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ABSTRACT. We investigate the orbital stability and instability of standing
waves for two classes of Klein-Gordon equations in the semi-classical regime.

1. Introduction and results. The nonlinear Klein-Gordon equation
2ug — 2 Au+mu — |ulPtu =0 (t,z) € R x RY, (1)

where e,m >0, p>1for N=1,2and 1 <p < (N +2)/(N —2) for N > 3, arises
in many physical contexts, e.g. in particle physics. It is also a model case for the
mathematical study of nonlinear partial differential equations. We are interested
in the study of the nonlinear Klein Gordon equation in presence of a potential
depending on the space variable. Two different choices are viable. We can simply
add a potential term W (x)u to equation (1). This case has been studied, for the
linear wave equation, for example, by Beals and Strauss in [5]. This approach leads
us to consider the equation

e2uy — e2Au+mu — Wu — [ulP~ u = 0, in RV, (2)

Otherwise, typically when dealing with quantum electrodynamics, the interaction
between u and an external electromagnetic field is described substituting in (1)
the usual time and space derivatives with the so called Weyl derivative, that is
D = 0; +iV(z), Dy, = 0y, —iAj(x). Here V and (4;); are the potentials of the
electric and the magnetic external fields. This approach is classical in the linear
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theory of electromagnetic waves, and can be extended to the nonlinear setting, as
in [14, section 7.5.1]. The nonlinear problem is called in literature Klein-Gordon-
Maxwell nonlinear problem and in the last ten years it gained the attention of
the mathematical community. See for example [6], [13] and the references therein
and [4,12,25,36,39]. We will consider the case of zero magnetic potential, that leads
us to consider the equation

e2ugy + 2ieVuy — 2 Au+ mu — V3u — [uP~lu = 0, in RV, (3)

In this paper, we shall state all the results simultaneously for equations (2) and (3)
by studying the problem

e2uyy + 2ieVuy — e2Au+mu — Wu — [ulP~tu =0, in RV,

u(0,7) = ug € HY(RVN), (4)

u(0,2) = uy € LA2(RY),
where u : R x RY — C, and V, W are real valued potential functions. Equation (4)
yields to (3) for the choice W = V2 as well as to (2) when V = 0.

We are interested in standing wave solutions of problem (4). Standing waves
are solutions of the form wu(t,z) = e™/¢¢,(x/¢), which solve (4) with initial data
up(x) = o (x/e), u1 () = iw/ep,(x/c) where w € R and ¢, satisfies

— Ay, + (m —w? — 2wV (ey) — W(sy))gow — |pw|P o, =0, in RY. (5)
We shall study the stability of standing waves of this equation in the semiclassical
regime € — 0. To ensure existence of solutions to (5) for € close to 0, we assume
the following. The potentials V' and W satisfy
V,W € C3RYN) n W2 (RN). (6)
For the function
Z(y) =m—w’ —20V(y) - W(y), yeRY
there exists zy € RY such that
VZ(xp) =0, V?Z(xo) is non-degenerate. (7)
Furthermore, we assume that
inf Z > 0. 8
nf Z(2) (8)

Under these hypotheses, it is well-known (see e.g. [2] or [3, Section 8.2]) that
when ¢ is close to 0 the equation (5) admits a family of positive, exponentially
decaying, solutions ¢, C H'(R™) (hiding the dependence upon ¢). More precisely,
there exist £, € RY and ¢, € HY(RY) such that p,(-) = ¥,(- — &) + O(e?) in
HY(RM) as ¢ — 0, where £, = x¢ + o() and ), is the unique positive and radial
solution of

- Ad}w + Z(-’”O)ww = \¢w|p_1¢w, in RN~ (9)
The rate of exponential decay is uniform in e for sufficiently small €. Indeed, let
Ao = inf,crny Z(x). By assumption (8), we have Ag > 0. Then there exists Cy > 0
depending only on Ao such that |¢, ()| < Coe™V2l#1/2 (see e.g. [8, Chapter 3]).

In what follows, we will need the following assumption on the dependence in w
of the family (p,,).

w i @, € HY(RY) is C* uniformly in e. (10)

Actually, since the family ¢,, is build upon (¢,,), which is C* in w, the statement
(10) could probably be obtained by rewriting the proofs of [2,3] by using parameter
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depending versions of the various results used. Since it is not our main concern in
this paper we leave this issue aside and simply assume (10).

