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Résumé: On étudie le comportement pour les grands temps des solutions
de I’équation de Navier-Stokes dans la bande R? x (0,1). Aprés reformulation
du probléeme a ’aide de variables auto-similaires, on calcule un développement
asymptotique en temps de la vorticité jusqu’au second ordre, en supposant que
la vorticité initiale est suffisamment petite et décroit polynomialement & I'infini.
Dans un deuxiéme temps, sans cette hypothése de petitesse sur la donnée ini-
tiale, on prouve que, de nouveau, le comportement asymptotique des solutions
globales est régi par 1’équation de Navier-Stokes bidimensionnelle. En partic-
ulier, on montre que de telles solutions convergent vers le tourbillon d’Oseen.

Abstract: We study the long-time behavior of solutions of the Navier-Stokes
equation in R? x (0,1). After introducing self-similar variables, we compute the
long-time asymptotics of the vorticity up to second order, assuming that the
initial vorticity is sufficiently small and has polynomial decay at infinity. After-
wards, we relax this smallness assumption and we prove again that the long-time
behavior of global bounded solutions is governed by the two-dimensional Navier-
Stokes equation. In particular, we show that solutions converge towards Oseen
vortices.
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Introduction

We consider the motion of an incompressible viscous fluid filling a three dimen-
sional layer R? x (0, L) where L is a given length scale (for example, the depth
of ocean). We denote by z = (z;,z5) € R? the horizontal variable and by
z € (0, L) the vertical coordinate. If no external force is applied, the velocity
field u = (uy, ug, ug)” of the fluid is given by the Navier-Stokes equation

1
Gu+ (u-Viu=vAu— -Vp, divu=0, (1)
p



where p is the density of the fluid, v the kinematic viscosity and p the pressure
field. Replacing z, z,t, u, p with the dimensionless quantities

z z vt Lu L%

equation (1) is transformed into
Su+ (u-Viu=Au—-Vp, divu=0, (2)

where u = u(z,2,t) € R®, p = p(z,2,1) €R, (z,2,1) e R? x (0,1) x RT. We
supplement (2) with the initial condition

u(z,2,0) = uo(x,2), (x,2) € R*x (0,1).

As no external force is applied, the velocity u and the pressure p converge to an
equilibrium. Studying this asymptotic behavior is the aim of the present article.

As far as the three-dimensional Navier-Stokes equation is concerned, there
have been numerous studies in the recent past years to precise the asymptotic
decay in time of global solutions. Let us quote in particular the papers of M.E.
Schonbek [14], [15], [16], M. Wiegner [20], A. Carpio [1], [2], and more recently
of T. Miyakawa and M.E. Schonbek [10], Th. Gallay and C.E. Wayne [6]. In
the present work, we show how the methods developped in [6] can be adapted
to the case of a three-dimensional layer.

The previous works in a three-dimensional layer mostly deal with rotating
fluids, namely with equation (2) where an external Coriolis force is added. Sev-
eral articles have been written by J.Y. Chemin, B. Desjardins, I. Gallagher and
E. Grenier [3] where they show that the asymptotics (when a small parameter
goes to zero) are driven by a two-dimensional Navier-Stokes equation. As we
shall see, the long-time behavior of (2) is also governed by the two-dimensional
Navier-Stokes equation studied in [5].

We are therefore interested in the asymptotic behavior of the two dimen-
sional Navier-Stokes equation. Let us quote three important papers which show
with different methods that the first order asymptotics are driven by Oseen
vortices. Y. Giga and T. Kambe [4] show the stability of the Gauss kernel with
estimates on the integral equation. A. Carpio [1] proves the convergence to the
fundamental solution of the heat equation with rescaling methods. Finally, Th.
Gallay and C.E. Wayne [5] construct finite dimensional invariant manifolds and
use the idea that these manifolds control the long-time behavior of solutions to
prove the stability of Oseen vortices. This method also allows to compute the
asymptotics of the two-dimensional Navier-Stokes equation to any order.

We supplement (2) with boundary conditions: for all (z,z,t) € R? x Rt,

u(z, z+ 1,t) = u(e, z,t) . (3)

This periodic boundary conditions (3) are not physically realistic. Nevertheless,
space periodic flows are of interest in the study of homogeneous turbulence and,
from the mathematical point of view, periodic boundary conditions enable us to
solve functional analysis problems with the use of Fourier transformation (see
[18)).

Although Dirichlet boundary conditions would be more realistic, they are of
less interest in our case as the solutions converge exponentially fast to zero. The



asymptotic behavior observed in the periodic case and the formation of Oseen
vortices do not occur with the Dirichlet boundary conditions.

Alternatively, we will also consider stress-free boundary conditions. In this
case, the force applied by the boundary on the fluid is normal to the surface
and there is no shearing stress, see [19]. The mathematical translation of this
situation reads for all (z,t) € R? x R¥,

8'111 . 8u1 ) _
E(I,O,t) = a—Z(I, 1,t) =0
(9’&2 - (9'U2 ) _

In this paper, we use the vorticity formulation to study the long-time behav-
ior of solutions of the Navier-Stokes equation (2). Setting w = rot u, equation
(2) is transformed into

Ow+ (u-Vw— (w-Vu=Aw, divw=0, (5)
together with the initial condition
w(z,2,0) = wo(z, z) = rot ug(z, 2) .

The velocity field u can be reconstructed from w via the Biot-Savart law (see ap-
pendix A). Boundary conditions can also be expressed in terms of the vorticity.
Periodic conditions read for all (z,2,t) € R® x RT,

w(z,z+ 1,t) =w(z, 2,t)

and stress-free conditions can be written for all (z,t) € R? x Rt as

wi(z,0,t) =wi(z,1,t) =0

wa(z,0,t) =wq(z,1,t) =0 (6)
(9(.03 (9(.03
—{: )= —(z.1.t)=0.

Dz (,0,%) Dz (z,1,8) =0

Although (2) and (5) are equivalent in some spaces (see [9]), we believe it is
more convenient to compute long-time asymptotics in the vorticity formulation.
Indeed, it has been shown, for instance by Wiegner in [20], that the decay rate in
time of the velocity u(t) is governed by the spacial decay rate of the initial data
ug. However, this spacial decay is not preserved under the evolution defined by
(2) and {up € L2(R? x (0,1))2] (1+|z|)uo € L} (R? x (0,1))3} for instance is not
an invariant set of initial data. On the other hand, the evolution of the vorticity
(5) is not affected by this disadvantage. If (1 + |z|)™wo € L?(R? x (0,1))3
for some m > 0, then the solution w(t) of (5), whenever it exists, satisfies
(1 + |z|)™w(t) € L2(R? x (0,1))3. The spatial decay rate of the vorticity w
is preserved under the evolution defined by (5). Thus, we believe it is more
convenient to use the vorticity formulation of the Navier-Stokes equation to
compute the long-time asymptotics of the solutions.

In the first three sections of this paper, we assume w is small and decreases

sufficiently fast as |z| goes to infinity. The first property allows to deal with



global bounded solutions of (5) and the second one is very helpful to study
long-time asymptotics.

To actually compute the asymptotics, we use methods of infinite dynamical
systems and spectral projections to reduce the study of (5) to the one of a
finite number of ODE’s. This idea has been developped by Th. Gallay and
C.E. Wayne in [5] when building invariant manifolds to derive the long-time
behavior of the vorticity. However, if we linearize equation (5) around the zero
solution, the linearised equation has continuous spectrum all the way from minus
infinity to zero and it is not clear how to build such manifolds. The usual idea
for parabolic equations is then to express the vorticity w(z,z,t) in terms of
self-similar variables (¢, z,7) defined by ¢ = z/v/1+1t, 7 = log(1 + t), see (7)
below. As the scaling in time has been blown up, the rescaled linearised operator
has remarkable spectral properties in weighted Lebesgue spaces that we use to
compute the asymptotics of w. Indeed, we find as in [5] that the asymptotics are
governed by Rw, the projection of the rescaled vorticity w onto z-independent
functions. Moreover, Rw satisfies an evolution equation whose operator has a
countable set of real, isolated eigenvalues with finite multiplicities. The essential
spectrum can be pushed arbitrarily far away into the left-half plane by choosing
appropriate function spaces (i.e. spatial decay rate of the vorticity). Thus,
the long-time asymptotics in a neigborhood of the origin are determined, up to
second order, by a finite system of ordinary differential equations.

In section 1, we prove the existence and uniqueness of global bounded so-
lutions of the vorticity equation (5) with periodic boundary conditions in a
neighborhood of the origin. Section 2 is devoted to the first order asymptotics.
Under appropriate conditions, we show that

0
« x 1
w(e,z,t) ~ —G <—> ,GE)=—1 0 ,
1+t \/1+t 471' e_|é~|2/4

as t goes to infinity, where « is a real coefficient which can be easily computed
from the initial data. Notice that G is independent of z and the corresponding
velocity field obtained from the Biot-Savart law is horizontal, i.e. the third
coordinate ug is zero. This velocity field is called Oseen vortex and also governs
the long-time asymptotics of the two-dimensional Navier-Stokes equation (see
[1], [4], [5]). In section 3, we give a higher order asymptotic expansion of w in
case a = (. This case represents the velocity of finite energy. We prove in this
situation that the long-time behavior of the velocity field is two-dimensional
(i.e. does not depend on z) but not horizontal (i.e. ug is not trivially equal to
zero). Actually, we show that under appropriate conditions

3

W@,z 1) ; (1 -|-t)%FZ <m> ’
when t goes to infinity, where (3);=1 . 3 are real coefficients computed easily
from the initial data. The vectors (Fi,F2, F3) made of derivatives of G are
linearly independent. The three of them are two-dimensional but only F; and
F5 correspond to horizontal velocities. The velocity obtained from F5 has non-
trivial coordinate us.

The methods developped in these two sections 2 and 3 are very general and
could be applied to compute the asymptotics of (5) up to any order, as soon as



the spectral properties of the rescaled linearised operator mentioned above are
well-known.

So far, our results concern small solutions only. In section 4, we show how
they can be extended to all global bounded solutions of (5). Following [7],
we relax the smallness assumption on the vorticity and compute with different
methods the asymptotics of the vorticity in the same weighted spaces. Using
the w-limit set of a trajectory, Lyapunov function and LaSalle’s principle, we
show once more that the asymptotics are governed by the z-independent part
of the vorticity. More precisely, we prove that the velocity converges to Oseen
vortices.

In section 5, we prove analogous results in the case of stress-free bound-
ary conditions. We show that the long-time behavior of the velocity is two-
dimensional and horizontal. In particular, w(t) behaves, when ¢ goes to infinity,
as (0,0,wsp)”, where wop is the solution of the two-dimensional vorticity equa-
tion studied in [5].

Finally, appendix A deals with the Biot-Savart laws in a three-dimensional
layer and contains useful estimates of the velocity field in terms of the vorticity
in weighted Lebesgue spaces. Appendix B is a generalisation of the study carried
out in [5] on the spectrum of the two-dimensional operator £ which governs the
asymptotics of our three-dimensional equation. Next, appendix C describes the
properties of generator S(7, o) of the evolution equation satisfied by the rescaled
vorticity w. We compute useful estimates on 9*S(r, o) in weighted Lebesgue
spaces. Finally, appendix D gives some technical bounds on series and integrals
used throughout this paper.

Notations: Throughout the paper, we denote by ||.||z the norm in the
Banach space Z and by |.| the usual euclidean norm in R™. For any p € [1, +o0],
if fe LP(R2 X (0, 1))3, we set ||f||LP(R2x(O71)) = || |f] ||LP(R2><(O,1))~ Weighted
norms play an important role in this paper. We always denote b(&) = (1+|¢]?) 3,
¢ € R?, the weight function. For any m > 0, we set || f||m = [[b™ f||L2(r2x(0,1))-
If f € CO([0,T]; LP(R?x (0, 1))3), we often write f(7) to denote the map (¢, z) —
f(&,z, 7). Finally, we denote by C' a generic positive constant, which may differ
from place to place, even in the same chain of inequalities.

