign-changing, non-radial
or complex-valued. Also note that we do not need the bound for w='/?|V¢,,(x)| in (1.5) for
theorems 1.2 and 1.14, but we assume it for all theorems for simplicity of presentation. For
the same reason, we shall also set all initial positions x? to 0. Our assumption includes the
finite multi-soliton case by setting (¢;, ;) = (0, 0) for j sufficiently large.

We have followed two independent approaches for the study of this problem, leading to
two different types of results with different assumptions and conclusions. Before stating our
main results, we need a preliminary lemma which will be proved in section 4.

Lemma 1.1. Letd > 1. Forany 0 < o) < ap < amax Satisfying 2‘1—22 < oy, one can choose
ro so that the following conditions hold.

dOll
max 1,7 <rg<2+a, (1.7)
1 o1 1
S (1.8)
2 ro ry
O[l+1 1
1< + —, (1.9)
ro mn

where r, = 2 + ay. Furthermore, if oy < 4/d, we can choose ro < 2.

1.1. Infinite soliton trains

We now state our two results on the existence of infinite soliton trains. The first approach of
the first theorem is based on LP-L9 decay estimates for e/’®. The Strichartz space S([z, 00))
will be defined in section 3.
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Theorem 1.2 (Infinite train of solitons (i)). Let d > 1 and assume assumption (F0) and
[2%)

<a. (1.10)
2 + o

Let ry = 2+ay and take any ro verifying (1.7), (1.8), and (1.9). Let (¢;, ;) jen be a sequence
of bound states satisfying assumption (T1) with the chosen ro. There exist constants ¢; > 0 and
vs > 1 such that, for any infinite soliton train profile Ry given, as in (1.4) with parameters
vj € R, x? =0, y; € Rsatisfying

Ve = Inf Joi|lv—vi| = vs, 1.11
* kN, j4k jl k J|‘/ ft ( )

there exists a solution u to (NLS) on [0, 00) satisfying
[ — Roo) (Ol + = Roollsqiroon < €™, Vi =0. (1.12)

It is unique in the class of solutions satisfying the above estimate.

Remark 1.3 (Nonlinearities verifying assumptions (F0) and (T1)). The double power non-
linearity (1.1) is a good example for which assumptions (FO) and (T1) are satisfied. More
generally, in section 2, we introduce assumption (F2), under which we can perform a bifur-
cation analysis to obtain a sequence verifying assumption (T1). Assumption (F2) implies
assumptions (F0) and (T1), but is much more restrictive: there may be many other examples
of nonlinearities for which assumption (T1) can be verified and which would be excluded by
assumption (F2) (e.g. nonlinearities having some oscillatory behaviour at 0).

Remark 1.4 (L2-solutions). The solution « in theorem 1.2 (and those in the later theorems)
is only in a distributional sense. When the profile has more integrability, a stronger notion of
solution may hold. Indeed, by (1.12) and Holder inequality,

”(Ll - ROO)(I)”L' g e*CIU*t’ Vi 2 0’ Vr e [27 r2]‘

As we will show that Ry, € L*®(0, oo; L N L®(R?)) in (4.1), we have u € L>(0, 00; L™ N
L>®(R%)) where r; = max(2, rg). In the case oy < 4/d, we can choose ry < 2 by lemma 1.1,
and thus u € L*®(0, oo; L>(R?)). Hence u is a localized solution in L(R¢) in the usual sense.

Remark 1.5 (Comparison to previous results). Theorem 1.2 contains the pure power case
f(u) = |u|*u by writing f(u) = |u|*u — O|u|**¢u for some small € > 0. It also includes the
finite soliton train (multi-soliton) case by taking (¢;, w;) = (0, 0) for j sufficiently large. In
addition the range of exponents is larger than in [11, theorem 6.4]. Hence theorem 1.2 extends
theorems 1.1, 1.7, 6.3 and 6.4 in [11] in a unified approach (except that [11, theorem 6.3] does
not require (1.10)).

Remark 1.6 (L?-subcritical nonlinearities). If we use a pure Strichartz norm approach and
do not use L™ norm, we can construct infinite soliton trains for all L2-subcritical or critical
exponents 0 < o) < ap < 4/d asin [11, theorem 6.3], without the restriction (1.10).

Remark 1.7 (Uniqueness). The uniqueness of the constructed infinite train holds in a class of
exponentially decaying in time solutions of (NLS) with rate c; v, (see (1.12)). Even for finite
trains of solitons, it is an open question whether or not uniqueness holds in a less restrictive
class of functions. For the nonlinear Schrodinger equation with a pure power nonlinearity,
the conjecture is that, similar to what happens for the generalized Korteweg—de Vries multi-
solitons (see [3,15]), uniqueness in H' (R9) of the N-soliton holds if the composing solitons are
made of ground states and the nonlinearity is L>-subcritical. If the nonlinearity is supercritical,
however, we have a classification in H'(R¢) of the N-solitons as a N-parameters family (see
partial steps towards this conjecture in [3, 6]).
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In our second main result, we also control the train at the gradient level. The approach
is based solely on Strichartz estimates. Here and thereafter, we use the Japanese bracket

convention: (x) := /1 + |x|2.

