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HIGHER ANALYTIC TORSION, POLYLOGARITHMS AND NORM
COMPATIBLE ELEMENTS ON ABELIAN SCHEMES
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ABSTRACT. We give a simple axiomatic description of the degree 0 part of the polylogarithm on
abelian schemes and show that its realisation in analytic Deligne cohomology can be described in

terms of the Bismut-Kohler higher analytic torsion form of the Poincaré bundle.
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2 GUIDO KINGS AND DAMIAN ROSSLER

INTRODUCTION

Norm compatible units play an important role in the arithmetic of cyclotomic fields and elliptic
curves, especially in the context of Iwasawa theory and Euler systems. The norm compatible units

in these cases are related to rich classical objects like polylogarithm functions and Eisenstein series.

The search for analogues in the case of abelian schemes was for a long time obstructed by the fact
that the focus was narrowed on units rather than on classes in other K-groups. If one generalizes
the question to classes in K7, then two different constructions were given in [Kin99] and [MR]. The
first construction in [Kin99] relies on the motivic polylogarithm and gives not only norm compatible
classes but a whole series of classes satisfying a distribution relation. The second approach in [MR]
depends on the arithmetic Riemann-Roch theorem applied to the Poincaré bundle and constructs

a certain current, which turns out to be in the image of the regulator map from Kj.

It is a natural guess that these two approaches should be related or in fact more or less equivalent.
In the following paper we show that this expectation is founded but in a rather ad hoc way. To
explain our result, let us fix some notation. Let m : A — S be an abelian scheme of relative
dimension g, let € : S — A be the zero section, N > 1 an integer and let .A[N] be the finite group
scheme of N-torsion points. Here S' is smooth over a subfield of the complex numbers. Then the
(zero step of the) motivic polylogarithm is a class in motivic cohomology

pol’ € HJ ™ (A\A[N], g).
To describe it more precisely, consider the residue map along A[N]
H% 7 (A\A[N], 9) = H%(A[N]\€(S),0).

If we denote by (-)(0) the generalized eigenspace of tr(, with eigenvalue a’ = 1, then the residue

map becomes an isomorphism
HY ™ (AVAIN], )@ = HYy (AIN]\e(S),0)”
and pol” is the unique element mapping to the fundamental class of A[N]\e(S).

Similarly, the current g4v on A constructed in [MR] gives rise to a class in analytic Deligne

cohomology
(INT*gav — N g a) | aaiv) € Hp o ((AVAIN], R(g)),

which lies in the image of the regulator map
CyCay : Hog  (AVA[N], g) = H7Y L (A\VA[N])R, R(g)).
We prove:
Theorem 1. We have
—2- cycuy (pol”) = ([N]*gav — N? - gav)|ayapn)-
Furthermore, the map

HY (AVAIN], ) — HE L ((A\VA[N])e, R(g))
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induced by cyc,, s injective.

(Theorem 1 is Theorem 4.1.2 below)

Unfortunately, the obvious strategy to prove this theorem (ie to show that the class in analytic
Deligne cohomology described above satisfies the same axiomatic properties as the zero step of
the polylogarithm) fails because analytic Deligne cohomology does not come with residue maps.
Instead we proceed as follows. We first show that the theorem is true for an abelian scheme if it is
true for one of its closed fibres. After that, using the compatibility of both the polylogarithm and
the current under base change we show that it suffices to consider the universal abelian scheme
over a suitable moduli space of abelian varieties. There we have a special fibre, which is a product
of elliptic curves, where the theorem can be checked by direct computations.

Acknowledgements: The authors would like to thank Frédéric Déglise for providing a useful

reference on Gysin sequences.

1. NOTATIONS

We fix a base scheme S, which is irreducible, smooth and quasi-projective over a field. This
condition is necessary to apply the results of Deninger-Murre on the decomposition of the Chow-
motive of an abelian scheme. We will work with an abelian scheme 7 : A — S of fixed relative
dimension g with unit section € : S — A. For any variety over a field Soulé [Sou85] has defined

motivic cohomology and homology

H'y(X,j) = Grl Kaj i(X) 2 Q
H7 (X, ) = GT]KZ{—QJ‘(X) ® Q,

which form a twisted Poincaré duality theory in the sense of Bloch-Ogus.

2. NORM COMPATIBLE ELEMENTS ON ABELIAN SCHEMES

2.1. The trace operator. Fix an integer ¢ > 1 prime to the characteristic of the ground field
and let B — S be an abelian scheme. In the applications B will be A or A xg--- xg A. We
consider open sub-schemes W C B with the property that

jrla™t W)y cw

is an open immersion, where [a] : B — B is the a-multiplication on B. As [a] is finite étale and
j an open immersion, pull-back j* and push-forward [a]. are defined on motivic homology and

cohomology.

Definition 2.1.1. For open sub-schemes W C B as above, we define the trace map with respect

to a by

al«

o H (W) 5 H 4 (Ja] ™ (W), %) <55 H (W, %)
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and

— [CL}*
trjg) < H (W) = Y ([a) ™1 (W), %) = H (W, %),
For any integer r, we let
H (W, .= {¢e H ,(W,x)| (trg — a"id)*¢ = 0 for some k > 1}
be the generalized eigenspace of trj, of weight r.

Remark 2.1.2. Of course, one can use any twisted Poincaré theory in the sense of Bloch-Ogus
instead of motivic cohomology for the definition of the trace operator and its properties established
below.

Lemma 2.1.3. Suppose that tr, and try are defined on H ,(W,*) and H” (W, ), then the
actions of tryg) and try commute.
Proof. This follows immediately from the diagram

[a]«

H{'///([a}_ll/V, *) —— H' (W, %)

L
[ab]«

H. ([ab] ™ W, ) = H., (W, %)

L

H (7 W) s H (W, 0)

and in exactly the same way for homology. O

The next lemma shows that the localization sequences are equivariant for the trj,-action in many
situations.

Lemma 2.1.4. Let W C B be an open sub-scheme with [a]'\W C W and Z C W be a closed
sub-scheme. Define Z by the cartesian diagram

7———W

] ]

7 o'W

and assume that [a](Z) = Z. Then the localization sequence
— H7(Z,%) = H" (W, ) = HY(W\Z,+) —

is equivariant for the trig-action.