Acknowledgments: I would like to thank Thierry Gallay for all his help
and suggestions regarding this work. I also thank Isabelle Gallagher for stimu-
lating discussions.

1 The Cauchy problem for the vorticity equa-
tion

In this section, we describe existence and uniqueness results for solutions of
the vorticity equation (5). As stressed in the introduction, our approach is to
study the behavior of solutions of (5) and then to derive information about the
solutions of the Navier-Stokes equation as a corollary.

In R? x (0, 1), the vorticity equation is

Ow+ (v Viw— (w-Vu=Aw, divw=0

where w = w(z, z,t) € R? is 1-periodic in z, (z,z,t) € R? x (0,1) x R* and the
velocity field u is defined in terms of the vorticity via the Biot-Savart law (see



appendix A).

As our analysis of the long-time asymptotics of (5) depends on rewriting the
equations in terms of scaling variables, we deal with the Cauchy problem in the
new variables .

= —, 7 =log(l +1).
As no scaling of type z — Az preserves the domain (0, 1), the third coordinate
z remains unchanged. If w(z, z,t) is a solution of (5) and u the corresponding

velocity field, we introduce new functions w(é, z, 7) and v(¢, z, 7) by

w(z,z,t) = Lw <ﬁ,z,log(l -|-t)> , (7)
1

N <\/%’Z;10g(1 +t)> .

As the transformation is time-dependent for the first two coordinates ¢ € R2,
the divergence operator becomes a time-dependent operator. Namely,

u(z,z,t) =

div w(t) =0 for any ¢t > 0 < div,w(r) =0 for any 7 > 0, (8)

where
div,w(r) =V, -w= Vg we+ €3 d,w, ,

and

we = (w1,wy,0)", Ve = (9, 0¢,,0)" .
Using the same notations, notice that the relation between w and v reads
w(r) =rot;v(r) =V, Av(r), 7>0.
Then, w satisfies the evolution equation
drw=A(T)w+ N(w)(r), divyw(r)=0, (9)
where
ATy =L+ €52
E:AE-I-%\EVE—FI
N(w)(r) = (w- V)= (v Vr)w
= (we - Ve)v — (v - Ve)w + €2 (w,0,v — v,0,w)

and the velocity field v is given by the Biot-Savart law described in appendix
A. Scaling variables have been previously used to study the evolution of the
vorticity in [1], [4] and [5]. In those articles, the scaling variables are very
convenient as they transformed an autonomous system into another one. Indeed,
in R™, Navier-Stokes equation is invariant under the scaling transformation

u(z,t) = Au(Az, A%t), p(x,t) = A2p(Az, A\%t).

In the three-dimensional layer R? x (0, 1), this property is no more satisfied and
the new system (9) in scaling variables is not autonomous. However, as stressed



in the introduction, we shall prove that the asymptotics of (5) are governed by
the two-dimensional Navier-Stokes equation in R? which is autonomous.

As in the two-dimensional case [5], we shall solve the rescaled vorticity equa-
tion in weighted LZ-spaces. For any m > 0, we define the Hilbert space L?(m)
by

L*(m) = {f(¢,2) : R® = R?| f is l-periodic in 2, ||f||m < o0}  (10)

where

17l = (/R( |

) (1+ |E|2)m|f(E,Z)|2dzd€) = (16" fllz2 (2 x (0,1))-

1
2

On the contrary to what is usually done on Navier-Stokes equation (see R.
Temam [19]), we do not include the condition of incompressibility in the defini-
tion of function spaces we use. As shown in (8), the divergence-free condition
on w becomes time-dependent in scaling variables and therefore cannot be taken
into account to define L?(m). However, as this assumption on incompressibility
is crucial, we always mention it in our various theorems.

In appendix C, we show that the time-dependent operator A(r) is the gen-
erator of a family of evolution operators (or evolution system) S(r, o) in L?(m)
for any m > 0. Since d;A(r) = (A(r) 4 3)9; for i = 1 or 2 (where 9; = J¢,) and
0,A(1) = A(7)0,, it is clear that 9;S(r,0) = e 2 S(1,0)0; for all 0 < o < T
and i = 1 or 2. Thus, using the fact that div,w(r) = div,;v(r) = 0, we can
rewrite (9) in integral form:

wi (1) = S(,0)w; (0) + /0 > e =70;8(r,0)Mij(0) + €20, S(r, 0) Mis (o) do

(11)

where 1 = 1,..,3 and
Mij = W;v; — VWi

The main result of this section states that, if the initial data are small, (11) has
global bounded solutions in L%(m).

Theorem 1.1 Let m > 1. There exists Ko > 0 such that, for all initial data
wy € L%(m) with divwy = 0 and ||wo|lm < Ko, equation (11) has a unique
global solution w € C°([0,+0c0); L2(m)) satisfying w(0) = wg and for any T > 0,
div,w(r) = 0. In addition, there exists Ky > 0 such that

lw(m)llm < Killwollm , 72 0. (12)

Proof:  Given wy € L?(m) with div wy = 0, we shall solve (11) in the Banach
space

X = {w e ([0, +00); L*(m)) | div,w(r) = 0, [lw||x = sup [|w(7)[|lm < o0}.
720
We first note that 7 — S(r,0)wg € X as by proposition C.1.(a) with @ = 0,¢ =
2,m > 1, there exists C; > 0 such that for any 7 > 0,

1S (7, 0)wollm < Chllwollm. (13)



Next, given w € CY([0,+o0); L?(m)), we define F(w) € C°([0,+o0); L%(m))

coordinate by coordinate. For i =1, .., 3,
P2
Fi(w)(r) :/ ZE_%(%S(T, o) M;; (o) +€%0,S(r, ) M;3(c)do, 7 > 0.

We shall prove that F' maps X into X and that there exists C5 > 0 such that

1P (w)llx < Callwllk, [1F(w) = F(w)llx < Callw —w'|lx(llwllx + IIw'IIX(), :
14

for all (w,w’) € X2 As is easily verified, the bounds (13) and (14) imply
that the map w — S(r,0)wo + F(w) has a unique fixed point in the ball {w €
X ||lwl|x < R} if R < (2C2)~" and [Jwo||m < (2C1)~'R. Using Gronwall’s
lemma, it is then straightforward to show that this fixed point is actually the
unique solution of (11) in the space C°([0, +o0); L?(m)). Finally, since ||w||x <
Chl|lwo|m~+C2||w||% < Cl||w0||m+%||w||x, the bound (12) holds with K1 = 2C}.
To prove (14), we use the bounds on S(7,0) proved in appendix C. First,

1)) < / 50,5 (r. )M () | mdo

+/ €210, S(r, o) M;3(0)||mdo .
0
The first integral is bounded by proposition C.1(a) with & = (1,0, 0) or (0, 1, 0),

q = % and m > 1. The second one is bounded by proposition C.1(b) with
a=(0,0,1),¢= % and m > 1. Then, fori =1, ..,3,

IEt) ) <€ [ Z

z —41r (e™—e7)
—|[b™ M; do .
+C/ (r—opbater ey 0 Mia(Oll L4 o,

do

b M, 3
(r—0) aa (e7 —e° )%H il )HLE(RzX(Oyl))

As a(r — o) < a(e” —e%), it is clear that

T e~ 0 g-u/2 ‘
/ . —do < / ———du < +00 (15)
0o a(r—o)sa(e” —e?)1z o a(u)?

and by appendix D.2 with («, 8,7,d) = (%,O, %, %), we get

T 6%6—47r2(e"—e”) .
/ - c<Ce™3 < +0.
o af

L
2

T—o)sale” —e?)1

9
IN

Then, we just need to bound ||meij”L%(R2><(0 D)

first inequality of (14). Using Holder’s inequality, we get

in terms of ||w||% to get the

167 wjvill 3 oy 0.0y S P Willamax o llvillLe®axo,1)-



Dividing v; into two parts as in appendix A, v; = ¥; + ¥;, see (42) and using the
Biot-Savart laws proved in appendix A.4, we get

Ioullzeces) < Clhil, 3 e

[Willerex(0,1)) < Cllllzz(Rax(0,1)) -

Finally, by Holder’s inequality, we have L?(m) — L4(R?x(0,1)) forall ¢ € [1, 2],
m > 1, and the following estimates

0l 3 ey < Cllollon and (1l x 0,17 < Cllelo

oy < Cllwll Then, [F@)lx <
Cs]|w||% and the second inequality in (14) can be proved along the same lines.
The proof of theorem 1.1 is now complete. R

We translate theorem 1.1 in terms of the vorticity w(z, z,t) in the original
variables:

lead to the conclusion ||bm'wjvi||L

Corollary 1.2 Let m > 1. There exists €g > 0 such that for all initial data wy €
L2(m) with div wg = 0 and ||wol|m < €0, equation (5) has a unique global solution
w € C([0, +00); LY(m)) satisfying w(0) = wo and divw = 0. In addition, for
any p € [1, 2], there exists €1 > 0 such that

€
————||wollm, t>0. (16)
p

(1+1)
Proof: First take eg = Ko. If wg € L?(m) satisfies div wo = 0 and ||wol|m < €0,
the function wq defined by (7) is in L?(m) for m > 1 and ||wo||lm < Ko. By
theorem 1.1, there exists a unique solution w € C°([0, +00); L?(m)) to (11) sat-
isfying w(0) = wp and for any 7 > 0, div,w(7) = 0. Let w be the corresponding
vorticity defined by (7). Then, as w(t) € L?(m) and L?(m) — LP(R? x (0, 1))
forpe[1,2], m > 1,

llw ()| Le(R2x(0,1)) <

lw()lpRax(0,1)) = (1 + 1) F 7 [Jw(r) | o(r2x (0,1))
<O+ [w(m)]lm
-
wollm -
(1+6)>
Taking e; = C'K; ends the proof of the corollary. m
Remark: Due to the embedding L?(m) — LP(R? x (0,1)) which is true
for p € [1,2], the proof only holds for this range of p. However, due to the
regularising effect, (16) holds for all p € [1,+oo] if ¢ > 1.
In order to compare these estimates with other known results on Navier-

Stokes, it is worth stating the previous corollary in terms of the physical variables
which appear in equation (1). Define the physical vorticity Q by

INA

L? L? ‘ 9 +
—Q | Lz, Lz, —t ) =w(z,2,t), (z,2,1) ER*x(0,1)x RT.
v v

Then, Q satisfies the vorticity equation associated to (1) and corollary 1.2 states
that if L3[|(1 + 2™ Q|| La(rax(0,1y) < €ov, then

€@Gv

L2220 |Lrrex 01)) € —— = -
(1+%) 7>



This last inequality clearly shows the influence of the kinematic viscosity v.
In particular, the smallness assumption of the initial data required in the first
three sections is, in fact, a comparison between the physical vorticity and the
viscosity.

2 First-Order Asymptotics

In this section, we consider the behavior of small solutions of the integral equa-
tion (11) in L%(m) for m > 1. In R(L?(m)) where R is defined in (50), the
discrete spectrum of £ contains at least a simple isolated eigenvalue Ag = 0 (see
appendix B.1) with eigenfunction G = (0,0, G)T where here and in the sequel,
G is the gaussian function:

2
10 oo () e ew

Let v& denote the corresponding velocity field, satisfying rot v& = G. Then,

1 e-lerrra_q [ &

VG(E'):%T —gl €= (6,86) e R,

and (v¥ . V)G = (G - V)vY = 0. As a consequence, for any o € R, w(€,z) =
aG(¢) is a stationary solution of (9) whose velocity av® is called Oseen Vorter.
Using these notations and appendix B.3, any solution w of (11) in L?(m) for
m > 1 can be decomposed as

'w(é:: z, T) Po'w(£, z, T) + Qow(é’, Z, T) + R'W(g, Z, T)

a(r)G(E) + qo(&, ) + (€, 2, 7) (17)

where the projections Py, Qo, R and the coefficient o are defined in appendix
B by (50, 54, 56). Then, go belongs to the subspace Wy of R(L?(m)) defined
in (55) which is also the spectral subspace associated with the strictly stable

part of the spectrum of £ in R(L%(m)). In particular, SRz 90(&, 7)dE = 0 for all

7 > 0. Moreover, fol r(€,z,7)dz = 0. Notice that the notations r and @ are
equivalent.

