Traveling Waves with Paraboloid Like Interfaces for Balanced Bistable Dynamics^{∗†}

Xinfu Chena, Jong-Shenq Guob, François Hamelc, Hirokazu Ninomiyad, Jean-Michel Roquejoffree

a Department of Mathematics, University of Pittsburgh

Pittsburgh, PA 15260, U.S.A.

b Department of Mathematics, National Taiwan Normal University

88, S-4, Ting Chou Road, Taipei 116, Taiwan c Université Aix-Marseille III, LATP (UMR CNRS 6632), Faculté des Sciences et Techniques

Avenue Escadrille Normandie-Niemen, F-13397 Marseille Cedex 20, France d Department of Applied Mathematics and Informatics, Ryukoku University

Seta, Otsu 520-2194, Japan e Laboratoire M.I.P. (UMR CNRS 5640) and Institut Universitaire de France

Université Paul Sabatier, 118 route de Narbonne, F-31062 Toulouse Cedex 4, France

Abstract. Cylindrically symmetric traveling waves with paraboloid like interfaces are constructed for reaction-diffusion equations with balanced bistable nonlinearities. It is shown that the interface (a level set) is asymptotically a paraboloid z =^c_{2(n−1)} |x|^2, where (x, z) ∈ R^n × R (n ≥ 2) is the space variable and c is the speed that the wave travels upwards in the vertical z-direction. In the two dimensional case (i.e., n = 1), the interface is asymptotically a hyperbolic cosine curve z = A cosh(μx) for some positive constants A and μ.

1 Introduction

Consider the Allen-Cahn equation [2], for u = u(x, z, t), u_t = u_{zz} + Δu − f(u) , x ∈ R^n , z ∈ R, t > 0 (1.1)

where t is the time variable, subscripts denote partial derivatives, (x, z) = (x_1, · · · , x_n, z) is the spatial coordinates with dimension n + 1 ⩾ 2, and ∂_{zz} + Δ with Δ = ∑_n i=1 ∂_{xixi} is the Laplacian. In the original Allen-Cahn dynamics [2], the forcing term f is the derivative of a double-equal-well, also called balanced bistable, potential; more precisely,

(A) f = F^′ ∈ C^2(R), F (±1) = 0 < F (s) ∀s ≠ ±1, F^{′′}(±1) > 0.

∗Corresponding author: J.-S. Guo (Fax number: 886-2-29332342) †Chen and Guo are partially supported by the National Science Council of the Republic of China under the grants NSC 93-2811-M-003-008 and NSC 93-2115-M-003-011. Chen also thanks the support from the National Science Foundation grant DMS–0203991. Hamel, Ninomiya and Roquejoffre thank the support for their stay in Taipei from National Center of Theoretical Sciences. We thank Professors X. Cabré, L. Caffarelli, R. Monneau, and E. Yanagida for fruitful discussions during the preparation of this work. We also thank the anonymous referee for some helpful comments.

A typical example is the cubic function f(u) = 4[u^3 − u] with potential F = [1 − u^2]^2. Here the constants ±1 represent two stable phase states. Phase regions at each time t are represented by the sets {(x, z) | u(x, z, t) ∼ ±1}. Typically the unit length in (1.1) is relatively tiny in comparing to a sample size, so that the interfacial region, defined as the complement of the phase regions, is very thin and can be roughly regarded as a hypersurface called the interface. It is a common practice to use a level set γ(t) = {(x, z) | u(x, z, t) = α} to denote the interface at time t, where α ∈ (−1, 1) is a number chosen at one’s convenience.

We are interested in solutions having interfaces that travel upwards in the vertical z direction with a constant speed c. Mathematically, this renders to a solution of the form u(x, z, t) = U(x, z − ct), where (c, U), called a traveling wave with speed c and profile U, satisfies the differential equation and the “boundary values” c U_z + U_{zz} + ΔU = f(U) ∀ x ∈ R^n , z ∈ R, lim z→±∞ U(x, z) = ±1 ∀x ∈ R^n . (1.2)

In this paper, we shall work in the class of cylindrically symmetric solution; that is, U depends only on z and r = |x|. Without cylindrical symmetry, problem (1.2) for U is extremely hard, and we leave it as a challenging open problem.

Since we shall look for cylindrically symmetric solutions which are monotone decreasing along the radial (i.e., r = |x|) direction, U must have the boundary value lim_{|x|→∞} U(x, z) = −1 on the “lateral boundary” |x| = ∞.

In the sequel, subscripts denote partial/ordinary derivatives; in particular, U_r denotes the directional derivative in the radial direction of x.

Theorem 1 Assume (A). For any c > 0, (1.2) admits a cylindrically symmetric solution U with the monotonicity property:

(1.3) U_z > 0 on R^{n+1} and U_r < 0 on (R^n \ {0}) × R.

Notice that the function V (x, z) = U(x, −z) is a solution of (1.2) with speed c replaced by −c < 0; it satisfies V (x, ±∞) = ∓1, V_z < 0 on R^{n+1} and V_r < 0 on (R^n \ {0}) × R.

When F (1) ≠ F (−1), the existence of a traveling wave with asymptotic planar interface was proved by Fife [20] in dimension n + 1 = 2 (see also [32]). Solutions having asymptotic conical level sets with any positive aperture angle were constructed by Ninomiya and Taniguchi [36, 37] in dimension n + 1 = 2 and by Hamel, Monneau, and Roquejoffre [29] in any dimension n + 1 ≥ 2, where the nonlinearities f is assumed to have exactly one zero in (−1, 1). See also the works of Bonnet and Hamel [8] and Hamel, Monneau, and Roquejoffre [28] for the combustion case (i.e., f = 0 in [−1, θ] and f > 0 in (θ, 1) for some θ ∈ (−1, 1)) in dimension n + 1 = 2, and Hamel and Nadirashvili [31] for the mono-stable case (i.e., f > 0 in (−1, 1)) and for solutions with general level sets in any dimension n + 1 ≥ 2. Other related works can be found in [26, 27, 32, 34, 35].

Another motivation of our study of (1.2) is the De Giorgi conjecture [16] which asserts that

when c = 0 and f(U) = U^3 − U, all z-monotonic solutions of (1.2) are planar at least in dimension n ≤ 8. Here planar means that all level sets are planes, i.e., there exist a unit vector a ∈ R^{n+1} and a function Φ : R → [−1, 1] such that U(x, z) = Φ(a · (x, z)) for all (x, z); in this conjecture, the radial symmetry in x is not assumed. This conjecture was proven recently by Savin [39] (see also [1, 3, 5, 24]). More general nonlinearities of type (A) can also be considered in the spirit of [24, 39].

In view of the De Giorgi conjecture, a natural extension is to ask whether planar solutions are the only solutions to the corresponding parabolic equation u_t = u_{zz} + Δu + u − u^3, (x, z) ∈ R^n × R, t ∈ R (1.4)

subject to the monotonicity conditions lim z→±∞ u(x, z, t) = ±1, u_z(x, z, t) > 0 ∀(x, z, t) ∈ R^n × R × R. (1.5)

In the literature, a solution to a parabolic equation that is defined for all t ∈ R is called an entire solution. Since traveling waves are special entire solutions, our Theorem 1 clearly provides an example, when n ⩾ 1, of an entire solution that satisfies the monotonicity conditions (1.5) and that is not planar. Thus, for the elliptic equation (1.2) with c ≠ 0 or for the parabolic equation (1.4) additional conditions are needed for an entire monotone solution to be planar. Our Lemma 2.2 below in §2 provides one such condition in that direction.

The monotonicity property (1.3) and the boundary values of U imply that the interface can be represented as a graph z = H(|x|) or |x| = R(z) where R is the inverse of H. We can describe the asymptotic shape of the interface as follows.

Theorem 2 Assume (A). Let (c, U) be as in Theorem 1 and Γ be the 0-level set of U.

(i) If n > 1, Γ is asymptotically a paraboloid, i.e. lim z→∞, U(x,z)=0 |x|^2 2z = n − 1 c . (ii) If n = 1, Γ is asymptotically a hyperbolic cosine curve, i.e., for some A = A(f) > 0, lim z→∞, U(x,z)=0 cosh(2μx) μz = A c , μ := √ f^′(1).

We remark that if we choose an α–level set {(x, z) | U(x, z) = α} as the interface where α ∈ (−1, 1), the limit value in the case n > 1 is unchanged, whereas in the case n = 1, A is a function of α, given by the formula (6.2).

It is well-known that the interface (level set) of solutions of (1.1) evolves, in an appropriate space and time scale, according to the motion by mean curvature flow; see [2, 11, 17, 19, 33] and references therein. For a traveling wave solution of (1.2), after shrinking the space by a factor of R(ẑ), the interface near R^n × {ẑ} is asymptotically, as ẑ → ∞, a circular cylinder S(1) × R where S(r) represents the sphere in R^n with radius r and center origin. As a hypersurface in R^{n+1} , S(1) × R has a sum of all principal curvatures equal to n − 1. Thus, when n > 1, the interface moves, in a certain scaled space-time, with a normal velocity equal to n − 1. Translating into the original space-time, this motion should represent a constant vertical velocity c motion. In the moving coordinates, this renders to the approximation equation cR^′ ∼ (n − 1)/R, from which the asymptotic behavior z ≈ c|x|^2/(2[n − 1]) for the interface follows.

In comparing with the traveling wave solutions for the mean curvature flow z = z(R):

(1.6) c √ 1 + (z^′)^2 = z^{′′} [1 + (z^′)^2]^{3/2} + (n − 1) R z^′ √ 1 + (z^′)^2 , our asymptotics cR^′ ∼ (n − 1)/R is exactly c ∼ z^′(n − 1)/R for z (and R) large for each given c. This is because the radial curvature term z^′(n−1)/[R √ 1 + (z^′)^2] becomes dominant in the curvature term for z (and R) large (see §5 for the rigorous derivation). Since we are mainly concerned with the asymptotics of the interface for z (and R) large, we do not analyze the solution of (1.6) for “not large” z (and R).