Proof. As W is smooth and irreducible, the localization sequence in motivic homology is isomorphic
to the localization sequence in cohomology with supports. This localization sequence is functorial
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with respect to Cartesian diagrams of closed immersion by the usual Bloch-Ogus axioms, which
leads to a commutative diagram

—— Hy Wk) ———— H (W, 5) ———— H [, (W\Z,%) ———

— H'Z%([a]_lm x) —— H ,([a] "W, ) ——— H'//[([a]_lW\Z, ) —

o o) [

——— Hy? (Z,%) — Hy_ ([a]'W, ) — H5?_([a] "TW\Z, %) —

If we combine this with the functoriality of the homology localization sequence for the proper
morphism [a], we get the desired result. O

2.2. Consequences of the motivic decomposition of the diagonal. Let A C A xg A be the
relative diagonal and

cl(A) € H(Axs A, qg)
its class in motivic cohomology. The main result by Deninger and Murre in [DM91, Theorem 3.1]
implies that there is a decomposition

29
2
(2.2.1) cd(A) =) me HY(AxsAyg),
i=0
where the 7; are idempotents for the composition of correspondences and mutually commute. The
m; have the important property that for all integers a

[a]*m = a29_i7ri.

Proposition 2.2.1. There is a decomposition into trg-eigenspaces

29

H, (A x*) = GB H (A, )",

r=0

which is independent of a. Moreover,

H ,(A\e(S), %) = 0.

Proof. The first statement follows from the decomposition

29

H///('Aa *) = @ T‘-ZH///(Aa *)7

1=0

I

which is independent of a. The second statement follows from the fact that mo,H (A, )

e*H:/;[zg (S,* — g) and the equivariance of the localization sequence

oo H 2 (S% = g) &5 Hoy (A %) = H 4 (A\e(S), %) = -
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The following simple corollary is basic for everything that follows:
Corollary 2.2.2. Let N > 2 and A[N] C A be the sub-scheme of N-torsion points, then

H%7 (AVAN], 9)© = HO (A[N]\e(S),0)©).

Proof. This is a direct consequence of Proposition 2.2.1, the localization sequence
H?7H(A\e(S),9) — H2g~(AVA[N], g) — H (AIN\e(S),0) = H G (A\e(S), 9)

and Lemma 2.1.4. O

Note that HY, (A[N]\e(S), 0)(© is not zero. It contains the fundamental class of A[N]\e(S).

3. THE POLYLOGARITHM ON ABELIAN SCHEMES

3.1. A motivation from topology. In this section we explain the topological polylogarithm.
For more details and applications consult [BKL14].

Let X := C9/A a complex torus and consider the group ring Z[I'] with its standard action of T by
v(¥') := (y++'). Let I be the augmentation ideal for Z[['| = Z, (v) — 1. Define

Z{[T)) = lim Z[r]/ "

n

and observe that 1™ /1" = Sym"T. In fact, choosing a basis for T', one has Z[['] = Z[t1, ;' ..., tag, tggl]
and I is the ideal (t; —1,...,t2y — 1). The action of I" on Z[I'] extends to Z[[I']] and we denote by

Zogy
the sheaf on X associated with the I'-module Z[[I']]. We also write
Xog(zn)

for the sheaf associated with the T-module Z[[T']]/T", where I is the augmentation ideal of Z[[T']].

One gets that Zog; = lgln Eog(zn). Another description of Zogy is as follows: Let p: C9 — X be

the universal covering and consider piZ on X. This sheaf is a 7*Z[[']-module, where 7 : X — pt is

the structure map of X. Then

(3.1.1) Zogy, & pZ Qi) ™ L[]

From this description, one sees without any effort that

, 0 ifi#2

(3.1.2) Rim, Logy, = 729
Z if i =2g,

because
R'm, Zogy = H(X,pZ) @pgqr) 7 Z[[T]] 2 HA(C?, Z) @ gy 7 Z[[T]]
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as Z[[['] is a flat Z[I'-module. Let € : pt — X be the zero section, then the exact triangle
ev6 . Log, — Log; — Rj.j* Log,
where j : X\0 — X induces

Extg(gfl(ﬂ*lﬂ,.iﬂogz) — Extzf\zl (m*I', Zogy) — Hom(T', I) — Exti(g(ﬂ*l“, Zogy)

where the Ext-groups are extension classes of local systems and 7*I" is considered as trivial local
system. From the above cohomology computation it follows that Extig_l(w*F,ZogZ) = 0 and

that Ext%?(ﬂ*f‘,fogz) =~ Hom(I',Z). We get

0 — Exti ' (7T, Zogz) — Hom(T, Z[[T'}) — Hom(T, Z)

and the last map is easily seen to be induced by the augmentation of Z[[I']]. Thus, we have an
isomorphism

~

(3.1.3) Exti\y (7T, Zogz) = Hom(T, I).

Definition 3.1.1. The (topological) polylogarithm is the class

pol € Ext?Xg\_Ol (7T, ZLogy)

that maps to the canonical inclusion I' C T under the above isomorphism.

3.2. Review of the logarithm sheaf. Inspired by the above topological construction, one can
define a logarithm sheaf in any reasonable sheaf theory, most notably for étale sheaves or Hodge-
modules. This construction was first carried out in [Wil97] and generalizes the case of elliptic
curves from [BL94]. The construction is very formal and does not need specific properties of the
respective sheaf theory.

As in our main reference [Kin99], we want to define the logarithm sheaf at the same time for -adic
sheaves and for Hodge-modules over R. In the Hodge-module setting we let F' = R and all varieties
are considered over R. Lisse sheaves are the ones where the underlying perverse sheaf is a local
system placed in degree [—dimension of the variety]. We will consider these sheaves as sitting in
degree 0 to have an easier comparison with the étale situation. In the f-adic setting we let F' = Qy
and a lisse sheaf is associated with a continuous representation of the étale fundamental group.

Definition 3.2.1. Let # := (R'7.F)Y = Homg(R'm.F,F) be the dual of the first relative
cohomology of m: A — S.

The Leray spectral sequence induces a short exact sequence
0 — Exts(F, ) & Exty(F, ©* #) — Homg(F, R'm.F ® /) — 0,
which is exact and split because 7w has the section € : S — A. Note that

Homg(F, R'm,F @ ) = Homg (2, ).
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Definition 3.2.2. Let Zog) ¢ Ext}‘i(F, m*) be the unique class, which maps to idy, €
Homg (7, 7)) and such that e* ZLogV) splits. We write also Zog(!) for the lisse sheaf representing
this class.

By definition Zog(! sits in an exact sequence
0= 7 — FLog) — F — 0.

We define
Fog™ .= Sym" LogV)
so that we have morphisms Zog™ — Zog(®1) induced by ZLog) — F. We write Zog for

the projective system (.fog(”))n. Note that Zog is a pro-unipotent sheaf, which is a successive
extension of Sym*.Z.

Let ¢ : A — B be an isogeny. Then % induces an isomorphism 57, = ¢* % and hence an

isomorphism fogi) = w*fogg)

or more generally
(3.2.1) ZLog 4 = P* Logg.
For t € kery(S), we get t*Log 4 = €4.£ogp, which induces an isomorphism

t* Log 4 = €4 Log 4 = H Sym".y.

n>0

As in the topological case one can compute the cohomology of Zog.
Proposition 3.2.3 ([Kin99], Proposition 1.1.3). For the higher direct images of ZLog™ one has
R, Sog\™) =~ R%7, Log"™D = ...~ RYn, F ~ F(—g)
and for i < 2g the maps ZLog™ — Log" ) induce the zero map
Riw*fog(") &~ Riﬁ*,i”og("*l)

for all n.