As in the two-dimensional case [5], an important property of (11) is the
conservation of mass:

Lemma 2.1 Assume m > 1 and w € C°([0,T]; L?*(m)) is a solution of (11).
Then, the coefficient « defined in (54) is constant in time.

Proof: As «a(r) = ngx(O 1 w3 (¢, z, 7)dédz, integrating by parts shows that

a(r) = ] (Lws + €" 2w + N(w)3) dzdé
R2x(0,1)

(Vg . <V§w3 + lEwg> — vadivyw(r) + 'wgdivr'v(r)> dz d¢
R2x(0,1) 2

0

10



as w and v are 1-periodic in z and decreasing in ¢ at infinity. B

In particular, it follows from lemma 2.1 that W), is invariant under the
evolution defined by (11). The remainder terms ¢o and r defined in (17) satisfy
the equations:

9-q90 = Lqo + Qo(N (w)), divgo=0,6€R?*, 7>0 (18)
A7 = A(T)r + R(N(w)), div,r(r)=0,(¢,2) e R x (0,1),7>0 (19)

where Qg and R are the projections defined in (56) and (50). The main result
of this section states that, if the initial data are small, the solution of (11)
converges to the vorticity associated to Oseen Vortex:

Theorem 2.2 Let 0 < p < % and m > 1+ 2u. There exists K > 0 such that,
for all initial data wo € L*(m) with div wo = 0 and ||wol|m < K}, equation (11)
has a unique global solution w € C°([0, +00); L?(m)) satisfying w(0) = wo and
for any T > 0, div;w(r) = 0. In addition, there exists Ko > 0 such that

[w(r) = aGllm < Ky e™*" |lwollm, 720,
where a = fmx(oyl)(wo)g(g, z)dz d¢.

Remark: In fact, one can show that theorem 2.2 remains true for y = %, but
the proof below is limited to pu < % for technical reasons.

Proof: If w € C°([0,00); L%(m)) is the solution of (11) given by theorem 1.1
for K{, < Ko and v the corresponding velocity field, we define «, ¢o and r as in
(17). By lemma 2.1, a(7) = «(0) = « for all 7 > 0. To bound the remainder ¢q

and r, we use the integral equations

q0(7) = €™ q0(0) + /0 "L Qo (N (w)(0))do, 7> 0, (20)

r(r) = S(7,0)r(0) -|-/ S(r,0)R(N(w)(c))do, 7 > 0. (21)
0
We first easily prove that
€™ q0(0)llm < Ce™7 ||wollm - (22)

Indeed, (22) follows from proposition B.1 with n = 0, « = 0, ¢ = 2 and
€€ (0,m—1-—2pu).
In the same way, by proposition C.1(b) with a = 0 and ¢ = 2, there exists
C' > 0 such that .
1S(7, 0)r(0)lm < Ce=4 g1

To estimate integrals in (20, 21), we proceed as in the proof of inequalities (14)
in theorem 1.1. However, ||w(7)||n» does not converge (in general) to zero and
since we want to prove that w(r) converges to aG, the above method is not
sufficient to conclude. The right procedure is to bound the integrals in (20, 21)
by ||gol|lm + ||7|lm which will converge to zero. Therefore, we first notice that
the non-linearity N = (w - V,)v — (v V,;)w does not contain any terms in a?.
If we decompose w as aG + qg + r and v as av® + v? + v" where v? and v"
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are the velocities associated via the Biot-Savart law to the vorticities ¢o and r
respectively, N can be written as:

N =a? (G- V. )vé - (v¥ - V,)G)

(G V) ) — (¥ +¥7) - 7)G)

+a (((q0+7) Vo )ve = (v7 - Vr)(g0 + 7))

+ (g0 +7) - Vo) (vI4+¥") = (vI+¥") - Vi) (g0 + 7).
Since (G - V,)v¥ = (v¥ . V,;)G = 0, N depends linearly on a. Then, for

2 ~ ~
N; = ZajMij + €20, M3
j=1
where for (i,) € {1,..,3}%
Mm =a(G;(v] +v]) - Gy (V +v; ) + v (g0j +15) — G(QOi + 7))
+ (q05 + 75) (v +vi) = (qoi + i) (v + V).

As fR2q0(£; dE f() E,Z,TdZIO,

QW w)e) = | N(w)d: = (z o [ i, dz)

R(N(w)(0)) = [ D <8J'MU -9 /OlMij dz) +e%0. Mis

j=1

i=1,..,3

IR

i=1,..,3

Easily, we find for : =1, .., 3,

2
eT=DEQo(N(w))i =D e

ji=1

S(r,e)R(N (w))i = e~

j=1

(r=0)L / M”dz

= 0;5(r,0)R(Mi;) +e%0.S(r, o) M3 .

Noticing that by Jensen’s inequality,

1
17 [ Wil 5 gy < 187 Mol 3 g1

we obtain as in theorem 1.1:

(=o)L Ydo||m < C : mez
l Qol)del zJZEI (r—o0) aa(ST —e%) 3 I JH x(0.1))
—"; —4x? (e™—e”
S NYdo||m < C 2 —[16™ M;
ISyl (;EI a(r —o)3a(em —e” )ﬁ” ’ JH“ (R2x(0,1))
3 %6—411' (e"—e7)

+0y —°

= alr—o)Falen — 7)1

b M| 2
167 Wil 3 o 0
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where I = {1,2,3} x {1,2}. Next, proceeding as in theorem 1.1, by Hdélder’s
inequality and Biot-Savart law,

1671 <o (117 G557 + %D,

s I GivE+ i), 3 )

+a (179 (qoi + mi)ll, 3 + 1579 (05 + 73)l], 2 )

+ 107 (q0j +r3) (v + Vi)l 2 + 167 (q0i + 7i) (V] + )
<C(w)(lgollm + lIrllm)

where C'(w) = 2C(2¢a||G||m + |lgo + 7|lm). Then, by theorem 1.1, |C(w)| <
Collw||m < CoK1|lwol||lm and |C(w)| can be taken as small as we want by choice
of appropriate initial data wq.

Finally, denoting f(7) = e*" (||go(T)||m + [|7(7)||m), we get

f(r) < Cllwollm

T (u=3)(r-0) g eu(r=0) g—dn?(e"—e)
—|—C’C’(w)/ ( ( ‘ y e ‘ . ) f(o)do.
0 \a

T—o)3a(eT —e?)12  a(r —o)Fale” — €)1

3

||L |L2

As 0 < pu < 1/2 and m > 1+ 2u, the first part of the integral is bounded as in
(15) and the second one by appendix D.2 with (o, 8,7,d) = (%,u, %, %) there
exist positive constants C, Cy such that for any 7" > 0,

11z 0,7y < Ciflwollm + C2C(w)][| fllLoe 0,7)-
Taking K{ > 0 such that |CoC(w)| < CoCsK1 K| < 1/2, we get
11l o= 0,1y < 2C1 |2l
Then, for any 7 > 0,
l[w(r) = aGllm < 2CH[Jwollme™"".

Then K5 = 2C; and the proof of theorem 2.2 is complete. B
Finally, we translate theorem 2.2 in terms of the vorticity w(z, z,t) in the
original variables:

Corollary 2.3 Let 0 < 1 < 1/2 and m > 1+ 2u. There exists ¢, > 0 such that
for all initial data wy € L?(m) with divwy = 0 and ||wo||m < €}, equation (5)
has a unique global solution w € C°([0,+00); L%(m)) satisfying w(0) = wo and
divw = 0. In addition, for any p € [1,2], there exists €3 > 0 such that

€2

— i wollm, 120,
(1t)imwte

[lw(t) = wapp ()|l (R2x (0,1)) <

where wapp (2, 2,t) = (lit) G (\/f?) and o = fRQX(Ojl)(wo)gdzdx.

3 Second-Order Asymptotics

We now turn our attention to solutions of the integral equation (11) of finite
energy, namely when v(7) is in L?(R? x (0, 1)) for any 7 > 0. This case can be
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also caracterised by the vorticity since v(r) € L?(R?x (0, 1)) is equivalent to a =
fRQX(OJ) wz(&,z,7)dédz = 0 . We showed in section 2 that small solutions of
(11) converge to @G when 7 goes to infinity and we want to precise this behavior
when a = 0. We study the asymptotics in L?(m) for m > 2. In R(L?(m)), the
discrete spectrum of £ contains at least a simple isolated eigenvalue Ay = 0 with
eigenfunction G and another isolated eigenvalue A\; = —% of multiplicity 3 with
eigenfunctions defined in appendix B.1:

0 0 -1y
F1: 0 ;Fg: 0 ;F3: F1
F Iy 0

Using these notations and appendix B.3, any solution w of (11) in L%(m) can
be decomposed as

'w(ga z, T) = P]_'lU(g, 2, T) + Qlw(ga 2, T) + R'U)(g, 2, T) (23)

3
= o(r)G(E) + ) _Bi(DFi(&) + (&, 1) +7(€ 2, 7)
i=1

where the projections Py, Q1, R and the coefficients o, 8; are defined in B by
(50, 54, 56). Then, q; belongs to the subspace Wi of R(L?(m)) defined in (55)
which is also the spectral subspace associated with the remainder part of the
spectrum ¢ (£) in R(L?(m)). In particular,

F)dE=0, FYde=0, F)dE=0.
[omena=0. [ anEna=0 [ cnen

Moreover, fol r(€,z,7)dz =0 for all 7 > 0.
The coeflicients (5;);=1,. 3 satisfy very simple ODE’s:

Lemma 3.1 Assume m > 2 and let w € C°([0,7], L?(m)) be a solution of (11)
such that « = 0. Then, the coefficients (5;)i=1,. 3 defined by (54) satisfy

Bi(r) = —%ﬂi(r), re[0,7].

Proof: We write the proof for ¢ = 1. The two other cases can be proved along
the same lines, even for f5(7) which is defined in a slightly different way.

2
Bl(r) = Agx(o Y & | Lws + E 0; (wjvs — vjws) | dzd¢ (24)

=1

as w and v are periodic in z. Since div,;v(r) = div;w(r) = 0 and rot,;v(r) =
w(T), we find the identities

1 1 . 1
& Lws + 5511113 = 01(&101ws + Eﬁfws — w3) + 02(&10ws + 55152'103)

2 2 ..2 .2
/ & Z dj (wjvz — vjws) dz dé = —/ Oa (w> dz de .
R2x(01) 2 R2x(0,1) 2
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This last equality requires integrations by parts and the fact that v is in L2(R?x
(0,1)). Then, Bi(7) = —%61(7'). [ ]

In particular, it follows from lemma 3.1 that the subspace W, is invariant
under the evolution defined by (11). The remainder ¢; and r in (23) satisfy the
equations:

3741:E91+Q1(N(w)): diVQ1:Oa€ER2:T20
3.7 = A(T)r + R(N (w)), div,r(r) =0,(£,2) € R? x (0,1),7>0
where Q1 and R are defined in (56) and (50). The following result describes the

second order asymptotics of w(r) as 7 goes to infinity if v is of finite energy.

