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INTRODUCTION

The classical Gindikin - Karpelevich formula expresses an integral over a nilpo-
tent subgroup of a semisimple real Lie group as a ratio of products of Gamma
functions.

We will show how some remarkable structures connected with this formula
appear in different (but related) areas: the Langlands’ theory of Eisenstein se-
ries, integrable models of Quantum field theory, the Knizhnik - Zamolodchikov
equations.

The reader may consult [Karp] (a) for the history of this formula.

I have given lectures on these subjects in Higher School of Economics in Moscow
on May 2013.



Lecture 1. Eisenstein series

1.1. Eisenstein series and scattering matrix. Cf. [HS (a)]. Let G =

SLy(R) DT = SLy(Z); G = KAN where K = SO(2), N = {(é 71’) , n € R},

A:m@:(ﬂeﬂ)teR}

For x = kan € G the elements k,a,n are uniquely defined; we set t = H(z) if
a = a(t).

*

Let P = MAN = <0 I) M = {&1}.

The FEisenstein series
1
N (=A—1DH(zv) __ * (=A-1)H(zv) _
E\zx) = E e v = 5 E e v =

YET/TAP ~€T/TNN

DN (111)

~el'JTNN
where

A € C, Re) > 1. The series converges absolutely and uniformly for x € D C G,
D compact and RA > 1 + .

Note that
|ZL‘1| = |k3l‘|1, S G,k’ € K.

It follows that E(\;x) = E(\ kx), k € K, so we can consider E(\;z) as a
function of z € X = K\G.

Constant term.
/ E(\;a(t)n)dn = eV 4 e())e 71
N/Too

where '\ = I' "V N. Here

If RA = 0, [e(\)] = 1.



(b) For all x € G E(\; x) may be meromorphically continued to C and
E\z) =cN)E(=\;7)
1.2. Some more details: Fourier expansion. Harish-Chandra prefers the

Iwasawa decomposition G = KAN. But in this no. we pass to the ”opposite”
Iwasawa G = NAK.

The group G acts on X = {z € C| Sz > 0} by gz = (az + b)/(cz + d) which
identifies G/K — X, K being the stabilizer of 1.

3 az+b _ Y
cz+d lcz + d|?

Rewriting the definition (1.1.1) for the Iwasawa decomposition G = KAN, we
get a function E(g;s) such that E(gk;s) = E(kg;s), k € K, whence

Bzs)=1 Y 802 = Y 8(r2)" =

T\ Foo\T

s

1 y® 1 Y
Z == Z — (1.2.1)
2C<28) (m,n)€Z2\{(0,0)} \mz T 77,| 2 (m,n)€Z2,(m,n)=1 |mz + n‘
z € X where I' = PSLy(Z) and T'y, is the image of 'y, in T'. Here the previous
A+1=2s.

Differential equation. Laplacian: A = y*(9% + 92) where z = x +iy; it is a
G-invariant differential operator on X. We have

By = s(s = )y

and A commutes with v € I'; hence each term in the sum is an eigenfunction of

A.

It follows that
AFE(z;s) = s(s—1)E(z; s)

Fourier expansion, cf. [G], Thm. 3.1.8:
E(zs) =y +c(s)y' "+

2y1/2 s—1/2 2minT
£(2s) > oramnl P Ko a(2nlnly)e (1.2.2)
n€Z,n#0
where
E(s) = 7T (5/2)¢(s), cs) = %

os(n) = Z d,

din
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and -
Kay) = / e 251 g,
0

The last function is the Macdonald’s Bessel function; it is a unique solution of
the Bessel equation

v W) +uf W) — (v + ) fly) =0
rapidly decaying as y — o0.
The following is used for the proof of (1.2.2).

Important integral:
/(a;2 +1) e iy = B(1/2,5 —1/2) if y =0
R

_ 271'5‘3/‘5_1/2

WKSAM(QWWD ify #0, (1.2.3)
cf. [G] (1.3.9), [Bu], Ch. 1, (6.8). Cf. also instructive [Ha| (a) (3.29).
This formula simply means that
The Fourier transform of a spherical vector is a Whittaker vector.
Functional equations: The functional equation for ((s) is
§(s) = &1 —s)
which implies
c(s)e(l—s)=1
Next, K; = K_ implies
E(z;5) =c(s)E(z;1—s)
which in turn is equivalent to
E*(z;5) = E*(z;1 — s)
for E*(z;s) = &(s)E(z; ).

1.3. Where the Bessel function K, comes from: the Whittaker func-
tion. Cf. [G], 3.4.

1 u
01

Let v : R — S' = {z € C| |z| = 1} be a character, v € C. Let us call a
(v, v)-Whittaker function a function W : X — C such that

AW (z) =v(l —v)W(2) (wl)

Notation: n(u) = ( ) €N, ueR.

and
W(n(u)z) = (u)W(2) (w2)
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It is easy to construct such functions. As a préparatoire, put I;(z) = y*. Then
I, satisfies (w1). Then apply averaging (moyennisation), i.e. set

Weoe) = [ Lln(u)2)o(-u)du
R
This function will satisfy (wl) and (w2).
If ¢, (u) = ™™ then
21 |m|v—1/2 ,
Wyﬂp(z) - %yl/QKyl/2(2ﬂ_|m|y)62mmm (131)

Multiplicity one theorem. If V(z) is a (v,%)-Whittaker function of rapid
decay, i.e. for all N >0 [yNU(2)| = 0 asy — oo and v # 0,1 then there exists
a € C such that ¥(z) = aW, 4(2).

Maass forms. Passing to the global case, let us call a Maass form a smooth
function f: X — C such that

(M1) For all z € X,y €T, f(vz) = f(2).
(M2) Af(z) = (v* —1/4)f(z) for some v € C.
(M3) f(z) decays rapidly as y — 0.

The Eisenstein series is an example. Let f(z) be such a form; then f(z+41) =
f(2) due to (M1); consider its Fourier expansion

1) = 3 an(y)e e

neL
Each term of it satisfies (M2).