A standing wave of (4) is said to be (orbitally) stable if any solution of (4)
starting close to the standing wave remains close for all time, up to the invariances
of the equation. More precisely, for fixed e, we say that et Pw (f) is stable if for

all 7 > 0 there exists § > 0 such that for all (ug,u;) € H*(RY) x L2(RY) verifying
<4

. .w .
oo =6 (D) + [ =% G

the solution u(t,x) of (4) with initial data (ug,u1) satisfies

. i0 : . g W :

sup ot (Ju=e?eu ()], e —ieZee Q)] 2) <m0
Since the pioneering works [7, 10, 15, 16, 37, 38], the study of orbital stability for
standing waves of dispersive PDE has attracted a lot of attention. Among many
others, one can refer to [18,19,22]; see also the books and surveys [9,21,33,35] and the
references therein. Relatively few works [17,23,26] are concerned with stability at
the semi-classical limit for Schrédinger type equations. For Klein-Gordon equations,
after the ground works [30, 31] revisited some years ago in [34], there has been a
recent interest for instability by blow-up [24,27-29].

We study stability within the framework of Grillakis-Shatah-Strauss Theory [15,

16]. We first rewrite (4) in Hamiltonian form

eay = JEU). (12)

0 1

U
where U = (v)’ J = <_1 0

L*(RY) by

), and the energy E is defined for U € H'(RY) x

B0) = 3o~ Vel + S IVuls + Tl - 5 [ WiaPde - sl
2 D) Lzt g I g oy p+ 1L
It is easy to see that if u solves (4) and v is defined by v := eu; + iVu, then

U= (Z) solves (12). Due to the Hamiltonian form, the energy E is (at least

formally) a conserved quantity for the flow of (12). The invariance with respect to
phase shift (i.e. if U solves (12), then for any fixed § € R the function U also
solves (12)) generates another conserved quantity, the charge @, which is defined
by

QU) = C\‘y/ uvdx.
RN
In this Hamiltonian formulation, a standing wave u = e™*/¢¢ (x/c) becomes U =

iwt/e _ Puw . : ip: :
e o, (z/e) for @, <2(w N V)(pw>' Note that ®,(-/¢) is a critical point of the

functional F — w@. The energy and the charge for a standing wave are given by

B(p.) i= B@a(/2) = (3190l — 5 [ WeenleuPdy

m+w2 1 1 (13)
2 +
T gl = o lleallih ).

Qp) = Q) =~ (wliall + [ VEnlel). )
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To work in the context of the theory developed by Grillakis, Shatah and Strauss
in [15,16], three assumptions have to be satisfied. First, the Cauchy Problem has to
be locally well-posed in H*(R™) x L2(RY). This follows from standard results when
V = 0 and we shall assume it otherwise. Indeed, when W verifies (6), the local well-
posedness of the Cauchy Problem for (2) follows from a simple adaptation of classical
methods (see e.g. [32]). No well-posedness result is available for the specific case
of (3), see nevertheless [1] for results on a Klein-Gordon equation with a damping
term and [11,20] for the Maxwell-Klein-Gordon equation. Second, the map w — ¢,
has to be C!, which is granted by assumption (10). Third, the spectrum of the
linearized operator

He = E"(®u(-/¢)) —wQ" (Du(-/¢))

must decompose into a finite number of negative eigenvalues, a nondegenerate kernel
(i.e. containing only the eigenvectors due to the invariances of the equation), and
positive spectrum away from 0. This will be proved in Proposition 2. Under these
three assumptions the stability of the standing waves depends on two informations.
The first one is a slope information given by the sign of the quantity aa—;d(w), where
d(w) = E(pw) — wQ(pw). Note that it is easy to verify that d'(w) = —Q(pw) (see
e.g. [15, Eq. (2.20)]). The second information is related to the number of negative
eigenvalues of the linearized operator H.. »

According to the theory developed in [15,16], a standing wave e*<
stable if two conditions are satisfied.

(i) The Slope Condition: 82@(%;) < 0.
w

(ii) The Spectral Condition: H. has exactly one negative eigenvalue.

EHORE

On the other hand, denote by n(H.) the number of negative eigenvalues of H. and

set p(w) = 0 if ;Q(ww) >0, p(w) =1if aiQ(gow) < 0. Then the standing wave
w w

is unstable if

(iii) Instability Condition: n(H.) — p(w) is odd.
In [16], it was proved that when (iii) is satisfied, then the instability of the standing
waves follows from a linear mechanism, in the sense that the 0 solution of the
linearized equation around the standing wave is unstable. Note that when n(H.) —

p(w) is even, the question of stability or instability is still open.
Our main result is the following.

Theorem 1.1. Assume that conditions (6)-(8), (10) hold. Then, there existseg > 0
such that for any 0 < e < g9 we have the following facts.