In the two (n = 1) space dimension case, the scaled interface is asymptotically two lines {±1} × R, for which the curvature effect is negligible. To discover the dynamics, we compare (1.1) with its one space dimensional version u_t = ε^2u_{ξξ} − f(u) (ε = 1/R(ẑ), ξ = x/R(ẑ)). It has been discovered more than a decade ago by Carr and Pego [10], Fusco [22], and Fusco and Hale [23] that for well-developed initial profile in a bounded domain with Neumann or periodic boundary conditions, the speed that two interfaces of distance d approach each other is of order e^{−2μd/ε}. Such a result was recently extended with simplified proofs by Chen [13] to arbitrary initial data and on the whole real line (see also Ei [18]). In particular, if initially there are two interfaces of distance d, the velocity that the two interfaces approach each other is Ae^{−2μd/ε+o(1)}, after an initiation which processes an arbitrary initial data into a special wave profile. The time needed for such an initiation is significantly short in comparing to the exponentially slow motion of the interface. If this size of normal velocity should produce a vertical velocity c motion, the shape of interface for solutions of (1.2) should be asymptotically governed by the equation cR^′ = Ae^{−2μR}, resulting a hyperbolic cosine curve, as describes in Theorem 2.

From another point of view, formally, for large z we have c R^{′′} = −2μAe^{−2μR}R^′ = o(1)R^′, so the U_{zz} term in (1.2) can be expected to be dropped without causing any significant change (for large z). Then (1.2) becomes cU_z + U_{xx} = f(U). A change of variables s = z/c gives U_s + U_{xx} = f(U), (s, x) ∈ R^2 . A recent result of Chen, Guo, and Ninomiya [14] shows that there is a unique (up to a translation) entire solution having two interfaces located asymptotically on the hyperbolic cosine curve described in Theorem 2.

Thus, Theorem 2 verifies the following speculation: when n > 1, it is the pure curvature effect that contributes to the vertical velocity c motion of the interface; when n = 1, the curvature effect is insignificant and it is the interaction of the two branches of the interface that drives the effective vertical velocity c motion of the combined interface.

Finally, we remark that the uniqueness of the solution given in Theorem 1 is not known. We leave it here as another challenging open problem.

2 Preparation

2.1 Basic Notation Throughout this paper, the condition (A) and only the condition (A) is assumed. It implies the existence of constants α ∈ (0, 1) and α̂ ∈ (−1, 0) satisfying f^′ = F^{′′} > 0 on [−1, α̂] ∪ [α, 1], F (α) = F (α̂) < F (s) ∀s ∈ (α̂, α). (2.1)

In the sequel, α and α̂ are thus fixed. Also fixed is the wave speed c > 0.

Note that all wells (roots to f(·) = 0) other than ±1 lie either in (α̂, α) or in (−∞, −1) ∪ (1, ∞) where the latter is not our concern at all. The depth (the value of F ) of any well in (−1, 1) is higher than F (α) > 0 = F (±1).

For definiteness, we use notation x ∈ R^n , z ∈ R, y = (x, z) ∈ R^{n+1} , r = |x|, ρ = |y| = √ z^2 + |x|^2.

For a function ψ of x ∈ R^n , radial symmetry means that ψ depends only on r = |x| so Δ = ∂_{rr} +^{n−1}_r ∂_r. A function W (y) is called cylindrically symmetric if W (x, z) = W̃ (|x|, z) for some W̃ . For simplicity, we shall not distinguish W and W̃ ; i.e., we abuse the notation W (x, z) = W (|x|, z). A function W (y) is radially symmetric if W (y) = W̃ (|y|) for some W̃ . For radially symmetric functions of y = (x, z), ∂_{zz} + Δ =^n_ρ ∂_ρ + ∂_{ρρ}.

2.2 Stationary Waves The one-dimensional stationary wave Φ used in this paper is the unique solution to

Φ^{′′} = f(Φ) on R, Φ(±∞) = ±1, Φ(0) = α

(2.2)

where α is as in (2.1). Since [Φ^{′2} − 2F (Φ)]^′ = 0, one derives that

Φ^′ = √ 2F (Φ),

∫_{Φ(ξ)} α ds √ 2F (s) = ξ ∀ ξ ∈ R. 2.3 Traveling Waves For any ε > 0, Φ is also the profile of a 1-D speed ε traveling wave to

(2.3) εΦ^′ + Φ^{′′} = f_ε(Φ) on R; f_ε := f + ε √ 2F . Note that f^ε is unbalanced; in particular ∫_s −1 f_ε(u)du > 0 for all s ∈ (−1, 1]. Furthermore, up to shift, Φ is the only solution to (2.3) such that Φ(±∞) = ±1 (cf. [4]). The family {f_ε}_{ε>0} will be used to construct solutions approximating that of (1.2).

2.4 Radially Symmetric Stationary Waves For definiteness, in the sequel ζ ∈ C^3(R) is a fixed function satisfying ζ = 0 on {−1} ∪ [α̂, 1], ζ > 0 in (−1, α̂), ∫_1 −1 { ζ(s) − √ 2F (s) } ds > 0.

For each ε > 0, we define

g_ε(s) = f_ε(s) − εζ(s) = f(s) + ε √ 2F (s) − εζ(s) ∀ s ∈ [−1, 1]. For each sufficiently small positive ε, notice the following:

(i) both wells ±1 of g_ε are stable, i.e., g^′_ε(±1) > 0 = g_ε(±1); (ii) all wells of g_ε in (−1, 1) lies in (α̂, α); (iii) 1 is the only deepest well of g_ε on [−1, 1], i.e. ∫_s 1 g_ε(u)du > 0 for all s ∈ [−1, 1).

Using a standard shooting argument [7, 15, 38] one can show the following:

Lemma 2.1 For each sufficiently small positive ε, there exists a unique solution w^ε to n ρ w^ε_ρ + w^ε_{ρρ} − g_ε(w^ε) = 0 > w^ε_ρ in (0, ∞), w^ε_ρ(0) = 0, w^ε(∞) = −1.

(2.4)

The solution satisfies w^ε(0) < 1 = lim_{ε↘0} w^ε(0).

These solutions will be used as subsolutions to establish the boundary values of U obtained from a limit process.

2.5 Planar Waves In studying the asymptotic behavior of the interface, a limiting procedure leads to the following, for Ψ = Ψ(ξ, z), ξ ∈ R, z ∈ R:

c Ψ_z + Ψ_{zz} + Ψ_{ξξ} = f(Ψ), |Ψ| ⩽ 1, Ψ_z ⩾ 0 ⩾ Ψ_ξ on R^2 , Ψ(0, 0) = α.

(2.5)

Lemma 2.2 Assume (A) and c > 0. Then Ψ(ξ, z) = Φ(−ξ), (ξ, z) ∈ R^2 , is the only solution to (2.5).

The proof will be given at the end of §4. In particular, this result implies that lim_{z→∞} ‖U_z (·, z)‖_L∞_{(R}n_) = 0 and that the interface is asymptotically vertical.

2.6 Energy Functionals The Allen-Cahn equation (1.1) is a gradient flow of an energy functional with the density function u^2_z +|∇u|^2 +2F (u). For the traveling wave problem (1.2), there are certain variational structures. For this, we introduce the following notation. For functions ψ, ψ_1, ψ_2 of r = |x| and a cylindrically symmetric function W on R^n × (−∞, 0], we define ‖ψ‖ := √ ⟨ψ , ψ⟩, ⟨ψ_1 , ψ_2⟩ = ∫_∞ 0 r^{n−1}ψ_1(r)ψ_2(r) dr, X(l) := { ψ ∈ C((0, ∞)) | | ψ ⩾ α on (0, l], ψ(∞) = −1 } ∀l > 0, E(ψ) := ∫_∞ 0 r^{n−1} {_1 2 ψ^2_r + F (ψ) } dr, J(W ) :=

∫_0 −∞ {_1 2 ‖W_z‖^2 + E(W ) } c e^{cz} dz. Here the function spaces used are those that makes the norms or functionals finite.

The following is a consequence of the Euler-Lagrange equation for energy minimizers:

Lemma 2.3 Suppose for each z ∈ R, U(·, z + ·) on R^n × (−∞, 0] is a minimizer of J subject to the boundary condition W (·, 0) = U(·, z) on R^n × {0}. Then c U_z + U_{zz} + ΔU = f(U) in R^{n+1} .

Since the interface is asymptotically vertical, from a dynamical point of view, for each large enough z, there is enough time for u(·, z + ct, t) to merge to an almost optimal shape that consumes energy as small as possible. That is, for z ≫ 1, the wave profile U(·, z) should be close to a minimizer ϕ(·, l) of the energy E in the set X(l) where l = R(z). For this purpose, it is natural to consider the minimization problem

ϕ ∈ X(l), E(ϕ) = E(l) := min_{ψ∈X(l)} E(ψ).

(2.6)

Here we establish a basic property of the minimizers. More details will be given in §6.2.

Lemma 2.4 For each l > 0, (2.6) admits at least one solution. Any solution satisfies ϕ_r < 0 in (0, l) ∪ (l, ∞) and ϕ|_{r=l} = α. In addition, for each ψ satisfying ψ(∞) = −1, E(min{ψ, ϕ}) ⩽ E(ψ). (2.7)

Furthermore, lim_{l→∞} ϕ(·, l) = 1 uniformly in any compact subset of [0, ∞).

Proof. Fix l > 0. It is easy to show that there is at least a minimizer of the energy E in X(l). Let ϕ(·) be an arbitrary minimizer. Here we only prove (2.7). The rest will be proven in §6.2. Given ψ satisfying ψ(∞) = −1, set w_1 = min{ϕ, ψ} and w_2 = max{ϕ, ψ}. Then, E(w_1) + E(w_2) = E(ϕ) + E(ψ). Since w_2 ∈ X(l) we see that E(w_2) ⩾ E(ϕ), so that E(w_1) ⩽ E(ψ).

3 The Existence of Cylindrically Symmetric Traveling Waves

We shall prove the existence by two totally different methods.

The first method uses the fact (cf. [28, 29, 36]) that the existence of a positive speed 1-D traveling wave implies the existence of cylindrically symmetric traveling waves of any speed. We shall construct a sequence of such waves to approximate a solution to (1.2).

In the second approach, the solution is approximated by the l → ∞ limit of appropriately vertically lifted energy J minimizers subject to the boundary values being energy minimizers of E in X(l). The proof is presented in a self-contained manner and the solution established satisfies an extra energy minimum principle that cannot be derived from the first method.