Let us define

HY (A, Zog(g)) := lim HY (A, Zog™ (g)),

n

then the Proposition 3.2.3 and the Leray spectral sequence for R, imply that

0 if 1 < 2¢g

(3.2.2) HI (A, Zog(g)) = HUSE) i § et
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3.3. The polylogarithm. Consider the exact triangle for the open immersion j : A\A[N] — A
and ¢ : A[N] — A

Ll Log — Log — Rj.j* Log,
then we get a localization sequence

H*7Y(A, Log(g)) — H*~(A\A[N], Log(g)) — H°(A[N], " Log) — H*(A, Log(g)).

Corollary 3.3.1. Let Zog|A[N]]° := ker(1..* Log — F) be the kernel of the map induced by the

augmentation ZLog — F. Then the localization sequence induces an isomorphism

H?~H(A\A[N], Log(g)) = HO(S, Log[AIN]]°).

Proof. From Equation (3.2.2) we get that the localization sequence gives
0 — H*71(A\A[N], ZLog(g)) — H°(A[N],* ZLog) — H°(S, F)

and the last map is induced by the augmentation Zog — F. O

Denote by H?(A[N], F)? the kernel of the trace map
H°(A[N], F)® := ker(H°(A[N], F) — H°(S, F)).

By Equation (3.2.1) we have an inclusion

HY(A[N], F)? c H(S, Zog|A[N]]°).
It is convenient to identify
(3.3.1) HO(A[N], F)° = HO(A[N)\e(S), F)
via the restriction map.
Definition 3.3.2. For each ¢ € H°(A[N]\e(9), F) we let

pol, € H*~'(A\A[N], Zog(g))
be the class, which maps to ¢ under the isomorphism in Corollary 3.3.1. We let
poly € H* ™' (A\A[N], Zog™(g))

be the image under the canonical map Zog — Zog(™.

If we want to specify the theory of sheaves we working with, we write
poly, € Hyf ™ (A\A[N], Zog(g))

for the absolute Hodge and
pOlet,g& € He?tgil('A\'A[N]a gOg(g))

for the ¢-adic polylogarithm.



10 GUIDO KINGS AND DAMIAN ROSSLER

3.4. Norm compatibility of the polylogarithm. Let a > 2 be an integer and consider the
[a]-multiplication [a] : A — A. We define an endomorphism tr, of H*~1(A\A[N], Log(g)) as
follows:

trg) « H2 7 (AVAIN], Zog(g)) — H*~(la] " (A\A[N]), Log(g)) —
= H27([a] M (AVAINY), [a]* Zog(9)) oy B2 (A\AIN], Zog(g)).

where trace|, is the trace map relative to the finite morphism |a].

Proposition 3.4.1. Suppose that (a, N) = 1 and let [a].¢ be the image of ¢ € H°(A[N]\e(S), F)
under the finite map [a]. Then one has

trygpol, = polj,.

In particular, for a =1 mod N one gets tr,pol, = pol, and pol, is norm-compatible.

Proof. As the trace map is compatible with residues, we have a commutative diagram

H2~1(A\A[N], Zog(g)) —— H°(S, ZLog[A[N]]")

tr[a] J Jtr[a]

H?971(A\A[N], Zog(g)) —— HO(S, Zog[AIN]]").

The map try, induces on H°(A[N],F)? c H°(S, Zog[A[N])°) the map [a]. : HO(A[N],F)? —
HY(A[N], F)°. The result follows from the definition of the polylogarithm. O

Corollary 3.4.2. Let pol?o € H* 1(A\A[N], F(g)) be the image of pol, under the morphism
H?7~H(A\A[N], Zog(g)) — H* 7 (A\AIN], F(g))
induced by the augmentation ZLog — F. Then
polg, € H*~ ' (A\A[N], F(g))©

is in the generalized 0 eigenspace of tr(,).

Proof. This is clear from Proposition 3.4.1. O

3.5. A motivic construction of the polylogarithm. The motivic construction presented here
is similar to the one in [Kin99], except that we consider here the variant of the polylogarithm
explained in 3.3.2. We will focus on the differences and refer to [Kin99] whenever possible.

Remark 3.5.1. All constructions in this section work without any changes in any twisted Bloch-
Ogus cohomology theory. To fix ideas, and because it is the ”universal” case, we wrote everything
for motivic cohomology.
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Let us recall some notations from [Kin99]. Define

= (A\e(5)) x5 (A\e(5))
considered with the second projection p : U — A\e(S) as a scheme over A\e(S). Let V := U\A
be the complement of the diagonal and set

U :=U X q\¢(5) " - XA\e(s) U n-times
V"=V X p\e(8) - XA\e(s) V n-times.
More generally, we let for I C {1,...,n}
V= {(uy,...,u,) €U" |u; € Vifieclandu € AifiglI}.

This gives a stratification U™ = |J; VL. Denote by ¥, the permutation group of {1,...,n} and
let sgn,, denote the sign character. For any Q-vector space H with ¥, action, we denote by Hggy,

the sgn,, eigenspace.
The fundamental result for the construction is:

Proposition 3.5.2. [[Kin99] Corollary 2.1.4] There is a long exact sequence
= H (U™ %)sgn, = H (V" #)sgn, — H 9TV % — )gn | —,

where the residue map is taken along the n-th variable and which is equivariant for the try action

for any integer a.

The schemes U™ and V" are considered over A\¢e(.S) and we consider the base change to A\ AA[N] C
A\e(S):
Note that the base change is compatible with the 3,, action, so that the same proof as for [Kin99,

Corollary 2.1.4] shows that there is also a long exact sequence
: : —2g+1
= H. (U vy ®sen, — Hog (VA aings #)sen, = H o (Vi ding = Dsgnay = -
This sequence is still equivariant for the tr(,-action. Now we use the fact that
(3.5.1) H,U", )9 =0,

which is an easy consequence of Proposition 2.2.1 by induction (see also [Kin99, Theorem 2.2.3]).
Note that the vanishing does not depend on the a chosen to define trj,. If we combine this with

the long exact sequence in the proposition we get:
Corollary 3.5.3. The residue maps induce isomorphisms
. —2g+1 =
H (Vi any S = H > (VA * — 9, —
- = H, RO AINN(S), = (n+1)9) ),

which do not depend on the integer a used to define the operator trig).
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We can now define the motivic polylogarithm.
Definition 3.5.4. For any ¢ € HY,(A[N]\e(S),0)(?) define the motivic polylogarithm

n 29—1)(n+1) /1 n
poly . € H,(///g o )(V_A\_A[N]v (n+ 1)9)§221n

to be the class, which maps to ¢ under the isomorphisms in Corollary 3.5.3.