Then for n # 0
an(y) = any'’ K, (27|nly)

1.4. Digression: Kronecker series, Epstein zeta function, the Chowla
- Selberg formula.

1.5. Scattering matric for several cusps. Cf. [I], 13.3.

For a more general discrete subsgroup I' C G (”a Fuchsian group of the first
kind”) T has a finite number of ”cusps” a; € 0X = PY(R), i € I.

The points a € X are in bijection with parabolic (Borel) subgroups P, C G;
set I' = I'N P,,. For each ¢ there exists o, € G such that g;a; = oo and

al-_ll"icri =T. Let
_ 1 1\
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Given a character x : I' — C* trivial on I';, one defines the Eisenstein series

Ei(zs,0) = > X(M(S(0;172))°

~ET\D
One has
Ei(vz;5,x) = X(N) Eilz; 5, X)
and
AFE;(z;8,x) = s(s — 1)Ei(z; s, X)
Thus we have a vector Eisenstein series E = (F;);e;. Fori,j € I,
Ei(ojz;8,X) = 05" + 63 (5, )y "+ D ij(ni s, x)Wa(n2)
nEZnA0

where

Wi(nz) = 2|y Ko 1/o(2mly|)e*™™
(this is I'(s)W;,1 from (1.3.1)), and ¢;;(n; s, x) are certain Dirichlet series.

The scattering matrix ®(s, x) = (¢4;(s, x)) satisfies the functional equation

(I)<37 X) = (I)<1 -5 X)

and is unitary on the critical line:

—

O(s, x) (s, x) =1
The vector Eisenstein series F(z; s, x) satisfies the functional equation

E(z;8,x) = (s, x)E(2;1 — 5,X)

The series F;(z; s, x) has a pole at s = 1 iff x equals the trivial character xo. In

that case the pole is simple with the residue

res,—; Ei(z;s,x) = vol(I\X) .
1.5.1. Example, cf. [I], 13.5. For example let

T = Ty(N) ::{(Z Z) €Glc=0 mod N}

An even prilmitive Dirichlet character x : (Z/NZ)* = Gal(Q(({x)/Q) — C*
induces a character of T'g(NV) as above. To each decomposition N = vw with
(v,w) = 1 corresponds a couple of cusps; the corresponding matrix element of

the scattering matrix has the form

1/2F<3 —1/2)L(2s — 1, XwXv)
['(s)L(2s, XwXv)

(bvw(sv X) = N_SXv<w>>_<w<U)7r
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1.6. Eisenstein series and scattering matrix for a semisimple group
G (Gelfand; Langlands). Let G = &(R) D I' = &(Z) where & is a simply-
connected Chevalley group; G = KAN, a = Lie(A). For x = kA(x)n we set
a(x) =log A(z) € a.

For example if & = SL,,, K = SO(n), A = diag(ay,...,a,), a; > 0, N is the
group of upper triangular matrices with 1’s on the diagonal.

Spherical functions:
ox(z) = / O g e G
K

Aeag, p= %Zwoa. We have ¢y = ¢yr, w € W.

FEisenstein series:
Ban)= Y et
~yel'/TNN
is an eigenfunction of Z(Ug) where g = Lie(G).
Constant term:

/ E(zn; \) = Z c(w; X)ewA=P)a@)
N/NAD fyp

where

3 §(A(@Y))
c(w; ) = H £+ 7 "))’

a>0,wa<0
cf. [L], Appendix 3. One has
c(ww'; N) = c(w; w'\)e(w'; N)
and
E(z;A) = c(w; \) E(z; w)

1.7. Adelic language.
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Lecture 2. Harish-Chandra theory

Spherical functions (Calogero - Moser model) and their limits: Whittaker func-
tions (Toda chain).

2.0. Rank 1 case: Hypergeometric function and scattering

2.0.1. The Gauss’ hypergeometric function F'(a,b, c;x) is the solution of the
differential equation

2(1 = 2)f"(2) + (¢ — (a+b+1)a)f'(z) — abf(x) = 0 (Hyp1.1)
which for |z| < 1 has the form
ab a(a+ 1)b(b+ 1)
Flr)=1+ —
(@) * 1" * 2le(c+1)
It can be continued to a single-valued analytic function in the domain

D =C\Rs,
Functional equation (cf. [WW], 14.51 as corrected by Bargmann [B], 10d):

F(a,b,c;—x) =a7¢ F(a,14+a—c,1+a—b—z ")

x>1l,a—b¢Z.

2.0.2. Application to the spherical function. Cf. [HS (b)], no. 13. Let
G = KAN be a real simple Lie group of split rank 1, a = LieA, dimga = 1,
Y ={a,2a} C a* the positive roots, p = dimg,, ¢ = dim g, p = (p + 2¢)/2,
Hea Ha)=1, X €ai.

The spherical function

ox(z) = / o~ Apalak)) g,
K
is bi- K-invariant; ¢ = ¢_,, cf. [HS (b)], Cor. to Lemma 17.

Set 1)\ (t) = pr(exp(tH)).
Then v (t) satisfies a differential equation of type (Hyp.1.1) with 2 = — sinh®¢.
More precisely,

Un(t) = F(a, b, c; —sinh® t)
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with
1 1 1
a= Z(p+2q— 2M\(H)), b= Z(p+2q+2A(H)), c= §(p+q+ 1)

Asymptotics:

t—o00

lim <€tp(H)1/1A(t) — c()\)eA(H)t — c(—)\)ex\(H)t) =0
where
c(\) = TAH)T((p+q+1)/2)
T((p+2q+2X(H))/HT((p+ 2+ 2X(H)) /4)
We see here the ”incoming wave” c(_)\)e—/\(H)t and the " outcoming wave” c()\)e)‘(H)t,

2.1. Real semisimple noncompact Lie groups: structure. Cf. [Hell
(a), Ch. IX. Let G be a real connected semisimple Lie group with finite center,
K C G a maximal compact subgroup, g = Lie(G), ¢ = Lie(K). £ is the fixed
subspace of the Cartan involution 6 : g — g.