Theorem 3.2 Let 1 <v <1, m> 1+ 2v. There exists K/ > 0 such that, for
all initial data wo € L%(m) with div wo = 0, fR2><(0,1) wodédz = 0 and ||wg||m <
KY, equation (11) has a unique global solution w € C°([0,4+00); L?(m)) satisfy-
ing w(0) = wo and for any T > 0, div,w(r) = 0, fRzX(OJ)w(é’,z,T)dgdz = 0.
In addition, there exists Kz > 0 such that

3
lw(r) = 3" BiFie™ % |lm < Kae " [lwollm, T3>0,
i=1

where

8, :/ €1 (wo)s (€, 2) dzde,
R2x(0,1)

8 :/ E(wo)a(€, 2) dz dE |
R2x(0,1)

By = /R - %(51(%)2 — &a(wo))(€, =) dz de |

Proof: If w € C°([0, 00); L?(m)) is the solution of (11) given by theorem 1.1 for
K} < Ky and v the corresponding velocity field, we define «(7), £;(7), ¢1 and
r as in (54) and (23). By lemma 2.1, o(7) = a(0) = 0 and v is of finite energy
for any time. By lemma 3.1, 3;(7) = —%ﬁi(r) for 7> 0and ¢ = 1,..,3. Then,
Bi(r) = e~7/23; where 8; = Bi(0) . To bound the remainder terms ¢; and r, we
use the integral equations

q1(m) = e™“q1(0) + /0 e7=LQ (N (w)(0))do, 7> 0, (25)

r(r) = S(r,0)r(0) + /(;T S(r, U)R(N(w)(cr))da, > 0.

As far as ¢ is concerned, we bound [|¢1||m in three steps.
First step: We easily prove that

€™ q1(0)llm < Ce™7 ||wo | - (26)
Indeed, (26) follows from proposition B.1 with n = 1, ¢ = 2, @« = 0 and
c€ (0,m—1-=2v).
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Second step: To bound the integral term in (25), we notice that the moments
up to order 1 of N are zero and

R R 1 R 2 1
Ql(N(w)):Qo(N(w)):/o N(w)dz = Z/O 0; Mi;dz
j=1

i=1,..,3

IRRS]

We cut (25) into two integrals between 0 and 7 — 1 and between 7 — 1 and 7
in order to obtain an optimal decay rate in time. The first term is bounded by
proposition B.1 with n =1, ¢ = 2, « = 0, ¢ > 0, m € (2,3] and another time
withn=-1, ¢ = %, a=(1,0,0) or (0,1,0), € > 0, and by Jensen’s inequality.
We then get

T—1 T—1
||/0 e"=EQ1 (N (w))do||m = ||/0 =7 VEQ £ Q1 (N (w))do]|m,
<C /
<c /

<c/

where I = {1,2,3} x {1,2}. According to theorem 2.2, for 0 < u < 1/2 and
m > 14 2u, [|w(o)||m < K2e7#7||wo||m. The previous term is then bounded by

(1=mte) ||€£Q1f\7( ||md0'

(1—m+te) Z [|0; eL__/ M;;dz||mdo

(i,5)el

w(e) |7 de,

CK2

.
26—2;“'/ %(1 m+e+4u)d
1

Taking v = 2u, m > 1+ 2v and ¢ € (0,m — 1 — 2v), the second step leads to
the following estimate

T—1
[ / =2 Q, N (w)do|m < Ce™ |juo]2, (27)
0

The same arguments are still valid when m > 3 and proposition B.1 withn =1
and v = 1 leads to estimate (27) for £ < v < 1.
Thrid step: In a similar way, the third step can be driven as follows

||/ e QuN (w da||m<C’/
€

<ol 7 juwo)hde

r—1a(r —o)3

(r=9) / M;;dz||mdo
(i,5)el

r—ag

L e—3(1-4p)
< C’K22||w0||fne_2”7] ——du
o a(u)
< Ce™ 7 lwoll?, (28)

wlr

It is clear that the previous bound would not have been sharp for the interval

(0,7) as 1 —4pu < 0.
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Joining inequalities (26, 27) and (28), we prove that for v € (%,1) and
m > 1 4 2v, there exists Cy > 0 such that for any 7 > 0,

llg1(7)llm < Coe™ 7 [lwollm -

To turn to the bound of ||7(7)||;m, we refer to the proof of theorem 2.2 and the
previous result on the decreasing of ||q1(7)||m:

| 2,7
[l7(7)llm <Ce™*¢" [|wollm

—a 6_4‘“_2(61'_60)

* C(w)/o a(r —o)Fa(e” — €)1z (€™ lwollm + lIr(e)llm) do

wl"

T 6%6—411' (e"—e%)
vow [ o (7 lwnlln + (@)l do

T—o)sa(e” — €)1
< Ce™ lwollm + CC(w) / 6(r,0)|1(0) | mdor

The last inequality is obtained by appendix D.2 with (a, 3,7, ) equal to (0,v —
%, %, 11—2) and (— v, %, %) Moreover, fOT é(r,0)e*"=9) dg can be bounded in-
dfpendtly of 7 by appendix D.2 with (o, 3,7, ) .equal to (0,v — %, g, 112) or
(3,v,5,13). Denote f(r) = €7||7(7)||lm. There exist positive constants C1, Cs

such that for any 7" > 0,
1FllLee 0,7y < Chllwollm + C2C(w)|[fllLeo (o) -

Since C'(w) can be taken as small as we want by choice of appropriate initial
data, we take K{ such that |C2C(w)| < %. Then,

I7(m)lIm < 2C1e™"7|[wol|m

and taking K3 = Cy 4+ 2C4 ends the proof of theorem 3.2. B
We now translate this second asymptotics theorem in terms of the original
variables:

Corollary 3.3 Let % <v < 1land m > 1+ 2v. There exists € > 0 such
that for all initial data wy € L?(m) with div wy = 0, fR2><(0,1)“0d2d33 =0 and
lwollm < €, equation (5) has a unique global solution w € C°([0, +c0); L?(m))
satisfying w(0) = wo and for anyt > 0, div w(t) = 0 and fR2><(0,1)w(t)dde =0.
Moreover, for any p € [1,2], there exists e3 > 0 such that

€3

—— 7 llwollm, >0
(1+t)' -5t

llw(t) = wapp ()|l (R2x (0,1)) <

where

Wapp (1) =

Mw

1 xr
: FZ< )
32 /

Vadzdx

2= o
/ Yadzdx
5= o

—(21(wo)2 — 22(wo)1)dzdx .
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4 Global Convergence

We adopt in this section a more general point of view. We are still interested
in the asymptotics of bounded global solutions of the integral equation (11)
together with periodic boundary conditions (3) but we relax the assumption of
smallness of the initial data. Of course, in this more general case, we do not
know how to show existence of solutions. However, as w = aG is such a global
bounded solution, we may assume that there exist some of them. Under this
assumption, we prove, following [7], that the result of the second section can
be generalised. Indeed, the asymptotics of such solutions are still governed by
Oseen vortices. The main result of this section can be stated as follows:

Theorem 4.1 Let m > 1 and w € C°([0,+00); L%*(m)) be a global solution of
(11) that is uniformly bounded in time in L?(m). Then,

lim ||Jw(r)—aG|m =0,

T—=+00

where a = fmx(o 0 ws(&, z,0)dzd¢.

Proof: As the proof of this theorem is quite long, we cut it in six lemmas and
corollaries. The main idea is to study the w-limit set of the trajectory {w(7)}, 5,
and to prove that its elements are two-dimensional (i.e. independent of z). We
are then able to use the result of [7] where it is shown that Oseen vortices are
global attractors of any solution of the two-dimensional Navier-Stokes equation
with initial conditions in L2}, (m), (see appendix B). Finally, using a Lyapunov
function, we prove that the w-limit set of {w(7)},-, is actually reduced to one
element: aG. Let us begin with the following lemma:

Lemma 4.2 Let w € C°([0,400); L%(m)) be as in theorem J.1. Then, there
exist positive constants Ko, K1 such that

lw(r)llm < Ko, 72>0 (29)
IVw(r)|lm < K1, 72>1. (30)

Proof of lemma 4.2: Inequality (29) holds by assumptions. Regarding inequality
(30), we proceed as in lemma 2.1 in [7]. ®
Since m > 1, we decompose the solution w with the spectral projection Py

defined in appendix B.3 by (54):
w(r) = a(r)G+ f(§,2,7)

where a(r) = fRQX(O 1)'w3(f,z,r)dzd£ so that Pof = 0. Then, as shown in
lemma 2.1, &(7) = 0 and f satisfies the following equation

O f = A(7)f + (Qo + R)N (w)(r),

which can be also written in its integral form
f(m) = S(r,0)f(0) —|—/ S(r,0)(Qo + R)N (w)(0)do = Fy() + Fo(r), (31)
0
where the projection R is defined in (50).
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Lemma 4.3 Let Fy and Fs be defined as in (31). There exist positive constants
~,C, Ko such that

1F1(7)lm < Ce™ [Jw(0) [l , 720 (32)
IF2()|lmtr < Koy 720 (33)
IVE(T)[lmt1 < Koy 721 (34)

Proof of lemma 4.3: Inequality (32) is an easy consequence of propositions C.1
and B.1. Indeed, Fi(7) = e™* Qow(0) +S(7, 0) Rw(0). The first term is bounded
by proposition B.1 with n = 0, ¢ = 2 and o = 0. The second one i1s bounded by
proposition C.1(b) with & = 0 and ¢ = 2. To prove (33), notice as in section 2
that fori =1,..,3,

(Q0-|-R)f\7( z = Z@MZ] -|-62821M13
=1
where for (i,7) € {1,..,3}? and v/ the velocity corresponding to f
Mij =« <Gj'U{ - Giv; —+ fj’UZ-G - fZ’UJG) + fj'UZJ-r - fzvf .

Then, using proposition C.1 for ¢ € (%, 2], we get

R € 2
[|F2(T)||ms1 < C Z - T 16+ M || Lado
0 (m)ela(r—a)qa(er—eaﬁ ¢~ 3)
r 3 2 _—4n?(eT—e?)
eze
+C/ Z 1_1 L+l ||bm+1M3||qu0'
(— a(r—0)4_2a(e"—e‘7)2+2 ¢~ 3)

where T = {1,2,3} x {1,2}. Bounding ||6™+* M;||1q is slightly different from
what we did before. Indeed, for any (i,5) € {1, ..,3}?, using Holder’s inequality
and the Biot-Savart law, we get for ¢ = %

b7+ 0G|, < ClallGllmpall lzemexo)

< ClalllGllmsr (112 o.0) + 17113 g0 )
< ClalllGlln1llflm < ClafllGllmsi Ko

LE(R2x(0,1))

Notice that f and f are the usual notations defined in appendix A. More easily,
for ¢ = 2,

||bm+1OZ'Uinj||L2(R2><(0,1)) < C|04|||f||m||va||L°° < C|O‘|||va||L°°I{O '

The last bound uses the idea that, since f has mean value zero, quantities like
v/ f decay a little bit faster at infinity than f itself. Using Holder’s inequality
and splitting v/ as in appendix A, we first get for (i, ;) € {1,..,3}?

167+ fivfllagrexo,1)) < Clb™ fllL2raxo,1) oo || e - Re(0.1)

< Ol (191, g+ 1071 )
=7 (R?) L3 (R2x(0,1))
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As far as the first part, independent of z, is concerned, we use proposition B.1
in [5]. For ¢ = % and m € (1,2), we get

29
L2-1(R?)

=f
18971, gy < 10580, 2+ ()
L7-3 (R?) L7-7(R2) T

<o(f(4)
< Ol

For m greater than 2, the embedding L?(m) — L?(m') for m < m’ leads to the
same conclusion.

For the second part, the Biot-Savart law A.2 helps to conclude for ¢ € (g; %]
and m > 1,

+ ||bmf3||L2(R2))

L2(R?)

||b17f||L2_2_%(R2X(071)) <15 || g1 (r2x0,1)) < ClF (|12

< C|fllez) < Cllfllm < CllFIm -

Finally, [[b™+! fiv] || Lerax(0.1)) < ClIfII% < CK3.

Collecting information from the last three steps where we used different
values of ¢ for the different terms and using appendix D.2, we get inequality
(33) for 7 > 0. Once more, (34) is due to the regularizing effect and we omit
the details. m

Corollary 4.4 Let w € C°([0, +00); L?(m)) be as in theorem 4.1. Then, the
trajectory {w(r)},>0 is relatively compact in L*(m).

