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Tools of Concentration-Compactness

Adimurthi et al. (2013)
1. Profile decompositions Gallagher (2001).
2. Cocompactness Tintarev 2010.
3. Liaponov-Schmidt reduction (critical exponent).
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Ad Hoc

Early 80's lack of compacity (Palais-Smale condition): Aubin,
Brezis, Coron, Esteban, Lieb, Lions, Nirenberg, Ulenbeck etc.
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Ad Hoc

Early 80's lack of compacity (Palais-Smale condition): Aubin,
Brezis, Coron, Esteban, Lieb, Lions, Nirenberg, Ulenbeck etc.

Cocompactness: Lieb (1983) H'(RY) & LP(RY), 2 < p < 2%,
G = translations.
Lions (1985b) DI2(RY) <& 12 (RY), G = dilations.
Profile Decompositions
» Struwe (1984), (critical sequence) DY2(R9) G = dilations.
» Lions (1987), H*(RY) G = translations.
> Solimini (1995), includes D1P(RY) <% LP"(RY), G =dilations
X translations.
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Systematic Studies

» Lions (1985a,b), Palais-Smale condition: dichotomy, vanishing,
or compactness in H1(R?) and D12(RY). Extended to general
measures by Chabrowski and Willem Chabrowski (1999).
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Systematic Studies

» Lions (1985a,b), Palais-Smale condition: dichotomy, vanishing,
or compactness in H1(R?) and D12(RY). Extended to general
measures by Chabrowski and Willem Chabrowski (1999).

» Wavelets: Gérard (1996, 1998); Jaffard (1999); Bahouri et al.
(2011): wavelet analysis, cocompactness via profile

decomposition: H*(RY) & LP(RY), p=2d/(d — 2s).
» Functional analytic: Schindler and Tintarev (2001); Tintarev

and Fieseler (2007); Solimini and Tintarev (2016). Abstract
profile decomposition in Hilbert and Banach spaces.
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G-weak convergence

Definition
Let B be a Banach space, ux € B, and G be a group of linear
isometries acting on B. We say

N
Uk u,

if for all ¢ in B/,

lim sup(g¢, ux — u) =0.
—>oog€G
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Example

w e HY(RY), d >3, ||w|/m = 1.
G
1. up =w(-+ek). up =0, up ~0

d—2 G
2. vk =272 kw(2k)). vk =0, vk A 0.
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cocompact

Definition

Let B < E Banach spaces. B is cocompact in E with respect to
G

G, denoted B — E, ifukgwinB — u, — winE.
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Wavelet profile decomposition

Definition
> scale: h < (h) € Ry, bk — 1, 1 €{0,1,00}.
> core: x & (xk) € RY,
» profile: w € function space.

- S

H (RY) — LP(RY), p = 2d/(d — 2s).
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Gérard 96

Theorem

(uk) bounded in H (RY), = I h, x, (ngj)), and subsequece
(uk) such that VI > 1

(2 o (x=x )
u(x) =Y ol o G + v (%), (0.1)

j=1 hk)

where lim) o lim supy_, o || Vil p(rey — 0.
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Gérard 96

Theorem . _
(ux) bounded in H (RY), = 3 h, x, (W,S')), and subsequece
(uk) such that VI > 1

(2N o (o )
u(x) =Y ol o G + v (%), (0.1)

j=1 hk)

where lim) o lim supy_, o || Vil p(rey — 0.

Corollary
A (RY) <5 LP(RY)
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General profile decomposition

(gk) € G, gk — 0 < geu—0VueH.

Theorem
Let H be a Hilbert space, G a group of linear isometries on H such
that if gk 70 = gk — go, and ux € H a bounded sequence. 3

a subsequece uy, w() e H, glg') € G such that
1w, — Zizoglgi)w(") =37 )
2. g,gi)_luk — wl,
3. g0gW™ 0, i)
4.5 w12 < limiinf ||ug]2.
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General profile decomposition

(gk) € G, gk — 0 < geu—0VueH.

Theorem
Let H be a Hilbert space, G a group of linear isometries on H such
that if gk 70 = gk — go, and ux € H a bounded sequence. 3

a subsequece uy, w() e H, glg') € G such that
1w, — Zizoglgi)w(") =37 )
2. g,gi)_luk — wl,
3. g0gW™ 0, i)
4.5 w12 < limiinf ||ug]2.

Banach spaces Solimini and Tintarev (2016), A-convergence.
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Use with variational methods

ux € X bounded, J € C1(X — R).

(1) J(uk) = ¢ #0,

(2) J'(uk) — 0.

Steps:
1. Cocompactness + (1) + (4) = v — 0
2 = Jw) +o(1) = X, g w) + o(1).
3. () =3 (w4 o(1) — 0.

lan Schindler



Adimurthi, Sandeep, K., Schindler, I., and Tintarev, C., editors
(2013). Concentration Analysis and Applications to PDE. ICTS
Workshop, Bangalore, 2012. Trends in Mathematics. Birkhiuser.

Bahouri, H., Cohen, A., and Koch, G. (2011). A general
wavelet-based profile decomposition in the critical embedding of
function spaces. Confluentes Matematicae, 3:387-411.

Chabrowski, J. (1999). Weak Convergence Methods for Semilinear
Elliptic Equations. World Scientific Publishing.

Gallagher, 1. (2001). Profile decomposition for solutions of the
Navier-Stokes equations. Bull. Soc. Math. France, 129:285-316.

Gérard, P. (1996). Partial Differential Equations and Mathematical
Physics, volume 21 of Progr. in Nonlinear Differential Equations
and Their Appl., chapter A microlocal version of
concentration-compactess, pages 143-157. Birkhduser Boston.

Gérard, P. (1998). Description du défaut de compacité de I'injection
de Sobolev. ESAIM Control Optim. Calc. Var., 3:213-233.

Jaffard, S. (1999). Analysis of the lack of compactness in the

critical Sobolev embeddings. J. Funct. Anal., 161:384-396:



References

Lieb, E. (1983). Sharp constants in the Hardy-Littlewood-Sobolev
and related inequalities. Ann. Math., 118:349-374.

Lions, P.-L. (1985a). The concentration-compactness principle in
the calculus of variations. the limit case. part 1. Rev. Mat.
Iberoamericano, 1.1:145-201.

Lions, P.-L. (1985b). The concentration-compactness principle in
the calculus of variations. the limit case. part 2. Rev. Mat.
Iberoamericano, 1.2:45-121.

Lions, P.-L. (1987). Solutions of Hartree-Fock equations for
Coulomb systems. Comm. Math. Phys., 109:33-97.

Schindler, I. and Tintarev, K. (2001). An abstract version of the
concentration compactness principle. Nonlinear Analysis,
47:3531-3536.

Solimini, S. (1995). A note on compactness-type properties with
respect to Lorentz norms of bounded subsets of a Sobolev space.
Ann. Inst. H. Poincaré Anal. Non Linéaire, 12:319-337.

Solimini, S. and Tintarev, C. (2016). Concentration analysis in
banach spaces. Commun. Contemp. Math., 18(3).

lan Schindler



References

Struwe, M. (1984). A global compactness result for elliptic
boundary value problems involving limiting nonlinearities. Math.
Z., 187:511-517.

Tintarev, C. and Fieseler, K.-H. (2007). Concentration
Compactness: functional-analytic grounds and applications.
Imperial College Press.

lan Schindler