Let p = {x € g| 6(z) = —x}, so that g = € D p (the Cartan decomposition).
Let a C p be a maximal abelian subspace. We have the root space decompo-
sition
g=00D (@aeR ga)a

where R C a* is called the set of restricted roots; set m, = dimg,. If G is split
over R then R is reduced and all m, = 1.

If G is complex then all m, = 2 (in this case many formulas below simplify a
lot).

We set .
P=73 Z mea Q.
a>0
If m is the centralizer of a in ¢,
go =adm

Let M (resp. M') be the centralizer (resp. normalizer) of a in K. The Weyl
group: W = M'/M.

A Weyl chamber is a connected component of the set
o ={H €a|Vae Ra(H)#0} Ca}

Fix a Weyl chamber a,. A root « is called positive if a(H) > 0 for all H € a,;
a positive root is simple if it is not a sum of two positive roots. If

{ag,...,a,} Ca”
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is the set of all simple roots then

ap ={Heaa;>0,i=1,...,r}

Weyl denominator formula. If R is reduced,

Z detw - e*f = H(ea —e ). (2.1.1)

weWw a>0

The root lattice: () = ZR C a*; the positive cone:
Qy ={n= an‘az’| n; € N}

We set
n = Da>0 fa-
Then
g=¢t+a+n

Let A, N C G be the connected Lie subgroups with the Lie algebras a, n respec-
tively. Then one has:

Cartan decompostion: G = KAK; G = KA, K where A, = expa,.
Twasawa decomposition: G = NAK.
Bruhat decomposition: Let N = (N). Then

NMAN C G

is an open submanifold whose complement is of Haar measure 0.

Symmetric space X = G/K. If a’ C a denotes the subset of regular elements,
A" =expd, then G = KA'K is dense open in G and X’ = G’ - 0 is dense open
in X, and

K/M x At = X' (2.1.2)

The space X is a Riemannian manifold with the metric induced from the
Killing form on g.

2.1.1. Example. G = SL,(R), K =S0O(n), N — upper triangular matrices
with 1’s on the diagonal, A C G — diagonal matrices with positive entries,

A, = {diag(ay,...,a,)| a1 > ... > a, > 0}.
The maximal torus T'= M A where M = {diag(+£1,...,£1)}.

Exercice. Show that X = G/K is isomorphic to the space of real n x n
symmetric positively definite matrices with determinant 1.

What is an analogue of all this for G = SL,(C)?
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2.2. Invariant differential operators: Harish-Chandra isomorphism.
Set X = G/K and let Dg(X) denote the algebra of G-invariant differential
operators on X.

Recall the Iwasawa decomposition
G = NAK.
It allows to define, given a differential operator D on X, its N-radial part
An(D) € D(A).

Let D¢(A) be the algebra of A-invariant differential operators on A, i.e. oper-
ators with constant coefficients (so it is isomorphic to a polynomial algebra in r
generators, at least in the split case).

Let Df,(A) C D¢(A) be the subalgebra of W-invariant operators (so it is also
isomorphic to a polynomial algebra in r variables).

2.2.1. Theorem (Harish-Chandra), cf. [Hel] (b), Ch. II, Corollary 5.19. The
mapping
Dw— HC(D) :=e "An(D)e’

defines an algebra isomorphism

HC: De(X) =5 DS, (A).

2.3. Examples: radial parts of Laplacians. X is equipped with a Rie-
mannian metrics, so we can speak about the Laplacians.

(a) Horospheric coordinates, cf. [Hel] (b), Ch. II, 3.8. Let N act on X with
the transversal part A -o. Then

An(Lx) = e’ Lae” — p°. (2.3.1)
We see that
HC(Lx) = e PAn(Lx)e’ = Ly — p* (2.3.2)
is an operator with constant coefficients, in accordance with 2.2.1.
(b) Spherical coordiantes, cf. [Hel] (b), Ch. II, 3.9. Let K act on X with the
transversal part A, - 0. Then
Ag(Lx)=La+ Y ma(cotha)d, (2.3.3)
a>0
This is basically the Schrodinger operator for the Calogero - Moser model.
If G is complex then

Ag(Lx) = 6"Y*(Ly — p*)o"/? (2.3.4)
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(cf. (2.3.1)) where

612 = Z detw - e = H(e”‘ —e %),

weW a>0
of. (2.2.1), [Hel] (b), Ch. II, Prop. 3.10.

2.4. Spherical functions: Harish-Chandra theory. A smooth function
¢ : G — C is called a spherical function (also: ”a zonal s.f.”, "an elementary
s.f.”) if:

o(1) = 1; ¢(kak’) = ¢(x) for all k, k' € K; ¢ is an eigenfunction of all differ-
ential operators D € D (X).

For x € G let a(z) € a denote log A(z) where x = nA(x)k is the Iwasawa
decomposition; it is correctly defined.

For A € af. define
oa(z) = / eI+ a@k)) .
K

2.4.1. Theorem. ¢, is a spherical function.
All spherical functions are of the form ¢,.
Ox = @, iff there exists w € W such that = w.
Finally, the eigenvalues of operators D € Dg(X) are given by
D¢y = HC(D)(i\)py. (2.4.1)

The following "noncompact” expression of ¢, is crucial for the calculation of
the Harish - Chandra function.

Recall the opposite nilpotent subgroup N := §N; normalize the Haar measure

on it by
/ o-20(a(2) g, _ 1.
N

2.4.2. Theorem. Fory € A, X € ag,
ba(y) = PP / A=)y ) (40 a(2) g,
N
Cf. [Hel] (b), Ch. IV, Prop. 6.3.

2.5. Harish-Chandra decomposition. Cf. [Hel] (b), Ch. IV, §5. Thus,
the spherical functions form a space

AW = A,
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Our next aim will be to construct a family {¢, }wew of W linearly independent
solutions of (2.4.1) in the domain A, - o.