3.1 Approximation by Traveling Waves of Unbalanced Potentials For any ε > 0, f_ε := f + ε √ 2F gives an unbalanced potential

F_ε(u) := ∫_u −1 f_ε(s)ds which attains its deepest well only at u = −1. Chosen in such a manner, the solution Φ to (2.2) is also a traveling wave of speed ε to ε Φ^′ + Φ^{′′} = f_ε(Φ) that connects the equilibrium states −1 and 1. One assumes that ε > 0 is small enough so that f^′_ε(±1) > 0 and the profile of Φ is then unique. Hence, according to [36] when n + 1 = 2, and [29] when n + 1 ≥ 3, for any given speed c > 0, there exists a cylindrically symmetric traveling wave U^ε = U^ε(x, z) satisfying { c U^ε_z + U^ε_{zz} + ΔU^ε = f_ε(U^ε) on R^{n+1} , U^ε(0, 0) = α, U^ε(·, ±∞) ≡ ±1, U^ε_z > 0 ⩾ U^ε_r on R^{n+1} ,

(3.1)

where r = |x|. Since |U^ε| ⩽ 1, by a standard elliptic estimate [25], {U^ε}_{0<ε≪1} is a bounded family in C^3(R^{n+1} ). Thus it is a compact family in C^2_{loc}(R^{n+1} ). Along a sequence ε ↘ 0, it converges to a cylindrically symmetric solution U to

c U_z + U_{zz} + ΔU = f(U), |U| ⩽ 1, U_z ⩾ 0 ⩾ U_r on R^{n+1} , U(0, 0) = α.

(3.2)

In the next subsection, we shall identify the boundary values of U at |x| + |z| = ∞.

Remark 1 1. The cylindrically symmetric solution U^ε has many special properties. Beside uniqueness ([30]), one of the characteristic property is that asymptotically, as z → ∞, the interface (e.g. the α-level set of U^ε) is a cone of the form |x| = z tan θ_ε with θ_ε = arcsin(ε/c); see [29, 30, 36] for more details. Though we shall not use such a special property, we have in mind that in the limit, as ε ↘ 0, the open angle of the cone becomes zero, so the interface of U should look like a paraboloid.

2. One can use any approximation sequence {f_ε}, as long as lim_{ε↘0} f_ε = f and there are positive speed 1-D traveling waves connecting steady states ±1. We point out that the unbalanced condition

∫_1 −1 f_ε(s)ds > 0 is necessary but not sufficient for such an existence since other stable wells of f_ε in [α̂, α] may prevent a connection from −1 to 1; see, for example, [21]. By choosing f_ε as in the proof, we avoided unnecessary complications.

3. In [29], the result used in our proof (the existence of U^ε) is proven under the additional assumption that f_ε = 0 has only one root in (−1, 1), and that the root is non-degenerate. This technical condition can indeed be removed. We shall, however, not present a modification of the proof of [29] to make the result in [29] be valid purely under the assumption (A). Instead, we provide an alternative proof (cf. §3.3) which does not rely on any analysis in [29, 36].

3.2 The “Boundary Values” To show that solutions to (3.2) has the right boundary value, we shall distinguish the case n = 1 from n > 1. In the former case no extra condition is needed whereas in the latter case we have to assume that either U is the limit of U^ε or f = 0 has only one root in (−1, 1).

Lemma 3.1 (1) Suppose n = 1. Then any symmetric (about x) solution U to (3.2) satisfies lim z→±∞ U(x, z) = ±1 ∀ x ∈ R^n , lim_{|x|→∞} U(x, z) = −1 ∀ z ∈ R. (3.3)

(2) Suppose n > 1. Let U be a limit, along a sequence ε ↘ 0, of the cylindrically symmetric family {U^ε} of solutions to (3.1). Then U has the boundary value (3.3).

Proof. (i) The Limit Equations. As U_z ⩾ 0 ⩾ U_r and |U| ⩽ 1, there exist φ^±(x) := lim_{z→±∞} U(x, z) ∀ x ∈ R^n , φ(z) := lim_{|x|→∞} U(x, z) ∀ z ∈ R. Consequently, lim_{z→±∞}(|U_z | + |U_{zz}|) = 0 and lim_{|x|→∞} ΔU = 0, by the boundedness of the C^3(R^{n+1} ) norm of U and the interpolation

‖ · ‖_C1_{(D)} ≤ 5‖ · ‖^{1/2}_{C2(D)}‖ · ‖^{1/2}_{C0(D)}

(3.4)

for any cubic domain D with side length ⩾ 1. Thus,

Δφ^± − f(φ^±) = 0 ⩾ φ^±_r on R^n , φ^+(0) ⩾ α ⩾ φ^−(0), c φ_z + φ_{zz} − f(φ) = 0 ⩽ φ_z on R, φ(0) ⩽ α. To complete the proof, we need show that φ^± ≡ ±1 and φ ≡ −1. In the sequel, the proofs for the case n = 1 and the case n > 1 differ only at the proofs of φ^+ ≡ 1.

(iia) The z → ∞ limit when n = 1. Integrating φ^+_x {φ^+_{xx} − f(φ^+)} = 0 over [0, ∞) and using φ^+_x (0) = 0 gives F (φ^+(∞)) = F (φ^+(0)). Since φ^+(0) ⩾ α, the definition of α in (2.1) implies that φ^+(∞) ∈ [−1, α̂] ∪ [α, 1]. As f(φ^+(∞)) = 0, we can only have either φ^+(∞) = −1 or φ^+(∞) = 1. The former case cannot happen, since F is a balanced potential with its deepest well at ±1 so that ψ ≡ −1 is the only solution to

ψ_{xx} − f(ψ) = 0 ⩾ ψ_x on [0, ∞), ψ_x(0) = 0, ψ(∞) = −1.

Thus φ^+(∞) = 1. Consequently, since φ^+_x ⩽ 0 on [0, ∞), φ^+ ≡ 1.

(iib) The z → ∞ limit when n > 1. We write φ^+(x) as φ^+(r) where r = |x|. Suppose φ^+ ≢ 1. Since φ^+_r (0) = 0, we must have α ⩽ φ^+(0) < 1. Set β := φ^+(∞). Then f(β) = 0. Integrating φ^+_r [ φ^+_{rr} + n − 1 r φ^+_r − f(φ^+) ] = 0 over r ∈ [0, ∞), and using φ^+_r (0) = 0, we obtain

F (β) − F (φ^+(0)) = ∫_∞ 0 n − 1 r (φ^+_r )^2 > 0.

This implies that β ∈ (α̂, α).

Next, consider the solution w^ε of (2.4). Since lim_{ε↘0} w^ε(0) = 1, there exists ε_0 > 0 such that w^{ε0} (0) > φ^+(0). Also, since w^{ε0} (∞) = −1, there exists R_0 > 0 such that w^{ε0} (R_0) = α̂. Set δ :=^1_3 min{w^{ε0} (0) − φ^+(0), β − α̂} > 0.

Now, since lim_{z→∞} U(·, z) = φ^+(| · |) locally uniformly, there exists z_0 ∈ R such that |U(x, z) − φ^+(|x|)| < δ for all |x| ⩽ R_0 and z ⩾ z_0. Also, by the assumption, along a sequence ε ↘ 0, U^ε → U uniformly on any compact subset of R^{n+1} . There exists ε ∈ (0, ε_0) such that | U^ε(x, z) − U(x, z) | ⩽ δ for all |z − z_0| + |x| ⩽ 2R_0. Hence

| U^ε(x, z) − φ^+(|x|) | ⩽ 2δ if z_0 ⩽ z ⩽ z_0 + R_0, |x| ⩽ R_0.

We shall compare U^ε((0, z) + ·) with w^{ε0} (| · |) on B(R_0) := {y ∈ R^{n+1} | |y| < R_0}. Since lim_{z→±∞} U^ε(·, z) = ±1 locally uniformly, we can define z^∗ by

z^∗ := min {z ∈ R | U^ε((0, z) + y) ⩾ w^{ε0} (|y|) ∀ y ∈ B̄(R_0) }.

Upon noting that for every z ⩽ z_0, U^ε(0, z) ⩽ U^ε(0, z_0) ⩽ φ^+(0) + 2δ < w^{ε0} (0), we see that z^∗ > z_0.

Let y_0 ∈ B̄(R_0) be a point such that

0 = U^ε((0, z^∗) + y_0) − w^{ε0} (|y_0|) = min_{y∈B̄(R0)} { U^ε((0, z^∗) + y) − w^{ε0} (|y|) } . Since U^ε(x, z) is monotonic in z and in |x|,

w^{ε0} (|y_0|) = U^ε((0, z^∗) + y_0) ⩾ U^ε((0, z_0) + y_0) ⩾ φ^+(|y_0|) − 2δ ⩾ β − 2δ > α̂ = w^{ε0} (R_0).

It follows that y_0 is an interior point of B̄(R_0). Consequently, (∂_{zz} + Δ)U^ε((0, z^∗) + y_0) ⩾ (∂_{zz} + Δ)w^{ε0} (|y_0|). Also, as w^{ε0} (|y_0|) > α̂, we have ζ(w^{ε0} (|y_0|)) = 0. Hence

0 = c U^ε_z + (∂_{zz} + Δ)U^ε − f_ε(U^ε) | |_{(0,z∗)+y0} > 0 + (∂zz + Δ)w^{ε0} − fε_0 (w^{ε0} ) | |_{y0} = (∂_{zz} + Δ)w^{ε0} − g_{ε0} (w^{ε0} ) | | y_0

= 0,

which is impossible. This impossibility shows that φ^+ ≡ 1.