From this characterization we get immediately:

Proposition 3.5.5. The polylogarithm is compatible with base change.

Proof. By [Dég04] the Gysin sequence is compatible with base change.

O

3.6. Comparison with the realizations of the polylogarithm. In this section we relate the

motivic polylogarithm pol , , from Definition 3.5.4 via the regulator maps to the pol, as in

Definition 3.3.2.
Consider the regulator maps into absolute Hodge

2g—1)(n+1) /1 rn 29—1)(n+1) /1 rn
and to f-adic cohomology

Ty HL(//Z/g_l)(n—H)(VX\A[N}’ (n+1)g) — Héfg_l)(n+1)(V£\A[N}v (n+1)g).

As in Section 3.2 we will treat the absolute Hodge and the ¢-adic case simultaneously. We start

by identifying H(ngl)(nﬂ)(VX\A[N]? (n+ 1)9)%21”'

Proposition 3.6.1. One has an isomorphism
HEIDUED VR gy (n+ 1)g)Qh = HY7HAVA[N], Zog™(g)) )

and a commutative diagram

—1)(n n 0 ! —Un(yn= )
HEDD VR o (4 1)g)lgh, ——— HE DM (VAL o ng)gh,

F

H?9~H(A\A[N], Zog™ (9))) ——— H> (A\A[N], Zog"~(g))©),

where the lower horizontal map is induced by Log™ — Log—1),

Proof. This is essentially proven in [Kin99, Proposition 2.3.1] but for the weight 1 parts.

Let U := (A\e(S)) x A and V := U\A. We denote by P the second projection. We also let
V= V;{\ AN to shorten notation. It is shown in the first part of the proof of [Kin99, Proposition

2.3.1] that
T*Rim,F(g) i<2g9—1
R'D.Fi(g) = { ZLog) i=2g—1
0 1= 2g.
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It follows that R*~'p,Fy is isomorphic to the restriction of ZogM to A\A[N].
Let pyn : V™ — A\A[N] be the structure map. As the Ripyn Fy, are all lisse sheaves, we can
take the dual of the Kiinneth formula for Rpy» to get
Rpyn.Fp, = P R'p.Fp@-- @ R"p.Fy.
i14in=i

In particular, R(ngl)”pvn,*F(/n >~ (Log")® on A\A[N]. Let 7 : A\A[N] — S be the structure
map. Note that the projection formula for Rm gives for lisse sheaves a projection formula for R7,.

From the exact sequence

0 — Log) 5 F 0

we see that tryy acts with weights > 0 on Ri%*fog(l). We claim that
(3.6.1) H (A\AIN], R"p,Fy ® -+ @ R"p, Fi;(gn))© = 0

whenever i; + ... + iy, < (29 — 1)n. If this is the case, at least one factor in the tensor product is

of the form 7*R%r,F with ij < 2g — 1. Without loss of generality, we may assume j = 1. We get

R (R"'pFy @ ® R"p, Fyy) &
~ R'm.F ® R" (R?p,Fy ® -+ ® R p, Fy).

The trace operator tri, acts on Ri'7, F with weight > 2 on (Ri2p*FvA\A[N] ®---® Ri’bp*FVA\A[N])
with some weight > 0. This gives the vanishing in Equation (3.6.1). We get

DO (04 1)g) Q) 2 HY9 7 (AVA[N], Sym” Zog ),

sgn,, =

which gives the first claim of the proposition. The compatibility of the residue with Zog(™ —
Zog"= 1 follows from the commutative diagram

H(ngl)(n+1)((7n, (,n + l)g)égzxn - H(ngl)(nﬁ»l)(";n’ (n + 1)g)£22‘n N Ijl(2g71)n(‘7nfl7 ng)ggl‘n71

: : |

H(zgfl)"(f]nfl,pgn,lﬁf(ng)éggn SN H(2g71)n(‘7n717p* gog(l)(ng))gg%n - I_I(ngl)n(f)nfl7 ng)ggzl

yn—1 n—1°

O

Corollary 3.6.2. The motivic polylogarithm

n 2g—1)(n n
pol’y , € H((//g W +1)(VA\A[N]= (n+ 1)9)%”

maps under the requlator maps to the absolute Hodge and to the étale polylogarithm

n

r%(polﬁ/aw) = pol%@ ret(polfﬁ/,/,’@) = polg; -
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4. THE ABELIAN POLYLOGARITHM IN DEGREE 0 AND THE HIGHER ANALYTIC TORSION OF THE
POINCARE BUNDLE

In the first subsection, we recall some concepts and results from Arakelov theory and we state the
main result of this section, ie Theorem 4.1.2. In the second subsection, we give a proof of Theorem
4.1.2.

4.1. Canonical currents on abelian schemes. We begin with a review of some notations and
definitions coming from Arakelov theory.

Let (R,X) be an arithmetic ring. By definition, this means that R is an excellent regular ring,
which comes with a finite conjugation-invariant set ¥ of embeddings into C (see [GS90a, 3.1.2]).

For example R might be Z with its unique embedding into C, or C with the identity and complex
conjugation as embeddings.

An arithmetic variety over R is a regular scheme, which is flat and quasi-projective over R. This
definition is more restrictive than the definition of the same term given in [GS90a)].

For any arithmetic variety X over R, we write as usual
X(C) =[] (X xro ©)(C) =: [] X(C)s.
ocEX oeY

For any p > 0, we let DPP(XR) (resp. APP(Xg)) be the R-vector space of currents (resp. differential
forms) v on X (C) such that

e v is a real current (resp. differential form) of type (p, p);
b F:o’y = (_1)]7,%
where Fi, : X(C) — X(C) is the real analytic involution given by complex conjugation. We then
define
DPP(Xg) := DPP(Xg)/(im O + im )
(resp.
APP(XR) := APP(Xg)/(im 8 + im 9) ).

All these notations are standard in Arakelov geometry. See [Sou92] for a compendium. It is shown
in [GS90a, Th. 1.2.2 (ii)] that the natural map APP(Xg) — DPP(Xp) is an injection.

If Z a closed complex submanifold of X (C), we shall write more generally D?”(Xg) for the R-vector
space of currents v on X (C) such that

e v is a real current of type (p,p);
o Foy = (=1);
e the wave-front set of 7 is included in Nz, x(c) ®r C.

Here N is the conormal bundle of Z in X (C), where Z and X (C) are viewed as real differentiable
manifolds.
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In the same way as above, we then define the R-vector spaces
D" (Xw) = D7"(Xz)/ D7 (Xw)

where D2 (Xg) is the set of currents v € DYP(Xgr) with the following property: there exists a
current « of type (p—1,p) and a current 3 of type (p,p— 1) such that  := da + 9 and such that
the wave-front sets of o and 8 are included in the complexified conormal bundle of Z in X (C).