Rewrite (2.3.2) as
Ag(Lx) =La+20,+ Y mq(cotha —1)d, (2.5.1)
a>0
Denote by R the ring of functions on A, of the form
fly) =D aue Y,
HEQ+

and by R, C R the ideal of f’s with ay = 0.
Note that
cotha — 1= 226’2”‘l € Ry

n=1

We can consider (2.5.1) as a perturbation of the operator
AK<LX)O — LA —|— 28p
The function ¢, is a solution of the differential equation

Ag(Lx)pr= =N + p*)ox (2.5.2)
Let look for a solution of (2.5.2) by perturbation theory. A solution of a nonper-

turbed equation:
AK(Lx)OeMip = —<)\2 + p2)€i>\7p
Let us look for a solution of (2.5.2) in the form
Ua(expa - 0) = AP Z Yalp)e ™Y a € ay (2.5.3)
PEQ+

where we set ,(0) = 0. We get a recurrence relation for the coefficients vy (u):

(1 = 2iM)a(p) =
Z M Z(a, —iA = 2na + p+ p)ya(p — 2na) (2.5.4)

a>0 n>1

The resulting series (2.5.3) converges absolutely and uniformly in each domain
{a € ay| a;(a) > €>0} Cay.
It follows from the commutativity of Dg(X) that 1, satisfies the differential
equations
A(D)gs = HO(D)(iN)t (2.5.5)
for all D € Dg(X).
Suppose that
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(w—w)A ¢iQ for all w # w' € W.

Then the functions ¥, w € W, form a basis of |IW| linearly independent
solutions of (2.5.2) (or equivalently of (2.5.5)).

It wollows:
2.6. Theorem. Suppose that a weight \ € ag. is such that
for allw #w' € W (w —w')\ ¢ iQ.

Then
Pa(a) = Z (W) thyr(a)e™A =@ g e q,.

weWw

Thus for a € ay

Jim (6(ta) = 3 c(w)e20) < o

weW
2.7. Gindikin - Karpelevich formula. Cf. [Hel] (b), Ch. IV, §6; [HO],
[Karp]. Tt remains to compute the function ¢(\).

The starting point is a noncompact Harish-Chandra formula:

) = / e~ (M) g
N

if R(iA) € a*, cf. [Hel] (b), Ch. 1V, §6, (7).

2.7.1. Rank 1 case. Cf. [Hel], Ch. IV, §6, no. 2. In this case n = g, + g_24-
Let m; = dim g, ¢ = 1,2, Then

ca(A)zc// (1 + b|z|*)? + 4b|y|*) =D dady
Ja Y g2«

where b = (4(my +4my))~L, ¥ = (my + 2my)/4, ¢ - a constant independent of \.
The integral is a product of two Beta-functions. Using the duplication formula,
one gets

C((mq 4+ ma+ 1)/2)T (N - &)
L((my/2+ 14X -o/)/2)T (M1 /2 4+ me + i) - ') /2)

o) = 2ma/Zmasitel

where o/ = a/a?.
A simpler formula for the split case:
T 203N - a/2)
[(1/2+iX-a/2)’

ca(N) = B(1/2,i\-a/2) =

cf. [L] (b), p. 16.



2.7.2. Gindikin - Karpelevich product formula. Let w € W; define
Ny = QacRinwR_ J—a; Nw = exp Ny,.
Theorem.
co(N) = / e Wy = T cala).
w a€R{NwR_

As a corollary one gets

2.7.3. Theorem. (i) General case.

- 27PN - )
O | e e ey (R e YE)

where the constant ¢ is defined by c(—ip) = 1.

a>0

(i) If G is split over R, all my =1, all my, = 0:

72T (iA(a)/2)
H T(1/2+ iA(aY)/2)

(iii) If G is complex, all my, = 2, all Moy = 0:

Ha>0p e

W) = [Lsoir-a

17

2.8. Example: The case of SLy(R): spherical functions on the Lobachevsky

half-plane. Cf. [He| (b), Introduction, §4; (c), §4.
For G = SLy(R) D K = SO(2)
G/K = H :={z] 3z > 0}
Another realization: the Poincaré disc

D=1{zeq| |z <1} = SU(1,1)/SO(2),

where
s ={(5 7). laf - P =1} = SLa(®)

acts on D by

az+b

g-z=——.

bz +a

The Cayley transformation
241
Zw = —1

zZ—1
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is a G-equivariant isomorphism of D onto H = {w € C| Sw > 0}, cf. [He] (a),
Ch. I, Exercice G.
The spherical (geodesic polar) coordiantes on D are (r, ) where
z = tanhre € D, r = d(o, 2).
The Laplacian is |
2

A = 9%+ 2coth?2 Oy +4———0;.
" 0 " sinh? 27 ¢

A spherical function ¢(r) is radial (depends only on r) and satisfies the equation
¢" +2coth2r¢’ = (=N +1)¢
The Harish-Chandra spherical function (compact form):

1 & ‘
Pa(r) = o / (cosh 2r — sinh 2r cos )~ +D/2qg

™

—T

This is a Legendre function.

2.8.1. Exercice. Write down the Whittaker equation and the Whittaker
function. Cf. [Ha] (a), §3.

The standard functions:
Yalr) = P S (e ™
n=0

where v5(\) = 1 and
[n/2]

D (20— 20— iX + 1)yn-2(N)
/=1

1

Yn(A) = m

The Harish-Chandra decomposition:
PA(r) = c(MPa(r) + e(=A)p-a(r)

where
c(A) = B(1/2,i)\/2),
cf. [Hel] (c¢), Thm. 4.6.
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Lecture 3. Toda quantum field theory

Dual symmetric spaces: SU(2) = (SU(2)xSU(2))/SU(2) and SLs(C)/SU(2).
The correponsing o-models: the WZW-models of central charge k € Z>; and
the H3-WZW-model. The correlation functions satisfy the KZ equations.

Their corresponding reductions: the minimal models and the Liouville model.
The correlation functions satisfy the BPZ equations.

Similarly for arbitrary compact Lie groups.