Theorem 1.8 (Infinite train of solitons (ii)). Ler d > 1 and assume assumption (FO) with
0<oa < ﬁ. Let (¢;, w;) jen be a sequence of bound states satisfying assumption (T1) for
some ro. There exist constants C > 0, ¢; > 0, ¢, > 0, and vz > 1 such that, for any infinite
soliton train profile Ry given as in (1.4) with parameters v; € R4, x? =0, y; € R satisfying

Vg 1= Lkeigfjﬂ JOj v — vj| = vy, (1.13)
and
1_a
V1= Z (vj)oi" " < oo, (1.14)
jeN

there exists a unique solution u to (NLS) satisfying, for some Ty = To(Vy) > 1,
" Nl = Rocllsqr.oon + € IV = Roo) Isqroon < €, Vi =Ty, (1.15)

Remark 1.9 (Examples of parameters choices). Condition (1.13) requires sufficiently large
relative speed, while condition (1.14) puts an upper bound on the growth of (v;). By (1.14)
we may assume ry < 2. One possible choice of parameters is:

w; = 47, vj = 2715, 7] > 1. (1.16)

o < ﬁ (note this implies &y < 1 unless d = 1).
In the above choice V, and v, grow linearly in |v]. In the following choice V, =
O (h(Jv])|v]) while v, = C|v| for any function &z > 1:

_ {2/’+1h(|a|)5, if j is odd

SR Eai( iy LBl 1. 1.17
@i Y —2/+1y, if j is even o> (1.17)

Remark 1.10 (Infinite train starting at time 0). We use large Tj to off-set the contribution
of large V,. Note that the solution may very well exist before Ty. If we impose that V, grows
sub-exponentially in v,, e.g. V., < C(1 + v,)™ for some M > 1 (e.g. h(s) = (1 +s)Y ! in
(1.17)), we may take Ty = 0 as in [11, theorem 6.1].

Remark 1.11 (Existence of infinite trains under (F0) and (T1)). The proof of theorem 1.2
uses a combination of L™ norm and Strichartz norm. To estimate |5|**! in L™ using L
L" decay estimates, a restriction like (1.10) is needed to avoid the limiting case o = 0+ and
o) = dmax—. However, we claim that exponents excluded by (1.10) are covered by theorem 1.8
above. Indeed, let@ = supy_,_,  5.-- Wehavea = 1 ford = 1,2 and @ = 2/d ford > 3.

One then verifies that @ < ﬁ for all dimensions.
Hence we can construct infinite soliton trains for all energy-subcritical nonlinearities

satisfying assumptions (F0) and (T1).

Remark 1.12 (Comparison between theorems 1.2 and 1.8). Theorem 1.2 applies for non-
linearities whose general form is not far from a power-type nonlinearity, no matter what this
power is (a; can be any H!-subcritical power). Theorem 1.8 applies for nonlinearities that are
sufficiently strong at 0 («; has to be small), but with any kind of growth possible away from
0. For the choice of the profile, theorem 1.2 is more flexible as it requires only some weak
integrability condition (1.6), whereas theorem 1.8 requires L2-integrability of the profile (one
take ro = 2 in (T1)) and its first derivative (1.14).
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1.2. Infinite kink-soliton trains
In our next couple of theorems we let d = 1 and consider in R a train of the form
W =K+ Ry

where Ry, is as in (1.4), and K is a kink solution of (NLS) given by the same formula
(1.3) but with the profile ¢ = ¢x now being a half-kink satisfying the same equation (1.2)
(@' =wp — f(@)),0 < ¢k (s) < b for some b > 0, and

lim ¢x(s) =b, @x(s) <O VseR, ¢;(0) =mingp, lim ¢x(s)=0. (LI8)

A solution which converges to a profile W as above at positive time infinity will be called
an infinite kink-soliton train. We are going to give two results of the existence of infinite
kink-soliton trains. Note that such an object was never exhibited before, even in integrable
cases.

In addition to assumption (FO), we make the following assumption, which in particular
ensures the existence of a half-kink satisfying (1.18) (see proposition 1.13).

Assumption (F1). For some wy > 0, there is a first b > 0 such that for h(s) = wos — f(s),

b
h(b) =0, / h(s)ds = 0. (1.19)
0

Moreover, h'(b) > 0, and for some & € [0, a,],

If'(b+9)|+Is||f"(b+s)| < Cls|* +C|s|®, Vs eR. (1.20)
The existence of half-kink profiles is guaranteed by the following result.

Proposition 1.13. Let d = 1 and assume assumptions (FO) and (F1). There is a solution

¢k (s) of
¢ = oodx — f($x)
such that 0 < ¢k (s) < b,
i g() =b, @) <0 VseR, ¢, (0)=ming, lim gy(s) =0,
and that, for any 0 < a < min(wy, k' (b)), there is D, > 0 so that
Li<o(b — ¢k (5)) + 1550 9k () + 19 ()| < Doe™ I, Vs € R.

Proposition 1.13 can be easily proved using classical ordinary differential equations
techniques (see e.g. [11, proposition 1.12]).

Note (see example 5.2) that the double power nonlinearity (1.1) verifies assumption (F1)
and admits a half-kink when d = 1 and, e.g.

f ) = lulu — |uu.
Another example (see example 5.1) of a nonlinearty verifying assumption (F1) is

sin |u|

fu)y=u—

u.
Jue|

We now state our second set of results on the existence of infinite kink-soliton trains.
Recall Ny = {0} UN.
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Theorem 1.14 (An infinite kink-soliton train (i)). Let d = 1 and assume assumptions (FO0),
(F1) and
2%

<a. (1.21)
2+Ol2

Let ry = 2+ ay. Then we can find ry satisfying (1.7)—(1.9). Assume that & is such that

a 1 a+l 1
<—+—, 1< +—. (1.22)
ro 1n ro r

N =

assume there is a sequence of bound states (¢, w;) jen satisfying assumption (T1) with the
chosen ro. Let ¢g = ¢k be the kink profile given in proposition 1.13. There exist constants
c1 > 0, and vy > 1 such that, for the infinite kink-soliton profile W = K + R, given as in
(1.4), with any parameters v; € R, v; < vj,q, x;) =0, y; € R for j € Ny satisfying

vy = iInf Joi vy —vi| = v,
* 7 keNo. jk j| k ]| = Ug

there exists a unique solution u to (NLS) for t > 0 satisfying
[ — WY lln + llu — Wllsqroon <e ™, Ve > 0. (1.23)