See [Hor03] for the definition (and theory) of the wave-front set.

It is a consequence of [BGL10, Cor. 4.7] that the natural morphism ﬁg’p(XR) — DPP(Xp) is an

injection.!

Furthermore, it is a consequence of [BGL10, Th. 4.3] that for any R-morphism f :Y — X of

arithmetic varieties, there is a natural morphism of R-vector spaces

7 DYP(X) = Dhly. ) (Y),

provided f(C) is transverse to Z. This morphism extends the morphism APP(Xp) — APP(Yg),
which is obtained by pulling back differential forms.

We shall write H7, ., (X, R(-)) for the analytic real Deligne cohomology of X(C). By definition,
H%,an(X7 R(p)) = Hq(X((C)’ R(p)D,an)
where R(p)p an is the complex of sheaves of R-vector spaces

d _
0= R(p) = V) = ey = - — Q@((}C) -0

on X(C) (for the ordinary topology). Here R(p) := (2im)PR C C and Qé{(@) is the sheaf of
holomorphic forms of degree i. Notice that there is morphism of complexes R(p)p.an — R(p),
where R(p) is viewed as a complex of sheaves with a single entry in degree 0. This morphism of
complexes induces maps

¢B : Hp on(X,R(-)) = H*(X(C),R(-))
from analytic Deligne cohomology into Betti cohomology. We now define
2p—1 2p—1 x
Hpon (X, R(p)) :={y € Hp o, (X, R(p)) | Fov = (=1)"}-
It is shown in [BW9S, par 6.1] that there is a natural inclusion
(4.1.1) HE L (Xg, R(p)) < APP(Xp).

There is a cycle class map cyc,, : H*,(X,e) — H} , (Xg,R(e)). The composition ¢qr o cyc,,
is the usual cycle class map (or "regulator”) into Betti cohomology. Finally there is a canonical
exact sequence

C

(4.1.2) HP A, p)g 2o AP=10=1(AR)—CH' (A)g — CHP(A)g — 0

where (abusing language) the map cyc,, is defined via the inclusion 4.1.1. The group CH”(A)
is the p-th Chow group of X (see the book [Ful98]) and CH.(-) is the arithmetic Chow group of

1many thanks to J.-I. Burgos for bringing this to our attention
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Gillet-Soulé (see [GS90a]). The group Gﬁ.() is contravariantly functorial for any R-morphisms of

arithmetic varieties and covariantly functorial for smooth projective morphisms.

Let now as before 14 = 7w : A — S be an abelian scheme over S of relative dimension g = g4.
We shall write as usual AY — S for the dual abelian scheme. We let as before ¢4 = ¢ be the
zero-section of A — S. We shall denote by Sy = Sp 4 = €4(S) the (reduced) closed subscheme
of A, which is the image of €¢4. We write P for the Poincaré bundle on A xg .AY. We endow
P(C) with the unique metric Ap such that the canonical rigidification of P along the zero-section
AV — A xg AV is an isometry and such that the curvature form of hp is translation invariant
along the fibres of the map A(C) xg(c) AY(C) — AY(C). We write P := (P, hp) for the resulting
hermitian line bundle. See [MB85, chap I, 4 and chap. I] for more details on all this.

The following is Th. 1.1 in [MR].

Theorem 4.1.1 (Maillot-R.). There is a unique class of currents gv € 59*1’971(,4]1{) with the

following three properties:

(a) Any element of gav is a Green current for So(C).
(b) The identity (So,gav) = (—1)gp1,*(cAh(f))(g) holds in a_ﬁg(A)@.
(¢) The identity gav = [n]«gav holds for all n > 2.

Here the morphism p; is the first projection A xg AY — A and [n] : A — A is the multiplication-
by-n morphism. See [GS90a, 1.2] for the notion of Green current. The symbol cAh(o) refers to the
arithmetic Chern character, which has values in arithmetic Chow groups; see [GS90b] for this. By
()9 we mean the degree g part of (-) in the natural grading of the arithmetic Chow group.

In [MR] it is also shown that the restriction (—1)9™gav|4c)\(c) is equal to the part of degree
(g — 1,9 — 1) of the Bismut-Koehler higher analytic torsion of P (see [BK92]) along the map
A(C) x AY(C) — A(C), for some natural choices of Kéhler fibration structures on A(C) x AY(C).

Furthermore (see [MR, Introduction]), the following is known:
- |
- The class of currents g v lies in D @ (Ar).

- Let T be a an arithmetic variety over R and T — S be a morphism of schemes over R. Let
Ar be the abelian scheme obtained by base-change and let BC : A7 — A be the corresponding
morphism. Then BC(C) is tranverse to So(C) and BC*g}y = g} -

We now suppose that the field k is embeddable into C and we set R = k. We choose an arbitrary
conjugation-invariant set of embeddings of R into C.

Fix once an for all a € Z such that (a,N) = 1. Recall that by Corollary 2.2.2, we have an

isomorphism
(4.1.3) pa: Hoy H(AVAIN], 9)© = HY, (A[N]\ea(s),0)”

and that the element POID///J;’V, A is the unique element of sz_l(A\A[N ],9)© mapping to 1%
under this isomorphism. Recall that 13, € H%, (A[N]\ea(S),0) is the element given by the formal
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sum of all the irreducible components of A[N]\e(S). Recall also that we have
H) (AVAIN )0 = {h € BT (AVAIN] 9) | 31> 12 (bnge) — 14)'(h) = 0}
where tr(, is described in Definition 2.1.1, and
HY(AIN\ea(5),0)” := {h € H(AINT\ea(S),0) | [a]«(h) = h}.
Theorem 4.1.2. We have

—2- cyCan(POlly 13 a0) = ([N gy — N9 - g 4v) | ay apvy-

Furthermore, the map
Higl_l(-A\A[N]vg)(O) N H%%;J((A\A[NDR,R(Q))

induced by cyc,, s injective.

(Theorem 4.1.2 is identical to Theorem 1 in the introduction)
The proof of Theorem 4.1.2 will occupy the next subsection.

The proof goes as follows. We first prove the basic fact that

([N gav — N9 - g4v) | o apn) € cycan(Hag (A\VAIN], 9)(©)

(see Lemma 4.2.5). This is where Arakelov theory and the geometry of the Poincaré bundle play
an important role. Next we show how the elements polf)/m;;wA’a and ([N]*gav — N%9 . 94v)| 4\ A[N]
behave under products (see Lemmata 4.2.8 and 4.2.7). To determine the behaviour of polojm?w Aa
under products, we need some elementary invariance results of residue maps in motivic cohomology
and to determine the behaviour of ([N]*g4v — N29 - g4v )] A\A4[n] under products, we need parts of
the Gillet-Soulé calculus of Green currents. In our third step, we prove that Theorem 4.1.2 holds
when A is an elliptic curve; this follows from some classical results in the theory of elliptic units
(see Lemma 4.2.9). In our fourth and final step, we show that Theorem 4.1.2 holds for products of
elliptic curves (see Lemma 4.2.9) and we use a deformation argument together with the existence
of moduli spaces for polarised abelian varieties to reduce the general case to the case of products
of elliptic curves (see subsubsection 4.2.3).