3.1. Toda field theory. Cf. [F]. Let R C a* = R" be a simply laced root
system of rang r; «;, 2 = 1,...,r simple roots. We equip a* with a W-invariant
scalar product, p = (1/2) Y ., .

It is a two-dimensional field theory with:
Classical fields: maps ¢(z)
¢p: C— a”,

Lagrangian

500 = [ (rat(@.00 + 0,00 + Y o oy

where z = x + 1y, pu, b € R. Set
s=0b+b")p
After quantization the theory is conformally invariant, with

(9i(2), dj(w)) = —log |z — w[*dy,
the holomorphic stress energy tensor

T(:) =~ (0.0) +5 - %

and central charge

c=r+ 12
The theory possesses a W (R)-symmetry. The chiral algebra W (R) contains r
holomorphic fields W;(z), with Ws(2) = T'(z). The field W;(z) has the spin
equal to the corresponding exponent of the Lie algebra g = g(R).

The exponential fields Vy(z) = eM*(*) X\ € a* are primary fields; this means
that

Wj,OV)\ = Cj()\)V)\, Wj,nV)\ = O, n > 0.
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The conformal dimension of Vj is

AN = () = 3= (A =0?) =

A (26 =)
2
3.2. Weyl reflections. Let us introduce a shifted Weyl group action on a*
by setting
wp(A) = ¢+ w(A —<).
Then ¢;(A) = ¢j(wp(N)).
Reflection amplitudes:
VA(Z) = Rw()\)Vwb()\)(z)

Computation of these numbers (” Gindikin - Karpelevich formula”).
One introduces normalized fields
Vii(z) = N(AVa(z)

in such a way that
n n 1
<V)\ (’Z)u V)\ <w>> = ‘Z _ ’w‘4A’
cf. [KT], 6.14.

For these normalized fields
Vi(z) = UZ,(A)(Z)

N
N (wy(A)
The numbers N()\) are calculated as follows, [F].

It follows that
Rw(A) =

Suppose that

i=1

Then .
N(AV)? = z[**(Wa(2)Va(0) [T @5 /e)
i=1
where
Qi = / ebo"’(z)d:pdy
C

are the ”screening operators”. This is a ”Coulomb gas” complex Selberg integral
and the answer is given by
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3.3. Theorem.
O = ) T

'+ A—¢)-a/b)l'(1+(A—<)-a-b)
I ).

T - (A—¢)-a/b)l(1— (A )
It follows: NG I
Rw()\) - N(wb)\) = A()\) (3.3.1)
where

AR = (mpy )P TITE = (A=) - a/OL(L = (A = <) - a- D)

a>0

The functional equation for operators V) (z) takes the form
AN Vi(2) = A(wpA) Vi (2)

3.4. Quasiclassical (”mini-superspace”) limit. The Whittaker function
U, (x), A € a*,x € ais certain solution of the Schrédinger equation for the Toda
system

(—Am +2mp ) ebam) Uy(z) = AU, (2).
i=1
Let

A={z| a;(x) >0, 1<i<r}cCa
denote the fundamental Weyl chamber. The function Wy(x) possesses in the
opposite chamber —A the asymptotics

U, (x) ~ Z Co(N)er@
weW
where

cw(A) = g(m/ p2)i(wA=2)-a/2b FF(:Z\A O% 1)9) |

cf. [F] (b) (5.2), [OP] §12, [Ha] (b) Thm (7.8). This is the Whittaker limit of
Harish-Chandra - Gindikin - Karpelevich formula.

A remarkable fact is that
the functions (3.4.1) are the b — 0 limit of reflections amplitudes (3.3.1).

(3.4.1)



22

84. Matsuo equations

4.1. Heckman - Opdam hypergeometric functions. Cf. [HO]. Let a be
a Euclidean space of dimension r with inner product = -y, R C a* a possibly
non-reduced root system of rank r.

For example the type BC, = {£a, +2a} correponds to the case (2.7.1).

Let P C a* denote the weight lattice and () C P the root lattice. We fix a
base of simple roots {a,...,a,} C R and define the positive cone

let W be the Weyl group; the scalar product is W-invariant. We identify a
with a* using the scalar product.

Let
k: R— C
be a function such that k(a) = k(wa) for all w € W. We set

0= %Z k(a)a

a>0
Set b :=ac. For a € R set a* = {r € h| a(x) =0,
hreg = {SL’ S b| Va € R ea(m) 7£ 1}
For 3 € b we shall denote 03 the derivation in the direction f.

Let O denote the algebra of functions f : b,., — C generated by the functions
(1 —e*)~! and R the algebra of differential operators on h with coefficients in O
(one checks easily that the product of two elements from R belongs to R).

The subalgebra Ry C R of operators with constant coefficients will be identified
with the polynomial algebra S = the algebra of polynomial functions on h*, and
R=0 Re S f)

Fix an orthonormal base {z;} of a and set J; := 0,,.

(3

4.1.1. Laplace operator:

L= i@f + Z k(a) coth(a/2)0, € R

a>0

since

2
1 —e

coth(a/2) = -1+
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Using the expansion
1

1 —e
we have for each D € R an expansion

D= Z e’qu, q. € Ro

PEQ4

=1+e*+e2 4. ..

which converges in the negative Weyl chamber
ho ={x € h|Va > 0 a(x) < 0}.

For example

L= zr:af —20, -2 k(a)Y 0,
=1

a>0 j=1
4.1.2. Harish-Chandra homomorphism.
Argument shift and conjugation by &

Define
§ =[] 12sinh(a/2)[*
a>0
If
D = Z e’q., q. € Ry
HEQ+
and
D' :=6D5 ! = Z e'q,, q, € Ro
HEQ+
then

%N = qw(A+0), Aeb’
Let us denote by HC(D) € Sh the element
A €D = qo(A+p).

4.1.3. Theorem (Harish-Chandra isomorphism). Consider the subspace:
Zp(L)={D eR| [D,L]=0,YVw e W w(D)=D } CR;
it is clear that this is a subalgebra. The map D — HC(D) defines an isomorphism

of algebras
HC : Zg(L) = Sp".