Theorem 1.15 (An infinite kink-soliton train (ii)). Ler d = 1 and assume assumptions (FO0)
and (FI1)with0 < oy < 4/3. Let (¢, w;), j € N be given and satisfying assumption (T1) for
some ro which further satisfies

ro(a; +1) < (o + 1) (a; +2). (1.24)

Let ¢pg = ¢k be the kink profile given in proposition 1.13. There exist constants C > 0, ¢; > 0,
¢y >0, To > 1 and v > 1 such that, for the kink-soliton train profile W = K + R, given
as in (1.4) with any parameters v; € R, v; > vy, x? =0, y; € Rfor j € Ny and sufficiently
large relative speed
= inf /o |vg — vi| = 1.2
Us jGN,klgNo,j;ék w; |Uk U]| = Uy, ( 5)
1 d

Vii=Y (o) ' < oo, (1.26)
jeN
there exists a unique solution u to (NLS) for t > Ty satisfying
e Nlu — Wllsqr.oop + €2 NIV = W)llsqroon < C, V> To. (1.27)

Remark 1.16. In theorems 1.14 and 1.15, the kink K is on the left in the profile and its
velocity is less than the velocity of any soliton. This picture can be reversed by the symmetry
u(x,t) = u(x, 1) =u(—x,1).

Remark 1.17. In theorem 1.15 we require upper bound «; < 4/3 and lower bound (1.24) on
a. The bound (1.24) is redundant if we choose a smaller ry, e.g. ryp = 1, but is nontrivial if we
take ro = 2.

We now comment on the technicalities of the current paper compared to [11], in which
infinite trains were constructed only for pure power nonlinearities f(x) = |u|*u and no half-
kink was involved. Both papers rely on the usual L’'-L" and Strichartz estimates for the free
Schrodinger equation, and use the large minimal relative speed. However, the finiteness of V,
in (1.14) and (1.26) is a new condition to control the gradient of the profile. In [11], it was
sufficient to construct the error n = u — Ry in the norm sup,_, "' ||n(t)||z«+2. The current
paper uses either a combination of the above with the Strichartz norm, or the Strichartz norms
of n and its gradient. These make it more flexible to overcome the difficulties from more
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complicated estimates on the nonlinear and the source terms for general f when infinitely
many solitons are involved. The presence of the half-kinks also requires additional care of
both nonlinear and source terms.

The rest of the paper is organized as follows. In section 2 we give an example of
nonlinearity for which assumption (T1) is satisfied. In section 3 we give the general scheme
of our proofs. In section 4 we prove theorems 1.2 and 1.8. In section 5 we give examples 5.1
and 5.2 for nonlinearities verifying assumption (F1) and we prove theorems 1.14 and 1.15.

2. Existence of a family of bound states satisfying (T1)

Assumption (T1) is satisfied for the nonlinearity f if, for example, f satisfies assumption (F2)
below.

Assumption (F2). Suppose f(u) = fi(u) + fo(u) where fi(u) = [u|*u, fo(u) = g(Jul>)u,
g2 € C°([0, 00), R) N C*((0, 00), R), £2(0) = 0 and

[582()] + Is%85 ()] < Co(s™/2 +57/%), vs >0,
where 0 < a < 1 < By < omax and Cy > 0.

This assumption is more specific about the small u behaviour of f(u) than those in
assumption (FO) so that we can have more control on the bound states with respect to their
frequencies. In particular, we do not consider f;(x) with an opposite sign.

The following proposition gives an existence result of bound states with small frequencies,

obtained as the bifurcation from the radial ground state Q of the pure power nonlinearity,
together with uniform estimates.

Proposition 2.1 (Bifurcation of solitons). Let d > 1 and assume assumption (F2). Let
Q(x) be the unique positive radial solution of AQ + |Q|*Q = Q in RY. There is a small
Wy = wy(d, a, B1, Bz, Co) > 0 so that for all 0 < w < w, there is a solution ¢ = ¢, of (1.2)
of the form

bo(x) = 0 [Q(@0'?x) + &,(0'?x)], 2.1)

where ||E, ||z < CoP/*~'. Moreover, for any 0 < a < 1 there is a constant D, > 0 such
that

()] + 02|V, (x)| < Dgo/*e™ "M vx e RY, Vo € (0, »,). 2.2)

Note that we could allow Q to be any radial excited state, provided we knew its non-
degeneracy, i.e. invertibility of L, in the proof below (such a result should be a consequence
of the classifications results [4, 5], however we did not pursue that direction).

Before proving proposition 2.1, we recall without proof the following classical lemma.

Lemma 2.2. Suppose () = g(Ju|>u, g € C°([0, 00), R), £(0) =0 and
lsg’(s)] < C(s/? +5%/%), Vs > 0.

For W, n € C we have
LFW +1) = OV S AW + W) + ]+ e

Proof of proposition 2.1. Since Q is real and radial, we will look for real and radial &,,. For the
sake of simplicity in notation, we drop the subscript o during the proof. Denoting y = w'/?x
and substituting (2.1) in (1.2), we get

(—Ay+DE =0« f(@*(Q +£) —0°0.
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It can be rewritten as
L& = N() = Ni(§) + N2(§), (2.3)

where
Li=-Ay+1-(1+a)|0"
Ni(§) = fi(Q+8) — fi(Q) — (1 +)|Q°¢
M) = ! fo(@(Q +)).
In the special case f>(u) = —|ulPu, we have N> (&) = —w~ 1|0 + £|P(Q +&).
LetX = H Zd(Rd). The properties of L, are well-known (see e.g. [2]). It has one negative

ra
eigenvalue, its kernel in L?(R?) is spanned by (9y; @), and the rest of its spectrum is positive

away from 0. Hence for radial functions L, : X — L2, is invertible and we have

C3 = 1L gz, x) < 0o
We have
INTE)| S La=t | Q1 IE + 1€ (2.4)
IN1(ED) — N1(E)] S La=t Q1% (&1 + 182D 1E — &l + (1&1] + 162 1&1 — & 2.5)