1. If p<144/N, then the Slope Condition %Q(gﬁw) < 0 is fulfilled if
4
Z(xz0) < (w+ V(xo))2(71 - N) (non-critical case)
p—
or if

Z(w0) = (w+ V(o) (74 - N),

(AZ(wo) = AV (wo) (1 + 25 sed

(critical case).
Z(w0) )) <0,

2. If p>1+4/N, then we always have %Q((pw) > 0.

3. We have the equality n(H.) = n(V?Z(xq)) + 1, where n(V2Z(xg)) is the
number of negative eigenvalues of V2 Z(xo).
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From the theory of [15,16] we infer the following corollary on the stability of the
standing wave in the particular case where x( is a minimum of Z.

Corollary 1. Assume that (4) is locally well-posed in H (RN )x L2(RY), conditions
(6)-(8), (10) hold and that xy is non-degenerate local minimum of Z. Then there
exists €9 > 0 such that for any 0 < € < &g the standing waves ey, are stable if
p<14+4/N and

Z(w0) < (@ + vm»?(% V)

and unstable if
Z(xo) > (w+ V(0))? (]% V)
orifp>1+4/N.
Note that, conversely to what was happening in the case of Schrodinger equations
studied in [23], the values of the potentials V and W at xg come into play for the

Slope Condition even in the noncritical case. Note also that only the local behavior
of Z around z( influences the stability or instability.

Notations. Most of the objects we consider will depend both on € and w. We
will emphasize the most important parameter by indicating it as a subscript, the
dependence in the other parameter being understood.

2. Proofs. In this section, we prove Theorem 1.1 and Corollary 1. We start by
focusing on the Slope Condition and then we study the Spectral Condition. We
finish by the proof of Corollary 1. For the sake of simplicity in notations and
without loss of generality, in the rest of this section we assume that xzg = 0.

2.1. The Slope Condition. We start with the noncritical case.

2.1.1. Noncritical case. We assume that
2(0) # (w + V(0)) (% ).
We first rewrite Q(p,,) by expanding V' (ey) and using the exponential decay of ¢,,:
Qpw) = ¥ (W +V(0) llpwllze + OE™H).
Therefore, since

i __N 2 N i 2 N+1
5o Qp0) = Nllgulte + e W+ VO) o lwulie + OE),  (15)

to evaluate the sign of the map w H%Q(gow) one should compute the quantity

0
solealis =2 [ Rup, (16)

where R, (z) = %(m). We remark that differentiation of (5) with respect to w
easily yields

LR, =2(w + V(ey))puw, (17)

where the linearized operator L. is defined by

L.:=-A+Z(ey) —p|<pw|p_1.
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If we now introduce the rescaling ¢, (z) = APT ox(Vx), it follows that @y satisfies

—Apy+ A7 (%) ox—lealPlor =0, iRV, (18)
Now, differentiating equation (18) with respect to A\ and denoting T\ = BQL/\AI N1
yields
LTy~ Z(ey)p — 5oy~ VZ(ey)ou = 0. (19)
Since 0 is a critical point of Z, a Taylor expansion gives
Z(ey) = Z(0) + O(%|yl*), (20)
55 VZ(ey) = Oy P). (21)

Then, from (19), as € — 0 we have
LTy = Z(0)pw + O(E*[yfPeu),  in RY. (22)

Then, in turn, taking into account identity (17) we get
Z(O)/ Ry, = / R,L.T\ + O(?)
RN RN
:/ L.R,T\ + O(c?)
]RN
_ / 2w+ V(ey))puTx + O(2) (23)
]RN

= 2(w + V(0)) /N e+ O(e)

R
= (0 V) arllgalldancy +O)
= @+ VO)(3 = 577 Il + 06,

In conclusion, by combining (15), (16) and (22), we have

w 2
e = (14 B O (v - L)) o+ 0¥,

Then, taking into account the fact that Z(0) > 0 and that ¢, converges to v, in
L?(RY) as € — 0, the sign of %Q(gpw) is the sign of

4
— 2 —_— —
Z(0) — (w + V(0)) (p — N).
2.1.2. Critical case. We assume now that

2(0) = (w+V(0))2(i ). (24)

p—1
In the critical case, the term of order £V in the expansion of %Q(gpw) vanishes and
we need to calculate the expansion at a higher order. We first refine (20)-(21).

