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Abstract

We consider arithmetic varieties endowed with an action of the group
scheme of n-th roots of unity and we define equivariant arithmetic Ko-
theory for these varieties. We use the equivariant analytic torsion to define
direct image maps in this context and we prove a Riemann-Roch theo-
rem for the natural transformation of equivariant arithmetic Ko-theory
induced by the restriction to the fixed point scheme; this theorem can be
viewed as an analog, in the context of Arakelov geometry, of the regu-
lar case of the theorem proved by P. Baum, W. Fulton and G. Quart in
[BaFQ]. We show that it implies an equivariant refinement of the arith-
metic Riemann-Roch theorem, in a form conjectured by J.-M. Bismut (cf.
[B2, Par. (1), p. 353] and also Ch. Soulé’s question in [SABK, 1.5, p.
162]).
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1 Introduction

It is the aim of this article to prove a Lefschetz type fixed point theorem for
some schemes endowed with the action of a diagonalisable group scheme, in the
context of Arakelov geometry. This formula is similar to the formula [ASe, 111,
(4.6), p. 566] and to the formulae which are the main results of [BaFQ] and [T3];
it was originally worked out and conjectured by T. Chinburg, K. Kohler and
K. Kiinnemann jointly. Its main analytic ingredient is the equivariant analytic
torsion.

To make things more explicit, we shall briefly recall a special case of the main
result of [BaFQ]. Let Y be a smooth projective variety defined over C and
let g be an automorphism of finite order of Y. Let E be a vector bundle on
Y. A g-linearisation on F is a morphism of vector bundles g : ¢*F — E
and the pair (F,gg) is called an equivariant vector bundle. The cohomology
groups H'(E) of E can naturally be equipped with the g-linearisations H*(gz)
(over a point). The equivariant vector bundles give rise to a Ky-theory group
K¢ similar to the usual Ko-theory group. This group carries a natural ring
structure and furthermore the rule L that associates the linear combination
Yiso(=1) (H'(E), H'(gE)) to an equivariant vector bundle (E, gg) induces a
group morphism L : K§{(Y) — K§(Pt) (Pt stands for the point). Suppose now
that g is of finite order n. Let Y, be the fixed point set of g; this set is a smooth
projective subvariety of Y and g induces an g-linearisation on the normal bundle
Nyy, of the immersion Y, — Y. Let p : K§(Y) — K{(Yy) be the morphism
arising from the rule that restricts equivariant bundles from Y to Y;. There
are natural isomorphisms K§(Vy) — Ko(Yy) ®z K{(Pt) and K§(Pt) ~ Z[C]
(Z[C] is the Z-module @®.ccZ, endowed with the ring structure arising from
the multiplicative structure of C; see [BaFQ, Par. 0.4]). Choose a K§(Pt)-
algebra R in which 1 — ( is invertible for each non-trivial n-th root of unity (.
The map L : K§(Yy) — K§(Pt) naturally extends to a map L : Ko(Y,) ®zR —
Ky(Pt) ®z R ~ R. A special case of [BaFQ)| then states that the equality

L(E) = L((A-1(Ny,y,)) " p(E)) (1)

holds in R (note that we dropped all references to the underlying g-linearisations).
Here )\,1(N¥/Yg) is the alternating sum Zizo(_l)iAi(N¥/yg)a all whose terms
are endowed with their natural linearisations. It is a part of the statement that
A,l(N}Y/Yq) has an inverse in Ko(Y,) ®z R.

In order to carry out a similar reasoning in the field of arithmetic geometry,
one has to give meaning to the formula (1) on a projective regular scheme
f Y — Spec Z over the integers (actually even slightly more general rings),
when F is a hermitian vector bundle, i.e. a vector bundle on Y which is endowed
with a (conjugation invariant) hermitian metric on the complex points Y (C) of
Y. In this context, we choose to suppose that Y is endowed with the action
of the group scheme u,, — Spec Z of n-th roots of unity rather than with the



action of an automorphism of some order.

To justify this choice, let us define D to be the ring of integers of the cyclotomic
field Q(u,,) and let C,, be the constant group scheme over Z which is associ-
ated to the cyclic group of order n; there is an isomorphism of group schemes
Un XSpec Z SpecD[%] ~ Cp, XSpec Z SpecD[%] (recall that D[%] is the ring D lo-
calised at the multiplicative subset generated by 1/n). This is a consequence of
the chinese remainder theorem. Thus, after a suitable base change, a u,-action
is equivalent to the action of an automorphism of finite order, away from the
fibers of the scheme that lie over the primes numbers dividing n. On such a
fiber, the action of an automorphism of finite order can have a very irregular
fixed scheme, whereas the fixed scheme of the action of a diagonalisable group
scheme will be smooth (see the end of section 2). By choosing diagonalisable
group schemes, we avoid having to deal with automorphisms of order not co-
prime with the characteristic of the ground field.

There is a closed subscheme of Y, the fixed point scheme h : Z — Spec Z, which
is maximal among the closed subschemes that inherit a trivial action from Y.
One can prove that Z is also regular. We suppose then that the action of pu,
can be lifted to an action on F, which is compatible with the metric on Ec. We
call the vector bundle E together with its metric and its action a fi,,-equivariant
hermitian vector bundle. One can define a Ky-theory K)™(Y) for the equiv-
ariant hermitian vector bundles. Let now wy be a p,-invariant Kéhler metric
on Y. There is a push-forward morphism f, : K" (Y) — K" (Z), dependent
on wy and a restriction morphism p : K& (Y) — K4 (Z). Fix a primitive
n-th complex root of unity ¢,. Let R(u,) ~ Z[T]/(1 —T™) be the Grothendieck
group of p,-comodules. The primitive root (,, determines a ring homomorphism
R(un) — C and a holomorphic automorphism ¢ of Y'(C). Our main result Th.
4.4 reads

fu(E) = h*((/\1(NY/z))_lp(E))—/Z(C) Tdy(TYe)Ry(Nye/ze)chy(Ec), (2)

where the equality holds in the ring IA((‘)‘" (Spec Z) ®R(u,) C (Th. 4.4 is in
fact slightly more general in that not only complex coefficients are considered).
The expression A_; (N;/Z) stands for the alternating sum », ,(—1)*A’ (le//z),
where Ny/z is equipped with the metric it inherits from w;; the expressions
chy(Ec), Tdy(TYc) and Ry(TYc) represent complex characteristic classes de-
pending on g. It is a part of the statement that A_l(N;/Z) is invertible in the
ring I?SL“(Z) ®R(un) C.

It turns out that there is a natural map cTe\gMn : IA((‘)‘"' (Spec Z) — C. To de-
scribe d/e\gun (f«(E)), suppose for simplicity that f is a flat map and that the
cohomology groups R'f,E = 0 for i > 0. The group R°f,E is then free; we

endow it with the p,-action it inherits from F by functoriality and with the Lo-
hermitian metric it inherits from E. The p,-action on R f, E is then described



by a Z/(n)-grading, whose terms are orthogonal. We write (R’f,E); for the
k-th term (k € Z/(n)), endowed with induced hermitian metric. In terms of
this structure, we have

deg, (f.(B) = Y (Edeg(R°£.E)) — T,(Y(C), Ec).
k€Z/(n)

Here T,(Y(C), Ec) is the equivariant analytic torsion of Ec, a purely analytic
term which depends on wy and the metric on F¢. It coincides with Ray-Singer’s
analytic torsion when the action is trivial. The symbol d/e\g refers to the arith-
metic degree of a hermitian Z-module (it is a real number); see [Bol, Par. 2.5]
for the definition. We call the term Y5, 7/, k. deg((R°f,E)x) the arithmetic
Lefschetz trace; as it happens in the geometric setting, the arithmetic Lefschetz
trace coincides with the arithmetic Euler-Poincaré characteristic when the ac-
tion is trivial (this is the quantity computed by the arithmetic Riemann-Roch
theorem [GS8, 4.2.3]). Our main result Th. 4.4 thus computes the arithmetic
Lefschetz trace of an equivariant hermitian vector bundle as a contribution of
the fixed point scheme of the action of pu, on Y and an anomaly term, the
equivariant analytic torsion, which is purely analytic.

We now shortly discuss our method of proof of Th. 4.4. There are several dif-
ferent ways to prove a formula like (1); first it has been shown via index theory
and topological K-theory ([ASe, III]), a second method uses the asymptotics
of heat kernels for small times ([BeGeV, Chap. 6]) (these two only work over
the complex numbers), a third one uses the Quillen localisation sequence for
higher equivariant K-theory ([T3]) and a fourth one uses the deformation to
the normal cone ([BaFQ)]). The algebro-geometric part of our proof follows this
last strategy whereas its differential geometric part relies heavily on the results
of Bismut in [B3], who applies refined versions of the second method. On the
group-scheme theoretic side, we prove in section 2 some results on the action
of a diagonalisable group scheme on a projective space. On the analytic side,
the main original ingredient entering the proof is the double complex formula
Th. 3.14, which generalises a result of Bismut, Gillet and Soulé in [BGS5, Th
2.9, p. 279] to the equivariant case. The construction of the proof of Th. 4.4
is globally parallel to the construction of the proof given in [R1, Th. 3.7] of an
Adams-Riemann-Roch theorem in Arakelov geometry. Some A-ring-theoretic
results of [R1] are also used. Although the algebro-geometric techniques of the
present paper and [R1] are comparable, many points have been simplified here
and replaced by arguments of homological algebra (e.g. Prop. 6.2).

We encourage the reader to begin with the section 4 containing the statement
and refer to the sections 2 and 3 as necessary. In the last subsection of the paper,
we translate Th. 4.4 into the language of the arithmetic Chow theory of Gillet
and Soulé (see [GS2]). The result Th. 7.14 we obtain gives a positive answer to
Bismut’s question on the existence of an equivariant arithmetic Riemann-Roch
theorem (see [B2, Par. (1), p. 353] and also Soulé’s question in [SABK, 1.5, p.



162)).

The applications of the main result of this paper are or will be discussed else-
where. They include a Bott-type residue formula for the height of arithmetic
varieties endowed with the action of a diagonalisable torus [KR3], a new proof
of the Jantzen sum formula for representations of Chevalley schemes [KK], a
computation of the height of flag varieties [KK] and a computation of the Falt-
ings height of certain abelian varieties (to appear).

The results of this paper are partially announced in [KR].
Acknowledgments. We want to thank Ahmed Abbes, Jean-Michel Bismut,
Pierre Colmez, Pierre Deligne, Giinter Harder, Claus Hertling, Christian Kaiser,
Klaus Kiinnemann, Vincent Maillot, Christophe Soulé, Harry Tamvakis and
Shouwu Zhang for interesting discussions, comments and suggestions. We are
also grateful to Jean-Benoit Bost for interesting discussions and for having pro-
vided the model, in the non-equivariant framework, of the beautiful diagonal
immersion argument used in section 7. Many thanks as well to Qing Liu for
having drawn our attention to a mistake in our original approach to the fixed
point scheme. We are also especially grateful to the referees, for their very
detailed comments.

2 Group scheme-theoretic preliminaries

Until the end of the paper, all schemes will be noetherian. We fix a base scheme
S and we adopt the convention, in this section, that all schemes are S-schemes
and all morphisms S-morphisms. We let Schemes/S denote the category of
S-schemes and Sets the category of sets. Let now G be a flat group scheme over
S. A G-action on an scheme Y is a morphism my : G xg Y — Y, satisfying
some compatibility properties. We refer to [Mu, Def. 0.3] for the description
of the latter. A scheme which is endowed with a G-action is said to be G-
equivariant or a G-scheme. A morphism r : Y — X of GG-schemes such that
mx o (Id x r) = r omy is said to be a G-map or to be G-equivariant. If r is a
closed immersion (resp. open immersion) then Y is called a closed (resp. open)
G-subscheme, or a G-equivariant closed (resp. open) subscheme of X. A G-
action on a scheme Y is called trivial if the morphism my describing the action
is the natural projection on the second component. If Y/ — Y, Y"” — Y are
equivariant morphisms of G-schemes, then the fiber product Y’ xy Y carries
a G-action such that the natural projections are equivariant; this follows from
the definition of a group scheme action and some diagram chasing. Let us now
fix a scheme Y and a G-action my on Y. Call py : G Xg Y — Y the natural
projection. Let F' be a coherent sheaf on Y. A G-action on F' is a isomorphism of
coherent sheaves mp : pj. F' — mi I satisfying certain associativity properties.
We refer to [Mu, Def. 1.6] (for a line bundle, but in fact valid without change
for any coherent sheaf) or [Kock, 1., (1.1) Def.] for the description of the latter.



A coherent sheaf with a G-action is said to be a G-sheaf or a G-equivariant
sheaf. If Y = S and G (resp. 5) is the spectrum of a ring B (resp. A), then
F corresponds to a finitely generated module M over A. The structure induced
on M by the G-action on F' is called a B-comodule structure and M together
with this structure is called a B-comodule.

To an S-morphism y : T'— Y, we can associate a map G x T — Y x T, given
in point set notation by the rule g x t — my (g x y(t)) x t. Let Y/(T)g(r) be
the set of S-morphisms y from 7" to Y such that the morphism G xT — Y x T
induced by y is given by the composition (y x Id) o pp, where pr : G x T — T
is the natural projection.

Definition 2.1 The functor of fized points associated to'Y is the functor Schemes/S —
Sets described by the rule T — Y (T)q(1)-

The following proposition is proved in [SGA3, VIII, 6.5 d].

Proposition 2.2 If G is diagonalisable over S and Y is separated over S, then
the functor of fized points of Y is representable by an S-scheme Yg and the
canonical immersion of functors Y (-)q(y — Y (-) induces an equivariant closed
immersion i : Yg — Y.

We call the scheme Y the fixed point scheme of Y. By definition, if it exists,
the scheme Y thus enjoys the following universal property: if ¢ : Y/ — Y is a
closed G-subscheme of Y whose action is trivial, then there is a unique closed
immersion j : Y’ — Yg, such that ig o j = 7. It also follows from the preceding
definition that if 7 : Y/ — Y is a closed G-subscheme of Y, then Y’ has a fixed
point scheme and ¢*Yg = Y.

Definition 2.3 A G-schemeY is called G-quasi-projective (resp. G-projective)
if there is a G-immersion (resp. closed G-immersion) i : Y — P% into some
projective space endowed with a G-action.

Caution. This definition is more restrictive than the definition given in [Kock,
Def. (3.2)].

Suppose now that we are given a G-action on the sheaf E := (9%9 "+ the free
sheaf of rank n 4+ 1 on S (n > 0). Identify P% with Proj(Sym(EY)). Using
the functorial properties of the Proj symbol, we obtain a G-action on P%. A
G-action on P% thus arising will henceforth be called global. The following
lemma is a special case of [Kéck, Lemma (3.3) (a)].

Lemma 2.4 Let Y be a G-projective scheme. If S is affine and G is a diago-
nalisable group scheme (over S), then the following statements are equivalent:



(a) the scheme Y admits a closed G-immersion into a projective space over S
endowed with a global action;

(b) there is a very ample G-equivariant line bundle on Y.

The next lemma shows that in a certain situation the conditions of the Lemma
2.4 are always fulfilled:

Lemma 2.5 If S is affine, then on every G-projective scheme, there is a very
ample G-equivariant line bundle.

Proof: Let Y be a G-projective scheme. Choose an equivariant closed immer-
sion ¢ of Y into some G-equivariant projective space p : P — S (n > 0). Write
P for P%. Let pp be the natural projection G x P — P. The automorphism
G xg P — G xg P arising from the G-action on P extends by functoriality to
an automorphism of the sheaf of differentials wgxsp/c >~ ppwp/s. This auto-
morphism defines a G-action on wp,g (see ([Kock, Ex. 1.2 (c)]). Consider now
the dual of the determinant bundle of wp/g; the restriction of this bundle to
Y is equivariant and ample and thus some tensor power of it has the required
properties. So we are done. Q.E.D.

Let us also notice the following facts. Let X, Y be G-schemes; let ax : Gx X —
Gx X and ay : G XY — G xY be the automorphisms arising from the
respective G-actions. Suppose r : X — Y is a morphism of schemes. Then
r is a G-morphism if and only if ay o (Id x r) = (Id X ) o ax (*); moreover
the automorphism ay is the identity if and only if the action on Y is trivial
(**). This follows from the definition of a group scheme action, the universal
properties of fiber products and some diagram chasing.

Lemma 2.6 Let Y be a G-scheme and let uy : Uy — Y,ug : Us — Y, ... u; :
Uy — Y be G-equivariant open subschemes that cover Y. The following condi-
tions are equivalent

(a) the G-action on'Y is trivial;

(b) for eachi (1 <i<1), the G-action on U; is trivial.

Proof: Consider first the constant group scheme associated to an ordinary
group M. To give an action of such a group scheme on a scheme X is equivalent
to give a homomorphism of M into the group of scheme automorphisms of X;
thus we see that the lemma holds for such a group scheme.