We also have, by assumption (F2) and lemma 2.2,

! 2 2 i
OIS0 Y 0 QI =Y 0eT o v 26)

M) = M@ S Y0101+ &l + &) 6 — & @.7)

Denote B, = {§£ € X : ||€|lx <r}forO <r <landlet0 < w < 1. Because X is imbedded
in L2*2* N L2*2f2 for any dimension d, we have, for some Cj,

INEDIlL: < C4(”51”1;m<1.a>+1 +w%.,1>’
INGD = NEe < C4((”‘§1”X +HlE o™ + w%”)lléﬁ - &llx.

for any &, & € B,. Thus the map § — (L+)’1N(§) is a contraction map in B, C X for any
w € (0, wy) if we choose r = 2C;C40P/*~! and w, sufficiently small.
Finally, standard argument for exponential decay (see [1] or [9, Appendix]) shows that
forany a € (0, 1)
E0)] +VE@)] < o(De ™M, Q)]+ V()| < Ce M,

using the uniform bound ||€ ]| 52 < 1. We get (2.2) after rescaling. O

(2.8)

3. The perturbation argument

We recall the definition of the Strichartz spaces S([#, o0)) and N ([#, 00)) and the well-known
dispersive and Strichartz estimates. A pair of exponents (g, r) is said to be (Schrodinger)-
admissible if

2 d d
—+—:§, 2<q,r<+00, (d,q,r)#(2,2,+00).
q r

Given a time ¢ € R, the Strichartz space S([#, 00)) is defined via the norm
el sqir,00) = sup el 2 L 11, +00) xRY) -
(g, r) admissible

r < rse
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Above rg; = 0o for d # 2, but we choose oy +2 < rgy < 00 when d = 2 to stay away from
the forbidden endpoint. We denote the dual space by N ([¢, 00)) = S([¢, 00))*. Hence for any
(g, r) admissible, its norm verifies

el varoon < Nll o1 g oy )

where ¢’, r’ are the conjugate exponents of ¢ and r.
Let us recall the standard dispersive inequality

e ull, < 107Gl forr £0, 2< p < 4o
from which one can deduce the usual Strichartz estimate:
Nl s ro0n S Nuollz2 + 1 F Nl vty 400
where for uy € L?(R) u solves on [¢, oo) the following equation
iu,+ Au=F, u(ty) = up.

For the proof of the main theorems with a profile W = R or W = K + Ry, we will
consider the error term n = u — W, which satisfies

m+An=—-[f(W+n) —fW)I-H, H=fW)-— Z S(R). 3.1
Jj€Ng
Above Ry =0if W = R and Ry = K if W = K + R,. In Duhamel form,

n(t) = —i / N I F(W + 1) — fF(W) + H](s) ds. (3.2)

The proofs of theorems 1.2 and 1.14 given in sections 4 and 5 are self-contained. For
the proofs of theorems 1.8 and 1.15, we rely on the following generic result proved in
[11, proposition 2.4].

Proposition 3.1. Letd > 1 and assume assumption (FO). Let H = H(t, x) : [0, 00) x RY —
C, W =W({,x): [0,00) x R - C be given functions which satisfy for some C; > 0,
C2>0,)\.>O, T()}O

W) lloo + e [IH(®)]2 < Cy, Vit 2> To;

VW@l + IVW (O llos + e IVH@) 2 < Cay Vi 2 Ty, (3.3)
Consider the equation (3.2). There exists a constant A, = A (d, a1, az, C1) > 0 independent
of Co, and a time T, = T,(d, a1, az, C1, C2) > O sufficiently large such that if A > X\, and
To > Ty, then there exists a unique solution n to (3.2) on [Ty, +00) X R4 satisfying

e Inllsro0n + NVl sqr0on <1, VI 2 T, 3.4

Here c¢; > 0 is a constant depending only on (a1, d).

4. Construction of infinite soliton trains

4.1. Proof of theorem 1.2

In this section we prove theorem 1.2 and construct infinite soliton trains in R4, d > 1. Note
1

that (1.6) in assumption (T1) implies A, := ZjeN a);T‘ < 00, and

1
IR ®llzonzn < D MR Ollxnzn S Y (@] +of
jeN jeN

1
1

_d
0y = Ay + Aj. 4.1
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We first show the existence of the exponent ry and prove lemma 1.1.

Proof of lemma 1.1. The idea is to choose ry = max(l )+ € forsome 0 < € « 1. Clearly
ro < 2+« for sufficiently small € > 0 since o) < - So (1.7) is satisfied.
In the case d“‘ > 1, we claim

o 1 1 o)+ 1 1 1
_dotl + r_ > 5, da, + r_ > 1.
2 2 2 2

Both are clear if d < 2. For d > 3, both left sides become strictly smaller if «; is replaced
by Omax = ﬁ and r; is replaced by 2 + amax, but are no less than the right sides by direct
computation. Thus (1.8) and (1.9) are satisfied for sufficiently small ¢ > 0.

In the case dg‘ < 1, we claim

a 1 1 o] + 1 1
—+— > =, +—>1.
1 ry 2 1 r
The first inequality is a consequence of the assumption o > o/ (cr; +2), while the second is
trivial. Thus (1.8) and (1.9) are satisﬁed for sufficiently small € > 0.
Suppose oy < 4/d. In the case 44 > 1, since dg‘ <2,r90= d% + € < 2 for sufficiently

small € > 0. In the case dg‘

<l,rp= 1 + € < 2. The proof of the lemma is complete. O

Remark 4.1. Although we chose rp = max(1, ﬂ) + € in the proof of lemma 1.1, it is not
necessary for theorem 1.2. We only need ry to satisfy (1.7)—(1.9).