2
Z(ey) = Z(0) + SV?Z(0)(y,y) + OElyl")

1 g2 )
38 VZ(ey) = SV Z(0)(y,y) + O(E ).
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Then (19) gives
LTy = Z(0)pw + V2 Z(0)(y,9)pw + Oy

Now, we have

20) [ Ropa = /RN RALD =2 [ V20w Rape +OE). (29

From (17), we obtain

/ R,L.T) = / L.R,T) = / 2w+ V(ey))puTh. (26)
RN RN RN

Expanding the potential V' we get

/ 2V (ey)punTh :/ 2V(0)<prA+2s/ y - VV(0)pu,Th
RN RN RN

+€2/ V2V (0)(y,y) s + O(e®).  (27)
RN
Note that since ¢, = 1, (- — &) + O(e?) and & = o(e), we have

25/ y-VV(0)p,Th = 26/ y - VV(0)p, T + o(e?) = o(£?) (28)
]RN RN

where the last cancellation comes from the fact that 1), is radial. Coming back to
(26) and as in (23), we have

N 2 )
| R = @ VO) (5 = 27 )l

w2 [ VVOwT o). (@)

It remains to compute the integrals involving the Hessians in (25) and (29). Since
our problem is invariant by an orthonormal transformation, we can assume with-
out loss of generality that V2V (0) = diag(by,...,by). Hence V2V (0)(y,y) =

Zjv 1 ]y] Recall also that T can be computed explicitly to have
1

Th=———¢u -

1
o1 Y- V.

2

Therefore,

N
0pu,
biyip,Th = —7/ yiel, — by / YUk
/ A / 2 ; RN Y Oy

We have after integration by parts

QZ/ yjyksow Z/ (2 + 20509302, —(N+2)/ T
RN

Thus

RN

N
V2V (0)(y, y)pu T =Z/RN bjy; T
=1
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Recall the following expansion in € for R, and ¢,,.

Vw = 1, + 0(e), R, = %4—0(5).

Therefore, since v, is radial,

1
[ et = [ o) = vl + ofe)
RN RN
and so
1 N+2\1
2 N e L R 2
[ Tt = - (2 - 552 bl Av) + o). (0
Similarly, we have
1 N+2)\ 1
L w20 iR, == (15 - 52 S llltA20) +ofe). (31)
RN p— 1 4 N

Summarizing, using successively (25), (29), (30), (31) and (24) we have obtained

1 2

/RN Ropu, = —WII%IILQ
5 (AZ(0) — AV(0)) 1 N +2
te NZ(0) (p 1 4

) NololZe + o(e?).  (32)

Now, we compute aQa(f“). First, recall that, coming back to the definition (14) of
Q, we have

—N aQ(@w)
Oow

As in (27), (28), and (30) we can expand in € and get

€

= lpulZs + 2w / Rogo+2 [ Viey)Rupe.
RN RN

2 V(ey)Ruwpw = 2V (0) Ry.

RN RN
1 N+2\1
S L B N B | PR TE SN %).
€ (p—l 1 )lelw 122 AV(0) 4 o(e7)
Therefore,
N OQ(p.
NI e 204 VO) [ R
W RN
1 N+2\1
Y e S e Rl 2.A 2y
€ (pl 1 )lelwwllL V(0) +o(e%)

Using (32), we finally get

N OQ(pu) 1 N+2\ 1
N _ 2 _ 2

X (AZ(O) — AV(0) (1 + m;((‘)/)(o)))) + o(e?).
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2.2. The spectral condition. We first give some preliminary considerations on
the scalar operator

L. = —A+ Z(ey) — plew|P .

The analysis of the spectrum of the operator L. was essential in the case of Schrédin-
ger equations [17,23] to determine the spectral stability condition. It turns out that
it will play also an important role in the analysis for the Klein-Gordon equation.
We define the operator Lo := —A + Z(0) — pyP~t (recall that 1, solves (9)).
It is well known (see e.g. [3]) that the spectrum of Lq consists of one negative

eigenvalue, a N-dimensional kernel (generated by 687’:9 for j = 1,...,N) and the
rest of the spectrum is bounded away from 0. When 6]18 close to 0, the spectrum of
L. will be close to the spectrum of Lg. In particular, the 0 eigenvalue, of multiplicity
N, will transform into IV possibly different eigenvalues close to 0 but shifted either
to the positive or to the negative side of the real axis, depending on the sign of the
eigenvalues of the Hessian of Z at 0. More precisely, the following proposition was

proved in [23] (see [17] for a detailed justification).

Proposition 1. The spectrum of L. consists of positive spectrum away from 0 and
a set of N + 1 simple eigenvalues {Mo, A1,..., AN} such that

Ao <A1 < - < Ay

As e — 0, we have N\g < 0 and the following asymptotic expansion holds for the
other eigenvalues:

)\j :Cj€2+0(€2), j=1,..,N,
waHiZ

where ¢; = %7%@ -
1522103 2

V2Z(0).

a; and {a1,...,an} are the eigenvalues of the Hessian matric

In the following proposition, we establish the spectral decomposition for H. and
we relate the number of negative eigenvalues of H. with the number of negative
eigenvalues of L..