(iii) The z → −∞ behavior. We show that φ^− ≡ −1. Write φ^−(x) as φ^−(|x|). Again, set β := φ^−(∞). First we show that β = −1. Suppose not. Since φ^−(0) ⩽ U(0, 0) = α, we must have f(β) = 0 and β ∈ (α̂, α). Furthermore, since U_z ⩾ 0 ⩾ φ^−_r , U(x, z) ⩾ U(x, −∞) = φ^−(|x|) ⩾ φ^−(∞) = β ∀ (z, x) ∈ R^{n+1} . Now let ε_0 > 0 be such that w^{ε0} (0) > α. Let R_0 be such that w^{ε0} (R_0) = α̂. Since lim_{z→∞} U(·, z) = φ^+(| · |) ≡ 1 locally uniformly and since w^{ε0} (0) > α = U(0, 0), the following constant z^∗ is well defined: z^∗ := min{z ∈ R | w^{ε0} (|y|) ⩽ U((0, z) + y) ∀ y ∈ B̄(R_0) }. Same as before, there is a point y_0 ∈ B̄(R_0) such that U((0, z^∗) + ·) − w^{ε0} (| · |) obtains a zero minimum on B̄(R_0) at y_0. Since U ⩾ β on R^{n+1} and w^{ε0} (| · |) = α̂ < β on ∂B(R_0), y_0 is an interior point of B(R_0). Upon noting that g_{ε0} (w^{ε0} (y_0)) = f_{ε0} (w^{ε0} (y_0)) > f(w^{ε0} (y_0)) = f(U((0, z^∗) + y_0)), a similar argument as before leads a contradiction. Thus, φ^−(∞) = −1.

Finally, integrating φ^−_r [ φ^−_{rr} + n − 1 r φ^−_r − f(φ^−) ] = 0 over |x| = r ∈ [0, ∞), we obtain ∫_∞ 0 n − 1 r φ^2_r (r)dr = F (φ^−(∞)) − F (φ^−(0)) = F (−1) − F (φ^−(0)).

Since F (−1) − F (φ^−(0)) ⩽ 0, we have φ^−_r ≡ 0 and so φ^− ≡ −1.

(iv) The limit as |x| → ∞. Finally, we show that φ ≡ −1.

As U_r ⩽ 0, φ(z) ⩽ U(x, z) so that φ(−∞) ⩽ U(x, −∞) = −1; i.e., φ(−∞) = −1. Since φ_z ⩾ 0, it remains to show that φ(∞) = −1. Suppose not. Then β := φ(∞) > −1.

Since F is a balanced potential and φ solves c φ_z + φ_{zz} = f(φ) on R where c > 0, we must have β < 1. Thus β ∈ (α̂, α); i.e., φ(∞) ∈ (α̂, α).

Take z_0 > 0 such that φ(z_0) > α̂. Then U > α̂ on R^n × [z_0, ∞).

Take positive ε_0 and R_0 such that w^{ε0} (0) > α and w^{ε0} (R_0) = α̂. Since lim_{z→∞} U = 1 locally uniformly, there exists z^∗ > z_0 +R_0 such that U((0, z^∗)+y) > w^{ε0} (|y|) for all |y| ⩽ R_0. Now consider R^∗ = sup{ |x| | U((x, z^∗) + y) ≥ w^{ε0} (|y|) ∀ y ∈ B̄(R_0)}. Since β > φ(z^∗) = lim_{|x|→∞} U(x, z^∗) and w^{ε0} (0) = α > β, R^∗ must be finite. Consequently, there exists x_0 ∈ R^n and y_0 ∈ B̄(R_0) such that U((x_0, z^∗) + ·) − w^{ε0} (| · |) attains its zero minimum on B̄(R_0) at y_0. Since U > α̂ on R^n × [z^∗ − R_0, ∞) and w^{ε0} = α̂ on ∂B(R_0), y_0 must be an interior point of B(R_0). A similar argument as before gives a contradiction.

This contradiction shows that φ(∞) = −1 so that φ ≡ −1.

Finally, the monotonicity property U_z > 0 on R^{n+1} and U_r < 0 for all r = |x| > 0 follows from a strong maximum principle. This completes proof of Theorem 1.

Remark 2 If in addition to (A) one assumes that f = 0 has only one root in (−1, 1), then a similar proof leads to the following conclusion (see [29]):

any cylindrically symmetric solution to (3.2) satisfies the boundary value (3.3).

3.3 Approximation by Energy Minimizers In this subsection, we shall use another approach to establish the existence of a traveling wave claimed in Theorem 1. The solution obtained will satisfy a certain energy minimum principle. We use the notation introduced in §2.6.

Theorem 3.1 Assume (A). There exists a cylindrically symmetric solution U to (1.2) and (3.3) that satisfies the monotonicity property (1.3) and the minimum energy principle

J(U(·, z + ·) ) = min W (·,0)=U(·,z) J(W ) ∀ z ∈ R. (3.5)

This kind of variational principle has already been used in [1] to validate the conjecture of De Giorgi for general nonlinearities f in dimension n + 1 = 3.

Proof. 1. For each l > 0, let ϕ(·, l) be a minimizer of the energy E in X(l), claimed in Lemma 2.4. Consider the minimization problem min W (·,0)=ϕ(·,l) J(W ). It is easy to show that there is a minimizer, which we denote by U^l. Since for each W ,

J(W ) = e^{ch}J(W (·, h + ·) ) +

∫_0 h {_1 2 ‖W_z‖^2 + E(W ) } ce^{cz}dz ∀ h < 0,

J(U^l(·, h + ·) ) = min W (·,0)=U^l(·,h) J(W ) ∀h < 0. (3.6)

Also, the Euler-Lagrange equation shows that U^l is a (classical) solution to the boundary value problem

c U^l_z + U^l_{zz} + ΔU^l = f(U^l) on R^n × (−∞, 0), U^l(·, 0) = ϕ(·, l).

Integrating over R^n × {z} the equation for U^l multiplied by U^l_z we obtain d dz E(U^l) =^1_2 d dz ‖U^l_z ‖^2 + c‖U^l_z‖^2, d dz ( e^{cz}E(U^l) ) =^1_2 d dz ( e^{cz}‖U^l_z ‖^2 ) + ce^{cz} (_1 2 ‖U^l_z ‖^2 + E(U^l) ) . Integrating the last equation over z ∈ (−∞, 0] and using the boundary value we obtain

J(U^l) = E(l) −^1_2 ‖U^l_z(·, 0)‖^2.

(3.7)

2. By a rearrangement in the r = |x| direction, one can show that U^l_r ⩽ 0. To show U^l_z ⩾ 0, the rearrangement technique does not work, due to the e^{cz} term in the energy functional. Instead, we use the following argument.

First of all, in view of (2.7), we see that J(min{ϕ, U^l}) ⩽ J(U^l), where equal sign holds if and only if min{ϕ, U^l} = U^l. As an energy minimizer, we have

U^l = min{U^l, ϕ}, i.e., U^l ⩽ ϕ for z ⩽ 0.

For ε > 0, set U^{l,ε} = U^l(·, · − ε), w_1 = min{U^l, U^{l,ε}} and w_2 = max{U^l, U^{l,ε}}. Then J(w_1) + J(w_2) = J(U^l) + J(U^{l,ε}). Since w_1(·, 0) = U^{l,ε}(·, 0) and w_2(·, 0) = U^l(·, 0), we have J(w_1) ⩾ J(U^{l,ε}) and J(w_2) ⩾ J(U^l). This implies that w_1 = U^{l,ε} and w_2 = U^l; that is, U^l(·, z) ⩾ U^l(·, z − ε) for every ε > 0, so that U^l_z ⩾ 0.

The same argument also shows that the minimizer U^l is unique, since otherwise if there is a different minimizer Ũ^l, then both w_1 = min{U^l, Ũ^l} and w_2 = max{U^l, Ũ^l} are minimizers. This contradicts (3.7), since, by the Hopf Lemma, w_{2z}(·, 0) > w_{1z}(·, 0) ⩾ 0.

A similar argument shows that

l_2 > l_1 > 0 ⇒ ϕ(·, l_2) > ϕ(·, l_1) ⇒ U^{l2} > U^{l1} .

(3.8)

Note that U^l_z ⩾ 0 implies the existence of φ^− := lim_{z→−∞} U^l(·, z). Since φ^− ⩽ ϕ(·, l) we see that φ^−(∞) = −1. After integrating φ^−_r [ φ^−_{rr} + n − 1 r φ^−_r − f(φ^−) ] = 0 over r ∈ [0, ∞) we see that φ^− ≡ −1. The strong maximum principle then gives U^l_z > 0.

3. Thus, there exists a unique constant H(l) > 0 such that U^l(0, −H(l)) = α. In view of (3.8), we see that H(l) is monotonic in l > 0. We claim that lim_{l→∞} H(l) = ∞. To do this, we define

E^c(h) = min ψ(−h)⩽α⩽ψ(0) ∫_0 −∞ {_1 2 ψ^2_z + F (ψ) } ce^{cz}dz ∀ h ⩾ 0.

Note that E^c(·) is continuous and positive on [0, ∞). Also,

E(l) > J(U^l) ⩾ ∫_l 0 r^{n−1}E^c(H(l))dr = l^n n E^c(H(l)). This implies that lim_{l→∞} H(l) = ∞, since E(l) = O(1)l^{n−1}.

Finally, set U^{l,H(l)}(x, z) = U^l(x, z − H(l)) and consider the family {U^{l,H(l)}}_{l>0}. This family is bounded in C^3, so along a subsequence, it converges to a limit U which solves the differential equation in (1.2). It is cylindrically symmetric and U_z ⩾ 0 ⩾ U_r.

Following an argument similar to that in the previous section, one can show that such limit U has the right boundary value (3.3). Indeed, the only modification is to replace U^ε in (iib) part of the proof by U^{l,H(l)} and use the fact that lim_{l→∞} U^{l,H(l)}(·, H(l)) = lim_{l→∞} ϕ(| · |, l) = 1 uniformly in any compact subset of R^n .

In the next section we shall show the exponential decay of U + 1 as |r| → ∞. It then follows from (3.6) that U satisfies (3.5).

4 Qualitative Behavior of Solutions

In this section, we provide a rough description of the cylindrically symmetric traveling wave solution stated in Theorem 1. Also, we make a crude estimate about the behavior of the interface; that is, we show that it is paraboloid like.

4.1 Basic Properties of the Interface and Wave Profile Lemma 4.1 For each m ∈ (−1, 1), there exists a unique root Z(m) to U(0, ·) = m and there is a unique function R(m, ·) defined on [Z(m), ∞) such that

Γ(m) := { (x, z) | U(x, z) = m } = { (x, z) | z ⩾ Z(m), |x| = R(m, z) } . In addition, R_z(m, z) > 0 for all z > Z(m) and lim_{z→∞} R(m, z) = ∞, lim_{z→∞} R_z(m, z) = 0, (4.1) lim_{z→∞} ‖ ‖U(·, z) − Φ(R(α, z) − | · |) ‖ ‖_{L∞(Rn)} = 0, (4.2) lim_{z→∞} { ‖U_z (·, z)‖_L∞_{(R}n_) + ‖U_{zz}(·, z)‖_L∞_{(R}n_) } = 0.