Cf. [HO]J, 2.10: it is formulated as a conjecture there but must be proven since
then. For the symmetric spaces it is due to Harish-Chandra.



24
In particular the algebra Zz(L) is commutative; we shall denote this algebra
by D.
We will be interested in the system of differential equations
D¢y = HC(D)(Noy, DeD (HO),

where A € by, is a parameter. Its solutions are called the hypergeometric func-

tions connected with the root system R and the weight function k.
There are |W| linearly independent solutions for A generic.

4.2. Matsuo equations. Cf. [M]. Define a homomorphism v : W —

GL(C[W]) by
v(s)(w) = sw.
For a € R set
o = V(Sa)
Define a diagonal matrix €, € End(C[W]) by
eo(w) = fw for wa € Ry
For A € b*, ¢ € b define a diagonal matrix es(\) € End(C[W]) by
ee(M)(w) = (wA, Hw

Consider functions 9 (u) = >, ey Yw(u)w : h — C[W]. The system of Matsuo
equations:

O (u) = Aga(u)p(u) (M)
where
1

Aga(u) = 5 ) k(a)a(§)(coth(a(u)/2)(0n — 1) + Taca) + ec()

This is a system of » = dim a differential equations of the first order.

4.2.1. Proposition. The operators A¢\ commute:

[Aex, App] =0 (4.2.1)
and the system is integrable:
[0 = Aer, Oy — Apga] = 0

forall £,n € b.

W -invariance:

4.2.2. Proposition.

v(w) Aguyav(w) ™ = Auga(wu)

4.2.3. Corollary. If(u) is a solution of (M) then v(w) (w1 u) is a solution
as well.
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4.2.4. Proposition. The dimension of space of local solutions of (M) is |W]|.
4.3. The map (M), — (HO),. Define the map
M: CW]—C, M()_ ayw)= Y a,.

weWw weWw

Theorem. Fiz A € b*. If p(u) = >, ¢uw(u)w is a solution of the equations
(M) then M(¢) is a solution of (HO),.

4.4. A base of || local solutions of (M),. Let us introduce exponential
local coordinates on b

yi(u) =e*W weh, i=1,...,r
Then

Consider the constant parts of the operators Ag \(u):
Ag(u) = A?,A + Z Alg,)\eu(U)
HEQ++

where

A% =2 Y Ha)a(€)ou(os — 1) +c(N) + o(6)

acR4

The |[W|x [W|-matrices Af , are triangular (with respect to the (partial) ordering
by length in W), with the diagonal elements

(Ag,A)ww = (wA + 0)(§)
The matrices Ag ,, commute with each other for different £, due to (4.2.1).

Let

0 I
77Z)A,w = E Axww' W Axww = 1, (441)
w'eW
denote the common eigenvector

Ag,)\wg,w = (w)\ + Q) (f)d&w

Since the matrices A? , are triangular, the matrix

(wg,w)wew

is triangular as well (cf. Moebius inversion).
In the new coordinates the equations (M) have the form

(0] Ay
0y; B <

)

+ o<1))¢
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4.5. Theorem. Suppose that for allw € W wA—X ¢ Q(R). Then the Matsuo
system (M) admits a unique base of solutions {x v }wew of the form

Urw(u) = elren) <¢§,w + 2. w&ﬁwew)
HEQ+
4.6. Theorem (the first Matsuo product formula).
k(o) + 2k(2a) + (A, )
MR = 11 -

\%
a€ERNw-IR_ <)\7 @ >

4.7. Harmonic polynomials. Cf. [Hel] (b), Ch. III; [Chev]. Consider the
symmetric algebra Sh = C[h*]. The subalgebra of invariants Sh" C Sh is a
polynomial algebra on generators fi, ..., f, of degrees dy,...,d, (Chevalley).

Let D; denote the Fourier transform of f;: it is a differential operator with con-
stant coefficients acting on Sh*. We identify h* with h using the scalar product,
so the operators D; act on Sh.

The space of harmonic polynomials
H={fesSh D;f=0,1<i<r}cCSh
It is graded by the degree '
H = @2, H"
and the Poincaré polynomial is equal

T

Py(t) = i dim Mt = [ [ t:i__ll
=0

j=1

It coincides with .
Pult) = Bu(t) = Y (W
where -
Wi = {w e W[ l(w) = i}
It has dimension |IW| and
H—Sh/I, Sh=H I
where I = (ShH)W - Sh.
4.8. Since the matrices A7, € Endc(C[W]),€ € b, commute and the map
£ AL,
is C-linear, this map extends to a map

A} Sh — Endc(C[W]), f— A,
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Define a map
J3:Sh— CW], f—Jy,
by the symmetrization of A:
(JJ(‘),)\)U) = Z (A(])ﬂ)\)ww’

w'eW

4.9. Theorem (the second Matsuo product formula). Let {h, }twew be
a homogeneous base of H. Then the determinant of the W x W matrix

det((J5, \uw) = c [ (k(a) + 2k(20) + (X, a¥))WI/

a>0

4.10. Main theorem. If ¢ = > . ¢ - w is a solution of Matsuo equa-
tions (M) then M(¢) = >, cw Gw is a solution of Heckman - Opdam equations
(HO),.

If for all a > 0 k() + 2k(2a) + (A, a¥) # 0, the Matsuo averaging map
M : Sol((M),) — Sol((HO),)

1S an isomorphism.