Proof of corollary 4.4: We write, as in lemma 4.2, w = aG + F; + F5. Observe
that, by Rellich’s criterion (see [13]), the embedding of H'(m + 1) into L?(m)
is compact. Since Fi(r) converges to zero and Fy(7) is bounded in H'(m + 1)
for 7 > 1, we conclude that {w(7)},>0 is relatively compact in L?(m). B

Let m > 1 and w € C°([0; +00); L?(m)) be a global solution of (11) that is
uniformly bounded in time in L?(m). Let Q C L%(m) denote the w-limit set
of this trajectory. By corollary 4.4, we know that Q is nonempty, compact and
connected. By lemma 4.3, Q is also bounded in H!(m + 1). By a bootstrap
argument, we see that Q is bounded in H!(m') for all m’ > 1.

Lemma 4.5 Let w € C°([0, +00); L%(m)) be as in theorem 4.1. Let Q be the w-
limit set of {w(7)},>0. Then, the elements of Q are independent of z. Namely,
R(Q) = {0}.

Proof of lemma 4.5: Let w € C°([0,4+00); L?(m)) be a solution of (11) that is
uniformly bounded in time in L?(m). We decompose w as in appendix A:

where Rr = r for any 7 > 0. Then, r satisfies the evolution equation

Orr = A(r)r+ R(N(w)(r)) ,7>0
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which can be written in the integral form:
r(r) = S(r,0)r(0) —1—/ S(r, U)R(N(w)((r))da,
0
see (19) and (21). Since fori=1,..,3,
~ 2 ~
R(N(w))z = Z @R(MU) + 6%85/\41'3

j=1

where M;; = wjv] —vjw; +71;v; —v;r; +7jv; —vir;, we get by proposition C.1,
2
[P ()llm <Ce™ ™" [|wollm
T _r—ao _4"2(87'_80) o _4"2(87_80)
e~ 3 e eze
-I-C/ — — + — — | do
o \a(r—o)za(e” —e?)iz  a(r—o)sa(e” —e?)1z

as [Jw(o)||m is uniformly bounded in time. According to appendix D.2 with

-

(a,ﬁ,'y,é? equal to (0,0, %, %) or (%,0, %, 13), this integral can be uniformly
bounded in time and

z

Ir(m)llm < Ce™5, 72>0. (35)

Obviously, liI-El [|w(T)—w(7)||m = 0 and the w-limit set § is made of functions
7400

independent of z. This ends the proof of lemma 4.5. B

Lemma 4.6 Let w € C°([0, +0c0); L%(m)) be as in theorem 4.1. Let Q be the w-
limit set of {w(7)},;>0. Then, Q is totally invariant under the evolution defined
by the autonomous system

Oy = L+ (W0 -Veb— 6 - Ve), 7>0), (36)

where Ve = (851,852,0)T, w(, 1) : R? x Rt — R® and ¢ is given in terms of
w via the Biot-Savart law in appendiz A.

Remark: 1If the initial condition wq is independent of z, this property is
preserved by (36) and (36) is nothing but equation (9) applied to functions
independent of z.

Proof of lemma 4.6: Denote Sap(7) the dynamical system associated with
(36). Then, any solution @(7) of (36) with initial data g is given by Sap (7)we.
We observe that

Sop (T)wo = e"F g + / "= N (Syp (o)) do (37)
0

where N(lb) = (w-V¢)v — (0 Ve¢)w. We devide this proof in two steps. First,
we prove that € is positively invariant (i.e Sop(7)Q C Q) and then, that Q
is included in Sap (7). Thus, we prove that Q is totally invariant under the
evolution defined by (36).

First step: Let 1wy € @ and T > 0. We shall prove that Syp (7)ig € Q for
7 € [0, T]. By lemma 4.5, g is independent of z and there exists (7, )nen such

that lim 7, = 400 and lim [|w(7,) — Wol|m = 0. The idea is to show that
n—4oo n—+4oo
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w(T+7,) converges to Sap (7)Wo as n goes to infinity. Therefore, we decompose
w(T + 7,) as in appendix A,

W(T+ ) = w(t+ ) + (T + 1) = wa(7) + Wn(1),
and we shall prove that

[[on ()|l < Ce™ "5, (38)

,
i (r) = Sz (7ol < Cen) +C [ a(0) = S2n(e)ildo . (39
0
where ¢(n) goes to zero when n goes to infinity. As easily verified, (38, 39) and
Gronwall’s lemma show that

nEI-II-loo [|w(r + ™) — Sap (T)Wo|lm = 0.

Hence, Sap (7)o €  and Q is positively invariant.
To prove (38, 39), notice that (38) is a consequence of (35) while (39) is
obtained by combining two integral equations. Indeed, (37) and

wn () = € wn (0) + /T e RN (w) (7, + 0)do
0
lead to the following equality
W (7) — Sap (7)o =€ (W, (0) — 1)
.Te(T_a)L RN (w)(mn + ) — N o)w o
+/0 (RN( )(Tn + 0) — N(Sap(0) 0))d
where
RN (w)(ra +0) = N(a)() + RN (i) (o)
2 .

) ) (; JA J Z) i=1,..,3

and M,-j = W;¥;—V;W;. Using proposition B.1, Jensen’s and Holder’s inequalities
and the Biot-Savart law, we get for ¢ € (1,2)

T—a

e B 5 [ 2 - ~
=2 RN (i) (0)[lm < C atr — o5 Nl 2

T—0)3 L2-4(R2x(0,1))
e“% - \
< C———— |0 (o) ][5 -
a(r—o)a
Finally,
||f eV RN (i) (0)do||m < Ce™ 5" .
0

Then,



where ¢(n) converges to zero when n goes to infinity. Using proposition B.1
to bound €74 (w,(0) — wo) and inequality (14) to bound the integral term, we
obtain (39).

Second step: Let g € Q. There exists (7, )nen such that lir_lr_l T, = 400
n—-400

and lir_ir_l [|w () —Wol|m = 0. Let T > 0. We should prove that wq € Sap (T)Q.
n——4o0

As {w(7)};>0 is relatively compact, (w(7, —T'))nen converges towards an ele-
ment of Q denoted w_r. According to the first step, w(r,) converges in L?(m) to
Sap(T)w_p. By the uniqueness of such a limit, wy = Sap(T)w_7 € Sap(T)Q.
This ends the proof of lemma 4.6. B

Lemma 4.7 Let w € C°([0,+c0); L?(m)) be as in theorem 4.1. Let Q be the
w-limit set of {w(7)};>0. Then, Q = {aG}, a = fR2><(0 0 ws(&, z,0)dédz.

Proof of lemma 4.7: Let wo € Q. As Q is totally invariant under the evolu-
tion defined by (36), there exists a complete trajectory of (36) in Q denoted
{w(7)}rer satisfying @(0) = 1bg. As Q is compact, @(r) is uniformly bounded
in time in L?(m) and by lemma 4.5, it is independent of z. As in appendix
A1, the trajectory divides itself into two independent systems (s, ¥1,92) and
(1, s, ¥3).

As far as the first system is concerned, {ws(7)} is a complete trajectory
bounded in L2, (m) for the evolution studied in [5]. Then, by lemma 3.3 in [7],

w3(7) = aG and (1, 92) = oz(le, v?)
where a = fR2><(0 1)'w3(§,z,0)dzd£. For the second system, we look at the
velocity v3 which satisfies

. . L.
9r03(7) + (vF 1 + v§ Do) va(r) = (L — 5)'03(7‘) .
Since w € L?(m), m > 1, by lemma A.5, 93 € L?(R?) and

].d ~ 2 / ~ 12
—— ||V 2(R2y — — Vv|df§0
5 77 19sllL2(ra) R2| 3

Consider ®(w) = [g2 |93(¢)|?d¢. Then, @ is a Lyapunov function for the semi-
flow defined by (36). More precisely, ® is strictly decreasing along the trajecto-
ries of (36), except along the subset {1 € L?(m) | o3 = 0} where @ is constant.
By LaSalle’s invariance principle, the w-limit and the a-limit sets of this tra-
jectory are contained in the set {w € L?(m)|vo3 = 0}. As ® must be strictly
decreasing or zero along the trajectories,

[o3(T)llL>r2y =0, T€ER.
As a consequence, v3 and wy, Wy are zero and
w(r) =aG,T€R.
This implies that @y = aG and concludes the proof of lemma 4.7. B

Proof of theorem 4.1: Let m > 1 and w € C°([0, +00); L%(m)) be a global
solution of (11), uniformly bounded in time in L%(m). By corollary 4.4 and
lemma 4.7, the trajectory {w(7)},>0 is relatively compact and its w-limit set
is reduced to {«G} where o = fRQX(O 0 ws (€, z,0)d€dz. This shows that

lim ||Jw(r) = aGllm =0.

T—=+00

This ends the proof of theorem 4.1. B
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5 Stress-free boundary conditions

The aim of this section is to rewrite the previous results in the case of stress-
free boundary conditions. We consider the vorticity equation (9) together with
initial condition w(¢, z,0) = wg(€, z) and boundary conditions (6). Therefore,
we work in the weighted Lebesgue space Lff(m) defined by

Lff(m) ={f:R?*x (0,1) = R?|||f|lm < oo and f satisfies (6)}, (40)

where the norm [|.||m is given in (10).

The main difference that occurs in this case is the splitting u = u+u defined
in appendix A. Indeed, u is here two-dimensional and horizontal and @ 1s no
more of mean value zero in z, see (47).

Appendix A.3 and A.4 deal with Biot-Savart laws in this case and show that
the same estimates hold as for periodic boundary conditions.

As far as appendix B is concerned, the spectrum of the linear operator £ in
R(Lff(m)) is studied in B.5. It is shown that for m > 1, the discrete spectum
of £ in R(L?f(m)) consists of isolated eigenvalues Ay = =%, ke N,k <m—1
with multiplicity (k + 1) and that the essential spectrum lies in the half plane
{AeC| Re(N) < 1_Tm} Notice that the projection R, defined in (50), has the
same notation as in the periodic case but is slightly different.

Equipped with those results, we are now able to deal with the Cauchy prob-
lem (9)-(6) and the asymptotics of solutions.

5.1 The Cauchy Problem

Theorem 1.1 can be easily rewritten in sz (m). In the Banach space X defined
as

X = {w e ([0, +00); L3y (m)) [ divsw(r) = 0, [lu]lx = sglgllw(r)llm < oo}

estimates (14) still hold and the fixed point theorem leads to the following
theorem:

Theorem 5.1 Let m > 1. There exists Kos; > 0 such that, for all initial
data wo € L%;(m) with divwy = 0 and |[wollm < Kosf, equation (9) has a

unique global solution w € CO([O,—i—oo);sz(m)) satisfying w(0) = wo and for
any 7 > 0, div,w(r) = 0. In addition, there exists K155 > 0 such that

[|w(T)lm < Kisfllwollm, 7> 0.

5.2 First-Order Asymptotics

In this section, we determine the first-order asymptotics of solution w given by
theorem 5.1. Defining projections R and R as in (50) and Py, Qo as in (54, 56),
we can easily decompose w as

w(é, z,7) = Pow(é, z,7) + Qow(&, 2, 7) + Rw(&', z,7T)
=a(r)G(§) + (&, 7) + (€ 2, 7) (41)

The following lemma shows that the conservation of mass still holds:
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Lemma 5.2 Assume m > 1 and w € CO([O,T);Lff(m)) is a solution of (9).
Then, the coefficient « defined in (54) is constant in time.

Proof: As in lemma 2.1, integrating by parts, we get

a(r) = / (Lws + 702w + N(w)s) dzdé
R2x(0,1)
Ve

1 .
. <VEU)3 + §£w3> + eT(?fwg — vadiv,w(r) + wadiv,v(7)dzdé
0
Indeed, 9, ws(£,0,7) = d,ws(&,1,7) = 0, divyw(r) = divyv(r) = 0 and

lim w;v; =0. W
€] =00
From now on, the proof of theorem 2.2 can be rewritten in the case of stress-

free boundary conditions as the estimates satisfied by ¢o and r are the same as
for periodic conditions. It is then straightforward that the following theorem on
the first-order asymptotics of solutions holds.