Returning to the general case, let us now consider the open immersions Id x u; :
G xU; — GxY; the scheme GG x U; carries the action of Z via the automorphism
ay, and the scheme G x Y carries the action of Z via the automorphism ay;



furthermore by the fact (*) mentioned above, the open immersions Id x wu; :
G x U; — G x Y satisfy the hypothesies of this same lemma, with G x Y in
place of Y and with the constant group scheme associated to the group Z in
place of G. The first paragraph of this proof then shows that the lemma holds
in the latter situation and using the fact (**) we see that this is equivalent to
the general case. Q.E.D.

Lemma 2.7 Let Y be a G-scheme and let uy : Uy — Y,us : Us — Y, ... u; :
U — Y be G-equivariant open subschemes that cover Y. Suppose that U, ¢
exists for each i and that Yq exists.

If Y' is a closed equivariant subscheme of Y such that ufY' = U, ¢ for all
1<i<l, thenY' =Yg.

Proof: Since u}Y’ = U, ¢, we can apply the Lemma 2.6 to conclude that there
is a unique equivariant closed immersion Y’ — Y5. On the other hand, by the
Lemma 2.6 and the equivariance properties of fiber products, the restriction of
this immersion to every Uj; is an isomorphism. It is thus globally an isomorphism.
Q.E.D.

Let us now suppose that S is the spectrum of a ring A. Let N be a finitely
generated abelian group (written additively) and let Ty := (Spec Z[N]) xz S be
the associated diagonalisable group scheme over S (see [SGA3, VIII] for more
details). A Tn-action on an A-module is equivalent to an A-module N-grading
and a T-action on an A-algebra is equivalent to an A-algebra N-grading. We
shall denote by deg, (h) € N the homogeneous degree of a homogeneous element
h in an N-graded object. To simplify the discussion, we shall suppose that
N =Z or that N = Z/(n) for some n € Z. Let M = &ycn My, be an N-grading
on an A-module M. In the functorial language, the corresponding T-action
can be described as follows. Let C be an A-algebra. The set Tx(C) then
corresponds to the set of n-th roots of unity (if N = Z/(n)) or to the set of
units (if N = Z); the action of Tn(C) on M ®4 C is given by the formula
u.(my)ken = (UWF.mg)gen.

Lemma 2.8 Let B := A[X] be the polynomial ring with variables in the finite
set X. Let w: X — N be a function. Endow B with the only A-algebra grading
B = ®ren By such that X € By, if degn(X) = w(X). Let I be the ideal of B
generated by the set {X € X|degy(X) # 0}. Then (SpecB)r, = Spec (B/I).

Proof: The ideal J of (SpecB)r, in B is by definition the largest homogeneous
ideal with the property that if b € By and k& # 0 then b lies in this ideal. By
definition J contains the ideal generated by ®ren k20Bk; we have to prove that
the reverse inclusion holds. So let a.X7 ... X; be a monomial in By, k # 0; by
definition 22:1 degy(X;) # 0 and thus at least one of the degy(X;) is not 0.
Thus a.X; ... X; € lies in the ideal generated by {X € X]|degy(X) # 0}. As all



the elements of By are sums of such monomials, the reverse inclusion is proved
and we are done. Q.E.D.

So let M be a module over A, endowed with an N-grading M = ®pcny M,
where the M}, are supposed free and finitely generated. Using the functorial
properties of the Proj and Sym symbols we obtain a Ty-action on the scheme
P(M) := Proj(Sym(MV)). By functoriality again, the inclusion My C M
(k € N) induces an immersion P(Mj) — P(M).

Proposition 2.9 The fized point scheme of P(M) is the disjoint union of the
closed subschemes [ [, oy P(Mg).

Proof: Let myg,...m; be a basis of M consisting of homogeneous elements.
Let B be the polynomial ring B := A[X3,...,X;]. For any affine S-scheme
S’ = Spec C, we have a canonical isomorphism between (Spec B)(S’) and
@®._,C and a canonical isomorphism between (P(M))(S’) and the set of projec-
tive submodules of rank 1 of €B§:0C’. Fix 0 < Iy <[ and consider the map that
sends (21, ...,1;) € ®'_,C to the line generated by (w1, ..., 21,1, 21, ... 7).
This map is functorial in C' and defines the basic open immersion Spec B —
P(M). Now let u € Ty(C) act on @®._,C by the formula (zi,...,7;)
(udegN(ml)*degN(mlo).xl, ..., udesn (m)—degn(mig) 4. by construction, this map
is functorial in C and it defines a Ty-action on B, which commutes with the
basic open immersion. By the discussion before the lemma, this Ty-action is
equivalent to the unique N-grading on B, such that X; has degree degy(m;) —
degy(my,). Notice also that J], .y P(Mp)(S") consists of projective submod-
ules of rank 1 of (z1,...,7;) € ®._,C that lie in one of the subspaces M, ®4 C
(k € N). From this fact and the functorial description of the open immer-
sion, one can see that that the restriction of [[, . P(My) to the affine scheme
Spec B, is the closed subscheme of Spec B representing the functor that as-
sociates MngN(mLo) ®4 C to C. One can check from the definition that this
closed subscheme is defined by the ideal generated by the variables X; such
that degy (X;) # degn(my,). Using the Lemma 2.8, we see that the restriction
of [I,en P(Mg) to Spec B is the fixed point scheme of B. Now notice that if
lp varies, the corresponding open immersions cover P(M). Thus we can apply
Lemma 2.7 to conclude. Q.E.D.

Corollary 2.10 LetY be a scheme endowed with a trivial Tx-action and let E
be a vector bundle on 'Y endowed with a Tn-action. Then the fixed scheme of
P(E) is the closed subscheme [ [, .y P(Ek).

Proof: Let {U;} (i € I) be an open affine covering of Y, such that each Ej,
is free on each Uj; this covering yields an open covering {P(E)|y,} of P(E).
Consider now that by Prop. 2.9 [, .y P(Ex)|u, corresponds to the fixed point
scheme of P(E|y,); we can thus apply Lemma 2.7 to conclude. Q.E.D.




Corollary 2.11 Let Y be a Ty-projective scheme over A. Then there is a
covering {u; : U; — Y} (i € I) of Y by open affine equivariant subschemes,
such that u;Yr, = U, 1. Furthermore, let B be an A-algebra and let p; be the
projection of Y 1= Y Xgpec 4 Spec B on the first factor; endow Yp with the
induced T -action. Then the closed subschemes piYr, and Yp 1, coincide.

Proof: The first statement follows from the equivariance properties of fiber
products. To prove the second statement, notice that if Y is a projective space
over A, this follows from the explicit description given in the Prop. 2.9. The
general case then follows, if one remembers that pull-back of ideal sheaves is an
operation invariant under base change. Q.E.D.

The following proposition gives some informations about the regularity of the
fixed scheme. Its proof can be found in [T3, Prop. 3.1, p. 455].

Proposition 2.12 Let Y be a Tn-quasi-projective scheme over A. Suppose
that Y is regular. Then YT, is also regular and the normal bundle NY/YTN is a
TN -equivariant bundle with vanishing fixed subsheaf, i.e. (NY/YTN Jo =0.

3 Differential-geometric preliminaries

3.1 Equivariant Determinants

Let g be an isometry of an hermitian vector space E. Let © denote the set of
eigenvalues ¢ of g with associated eigenspaces F¢;. The g-equivariant deter-
minant of F is defined as

dety B = @ det E.
ceo

The g-equivariant metric associated to the metric on F is the map
log|| - l3et, & : detgZ — C
(sc)e — Y loglscll? <,

ceO

where || - |2 denotes the induced metric on det E¢. Let T be a finite group and
let o : ' — EndFE be a unitary representation. Denote the group of irreducible
unitary representations (p,V,) by I'. The I'equivariant determinant of E is
defined as

detrE := @ det(Homr(V,, E) @ V,).

pel
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The associated I'-equivariant metric [B3] is the map
10g | - |[3ety s : detrE. — CT @ C
X
(85)p + Zlog||sp||2 p

< PrkV,’
pel’

where [|-]|2 is the metric on det(Homr(V,, E)®V,) and x, denotes the character
of p. Tensor products of equivariant determinant lines are defined as the sum
of the products of lines corresponding to the same representations.

Now let g € T’ be an element of order N of a finite group and let (E, | - [|?)
be a hermitian representation space of I'. Let Vi, 1 < k < N, denote the one-
dimensional unitary representations of the cyclic group generated by g, where
g acts as C]’i, on Vi. As both versions of the equivariant metrics are used in
the literature and in this article, we would like to emphasize that the difference
between log || - [|3e,. p(9) and log|| - [|3¢,  is entirely independent of E in the
following sense: Let dety, dety denote the canonical surjective maps from

P det(Homr(V,, E) ® Hom,(Vi, V,) @ Vi)

perV
1<k<N
to
N
det 1 E = @ X) det(Homr(V,, E) ® Homg(Vi, V,) ® Vi)
pelY k=1
and

N
det ,E = P Q) det(Homr(V,, E) @ Homgy (Vi V,) ® Vi)
k=1 peTl’v

which map an N-tuple (resp. an #I'-tuple) to the tensor product of its compo-
nents. Choose once and for all bases of the vector spaces Homgy(Vy, V,) ® Vi.

Lemma 3.1 Let a, = (o, k)i denote the multi index (dimHomg(Vi,V,))k.
Then there is a canonical projection m, independent of the choice of the metric
on E, and a map f which is independent of E, such that the following diagram
commutes

P det(Homp(V,, E) @ Homgy(V, V,) @ V)

perV
1<k<N

—

m N log [|dety () [ et, £(9) — log [ldeta () [Fer, &

[[p»c LR
perY

where P C denotes the weighted projective space associated to a,.
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Proof: For s € @ ,crv det(Homp(V,, E) ® Homgy(Vi,V,) ® Vi), (tp)perv €

1<I.<
(RT)#T set s’ := (t,”"sp 1) p.k- Note that for any [-invariant metric |- ||”> on E
there is such a tuple of scalars (t,),erv such that for any s the induced metric
on detr F is given by

log [[det1(s) Get 2 = log [ldeta (") [Gerr i -

Now
2 « ( )
o et () g (9) = 3 1om(15 " et (1) - G2 5
perv
= log||dety(s)[Ferm(9) +2 Y logt, X,(9)
peTY
and

N
log [[deta(s") [Ger, 5 = Zlog(H £ - [[(deta(s))klI?) - Ch

= 1og||detz( Méer,z +2D logt, - Chap
p.k

= log||dets(s)[|Fer,m +2 D logt, Xo(9) -
pel’Y

Thus, log [[det: (-)[|3eq £ (9) — log l|deta(-)[[3e,, p depends only on the projection
of s to

H EB det(Homr (V,, E) ® Homy(Vi,, V,) ® Vi) /s ~ t57s

HZ‘”

H@ det Homp (V,,, B))dmHomsVieVo) /5 grs
P

For an arbitrary complex line L, the space (€0, L®»*) /s ~ t,”s is canonically
isomorphic to [ [, P C. Hence

[1 D det(Homr(V,,, E) @ Hom,(Vi., V) @ Vi) /s ~ 1525 = [[P*C,
Pk P

thus the map log [|det: (-)||3,. 5 (9) —log [[deta(-) |3,  factors through [T, P~ C
and it does not depend on the choice of the I'-invariant metric on E. Q.E.D.

3.2 Equivariant Quillen-metrics

In this subsection we shall introduce the concept of equivariant Quillen metrics
following Bismut [B3]. Let M be a compact n-dimensional hermitian manifold

12



with associated Kéhler form w. Let E denote an hermitian holomorphic vector
bundle on M and let

0:T(NT ' M @ E) - T (AT M @ E)

be the Dolbeault operator. Let N denote the number operator acting on
AIT*01 M © E by multiplication with g. Let ® act on AT*M ® E by multipli-
cation with (2mi)~N/2. Supertraces shall be taken with respect to the grading
given by N. As in [GS5], we equip A% (M, E) := T(AIT*"' M @ E) with the
hermitian L?-metric

An

(7)== /M<n<x>,n'<x>>( ©

27)mnl’ ®)

Here the metric on AYT*%1 M ® E is the one induced by the metrics on TM and
on E. Let 9* be the adjoint of 9 relative to this metric and let O, := (9 + 0*)?
be the Kodaira-Laplacian acting on I'(AYT**!M ® E) with spectrum o(CJ;).
We denote by Eig,(d,) the eigenspace of O, corresponding to an eigenvalue
A. Consider a holomorphic isometry g of M and assume given a holomorphic
isometry g : g* E — E. The fixed point set of g shall be denoted by M,. The
element g induces an isometry g* of the Dolbeault cohomology H%(M, E) :=
ker [, equipped with the restriction of the L?-metric. Then the equivariant
Quillen metric is defined via the zeta function

Zy(s) =3 (=)™ g 30 A Trglng, @,

q>0 reo(Oq)
A0

for Res > 0. Classically, this zeta function has a meromorphic continuation to
the complex plane which is holomorphic at zero ([Do]).

Definition 3.2 Set A\ (M, E) := [det, H"* (M, E)]_l. The equivariant ana-
lytic torsion is defined as -
Ty(M, E) := Z,(0)

([K1]). The equivariant Quillen metric on Ag(M, E) is defined as
log || - ||2Q,>\Q(M,E) = log|| - ||%2,)\9(M,E) - Z;(O)- (4)

We shall denote (Ay(M, E), || - [|3) by Ag(M, E). Similarly we define A\r(M, E)
and \(M, E).

Lemma 3.3 Let I' denote a finite group acting on M by holomorphic and fixed
point free isometries. Let E be a I'-equivariant holomorphic hermitian vector
bundle. For a unitary representation (V,,p) of I' with character x, let E, :=

13



Mx,V, denote the associated flat hermitian vector bundle on M/T'. Then there
is a canonical isometry of equivariant determinants

Ar(ME)= @) MM/TE[TRE,@V,) .
peTY

Proof: For a unitary representation p let P, be the operator
By = 45 20" @ 000)

which projects A%¢(M, E) ® V, onto

s@veA(M,E)V,|¢g*s®@v s®p(g)v forallge T
P

A%(M/T,E/T ® E,) .

As g is a holomorphic isometry, this operator commutes with the Laplace oper-
ator. Hence it induces an isometry

P,: H**(M/T,E/T ® E,) — Homr(H"*(M, E),V,) ,
which induces an isometry of equivariant determinants

det p(H”* (M, E),| - [72) = @D det(H**(M/T,E/T ® E,) @ V,,|-[32) .
perY

Furthermore, when P+ denotes the projection on the orthogonal complement
of ker O, for any ¢

Tr, DisPIJQ_LO,q(M/F,E/F@JEp) = T Ppuisp\élo*q(MvE)@VP

1 YA *—s
QZT”’(Q) Trs 9" 0™ Pgo.a (s, v, -

ger

Thus the analytic torsion on M /T and the equivariant torsion are Fourier trans-

forms of each other. More precisely,
_ _ 1 - _
T(M/T,E/T®E,) = = Y X,(9)Ty(M, E)

T
gel’

and, equivalently,

Ty(M,E) = Z Xp(9)T(M/T,E/T ® E,) Vgel .
perv

Hence the above isometry of the determinants holds for the Quillen metrics,
too. Q.E.D.
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In particular, for s € A\r(M, E) one finds the equations

log ”SHE\F(M,F) (9) = Z Xﬂ(g) log HS”i(M/p_f/p(ng) Vgel
pelv

and

1 -
log HSHE\(M/F,E/F@)EP) = ﬁ Z Xp(g) log HSHiF(M’E) (9) Vp € rv.
gel

3.3 Equivariant secondary characteristic classes

Let P4 (M) := I['>°(M, APTHO* M A AT M) denote the space of (p, ¢)-forms
and define
. dim M _
Ql(M) = @ Q[p"p(M)/ (ima‘mp—l.p(M) + ima‘mp,p—l(l\/[)) .
p=0

Let E be a hermitian holomorphic g-equivariant vector bundle on M. The her-
mitian vector bundle E splits on the fixed point set into a direct sum € cest Ee,

where the equivariant structure gi of E acts on E¢ as (. We shall denote the g-
invariant hermitian subbundle by F, and its orthogonal complement by £/ . De-

note the rang of EC by r¢ and the associated curvature form by QB¢ ¢ il (My).
Consider a family (¢¢)cest of ad GL(C)-invariant formal power series

¢c € Cllgh, (C)]]  (¢€8

(ie. ¢c(hAR™Y) = ¢¢(A) for any h € GL,(C), A € gl, (C)). For such a family
(¢¢)cesr and every formal power series f : C[[P e C|] we define

E¢
¢g(E) = f <(¢c( 2 ))C6S1>

 2mi

as the Chern-Weil form associated to (¢¢)¢ and f. Its class in §I(Mg) is inde-
pendent of the metric.