4.11. Rational limit: Calogero system. Many-body gauge. Cf. [FV].
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Lecture 5. Confluent KZ equations and integral formulas

5.1. From Gauss hypergeometric function to Whittaker function. Cf.
[R].

Hypergeometric equation:

{5(5+c—1)—z(5+a)(5+b)}f(z):() (5.1.1)
where § = zd/dz.
It has 3 regular singular points: 0, 1, co.
Bases of solutions:

near 0:

F(z) = F(a,b,c;2),
)= Fl4+a—-cl1+b—-c2—c2)
near 1:
fi(z)=2""F(a,a+1,a+b—c+1;1—1/z),
f3(2) =21 = 2)" " "Flc—a,—a+1,—a—b+c+1;1—1/z2)

near o<:

fe=e"2F(a,a—c+1,a—b+1;1/z),
foo = einl-ate) ya- c( —2) P (—a+ 1, —a+c,—a+b+1;1/2).
Here . @)

a)n(b)n

F(a,b,c;2) zg (!
n—1

(@), = || (a+7)

i=0

Confluent hypergeometric equation:

{5(5+c—1)—z(5+a)}f(z):0 (5.1.2)

It has two singular points: 0 which is regular and oo which is irregular.
Bases of solutions:

near 0:

f(z) = 1F(a,¢2) i

n:(]
fgo(z) =yt 1Fila—c+1,—c+2;2);

)
nn'
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near oo:
ffo(z) =z QFO(a'a a—c+1; _1/2)7

f55(2) = 2977 oFy(—a+ 1, —a+¢; 1/2).
Confluence: from (5.1.1) to (5.1.2).
One has to make a change of variable z — z/b and set b — oc.

5.2. Integral formulas.

A hypergeometric integral:
/tb_l(l — )71 — 2t) Tt
A confluent hypergeometric integral:
/ e (1 — 2t)dt

5.3. FMTYV equations. Cf. [FMTV].
Let
g= b b (@a>0(ga ¥ g—a))

be a simple Lie algebra; we fix an invariant scalar product (.,.) on g and root
vectors e, € g, in such a way that (e,,e_,) = 1.

The Casimir element

Q= " h@h+) ea®eq
i=1 a>0

where {h;} is an orthonormal basis in b.

We consider two compatible systems of differential equations on a function
v(izzp) e M =M ®...M,
where (z; 1) = (21, ., 2n; fi1, - - -, i) € C*7 M; being g-modules.

The first one is

ov ,
— @) ;
K@zi_” v+§ Zi_zj,lglgn (5.3.1)

where k € C*, u = > ph; € b and p denotes the action on the i-th tensor
factor. This is a deformed KZ system.
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The second one is

v & : (c, hg)
— @) » %8
K = E zip'v + E €al_al, 1 <s<r (5.3.2)
Ops (av, )

This system is sometimes called the Casimir connection.

i=1 a>0

All these n + r differential operators commute with each other.

5.4. Integral solutions. Cf. [SV], [FMTV]. Suppose that for each i M;
is a highest weight module generated by a vacuum vector x; of weight A;. Let
{as, s =1,...,r} be a base of simple roots and fs :=e_,,.

We set A = > A;. We have the weight decomposition
M = ®req, Ma-x
where Q. = {>_ nsas| (ny,...,n,) € N}

We shall describe solutions of (5.3.1), (5.3.2) with values in a fixed weight
subspace Mj_x, A =Y mgas. They will have the form

[t tpotn st
7(2)

Set m = > my. Let

w: [m]:={1,...,m} — [r] (5.4.1)
be the non-decreasing map such that [u=!(s)| = m, for 1 < s < r (an unfolding).
Define a function of n + m variables z1,..., z,;t1, ..., tm:

d(z;t) = H(tp — t,) @ o) H(tp — z;) @A) H<zl — z;)Ais)
p<q D, 1<j

Next, set
bul(z31) = AT o g2 )

Now let us describe a logarithmic m-form w(z;t) with values in My_,. This
weight space is generated by monomials of the form

Jrv=Jfnu®... fr,u,
Here we denote
fr, = fi,1 - ..fijqj, Iy = (i1, .., 1jq,) €[], 1 <5 <.
Here I runs through the set P(\, n) of all n-tuples
I=(I,...,1,)
such that in the sequence

111, - - - ann
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there are exactly m, indices i,, = s for all 1 < s <r.

Let us pick a map ' : [r] — [m] such that vu’ = Id}) and denote for brevity
tl' = tu’(i); 1 S 7 S T.

Define the differential forms
wr(z;t) = dlog(t;, —ti,) A ... Ndlog(ti,_, —t;,) A dlog(t;, — 2),
wi(z;t) =wr (z15t) A oo Awr, (203 1)
Now comes the main definition:

wizt)= Y Y (=1)a(wilzt)frv € My y

IeP(\n) o€}
Here ¥; C %, denotes certain subgroup associated with I acting on variables ¢;.

5.5. Theorem, [FMTV].
dlog ¢, Nw = (Z pdz; + L) Aw (5.5.1)

where

L= Z Q9 dlog(z — z;).

i<j
This is a purely combinatorial identity proved by using the Gelfand identity.
For = 0 it is proven in [SV], Thm. 7.2.5”.

5.6. Theorem, [FMTV]. Let v(z) be a z-horizontal family of cycles in the
fibres of the projection

C™ x C* — C", (t,2) — 2.
Then
o(p, 2) = / ()61, 2 )Vt
~(z)

is a solution of both systems (5.3.1) and (5.3.2).

For p = 0 this is the main result of [SV].

Proof of the first half. The identity (5.5.1) implies (since d log( }/”)):

dg)/"w = (Y pWdz; + L)pw. (5.6.1)
Now apply to both sides the operator
I1(7) = /(z’a/azi.?)dt (5.6.2)
v

The result of applying to the RHS will be the RHS of (5.3.1) applied to v.
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On the other hand, dw = 0, whence
dgy/" Aw = d(¢)/" Nw);
decomposing d = d, + d; and using

/ (d;?)dt =0

we deduce that I applied to the LHS of (5.6.1) will result in the LHS of (5.3.1).
UJ

5.7. Example and questions. Recall the Matsuo equations (M),, cf. 4.2
and its rational limit.

Take g = sl,,, thus W = S,,, and M = V®" where V is the vector representa-
tion. Then take the KZ equation with values in the weight space M,; this space
is n! = |W|-dimensional. This equation may be identified with the rational limit
of the Matsuo equation for the root system A,_1, cf. [M], 6.3.