(4.3)

Proof. For convenience, we write U(x, z) as U(r, z) where r = |x|. The existence of unique Z(m) and R(m, ·) follows from the monotonicity property and the boundary values of U. As lim_{z→∞} U = 1, we must have lim_{z→∞} R(m, z) = ∞. Applying the Implicit Function Theorem to the equation U(R, z) = m we see R(m, ·) is smooth in (Z(m), ∞) and R_z = −U_z(R, z)/U_r(R, z) > 0 for every z > Z(m).

Next we use a blow-up technique to show the rest assertions of the Lemma.

Consider the family {U(R(α, ẑ) + ·, ẑ + ·)}_{ẑ>Z(α)}. This family is bounded in C^3. For any sequence {z_i} satisfying lim_{i→∞} z_i = ∞, there exists a subsequence converging locally uniformly to a function Ψ = Ψ(ξ, z), defined for all (ξ, z) ∈ R^2 and satisfying (2.5), which, by Lemma 2.2, is given by Ψ(ξ, z) = Φ(−ξ). The uniqueness of the limit Ψ implies that the whole sequence {U(R(α, ẑ) + ·, ẑ + ·)}_{ẑ>Z(α)} approaches, in C^2_{loc}(R^2 ), to Φ(−ξ) as ẑ → ∞. Consequently, locally uniformly as ẑ → ∞, |U_z(R(α, ẑ) + ·, ẑ + ·)| + |U_{zz}(R(α, ẑ) + ·, ẑ + ·)| → 0, U_r(R(α, ẑ) + ·, ẑ) → −Φ^′(−·). Denote by Φ^{−1} the inverse function of Φ. This in particular implies that for each m ∈ (−1, 1), lim_{z→∞}{R(m, z) − R(α, z)} = Φ^{−1}(m), lim_{z→∞} R_z(m, z) = − lim_{z→∞} U_z/U_r = 0. To prove (4.2) and (4.3), set, for every ε > 0, R_ε = Φ^{−1}(1 − ε) − Φ^{−1}(−1 + ε). Since lim_{ẑ→∞} U(R(α, ẑ) + ξ, ẑ + z) = Φ(−ξ) uniformly on [−R_ε, R_ε]^2, there exists z_ε > 0 such that for every ẑ > z_ε, |U(R(α, ẑ) + ξ, ẑ + z) − Φ(−ξ)| ≤ ε for all |z| + |ξ| ⩽ 2R_ε. Fix any |z| ⩽ R_ε. When ξ ∈ [0, R(α, ẑ) − R_ε], using the monotonicity of U in r = |x|, we have 1 ⩾ U(ξ, ẑ + z) ⩾ U(R(α, ẑ) − R_ε, ẑ + z) ⩾ Φ(R_ε) − ε > 1 − 2ε. Thus, |U(ξ, ẑ + z) − Φ(R(α, ẑ) − ξ)| ⩽ 2ε for all ξ ∈ [0, R(α, z) − R_ε]. Similarly, |U(ξ, ẑ + z) − Φ(R(α, ẑ) − ξ)| ⩽ 2ε for all ξ ⩾ R(α, z) + R_ε. Thus max ξ⩾0,|z|⩽R_ε | |U(ξ, ẑ + z) − Φ(R(α, ẑ) − ξ) | | ≤ 2ε ∀ ẑ ⩾ z_ε, ξ ⩾ 0.

Sending ε ↘ 0 we see that lim_{ẑ→∞} max_{|z|≤M} ‖ ‖U(·, ẑ + z) − Φ(R(α, ẑ) − | · |) ‖ ‖_{L∞(Rn)} = 0 ∀ M ⩾ 0. In particular this implies (4.2). Finally, (4.3) follows from an interpolation of the form (3.4). This completes the proof of the Lemma.

4.2 The Exponential Decay For convenience, we denote the phase domains Ω^±, interfacial region Γ, and interface γ by Ω^+ := {(z, x) | U(x, z) > α}, Ω^− := {(z, x) | U(x, z) < α̂}. Γ := ∪_{m∈[α̂,α]}Γ(m), γ := Γ(α).

Lemma 4.2 There exist positive constants M and ν > 0 such that |U^2 − 1| + |U_r| + |U_z| + |U_{zz}| ⩽ Me^{−ν|r−R(α,z)|} ∀z ⩾ 0, x ∈ R^n , |U + 1| + |U_r| + |U_z| + |U_{zz}| ⩽ Me^{−ν(|z|+|x|)} ∀z < 0, x ∈ R^n .

Proof. For y ∈ R^{n+1} , let d(y) be the distance from y to Γ. Let

k = min s∈[−1,α̂]∪[α,1] f^′(s). Note that k > 0 and by the definition of Ω^±, f^′(U) ⩾ k for all y ∈ Ω^±. Consequently, the positive function 1 ∓ U satisfies {−c ∂_z − ∂_{zz} − Δ + k}(1 ∓ U) = (1 ± U) { k − f(±1) − f(U) ±1 − U } ⩽ 0 in Ω^±.

Let λ_1, λ_2 be positive constants uniquely determined by

λ_1 = λ_2 + c/2, λ^2_1 + nλ^2 = c^2/4 + k.

Consider the function B(x, z) = 4e^{−λ2 L−cz/2} cosh(λ_1z) n∏ i=1 cosh(λ_2x_i)

where x = (x_1, · · · , x_n). Set D := {(x_1, · · · , x_n, z) | |z| < L, |x_i| < L}. Note that min_{∂D} B ≥ 1, −c B_z − B_{zz} − ΔB + kB = 0 in D. For each y ∈ Ω^±, set L = d(y)/ √ n + 1 and compare 1 ∓ U(y + ·) with B(·) on D. Since y + D ⊂ Ω^± and 0 < 1 ∓ U(y + ·) < 1 on ∂D, the comparison gives 1 ∓ U(y + ·) ⩽ B(·) on D. In particular, 1 ∓ U(y) ⩽ B(0, 0) ⩽ 4e^{−d(y)λ2 /√n+1}. Using interpolation, one also obtains the estimates for U_z, U_{zz}, U_r and U_{rr}.

Finally, since lim_{z→∞} R_z(m, z) = 0, we have d(y) >^1_2 (|z| + |r|) − M_1 for all z < 0, x ∈ R^n and some constant M_1 > 0. Also, since lim_{z→∞}{R(α̂, z) − R(α, z)} = Φ^{−1}(α) − Φ^{−1}(α̂), we see that for y = (x, z) where z > 0, d(y) >^1_2 |r − R(α, z)| − M_2 for some positive constant M_2 that is independent of y. The assertion of the Lemma thus follows with ν = λ_2/[2 √ n + 1].

4.3 Energy Identities Once we know the exponential decay of |U^2 − 1| and U_r in the phase domains, we see immediately that for each z ∈ R, the energy E(U(z, ·)) is bounded. In addition, both U_z(z, ·) and U_{zz}(z, ·) are L^1(R^n ) ∩ L^∞(R^n ) functions.

Lemma 4.3 There holds the energy identities, for every z ∈ R, d dz E(U(z, ·)) =^1_2 d dz ‖U_z‖^2 + c‖U_z ‖^2,

E(U(z, ·)) =^1_2 ‖U_z(z, ·)‖^2 + c ∫_z −∞ ‖U_z ‖^2dz =^1_2 ‖U_z(z, ·)‖^2 + c ∫_z −∞ e^{c(ẑ−z)} {_1

2 ‖U_z‖^2 + E(U) } dẑ.

Also, denote by |x| = R(z) the interface defined by U(z, x) = α for z > 0, lim_{z→∞} E(U(z, ·)) R(z)^{n−1} = σ :=

∫_1 −1 √ 2F (s)ds, lim_{z→∞} ‖U_z ‖^2 R(z)^{n−1} = 0.

In particular, in the case when n = 1, lim_{z→∞} ∫_∞ 0 {_1 2 U^2_x + F (U) } dx = σ, ∫ R ∫_∞ 0 U^2_z dxdz = σ c . Proof. Multiplying the equation for U by U_z and integrating over {z} × R^n we obtain the first energy identity. From the exponential decay, we know that lim_{z→−∞}{E(U)+‖U_z‖^2} = 0. Hence, integrating the first identity over (−∞, z], we obtain the second identity in the Lemma.

Note that the energy identity can also be written as d dz ( e^{cz}E(U) ) =^1_2 d dz ( e^{cz}‖U_z‖^2 ) + ce^{cz} (_1

2 ‖U_z‖^2 + E(U) ) . After integrating the identity over (−∞, z] we obtain the third identity in the Lemma.

From the limit behavior, as z → ∞, of U(z, r) ∼ Φ(R(α, z) − |x|) and the uniform exponential decay of |U^2 − 1| + |U_z| with respect to |r − R(α, z)| we can derive the remaining limits stated in the Lemma.

4.4 Proof of Lemma 2.2 Lemma 2.2 is analogous to the De Giorgi conjecture. The proof, however, is much simpler than that in [24, 39] since the monotonicity is assumed in both ξ and z directions. We divide the proof into several steps.

1. First, we show that lim_{ξ→−∞} Ψ(ξ, z) = 1 for all z ∈ R. Set φ_−(z) := lim_{ξ→−∞} Ψ(ξ, z). By (2.5), φ_−(0) ⩾ α and φ^′_− ⩾ 0 on R. Thus φ_−(∞) = 1 and c φ^′_− + φ^{′′}_− − f(φ_−) = 0 on R with c > 0, which implies φ_− ≡ 1.

Let ε_0 and R_0 be positive constants such that w^{ε0} (0) > α and w^{ε0} (R_0) < α̂. Also, define Γ := {(ξ, z) | α̂ ⩽ Ψ(ξ, z) ⩽ α}, κ := inf{−Ψ_ξ(ξ, z) | (ξ, z) ∈ Γ}. 2. We claim that κ > 0. Suppose otherwise. Then there exists a sequence {(ξ_i, z_i)} in Γ such that lim_{i→∞} Ψ_ξ(ξ_i, z_i) = 0. As the family {Ψ(ξ_i + ·, z_i + ·)} is compact, along a subsequence it converges to a function W satisfying

c W_z + W_{zz} + W_{ξξ} = f(W ) on R^2 , W_ξ ⩽ 0 ⩽ W_z, W_ξ(0, 0) = 0, W (0, 0) ∈ [α̂, α].