Theorem 3.4 There is a unique way to attach to every short exact sequence
£:0— E' — E— E" — 0 of holomorphic equivariant vector bundles equipped
with arbitrary invariant metrics a class ¢4(E) € A(My) such that

1. (Zg(?) provides the transgression

58~ — — — —
% 9(5):¢9(E &K )_¢9(E)7
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2. for every holomorphic equivariant map & : M’ — M,
%(5"‘?) = ‘f*ag(?) )
3. ggg(g) =0 if € splits metrically.
Proof: The exact sequence & splits on X, orthogonally into direct sequences
5<:O—>E2—>E<—>Eg—>0

for all ¢ € S'. Using the non-equivariant Bott-Chern classes on X, we define
for ¢,n € S*

(&¢ + D) (E¢, En) = dc(E¢) + dn(En)
and o . .
(¢C¢n)(§0§n) = ¢((?C)¢W(Er)) + ¢((E,q + Eg)ﬁbr)(?r))
and similarly for arbitrary finite sums and products. Thus, we define secondary

classes for a formal power series in the ¢¢, evaluated at a formally infinite

sum of sequences (E¢)¢cest . We set ng(?) = f((¢¢)ees)((E¢)cest). Then the
axiomatic characterization follows by the non-equivariant one [BGS1, Th. 1.29].
QED.

Remark. For longer exact sequences £ : 0 — Ey — Ey — -+ — E, — 0
corresponding secondary classes ¢g4 (€) are constructed by splitting € into direct
sums of short exact sequences as in [BGS1, Section f]. The sign is chosen such
that for an additive characteristic class ¢,

205, =S (~1Y6,(B;)

211 .
Jj=0

The secondary class ass90iated to the sequence 0 - F — F — 0 — 0 is
denoted by ¢4 (E, h hE"), when the first F is equipped with a metric A and

the second one with h€’. Let Td and ch denote the formal power series given

by Taylor expansions of det(—2—) and Tr e for matrices A. We define the

1—e—4
Chern character form as

chy(B) = 3 Cch(E)
¢

— 1 — —
= Trgf+ ZCCl(EC) + ZC (20%(E¢) - 02(E4)> +....
¢ 9
Thus, &19(?) =2 C&l(?g). As in [B3], we define the Todd form of an equiv-
ariant vector bundle as
- Crk E, (Eg)

O A
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As in [Hi, Th. 10.1.1] one obtains

_ — 1
Tdy(E) = Td(E,) [] det( —
C#1 1—(lezm

Using the Taylor expansions in « at x = 0

1 1 T z2(C+1)
1—(leme 1-¢71 (1_ ¢—1 " 2(¢—1)? +O(x3)>

for ¢ i =1+x/2+2*/12+ O(z*), we find
— 1 C1 E( 1 —_—
Td,(E) = - c1(Ey)
det(1 — (g5+) [ ;
_ZCCQ %chEC 1 ( (E)+CQ(E))
C#l ¢#

sloaldlam) (2] @
¢#1 C#1

where ¢gP+ denotes the non-trivial part of the action on By, It g% has the
eigenvalues (1, ..., (n, then

m 1—1
&) =" T] Tdy(Ee,) - Tdy(E,) H Tdy(B;, ®E,).  (6)
i=1j=1 j=it1 '

Also, we define ((Td,)~!)(E) := %\b:o( dy(bId — 2m)_l). For ¢ € S and
s > 1 consider the zeta function

0 Ck
D=5
k=1
and its meromorphic continuation to s € C. The function L is related to the

classical Lerch zeta function ® [WW, ch. XIII, p. 280] via L(¢, s) = (®((, s, 1).
Define the formal power series in x

n

R = |G -m+ne-m Y o | 5

|
= — 25 | n!
Definition 3.5 The Bismut equivariant R-class of an equivariant holomorphic
hermitian vector bundle E with E|x, = ZC E¢ is defined as
_ ~ 0F¢ 0F¢
Ry(B) =) (TrR(C —5=) = T R(/¢ >> :

cest

17



Assume now that M is Kéhler. Then there are two anomaly formulas satisfied
by the Quillen metric:

Theorem 3.6 ([B3, Th. 2.5]) Let h™  h™M’ denote two equivariant Kihler
metrics on M with associated Quillen metrics || - ||q, || - g on Ag(M, E). Then

- ) . ,o
chy(\g (M, E), || - 113, 11 1157) = */ Tdy(TM, K™ KT )chy(E) .

g

The following formula is equivalent to [B3, Th. 0.1] when applied to the immer-
sion of either the empty space or the full manifold itself:

Theorem 3.7 Let £ : 0 — E' — E — E” — 0 be a short exact sequence
equipped with metrics as in Th. 3.4. The associated sequence of determinant
lines

Ag(M,E) 10— \y(M,E) — \y(M,E') @ \y(M,E") =0 — 0

equipped with Quillen metrics satisfies

iy (M.E)) = = [ Td,(TT)ehy E)

Remark. Let £ : 0 — E/ — E — E” — 0 denote a short exact sequence as
above and let H: 0 — H°(M,E’) - H(M,E) — H(M,E") — H'(M,E') —
-- - denote the corresponding long exact sequence in cohomology, equipped with
the L?-metric. Then

chy(H) + Ty(M,E) — T,(M,E') — T,(M,E")
= S (@) + Ty(M,E) ~ T,(M,E) — T,(M,E") (7)
¢

= —chy(\(M,E)) .

3.4 Equivariant Bott-Chern singular currents

In this subsection we repeat the definition of an equivariant Bott-Chern singular
current given by Bismut in [B3, sect. VI] and we prove some properties of these
currents. This construction generalizes the definition of the secondary Chern
character ch to certain coherent sheaves.

Let i : (Y,h™Y) — (X, h"X) be an equivariant isometric embedding of compact
Hermitian g-manifolds with normal bundle N x/v, the Hermitian metric on
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NX/Y being the quotient metric with respect to h7X and hTY. Let 7 be an
equivariant holomorphic hermitian vector bundle on Y and let

&v):0—=&, — ...~ & —0

be a chain complex of equivariant holomorphic vector bundles on X which pro-
vides a resolution of the sheaf i, Oy (1) on X. Equip & with an hermitian metric.
Let Ny denote the number operator acting on AT* X ®¢; by multiplication with
j. Let F* be the pullback of the cohomology vector bundle H*(&,v) over Y, to
Nx,)v,. For z € Nx /vy, let 0,v denote the derivative of the chain map in a
given local holomorphic trivialization of (§,v). As is shown in [B1, 1c], this map
is independent of the choice of the trivialization and (F*,d,v) forms a complex,
which is isomorphic to the Koszul complex (A*Ny - ®1,¢.). Consider for an
arbitrary equivariant metric on F* the superconnection B := V¥ +0,v + (9.v)*
on F*. According to [B1, Prop. 3.1], the forms Tr, g*e=B” and Tr, Nyg*e B’
decay faster than e~CI*I” for some C > 0 and |z| — oo, where the supertrace is
taken with respect to the grading N 4+ Ny. Let ® denote the homomorphism
of differential forms of even degree on Ny, /v, mapping a form « of degree 2p

to (2mi)"Pa. We define

0,(F) ::/ DTy g”‘e*B2 and 0 (F) := / OTrg NHg*th2
Nxg/vy

Nxg /vy

~

Bismut’s assumption (A) is said to be satisfied if the isomorphism F* =
A*Ny vy © 1 is an isometry. Under this condition

T\ Chg(ﬁ) an 'Y — —1I\/ /T c —
5F) = Fa ey 4 Fa(P) = (T4, Y (W )ehy(7)

([B3, eq. (6.25),eq. (6.26)]). As is shown in [B1, Proposition 1.6], for any choice
of smooth Hermitian metrics on Nx/y and 7 there exist metrics on £, such that
condition (A) is verified.

Let V¢ be the hermitian holomorphic connection on &,, let v* be the adjoint
of v and set C, := V¢ + /u(v + v*) for u > 0. Now choose the metric on F*
to be the metric induced by the isomorphism F* 2 ker(v + v*)? C &. Let dy,
denote the current of integration on the orientable manifold Y,. Then for s € C,
0 <Res< %, the current-valued zeta function

Zy(€)(s) = % /0°° w! (‘I’Tl"s g*Nge G — eé(F)5Y9> du

S

is well-defined on X, and it has a meromorphic continuation to the complex
plane which is holomorphic at s = 0 ([B3, eq. (6.22),sect. VI.d]).
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Definition 3.8 The equivariant singular current on X, associated to & is de-

fined as 5
IGERAGIOR

Notice that the notation for the analytic torsion and the notation for the sin-
gular current are similar. We systematically include the manifold in the former
notation to keep them different.

Theorem 3.9 [B3, Th. 6.7] The current T,(€) is a sum of (p,p)-currents and
it satisfies the transgression formula

20 . - — -

%Tg(g) = eg(F)(SYg - Chg(f) .

Proof: This is shown in [B3, Th. 6.7]. The K&hler condition posed in [B3, I11.d]
is not necessary for this result similar to [BGS5]. It is formulated there under
the assumption (A), but this assumption is not needed in the proof. Q.E.D.

The axiomatic characterization of Bott-Chern classes implies
Corollary 3.10 If Y =) then T,(§) = —&19(2).

Let TA‘ag (TY, ﬁ‘y) denote the Bott-Chern class which verifies the transgression
formula

00 ~ — — —
5= Ty (TY TX|y) = Tdy(TX|y) = Tdy (TY)Tdy (N xv)

T

associated to the short exact sequence
OHTYHTXWHNX/}/HO

with the induced metrics. This somehow unintuitive sign choice is due to a sign
incompatibility between [B3] and [BGS1]. One of the most important tools in
this article is the main result of [B3]:

Theorem 3.11 ([B3, Th. 0.1]) Assume that the metrics on X and Y are
Kdéhler and that the compatibility assumption (A) is verified. The sequence of
equivariant determinant lines

)‘9(5,77) 00— )‘Q(X’g) - )\g(Yﬂ?) —-0—-0

equipped with Quillen metrics satisfies

chy(m)

(N E) = /X Td, (TX)T, () - /Y T, (77 TX )

g g

+/ Td,(TX)Ry(TX)chy(§) —/ Tdy(TY)Ry(TY )chy(n) .
X

g Yq
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To multiply the singular current with other currents we need to know its wave
front set.

Theorem 3.12 The wave front set WF(T,(§)) of Ty(&) is contained in N%, /v, R

Proof: As suggested in [B3, Remark 6.8], the proof proceeds as in [BGS4, Th.

2.5]. Set ch'g(g) = Z;.n:(](—l)jjchg (£;)- In the explicit formula

1
g(g) = / q)TI'S g*NH <6705 —_ e*CS) dj
0 u

& 2 — du
* -C, _ et
+/1 ((I>Trsg Nye Q’g(F)(Syg) "

—I'(1) (chy(€) — 6, (F)dy,)

the first summand is globally defined and smooth on X,. As the last summand
is smooth on the submanifold Yy, its wave front set equals N% . g (see [Ho,

Ex. 8.2.5]). Thus we are left with the middle term

du

Pe ::/ <<I>TrS g*Nhe_C5 — 9;(?)53/9) -
1 u

As OTrg gNhe‘C«Z: has exponential decay as u tends to infinity, this current is
smooth on X,\Y,. Consider U, T, ¢, m and the associated seminorm pyr, ¢ m (p¢)
as in [B1, III.c]. With just the same proof as of [B1, Th. 3.2] one verifies that

<C > du
pU,F,¢,m(p§) = . B2 < 00,

thus WF(pg) C Ny, v g according to [H6, Lemma 8.2.1]. Q.E.D.

Let X be a compact connected complex manifold and consider an equivariant
holomorphic map f : X — X, which is transversal to Y in the sense of [BGS4,
Def. 2.6]. As in [BGS4, Th. 2.7] (f*¢, f*v) provides an equivariant projective
resolution of f*n, and T, (f*€) = f*T,(£). The proof proceeds as in [BGS4, Th.
2.7] by approximating T,(£) with

1
a (¢ L * —Ci _ —C? dﬂ
TOE) = /O OTr, g* Ny (e e ) :
@ — d
+/1 (CIDTrS g*NHefci — 0'9(F)5yg) Zu

—T"(1) (chiy(€) — 0, (F)dy, )

for 1 < a < oo and pulling this sum of smooth forms back.
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For a smooth curve R 3 [ — hf’ = hf“’ @ hy* into the space of metrics on F

define
F
Xo(F.hE / dl/ Ty (hF)~L 9L e =B
N v, dl

Lemma 3.13 The class of x4(F,h{, b)) in 2[( 5) depends only on hy and hq.
It verifies the transgression formula

2 (F,hE by =6,(F ht) —6,(F hl)

27i Xg sy 1Q 11 ) — Vg ) 101 g sy 1 ) -

Proof: This follows by decomposing into the various subcomplexes F¢ for ¢ €
S1 and applying the first paragraph of the proof of [BGS5, Th. 2.4] to each
summand. Q.E.D.

Let Dy, v denote the space of currents v on X, such that WF(y) C N YR

and let PX denote the vector space generated by currents v € D of type

Nxg /v,

(p,p) divided by its intersection with 8DNX Iy —l—aDNX v We shall establish
g g 9 g

an equivariant analogue of [BGS5, 2.c]. Assume given an equivariant double

complex of holomorphic vector bundles

0 0 0
7 T 7

0 — & .t £9 I
Tw Tw T w
Tw Tw Tw

0 — ¢ 5 5% & Lo 00
T T 7
0 0 0

on X (resp. Y), where r denotes the restriction map. Assume that the hori-
zontal complexes (£7,v) are resolutions of the 7. The vertical complexes shall

be acyclic. Let (&) and (17) be equipped with hermitian metrics (hff) and

(k") such that assumption (A) is satisfied by each line. Let T, (€') denote the
equivariant singular current associated to the resolution of 7’ by each line.

Theorem 3.14 In P, the alternating sum of the Tg(hfj) is given by
@ g e NS G
D WYTYE) =i = Y (—1)'chy(§))

j=0 ng(NX/Y)
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Proof: As in [BGS1, Proof of Th. 1.29], one constructs an equivariant double

complex (&, 7) of hermitian holomorphic vector bundles on X x P! (resp. Y xP1)
such that its restriction to X x {0} (resp. Y x {0}) equals the original complex

Eixx(0) =& Tyxoy =7

and its restriction to X x {oo} (resp. Y x {oco}) splits orthogonally and holo-
morphically in the vertical direction, i.e. there are vector bundles (WJ)OSjSp
such that (7, W)y x {sc} is isometric to the complex

P /p—1

0—n" =0 oy = . syP ey Sy S0

and similarly for (g“ W)|x x{oc} for each 0 <i < m. Let FJ denote the pullback

of H*(&7,v) to Nx, v, x P'. Let z denote the canonical coordinate on P'. As
assumption (A) can only be guaranteed at z = 0, there are two natural metrics

on F: One metric hf induced by the imbedding in E and another metric hi’
induced via the isomorphism FJ ~ A*NY Jy ® %J.
As in [BGS5, p. 266], [H6, Th. 8.2.10] shows that the wave front sets of the

currents 7'(£7) and log | 2|2 do not intersect. Thus, their product is a well-defined
current. By Th. 3.9 one finds

5 » 5 o
9 <8logz|2Tg(§])> + 5 <10g|z|28Tg(g])>
00 = 20 . =
= (52 0nl+P ) 7€) - toeleP 52T, € ®)
=J 9 =J .
= (Oxx{0} = Oxx{oc})Ty(§ ) +1log 2| - (Chg(§ ) = Og(F7, hg )5YgXP1> :

The same way, by Lemma 3.13 one obtains

0 » 5} _ ,
% (alog |Z‘2X9(Fj7h5’hf)) + Tm (log ‘Z|28X9(Fj>hg>hf)) (9)

= (Oxxq0} = Oxscfoc} X (F7, g, 1) —log |2]* (04 (F7, b)) = 04(F b)) -
Integrating the sum of (8),(9) over P! thus yields

T,@) + Xo(Fgo b by, = [ Togs,(F A b (10
AT €)X s W), = [ T0g 2ty €)

in gl(Yg). As h{’ = hi" at z = 0 by assumption (A), we find x, (F\i:O’ hE R =

0. Furthermore, when taking the alternating sum over j we find by the splitting
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of &y (oo tht

P = o B _
ST (Eamnd) = Ty@)+ I (-1 (T, )+ Ty(€)) + (-1 T,E )
7=0 J=1
= 0.
At z = oo, (FJ,hi") is isometric to AN y/y ® (" @ 77’]+ ). Thus at z = c©
both the complexes (F, hi") and (F, ") split holomorphically and orthogonally
in the vertical direction. Taking a linear interpolation (hf")o<;<1 of hf and A,

we get
P

N (1) Xy (Flano b 1) =
j=0

as above. The alternating sum of (10) thus equals

P p .
D (LT, ey = Td;I(NX/Y)/ log |21* > (=1)7chy (77, A™") - oy,
Pl et

7=0
—/ log |z|? Z Ychy (&9, h¢)

which gives the desired result by the construction of Bott-Chern classes in

[BGS1]. Q.E.D.