Proposition 2. The spectrum of H. consists into positive essential spectrum away
from 0, a finite number of eigenvalues and a nondegenerate kernel, i.e.

it =soon { (V300

In addition, the number n(H.) of negative eigenvalues of H. is identical to the
number of negative eigenvalues n(L.) of the operator L..

Therefore, (3) in Theorem 1.1 is a direct consequence of Propositions 1 and 2.
In particular, the spectral condition for stability will be satisfied if and only if 0 is
a non-degenerate local minimum of Z.

Proof of Proposition 2. Explicitly, H. = E" (¢,) — wQ" (p,,) is given by
—?A+m—W(z)+ V() - plew(z/e)PTIR()

—ipw(z/e)[P71S()
—i(w + V() 1

i(w+V(x))

For notational convenience we change variables and replace z/e by y. We denote
V(ey) and W (ey) by V. and W.. Then H. becomes H. = eV H_, where H. is the
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operator

A m - Wet V2 pleuPTIRO) il IS0 i V)
( fifw—FVE) 7 1 ) (33)

Therefore, to find the spectrum of H, it is enough to find the spectrum of H.. Due
to exponential localization of ¢, this operator is a compact perturbation of

Lo (TAFm Wt V2 i(w+ V)
= —i(w+ V2) 1 ’

and therefore by Weyl’s Theorem they share the same essential spectrum. For

U= (u) we have
v

(L0.V) = [Vulte+mlula= [ W=V uPda+2R [ i Vepode+ ol
which can easily be factorized into
(LU,U) = | VulZz + (m = w?)||ulZ> — /]RN(WE + 20V uf*da
+ o —i(w + Vo)ul|Za,
= [|VulZ: + /RN Z(ey)|ulda + [Jv — i(w + Ve)ull72,

> [[VullZs + AollullZ> + llv — i(w + Vo)ul[Z2,  (34)

where the last inequality follows from the assumption Ag = inf gy Z(z) > 0. We
claim that there exists § > 0 such that

(LU,UY > 8[|U| 51 12 (35)

Indeed, assume by contradiction that there exists (U,) = (Z") C HY(RYM) x

n

L?(RY) such that HUnH?{leg =1 and (LU,,U,) — 0 as n — 4oo. From (34)
this implies that u, — 0 in H'(RY) and |v, — i(w + V)uy||zz — 0. Therefore
||Un||?{1 w12 — 0, which is a contradiction and proves (35). From (35), we infer that
the spectrum of L is contained into [§, +00). In particular, this implies that the
essential spectrum of H., is contained into [0, +00). Let us now treat the eigenvalues
of H.. Recall the definition of L. and also define another operator R, by

L. :=—A+ Z(ey) — pleu|P,
R, :=—-A+Z(ey) — |cpw|p_1.

Then a similar factorization as in (34) gives for U = (Z) € HY(RY) x L3(RY)

(H.U.U) = (LR(w), RW) + (RS@),Sw) + o —ilw+VIulfa  (36)

First we remark that due to the boundedness of ¢,,, there exists C' > 0 such that
for any U € HY(RY) x L2(RY) we have

<FIEU, U> > —ClU 31y e

Therefore, in (—o00,d/2), the spectrum of H, consists of a finite number of eigen-
values. We claim that the eigenvalues of H. will be distributed on one side or the
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other of the real axis in the same fashion as the eigenvalues of (Le, R.). Indeed, the
number of negative eigenvalues of H. is given by
max {d eN; <f~IEU, U> <0
for all U € M C H'(RY) x L*(RN),U # 0, dim(M) = d},
which, in view of (36), is exactly the same number as
max {d € N; (L:R(u), R(w)) + (R-S(u), S(uw)) <0
for all u € M C H'(RY),u # 0, dim(M) = d},

Since R.p, = 0 and ¢, > 0, R, has a first simple eigenvalue at 0 with eigenvector
¥w, and the rest of its spectrum is positive. Therefore R. has no negative eigenvalue,
and we can conclude that

n(H.) = n(Le).
Consider now the kernel of H.. We readily see from (33) that U = (:j) belongs to
the kernel if and only if v = i(w + V)u and u belongs to the kernel of
A+ m—w? =W =20V = plpuPTIR() — il FTIS(),

in other words (R(u), S(u)) belongs to the kernel of (L, R.).We already know that
ker(R.) = span{,, }. From Proposition 1 and the nondegeneracy (7) of V2Z(0) we
infer that L. has no kernel for € small. Therefore, the kernel of H. is given by

et =soon { ()