Remark 4.1.3. (important) At first sight, it might seem that a natural way to tackle a statement

like Theorem 4.1.2 is to check that the elements —2~cycan(polf)///71?wA’a) and ([N]*gav — N9 - g 4v)| 4\ a[n]
have the same residue and are both norm invariant (ie trj,-invariant). One could then argue that

a norm invariant element is completely determined by its residue to conclude. This line of proof
does not work because there are no localisation sequences in analytic Deligne cohomology (un-

like in Deligne-Beilinson cohomology). This is why we have to resort to the more complicated
deformation argument outlined above, together with some explicit computations.
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4.2. Proof of Theorem 4.1.2. We shall suppose without restriction of generality that S is con-
nected. We also suppose without restriction of generality that a = 1 (mod N). To see that this
last hypothesis does not restrict generality, notice first that pol 4 12 44 = POl 13 4« for all
[ > 1. Thus we may replace a by some a' and since (Z/NZ)* is finite there exists [ > 1 such that
a' =1 (mod N).

4.2.1. Invariance properties of residue maps in motivic cohomology. In this paragraph, we shall
state certain elementary invariance properties of residue maps (see below for the definition of this
term) in motivic cohomology. These invariance properties play a key role in the proof of Theorem
4.1.2.

Proposition 4.2.1. Let

1
XOCZ—>1/Q

be a cartesian diagram of smooth schemes over a field. Suppose that the horizontal morphisms are
closed immersions. Let ¢ € N and suppose that the codimension of X in'Y (resp. Xy in Yy) is c.

Let U :=Y\X and Uy := Yp\Xo. Then we have a commutative diagram of localisation sequences

—— H* (X, —¢) —— H%(Y,x) —— H*,(U,x) —— H )72 (X, % —c) —— ...

| | | l

c—— H*,*(Xo, % — ¢) —— H*, (Yo, *) —— H*,(Up, ) —— H*J'72(Xg,x —c) — ...
where the vertical maps are the pull-back maps.

Proof. See [Dég04]. O

Proposition 4.2.2. Let Y be a smooth scheme over k and let i : X — Y be a smooth closed
subscheme. Let Xg be a smooth closed subscheme of X. Let cx,cy € N. Suppose that the
codimension of Xo in X (resp. in'Y ) is cx (resp. cy ). Then the diagram

H®,(X\Xq,*) ————— H*T172ex (X, * — cx)

B J:

H:;Z(cyfcx)(y\XO’ «+cy —cx) Je+1-2cx (Xo,* — cx)

1s commutative. Here the horizontal maps are the residue maps.
Proof. We leave this an an exercise for the reader. See [Jan90, par. 6]. O

Here is how Proposition 4.2.1 applies in our setting.
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Let T be a an arithmetic variety over R = k and T — S be a morphism of schemes over R. Let
Ar be the abelian scheme obtained by base-change and let BC : A7 — A be the corresponding

morphism.

Let
BC; : Ap[N)\€a, (S) = A[N]\ea(S)
be the morphism obtained by restricting BC. Similarly, let
BCy, : AT\.AT[N} — A\A[N]
be the morphism obtained by restricting BC.

Lemma 4.2.3. We have BC; o p4 = pa, o BCj.
Proof. Follows from 4.2.1. O

4.2.2. An intermediate result.

Proposition 4.2.4. (a) The map
HG ™ (AVAINT, ) = HY L (AVAIND)z, R(9)
induced by cyc,, s injective.

(b) Let o € A[N](S)\€a(S). Let pol_, € HiﬂAfl(A\A[N],gA))(O) be the element corresponding to
the class of —o in HY,(A[N]\ea(S),0). Then

—2-cycy,(pol_,) = (0" gav — g.av)| o\ AN)-

The proof of Proposition 4.2.4 will rely on the following lemmata.
Lemma 4.2.5. Let 0 € A[N](S)\ea(S). Then

(U*Q.AV - gAV)|A\{5A(S),—o(S)} - Cycan(HiglA_l(A\{eA(S)v _J(S)}a gA))(O))

Proof. 1t is sufficient to show that

(4.2.1) (0704 — 8494\ e (5)—o(5)} C CFCan(HAAT (AVA[N], g.a)).
Indeed, a natural analog of the operator try, operates on analytic Deligne cohomology and the

map Cyc,, intertwines this operator with try,. So if 4.2.1 holds, we may deduce the conclusion of
the lemma from the existence of the Jordan decomposition.

Let ¥ be the rigidified line bundle on A" corresponding to o via the S-isomorphism A ~ (AY)V.
Let ¥ be the unique hermitian line bundle on A", such that

- its underlying line bundle is ¥;

- the rigidification is an isometry;
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- its curvature form is translation invariant on the fibres of the map AY(C) — S(C).

To prove relation 4.2.5, we compute in CH’ (A)g:
0" (S0,84%) = (S0,847) = (=1)? (0" (p1.-(h(P)) — p1..(ch(P))
= (-1 (pra(ch(P © D) — p1.(ch(P))?)

= (=) (p1o(ch(P)® = pr(ch(P)@)) = 0

Here we used in the second equality the fact that the direct image in arithmetic Chow theory is
naturally compatible with smooth base-change. We also used the fact that ch(¥) = 1 and the
multiplicativity of the arithmetic Chern character. Now, we have

0" (50,9.4v) = (S0, 8.4v) = (=0(5),07g4v) — (S0, 84v)
and thus the image of
(07847 = 84) Laea().~o(9))
in Gﬁg(.A\{eA(S), —0(S)})q vanishes. Using 4.1.2, we may conclude. O

The next lemma proves assertion (a) in Proposition 4.2.4.

Lemma 4.2.6. The map H5 ' (A\A[N], ¢))© — H%%;}((A\A[N])R,R(g)) induced by cyc,, is
mjective.

Proof. Notice that we have commutative diagram

H27 (AVAIN], 9)© — 22 1O, (AIN]\e(S), 0)

l CyCan CYCan

HpH(AVAIN, g) HY . (AIN]\ea(S), 0)

J¢B ¢B,=

H20-L(A(C)\A[N](C), g) — H°(A[N](C)\ea(S)(C),0)

where the isomorphism on the bottom line is the residue map in Betti cohomology. The fact
that the residue map in Betti cohomology is an isomorphism follows from the fact that Betti
cohomology is a twisted Poincaré duality theory in the sense of Bloch-Ogus and Corollary 2.2.2.
Furthermore, the upper right vertical map can be seen to be injective. This implies the assertion
of the Lemma. O

Lemma 4.2.7. Let B — S be an abelian scheme.
Let o € A[N](S) and let T € B[N](95).