The equivariant and non-equivariant singular current are related by the following
lemma:

Lemma 3.15 Assume that there is an r-dimensional equivariant Hermitian
holomorphic vector bundle Q over X with a g-invariant section o which is
transversal to X. If Y is the zero set of o then there is a global Koszul res-
olution

0—A QY. .- 2QY % 0x —i,0y —0

of the structure sheaf on'Y . Assume furthermore that condition (A) holds, i.e.
that @‘Y is equivariant isometric to Nx,y. Let T(A*QY) := T.a(A*QY) denote
the non-equivariant singular current of the fized part of the complex on X,.
Then the singular currents of A*QY and A*Qy are related by the equation

Ty(A*QV)Tdy(Q) = T(A*Qy)Td(Qy)
m Pff.

Note that T'(A*Qy) is computed more explicitly in [BGS5, section 3]. In partic-
ular, it is shown in [BGS5, Th. 3.14], [BGS5, Th. 3.17] that T(A'Qg)Td(@)
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is represented by a current of type (r — 1,7 — 1) in P;X. By abuse of language
we call this element of P;¥ the Euler-Green current of the section o.

Proof of Lemma 3.15: The vector bundle @ splits on Xy into a direct sum
of holomorphic Hermitian vector bundles 679 ® Q.. Let V, V* denote the
holomorphic Hermitian connections of @ and @, . Let C,, and C¥ be the holo-
morphic Hermitian superconnections associated to the complexes (A*QV,t,)
and (A'Q;/, to) and let Ny, N## and N7, denote the number operators acting
on A*QY, A*QY and A®Qy, respectively. Then

C? = V24 Vu(iws + Vo' A) +ullo|?
(VEP@1+1®(09)?2

as A*T™* X-valued operators on A*QY ®A*Qy. Hence

2 182 _ 2
Tryg*Nye Cu = Trsg*Nﬁef(v ) aeqy - Trse (@) 1A* QY

+Try g*e_(vL)Q‘A.Qi - Trg Ner_(Cg)zm.Qg
= 7N (Td, ") (QL)Trs e hagy
+O 71T, (Q1)Tr, Ng,e—wi)z‘A.Qg .
The Leibniz rule shows

(Td,')'(Qx) N (Td™")'(Nx,/v,)
Td(NXg/Yg) ng(@) .

Thus the zeta function defining Ty (A®*QV) is given by

(Td;I)I(NX/Y) =

1 [ > o
Gls) = @/0 us—l{M&rsg*NHe—Cu+(ngl)’(NX/y)-5yg}du

Tdfl N ) g2 -

Td, ' (QL) [ 2 —_
_|_g(QL)/ T {@Trs Nge (©D" 4 (Td™ 1) (Nx /v,) - Oy, }du
F(S) 0 g/ tyg 4
for 0 < Re s < 1/2. Using [B3, Th. 6.2] and [B3, Th. 6.7], one verifies that the
first expression in equation (11) vanishes in Pj*. The second part equals the
zeta function defining T'(A®Q}’) multiplied with Td(Q,)/Tds(Q) . Q. E.D.

4 The statement

Let D be a regular arithmetic ring. By this we mean a regular, excellent, Noethe-
rian integral ring, together with a finite set S of injective ring homomorphisms

25



of D — C, which is invariant under complex conjugation (see [GS2, Def. 3.1.1,
p. 124]). We shall denote by p,, the diagonalisable group scheme over D associ-
ated to Z/(n), the cyclic group of order n. We shall denote the set of complex
n-th roots of unity by R, and we choose once and for all a primitive n-th root
of unity (,. We shall call equivariant arithmetic variety a regular integral
scheme, endowed with a p,-projective action over Spec D. Let f:Y — Spec D
be an equivariant arithmetic variety of dimension d. We write Y (C) for the
set of complex points of the variety [[..sY xp C, which naturally carries the
structure of a complex manifold. The groups R,, acts on Y (C) by holomorphic
automorphisms and we shall write g for the automorphism corresponding to
(n. By Prop. 2.12, the fixed point scheme Y}, is regular and by Cor. 2.11
and the GAGA principle, there are natural isomorphisms of complex manifolds
Y,.(C) =~ (Y(C))4 (recall that (Y (C)), is the set of fixed points of ¥ under
the action of R, cf. subsection 3.2). We write f# for the map Y,,, — Spec D
induced by f. Complex conjugation induces an antiholomorphic automorphism
of Y(C) and Y, (C), both of which we denote by F. We write (Y, ) for

A(Y(C)g) == D, APP(Y(C)g)/(Im O + Im 9)), where AP (-) denotes the set
of smooth complex differential forms w of type (p, p), such that Fiw = (—1)Pw.
(see the beginning of subsection 3.3; there the F.-invariance requirement is
not stated because the manifolds are not assumed to have models over the real
field).

A hermitian equivariant sheaf (resp. vector bundle) on Y is a coherent sheaf
(resp. a vector bundle) E on Y, assumed locally free on Y (C), equipped with
a pn-action which lifts the action of p,, on Y and a hermitian metric A on F¢,
the bundle associated to F on the complex points, which is invariant under Fi
and p,. We shall write (E,h) or E for an hermitian equivariant sheaf (resp.
vector bundle). There is a natural Z/(n)-grading Ely, =~ ©rez/n)Er on the
restriction of F to Y, , whose terms are orthogonal, because of the invariance
of the metric. We write E}, for the k-th term (k € Z/(n)), endowed with the
induced metric. We also often write E,,, for Ey.

We write ch,(E) for the equivariant Chern character form (see after Th. 3.4)
chy((Ec, h)) associated to the restriction of (Eg,h) to Y, (C). Recall also

that Td,(F) is the differential form Td(Eﬂn)(ZDO(—l)ichg(Ai(E))) 1. If
£:0—- FE — FE— E” — 01is an exact sequence of equivariant sheaves (resp.
vector bundles), we shall write £ for the sequence £ together with R,,- and F,.-
invariant hermitian metrics on Eg, Fc and Ed. To € and chy is associated
an equivariant Bott-Chern secondary class (;Bg (&) e ﬁ(Y#n), which satisfies the
equation 25—861@(?) = chy(E') + chy(E") — chy(E) (see Th. 3.4).

T

Definition 4.1 The arithmetic equivariant Grothendieck group I?é‘”/(Y) (resp.

I?(‘f" (Y)) of Y is the free abelian group generated by the elements of A(Y,,)
and by the equivariant isometry classes of hermitian equivariant sheaves (resp.
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vector bundles), together with the relations

(a) for every evact sequence € as above, &19 (&) = E-F+ E//;

(b) ifn € gl(YMn) is the sum in évl(Y#n) of two elements ' and 7", then n =
7 +n" in I?O"/(Y) (resp. I/(\'O"(Y)).

Before we proceed, notice the following fact. Let M be a complex manifold and
let ¢, k be complex currents on M such that each of them is a sum of currents of
type (p,p). If the wave front sets of ¢ and « are disjoint, then the cup products

(22¢) Ak and ¢ A (22 k) are defined and we have an equality

27 2me

(526 A = C A (5er) (12)

in PM (see after Lemma 3.13 for the definition of Pa}). The proof follows from
the equalities (¢ AOk) = OC NIk +( AOOk and —I(IC A k) = OC N Ok ~+ DI A k.
We shall now define a ring structure on IA({)‘"/ (Y) (resp. IA((’J‘" (Y)). Let V, V' be
hermitian equivariant sheaves (resp. vector bundles) and let 7,7’ be elements
of va[(Y#n). We define a product - on the generators of IA{SL"/(Y) (resp. IA(S“‘ (Y))
by the rules V.V =VeV, Ven=n-V:i=chy(V)Anand n-n = %n/\n'
and we extend it by linearity. To see that it is well-defined, consider hermitian
coherent sheaves E , E and E (resp. vector bundles) and an exact sequence

E:0—-FE —-—FE—E"—0.

We compute in I/(\'(’)‘"/(Y) (resp. Kt (Y)):

(E+4chy(€)-V = E@V +chy(€) Achy(V)
= E@V+d,EV)=EQV+E &V
and
o~ _ 90 ~ — .,
(B +chy(€))-n = Chg(E)An+(%chg(5))An=chg(El@E“)/\n

From these computations, it follows that the product - is compatible with the
defining relations of I?(’f"/(Y) (resp. I?é‘" (Y)); furthermore it is associative
and the trivial bundle endowed with the trivial metric is a unit for that prod-
uct; these statements follows readily from the definitions. We thus obtain a
ring structure on I?S”I(Y) (resp. I/(\'g" (Y)). Notice also that the definition of
IA(SL"/(Y) (resp. K4 (Y)) implies that there is an exact sequence

A(Y,

Hn

) — Kt (V) — K& (V) =0 (13)
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(resp. N
AYy,) = Ko"(Y) = Kg" (V) =0 ),

where KSL"/(Y) (resp. K{"(Y)) is the ordinary Grothendieck group of fi,-
equivariant coherent sheaves (resp. locally free sheaves) (see [Kock, Def. (2.1)]).
Now let E(Yun) be the subgroup of ﬁ(Yun) consisting of elements that can be
represented by real differential forms. If w, = p; (the trivial group scheme)
and one replaces 2(Y) by A(Y) in the definition of I/(\'(‘f" (Y), one obtains the
arithmetic Grothendieck group Ko(Y) defined by Gillet and Soulé (see [GS3,
IT]). This ring can be equipped with a ring structure defined by the same rules
as above and there is by construction a natural ring morphism IA(O(YM) —
I?{)‘ "(Y,,). Since every equivariant vector bundle is an equivariant sheaf, there
is also natural morphism of rings I?(‘f" Y)— I?S"I(Y). Notice finally that there
is a map from I/(\'SL " (Y) to the space of complex closed differential forms, which is
defined by the formula chy(E+ k) := chy(E)+ %n (E an hermitian equivariant

sheaf, x € ﬁ(Yun)). One can see from the definition of the I?g;’—groups that this
map is well-defined and we shall denote it by chy(-) as well.

Proposition 4.2 The natural morphism IA({f” Y) — IA(g”/(Y) 15 an isomor-
phism.

Proof: We have to define a map which inverts the natural morphism. Let E
be a hermitian equivariant sheaf. Let O(1) be a very ample equivariant line
bundle on Y. By [H, Th. 8.8, p. 252], there is a surjective morphism of sheaves
[ (E®0(1)®0(-1l) — E (I > 0), which is equivariant by construction. If
we choose a surjective map of pi,-comodules M — f.(E® O(l)), such that M is
finitely generated and free, we obtain a surjective map (f*M)®0O(-1) - E — 0
of equivariant sheaves, where (f*M) ® O(—1) is by construction locally free
(recall that f is the structure map ¥ — Spec D). Repeating this process with
the kernel of this surjection, we obtain an equivariant locally free resolution

.= V,;—=V,_1 — ... > Vy —» E — 0 and by a dimension shifting argument
ker(Vy — Vy_1) is locally free (see for ex. [FL, p. 101]). Thus we obtain a finite
locally free equivariant resolution V of E. Endow each V; with an invariant
hermitian metric and write V for V together with these metrics. We define the
inverse map I : IA({J‘”’/(Y) — K!(Y) as the unique map of groups which sends
differential forms on themselves and a hermitian equivariant sheaf E on the
element Y, (—1)""'V; + chy(V), where V is any hermitian resolution of E as
above. To prove that this map is well-defined and also a group map, consider
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the commutative diagram

Vm Vm—l VO S
0 0 0 0
7 7 T T

yv'oo - v - v, ...V — E" — 0
T T T T

vV 0 —- V,, —» Ve ... Vo —- E — 0
T T T T

yoo - v, - VI VW - E — 0
7 7 T T
0 0 0 0

Given an exact sequence of equivariant coherent sheaves &, one can always
construct a diagram as above, such that all the columns strictly to the left of
& consist of locally free sheaves and such that its rows and columns are exact.
If B/ = 0, we say that V dominates V. Now endow all the sheaves in this
diagram with invariant metrics and call 7, Y and V' the rows together with
the corresponding hermitian metrics. If we apply the double complex formula
Th. 3.14, we see that

chy(V') + chy (V") = chy(V) = > chy (V')(—1)" + chy (€).
>0

Applying this formula and the relations of equivariant arithmetic Ky-theory, we
see that 32,0 o (—1) 1V, 4 chy (V) = 3,00 (1) 1V +ch,(V"), if V dominates
V. Since for two resolutions there always exists a third one dominating both
(see [L, p. 129]), we are done for well-definedness. To show that I is a morphism
of groups, we con51der again the above diagram and compute usmg Th. 3.14,

I(B) = I(E') = I(E") + chy(€) = X2 50(chy (Vi) + Vi = V; = V) (=) = 0.
The map I is by construction an inverse of the natural morphism K{f “(Y) —
K4 (Y) and so we are done. Q.E.D.

Fix a F-invariant Kéhler metric on Y (C), with Kahler form wy. We suppose
that R, acts by isometries with respect to this Kihler metric. Let E := (E,h)
be an equivariant hermitian sheaf on Y; we write T,(Y, E) for the equivari-
ant analytic torsion T,(Y (C),(Ec,h)) € C of (Ec,h) (see subsection 3.2).
Let f : Y — Spec D be the structure morphism. We let R'f,E be the
i-th direct image sheaf, endowed with its natural equivariant structure and
Lo-metric. We also write Hi{(Y, E) for R'f.E. Write R f.E for the linear
combination Y .. (—1)'R'f.E. Let n € ﬁ(Yun). Consider the rule which

associates the element R f.E — T,(Y,E) of I?S"L,(D) to E and the element
fy(c)g Td,(TY)n € K{™ (D) to n.
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Proposition 4.3 The above rule descends to a well defined group homomor-
phism f. : K§» (Y) — Ki™ (D).

Proof: Let E/, E and E” be hermitian coherent sheaves on Y and suppose
that there is an exact sequence

E:0—-F —-—FE—FE'"—0.

Using the definition of f, and the defining relations of I?(’f "(Y), we see that to
prove our claim, it will be sufficient to prove that

REE-T,0B)+ [ T4,V )@ - R 1.E
Y,

+T,V,E) - Rf.E +T,(V,E')=0 (14)
in Kt (D). According to Th. 3.7, the equation

iy (V(€).E) = [ Td,(TV )y @) (15)
holds in §((D) Denote by R f.€ the long exact cohomology sequence of &
with respect to f and let R f.£ be the sequence R'f.E together with the Lo
hermitian metrics inherited from £ on each element. Using the defining relations
of K{"(Y'), we see that

Rf.E+chy(Rf.E)-RfE —RfE =0 (16)

in IA(S‘ (D). Combining the remark (7), (15) and (16), we see that (14) holds.
This ends the proof. Q.E.D.

Using the Prop. 4.3 and Prop. 4.2, we can define a map IA(g"(Y) — I?(’)‘" (D),
which we shall also call f,. Finally, to formulate our fixed point theorem, we de-
fine the homomorphism p : K™ (Y') — K" (Y, ), which is obtained by restrict-
ing all the involved objects from Y to Y,,,. If E is a hermitian vector bundle on

Y, we write A_1(E) i= 3055 (~1)FAR(E) € K4 (Y), where A*(E) is the k-th
exterior power of E, endowed with its natural hermitian and equivariant struc-
ture. Notice that if E is the orthogonal direct sum of two hermitian equivariant
vector bundles E and £, then A_1(E) = A_1(E').A_1(E); this follows from
the very definition of the exterior power metric (see [BoGS, note to prop. 4.1.2]).
A finer multiplicativity property will be proved later (see Lemma 7.1). Let
R(pr,) be the Grothendieck group of finitely generated projective p,,-comodules.
There are natural isomorphisms R(u,) ~ Ko(D)[Z/(n)] ~ Ko(D)[T]/(1 —T")
(see [Se, Prop. 7, 3.4, p. 47]). Let I be the p,-comodule whose term of degree
1 is D endowed with the trivial metric and whose other terms are 0. We make
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I?g" (D) an R(py)-algebra under the ring morphism which sends 7' to I. In
the next theorem (which is the main result), let R be any R(u,,)-algebra such
that the elements 1 — T* (k = 1,...,n — 1) are invertible in R. The algebra
which is minimal with respect to this property is the ring R(in)1-7+},_,
the localization of R(u,) at the multiplicative subset generated by the elements
{1 =Tk} k1, no1. If D = Z, we can make the complex numbers C an R(u,,)-
algebra under the ring morphism which sends T to (,; this gives a possible
choice of R if D = Z. Recall that R,(-) is an equivariant additive character-
istic class (see Def. 3.5); in the next theorem, we consider that its values lie
in ﬁl(Yun). Recall furthermore that the quotient metric on normal bundles has
been introduced in section 3.4.

Theorem 4.4 Let Ny/ym be the normal bundle of Y, inY, endowed with
its quotient equivariant structure and quotient metric structure (which is Fa-
invariant).

(a) The element A := )\—I(N;/YM) has an inverse in I?(’f” (Yi,) @R(un) Rs
(b) Let Ag := A.(1 — Ry(Nyyy, )); the diagram

71.p

—~ A ~

Ki"(Y) = K{"(Yu,) @rpu.) R
L fe L fer
Ki~(D) & Ky (D) @pguy R

commutes.

In the sequel, we shall also write A"1(-) for (A_;(-))~!. Notice that if n = 2,
then we can choose R = Z[1]; thus the operation of tensoring with R does
not necessarily imply a loss of information about the entire torsion subgroup of
K5 (D).