The maximum principle implies that W_ξ ≡ 0. Thus W (ξ, z) = φ(z) for some φ satisfying c φ^′ + φ^{′′} = f(φ). Since c > 0 and φ(0) = W (0, 0) ∈ [α̂, α], we must have φ(∞) ∈ (α̂, α). Let z_0 be a number such that φ(z_0 − 2R_0) > α̂. Then φ(z) > α̂ for all z ⩾ z_0 − 2R_0. Consequently, for some large enough i, α̂ ⩽ Ψ(ξ_i + ξ, z_i + z_0 + z) ⩽ φ(∞) ∀ |ξ| ⩽ 2R_0, |z| ⩽ 2R_0.

Now consider the constant

ξ^∗ = sup{ξ̂ | w^{ε0} (·) ⩽ Ψ((ξ_i + ξ̂, z_i + z_0) + ·) on B̄(R_0)}.

Since Ψ_ξ ⩽ 0 and lim_{ξ→−∞} Ψ = 1, we see that ξ^∗ is well-defined. In addition, since w^{ε0} (0) > α > φ(∞), we have ξ^∗ < 0.

Let y_0 ∈ B̄(R_0) be the point such that Ψ((ξ_i + ξ^∗, z_i + z_0) + ·) − w^{ε0} (·) obtains its zero minimum on B̄(R_0) at y_0. Noting that

Ψ((ξ_i + ξ^∗, z_i + z_0) + y) ⩾ Ψ((ξ_i, z_i + z_0) + y) ⩾ α̂

for y ∈ B̄(R_0), we see that y_0 is an interior point of B(R_0) which will lead us a contradiction. Thus, we must have κ > 0. The strong maximum principle then yields Ψ_ξ < 0 in R^2 .

3. Set K = ‖Ψ_z‖_L∞ . Let R(·) and R̂(·) be solutions to Ψ(R, ·) = α and Ψ(R̂, ·) = α̂, respectively. Then 0 < R̂(z) − R(z) ⩽ α − α̂ κ , 0 ⩽ R_z = −

Ψ_z Ψ_ξ ⩽ K κ ∀z ∈ R. Notice that R(z) and R̂(z) are then automatically well-defined for all z ∈ R. If we denote by d(y) the distance from y = (ξ, z) to Γ, then d(y) ⩾ κ √ K^2 + κ^2 ( |ξ − R(z)| − α − α̂ κ ) . Following the same proof as before, we see that there exist two positive constants M and ν such that |Ψ^2 − 1| + |Ψ_z| + |Ψ_ξ| + |Ψ_{zz}| + |Ψ_{ξξ}| ≤ Me^{−ν|ξ−R(z)|} ∀(ξ, z) ∈ R^2 . This implies that sup_{z∈R} ( E_2(Ψ(·, z)) + ‖Ψ_z(·, z)‖^2 ) < ∞, where E_2(ϕ(·)) = ∫ R [ϕ^′(ξ)^2/2 + F (ϕ(ξ))]dξ and ‖ϕ‖^2 = ∫ R ϕ^2(ξ)dξ. 4. Now we have the energy identity

c‖Ψ_z(·, z)‖^2 = d dz ( E_2(Ψ(·, z)) −^1_2 ‖Ψ_z(·, z)‖^2 ) . Integrating this identity over z ∈ (−h, h) and sending h → ∞ we see that ∫ R ‖Ψ_z(·, z)‖^2dz < ∞. This implies that lim_{z→±∞} ‖Ψ_z(·, z)‖^2 = 0, which further implies that lim_{z→±∞} ‖Ψ_{zz}(·, z)‖^2 = 0. Using the differential equation for W and the positivity of κ, we can show lim z→±∞ Ψ(R(z) + ·, z) = Φ(·).

The exponential decay estimate further implies that lim_{z→±∞} E_2(Ψ(·, z)) = σ. After integrating the energy identity we derive that ∫ R ‖Ψ_z(·, z)‖^2dz = 0, i.e., Ψ is independent of z.

This completes the proof of Lemma 2.2.

5 The case n > 1: The Curvature Dominant Effect

In this section we study the asymptotic expansion, in the leading order, of the interface function R(z) := R(α, z) when n > 1. In the higher space dimensional case, the interfacial dynamics of (1.1) is governed by the mean curvature flow. Since lim_{z→∞} R_z = 0, we see that asymptotically, the shape of the interface is locally a circular cylinder of radius R(z), which has a total curvature (n − 1)/R. That a normal velocity (n − 1)/R produces a vertical velocity c gives us an approximation equation cR^′ = (n − 1)/R. Here we shall make such a formal calculation rigorous.

Lemma 5.1 Assume that n > 1. Then the interface is asymptotically a paraboloid. More precisely, let r = R(z) be the function for the interface, i.e. U(x, z) = α at |x| = R(z). Then lim |z|→∞ R^2(z) z = 2(n − 1) c . Proof. Here we use the inverse of a blow-up technique.

To study the behavior of the interface, it is convenient to consider the interface from the time evolution point of view. Namely, consider u(x, z, t) = U(x, z − ct) as a solution of (1.1).

For each fixed ẑ ⩾ 1, set ε = 1 R(ẑ) , (ξ, η, τ) = (εx, ε(z − ẑ), ε^2t), w^ε(ξ, η, τ) = U(x, z − ct). Then denote by Δ̃ the Laplacian with respect to the (ξ, η) variables, we have

w^ε_τ = Δ̃w^ε − 1 ε^2 f(w^ε) in R^{n+1} × (0, ∞).

(5.1)

For convenience, we quote the following theorem from Chen [11]; see also, De Montonni- Schatzman [17], Evans-Soner-Souganidis [19], and Ilmanen [33].

Proposition 5.1 [11] Assume (A). Let {w^ε} be solutions to (5.1) with initial values satisfying |w^ε(·, 0)| ⩽ 1 on R^{n+1} and lim_{ε→0} w^ε(·, 0) = 1 (or −1) uniformly on Ω^0 where Ω^0 is a bounded domain with smooth boundary γ^0. Let {γ^τ }_{0⩽τ ⩽τ} ∗ be the classical solution of the mean curvature flow and Ω^τ , 0 ⩽ τ ⩽ τ^∗, be the interior of γ^τ . Then

lim_{ε→0} w^ε(ξ, η, τ) = 1 (or − 1) uniformly in any compact subset of ∪_{0⩽τ ⩽τ} ∗ (Ω^τ × {τ}).

We now investigate the initial value of w^ε. For this note that by the mean value theorem and the relation between (z, ẑ, x) and (ε, ξ, η), |x| − R(z) = R(ẑ)|ξ| − R(z) = R(ẑ){|ξ| − 1} + {R(ẑ) − R(z)} = R(ẑ)[|ξ| − 1] + R_z(z̃)[ẑ − z] = R(ẑ) { |ξ| − 1 − R_z(z̃)η }

where z̃ ∈ [min{ẑ, z}, max{ẑ, z}] ⊂ [ẑ − |η|R(ẑ), ẑ + |η|R(ẑ)}. Since lim_{z→∞} R_z(z) = 0 and lim_{z→∞} R(z) = ∞, it follows from the exponential estimate in Lemma 4.2 that

lim_{ε↘0} w^ε(ξ, η, 0) = { 1 if |ξ| < 1, −1 if |ξ| > 1, where the limit is uniform in any compact subset away from the initial interface positioned at S(1) × R where S(r) is the unit sphere in R^n of radius r.

First of all, the solution to the motion by mean curvature starting from initial surface S(1) × R is given by {S(R^∗(τ)) × R}_{0⩽τ <1/[2(n−1)]} where d dτ R^∗(τ) = − n − 1 R^∗(τ) , R^∗(0) = 1; or R^∗(τ) = √ 1 − 2(n − 1)τ . Although the initial interface S(1) × R is unbounded and Proposition 5.1 does not apply directly, we can approximate the interior of S(1) × R by the ellipsoids

γ^0(δ) := {(ξ, η) | |ξ|^2 + δ^2η^2 = 1 − δ^2}, 0 < δ ≪ 1.

Denote by R_1(δ, τ) the radius of the circle being the intersection of the {η = 0} plane with the mean curvature curvature flow starting from γ^0(δ). Then lim_{ε→0} w^ε(ξ, 0, τ) = 1 uniformly in |ξ| ⩽ R_1(δ, τ) − δ. One can also show that lim_{δ→0} R_1(δ, τ) = √ 1 − 2(n − 1)τ .

Hence, sending δ → 0, we obtain lim_{ε→0} w^ε(ξ, 0, τ) = 1 uniformly in any compact subset of {(ξ, τ) | |ξ| < √ 1 − 2(n − 1)τ , 0 ⩽ τ < 1/[2(n − 1)]}.

Similarly, from outside, the mean curvature flow starting from S(1) × R can be approximated by that starting from the torus

{(ξ, η) | (|ξ| − 1 − K)^2 + η^2 = K^2}, K ≫ 1.

First sending ε → 0 and then K → ∞ we conclude that lim_{ε→0} w^ε(ξ, 0, τ) = −1 uniformly in any compact subset of {(ξ, τ) | |ξ| > √ 1 − 2(n − 1)τ, 0 ⩽ τ < 1/[2(n − 1)]}.

Thus, for sufficiently small positive ε, the α-level set of w^ε(·, 0, τ) is near the set |ξ| = √ 1 − 2(n − 1)τ ; that is, w^ε(ξ, 0, τ) = α when |ξ| = √ 1 − 2(n − 1)τ + o(1)

where lim_{ε→0} o(1) = 0 uniformly in τ in any compact interval of τ ∈ [0, 1/[2(n − 1)]). Since w^ε(ξ, 0, τ) = U(x, ẑ − ct) and t = τ/ε^2 = R(ẑ)^2τ, this implies, translating to the original variables, that R(ẑ − cτR(ẑ)^2) R(ẑ) = √ 1 − 2(n − 1)τ + o(1),

(5.2)

lim_{ẑ→∞} o(1) = 0 uniform in τ ∈ [0,^1_{2[n−1]} − δ] ∀ δ > 0.