Coming back to the original variable x = ey implies the desired result on the kernel
of H,. O

Proof of Corollary 1. The definition of stability given by the theory of [15,16] is the
following. The standing wave U = e™*/¢®_(z/¢) is stable if for any 7 > 0 there

0

exists > 0 such that for all Uy = (Z verifying
0

2. ()0

the solution U of (12) with initial data Uy satisfies

sup inf HU(t) — e, (g>

tcR 9ER HH1><L2

More explicitly, we have

. N _ N
o=e e )., == G
e/ llmixr2 e/l

. 2
+H€ut +iVu —ie'(w+ V), (g) ‘

L2'
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This definition is not exactly the same as the one we use (stated in (11)), but our
stability is implied by this definition. Indeed, we have from the triangle inequality

L w . _ L .
-2 O, 5 oo ),
9 S L? 9 L2

v (eeten ()]

5_1Hsut+iVu—iei9(w+V)gpw ( ) <

€ ‘L L2
0 (=i Zo )]+ = (2)]]0):

€ e/ llr2 e/ llr2
where the last inequality follows from the boundedness in L>(RY) of V. With
similar arguments, it is rather easy to check that instability in the sense of [15,16]
also implies instability in our sense (11). Hence, the corollary simply follows from
Theorem 1.1 and a direct application of the theory developed by Grillakis, Shatah,
and Strauss in [15,16]. O

Acknowledgments. The authors would like to thank the anonymous Referee for
his/her careful reading of the manuscript and for providing useful suggestions. They
are also grateful to the Referee and to Hiroaki Kikuchi for pointing them out a couple
of points to fix in a previous version of this paper.

REFERENCES

(1] L. Aloui, S. Ibrahim and K. Nakanishi, Ezponential energy decay for damped Klein-Gordon
equation with nonlinearities of arbitrary growth, Comm. Partial Differential Equations, 36
(2011), 797-818.

[2] A. Ambrosetti, M. Badiale and S. Cingolani, Semiclassical states of nonlinear Schrodinger
equations, Arch. Rational Mech. Anal., 140 (1997), 285-300.

[3] A. Ambrosetti and A. Malchiodi, “Perturbation Methods and Semilinear Elliptic Problems
on R™,” 240 of Progress in Mathematics, Birkh&duser Verlag, Basel, 2006.

[4] A. Azzollini and A. Pomponio, Ground state solutions for the nonlinear Klein-Gordon-
Mazwell equations, Topol. Methods Nonlinear Anal., 35 (2010), 33-42.

[5] M. Beals and W. Strauss, LP estimates for the wave equation with a potential, Comm. Partial
Differential Equations, 18 (1993), 1365-1397.

[6] V. Benci and D. Fortunato, Solitary waves of the nonlinear Klein-Gordon equation coupled
with the Mazwell equations, Rev. Math. Phys., 14 (2002), 409-420.

[7] H. Berestycki and T. Cazenave, Instabilité des états stationnaires dans les équations de
Schrodinger et de Klein-Gordon non linéaires, C. R. Acad. Sci. Paris Sér. I Math., 293
(1981), 489-492.

[8] F. A. Berezin and M. A. Shubin, “The Schrodinger Equation,” 66 of Mathematics and its
Applications (Soviet Series), Kluwer Academic Publishers Group, Dordrecht, 1991.

[9] T. Cazenave, “Semilinear Schrodinger Equations,” New York University — Courant Institute,
New York, 2003.

[10] T. Cazenave and P.-L. Lions, Orbital stability of standing waves for some mnonlinear
Schrodinger equations, Comm. Math. Phys., 85 (1982), 549-561.

[11] S. Cuccagna, On the local existence for the Mazwell-Klein-Gordon system in R3T1 Comm.
Partial Differential Equations, 24 (1999), 851-867.

[12] T. D’Aprile and D. Mugnai, Solitary waves for nonlinear Klein-Gordon-Mazwell and
Schrodinger-Mazwell equations, Proc. Roy. Soc. Edinburgh Sect. A, 134 (2004), 893-906.

[13] E. Deumens, The Klein-Gordon-Mazwell nonlinear systems of equations, Phys. D, 18 (1986),
371-373. Solitons and coherent structures (Santa Barbara, Calif., 1985).

[14] R. K. Dodd, J. C. Eilbeck, J. D. Gibbon and H. C. Morris, “Solitons and Nonlinear Wave
Equations,” Academic Press Inc. [Harcourt Brace Jovanovich Publishers|, London, 1982.