The part (a) of Th. 4.4 assures the existence of the inverse of A,l(ﬁiv/ /v, ), but
does not describe an effective construction of this inverse. The proof of the next
lemma provides an effective construction of the inverse of A\_;(E), when E is a
hermitian equivariant vector bundle on Y, , such that Eun = 0. By Prop. 2.12,

we know that (le//yu )i, = 0 and the proof of the next lemma thus provides

an effective construction of the inverse of Afl(N;///Y'“ ). In particular, it is an
effective proof of part (a). !

Now let Z be any arithmetic variety (without p,-action). In the proof of the
next lemma, we shall make use of the following facts. There exist operations
M Ko(Z) — Ko(Z) (k> 0) on the (non-equivariant) Grothendieck group
IA(O(Z), that endow this group with a special A-structure. We refer to [SGAG,
Def. 2.1, p. 314] for the definition of this term and to [R1, Section 2] for details.
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Let us just mention that if £ is a hermitian vector bundle on Z, then \¥(E) =
A*(E) in Ky(Z); here A refers to the k-th exterior power of E, endowed with
its natural hermitian structure. Let us define s : Ko(Z) — Ko(Z)[[t]] by the
rule A\ (z) := 3,50 A¥(2).t". We then denote by 7*(z) the coefficient of t* in

the formal power series )\ﬁ (x). The operations 7* are called the y-operations

(see [SGAG, 1, Exp. V] for more details). The ring Ko(Z) also carries a natural
augmentation morphism rk : Ko(Z) — Z, which associates the rank of the
underlying bundle to a hermitian vector bundle and the number 0 to an element
of A(Z). The A-structure together with this augmentation morphism give rise
to a ring filtration FOK(Z) D FII/(\O(Z) D ... on Ko(Z), called the v-filtration;
for k =0, FOI/(\'O(Z) = I/(\'O(Z), for k =1, Flf/(\'o(Z) is the kernel of rk and for
k> 1 F*Ky(Z) is the ideal generated by the elements 4" (1)y™2 (23) . .. 4" (x;),
where z1,...,2; € Fll?O(Z) and rq,...,r; are positive numbers such that r; +
...+7r; > k. It is proved in [R1, Section 4] that this filtration is locally nilpotent.
A particular case of this result, which is the only one used in the proof of the
coming lemma, is that if z € F¥Ky(Z) with k > 0, then there exists a natural
number n, dependent on x, such that ™ = 0.

Lemma 4.5 Let E be an equivariant hermitian vector bundle over Y, , such
that E,,, = 0. Then the element A_1(E)®1 is invertible in K{™ (Y,,) @ r(un) R-

Proof (of Lemma 4.5): By universality, we may assume that R is the localisation
of the ring R(p,,) at the multiplicative subset generated by the elements T% — 1
(1 <4 < n). Remember that if F is the orthogonal direct sum of two hermitian
equivariant vector bundles E' and E, then A (E) = A_l(E/).)\_l(FH). Thus,
since E' is Z/(n)-graded and the terms of the grading are pairwise orthogonal,
we are reduced to prove that A_;(E,) is invertible, where p € Z/(n), p # 0 and
E, is an equivariant hermitian bundle on Y, , such that Ej = 0 if k # p. Now

Hn
notice that
rk(Ep)

Aa(E)el= > (1N (E,) ki (17)
j=0

where E; is the underlying hermitian bundle of Ep, equipped with the triv-
ial grading. This expression lies in the image of the natural ring morphism
Ko(Yy,) @2 R — K{™(Yy,) ®r(u,) R Now let 7 = rk(E,) and suppose that

E;, is the sum 1 + 22 + ...+ 2, in IA{O(YHH) of line elements z; (i.e. A!(z;) =0
if I > 1). By definition Al(2; +x2 + ... +x,) = oy(x1,...,2,), where oy is the
[-th symmetric function (I > 0) and thus using (17), we see that

Aa(Ep) el=]]0-xzo®).

i

32



We rewrite this last expression as

[[a-1®¢ (@ -1.(0e).

K2

This is a symmetric polynomial in the z; — 1, with coefficients in R and thus
by the theorem on symmetric functions and the definition of the ~y-operations,
there exists a polynomial P, with vanishing constant coefficient, such that

Aa(Ey) ©1=(1-10 ) - PGYE,),...,7"(E,))

Now using the fact that I/(\'O(YM) is a special A-ring, [AT, p. 266] and the fact
that R is a flat R(p,)-module (see [Ma, p. 46]), we see that the last equality

holds even without the hypothesis that E; is the sum of line elements. Now

using the fact that the ~-filtration of IA(O (Y,,,) is locally nilpotent, we see that

the sum 1
Y TTe g PO 7 B

is finite and provides an inverse of A_1(E,) ® 1. So we are done. Q.E.D.

For a refined multiplicativity property of A_1(.) ® 1, see Lemma 7.1.

The strategy of the proof of the part (b) of Th. 4.4 is as follows. In section
5, we state Bismut’s immersion theorem Th. 3.11 in I?S‘"—theoretic form; in
section 6 we prove an analog of Th. 4.4 for closed immersions; in section 7 we
use the anomaly formula Th. 3.6 of section 3 to prove that theorem Th. 4.4
is compatible with change of Kéhler metrics and that the results of sections
5 and 6 combined implie that Th. 4.4 is compatible with immersions. In the
same section, we show (using an argument of J.-B. Bost) that the compatibility
with immersions implies that Th. 4.4 holds for projective spaces; from this we
deduce Th. 4.4 in general.

5 Kj"-theoretic form of Bismut’s immersion the-
orem

Proposition 5.1 Let i : Y — X be an equivariant closed immersion of equiv-
ariant arithmetic varieties and f :' Y — Spec D, p : X — Spec D be the
structure morphisms. Let

2:0-&, = &1 — ... =& — 1 —0

be an equivariant resolution by vector bundles on X of an equivariant vector
bundle n on Y. Suppose that X is endowed with an Fs- and R,-invariant
Kahler metric with Kdahler form wx and that Y carries the induced Kdhler

33



form wy = i*wx. Suppose that the normal bundle N of i carries the quotient
metric and that n and the & are endowed with Fuo- and Ry, -invariant hermitian
metrics satisfying Bismut’s condition (A) with respect to the metric of N. Then
the equality

RO -3 G = /Y chy )Ry (N T4 (TX) + /X TE)T4, ()

~ [ ey T,V TR, (W)
Y,

g9

holds in IA((‘)L" (D).

Proof: Using the defining relations of arithmetic K}"-theory, we compute

(D) (Rpe&; — Ty(X. &)

O

Il
o

L) =D (~1)'pu(@) = R M- Ty(Y,7) -
=0

(3 (3

&(R'p*é) - T, + (_1)iTg(X7 gz)
=0

3

Comparing the last expression with the formula Th. 3.11 yields the proof.
Q.E.D.

6 A fixed point formula for closed immersions

In this section, we shall prove an analog of Th. 4.4 for closed immersions; the
proof of this result involves the use Th. 3.11 (in the form of its K" -theoretic
form Prop. 5.1), but only in its non-equivariant form already proved in [BL].

6.1 The statement

Let Y, X be equivariant arithmetic varieties over D. Let ¢ : ¥ — X be an
equivariant closed immersion and let f : Y — Spec D, p : X — Spec D be
the structure morphisms. Endow X (C) with an F- and R,-invariant K&hler
metric and Y (C) with the restricted metric. Let 1 be an equivariant vector
bundle on Y and let

0—¢&n—&én1— ... & —tn—0

be an equivariant locally free resolution of i,n on X (the beginning of the proof
of Prop. 4.2 shows that such a resolution always exists). Let Nx/y be the
normal bundle of the immersion, endowed with its natural quotient metric. Let
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the &; and n be endowed with Fio- and R,- invariant hermitian metrics satisfying
Bismut’s condition (A). We shall write £ for the bundle ©x0(Nx,y )x, endowed
with the induced metric.

Theorem 6.1 The formula
PO () pm) = P (570 (~1Y p(E,)

- /Y Td(TYy)chy(p(n) @ A—l(Ev))R(NXQ/YQ)

g

_ / TA(TX,)T, ) + / ehy ()T (W x /v JTA(TY . T, y,) = 0
X Y,

g g

holds in Kb (D).

We shall also later make use of the fact that this theorem also holds, if ¢ : Y —
X ~ Y is the identity and the Kéhler metric on Y (C) differs from the Kéhler
metric on X (C); this follows from the anomaly formula Th. 3.6.

The proof of Th. 6.1 in general forms the core of the paper and will occupy the
next subsections. In the situation of Th. 6.1, we shall call §(i,£.,7) the left side
of the equality in Th. 6.1. Notice that if X, has irreducible components that
do not meet Y, then we might remove the contribution of these components in
the expression for §(i, & ,7) without altering the value of 6(i,.,7); this follows
from Cor. 3.10 and the definition of the equivariant arithmetic Grothendieck
groups.

Proposition 6.2 The element §(i,&.,7) is independent of the choice of € .

Proof: Consider a commutative diagram with exact rows and columns

= Zm-1 ... Zp
0 0 0 0
T T T T
0 - ;n - ;n—l e 56 - 1*77 - O
T T T T
0 — & — &ne1 .. & — ity — 0
i 7 7 T
0 - ¢ - & 4 ... & = 0 =0
7 7 T
0 0 0

We endow the elements of the rows with invariant metrics satisfying the condi-
tion (A). From the definition of the equivariant arithmetic Grothendieck groups,

we see that the equality pi™ (p(¢)+p2" (p(€))) = P (p(6:))+ [, TATX g)chy(Z:)
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is valid (0 < i < m). Using this equality and the double complex formula Th.
3.14, we obtain that 6(i,£.,7) = 6(i, Zﬁ) + 5(1',2{/, 0) and thus, using the defini-
tion of equivariant arithmetic Ky-theory again, thatj(i,z, 1) = 6(1,£.,7). Now
let us say that in the diagram above, the resolution £ dominates the resolution
E/ We have proved that if E/ dominates ¢, then 6(,£.,7) = 6(2’,3,@. It is
shown in [L, p. 129], that if £ and ¢. are two resolutions of i,7, then there
exists a resolution £ that dominates both £ and ¢., so we are done. Q.E.D.

We shall thus henceforth write 6(i,7) for (i, €., 7).

6.2 Algebro-geometric preliminaries

The two next subsections will describe the non-equivariant geometric setting of
the proof. The third one will show how equivariance fits in this framework.

6.2.1 The deformation to the normal cone

Let Y, X be regular schemes and Y % X be a closed immersion over D. Let N
denote the normal bundle of i. In the sequel, the notation P(E), where F is a
vector bundle on any scheme, will refer to the space Proj(Sym(EY)).

Definition 6.3 The deformation to the normal cone W (i) (or W) of the im-
mersion i is the blow up of X x Pk along Y x {oc}.

We define px to be the projection X x P! — X, py the projection Y x P! — Y
and 7 the blow-down map W — X xP!. Let also ¢x be the projection X xP! —
P! and ¢ the map gx o w. From the universality of the blow-up construction,
we know that there is a canonical closed immersion j : Y x P1—W such that
moj =14 xId. We shall denote by ix the natural immersion of X into W arising
from the natural isomorphism X ~ 7*(X x 0). The following is known about
the structure of W; for the proof, see [F, Ch. 5] and [BaFM].

Proposition 6.4 The closed subscheme q~'(cc0) has two irreducible compo-
nents P and X that meet regularly. The component P is isomorphic to P(N @®1)
and the component X is isomorphic to the blow-up of X along Y. The com-
ponent X does not meet j(Y x P1) and the scheme-theoretic intersection of
j(Y x PY) and P is the image of the canonical section of in : Y — P(N @ 1).
Moreover, the map q is flat.

The canonical section io : Y — P(N @ 1) arises from the morphism of vector
bundles Oy — N © Oy. _
The embeddings of P and X in W will be denoted by ip andig. Let ky : P — Y
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be the projection and ¢ :=px om: W — X.

The interest of W comes from the possibility to control the rational equivalence
class of the fibers ¢~ 1(p) (p € P!). In the language of line bundles, this is
expressed by the fact that O(X) ~ O(P + X) ~ O(P) ® O(X), which is an
immediate consequence of the isomorphism O(co) ~ O(0) on P1.

This equality will enable us to reduce certain computations on X to computa-
tions on P, which is often much easier to handle. Indeed on P, the canonical
quotient bundle @ has a canonical regular section s, which vanishes exactly on
Y. Thus, the section s determines a global Koszul resolution

R:OHAdimQ(QV)—M..HQV—>(9p—>i00*(’)y—>0

6.2.2 Deformation of resolutions

One of the difficulties of a Riemann-Roch formula for embeddings in IA(O-theory
comes from the impossibility to represent explicitly general coherent sheaves, in
particular images of locally free sheaves by the embedding. One has to stick to
certain explicit resolutions of these sheaves by locally free ones. The following

proposition ensures that resolutions with pleasant geometric properties exist on
w.

Lemma 6.5 There exists a locally free resolution = of j«py(n) on W
Ei0—=&n— ... =& — Gy (n) =0

such that the restriction §|)~( is a split exact complex.

Proof: The next sublemma, which we shall need for the proof, describes a

generalisation of a geometric construction of Bismut-Gillet-Soulé (see [BGSI,
Par. f)]).

Sublemma 6.6 Let o : O — L be a section of a line bundle on a scheme and
let
0—>E0£>E1—>...1>En—>0

be an exact sequence of coherent sheaves on the same scheme. Let F; = ker(E; —
Eji1) and F; = F; ® L7971 let also E; = coker(F; ® L7 — E; @ L™ &
F; @ L™ 9T where the map is described by the rule f; @1 — v(f;)Q1d f;@l®@0
(0 <j <n). Then the map

described by the rule f; @l — 0@ f; ® I and the map

Ej — Fyn
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described by the rule e; QL& f; @' — v(e;) @1 are well-defined and yield exact
sequences B B N
OHFjHE‘j‘)Fj_._lHO.

Proof: Since the statement is local, we work over a ring and view all the sheaves
as modules. The fact that the map E; — Fji; is well-defined follows from the
fact that the image of v(e;) @1 f; ®I®@0 is v?(e;) ®1, which is 0. The injectivity
of the map ﬁj — Ej follows from the fact that if 0® f; @1 =", [v(fj)@"®
fi®l"®o], then 3 [ff ®1"] =0 (because the map F; ® L") — E; @ L"™/
is injective) and thus f; @ I = (32, [[ff ® I"]) ® 0 = 0. The surjectivity of the
map Ej — ﬁj+1 follows from the surjectivity of the map E; — Fj4;.

The sequence 0 — Fj — E; — Fj11 — 0 is a complex and we still have to prove
that Im(ﬁj — Ej) = ker(Ej — ﬁj+1). Iffore; 1@ f; @1, v(e;) ® 1 =0 then
there exists f/' € Fj and I € L™/ such that e; ® | = v(f]) ®1”. Thus we can
write ; ® 1@ fy @ U = v(f)@l"® fl @l"®@oc+0® (f; @l — ff @1" ®0),
where the element before the + sign is by definition 0 in Ej and the element
after the + sign lies in Im(ﬁj — EJ) This concludes the proof. Q.E.D.

Notice that we can splice together the sequences 0 — fj — Ej — Fj—&-l — 0 to
obtain a sequence _ _ _
0—-FEy—F —...—E,—0

Let now Z(o ) be the zero-scheme of o. The restriction of the sequence 0 —
F» — E — F; i+1 — 0 to the complement of Z (o) is isomorphic to the original
sequence 0 — F; — E; — Fj; — 0. This can be seen as follows. On the
complement of Z(o), Ej is isomorphic to coker(F; — E; @ F;), where the
map is described by the rule f; — v(f;) @ fj; we thus have an exact sequence
F; — E; @ F; — E; — 0, where the second map is described by the rule

€ ® fj — e —v(f;).
Furthermore, by construction, if all the E; are locally free in a neighborhood

of Z(o), then the restriction of the 0 — F — E — FJH — 0 to Z(o) is
isomorphic to the split sequence 0— F — I ® Fﬁ_l — FJ+1 — 0.
To obtain the resolution { we choose a section o5 of O(X ) vanishing on X

and any locally free resolution of 0 — &, — &, | — ... — & — jupi(n) — 0
on W. We then apply Lemma 6.5 to the sequence o5 and to the sequence

0*}5,*)5 ...Hfoﬂj*py()ﬂ() Q.E.D.
We shall denote the complex i P( ) by £>°.
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6.2.3 Equivariance

We suppose now that the varieties ¥ and X are p,-equivariant and that the
immersion i preserves the action. If we let u,, act trivially on P1,, we can extend
the action of u, to X x P} and thus to the deformation to the normal cone
(see [Kock, (1.6)]). We shall use the following fact.

Lemma 6.7 The natural morphism Nx, /v, — (Nx/y)u, is an isomor-
phism.