We next estimate the source term in the equation for the error.

Lemma 4.2. Under the assumptions of theorem 1.2, the source term H = f(Ry) —
ZjeN f(R)) satisfies, for some c; € (0,a/2),

. , —C Uyt
”H(’I)HL:’QQL/Q gce .

Proof. Fix ¢t > 0. For any x € R?, choose m = m(x) € N so that ¢,, is a nearest soliton, i.e.
|x — v, t| = min [x — v;z].
jeN :
For j # m, we have
1 t
|x—vjt|>§|vjt—vmt|=§|vj—vm. “4.2)
Thus, by (1.5), we have
[(Roo = Ry)(x. D) < Y |R;(x, )] < 8u(x.1) := Y Dyw “1 oo il (4.3)

j#m Jj#m
Hence, by (1.6), the definition of v, (1.11) and (4.2), we have

S, ) <Y Daw;i‘e_%“”*’ — D, Aje 290, (4.4)
J#m
Denote A3 = SUPy<;|<|r.|,~ |4f (2)] (identifying C with R?, we denote by df the differential
of f,thatisdf(z)h = g(|z|2)h + 2zg’(|z|2)Re(z}_z)). By lemma 2.2 and (4.1), we have
[H(t, )| < |f(Rso) — f(Rm)| + Z | f(R))I
j#m
SA3Roo = Rl + ), AsIRI<243) ) IR;] < 2438 (1, %),
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In particular,
IH @)~ < 2DgAyAse™ 2%, (4.5)

1+Ol1

Condition (1.9) is equivalent to ri <o We can choose s so that

1+ 1 1
>—->—, s>1 (4.6)
ro S s

The first inequality of (4.6) ensures that
o+ 1 d 1 d

> ’
[04] 2s (03] 27’0
and hence, using (1.6),

o+l d

STIFR)IL S D MR + IR s Y 0 < C < oo

jeN jeN jeN

Since rg < s(1 +ap) < s(1 +ay) < 0o by (4.6), we have by (4.1)
1f (Rl S IRoc 1 + 1 Rl 5500 < € < 0.
Thus
IH @ < I f (Roo) I s +Z||f(Rj)||L»\ < C <oo. .7)

jeN
By Holder inequality between L and L® using (4.5) and (4.7), we have
IH @)l < Ce™ 7780 Vr € (s, 00).
Since s < rj < oo by (4.6), we get the desired conclusion. |

We now prove theorem 1.2.

Proof of theorem 1.2. The existence of ry has been shown in lemma 1.1. We now fix
such a choice. The difference n = u — R, satisfies equation (3.2) with W = R, and
H = f(Rx) — ZjeN f(R;). Denote the right side of (3.2) as ®n. We will show it is a
contraction mapping and has a unique fixed point = ®n in the class

Il + Inllsgroon < e, Ve =0, (4.8)
We first show boundedness and suppose 7 satisfies (4.8). By Holder inequality,

In@ll <e ™™, Ve>0, Vrel2n]
We have

o0
[P0l < C/ t— I (IF W +m) = FW) g + | H@Dl, ) de,
t

where 6 = d(% — %), and0 <6 < 1since2 <ry < 2+ 0max-
By lemma 4.2 we have || H (7)]|,, < Ce™™". By lemma 2.2,
LW +m) = FO g S UnIAW S+ IW s+ 14+ )y 4.9)
The first term on the right side is bounded by Holder inequality
(AW + W)y < A+ IWIESDIWDonp Inll2az. < Cem ™
if
o 1 1 o 1
—+—-< =X

o rp ry rg 2
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The first inequality is always true since 5, < 2 < r,. The second inequality is correct if (1.8)
holds. Thus this term can be estimated.
The last term of (4.9) is bounded by

1 1 +1 +1
I + Il S IInIIZ‘TWIH, + IInII‘zg(w,

which is bounded by Ce™“'"* since
2<ry(a+ 1) <ri(ea+1) =r,

due to (1.10) and r, = 2 + a».
Combining the above we have, assuming (4.8),

00
”@T](t)”yz < / |t — 1—|*9Ce*61v*rd.’: < Cv*71+96701v*t
t

for all + > 0, which is bounded by %e’“”’*’ if v, is sufficiently large.
For the Strichartz estimate, since (2/6, r) is admissible, we have with a = (2/6)’

P llsaroon S NFOW +m) = FOV)+ Hl L s,

5 ”e—clv*r”Lu < U*—l/ae—clv*t

(t,00) ~> B

for all + > 0, which is bounded by ie‘”“*’ if v, is sufficiently large.
Consider now the difference estimate. Suppose both 1; and n, satisfy (4.8). Denote
n=mn —n and

8 =sup ™ (Il + 1nllsqr.o0n) < 2-
>0

We have

(P01 — Pn2) (D)l < C/ 6 =1 f W +m) = FW +m)ll 4 (2) dr.

t

By lemma 2.2 again with W replaced by W + 1,
1AW +00) = FOV 402l S I0IAW +mal @+ (W + a5 + 10l + 124
S MnlAWIE + W + 1l ES + E*) 4 (4.10)
L L

where E = |n1| + |n2]. The first term is already bounded above

Il AW + W),y < Clinllzar. < Cée™ ™.
The last term of (4.10) is bounded similarly as above

Hnl(E* + E“)| o < Inllears (IEN G + IENGAp,) < C8e™@1 e
Thus

)
[[(®n; — Pn2) ()| < / |t — T|*9C8€7c‘1v*r dr
t

—140 —civ4t
< Céu, e

for all ¢+ > 0, which is bounded by i(?e“"“*’ if v, is sufficiently large.
We also have (recall a = (2/6,)")