We shall now derive an asymptotic expansion of R from such an asymptotic relation.

Let z_0 ⩾ 1 be a constant large enough so that the quantity o(1) in (5.2) is ⩽ 1/8 for all ẑ ⩾ z_0 and τ ∈ [0, 3/8[n − 1]]. Let {z_i}^∞_{i=1} be a sequence defined by

R(z_i) = 2^{i/2}R(z_0), i = 0, 1, 2, · · · .

Note that R(z_{i+1})/R(z_i) = √ 2. Then for ẑ = z_{i+1}, let τ_i be such that 1−2(n−1)τ_i+o(1) = 1/2 in (5.2) . Then τ_i = 1/[4(n − 1)] + o(1) and

z_i = z_{i+1} − cτ_iR(z_{i+1})^2 = z_{i+1} − c + o(1) 4(n − 1)

2^{i+1}R^2(z_0).

This implies that

z_{i+1} − z_0 = R^2(z_0) i∑ j=1 c + o(1) 4(n − 1)

2^{j+1} =

(2^{i+1} − 1)[c + o(1)]R^2(z_0)

2(n − 1) = (1 − 2^{−i−1})[c + o(1)]R^2(z_{i+1}) 2(n − 1) .

A simple interpolation then provides the basic estimate z = O(1)R^2(z) and R^2(z) = O(1)z where O(1) is uniformly bounded as z → ∞.

Now pick any small positive δ and set τ = 1/(2[n − 1] + δ]). We see from the square of (5.2) that

R^2 ( z −^c_{2[n−1]+δ} R(z)^2 ) = { δ 2[n − 1] + δ

+ o(1) } R^2(z)

Since z and R^2(z) are comparable, this implies that

z −^c_{2(n−1)−δ} R(z)^2 = O(1)R^2 ( z −^c_{2(n−1)−δ} R(z)^2 )

= O(1) { δ 2[n − 1] + δ

+ o(1) } R^2(z) = O(1)[δ + o(1)]z.

This implies that R^2(z) z = 2(n − 1) c + O(δ) + o(1) . First sending z → ∞ and then sending δ ↘ 0 we obtain the required limit.

6 The Center Manifold Approach

Apparently the method in the previous section does not yield information accurate enough to describe the interface position when n = 1. Since the position of the interface is believed (and proven) to be governed by the interaction of the two interfaces at x = ±R(z), we take a classical geometric approach.

The center manifold approach was first used by Carr and Pego [10], Fusco [22], and Fusco and Hale [23] for the 1-D Allen-Cahn equation u_t = ε^2u_{ξξ} − f(u) for ξ ∈ [0, 1] with Neumann or periodic boundary conditions. Recently, the method was revisited by Chen and Ei in [13, 18] for the same problem for ξ ∈ R. Here we follow the setting and idea in [13], but since (1.2) is of elliptic nature, there is a key difference in the method developed here.

6.1 An Overview The manifold will be defined in the space of radially symmetric functions in R^n . With notation as in §2.6, the quasi-invariant or center manifold M is defined in this paper by

M := { ϕ(·, l) ∈ X(l) | | l ≥ l0, E(ϕ(·, l)) = min_{ψ∈X(l)} E(ψ) } . Here l_0 ⩾ 0 is a number chosen so that M is a 1-dimensional manifold.

For each z > 0, we project U(z) := U(·, z) onto M and write

U(z) = ϕ(ℓ(z)) + V, dist(U(z), ϕ(ℓ(z))) = dist( U(z), M ), V ⊥ T_ϕM where T_ϕM is the one-dimensional tangent space of M at ϕ = ϕ(ℓ) = ϕ(·, ℓ(z)).

It is easy to imagine that ℓ(z) ≈ R(z) is the location of the interface, that V is negligible for large z, and, regarding z as time, that the dynamics of U(z) is accurately described by the dynamics of ℓ(z). We shall rigorously derive that ℓ(·) satisfies the 1-d ODE equation

[c + o(1)] dℓ dz + d^2ℓ dz^2 = 1 + o(1) ‖ϕ_l(ℓ)‖^2 dE(ℓ) dℓ , lim_{z→∞} o(1) = 0.

Note that ‖ϕ_l‖dl is the length element of M, E(l) = E(ϕ(·, l)) is the energy function defined on M, and^{dE}_{‖ϕl‖ dl} is the gradient of E. Since ℓ^{′′} ≪ ℓ^′ for large z, we can ignore the ℓ^{′′} term. Also regarding z → ϕ = ϕ(ℓ(z)) as the motion of a particle on M, we can express the limit of the projected dynamics in terms of the motion of the particle on M. In the language of differential geometry, it can be written as

c ϕ̇ = grad E, or c dE dt = | |grad E | |^2. Here ϕ̇ is a tangent vector with magnitude

|ϕ̇| := lim_{h→0} ‖ϕ(h + z) − ϕ(z)‖ h measuring the distance that the particle moves per unit time, grad E is a co-vector with magnitude |grad E| = lim sup ϕ̃∈M,ϕ̃→ϕ |E(ϕ̃) − E(ϕ)| ‖ϕ − ϕ̃‖ measuring the maximum change of E per unit length, and c in the first equation is a tensor mapping a vector to a co-vector. Here the first equation is for velocity whereas the second one is for speed. When M is one dimensional, velocity and speed are the same, so both equations are equivalent but the second equation has clear advantages over the first.

6.2 The Quasi-invariant (Center) Manifold The Euler-Lagrange equation for a minimizer ϕ of E in X(l) leads to the problem { ϕ_{rr} +^{n−1}_r ϕ_r − f(ϕ) = 0 > ϕ_r in (0, l) ∪ (l, ∞), ϕ_r(0) = 0, ϕ(l) = α, ϕ(∞) = −1, ϕ(0) < 1.

(6.1)

Since the solution is not smooth across r = l, we introduce notation for jumps and averages:

[[ψ]] := l^{n−1}{ψ(l+) − ψ(l−)}, ψ̄ :=^1_2 [ψ(l+) + ψ(l−)].

Note that for functions ψ_1(·, l), ψ_2(·, l) ∈ C^1([0, l]) ∪ C^1([l, ∞)), d dl ⟨ψ_1 , ψ_2⟩ = ⟨ψ_{1l} , ψ_2⟩ + ⟨ψ_1 , ψ_{2l}⟩ − [[ψ_1ψ_2]], [[ψ_1ψ_2]] = ψ̄_1[[ψ_2]] + [[ψ_1]]ψ̄_2.

Lemma 6.1 For every l > 0, let ϕ = ϕ(·, l) be a minimizer of the energy E in X(l), claimed in Lemma 2.4. Then ϕ satisfies (6.1). When n = 1 or {n > 1, l ≫ 1}, ϕ(·, l) is unique and

ϕ_l = ∂ϕ ∂l > 0, E_l := dE(l) dl =^1_2 [[ϕ^2_r ]] > 0.

Furthermore, there exist M > 0 and l_0 ⩾ 0 such that for all l > l_0,

‖ϕ_l‖_L1_{(R}n_) + ‖ϕ_{ll}‖_L1_{(R}n_) + ‖ϕ_{ll}‖^2 + ‖ϕ_{lll}‖^2 ≤ M‖ϕ_l‖^2, |[[ϕ_l]]| + |[[ϕ_{ll}]]| + |[[ϕ_{rl}]]| + |E_{ll}| + |E_{lll}| ≤ ME_l, lim_{l→∞} ‖ϕ_l‖^2 l^{n−1} = lim_{l→∞} ‖ϕ_r‖^2 l^{n−1} = σ =

∫_1 −1 √ 2F (s)ds, lim_{l→∞} sup_{r>0} |ϕ(r, l) − Φ(l − r)| = 0. Proof. 1. First we show that ϕ(l) = α. For this, let l^∗ = max{r > 0 | ϕ ⩾ α on [0, r] }.

Then l^∗ ⩾ l, since ϕ ∈ X(l). Define ϕ̃(r) = ϕ(r + l^∗ − l) for r ⩾ 0. Then ϕ̃ ∈ X(l) and ϕ̃(l) = α. It is easy to verify that E(ϕ) ≥ E(ϕ̃) where the equal sign holds only if l∗ = l. Since ϕ is an energy minimizer, we must have l^∗ = l. Hence, ϕ(l) = α.

Similarly, for any r_1 ⩾ r_2 ⩾ l satisfying ϕ(r_1) = ϕ(r_2), we can compare the energy of ϕ with that of ϕ̂ defined by ϕ̂ = ϕ on [0, r_1] and ϕ̂(r) = ϕ(r + r_2 − r_1) to conclude that r_1 = r_2. Thus, ϕ is strictly decreasing on [l, ∞).

In (l, ∞) there is no restriction of ψ in X(l) so ϕ must be smooth and satisfy the differential equation ϕ_{rr} + (n − 1)ϕ_r/r = f(ϕ) with the boundary conditions ϕ(l) = α and ϕ(∞) = −1. As ϕ_r ⩽ 0 on [l, ∞), the strong maximum principle implies that ϕ_r < 0 on [l, ∞). Solving the ode problem, one can show that ϕ on [l, ∞) is also unique if n = 1 or {n > 1 and l ≫ 1}.

To find the behavior of ϕ on [0, l], let F̃ be a C^1 function such that F̃ = F on [α, ∞) and F̃ ′(s) = f(α) for all s < α. Then restricted on the interval [0, l], ϕ is a minimizer, without constraint, of the energy with F replaced by F̃ . It then follows that on [0, l], ϕ is the unique solution to the differential equation ϕ_{rr} + (n − 1)ϕ_r/r = f(ϕ) on (0, l) with the boundary condition ϕ_r(0) = 0 and ϕ(l) = α. It satisfies α < ϕ < 1 on [0, l) and ϕ_r < 0 on (0, l].

In conclusion, ϕ is a solution to (6.1); there is l_0 ⩾ 0 such that ϕ is unique when l ⩾ l_0.

2. Next, we calculate the variation of E(l) with respect to l. For this we denote a (generic) minimizer by ϕ(·, l). Suppose l_2 > l_1 > 0. Set w_1 = min{ϕ(·, l_1), ϕ(·, l_2)} and w_2 = max{ϕ(·, l_1), ϕ(·, l_2)}. Then E(w_1) + E(w_2) = E(ϕ(·, l_1)) + E(ϕ(·, l_2)). Since w_i ∈ X(l_i), we see that w_i is a minimizer of E in X(l_i) and hence is smooth. This implies that w_1 = ϕ_1 < ϕ_2 = w_2. Consequently, except a possible set of measure zero, ϕ is smooth in l.