Proof: Given a regular immersion i’ : Y/ — Y, there is an exact sequence of
locally free sheaves

induced by the various inclusions of ideal sheaves (see [FL, Prop. 3.4, p. 79]).
Thus we have two exact sequences of locally free sheaves:

0 — Nyyy,, — Nxyv,, = Nx/y — 0

and
0— Nx,./v,, = Nx/v,, = Nx/x,, =0

(we consider both sequences as restricted to Y, ). Considering the 0-degree part
of these sequences and using the last statement in Prop. 2.12, we get isomor-
phisms Nx, /v, =~ (Nx;v,, )y, and (Nx/v, )u, = (Nx/y)u, . If we explicit
the inclusions of ideals sheaves that are behind each of these isomorphisms, we
see that the resulting isomorphism Ny, /y, =~ (Nx/y)u, is induced by the
inclusion (on Y),,) of the ideal sheaf of the immersion Y — X in the ideal sheaf
of the immersion Y,,, — X, , i.e. it is the natural morphism. Q.E.D.

Proposition 6.8 The immersions ix, ig and ip are equivariant. The natu-
ral morphism of the deformation to the normal cone W (i#n) of the immersion
Y,, — X, into the fized point scheme W (i), of W (i) is a closed embedding;
this embedding induces the closed embeddings P(N,, ®1) — P(N & 1),, and

Xy

Hn
- Xl"n :

n

Proof: The fact that the natural map W(i#») — W(i),, is a closed embed-
ding follows from [H, Cor. 7.15, p. 165]. The other statements are direct

consequences of the universality and base-change invariance of the blow-up con-
struction. Q.E.D.

Proposition 6.9 There exists an equivariant resolution = of j«pyn such that
the restriction Z| 5 is an equivariantly split exact complex.
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Proof: The construction of the sequence Z is similar to the construction of the
sequence = appearing in Lemma 6.5. FEach step of the construction given in the
proof of Lemma 6.5 respects equivariance. Q.E.D.

6.3 Proof of the formula

In the next paragraphs, we shall often implicitly use the following fact. Let
M’ be a closed submanifold of a differentiable manifold M and E be a complex
differentiable vector bundle on M let h’ be a hermitian metric on the restriction
E|pr. Then there always exists a hermitian metric & on F, that extends h'.
This follows from a partition of unity argument.

6.3.1 A model for closed embeddings

Let f : Y — Spec D be an equivariant arithmetic variety and N, an equivariant
vector bundle on Y. In this subsection, we prove that Th. 6.1 holds for the closed
immersion i, : Y — P(Ny @ 1) mentioned after Prop. 6.4. The deformation
theorem of the next subsection will then show that a Lefschetz type formula
for all regular immersions can be derived from that one. We suppose that
P = P(Ny @ 1) is endowed with the equivariant structure arising from Ny,
and with an invariant Kéhler metric and that Y carries the metric induced from
P via io. We let No carries the induced quotient metric. We let Eo be the
bundle @0 Noo 1, endowed with the induced metric. We fix an invariant metric
on @ (the universal quotient bundle on P) which yields the metric of Ny, when
restricted to Y. The resolution £ (see the end of subsubsection 5.2.1) carries the
exterior product metrics of @); as before, we let 77 be an equivariant hermitian
bundle on Y. Notice first that by Cor. 2.10, the fixed point scheme of P(Ny, @
1) is the closed subscheme P(Neo,u, ® 1) [I(Ikez)(n) k20 P(Noo,k)).  Notice
that by construction, the immersion £z factors through the closed subscheme
P(Ns,u, @ 1) and that the components P(Ny ), k # 0 do not meet Y (see
the remark before Prop. 6.2). Thus the sequence R.., obtained by taking the
sequence in degree 0 associated to 8, is a resolution of Oy, on (P(Neo®1))y,,-

Proposition 6.10 The equality 0(is,7) = 0 holds.

Proof: We shall need a formula comparing restrictions by ¢, and direct-images
by ky. This is the content of the next lemma.

Lemma 6.11 The equality
v

flr(it (@) = (f" o k") (A-1(Qp,)7) +/Y Td(TYy)chy (1% (2)) B(Noo )

g
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+ [ TP, ey @
P,

g

| el @)1 (N TATY , TP )
Y,

g

holds for any linear combination of hermitian bundles x € IA({;" (P(Now®1),,).

Proof (of Lemma 6.11): Let x = V and apply Prop. 5.1 to the sequence
R, ® V. Since both sides of the formula are additive, this yields the result.
Q.E.D.

We now resume the proof of Prop. 6.10. We compute

Vv

(f1 o ki) (p(kie (M) A-1(@)))
= <f“nok¢">*<p<k“m @)A-1(@yr, ) A1 (Brro@y)

= (A (Bx) YTd(TYg o7 A1 (B ) R(NE)

_/P TA(TE,)T(R,., )ehy (k- (0) - A1 (@120Q5 )

g9

* / Chg(ﬁ ' Afl(mv))Td_l(Nooyun)ﬁ(wg’ﬁgh’g)
Y,

g

The proof is concluded, if we remember the definition of Td, and Lemma 3.15.
Q.E.D.

6.3.2 The deformation theorem

Let i : Y — X be an equivariant immersion of equivariant arithmetic varieties
over Spec D. Let the terminology of subsection 5.2 hold.

Definition 6.12 A metric h on W is said to be normal to the deformation if

(a) It is invariant and Kdhler;

b) the restriction h|;un(y yp1y 18 a product h' x h', where h' is a Kdhler
Jx (Mnx )
metric on'Y,, and h" a Kdihler metric on P!;

(c) the intersections of ix+X with j.(Y xP) and of ip.P with j.(Y x P') are
orthogonal at the fized points.

Lemma 6.13 There exists a metric on W, which is normal to the deformation.
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Proof: The existence of such a metric is proved in [R1, Lemma 6.14] if the
action on W is trivial. Start with a metric h’, whose existence is predicted by
[R1, Lemma 6.14] and consider the metric %ZaeRn a*(h’). This one has the
required properties. Q.E.D.

We shall suppose that the g are endowed with metrics such that Bismut’s
assumption (A) is satisfied and such that the sequence 0 — &, — &n_1 —

.- EO — 0 is orthogonally equivariantly split on )79. The proof of Th. 6.1
follows from the next theorem, which reduces the proof of Th. 6.1 to the case
treated in the last subsubsection.

Theorem 6.14 (Deformation theorem) Let W be endowed with a metric,
which is normal to the deformation. Then the equality §(ioo,T) = 6(i,7) holds.

Proof: We work on the space W (i#); the complex points W (i#n)(C) of this
space form an open subset and thus a connected component of W (i)(C), (the
other components are the sets P(Neo i @ 1)(C), k # 0). This can be seen from
Cor. 2.10 and the description of W(i)(C), as a set of R,-invariant points.
We shall thus often implicitly restrict currents with any wave front set from
W(i)(C)y to W(i#)(C). We shall write P for the scheme-theoretic intersec-
tion of P, with W (i#~). This intersection is the space P(N ,, @ 1) by Cor.

2.10. We choose once and for all sections of O(X,,, ), O(P}), O(X,,) whose
zero-schemes are X, , P/Bm )f(: . If D is a Cartier divisor on W,,, and the bun-
dle O(D) carries a hermitian metric, we shall often write Td(D) for Td(O(D))
and ¢; (D) for ¢1(O(D)). We shall also write p(€.) for > ,(—=1)*p(&;). For the
proof of the following lemma, see [R1, Lemma 6.16].

Lemma 6.15 There are hermitian metrics on O(X,, ), O(P) ), (9(5(7;) such

that the isometry O(X,,,) ~ O(P)) )®O(X,,,) holds and such that the restriction
of O(X,.,) to X, yields the metric of Nw (inny/x,., » the restriction ofé()r(;l)

to )’(:n yields the metric of N, and the restriction of @(PBH) to Pgn

W (irn) /Xy,
induces the metric of NW(i;Ln)/pB .

We shall from now on suppose that O(X,,,), (9()/(\,; ) and O(P]) are endowed
with hermitian metrics satisfying the hypotheses of Lemma 6.15. We shall
compare direct images of restrictions to X, and PSH, by applying Prop. 5.1 to
the resolutions

n

0— O(=X,,) = Ow(un) — ix,, ,0x, ——0, (18)
0— (’)(—Pﬁn) — Ow(inn) = ipo *OPB — 0, (19)
0= O(=X,,) = Ow(im) = ix- O~ =0, (20)
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and to the resolution which is the tensor product of (19) and (20):
0— O(=X,,) ® O(=P, ) = O(=X,,) ® O(=P, ) (21)

= Ow(ien) = ipo nx, .Opo a5, 0

All four resolutions are Koszul resolutions and we shall denote the Euler-Green
currents of the three first ones by by gx, , gro. and 9% respectively (see
after Lemma 3.15). By [BGS5, Th. 2.7, p. 271], the Euler-Green current of
the fourth one is then the current ¢; (@(Pgn))gfi; + (5)(7; gpo . Note now the
equality
p(E)((1-0(=X,,)~(1-0(=Fp ) ~(1-0(=X,,,))+(1-O(=P, )(1-0(~X,,))) = 0
in [A(g "(W(i#)). We shall apply the push-forward map to both sides of the
equality and show that the resulting equality is equivalent to the statement of
the theorem. Using the non-equivariant version of Prop. 5.1, we compute that
the equality implies that

P (plE)) - /X ey (p(E)) RNy ooy, JTA(T X, )

Hn

[ e €@ T (X, o,

+ / ehy (p(E )T (N oy (omnsyx,. VTAT K T (i) x, )

(7 o k). (pE) = [ ey 6)R(Niwgony g, STA(TES,)

Hn

- AW ey € )T (P o,
W (ikn)

+ [y (€ TATF, Ty, YTa (Wopgaeny o,
. | |

o, TATWGE by (€T (Ko

4 / TA(TW (i ))chy(€)Td~ (BT )Td}(X,,.)
W (itn) !

— -
[e1(O(P) )9 +05gpy 1=0

(notice that we only used Prop. 5.1 in the non-equivariant setting here) where

we used the remark after Lemma 3.15. We dropped all the terms where an

since chg(g ) vanishes on X, . For the same reason,

integral is taken over X
we have

[ @ )eh, (€)1 (BT (6 )3 arg, =0
W (ikn) p

n?

Hn
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For the next step, we shall need an Atiyah-Segal-Singer type formula for immer-
sions. Let j : M’ — M be an equivariant closed immersion of R,-equivariant
complex manifolds. Let H(Mp, ) be the complex de Rahm cohomology of the
fixed point submanifold of M and let Ké%" denote the Ky-theory of holomor-
phic R,-equivariant vector bundles. In the next theorem, jf» : H(M'g ) —
H (Mg, ) will stand for the push-forward in cohomology associated to jf» and
Jx for the push-forward in Ké%"—theory.

Theorem 6.16 Let N be the normal bundle of j. The equality
G (Tdy (N )ehy (@) = chy (G (2))
holds in H(Mg,), for all x € Kg(M").

For the proof, see [FL, p. 191 and p. 195]. Recall that we denoted by ¢ the
immersion Y — X and by i the immersion ¥ — P(N, @ 1) of the standard
model. Using the projection formula in cohomology and Th. 6.16, we compute

i (chy (p(€)) R(Nw (iwn)/x,.,, )
= NL(R(Nw(inny/x,, )ik (Tdy '(Nxy )ehg(n)))
= (i 0 ") (R(Nw (inn/x,, )Td, " (Nx /vy )chy(n)).

Now notice that the restriction of Ny (jun)/x, 1o Y, istrivial by construction

and thus the last expression vanishes. An entirely analogous reasoning applies

to the immersion 5% and we get

i'p (chg (p(€)) R(Nw (iun ) po ) = 0.
Thus, we are left with the equality
P (p(€)) — /W(_ )Td(TW(iun))chg(E, )Td (X, )9x,..

+ A7 (Nw(annyyx, VTAT X, , TW(irn)|x, )

><\

Hn

— (o k) (p(€%.) — / TA(TW (i#))ehy (€)Td ™ (P2 gy

W (ikn) fn

4 [ ey (@ ) TATRL Wy, T4 (N, )
P
/W | TATW oy (€)1 (K, o,

# [ TGy (T4 (P YT (F)es @S g, =
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Gathering terms, we get
P (p(€)) = (f' o k)u(p(€))) =
o, TATTGE by (€))7 (K, T4~ (P o,

~Td ™ (X, )95 +Td™ (P2 )Td ™ (X, )e1(FY )95 )

Hn Hn

- /X ehy (p(€ )T (Nyp i, )V TAT X e, T x, )

Hn

+/, chy (p(€))TA(T Y, TW (i) po YTd ™ (Nyw(gunyspo ). (22)

Hn

Using the definition of the singular Bott-Chern current, we compute
chy (p(€))(Td ™ (X, )9x,,, — T (P )gpo — Td "X, )g5—

+Td (PO )T (X, )er (PO g )

Hn Hn
90 -
- (2mT (@ hg(pyn)ng (NW/YXPl)(SYunXPl)'

(Td ( NrL)gX - Td ( )gPO - Td ( /‘n)gm
+Td ™ (PY)Td ™ (X, e (P g )
a0 . =~ —— 00 =

= —(Ta (X n)%Tg(f)QX,m—Td_l(PBn)%Tg(ﬁ)gpgn

= 90, = —, 90
—Td "} (X,,,) 5 To(E)g . +Td (P )Td (X, )51, e (P ) )

Hn
+chy (pyn)Td, (NW/YxP1)5Y wp1.(Td™ "X, W )IX,

Hn

~Td (P )gpy — T} (X,,, )g5— +Td ™ (PY )Td™ (X, )er (PY o ).

Hn

The next lemma will evaluate the first part of the last expression.

Lemma 6.17 The equality

e 00 = = 0D =
Td™ (X ) 5 To()gx,,,, — Td™ (PR ) 5= To(E)gr,
—Td™ (X, )5 - Ty(€)gx,, +Td ™ (F;,)Td (X#n)Tng(f)cl(P )9

= T,(€)(Td (X, )ox,, — Td (P2 )opn —Td 1(X,, )d

+Td ™ (BY)Td (X, )en(PY )5 )

Mn

holds.
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Proof (of Lemma 6.17): For the proof, we shall need the following identity. Let
E be a (non-equivariant) hermitian bundle of rank r. The equality of forms

TA(E)ch(\_1(E

holds. This is proved in [R1, Lemma 6.19]. Using (12), we compute that the
left hand of the equality gives

T,(&)(Td ™" (X,,,) (0., — 1(X,.,)) — Td ™ (P BY)(0ps,

—r(PE) = Td™ (X, (05— —e1(X,,))

+Td (B )Td ™ (X, )en(BY ) (0 — e1(X,0,)))
Using the above identity, we compute that

Td (X, )er (X ) — Td ™ (PO )er (PD) — Td ™ (X, )er (X, )

Hn

+Td ™ (B )Td ™ (X, )er (X, )er (PY) = 0 (23)

which completes the proof. Q.E.D.

Lemma 6.18 The equality
/ TATW () chy () T (N y ot )y, s
W (ikn)

(Td™ (X, )gx,, — T (P )gpo —Td ™' (X,,, )g5—

Hn
+Td (P )Td (X, )er (P, )gs— )

Hn

- /Y chy(A_1(B*))Td" (., )ehy () TA(TY,, TX, Iv,)

Hn

= [ ey (BT (W el (0 TA(TY 3, TPy )
Yﬂn
V

+ i (A_y (Ev)p(ﬁ)) — [ (A1 (Bx )p(m))
holds.