[15] M. Grillakis, J. Shatah and W. A. Strauss, Stability theory of solitary waves in the presence
of symmetry I, J. Funct. Anal., 74 (1987), 160-197.

, Stability theory of solitary waves in the presence of symmetry II, J. Funct. Anal., 94

(1990), 308-348.

[16]


http://www.ams.org/mathscinet-getitem?mr=MR2769109&return=pdf
http://dx.doi.org/10.1080/03605302.2010.534684
http://dx.doi.org/10.1080/03605302.2010.534684
http://www.ams.org/mathscinet-getitem?mr=MR1486895&return=pdf
http://dx.doi.org/10.1007/s002050050067
http://dx.doi.org/10.1007/s002050050067
http://www.ams.org/mathscinet-getitem?mr=MR2186962&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2677428&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1233198&return=pdf
http://dx.doi.org/10.1080/03605309308820977
http://www.ams.org/mathscinet-getitem?mr=MR1901222&return=pdf
http://dx.doi.org/10.1142/S0129055X02001168
http://dx.doi.org/10.1142/S0129055X02001168
http://www.ams.org/mathscinet-getitem?mr=MR646873&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1186643&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR677997&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1680913&return=pdf
http://dx.doi.org/10.1080/03605309908821449
http://www.ams.org/mathscinet-getitem?mr=MR2099569&return=pdf
http://dx.doi.org/10.1017/S030821050000353X
http://dx.doi.org/10.1017/S030821050000353X
http://www.ams.org/mathscinet-getitem?mr=MR838346&return=pdf
http://dx.doi.org/10.1016/0167-2789(86)90201-0
http://www.ams.org/mathscinet-getitem?mr=MR696935&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR901236&return=pdf
http://dx.doi.org/10.1016/0022-1236(87)90044-9
http://dx.doi.org/10.1016/0022-1236(87)90044-9

(17)
(18]

19]

ON THE STABILITY OF KLEIN-GORDON EQUATIONS 2401

I. Tanni and S. Le Coz, Orbital stability of standing waves of a semiclassical nonlinear
Schrédinger-Poisson equation, Adv. Differential Equations, 14 (2009), 717-748.

L. Jeanjean and S. Le Coz, An existence and stability result for standing waves of nonlinear
Schrédinger equations, Adv. Differential Equations, 11 (2006), 813-840.

, Instability for standing waves of nonlinear Klein-Gordon equations via mountain-pass
arguments, Trans. Amer. Math. Soc., 361 (2009), 5401-5416.

[20] M. Keel, T. Roy and T. Tao, Global well-posedness of the Mazwell-Klein-Gordon equation

below the energy norm, Discrete Contin. Dyn. Syst., 30 (2011), 573-621.

[21] S. Le Coz, Standing waves in nonlinear Schrédinger equations, in “Analytical and Numerical

Aspects of Partial Differential Equations” Walter de Gruyter, Berlin, (2009), 151-192.

[22] S. Le Coz, R. Fukuizumi, G. Fibich, B. Ksherim and Y. Sivan, Instability of bound states of

a nonlinear Schrodinger equation with a Dirac potential, Phys. D, 237 (2008), 1103-1128.

[23] T.-C. Lin and J. Wei, Orbital stability of bound states of semiclassical nonlinear Schrodinger

equations with critical nonlinearity, STAM J. Math. Anal., 40 (2008), 365-381.

[24] Y. Liu, M. Ohta and G. Todorova, Instabilité forte d’ondes solitaires pour des équations

de Klein-Gordon non linéaires et des équations généralisées de Boussinesq, Ann. Inst. H.
Poincaré Anal. Non Linéaire, 24 (2007), 539-548.

[25] E. Long and D. Stuart, Effective dynamics for solitons in the monlinear Klein-Gordon-

Mazwell system and the Lorentz force law, Rev. Math. Phys., 21 (2009), 459-510.

[26] Y.-G. Oh, Stability of semiclassical bound states of monlinear Schrodinger equations with

potentials, Comm. Math. Phys., 121 (1989), 11-33.

[27] M. Ohta and G. Todorova, Strong instability of standing waves for nonlinear Klein-Gordon

(28]

29]

equations, Discrete Contin. Dyn. Syst., 12 (2005), 315-322.

, Instability of standing waves for nonlinear Klein-Gordon equation and related sys-
tem, in “Nonlinear Dispersive Equations” 26 of GAKUTO Internat. Ser. Math. Sci. Appl.,
Gakkotosho, Tokyo, (2006), 189-200.