P11 — Pmallsqroon S NSW+n0) = fFW+m) L, o)
5 ”867511)*1:”[1“0,00) /S av*fl/aefc]v*t’

for all # > 0, which is bounded by %SC_C'U*t if v, is sufficiently large.
We have shown that @ is a contraction mapping and hence has a unique fixed point in the
set (4.8). The proof of theorem 1.2 is complete. ]
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Remark 4.3. The assumption (1.10) is used to estimate L". To estimate |5|**' in L" using
L"-L" decay estimates, a restriction like (1.10) is needed to avoid the limiting case «; = 0+
and o) = Apax—-

The condition (1.8) is used to bound the linear term in 7, while (1.9) is used to bound the
source term (it ensures the existence of s in the proof of lemma 4.2).

In (1.7), we need ro > 1 for (4.1). We need ry > 441 o that the exponent in (1.6) is

2
positive. The condition ryp < & + 2 in (1.7) is redundant and follows from (1.9).

4.2. Proof of theorem 1.8

In this section we prove theorem 1.8 and construct infinite soliton trains in R, d > 1. All
along this section, we assume that we are under the assumptions of theorem 1.8, in particular
we suppose that we are given a sequence of bound states (¢, w;) for j € N satisfying
assumptions (T1), (1.13) (with vy to be determined later) and (1.14).

We first prove the following lemma.

Lemma 4.4. Let a € (0, 1) be given by assumption (T1). For . = amin(1, 2a)v,/4 > 0, we
have

IR (oo +e™|HD2 < C, Vi > 0;

IVR(D)l2 + VR (Dl + e [VH@) 2 < C(L+ V), Vi=0. (411

where H is the source term defined by H = f(Rx) — ZjeN f(R)).

1
Proof. Equation (1.6) in assumption (T1) implies A, := Y jeN a)_}" < 00, and

1 d

1
IR ®)llonzn < D IR )llenrn S Y (@] +of' ™) = Ay + Ay
jeN jeN

We also have for 1 <r < o0

d4l_d 1_d
IVRoOllr SY_IVR Ol S o 7 7+ jlo 7. (412)
JjeN jeN jeN
d > 1 d

If we take r = 2, we have a_l, + % — 3, 2 5 — 3, forall dimensions since ro < 2+ otmax. Thus

the first sum of the right hand side of (4.12) is finite for » € [2, oc] by (1.6). The second sum
is also finite for r € [2, oo] by (1.14). Thus

VR ll2n= S A1+ Vi

We next consider the estimates of H = f(Roo) — Y jeN f(R;j). Fixt > 0. Asin the proof
of lemma 4.2, take any x € R and choose m = m(x) € N so that ¢,, is a nearest soliton, i.e.

|x — v,t| = min [x — v;t].
jeN

Since o < amax and rg < 2 + o, there exists s = @t2—¢ with ) < € < 1 such that

o+l
ap+1 d 1 1 d
ro <2+o; —e, —— =2 — = —.
[04] 2 s [04] 27‘0

From arguments identical to those of the proof of lemma 4.2, we have
IH @)l < Ce™U/M% Vr € (s, 00),

with acceptable r including z:—ﬁ and 2.
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To estimate |V H (t)]| .2, recall that by the Chain Rule we have
VH =V(f(Rs)) = Y_ V(f(R)))
jeN
=Y (felRoo) = f-(RDIVR; + Y (f:(Roo) = fo(R))VR;.
jeN jeN
Here, we denoted f, = ;T fand f; = ;—Z f the Wirtinger derivatives of f. Thus (here x and
m = m(x) are still as above), we have

IVH(, )| S Y IVR; 1+ (1f2(Roo) = fo(Ru)| + | f2(Roo) = fz(Ry)I) [V Ry

(4.13)

J#m
< 1/oy 7aa)1./2|x7v-t\ min(l,0) 1/ —aw,],,/z\x—v,,,tl
S ) i e O TN 4 (8 (1, )™ (U w,, M e

j#m
< 1/a; 7%aw}/2|x7v,t\ —%U*l‘ —‘—z‘min(lﬁal)v*l 1/ —aw,l,,/z\x—vmll
S (vj)a)j e ile +e (Um)w,/"'e

j#m

—At Ve —Law!?|x—v;t
<e (vj)o; e 2% i

jeN

where 8, (¢, x) is defined and estimated in (4.3)~(4.4), and A = ¢ min(1, 20)v,. Thus

_d
IVH®l2 S e™ Y o) F Se ™V,
jeN
by assumption (1.14). The proof of lemma 4.4 is complete. ]

We now prove theorem 1.8.

Proof of theorem 1.8. By lemma 4.4, there exists vy such that if v, > vs, then the hypothesis
(3.3) of proposition 3.1 is satisfied under the assumptions of theorem 1.8, with W = R
and H = f(Ry) — Y. jen J(R;j). By proposition 3.1, there exists Ty large enough and
n € C([Ty, 00), H') with |[(V)n]lsr.00n (in particular ||57(¢)|| ;) decaying exponentially
int. |

Remark 4.5. Assumption (1.14) guarantees that ||[VW||;2 < +00. One may tend to relax the
exponent 2 in the norm ||V W|| 2 so that VW is not that localized. However, ||[VW || ;2.5 with
B1 < 0.01 is used in the proof of proposition 3.1. It would not gain much trying to optimize it.

5. Construction of infinite kink-soliton trains

In this section we prove theorems 1.14 and 1.15, and construct a train made of infinitely many
solitons and a half-kink for space dimension 1.