Let x:= (0*g4v — gav)|aan) ond y = (T"95v — 95)|B\B[N]-
Furthermore, let

z = ((O’ X T)*QAVXBV _gAVXBV)’AXB\(AXB)[N}-
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Then we have

z = (Id.A\A[N] X T)*x + (0 X IdB\B[N])*y'

Proof. Let vqv := (—=1)9p1 «(ch(P))9). We shall write § 40 for the Dirac current in A(C) xs(cy B(C)
of the closed complex manifold associated with the image of A by the morphism (Id4 Xgepomy).
We shall also use the notation 0 4x,, which is defined similarly. Let g4 : A X B — A and
qB : A xg B — B be the obvious projections. First we make the computation

qa84v A (0ax0 — d.axr) + (a7 98v — q585v) A (JoxB — ¢avav)
= q84v N (Oaxo = daxr) = (q57 8Bv — qpopv) A (dd°gagav)
= (04x0 = 0axr + Oaxr — qT VBY — Sax0 + qgrBv) A qa8av =0
In this computation, we used the following elementary fact (see [Roe99, before par. 6.2.1)): if n,w

are two currents of type (p,p) on a complex manifold, such that  and w have disjoint wave front

sets, then
n A dd‘w — ddn A w € imd + imd.
Now using the formula [MR, Th. 1.2, 5.] for the canonical current of fibre products of abelian

schemes and the previous computation, we get that

(0 X T)"gAvxBY — AV xBY

(o X T)*(q48.4v * qBIBY) — B4V xBY = Qa0 GAv * qET*IBv — CA8Av * q5IBY

Ca0 gAY NOaxr + Qa0 vav AN qaT 9Bv — @a8.4v A Oaxo — QaVAv N qE9BY

Ca0 gAY NOaxr + @a0 vav AN qaT 98v — @a8.4v A Oax0 — QaVAv N qE9BY
+ @484y AN (0axo — 0axr) + (a7 98v — q5oBv) A (OoxB — CavAv)
= (q40794v — @48.4v) Ndaxr + (q57798v — q588v) A doxs

which implies the assertion of the lemma. O

Lemma 4.2.8. Let B — S be an abelian scheme of relative dimension gg. Let o € A[N](S)\ea(S)
and let 7 € B[N](S)\es(S5).

Letx € HiﬂAfl(A\A[N], 9.4))© be the element corresponding to the class of o in HS, (A[N]\ea(S),0).
Lety € H%B_I(B\B[N},glg))(o) be the element corresponding to the class of T in HY (B[N]\es(S),0).
Then z = (Id g\ ajn) X 7)«x + (0 X Idg\ () )+y lies in H/Q\ElgAJrgB)_l(A xsB\(AxsB)[N],g4+g5)) "
and corresponds to the class of o x 7 in HY(((A xs B)[N]\eaxs5(5),0).
Proof. For the first assertion, it is sufficient to show that

2 € HAAP9) ™ (A xs B\(A x5 B)[N], g4 + g55))©

and that z has residue o x 7 in HY,((A x B)[N]\eaxs(S),0).



22 GUIDO KINGS AND DAMIAN ROSSLER

The fact that

2 € HX0AT98) (A o B\(A x5 B)[N], g4 + 95))©

follows from the fact that the morphisms Id g 4] X 7 and 0 x Idg gy commute with the
multiplication-by-a morphism (since @ = 1 mod ).

To compute the residue of z, notice first that the value of the residue of = (resp. y) at €4(S5)
(resp. €g(S)) is —1. To see this, notice that the push-forward into H/Q\ZA(A, ga) (resp. into
Hf\/ng(B,gB)) of the residue of x (resp. y) in H°(A[NJ,0) (resp. H°(B[N],0)) vanishes. This
vanishing implies that the push-forward to H°(S, 0) ~ Q of the residue of z (resp. y) in H°(A[N],0)
(resp. H°(B[N],0)) vanishes too. If one combine this fact with the fact that the residue of x (resp.
y) in H(A[N]\€a(S),0) (resp. H°(B[N]\es(9),0)) is o(S) (resp. 7(S)) (this holds by hypothesis),
one obtains that the residue of x (resp. y) at €4(S) (resp. €5(S)) is —1.

Now using Proposition 4.2.2, we may compute that the residue of z in H°((A xg B)[N],0) is
(cxT—=0x71)+(0x7—-0x0)
and thus the residue of z in HY,((A x B)[N]\eaxs(S),0) is o x 7. O

Lemma 4.2.9. Proposition 4.2.4 (b) holds if the morphism S — Spec k is the identity and
A~ Hf:LS E;, where E; is an elliptic curve over S = Spec k.

Proof. (of Lemma 4.2.9) We first prove the statement when g = 1. Let E := E; = E,. Notice that
the map

cyCan : Hy(E\E[N], 1) = Of g (E\E[N]) ® Q
= Hpa(B\EIN],1) = {f € C*((E\E[N])(C),R) | dd°f = 0}

can be explicitly described by the formula u ® r — rlog |u(C)].

Now let « be one of the given embeddings of R into C (those that are part of the datum of an
arithmetic ring). Let C/[1,7g o] ~ E(C), be a presentation of E(C), as a quotient of C by a
lattice generated by 1 and a complex number 75, with strictly positive imaginary part. Call
A: C — E(C), the corresponding quotient map. Then by [MR, par. 7], we have

grv(A(2)) = —2log [e 7> 2sigma(2) A (75,0) 7|
for all z ¢ [1,7q]. Here A(e) is the discriminant modular form, sigma(z) is the Weierstrass

sigma-function associated with the lattice [1,7g ] and 7 is the quasi-period map associated with
the lattice [1,7g ], extended R-linearly to all of C (see [Sil94, I, Prop. 5.2] for the latter). Let
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2o € C such that A(z9) = —o,. We compute
e_(Z_ZO)"’](Z_ZO)/Qsigma(Z — ZO) |
e~#1(2)/2sigmal(z)
e—%(Z'n(z)—z'ﬁ(zc))—zo'77(Z)+ZO'77(20))Sigma(z — 20)
e~=1(2)/2sigmal(z)

) sigma(z — zo)

_ ‘e%(z-n(ZO)JrZO'??(Z)*ZO'n(ZO ‘

sigma(z)

_ ‘63‘77(30)—%20‘77(20) Sigma(z — ZO)

sigma(z)

Here we used the Legendre relation for the quasi-period map on the last line (see [Sil94, I, Prop.
b(z) = =)~ dz0m(z) SBMA(Z = 20)
. Sigma(z)

Now recall that the periodicity relation for the sigma function says that
sigma(z + w) = 1 (w)e" @ ET Agigmal(z)

for all w € [1,7g 4] (see [Sil94, I, Prop. 5.4 (c)]). Here 9(e) is a function with values in the set
{—1,1}. This implies that

sigma(z +w — 29)  sigma(z — 2p) e~ M(w)z0

sigma(z +w)  sigma(z2)
and thus that
8z +)/9(2) = 1D = i, ).