Theorem 5.3 Let 0 < pu < + and m > 1+2u. There exists Kpg¢ > 0 such that,
for all initial data wo € L?;(m) with div wo = 0 and |Jwollm < Kf,;, equation
(9) has a unique global solution w € C°(]0, +oo);L§f(m)) satisfying w(0) = wyg
and for any T > 0, div,w(r) = 0. In addition, there exists Kosr > 0 such that

[lw(T) — aGllm < Kasp e *"|Jwol|m, 7>0,
where a = fR2><(0,1)(w0)3(5: z)dz dg.

5.3 Second-Order Asymptotics

For the second-order asymptotics, we can once more rewrite the results of section
3. With the definitions (54, 56, 50) of appendix B, we decompose any solution
w e Lff(m) given by theorem 5.1 as

w(é, z,7)= Piw(, z,7) + Qrw(&, 2, 7) + ﬁw(f, z,7T)

= a(M)G(E) + Y AT + 016, 1) +7(6,2,7)

Looking at solutions of finite energy, a = 0 and ﬁl(r) = —%ﬁz (r) for 7 > 0 and
t = 1 or 2. Therefore, the proof of theorem 3.2 can be easily rewritten in the
case of stress-free boundary conditions and we get:

Theorem 5.4 Let % <v<1,m>1+2v. There erists K(’)’sf > 0 such that,
for all initial data wy € L?f(m) with div wy = 0, fR2><(0,1)w0d£dZ = 0 and
[|wo|m < Ké’sf, equation (9) has a unique global solution

w € C°([0, +o0); Lff(m)) satisfying w(0) = wo and for any 7 > 0, div;w(r) =0,
fR2><(0 1 w(,z,7)dédz = 0. In addition, there exists K35 > 0 such that

2
w(r) = > BiFie™5|lm < Kasp ™7 |[wollm, >0,
i=1
where 3; = fﬂgx(o7l)£i('wo)3(§, z)dzd¢ fori=1 or2.
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2
Notice that in the above theorem, the sum Y 3;F;e~% only occurs on i = 1
i=1
and 2. The vector F3 does not appear in the asymptotics of solutions for stress-
free boundary conditions. Therefore, the long-time behavior of the velocity is,

in this case, two-dimensional and horizontal.

5.4 Global convergence

As far as global convergence towards Oseen vortices of uniformly bounded so-
lutions of (9) is concerned, we can easily read the proof of theorem 4.1 with
appropriate projections R and R defined in (50). The same arguments hold
as for periodic conditions. A simplification even occurs in lemma 4.7 since the
decomposition of appendix A.3 gives directly that 03, w; and wy are zero. A
Lyapunov function is in this case useless, (see also the remark at the end of

appendix A.5). We thus have the following theorem

Theorem 5.5 Let m > 1 and w € C°([0, +00); Lff(m)) be a global solution of
(9) that is uniformly bounded in time in Lff(m). Then,
lim ||Jw(r) — aG|l, =0

T—+0o0

where a = fR2><(0 0 ws(&, z,0)dzd¢.

A The Biot-Savart Law

Let w be the vorticity given by w(z, z) : R® — R3, 1-periodic in z and div w = 0.
Define the associated velocity field by u(z,z) : R® — R3, l-periodic in z such
that

{ div u =0,

rot u = w.

The aim of this section is to express the velocity field u in terms of the vorticity
w via the Biot-Savart law and to collect useful estimates for the velocity u in
terms of w. We first decompose the functions (w, u) into two parts which still
satisfy periodic boundary conditions. The first one (w, u) is independent of z
and the other one (@, @) is of mean-value zero in z: for any (z, z) € R3, we thus
set

w(z,z) =w(e) +o(z,2), ulz,z)=u(@)+u,z)),
L L
/0 O(x,2)dz =0, /0 u(z,z)dz=0. (42)

Then, w = rot u and @ = rot u. Moreover, as divw = 0 and as w is 1-periodic
in z, notice that 1wy + daws = 0, hence also div @ = 0. This means that our
decomposition leads to two independent systems with their own Biot-Savart
laws:

w,u:R? > R3 @, R3 = R3, 1-periodic in z

divo =0 [V o(x, 2)dz = [} a(z,2)dz =0
Al . A2 o i o Jo '

divu=0 divu=divw =0

@ = rot u w =rot u
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A.1 The Biot-Savart law for (w, u).
Let (w,u) : R? — R3 such that

Or1uy + dous = 0
w1 + Oaws = 0
w=rot u.

This system divides itself into two independent systems:

wi = Oruz w3 = O1us — Oaut
(a){ wa =—0dhus (b { 83u_+182u 0
0wy + Oaws = 0 L 2m2 =

The second system (b) is equivalent to the Biot-Savart law in R? (see [5]). Then,
uy 1 (x—y)*t

_ = — ——ws(y)dy . 43

()@= [ Eireta )

If x = (z1,22) € R?, we denote z1 = (—=z4,21). To solve the first system (a),
notice that
—Apuz = 01009 — Doy .

By the fundamental solution of the Laplacian A, in R?,

ws(o) === [ Tog(la = ) Ohea(s) = Orr (),

and integrating by parts, we get

w) =50 [ LA (2 ) way (44)

2 Jre z— y)? @

Equalities (43) and (44) are very similar to the Biot-Savart law in R? and we
refer to [17] and [5] for detailed proofs of the following estimates:

Proposition A.1 Let u be the velocity field obtained from & via the Biot-Savart
laws (43-44). Assume 1 <p <2< ¢ < oo and % = 11—) — % If & € LP(R?), then
u € LY(R?) and there exists C > 0 such that

|al|La(rz) < Cllw||Lr(re)-

A.2 The Biot-Savart law for (&, )
Let (@, @) : R® — R3, 1-periodic in z such that

fo @z, z)dz = fol i(z,z)dz=0
divwo=divu=0
w =rot u.

We use a decomposition of & and @ in Fourier variables (k,n) where our con-
ventions for Fourier transformation are

f(l’z) = /R2 Z fn(k)ei(k~x+27'rnz)dk

nez

Co1 ! o :
Fulk) = ﬁ/R/o [z, 2)e” e t2m™2) g gy, (45)
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Using the relations between the derivatives of u and @, we easily get for any
k€ R? and any n € Z*,

1 0 —i2mn ko

(k)= —— — ») —ik on (k). 4
tin (k) [F[2  4n2n? Z—;«Z 2-121 Bl wn (k) (46)

As in section 1, we shall work in weighted spaces L?(m) defined by (10). The
L?(m)-norm is also equivalent to another one defined by Fourier coefficients:

2

Z/ > 0% falk)*dk

nezZ |a|<m

where a = (a1, as) € N2, 9% = (9,?118,?;, || = a1 + az. Weighted Sobolev
spaces can be defined in a similar way. For instance,

H'(m) = {f € L*(m)|d:f € L*(m),i=1,..,3}

and the norm in H'(m) is given by one of the following equivalent expressions:

1

(/ / (L+ 2D (|f(z, 2)|* + |V f(a, z)|)dzda:>2,

2

O MCEENL D SR AIRT

neZ |a|<m

Using these norms and relation (46) where n is different from 0, we get the
following proposition:

Proposition A.2 Let u be the velocity field obtained from & via the Biot-Savart
law (46). For anym € N, if& € L?(m), then & € H'(m) and there exists C' > 0
such that

]| 1 (my < Cll@z2(m)-

As a consequence, using Sobolev embedding H'(R? x (0,1)) — L¢(R? x (0, 1))
for all ¢ € [2, 6] and proposition A.2 for m = 0, we get

Corollary A.3 Let u be the velocity field obtained from & via the Biot-Savart
law (46). If & € L*(R? x (0,1)), then @ is in LY(R? x (0,1)) for any q € [2,6]
and there exists C' > 0 such that

18| La(r2 % (0,1)) < Cll@]|L2(R2% (0,1)) -

A.3 The Biot-Savart law in the case of stress-free bound-
ary conditions

Let w(z, z) : R? x (0,1) — R3 be the vorticity field which satisfies divw = 0
and stress-free boundary conditions (6). Define u(z,z) : R? x (0,1) — R? the
corresponding velocity field such that u satisfies stress-free conditions (4) and

div u =0,
rot u = w.
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We prove in this subsection that the previous Biot-Savart laws stated in ap-
pendix A.1 and A.2 still hold with stress-free boundary conditions. To obtain
a decomposition of w and u which fits with the boundary conditions, we split w
and u as follows:

0 ﬂl(r)
w(ez, z) = 0 +a(z,z), ulz,z)=| u(z) | +a(z,z2), (47)
ws(z) 0

where 4y, us and w3 satisfy Neuman boundary conditions in z = 0 and z = 1
and are of mean-value zero in z, while &q, @y and ug satisfy Dirichlet boundary
conditions in z = 0 and z = 1, see (4) and (6). Notice that the last three
functions, w1, ws and ug, are no more of mean-value zero in z. We can then
divide our problem into two independent systems with their own Biot-Savart
laws:

G,u:R?x (0,1) - R3

diva=dive =0

w =rot u

U1, Us, wg Neumann and mean value zero in z
(:)1, (:)2, 'l]g Dirichlet .

, 2 N RS
(.:)1 = (.:)2 = ’ﬁg = 0
01ty + Oatta = 0
W3z = 01z — Oty

=

U

€1

The first system is exactly system A.1(b) which is solved in (43). Therefore,
proposition A.1 still holds.

As far as the second system is concerned, we use a Fourier decomposition
which takes into account boundary conditions (4) and (6). Namely, for i = 1 or

2

)

@i (2, 2) :/ Zwm(k)eik‘x sin(nmz)dk
R? n=1

wa(z, 2) :/ ngm(k)eik'x cos(nmz)dk
R? n=1

Ui(z, 2) :/ Z uin (k)€™ cos(nmz)dk
R? n=1

us(z, 2) :/ Z U3n(k)eik'x sin(nmz)dk
R? n=1

and the relation & = rot @ reads for any k¥ € R? and any n > 1,

0 nm ik
—nr 0 —iky | @n(k).
—iky  1ky 0

1

in(k) = [ s

As this relation is very similar to (46), proposition A.2 and corollary A.3 still
hold in Lff(m) and Hslf(m).

A.4 The Biot-Savart law in scaling variables

As we work in this article with scaling variables, we translate the above results
in terms of (¢, z,7) and (w,v) defined in section 1 by (7). As for any 7 > 0 and
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any ¢ > 1,

[u(®)][agrox(o,1)) = €572 [0(7) | Lamax0,1)
and

()l Larex(0,1y) = €™ 7™ V(7] Larex(0,1))

the above sections A.1, A.2 and A.3 easily imply the following estimates:

Proposition A.4 Let v be the velocity field obtained from w via the Biot-Savart
law. Decompose v and w as in (42) or (47). If @ € L*(R? x (0,1)), then
o€ LI(R? x (0,1)) for any q € [2,6]. If w € LP(R?), then v € L22—_pp(R2) for
any p € (1,2) and

|8l a(rzx(0,1)) < Ce™ 7|0 L2(R2x (0,1
||'5||L2_2_P;(RQ) < Cllw||Le(r2).

A.5 Another bound for the velocity

For the purpose of section 4, we need some further estimates on the velocity
field in scaling variables in case it is independent of the third coordinate z.

Lemma A.5 Let m > 1. If w € L?*(m) satisfies div w = 0 and O,w = 0, then
the corresponding velocity field v given by the Biot-Savart law in appendiz A.1
satisfies

v3 € L*(R?).

Proof: Using appendix A.1, we get

o) = -~ [ E=n ( w ) (n)dn (48)

27 Jga 1€ —nP? w2

—Ag'l)g = 81'102 - 82101 .