, Strong instability of standing waves for the nonlinear Klein-Gordon equation and the
Klein-Gordon-Zakharov system, SIAM J. Math. Anal., 38 (2007), 1912-1931 (electronic).

[30] J. Shatah, Unstable ground state of nonlinear Klein-Gordon equations, Trans. Amer. Math.

Soc., 290 (1985), 701-710.

[31] J. Shatah and W. A. Strauss, Instability of nonlinear bound states, Comm. Math. Phys., 100

(1985), 173-190.

[32] C. D. Sogge, Lectures on non-linear wave equations, International Press, Boston, MA, sec-

ond ed., (2008).

[33] C. A. Stuart, Lectures on the orbital stability of standing waves and application to the non-

linear Schrodinger equation, Milan J. Math., 76 (2008), 329-399.

[34] D. M. A. Stuart, Modulational approach to stability of non-topological solitons in semilinear

wave equations, J. Math. Pures Appl. (9), 80 (2001), 51-83.

[35] T. Tao, Why are solitons stable?, Bull. Amer. Math. Soc., 46 (2009), 1-33.
[36] G. Vaira, Semiclassical states for the nonlinear Klein-Gordon-Mazwell system, J. Pure Appl.

Math. Adv. Appl., 4 (2010), 59-95.

[37] M. I. Weinstein, Nonlinear Schréodinger equations and sharp interpolation estimates, Comm.

Math. Phys., 87 (1982/83), 567-576.

[38] M. I. Weinstein, Modulational stability of ground states of nonlinear Schrédinger equations,

SIAM J. Math. Anal., 16 (1985), 472-491.

[39] Y. Yu, Vortex dynamics for the nonlinear Mazwell-Klein-Gordon equation, Arch. Ration.

Mech. Anal., 201 (2011), 743-776.

Received January 2012; revised September 2012.

E-mail address: ghimenti@mail.dm.unipi.it
E-mail address: slecoz@math.univ-toulouse.fr
E-mail address: marco.squassina@univr.it


http://www.ams.org/mathscinet-getitem?mr=MR2527691&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2236583&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2784611&return=pdf
http://dx.doi.org/10.3934/dcds.2011.30.573
http://dx.doi.org/10.3934/dcds.2011.30.573
http://www.ams.org/mathscinet-getitem?mr=MR2562479&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2450497&return=pdf
http://dx.doi.org/10.1016/j.physd.2007.12.004
http://dx.doi.org/10.1016/j.physd.2007.12.004
http://www.ams.org/mathscinet-getitem?mr=MR2403325&return=pdf
http://dx.doi.org/10.1137/070683842
http://dx.doi.org/10.1137/070683842
http://www.ams.org/mathscinet-getitem?mr=MR2334991&return=pdf
http://dx.doi.org/10.1016/j.anihpc.2006.03.005
http://dx.doi.org/10.1016/j.anihpc.2006.03.005
http://www.ams.org/mathscinet-getitem?mr=MR2528041&return=pdf
http://dx.doi.org/10.1142/S0129055X09003669
http://dx.doi.org/10.1142/S0129055X09003669
http://www.ams.org/mathscinet-getitem?mr=MR985612&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2122169&return=pdf
http://dx.doi.org/10.1137/050643015
http://dx.doi.org/10.1137/050643015
http://www.ams.org/mathscinet-getitem?mr=MR792821&return=pdf
http://dx.doi.org/10.2307/2000308
http://www.ams.org/mathscinet-getitem?mr=MR804458&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2455195&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2465996&return=pdf
http://dx.doi.org/10.1007/s00032-008-0089-9
http://dx.doi.org/10.1007/s00032-008-0089-9
http://www.ams.org/mathscinet-getitem?mr=MR1810509&return=pdf
http://dx.doi.org/10.1016/S0021-7824(00)01189-2
http://dx.doi.org/10.1016/S0021-7824(00)01189-2
http://www.ams.org/mathscinet-getitem?mr=MR2457070&return=pdf
http://dx.doi.org/10.1090/S0273-0979-08-01228-7
http://www.ams.org/mathscinet-getitem?mr=MR2816796&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR691044&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR783974&return=pdf
http://dx.doi.org/10.1137/0516034
http://www.ams.org/mathscinet-getitem?mr=MR2824465&return=pdf
http://dx.doi.org/10.1007/s00205-011-0422-2
mailto:ghimenti@mail.dm.unipi.it
mailto:slecoz@math.univ-toulouse.fr
mailto:marco.squassina@univr.it

	1. Introduction and results
	2. Proofs
	2.1. The Slope Condition
	2.2. The spectral condition

	Acknowledgments
	REFERENCES