Thus we have for them the integral formulas for the solutions. Applying the
(rational limit of) Matsuo theorem 4.10 we get the integral formulas for the zonal
spherical functions.

Applying the limit near the walls of a Weyl chamber we get integral formulas (in
the form of Selberg integrals) for the Harish-Chandra c-function in this case. It
would be interesting to compare them with the original Harish-Chandra integrals
and the GK formula.

What does the Matsuo transformation with the a solution of the full FMTV
equation?

5.7. The FMTYV equations are a particular case of more general KZ equations
with irregular singularities, cf. [GL], [NS].

References

[Ba] V.Bargmann, Irreducible unitary representations of the Lorentz group,

Ann. Math. 48 (1947), 568 - 640.
[B] A.Borel, Automorphic forms on SLy(R).
[Bu] D.Bump, Automorphic forms and representaions.

[Ch] I.Cherednik, Integration of quantum many-body problems by affine Knizh-
nik - Zamolodchikov equations, Adv. Math. 106 (1994), 65 - 95.

[Chev] C.Chevalley, Invariants of finite groups generated by reflections, Amer.
J. Math. 77 (1955), 778 - 782.



33

[F] V.Fateev, Normalization factors, reflection amplitudes and integrable sys-
tems, arXiv:hep-th/0103014.

[FL] V.Fateev, A.Litvinov, Correlation functions in conformal field theory I,
arXiv:0709.3806.

[FV] G.Felder, A.Veselov, Shift operators for the quantum Calogero - Suther-
land problems via Knizhnik - Zamolodchikov equation, Comm. Math. Phys. 160
(1994), 259 - 273.

[FZ] P.Freund, A.Zabrodin, (a) The spectral problem for the ¢-Knizhnik-
Zamolodchikov equation, Phys. Let. B 311 (1993), 103 - 109; (b) The spec-
tral problem for the ¢-Knizhnik-Zamolodchikov equation and continuous ¢-Jacobi
polynomials, Comm. Math. Phys. 173 (1995), 17 - 42.

[Ga] K.Gawedzki, Non-compact WZW conformal field theories, arXiv:hep-
th/911007.

[Gel] I.M.Gelfand, Integral geometry, Talk at ICM 1962 Stockholm.

[GGPS] I.M.Gelfand, I.M.Graev, I.I.Pyatetsky - Shapiro, Representation the-
ory and automorphic functions.

[G] D.Goldfeld, Automorphic forms and L-functions for the group GL(n,R).

[Ha] M.Hashizume, (a) Whittaker models for real reductive groups, Japan J.
Math. 5 (1979), 350 - 401; (b) Whittaker functions on semisimple Lie groups,
Hiroshima Math. J. 12 (1982), 259 - 293.

[HC] Harish-Chandra, (a) Eisenstein series over a finite field, in (c¢) (Russian
edition). (b) Spherical functions on a semisimple Lie group, I, Am. J. Math. (c)
Automorphic forms on semismple Lie groups.

[HO|] G.Heckman, E.Opdam, Root systems and hypergeometric functions I,
Compos. Math. 64 (1987), 329 - 352.

[Hel] S.Helgason, (a) Differential geometry, Lie groups and symmetric spaces;
(b) Groups and geometric analysis; (c¢) Topics in harmonic analysis on homoge-
Neous spaces.

[I] H.Iwaniec, Topics in classical automorphic forms.

[Karp| Lie groups and symmetric spaces. In memory of F.I. Karpelevich,
S.Gindikin (ed.), AMS Transl. 210: (a) S.Gindikin, Product formula for c-
function and inverse horospherical transform; (b) A.Knapp, The Gindikin - Karpele-
vich formula and intertwining operators.

[KT] S.Khoroshkin, V.Tolstoy, Yangian double and rational R-matrix, arXiv:hep-
th/9406194.



34
[KST] S.Khoroshkin, A.Stolin, V.Tolstoy, Gauss decomposition of trigonomet-
ric R-matrices, arXiv:hep-th/9404038.

[L] R.Langlands, (a) On the functional equations satisfied by Eisenstein series,
LNM 544; (b) Euler products.

[MO] D.Maulik, A.Okounkov, Quantum groups and quantum cohomology,
arXiv:1211.1287.

[M] A.Matsuo, Integrable connections related to zonal spherical functions, Inv.
Math. 110 (1992), 95 - 121.

[OP] M.Olshanetsky, A.Perelomov, Quantum integrable systems related to Lie
algebras, Phys. Rep. 94 (1983), 313 - 404.

[O] E.Opdam, Harmonic analysis for certain representations of graded Hacke
algebras, Acta Math. 175 (1995), 75 - 121. (§4)

[T] J.Teschner, (a) On the Liouville three-point function, arXiv/9507109. (b)
On structure constants and fusion rules in the SL(2, C) WZNW model, arXiv:hep-
th/9712256.

[WW] E.T.Whittaker, G.N.Watson, A course of modern analysis.

[ZZ] A.Zamolodchikov, Al.Zamolodchikov, Conformal bootstrap in Liouville
field theory, Nucl. Phys. B477 (1966), 577 - 605.

To Lecture 5

[GL] D.Gaiotto, J.Lamy-Poirier, Irregular singularities in the Hy WZW model,
arXiv:1301.5342.

[FMTV] G.Felder, Y.Markov, V.Tarasov, A.Varchenko, Differential equations
compatible with K7 equations, arXiv:math/0001184.

[NS] H.Nagoya, J.Sun, (a) Confluent KZ equations for sl with Poincaré rank
2 at infinity, arXiv:1002.2273. (b)Confluent primary fields in the conformal field
theory, arXiv:1002.2598.

[R] J.-P Ramis, Confluence et résurgence, J. Fac. Sci. Tokyo Sec. TA 36
(1989), 703 - 716.

[SV] V.Schechtman, A.Varchenko, Arrangements of hyperplanes ans Lie alge-
bra cohomology, Inv. Math. (1991).