Proof (of Lemma 6.18): Using the definition of Td (see after Cor. 3.10) and
(12), we can rewrite the left side of the equality as

00 ~
Py 1 W (itn )
/I/V(wn) (27T2Td( ( pn X P )’T (Z )|Y,M><P )

- —V _ =V
+Tdg(Nw/y xp1)chg(A—1 (NW/YxPl))Chg 1()‘—1(NW(il"n)/Yun «p1))
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Td( (;t XPl))) (Td ( un)gX —Td~ ( )QPO
~Td (X, ) +Td ™ (BY)Td (X, ) (PY g )

-y, xpichy (p*Yﬁ)ngl(NW/YxPl)
= / TA(T(Y,,, x PL),TW(irn)|y,
W (ikn)

<210y, o1y (0T T, (Niwyysp):
(Ta (X) (6x,, — 1K) = Td ™ (BL) (Bpy, — e1(PY))
~TAd (X)) (B — (X)) + Td*(PM)Td—lﬁ)cmPﬁ(aﬂ —a1(X3,))

Vv

7\/ _ JR—
" /W( s (T ) O (Vi v, )
iHn
Tdy(Nw )y xp)Td, Ny xpt) TA(T(Y,,, x P))
chy (p57)dy,, wpr-(Td (X, )gx,, — Td (P )gpo —Td ™ (X, )9

+Td (PO )Td (X, )er (PO g )-

Hn 1o

By Def. 6.12, we have Td;l(ﬁw/wplnyw .. =Td; ' (No), TA(P?)) =

|Y°01Mn

1 and Tdil(ﬁw/yxpl)lyou = Td, 1(No), Td( N”) Yo.., = 1. Furthermore,
recall that 5y xP1 N (5"' = O 5y  xP1 A 5p0 = (SYOO m 5YunXP1 N 6Xun =

0v,.,, - With these equahtles in hand and (23), we can evaluate the expression
after the last equality as

[ b (yrd; ! (N T, < PO T

Kn

><P1)

7/ chg(ﬁ)Tdé;l(K)i‘\a(T(Yan x PL), TW (itn)ly, xp1)
Y,

—V _
+ / chy O\ 1 (W e )y MO 1 (W v )
Y, ><P1

TA(T(Y,,, x P1))ehy (py () (Td ™ (X, ), — Td™ (B2 )gpo,

=Td ™! (X, )9, + Td ™ (PL)Td ™ (X, ) (B g, )-

Hon
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Consider now that there is an exact commutative diagram

0 0 0
1 ! 1
0 — TY, — TP;) — Ny, .c — 0
| Id ! l
0 - TY,xPg) — TW, — Nw,/v,xpy, — 0
1 , !
TPL X TPL 0
1 l
0 0

where the various maps are induced by the corresponding immersions of complex
manifolds. To see this, notice first that the intersection of P, with (Y, x Pg)
is transversal; this follows from the fact that the map ¢¢ is a submersion and
thus the map gw,c is a submersion on a neighborhood of (Y, x P&). This
implies the natural map Ny, c — Ny, /Yy xPL is an isomorphism and proves
our claim. Furthermore, notice that the first and second non-vanishing col-
umn of the diagram are split complexes. For the first one, this follows from
the existence of the immersion Y, — Y, x P! at co and the second one is au-
tomatically split if the first one is. From the orthogonality statement in Def.
6.12 and the double complex formula Th. 3.14 applied to the invariant subdia-
gram (obtained by restricting all the bundles to the corresponding fixed point
sets and taking their invariant subbundles) of the above diagram, we deduce
that TA(T(Y,,, x PL), TW(i")ly, xpi)ly.,., =Td(TY,, TP? |y, ). A com-
pletly similar argument shows that Tr:(/:l(T(Y#n x P1), TW (i#n)
’f&(ﬁum TX,,ly,, ). Furthermore, we can compute

Vi xP¥o 0, =

. . -
/Y O (Vv )y O (W ey 3, )V T, < PT)
un XP1

chy (py77) (Td ™ (X0, )gx,., — Td™ (P2 )gpy — Td™ (X, )9

Hn

+Td™H (P )Td™ (X, )er (P g )
= OB )p) — fm A1 (B )p(M)- (24)

To see this, notice that that there are natural isomorphisms jO”*(’)(—X M) ~

O(=Y,, 0) and jLr*O(=P) ) ~ O(=Y}, o). Thus we have resolutions

0— jH"*O(—XHn) — Oy

Hn

xpt — iy, 0«0y, —0

Hn

and
0 — j#*O(=P) ) = Oyxp1 — iy, 00Oy, —0

Hn
where iy, o is the embedding Y, — Y, x Pl at 0 and 1y, o 18 the embedding

1 ) e .
Y,, — Y., x Py at co. The normal sequences of iy, o and iy, . are clearly
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split orthogonal, the normal bundles of iy, .0 and iy, oo are trivial and the
bundle j#»*O(—X,, ) is trivial. Thus, if we apply Th. 3.11 to the equality

Py MA-1 Ny o)A Ny iy, p)) (L= 377 O(= X))
~(1 = j#O(~P2)) — (1 — j**O(~X,.,))
+(1 = j#O(=P2 ) (1 — j#*O(~X,,,))) =0

as at the beginning of the proof of the deformation theorem, we obtain (24).
Q.E.D.

The next lemma is concerned with the two last lines of (22).

Lemma 6.19 The equalities

/ by (p(E))TA™ (N iy, ) TA(T K, TW (7))

/X Ty(E)TA(TX,,) — / Ty(&)Td™ (Nw (inn)/x,., ) TA(TW (irn))
and

[ o€ )T Nownya, VTATEE TGy, )

/P T, TATP) ~ [ 1€ Ta Woptony g, VAT )
hold.

Proof (of Lemma 6.19): We shall only prove the second one, the proof of the
first one being similar. Using the definition of the singular Bott-Chern current,
we compute

[ (o€ )T Ny g, VTATE T )
PO

Hn

- -/ (29 1,(€%) ~ Tdy " (New)ehy (M), )
Po iz

Hn

Td™ (N (eny/ Py )TA(TPY, TW (i) pg )

Hn?

90 _ I
= 7/;)0 (TMT (foo)) (NW(“‘")/PB”)Td(TP;(L)n?TW(Z“"”PSH)

+/ Tdy ! (Noo)chy () Td ™! (N (inn) / po YTA(TPY , TW (i) po ).
PO n Hn
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The integral after the last + sign vanishes, since the normal sequence of Pgn in
W (i#) is split orthogonal on Y, x co. Applying (12), we obtain that the last
expression is equal to

. Ty(€®)Td™ (N (iuny/po )
Hn

(Td(Nw (inn)/pe )TA(TPY ) — TA(TW (itn)))

which is the result. Q.E.D.

If we combine (22) with the three last lemmata in their order of appearance, we
get

PLm(p(&)) = (F1 o k) (p(€%)))

- - / Td(TW ()T, (&) (Td (X, )b,
W (ikn)

+Td (BT Yoy ) / chy (A1 (B ) Td"M (N, )ehy (M TA(TY . TX,|y,)

YM n

- /Y chy (A1 (B ")) Td™ (N )y (W) TA(TY , TP, |y,

Kn

OB )~ 22 OB o) - [ T OTATE,)
Ty €A (Ve 3, TATWG) + [ 1, TATPE,)

kn
+ /
Xun Hn

_ /P T (€T (N oy g, VTA(TW (i)
HBn

Notice that we dropped the integrals involving d +— , because Tg(g) vanishes on
Hn

Xy, - This is due to Th. 3.4, Cor. 3.10 and to the fact that the restriction to

)/(:; ~of the complex of hermitian bundles E is by construction a split orthogonal
complex. From this equality and the fact that the integral involving the R-genus
contributes the same quantity in both (i, 7) and §(¢,7) (because the normal
bundle of 7 is by construction equivariantly isomorphic to the normal bundle of
ico), the deformation theorem follows.

7 Proof of the main theorem

In this section, we shall prove Th. 4.4. To do this, we first prove the com-
patibility of the error term of Th. 4.4 with a change of Kéhler metrics; here
the anomaly formula Th. 3.6 is used. We then prove the compatibility of the
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error term with immersions (Th. 7.4); here Prop. 5.1 and Th. 6.1 both play an
essential role. Thirdly, we prove that Th. 4.4 holds for projective spaces; to do
this Th. 7.4 is applied to a special immersion. Finally we combine the result
for projective spaces and Th. 7.4 to conclude. The notation is the same as in
section 3. Let y € K/ (Y). We define the error term of Th. 4.4 as follows:

3(foyswy) = fuly) — " AZI(Ny v, (1 — Ry(Nysy,, ))oy)).

(recall that wy is an invariant Kéhler form on Y (C))
Notice that the definition of the torsion immediately implies that §(f,y.f*(y'),wy) =

y'.8(f,y,wy) for any 3’ € IA{(’)‘" (D).

7.1 Compatibility of the error term with change of Kéahler
metrics

The following lemma states a refined multiplicativity property of /\:}(-).

Lemma 7.1 Let
E:0-FE -E—E">0

be a short exact sequence of equivariant hermitian bundles, such that EI'LTL, E,,
and EZ vanish. Then the equality

A% —nV

AMIE oE" ) - A NE") =Td,©E)

holds in K& (Y) @R(un) R-

o
Proof (of Lemma 7.1): By Th. 3.4, %’fag(g) = chg()\j((F/ o E")V)) -
Chg()\j(Ev)). Now consider the exterior product bundle E’'(1) := E' ® O(1)
onY, xPhL. Let o be the canonical section of O(1), which vanishes only at cc.
It defines an equivariant map of vector bundles E/ — E’(1). Define the bundle
E as (E® E'(1))/E'. Let jo (resp. joo) be the immersion of Y at 0 (resp. o)
in Y x PL. We have an exact sequence on Y x P},

E:0-F(1)—E—E'"—0

(see [BGS1, Par. f)]; this is a special case the construction appearing in Lemma
6.6) and equivariant isomorphisms jiE ~ E, j* E ~ E' & E". Endow E with
an equivariant metric making these isomorphisms isometric. Endow O(1) with
the Fubini-Study metric and E’(1) with the product metric. Denote by p the
projection Y,,, x PL, — Y, . Asin [GS2, Theorem, 4.4.6, p. 161], we can now
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compute

Vv

MHE o E)Y) -2 1(E)
— ATHE ) - A TME )
- [ ey \THE ) togl P
Pl

/Pl (eby (AL (E'(1)  B))) — ey \Z(E ) log |

The last equality is justified by the fact that
/ chy(ATH(E (1) 8 E)))log |2 = 0.
P!
Indeed log|1/2|2 = —log|z|? and the term chy,(A\"}((E'(1) ® E")¥)) is by con-

struction invariant under the change of variable z — 1/z. Therefore the integral
changes sign under that change of variable. Resuming our computations, we get

L (0l (E ) 0 F)) ~ chyW4(E ) log o

1 2w Iy

5582 —~ 5 P 5zaz
= [ o, @ tog el = [ T4y (€) S (log+P)
P 7 B P!
= j()deg(g) —j;ng((‘:) = ng(é’)
which ends the proof. Q.E.D.

Proposition 7.2 If wy, wi are two invariant Kdhler forms on'Y and yo €
K(I)Ml (Y) then 6(f7 WY790> = 6(f7 wg/7y0)'

Proof (of Prop. 7.2) In order to emphasize the dependence on the Kéhler form,
we shall in this proof write f¢¥ for the pushforward map K{"(Y) — K} (D)
associated to f and to a Kéahler form wy. Let us write MC for the sequence

0—=Tfc X Tfc—>0-0

where the second term carries the metric induced by wy and the third one the
metric induced by wi-.

Lemma 7.3 Foranyy € [?6‘" (Y), the formula ff;’ W)—f () = [y chg(y)ﬁlg(/\/l(?)
holds. '

Proof (of Lemma 7.3): since the Grothendieck group of vector bundles K} (Y')
is generated by f-acyclic vector bundles and both sides of the equality to be
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proved are additive, we can assume that y = E, where F is a f-acyclic hermitian
equivariant vector bundle or that y = k € (Y}, ). We write 7% fc for the
bundle T fc endowed with the hermitian metric induced by wy. For y = &, we
compute

(k) — fy(ﬁ):/y (Tdy (T fc) — Tdy(T*" fc))x
B e 00
- /Y —,ng(MC)m:/ a,(vc) 22

Hn

2m

Il
T
H
[oW

Q
—
&
o
=
Q
—~
Z

(remember that the range of chy has been extended before Prop. 4.2)
For y = E = (E,h¥), we compute using Th. 3.6
(E) — 25 (B) = (LB, [ DE) = Ty (Y., (B, W) — (F B, 27 hE) + Ty(Y, wy , (E,hF))
= —Ty(Y,wh, (B, h?)) + Ty (Y,wy, (B, hP)) + chy (£ 7, £ hP)
- / Td, (MC)chy (E).
Y,

Hn

Here the expression c~hg (fovhP fe ¥ BB ) refers to the (:,Bg secondary class of the
sequence
0— full — f,FE —-0—0

where the second term is endowed with the Lo-metric induced by AP and wy
and the third term with La-metric induced by h¥ and w),. Combining our
computations, we get the result. Q.E.D.

We resume the proof of Prop. 7.2. We write N for the bundle Ny,y, —and
N“¥ for the bundle Ny,y, , endowed with hermitian metric induced by wy.
We compute

6(f7w§/7y0) - 6(f7wY7y0) =
- / chy (o) Td, (MC) —

(S ALV Y)Y (1 = Ry (N))plyo)) — 127 AZHINY V)(1 = Ry(N))a(yo)) )

Furt hermore7

SATHNS V)L = Ry(N))plyo)) — F27 ATHI=YV)(L = Ry(N))p(y0))
= S OTHNS ) p(m0)) — 2 ALY ) (o)
= (SO Y)(y0)) — f‘”y( L) p(o)) )

—( SN Y)plyo)) — 2T ATHNY)(yo)) )
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Using Th. 3.6 and Lemma 7.1, we can see that the expression after the last
equality equals

/ chg(AZ}(N*%*V))chy (yo) Td(MC,.,, )~ / Td(TY,,, )chy (y0)Tdy(Drez)(n), k20 MCr)
Y, Y,

Hn Hn

Using the equality (6), we see that the last expression equals [;. chq(yo)ﬁlq (MC)
L, Ol .
and we can thus conclude. Q.E.D.

In view of the last proposition, we shall from now on write 0(f, y) for §(f,wy, ).

7.2 Compatibility of the error term with immersions
We know use the notation of section 6.1.

Theorem 7.4

Z(_l)iCS(pfi) —6(£,m) =0

i>0

Proof: We compute

> (=1'6(p.&) = 6(f.7)

i>0

= Y (D (peE) - P TNy x, (1 = Ry(Nx/x,,))p(E:)) — 6(f,wy,7)

<.
v

J’_
TS

chy (1) Ry (Nx /v )Tdy (TY) — /X T, (€)Td,(TX)

chy (M Tdy(TY, TX|y)Td, (N x/v) + fo(7) = flo (A1 (E

oM AT Ny x

+

Hn

Td(TYg)chy (. A-1(EY))R(Ny, /x, )chg (A1 (Ny x, )

+

Td(TX,)Ty(€)chy(\" (Nx/x, )

@

=1 T e o 1,V
Chg(n)ng1(NX/Y)Td(TYgaTX9|Yg)Chg()‘7%(NX/XM))

F3CD [ elay(@ey Oa (N, VB (N, TA(TX,,)
i>0 Xg
)+ 2 OTE Y ol = [ TV Ry ()

_ =V
-chy(m)chy ' (A-1(Ny,y, ).

o4

)



Here we used Prop. 5.1 for the first one and a half lines after the last equality and

—V\ 1V 1,V _
then Th. 6.1. To compare f£™(A_1(F )p(n).)\_i(NX/XM )) and fi™ ()\_%(NY/YM )p(@)),
we shall use Lemma 7.1. Consider the sequence

H:O_)NY/Y;L” —>NX/X“n —FEF—0

In view of Lemma 7.1, the equality

Fr A (BN (N xx, )o(@)
= fOE)OTHENNT Ny, ) — Tdg(H))p()
= OTI(Nyyy, (@)

= [ TATY; ey (01 (BT () )

holds. Thus we get

i>0

- /Y (— chiy (1) Ry(Nxy ) Tdy(TY) + Td(TYy )by ()chy (A_y (E¥))R(Ny, /x,)

g

chy (A1 (Ny)x, ) = chy () Td(TYy)chy " (A-1(NY,y, ) Rg(Nyv,))

3y /X chy(€&)ch (A1 (NY, . ) Ry(Nx/x,, )TA(TX,,,) (25)
>0 g

+ / (chy (M) Tdg(TY, TX |y)Td, (N x/y) — chy(7)Td, (N x/y)Td(TY,, TX,]y,)
Y,

g9

chy ' (A1 (N x,.,)) + Td(TY,)chy (-1 (B"))Td, (H)chy (7)) (26)

+ [ (=T OT, ) + AT, Ok, (01 (W x,, ) 0

g9

It readily follows from the definitions that (27) vanishes. We shall show that
(25) vanish. Using the cohomological equivariant Riemann-Roch formula, the
sequence H and the additivity of the R, genus, we compute that (25) equals
the integral over Y, of

chy(n)[—Ry(Nx,y)Tdy(TY) + Td(TYq)Td;I(@k;éONX/Y,k)R(NXg/Yg)ng(NX/Xg)
+Td;1(NX/Y)ng(NX/XQ)RQ(NX/Xg)Td(TXg) — Td(TY,)Td,(Ny/v,)Ry(Ny,v,)]
= chy(n)Tdy(TY)[-Ry(Nx,vy) + R(Nx,v,) + Rg(Nx/x,) — Ry(Nyyy,)] = 0.

We now turn to the vanishing of (26), which will conclude the proof of Th. 7.4.
This follows from the formula (6), applied to the sequence

0—>TYC —>TXC —>NXC/YC — 0.

95



Another way to check that (26) vanishes is to use the axiomatic characterisation
mentioned in Th. 3.4. Q.E.D.
7.3 Proof of the theorem for projective spaces

In this subsection, we prove that Th. 4.4 holds for projective spaces. To do this,
we adapt to the equivariant situation a diagonal immersion argument described
by J.-B. Bost in [Bo2].

Proposition 7.5 Endow f : Py — Spec Z with a global py,-action. Let Opy be
the trivial bundle on P, endowed with the trivial equivariant structure. Then
5(f,0py) = 0.

Proof: We shall first prove the following sublemma.

Sublemma 7.6 For every equivariant bundle E on P, the element §(f, F)
lies in A(Z).