We first examine assumption (F1) and give some examples. Estimate (1.20) is natural
since f” is Holder continuous. If f/(b) # 0, we can only take & = 0. Otherwise, we may take
& = 1if f is locally C"! near b. For certain f(s) we have @ > 1.

Example 5.1. Let f(s) = s — 25 If we write f(s) = fi(s) + fo(s) with fi(s) = 1|s[%s

Is]
and fo(s) =5 — Simsls — 1s|%s = O(s), f satisfies assumptions (F0) and (F2) with or; = 2
and oy = 4. We can choose rp = 1 +¢,0 < € < 1, for assumption (T1). The function f(s)
also satisfies assumption (F1) with w = 1, b = 27, h(s) = sins and h'(b) = 1. Moreover,
f@r) =21 #0, |f'Qr+s)|=]|1—coss| <Cs¥ a=2.
Hence conditions (1.21)—(1.22) are satisfied. Thus we can construct infinite kink-soliton trains
using theorem 1.14. Since «; > 4/3, theorem 1.15 does not apply to this example. ]

2703



Nonlinearity 27 (2014) 2689 Stefan Le Coz and Tai-Peng Tsai

Example 5.2. Let f(s) = |s|*s—|s|?5,0 < @ < B < oo. Clearly f satisfies assumptions (FO)
and (F2) with «; = o and o, = . The conditions 2(b) =0 = fob h(s)ds in assumption (F1)
give

2 2

w=>b"—b" = b* — bP.
2+« 2+ 8
Thus
. a+p)  a _
PPro="""—"c(=,1), w=>b*(1-b" >0,
o <5 1) o= )=
and

W) =w—(1+a)b*+(1+B)bP = —ab® + pb? > 0.

Thus (1.19) can be always satisfied by unique @ > 0 and b > 0. For (1.20), we have @ = 0
for most pair (o, 8). Theorem 1.14 is not applicable in those cases. The exception is when
0= f’(b) = (1.+ a)b® — (1 + B)bP, hence bP~* = ‘("z(f;ﬁ; = LL%’ or «f = 2. Thus the
exceptional case is

2
a=1 if 0<a<~2, B=2=.
o
Since do/2 < 1, we can take ro = 1. Conditions (1.21)-(1.22) imply
5—1 2
‘/_2 <a<+2, B==. (5.1)
o

Thus for « satisfying (5.1), using theorem 1.14 we can construct infinite kink-soliton trains
for the nonlinearity f(u) = (|u|* — |u|*%)u. On the other hand, by theorem 1.15 we can
construct infinite kink-soliton trains if

O<a<4/3, a<p <oo. 5.2)

We do not need ¢ = 2. Indeed, since da/2 < 1 for ¢ < 4/3, we can take ry = 1,
and condition (1.24) is satisfied for any @ > 0. We can choose w; and v; as in (1.16) or
(1.17). In comparison, theorem 1.15 covers more exponents than theorem 1.14 except when
4/3 <a <+/2and g =2/a. O

As mentioned in section 1, a kink solution of (NLS) with parameters (vg, y) is (setting
the spatial translation to xo = 0)

K(t, x) — ¢K (X _ Uot)ei(w0f+%vgx—%vét+]/).
For notational simplicity, we denote K = R( and we consider the kink-soliton train profile
[o¢]
W=K+Ry = Z R;
j=0

where Ry, and R, j > 0, are given in (1.4).

5.1. Proof of theorem 1.14

We will solve the difference n = u — W in the class (1.23).
To start the proof, we note that, because & satisfies the same conditions as o, we can
choose ry as in lemma 1.1 to satisfy (1.22) in addition to (1.7)—(1.9). From now on we fix ry.
We start by estimating the source term.
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Lemma 5.3. Under the assumptions of theorem 1.14, the source term H = f(W) —
> 720 f(R)) satisfies, for some ¢; > 0,

. , —C U4t
”H(’t)HLooerl g Ce .

Proof. By (1.22), we have "‘r—+01 > L. 'We can choose s as in the proof of lemma 4.2 to satisfy

~ r2
(4.6) and 0;—+O‘ >1> 4
2
For x > %(vo + v;)t, the contribution from Ry is the same as if Ry were a soliton. Thus
the estimate follows from lemma 4.2.
For x < %(vo + vy)t, we have H = (f(W) — f(K)) — Zc]’il f(R;). In the proof of
lemma 4.2 we have shown

|Rso(t,X)| < Ce™ 2% [[Rygll1n < C, (5.3)
o0

> r@Rpa | < cem IS | <c
j=1

J= LS

For simplicity in notations, we assume now that vy = yy = 0. This causes no loss of generality
since (NLS) is invariant under a Galilean transform and it guarantees that the left part of the
kink is approximately b without correction by a phase factor containing eiavr, By assumption
(F1), the mean value theorem, and since K, R, € L°°, we have

|f(W) = f(K)| = |f(b+K —b+Re) — f(b+K =) < (K| = bl + [Roo)¥ | Rec.
We first derive

|F(W) — F(K)| < Ce™ =",
Because rg < (1 +@)s,

IF W) — FE) L < IIKT = bI% Roolll s + Il Rool ] s

& G+1
K| = blI7 0z I RsollLonze + 1 Roo I 77~ < C.