By the Biot-Savart law, we obtain that if w € L¢(R?) for ¢ € (1,2), then

v E L2_2—q?(R2). But this result is not sufficient to prove this lemma. The idea is
to take benefit from another property satisfied by the vorticity. Indeed, the first
moments of w; are zero. This result, together with lemma B.2 in [5], enable us
to conclude. We divide this proof in three steps.

First step: We show that the moments of the vorticity are zero. Indeed,
w; = div (§w) and &w € L2(m —1). As m > 1, L?(m) — L'(R? x (0,1)) and
for all p € (1,2), p > miq-l’ we get easily the continuous embedding L%(m) —
LP(R? x (0,1)). Then, &w € LP(R2 x (0,1)) for p € (%,2) and w; € L' (R? x

(0,1)). As w is independent of z, this implies for i = 1,2 that

/ wi(€)de = 0. (49)
R2

Second step: According to (48) and (49),

@) =g [ (k- ) n () man
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For all (¢,n) € R? with & # 0 and & # 7, we have the identity

_ 1 \ ) )
B e (@ =m0+ G- mE A

where £ - = &1 + &ama and € A = E1ma — Eam1. A similar estimate holds for

fg__n”li — éﬁ Therefore,

1
(0] <€ [ eemrlal(lwa(n)] + sl

Combining this estimate with (48), we obtain
. . " 1 . .
bEea(e) < C [ Bmuinldn.
r2 € — 7|

Third step: Let 1 < m < 2 and w € L?(m). From lemma B.2 in [5] with
u = |bus| and w = |bw|, we get for all ¢ € (2, +00),

||bm_1_5bvg||Lq(Rz) < Cllwl|m -
Finally, by Holder’s inequality and ¢ = % > 2, we get
v 2 2y < -1 2 2y < 1
lvsllzeme) < CIPT 2y o lBesllzame) < Cliwlim,
hence vz € LZ(R?).
For m greater than 2, L?(m) — L?(m') for some m’ € (1, 2) and the previous
result ends the proof of lemma A.5. B

Remark: This result has no interest in case of stress-free conditions since
w e Lff(m) and d,w = 0 imply vz = 0.

B Spectrum of the linear operator £
In this appendix, we are interested in the spectrum of the linear operator £,
1
£ZA§+§5-VE+1,£ER2.

A complete study has already been carried out in [5] when £ is applied to scalar
functions, namely in weighted I?-spaces defined for m > 0 by

Lip(m) ={w:R* = R, [Jw]lapm) < oo}
Jwllom = ([ 0+ P @F de) = I aluane

We use the same notation L for the operator applied to scalar or vectorial
functions, as for any vectorial function w,

wn Ewl
Lw=L Wy = ,C'le
w3 ,C'lUg
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The spectrum o(£) of £ in L%, (m), m > 0, is

a(ﬁ):{/\EC|Re()\)§ I_Qm}U{—g“fEN}.

Moreover, under the assumption m > 1, the discrete spectrum of £ in L3}, (m)
consists of isolated eigenvalues Ay = —%, k € N, k < m— 1, with multiplicity
(k+1) and the essential spectrum lies in the half plane {A € C | Re(\) < 152},
We want to generalize this property for vectorial functions, that is to say,
we study the spectrum of £ in the space L?(m) or L?,(m) of vectorial functions
defined respectively by (10) or (40) together with the incompressibility condition
(8). As £ only acts on the first two components & € R?, we consider its action
on functions independent of z. Hence, the first idea is to split the vorticity w
into w and w as we did in appendix A. Let us define some useful projections:

R: L*(m)or Lff(m) — Lf%m) or Lif(m)

o w — W (50)
R: L%*(m)or Lff(m) — [:2(m) or Lff (m)
w — Ww.

Then, 1 = R+ R and the projectors R and R are well defined by (42) in L%(m)
or (47) in L?,(m) depending on the boundary conditions we consider. Notice
that for periodic boundary conditions,

R(L*(m)) = {w € L*(m) | 9w = 0}
while for stress-free conditions,
R(Lff(m)) ={we Lgf(m) |wi=ws=0, 0wz =0}.
The incompressibility condition (8) states in those two-dimensional spaces that
VE - We = wy + Oqwy = 0. (51)

We now want to study the spectrum of £ in R(L%(m)) or R(Lff (m)). Notice
that if A is an eigenvalue of £ with eigenfunction w = (wy, w2, w3)? in R(L?(m))
or R(Lff(m)) , then for i € {1,2,3}, w; is an eigenfunction of £ in L2, (m)
with eigenvalue A. In the next four subsections, we deal with periodic boundary
conditions and we postpone the study of stress-free conditions to appendix B.5.

B.1 The discrete spectrum of L.

For the purpose of this article, we only turn our attention to the first two
eigenvalues. In L2, (m), Ao = 0 is a simple eigenvalue of £ with eigenfunction
G(¢) = ﬁe"fw‘l and A\; = —% is an eigenvalue of multiplicity 2 with eigen-
functions Fy (§) = %G(E) and F5(¢) = %G(E) As a consequence, 0 and —% are
eigenvalues of £ in R(L?(m)) with multiplicity less than 3 and 6 respectively.
Among the possible eigenfunctions, we must check which ones are in R(L2(m))
and satisfy the incompressibility condition (51).

As far as the first eigenvalue Ay = 0 is concerned, the only suitable eigen-

0

function is G = 0 since 0,G = 0. Then, Ag = 0 is a simple eigenvalue of

G
£ in R(L?(m)) with eigenfunction G.
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The same arguments are valid for the second eigenvalue Ay = —%. Six
vectorial eigenfunctions can be built from F; and F5 and we must check which
ones are suitable. If w € R(L?(m)) satisfies (51), it follows for i = 1 or 2 that

/ w; (€, z)dédz = / div (§;w)dédz
R2x(0,1)

R2x(0,1)
= [ gule.nie- | cuie0)ds=o0.
R? R?
Moreover, for (i,7) € {1,2}?, div (&€w) = &w; + &w; and as §,w = 0,
[ awades= [ ewa(en)dedz =0,
R2x(0,1) R2x(0,1)
[ el adetz== [ e, deds.
R2x(0,1) R2x(0,1)

As fRQX(O}l)ElFl dédz = fRQX(O}l)&Fg dédz = 1 and fRQX(Ojl)iji dédz = 0

for @ # j, the only vectorial eigenfunctions which satisfy the above conditions

0 0 —F,
F1 = 0 s F2 = 0 s F3 = Fl
F Fy 0
Since these three vectors are independent vectors, Ay = —% is an eigenvalue of

£ in L?(m) of multiplicity 3 with eigenfunctions Fy, F3 and F3.

Remark: Even if we do not need for the purpose of this article more infor-
mation on the discrete spectrum of £ in R(L?(m)), we can state that for any
k € N, —% is an eigenvalue of £ in R(L%(m)) with multiplicity (2k 4 1). In-
deed, —% is an eigenvalue of £ in L2, (m) with multiplicity (k+1). Hence, there
could be a maximum of 3(k 4 1) suitable vectorial eigenfunctions. However, to
be in R(L%(m)) and verify the incompressibility condition (51), the vectorial

eigenfunctions must satisfy (k + 2) relations on moments of order k. Indeed,

/ Efwi(€,2)dédz = / E5wsy(€,2)dédz =0
R2x(0,1) R2x(0,1)

and the k£ other moments of order k& of w; can be expressed by the k other
moments of order k of wy. Therefore, only 3(k+ 1) — (k +2) = 2k + 1 vectorial
eigenfunctions are suitable.

As a consequence, the spectrum o (L) of £ in R(L?(m)) satisfies

a(ﬁ)g{—gweN}. (52)

B.2 The essential spectrum of L.

In [5], it is proved that the essential spectrum of £ in L2, (m) lies in the half
plane {A € C|Re(N) < 1_Tm} For any A € C with Re(\) < 1—ij there
exists ¥, € C*(R? R) such that £y, = A¥x. Then, for any A € C with

Re(X) < 152, (0,0,9,)7 is a vectorial eigenfunction of £ in R(L?*(m)) which
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satisfies the incompressibility condition (51) and since the spectrum of £ is
closed,

U(E)D{)\EC|R6(/\)§1_2m}. (53)

B.3 The spectral projections.

Assume m > 0. For n € {—1,0,1} and n + 1 < m, we define P, the spectral
projection onto the 3, _,(2k + 1)-dimensional subspace of R(L*(m)) spanned
by the eigenfunctions of £ corresponding to the eigenvalues {—% |k =0,.,n}.
For any w € R(L?(m)),

P_lw =0
Pow = aG

3
P]_'w =aG + Zﬁze

i=1

where

a= / wa d€dz (54)
R2x(0,1)

&:/ €1 wa dédz
R2x(0,1)

62::1/ Eyws dédz
R2x(0,1)

B3 = /};2 o) %(51'102 - fzwl) dédz .

We also denote W, the complement of the corresponding spectral subspace
Wy = {w € R(L*(m)) | P,w = 0}. (55)
Finally, we also define the complementary spectral projection @, by
Qn.=R-P,. (56)
Then, 1 = P, + Q,, + R in case of periodic boundary conditions with R defined
in (50).
B.4 The semigroup e~.

The operator £ is the generator of a linear semigroup e”* in R(L?(m)) which
satisfies the following estimates:

Proposition B.1 Let n € {—1,0,1}, m > n+ 1 and q € [1,2]. For dall a =
(a1,@2,0) € N2 x {0} and all € > 0, there exists C > 0 such that for all
w € R(L?(m)) and all T > 0,

Ce™ "
Vi_14lal HbmeL"(m)
a(t)2" 27 2

||bmaa67£an||L2(R2) <
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where

a(r) =1—¢7"
11—

7:% ifntl<m<n+?2
1

7:n+ ifm>n+2.

Proof: ~We deal separately with the different values of n € {—1,0,1}. The
idea of this proof is to come back to scalar functions to take benefit of Th.
Gallay and C.E. Wayne’s work in two dimensions, see [5] and proposition B.2
below. Therefore, we introduce other spectral projections for the scalar and two-
dimensional case (see Appendix A in [5]). For any n € N, let P, be the spectral
projection onto the "7 _,(k + 1)-dimensional subspace of L2, (m) spanned by
the eigenfunctions of £ corresponding to the eigenvalues {—%|k = 0,..,n}.
Notice that the condition P, f = 0 is also equivalent to

E*f(€)de = 0 for all o € N? with |a| < n.
R2

For any n < 0, define P, = 0. Moreover, we denote for any n € Z
Q.=1-P,. (57)

Let m >0, ¢ €[1,2], @ = (a1, @3,0) and € > 0. Assume w € R(L%*(m)).
Case 1: n = —1. Then, Q_1w = (R — P_1)w = w and by proposition B.2,
we get

3
|6 0%e™ Q_1wl|agmy < Y D0 ™ Q1wil|La(re)

i=1
Ce™ 7
< . (167 wil|La(r2)
a(T) ___+| Z
Ce 7
— 1_1, lal ||bmw||Lq(R2)
a(T)(a—a‘l'T)

where v is defined in the statement of proposition B.1.
Case 2: n = 0. Then,

— 'wl
Qow=(R-—Plw=w-—aG= Wy
wsz — aG

As stressed before in this appendix, fRQX(O)l)wldEdz = fRQX(O’l)wszdz =
fREX(OJ)(wg—aG)dEdz = 0. As w is independent of z, these equalities precisely
state that B B B
Qo’LUl = wq, Qo’w2 = 'LUQ,Q()’LU3 = W3 — aG .