Proof (of Sublemma 7.6): Consider the diagram

(/\71(1\’1!%/1)2#” N7e()
—

K§ (Pg) K" (Py,..) @R, R
1 fe Lo
K™ (Z) — K{™(Z) QRr(u) R

where K" (-) is the ordinary Ko-group of pu,-equivariant vector bundles and
Jv, fE™ refer to the corresponding functors. In view of the sequence (13), the
commutativity of this diagram is equivalent to the statement of the sublemma.
Now consider that this diagram is base-change invariant; furthermore since the
base-change maps K{"(Py) — K§"(Pg) and K{"(Z) — K/ (C) are isomor-
phisms, we are reduced to prove that the diagram is commutative, when the
symbol Z is replaced by the symbol C. In that case, this is a slight variant of
the main result of [BaFQ)], so we are done. Q.E.D.

Let now 7; : Y; — Spec Z (i = 1,2) be two schemes that are p,-projective and
smooth over Spec Z and let w; be (conjugation invariant) p,-invariant Kahler
forms on Y;(C). Let N; be the normal bundle of the immersion of Y; ., into
Y;, endowed with its natural metric. Let E; be equivariant hermitian bundles
on the Y;. By construction, the scheme 7 : Y = Y] Xz Y5 — Spec Z is naturally
smooth and p,-projective over Spec Z. Let p; be the natural projection ¥ — Y;
and let E be the bundle p} E; ® p3E2, endowed with its natural equivariant and
hermitian structure. We claim that

d(m,E) = L(E1,c,m1,c)d(me, E2) + L(E> ¢, m2,c)d(m1, 1)
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where L(E; ¢, m;.c) is the holomorphic Lefschetz number of E; ¢, which is

viewed as an element of %(Z) ~ C. We now compute in the group K 0" (Z)@
R:

Hn )

§(m E) = RpiE1®RpuEs—Ty(Y,E) -l (p(n1E1) @ p(r3 E2)
AZLPINT © P3N, (1 Ry(piNy & p3N2))
= R7.E1 @ Rm.Ey — Ty(Y, E) — 7 (p(pi E1)AZ1 (01 N1)
(1= Ry(piN1)p(p3 E2) A1 (93N )(1 = Ry (p3N2))
= Rm.Ey ® Ry By — Ty(Y,E) — 717 (p(E1)AZ1(N1)(1 — Ry(N1))
w2 (p(E)AZL(N3) (1 = Ry(N2)))
Using [K2, Lemma 2, p. 95], we compute that the last expression is equal to
R71.F1 ® RmowEs — L(Ey ¢, m1,0)Ty(Ya, E2) — L(Ea.c,m2.0)T, (Y1, E1)
—mt 2 (p(E)ATT(N1)(1 = Ry(N1)). 752 (p(B2)A "1 (N3 ) (1 = Ry(N2))
= T (E1)man(Ba) — ml (p(EDAZT(N1)(1 = Ry(N1))
w2 (p(E2)ATI(N3)(1 = Ry(N2))
= [ (B = 7l (pEDATT (V) (1 = Ry(N1)))-mzu (B)
+Hmau(Br) — 2 (p(E2)A "1 (N3 ) (1 = Ry(N2)))].m1s (E2)
where we used the fact that §(my, F1).0(me, E2) = 0. This last fact follows

from the sublemma and the fact that the square of any element of Ql(Z) van-
ishes, by the definition of the ring structure (see after Def. 4.1). By definition

chy(mi(E;)) = L(E;c,m,c) and thus we have proved the claim. Let now
Y; = Py and let A : P, — P} xz P} be the diagonal embedding. Let @ be
the universal quotient bundle on P7. There is a canonical equivariant section
of & =piO(1) ® p3Q, whose zero-scheme is the diagonal (see [F, Ex. 8.4.2, (c),
p. 146]). This section arises from the composition of equivariant morphisms
piO(—1) — piE ~ p5E — p5Q, where Q is the quotient bundle on P7. It
yields an exact Koszul complex

O_)Ang\/ — ... _)(c/’\/ —>OPT><PT HA*OPT — 0.

By Th. 7.4, we have the equality

n

8(f,0pr) =Y (~1)'d(m, AY(EY)) (28)

=0

where O(1) is equipped with the Fubini-Study metric, @ with the quotient
metric and Op- with the trivial metric. Furthermore

(m, AYEY)) = 8(m,piO(—i) @ p3A'(QY))
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= L(O(~i)c, fe)d(f, A(QY)) + LIAY(QE), f)d(f. O(~i))
(29)

Lemma 7.7 The equalities L(Oc, fc) = 1, L(O(—i)c, fc) = 0, L(AY(QY), fc) =
0 hold (1 <i<n).

Proof (of Lemma 7.7): Only the third statement requires proof. Let V be
the complex vector space of global sections of the bundle O(1)c on Py, en-
dowed with the equivariant structure arising from the global action. There is a
fundamental equivariant sequence

0—O(-1)c— f&VY - Qe — 0

on Pf. Thus in the ring of formal power series K" (Pt)[[t]], we compute

LMQY) = Lirrayier) = LA () OGer])
i>0
= M) D UOMN = M(V) Y-S W)
i>0 i>0

(where Ay () is the power series ), A*(+).t"). The next sublemma shows that
in K (Pt), the equality A(V). 3 50(=1)S%(V) = 1 holds. From this the
statement follows. -

Sublemma 7.8 For all i > 1 there is an equivariant exact sequence
0— AV ey L BAlY sy Bgiv o0 (30)
of Ry -modules.

Proof (of Sublemma 7.8): In [L, Cor. 10.14, p. 602] a sequence is described,
which corresponds to the sequence (30) stripped of its equivariant structure. In
this sequence, the morphism d; (1 <1 < r + 1) is described by the formula
di((xi A Az ®y) = Z;Zl(—l)j’l(xl AN AN A2 © (25 ®y). One can
check from this definition that d; is equivariant and so we are done. Q.E.D.

If we apply (29) and the Lemma 7.7 to explicit (28), we obtain §(f, Opr) =
20(f, Opr) and thus 6(f, Opr) = 0, which concludes the proof. Q.E.D.

Before proceeding, we recall that for any arithmetic ring D, K/ (P,) is gen-
erated over K" (D) by the bundles O(1) (0 <1 <r —1) (see [T2, Th. 3.1, p.
549]; this holds in fact in a more general situation). In particular, this implies
the following: if L is an equivariant line bundle on P7, whose underlying line
bundle is isomorphic to O(I) for some | € Z, then there is an isomorphism of
equivariant bundles L ~ O(l) ® f*M, for some one-dimensional projective -
comodule M. Thus if §(f, O(l)) vanishes for some p,-action on O(1), it vanishes
for any p,-action on O(1).
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Proposition 7.9 The element 6(f, E) vanishes for every equivariant vector
bundle on Py (r >0).

Proof: We prove the statement by induction on r. If r = 0 the statement is
true, because the map f is the identity. We now carry out the inductive step and
suppose that 7 > 0 and that the statement holds for » — 1. Choose a section s of
O(1) on PY, such that s is homogeneous for the Z/(n)-grading of H(P%, O(1)).
This section induces an equivariant resolution

0 — OP'(*I) — OPT' — Z.*OPT—I — 0.
Tensoring this sequence with O(l), we obtain
O — OPT (l — 1) — OPT (l) — i*opr—l(l) — 0.

Applying induction on [ together with Prop. 7.5, Th. 7.4 and the remarks
before the proposition, we see that 6(f,O(l)) = 0, for any [ € Z and for any
equivariant structure on O(1). Using the structure of K" (P%) given before the
proposition, we can finish the inductive step and the proof. Q.E.D.

Corollary 7.10 If D is any arithmetic ring, f : P, — Spec D is the structural
map and E any equivariant vector bundle on P, then é(f, E) = 0.

Proof: Follows from base-change invariance and the structure of K/ (P7,).
Q.ED.

To complete the proof of Th. 4.4, we have to prove that 6(f,n) = 0, where
f Y — Spec D is an equivariant arithmetic variety over D and 7 an equivariant
vector bundle on Y. Choose an equivariant embedding i : Y — X, where X is
some projective space over D equipped with a global action and combine Th.
7.4 and Cor. 7.10 to conclude.

7.4 Complement: arithmetic characteristic classes

For simplicity’s sake, until the end of the paper we shall suppose that D = Z.
In this subsection, we combine Th. 4.4 with the arithmetic Riemann-Roch
formula of Bismut-Gillet-Soulé and use it to express the arithmetic Lefschetz
trace as a function of arithmetic characteristic classes of some hermitian bundles
living on the fixed point scheme. Let V be a finitely generated Z-module; the
complex conjugation Fy, acts on Vg :=V ®z C via the formulav® z — v ®Z
(v e V,z € C). Identify Vg := V ®z R with the real vector space, which
corresponds to the subset of V¢ fixed under F,. Endow V¢ with a hermitian
metric hy invariant under Fi, so that its restriction to Vg yields a real metric.

Now choose a basis vy, ..., v, of the free part of V. The covolume covol(V) of
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V := (V,hy) is the norm of the element (v; ® 1) A... A (v, ® 1) in Det(Vc),
computed with the exterior product metric. It is not difficult to see that this
definition does not depend on the choice of the basis of V. To understand the
geometric meaning of the covolume, let us choose an orthonormal basis of Vg
and use it to identify Vg with R”. Under this identification, the covolume of
V is the volume (for the Lebesgue measure) of the cube spanned by the vectors
U1®1,...,’U7~®1.

In the next lemma, we view the complex numbers C as an R(u,)-module, with
the R(uy,)-module structure described before the statement of Th. 4.4.

"

Lemma 7.11 The mapping rule that associates the element (V, — Zkez/(n) ck
log(covol(V'))) to a hermitian p,-comodule V and the element (0,n) to the

element n € A(Z) induces an isomorphism of R(u.,,)-modules [A((*)L"(Z) ~ R(pn)®
C.

Proof: We first have to check that the mapping rule described in the lemma
is compatible with the relations of arithmetic equivariant Ky-theory. It decom-
poses into a degree 0 part, whose target is R(u,) and into degree 1 part, whose
target is C. The degree 0 part is compatible with the relations because it is
the rule that forgets the hermitian structure. To see that its degree 1 part is
compatible with the relations, let

V0=V -V -sV"'=0

be an exact sequence of p,-comodules, where V', V and V" are endowed with
(conjugation invariant) p,-invariant hermitian metrics. This sequence carries
a natural Z/(n)-grading by subsequences Vi (k € Z/(n)), where the terms of
the grading are orthogonal to each other. By the equation preceding (6), we
have &19(?) = rez/(n) ¢kch(Vy); on the other hand, in [GS3, Prop. 2.5] it is
proved that

%cNh(Vk) = log(covol(V;C)) + log(covol(VZ)) — log(covol(V)).

Using the two last equations, we obtain that d/e\gﬂn (V)+ %&19 V) = (Tezrun (V/) +
d/%“n (V”). This proves that the defining relations of the group IA((’)‘”(Z) are
mapped on 0 by deg,, , which proves the compatibility.

Denote by I the map I?S(Z) — R(pn) ® C . To see that I is an isomorphism,
consider that by construction it is surjective. To see that it is injective, suppose
that I(z) = 0 for some z € K/"(Z). Then x can be represented by n € A(Z) ~
C. As the degree 1 part of I(x) vanishes, we see that n = 0 and thus z = 0.
It follows immediately from the definitions that the map I is a map of R(u,)-
modules. This proves the claim. Q.E.D.
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The degree 1 part of the isomorphism described in the Lemma 7.11 (which has
values in C) will be denoted by d/’;gun(')'

Let now X be a regular scheme which is projective and flat over Z. Let wx
be a Kéahler form on X (C). To such a scheme, Gillet-Soulé associate an arith-
metic Chow ring éﬁ(x ) (see [GS2]), which carries a natural grading analogous
to the grading of the classical Chow group. If X’ is another variety with the
same properties and f : X’ — X is any morphism, there is a pull-back map
f*: CH(X') — CH(X); if f is smooth over Q and projective, there is a push-
forward map f, : CH(X’) — CH(X) which satisfies the projection formula
Fo(f*(2)2) = z.f.(a') for all z € CH(X) and for all 2/ € CH(X’). For a hermi-
tian bundle E on X, Gillet-Soulé also define an arithmetic Chern character
ch(E) € éﬁ(X)Q (resp. an arithmetic Todd class ’fa(E) € éﬁ(X)Q) If f
is projective and smooth over Q, they associate an element ’I/‘a(T7f) € éﬁ(x )Q
to the map f and the Kéhler form wy; if f is everywhere smooth, this ele-
ment corresponds to the arithmetic Todd class of the relative tangent bundle
equipped with the restriction of the Kahler metric. They also show that there
is a natural isomorphism d/eg : aﬁl(Z) — R, called the arithmetic degree; if
we denote by ¢; the degree one part of ch, then d/e\g(a (V)) = —log(covol(V))
for every finitely generated free hermitian Z-module V.

Gillet-Soulé prove in [GS8] a Riemann-Roch theorem for the arithmetic Chern
character and the push-forward map in arithmetic Chow theory. To formulate
it, let us denote by R(-) the class Ry(-) associated to the action of the identity
on the base space and on the bundle; let also T'(-) denote the equivariant ana-
lytic torsion associated to the action of the identity on the bundle and the base
space (this is the Ray-Singer analytic torsion). Let #S denote the cardinality
of a set S and denote by Aty the torsion subgroup of an abelian group A. The
following theorem is proved in [GSS8, 4.2.3].

Theorem 7.12 Let h: X — Z be a reqular scheme, projective and flat over Z.
Let E be a hermitian bundle over X. The equality

— > (=1)4(log(covol(H*(X, E))) — log(#H*(X, E)tors))
q>0

— TX©.B)~ 5 [ TATX)RITXe)h(Ee) + deg(h. (TATRIH(E))
X(C)

holds.

For another approach to the preceding theorem, see [Fal]. We shall now com-
bine this theorem with the formula Th. 4.4. Let again f : Y — Z be a regular
Un-projective scheme. Suppose that Y, is flat over Z.

N.B. The last hypothesis is only necessary because arithmetic Chow groups are
defined under the assumption of flatness; if one wishes to drop this hypothesis,
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one might use the groups GrIA(O(~)Q defined in [R1, Sec. 8] instead of the groups
CH()q-

Definition 7.13 Let E be an equivariant hermitian bundle on' Y. The equivari-

ant arithmetic Chern character cAhun (E) of E is the element > okez/(n) h(Ep)®
¢k of CH(Y,,,) ©z C.

The following theorem is an equivariant refinement of the arithmetic Riemann-
Roch theorem. In this form, it has been conjectured by J.-M. Bismut (see
[B2, Par. (1), p. 353] and also Soulé’s question in [SABK, 1.5, p. 162]). Let

o~

Td,,, (T f) stand for

rkUV¥/yMn)

(> (~ich,, (NN, ) - TAT ) .

=0

Theorem 7.14 Let E be an equivariant hermitian vector bundle on Y. The
equality

=Y ¢k (log(covol(HA(Y, E),)) — log(#H(Y, E) tors)))
q=0 k€Z/(n)
1

1 _
= SLIV(C).E) -3 /Y n(c)ng(TYc)chg(Ec)Rg(TYc)

+deg (f.(Tdy, (TT)chy, (E)))

holds.

Proof: To obtain the left hand side of the equality minus the term 17, (Y (C), E),
compose the left arrow in the diagram of Th. 4.4 with the map deg, . To
obtain its right hand side minus the term 17,(Y(C),E) (i.e. the expression
deg(f.(Tdy, (T f)ch,, (E))) — %fym(c) Tdy(TYc)chy(Ec)Ry(TYc)), compose

the right arrow in the diagram of Th. 4.4 with d/eTg#n and compute the resulting
expression using Th. 7.12. Q.E.D.

Notice that in the last formula, the map (Te\g o f. has been implicitly extended
to CH(Y,,) ®z C by linearity. Notice also that the non-equivariant analytic
torsion, which is implicitly present on the right side of the diagram of Th. 4.4,
has disappeared. We notice that there exists an immersion of group schemes
Pn/(nm) — Hn for all m € Z/(n) (recall that (n,m) is the greatest common
divisor of m and n), corresponding to the surjection Z/(n) — Z/(n/(n,m)) of

ordinary groups which maps 1 on m. The scheme Y as well as the bundle F
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are thus naturally ji,,/(, m)-equivariant. For each m, we shall choose (" as a

generator of Ry, /(,n,n), when we apply Th. 4.4. For simplicity’s sake, let us now
suppose that f is flat and that H(Y, E) = 0 for i > 0. Let us write H°(Y, E)m
for the hermitian module HO(Y, E) viewed as a hermitian p,,(,,m)-comodule.
Using the Fourier transform on finite abelian groups, we can compute that for

ke Z/(n)
_——— 1 — —k
—log(covol(HO(Y, B))) = — > deg,, ., (HO(YV,E) )¢ ™"

k'€R,,

We can thus apply the formula in Th. 7.14 to compute log(covol(H®(Y, E),.)).
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