IN N

Summing these estimates, we have

IH @)~ < Ce™2, H®)]|s < C.
The lemma follows by Holder inequality between L*° and L°. g
Proof of theorem 1.14. Fix a choice of ry satisfying (1.7)—(1.9) and (1.22). Let x; =
X1, 1) =1 14, and xa =1 — x;. Using (5.3), we have

X1 (W = b)[Lonr + I xaWlleonr= S 1.
Assume

I + 1nllsar.00) < ™™, Ve >0. (5.4)
Note
|FW ) = FON] S W = b1l + 2l W™ ]+ [l + [l + [l
Thus by (1.8) and (1.22) we have
1F W +nm) — FOW),5 (1) < A+ (W = D) IS ronse + 12 W Ton) 0l 202

a+1 +1 2+1
+Hnllzapn + Il + 10750
< Ce %7,
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Denote the right side of (3.2) as ®». The same argument as for theorem 1.2 shows that
len@)lles < Co, e |05 < Cv, 2emen s,

Thus || Pn(®) |2 + | P llsr.00) < 71 for v, sufficiently large.
For the difference estimate, for n; and n, satisfying (5.4), we use

Wm0 = FW 4] S | oalW = b + el WI= + 3 (Ingl® + 11 +1n,1) |l
j=1.2

where n = n; — n,, and follow the same argument for theorem 1.2 to derive, for v, sufficiently
large,
1
[Pn — Pl < Ellm —nll

where [|n]| = sup,_o e (1Nl + Inllsqr.00n)- We have shown that @ is a contraction
mapping in the class (5.4). The proof of theorem 1.14 is complete. |

5.2. Proof of theorem 1.15

In this section we prove theorem 1.15 and use proposition 3.1 to construct a train of infinitely
many solitons and a half-kink for space dimension 1.
We assume throughout this section that the assumptions of theorem 1.15 hold. Inparticular,
(¢, w;) for j € N denotes a sequence of bound states satisfying assumptions (T1), (1.25)
(with vy to be determined later) and ¢y = ¢ is the kink profile given in proposition 1.13.
As in section 4.2, our main task is to prove that the profile W = K + R, and the source
term H = f(W) — f(K) — ZjeN f(R;) satisfy the hypotheses of proposition 3.1.
Lemma 5.4. Leta € (0, 1). For A = amin(l, 2a)v,/4 > 0, we have
IWOlloe + " [HO 2 < Cr. Vi = 0;
IVW @) 2+ VW (@)oo + " IVH@) 2 < C(1+V4), Vi =0.

Proof. Since R, satisfies the same hypotheses as in lemma 4.4, we only have to treat the
addition of the kink. We have, by lemma 4.4 and proposition 1.13

[Wleo + IVWlloo < 1K loo + [ Roolloc + VK [loo + VR lloo < C.
Note that by exponential decay VK e L2(R), therefore, combined with lemma 4.4 this gives
VW2 < VK2 +[[VRx |2 < C.

We now estimate the source term H. As in the proof of lemma 4.4, we fix t > 0, take any
X € R and choose m = m(x) corresponding to the nearest profile, i.e.

|x —vpt| = rjnellg lx —vjt].
If m > 1, then as in the proof of lemma 4.2, we still have
|(Rog = Ry)(1, x)| < Ce™ 2,
and by proposition 1.13 it holds
IK (t, x)| < Dye™ !l < p e 2!
Therefore, if m > 1 we have

H(t,0) < 1f(R) = 3 FR)I+ AdlK | +1 (K| S 72,
jeN

2706



Nonlinearity 27 (2014) 2689 Stefan Le Coz and Tai-Peng Tsai

where Ay = maxyeqo,jwi..) f'(s). If m = 0, we replace the previous estimate by
H(t,x) < A4|Ro| + Z lf(R)I < e 7avst
JjeN

This implies that

1
IH®lloo < e 2.

With x and m as above, if m = 0, we have (using a similar expression as (4.13))
IVH(, )| S (1 f2(K + Rao) = fo(K)| + | f2(K + Roo) — fz(K)DIVK|+ Y |VR;].
jeN
Since we are close to the kink (m = 0), the last sum will be small:
Z |VRJ| 5 e—%v*t Z <vj)w}/alef%w;/2‘x7vjl|.
jeN jeN
In addition we have
_a @ Lo e—y
(f2(K + Roo) = f-(K)| + [ f:(K + Roo) = f-(K)) < [Rool S €80 Y @/ Mlemaes b,
jeN
Therefore
VH(, 0] S e85 3 o))/ e sl v,
jeN
The estimate for the case m > 1 is similar as in lemma 4.4 and we can conclude by (1.26) that
IVH]2 Se™ ) (o)) <e™ V..
Jj€Ny
Now let s be defined as in the proof of lemma 4.4. By (1.24), we can further assume
ro <s(a+1). (5.5)

For simplicity in notations, assume that the kink is not moving, i.e. vo = 0. Therefore the
main contribution will come from the kink for x < 0 and the soliton train for x > 0. We have
on the right

IH x>0 < I f(K + Roo) = f(Roo) x>0y + L f (KD | s x>0y + | f (Roo) Il s

+ D NFR) s < AgllK | ses0) + € < +0,
jeN
where the last inequality is due to exponential decay to 0 on the right for the kink. On the left,
we have

IH | <oy < IF (K + Roo) = FE)loe<oy + Y ILF (R
jeN

The first term cannot be treated as previously (unless R, € L*(R), which is a priori not the
case). Since f verifies (1.20), by the mean value theorem we have

£ K+ Rog) = FUOT S ((IK = b+ RoaD + (1K = bl +[RooD™ ) | Recl-
Hence,
1K+ Reo) = F OO0 S (1K = B+ 1K = B gy ) IRecllo + [ Recll .
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The right hand side is finite since K converges exponentially to b and the L*@-norm of R,
is finite thanks to our choice of rg and (5.5). In conclusion,

IH L < TH s e<o) + 1H | 25 x50y < +00.
By interpolation between s < 2 and oo we get
1H I S e

This concludes the proof. |

Proof of theorem 1.15. By lemma 5.4, there exists v such that if v, > v;, then the hypothesis
(3.3) of proposition 3.1 is satisfied under the assumptions of theorem 1.15. The conclusion of
the theorem then follows immediately from the conclusion of proposition 3.1. ]
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