Then,

Qowr

Qow = | Qowz
Qows

35



and by proposition B.2, we get

3
||bm8a6TCQ0w||L2(R2) S Z ||bm8°‘eTLQ0wi||Lz(R2)

i=1
Ce™ 7
<" hw
_a(r‘)(%—%+%)” [2aR2)

where 4 is defined as in proposition B.1.
Case 3: n = 1. Then,

3
Qrw = (R — Pl)w =w — (aG =+ Zﬂle)
i=1
wy + P3F
= wy — fB3F
w3z —aG — G117 — B2 Iy

As a, 1, B2 and 5 have been chosen as in (54) so that the moments up to
order one of (Q;w are zero,

Ql’wl
Qrw = Q1w2
Q1w

and proposition B.2 applies coordinate by coordinate,

Ce™7

1_14 o]
alr) a3t 5

”bmaae‘rﬁQlwnLg(Rg) < )”bm'wHLq(Rz) .

Then, proposition B.1 holds for all values of n € {—1,0,1}. &
For easy reference, we reproduce here the main estimates of the study of e

in [5].

Proposition B.2 (Th. Gallay and C.E. Wayne) Let m > 0, n € Z and
q € [1,2] such that n+1 < m. For all @ = (a1, as) € N? and all € > 0, there
exists C' > 0 such that for all w € L3, (m) and all T > 0,

m Qo T Ce_’YT m
[|[6™ 0% LanHLz(ﬂz)Sil_l Tl [|b w”Lq(Rz)
( +3)
a(r)la 72772
where
m—1—¢ .
Y= ifn+l<m<n42
7:n-|-l if m>n+2,

and where Q, is defined in (57).

Proof: If ¢ = 2, proposition B.2 follows from proposition A.2 in [5]. If ¢ < 2,
and 7 € (0, 2), proposition B.2 follows from proposition A.5 in [5]. If ¢ < 2 and
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T > 2, using the above results, we get

||bm6a€TLanl|L2(R2) = ||bm6ae(‘r—1)£Qn€Lan||L2(R2)
Ce=r=1)
< |i|‘||b 6£an||L2(R2)
a(r—1)7=
Ce™ 7
< el (I_1) ||bmw||Lq(R2)
a(r—1)=z a(l)'a™2
Ce™ "
b™ (R2
= a(T (|3|+§ %)” w”L (R2?)

This ends the proof of proposition B.2. B

Remark: Using proposition B.1, it is easy to complete the study of the
spectrum o (L) of £ in R(L?(m)). Let n € Z and m > 0 such that n+1 < m <
n+ 2. Then, o(L) = ¢(LP,) Uc(LQ,). By construction, ¢(LP,) =0 if n <0
and o(LP,) = {0, —%, .,—%}if n € N. On the other hand, by the Hille-Yosida
theorem (see [11]) and proposition B.1, 0(£Q,) C {X € C|Re(}) < 52}
Thus, using (52) and (53),

J(E):{/\EC|Re(/\)§ 1;m}u{—§|keN}.

B.5 Stress-free boundary conditions:

In an analogous way, we can study the spectrum of £ in R(Lff (m)) where the

projector R for stress-free boundary conditions has been defined in (50) and
(47). We recall that in this case

R(Lff(m)) ={we sz(m) |wy =ws =0, 0,w3 =0}.

Then, the study of o(£) in R(L2;(m)) with stress-free boundary conditions
can be brought back to the study of [5] for the two-dimensional Navier-Stokes
equation. The discrete spectrum of £ in R(LZ;(m)), m > 1, consists of isolated
eigenvalues A\ = —%, k € N, k < m—1, with multiplicity (k+1) and eigenvalues
(0,0, ¢4)T where for any o € N2, ¢, € S(R") is the Hermite function defined by
¢a = OgG and || = k. Namely, 0,0y = G, ¢¢1,0) = F1, ¢(0,1) = Fa. Moreover,
the essential spectrum lies in the half plane {\ € C|Re(\) < 1572}, We can
also define spectral projections as in appendix B.3. If for any n < 0, P, = 0 and
for any n € N, P, is the spectral projection onto the >_;_;(k + 1)-dimensional
subspace of R(Lff (m)) spanned by the eigenfunctions of £ corresponding to the

eigenvalues {—% |k=0,..,n}, we have for any w € R(Lff(m)),
P_1'w = 0
Pyw = aG
2
Piw=aG+Y_ BiF;,
i=1

where a;, #1 and (s are defined in (54). Then, proposition B.1 still holds since
it is an easy consequence of proposition B.2.
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C Bounds on the evolution operator S(7,0)

In this section, we consider the operator A(r) given for any 7> 0 by
. 1 .
AT) =L +e702 = (Ae + 5,s-vg+1)+e*a§.

Since its coefficients depends linearly on the space variables (¢, z), A(7) becomes
a first order differential operator when expressed in the Fourier variables (k, n)
defined in (45). Indeed, for any n € Z, k € R? and 7 > 0,

(A(T) fn (k) = —(|k* + %k Vi +4re™n?) f, (k) .

Then, A(7) is the generator of a family of evolution operators (or evolution
system) S(7,0) given for any 0 < o < 7 by

S(T; (T) = e(‘r—cr)ﬁ ° @(er_e")af — 6(67-—60)622 o 6(1-—«7)(2 )

or in Fourier variables (k,n) € R? x Z by

(S(7,0)f)n (k) = 72T emdmT=en (=52

where a(7) = 1 — e~7. We refer to Henry [8] chapter 7.1 and Pazy [11] chapter
5 for more information on evolution operators or evolution systems. The aim of
this section is to prove the following estimates on the evolution system S(r, o)
forany 0 < o < 7:

Proposition C.1 (a) Fizm > 1. For all a = (ay, a9, a3) € N® and ¢ € [1,2],
there exists C > 0 such that for all w € L?(m) or L?f(m) and dl 0 <o < T,
C

a(eT — 60)%(%_%)'}'&73

10%S (7, o)wllm <

L_1jotay 167 wl|La(r2 % (0,1))
2 2

a(r— o)
where a(t) =1 —e™7.
(b) Fix m > 1. For all « = (a1, as,a3) € N3 and q € [1,2], there exists C' > 0
such that for all w € L%(m) or sz(m) and 0 < o < 1, assuming az # 0 or
Rw=w,

—4ar?(e™—e%)
16°S(r, o)l < ce

\ l_l+“1+°‘2 o ||bm'w||Lq(R2><(0,1)) .
7”2

a(r — o) 2 a(ef—e")%(%_

)+

W=
M|w

Remark: L?(m) is defined in (10), Lff(m) in (40) and Rin (50).
Proof: To prove (a), we expand 0%S(r, o)w in Fourier series. In the case of
periodic conditions,

80‘5(7-, a)w(é’, Z) — E(Qiﬂ_n)aa6_4172(er_e")n2a(ahou)e(r—a)ﬁwn(g)e%‘nnz
nez
(58)

where for any n € Z,
1 .
W (&) :/ w(, z)e” ™z,
0
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Then, using Parseval’s equality, we get

[0S (r, o)l = Y (2mn) e =3 (T pmglenea) (7= Ly, |72 gy
nez

In case of stress-free conditions, Fourier series in sinus and cosinus lead to a
similar Parseval’s equality. By proposition B.1 with n = —1, m > 1, for any
€ >0, any q € [1, 2], there exists C' > 0 independent of n such that

=

o c m ’
10° 87,0l € O <Zgillb wnniq(m))
a(r — o)\ 2 neZ

—4r?(eT—e)

where g, = (2mn)*%e n?, Finally, using Holder’s inequality, we get

05,0l <~ (1187 s o )
a(r—o)taT 2T
where p and ¢’ satisfy the relation 11—) + ql, = % By appendix D.1 with v = asp
and A = 4m2p(e” — €7), there exists C' > 0 such that for any 0 < o < T,
C
llgnlli» < (59)

ae™ — e”)ﬁ*’%ﬁ .
Moreover, Riesz-Thorin’s interpolation’s theory [12] asserts that if % + ql—, =1,
11167 wn | Lagr2)lliar < ClP™ wl|Lamr2x(0,1))-

Indeed, [[[[0"wn||L1(r2)llie < (|07 w||L1(R2x(0,1)) and by Parseval’s equality,

(16" wn||L2(r2)lliz < [|B™w]|L2(R2x(0,1))- This concludes the proof of (a).
As far as the property (b) is concerned, the only difference appears in the
bound of [|gn|lir in (59). As Rw = w or ag # 0, the sum (58) over n € Z

only appears in the proof (b) over n # 0. Indeed, in case of periodic boundary
conditions,

9*S(r,o)w(é, z) = Z i°‘3gn6(°‘1’°‘2)6("_‘7)5wn (E)emmz
n#0

and the same phenomenon occurs in case of stress-free boundary conditions.
Then, by appendix D.1,

1/p
—4n?(e”—e%)

p R —
Zlgn| <C y=

n#0

This concludes the proof of (b). W

D Bounds on integrals and series
The aim of this technical appendix is to precise the bound of a sum which

appears in appendix C and to give some details in the bound of an integral used
quite often throughout this paper.
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D.1 How to bound ) _, In|e=4n"?

Proposition D.1 Let v be a positive constant. There exists C' > 0 such that
for any A >0,

2 C
S(A) = In[le A < ——,
nez (I(A) 2
) —4
T(A) = Z In|"e=4n" < Lﬂ._l;
nezi* CL(A) 2

where a(A) =1 — e~4,

Proof: Since the function S is continous on (0, +00) and uniformly bounded on
[e, +00) for any € > 0, the bound on S(A) follows from the computation

lim A% 5(4) = / 2['e=" de = T <m> ,
A—0 R 2

where T is the Euler function. The bound on T'(A) is then an easy consequence
of the previous result by a change of index. B

D.2 Bound on integrals

Proposition D.2 Let («,3,v,8) € (R*)* such that v+ < 1. Then, there
exists a positive constant C' > 0 such that for any t > 0,

t _os t—s) —4n?(et—e®
I(t) = / € eﬁ( )e ( )ds S CE(OH"Y—U’: ’
o a(t—s)va(et —es)d

where a(t) =1 —e~".

Proof: First note some easy estimates: e’ —e* = e'a(t—s) and by the mean-value
theorem,
ef(t—s)<e —e* <ef(t—s),0<s<t.

According to the properties of function a, we divide our study in two steps
depending if ¢ is greater or smaller than 1.
First case: If t € [0, 1], it is sufficient to prove that I(¢) is uniformly bounded

in time. Since . )
. ds du
Ity <C — < —_—
( ) - A (t — 3)’Y+5 - /0 uY+o

and v 4§ < 1, the first step is finished.

Second case: Ift > 1, we divide the integral I(¢) at a critical point sq € (0, 1)
such that e — e*® = 1. Then, so =t + Ina(t). We denote I; and I the two
parts of I(t) obtained by this cut:

so jas B(t—s) —4n?(et—e®)
L) = / e e s,
o a(t—s)Va(et —e*)?

t 6ozseﬁ(t—s)e—47r2(et—es)
ni = | e
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We first bound I;. With the first easy estimate recalled above, we get

\ 2
" S0 oz—,@)seél‘rr e’

(
I = B4t tne! / - _ds.
A N G S CE D O

Taking into account that 0 < s < so implies ¢! — e > 1, we have

t
L < Ce(ﬁ"'”)te_‘l"zet/ ela=Blsgan?e’ o
0

By a change of variables » = ¢* and some integrations by parts, we bound the
last integral as follows

t

t e
/ 6(a—ﬁ)se4w2esd8 — / ra—ﬁ—1647r2rdr < Ce(a—ﬁ—l)te4ﬂ'2et )
0 1

Then, I (t) < Cel®t7=1 for any ¢ > 1.
As far as Iy is concerned, s is greater than sq and ¢! — e® and (t — s) are in
[0,1]. Hence, we get

t
]2 S C’eo‘t/ ds
s

,alt—s)ra(et —es)

Using once more the first easy estimate and a change of variables, we obtain

t—so .
I, < Ce(o‘_‘s)t/ du < Ce(a—é)t(t _ 80)1—~y—6 .
0

As sg =t + Ina(t), we finally get

Iy(t) < Celomte=(1=1=0)t

This completes the proof. B
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