The Legendre relation again implies that (e, zp) defines a homomorphism of abelian groups
[1,7E,o] — C* and that its image is a torsion group of order dividing N. We conclude that
#(2)N is a [1, T q]-periodic function. Furthermore, ¢(z) has a zero of order 1 at zy and a pole
of order 1 at 0. We see that after passage to the quotient, the function ¢(z) defines an element
o € O (E(C)o\E(C)o[N]) ®Q, whose divisor is zp ©0. Furthermore, the distribution relations of
A. Robert (see [KL81, par. 4, Th. 4.1]) show that tri,(¢o) = ¢o (we slighty abuse notation here).

Now let ¢ € H,(E\E[N],1)( be an element such that

cyCan(90)| E(C) = 10g|d0| = ([—20]"85 — 85v)| B\ E©)N] = —210g|do| = log ¢y

This exists by Lemma 4.2.5. Notice that both 50 and ¢p are invariant under try, and thus %

0

is a constant [ € C* ® Q, such that trj(l) = 19" = [ and thus [ = 1. Thus we may compute that
div(%o) =2006206 7. We conclude that 50 = —2 - pol,, and this concludes the proof of the
lemma when g = 1. To prove the Lemma 4.2.9 in general, just combine the fact that Lemma 4.2.9
holds for g = 1 with Lemmata 4.2.7 and 4.2.8.

0
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Let T be a an arithmetic variety over R = k and T — S be a morphism of schemes over R. Let
Ar be the abelian scheme obtained by base-change and let BC,BCy, and BC; be as at the end of
paragraph 4.2.1. Let

BC} : HY (AIN]\ea(S),0) — Hiy(Ar[N]\ea,(5),0)

and
BC; : H2% ™ (A\A[N], ) — H2J™ (Ar\Ar[N], 9)"*
be the natural pull-back maps.

Lemma 4.2.10. If T is connected and A[N] ~ (Z/NZ)%Q then the maps BC; and BCj are

1somorphisms.

Proof. The map BCj is an isomorphism by construction and the fact that the map BCj is an
isomorphism follows from the fact that BC] is an isomorphism, from Lemma 4.2.3 and from the
isomorphisms
pa: Hy (AVAIN], )0 = HY (AIN]\ea(S), 0).
and
par - H (Ar\A7[N],9)* = HY (Ar[N]\ear (5),0).

Lemma 4.2.11. Let 0 € A[N|(S)\ea(S). We have
BCjpol, = pol,..
and

BC} (0" g4y — 04v)lavavy) = (070.4% — 847) | ar\ Az [N]-

Proof. The second equality is a consequence of the remarks after Theorem 4.1.1. The first equality
is a consequence of the fact that BCy o tr, 4 = tr, 4, 0 BC; and of Lemma 4.2.3. (|

Lemma 4.2.12. Suppose that A[N] ~ (Z/NZ)?’. Suppose also that for some point s € S(k), the
abelian scheme As is a product of elliptic curves over k. Then Proposition 4.2.4 holds for A — S.
Proof. Let T := Spec k and let T' — S be the closed immersion given by s. By Lemmata 4.2.6 and
4.2.10, the map
¢yCan © BC}, = BC} 0 eycan : HyG ™ (AVAIN], 9))©) = HE (ANAIN]) R(9)
is injective. Now let ¢ € HJQ\Z_I(A\A[N],g))(O) be an element such that
—cyCan(®) = (07g4v — gav)| A\ AN]-
The element ¢ exists by Lemma 4.2.5. Then by Lemma 4.2.11 and Lemma 4.2.9, we have
—BCj,(cycan(¢ —pol_,)) =0

whence ¢ = pol_. O
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Lemma 4.2.13. Let M € N*. To prove Proposition 4.2.4, it is sufficient to prove it under the
supplementary assumption that A[M] ~ (Z/MZ)?.

Proof. We may choose T' — S, such that T — S is proper and generically finite and such that
Ap[M] ~ (Z/MZ)ZTg. In view of this as well as Lemma 4.2.11 and Lemma 4.2.5, we see that it is
sufficient to show that the map BCj is injective when 7" — S is proper and generically finite. This
is a consequence of the fact that BCy, is then also proper and generically finite, of the projection
formula, and of the fact that BCj, ,(1) = deg(BCp). O

Proof of Proposition 4.2.4.

Let M € N*. Suppose that N|M and that M > 4. By Lemma 4.2.13, we may suppose without
restriction of generality that A[M]| ~ (Z/M Z)%g . Now by Lemma 4.2.11, to prove Proposition
4.2.4, it is sufficient to show that there exists

- T, an arithmetic variety over R;

- B — T, an abelian scheme of relative dimension g such that B[M]| ~ (Z/M Z)?Fg and such that
Proposition 4.2.4 holds for B;

- an R-morphism S — T, such that A ~ B xp S.

Before trying to determine a suitable B, equip A — S with a polarisation and let d be the degree
of the latter. As a candidate for B, we consider the universal abelian scheme over the (fine) moduli
space Ay g /k of abelian varieties of dimension g, equipped with an M-level structure and a
polarisation of degree d (see for instance [MB85] for more details). Proposition 4.2.4 holds for B
by Lemma 4.2.12 and there exists a k-morphism S — T', such A ~ B x7 S, because Ay g r/k is a
moduli space.

4.2.3. Proof of Theorem 4.1.2.

Lemma 4.2.14. Let M € N*. To prove Theorem 4.1.2, it is sufficient to prove it under the
supplementary assumption that A[M) ~ (Z/MZ)¥.

Proof. The proof is similar to the proof of Lemma 4.2.13 and will be omitted. O
Lemma 4.2.15. Suppose that A[N] ~ (Z/NZ)ZQ. For any o € A[N](S), let

Ty =0 gAv — gAv.

Then we have

Z% = [N]"gav — N*7 - gyv.
g

Proof. 1If n is a differential form on A(C), we have from the definitions that

NI [NLap =) 0w
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Dualising this statement for currents, we obtain that

VP [Ngav = 30" gav.

Since [N].gav = gav by 4.1.1 (c), we obtain that

[N]*gav =Y 0" gav
g

from which the Lemma follows. O

The proof of Theorem 4.1.2 now follows from Lemma 4.2.14, Proposition 4.2.4 and Lemma 4.2.15.
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