For each ε > 0, X(l + ε) ⊂ X(l) so that E(l + ε) > E(l) for all l > 0. Also, using ϕ̃(r, l) = { ϕ(0, l), if 0 < r < ε, ϕ(r − ε, l), if r ⩾ ε, as a test function in estimating E(l + ε) one can derive that E(l + ε) < E(l) + O(ε); we omit the details. Hence, E(·) is a strictly decreasing and Lipschitz continuous function.

Now consider l ⩾ l_0, so ϕ(·, l) is unique. Differentiating ϕ(l, l) = α we see that ϕ_l + ϕ_r|_{r=l±} = 0. Now identifying ∇ϕ with ϕ_r and Δϕ with ϕ_{rr} + (n − 1)ϕ_r/r, we calculate

E_l = ⟨∇ϕ , ∇ϕ_l⟩ + ⟨f(ϕ) , ϕ_l⟩ −^1_2 [[ϕ^2_r ]] = ⟨−Δϕ + f(ϕ) , ϕ_l⟩ − [[ϕ_rϕ_l]] −^1_2 [[ϕ^2_r ]] =^1_2 [[ϕ^2_r ]] =^1_2 [[ϕ^2_l ]].

The proof of the last assertion is omitted. We only point out the following: ϕ(r, l) = Φ(l − r) + o(1), ϕ_r(l±, l) = − √ 2F (α) + o(1), [[ϕ_l]] = −[[ϕ_r]] = O(1)E_l, [[ϕ_{rr}]] =^{1−n}_l [[ϕ_r]], ‖ϕ_l‖^2 = E(l) + o(1) = [σ + o(1)]l^{n−1}, E_l = [(n − 1)σ + o(1)]l^{n−2}

where o(1) → 0 as l → ∞.

6.3 The Center Manifold When n = 1

As an illustration and also for later applications, we provide detailed calculation for n = 1. The equation for ϕ is ϕ_{xx} = f(ϕ) on (0, l) ∪ (l, ∞), ϕ_x(0, l) = 0, ϕ(l, l) = α, ϕ(∞, l) = −1. It follows, denoting b = ϕ(0, l), that

ϕ^2_x = { 2F (ϕ) − 2F (b) when x ∈ [0, l), 2F (ϕ) when x ∈ (l, ∞), l = ∫_b α ds √ 2F (s) − 2F (b) = 1 √ f^′(1) ln 2(1 − α) 1 − b + A_1 + o(1)

where lim_{l→∞} o(1) = 0 and

A_1 = lim_{b↗1} ∫_b α { 1 √ 2F (s) − 2F (b) − √ 1/f^′(1) √ (1 − s)^2 − (1 − b)^2 } ds = ∫_1 α { 1 √ 2F (s) − 1 √ f^′(1)(1 − s) } ds. Consequently, we have the identities and the expansion

E_l(l) =^1_2 [[ϕ^2_r ]] = F (b) = σAe^{−2μl+o(1)}

where lim_{l→∞} o(1) = 0, μ = √ f^′(1) and A = 2 (1 − α)^2 f^′(1) ∫_1 −1 √ 2F (s)ds exp ( ∫ 1 α {√2f_′(1) √ F (s) − 2 1 − s } ds ) . (6.2)

6.4 Projection onto the Center Manifold

Lemma 6.2 (i) For every large enough z, there is a unique ℓ(z) ⩾ l_0 such that ‖ϕ(·, ℓ(z)) − U(z, ·)‖ = min_{l⩾l0} ‖ϕ(·, l) − U(·, z)‖ = dist( U(·, z), M ). (ii) For some z_0 ⩾ 0, the function z → ℓ(z) is smooth on [z_0, ∞) and

ℓ_z > 0 on [z_0, ∞), lim_{z→∞} ℓ_z(z) = 0, lim_{z→∞}[ R(z) − ℓ(z) ] = 0.

(iii) Write V (·, z) = U(·, z) − ϕ(·, ℓ(z)). Then V (·, z) ⊥ ϕ_l(·, ℓ(z)), i.e. ⟨ϕ_l , V ⟩ = 0, and

lim_{z→∞} ‖V, V_r, V_z‖_L∞_{(R}n_) = 0, lim_{z→∞} ‖V (·, z)‖ ‖ϕ_l(·, ℓ(z))‖ = 0.

Proof. Set G(l, z) :=^1_2 ‖U(·, z) − ϕ(·, l)‖^2. Then G_l = ⟨ϕ − U , ϕ_l⟩, G_{lz} = −⟨U_z , ϕ_l⟩ < 0. Also, using ‖ϕ_{ll}‖_L1_{(R}n_) + |[[ϕ_l]]| = O(1)‖ϕ_l‖^2 we have G_{ll} = ‖ϕ_l‖^2 + ⟨ϕ − U , ϕ_{ll}⟩ − [[(ϕ − U)ϕ_l]] = ‖ϕ_l‖^2 { 1 + O(1)‖U − ϕ‖_L∞_{(R}n_) } > 0 as long as ‖U − ϕ‖_L∞_{(R}n_) < δ_0 for some fixed δ_0 > 0. From the limit behavior of U in Lemma 4.1, one sees that the minimum of G(·, z) is achieved at ℓ(z) ∼ R(z). The implicit function theorem gives the uniqueness of ℓ(z) and the monotonicity ℓ_z = −G_{lz}/G_{ll} > 0.

The last assertion (iii) follows from Lemma 4.1 and the previous assertions. Since Δϕ = f(ϕ) in R^n \ S(ℓ), the decomposition U = ϕ + V gives, for z ⩾ z_0 and x ∈ R^n \ S(ℓ(z)), (c ℓ_z + ℓ_{zz})ϕ_l + ℓ^2_zϕ_{ll} + cV_z + V_{zz} = f(ϕ + V ) − f(ϕ) − ΔV.

(6.3) 6.5 Projection of the Dynamics onto the Manifold In the sequel, ϕ = ϕ(·, ℓ(z)). Taking the inner product of ϕ_l with (6.3) we obtain (c ℓ_z + ℓ_{zz}) ‖ϕ_l‖^2 = J_0 + J_1 − J_2 − ℓ^2_z⟨ϕ_{ll} , ϕ_l⟩

(6.4) where J_0 = ⟨f^′(ϕ)V − ΔV , ϕ_l⟩, J_1 = ⟨f(ϕ + V ) − f(ϕ) − f^′(ϕ)V , ϕ_l⟩, J_2 = c⟨V_z , ϕ_l⟩ + ⟨V_{zz} , ϕ_l⟩. 1. The main term. The major contribution on the right-hand side of (6.4) is J_0. Using integration by parts and the equation Δϕ_l − f^′(ϕ)ϕ_l = 0 in R^n \ S(ℓ) we obtain J_0 := ⟨f^′(ϕ)V − ΔV , ϕ_l⟩ = [[V_rϕ_l − V ϕ_{lr}]].

Since V and ϕ are continuous, [[V_r]] = −[[ϕ_r]] = [[ϕ_l]]. Hence,

[[V_rϕ_l]] = [[V_r]]ϕ̄_l + V̄_r[[ϕ_l]] = [[ϕ_l]]ϕ̄_l + V̄_r[[ϕ_l]] =^1_2 [[ϕ^2_l ]] + V̄_r[[ϕ_l]]. Using E_l =^1_2 [[ϕ^2_l ]], we have J_0 = E_l + V̄_r[[ϕ_l]] − V̄ [[ϕ_{lr}]] = E_l { 1 + O(V̄_r) + O(V̄ ) } , since the sizes of [[ϕ_l]] and [[ϕ_{lr}]] are majorized by E_l =^1_2 [[ϕ^2_r ]] = ϕ̄_r[[ϕ_r]]. Here we note that the estimates in Lemmas 4.1 and 4.2 and the definition of ℓ imply that lim_{z→∞} { |V̄ | + |V̄_r| } = 0.

2. The remainder term. We use the mean value theorem to conclude that

J_2 := ⟨f(ϕ + V ) − f(ϕ) − f^′(ϕ)V , ϕ_h⟩ = ⟨O(1)V^2 , ϕ_l⟩.

3. The z-derivative Terms. Differentiating ⟨ϕ_l , V ⟩ = 0 with respect to z gives ⟨V_z , ϕ_l⟩ = ℓ_z { [[V ϕ_l]] − ⟨V , ϕ_{ll}⟩ } , ⟨V_{zz} , ϕ_l⟩ = ℓ_{zz} { [[V ϕ_l]] − ⟨V , ϕ_{ll}⟩ }

+ℓ_z { [[V_zϕ_l]] + [[V ϕ_l]]_z − 2⟨V_z , ϕ_{ll}⟩ − ℓ_z⟨V , ϕ_{lll}⟩ } . 4. Conclusion. Combining all these calculations, the equation can be written as ( c ℓ_z + ℓ_{zz} )( ‖ϕ_l‖^2 + [[V ϕ_l]] − ⟨V , ϕ_{ll}⟩ ) = E_l{1 + o(1)} + ⟨O(V^2) , ϕ_l⟩ + o(1)ℓ_z ‖ϕ_l‖^2.

(6.5)

It can also be written as

[c + o(1)] ℓ_z + ℓ_{zz} =

[1 + o(1)]E_l + ⟨O(1)V^2 , ϕ_l⟩ ‖ϕ_l‖^2 . (6.6)

This equation is “self-contained” if we can show that ⟨O(1)V^2 , ϕ_l⟩ = o(1)E_l. For this we need to study the dynamics of ‖V ‖^2.

6.6 The Dynamics in the Direction Normal to the Manifold

Taking the inner product of (6.3) with V and using ⟨V , ϕ_l⟩ = 0 we obtain ⟨V , cV_z + V_{zz}⟩ = ⟨V , f^′(ϕ)V − ΔV ⟩ + ⟨V , f^′(ϕ + V ) − f(ϕ) − f^′(ϕ)V ⟩ − ℓ^2_z⟨ϕ_{ll} , V ⟩. Note that

⟨V , V_z⟩ =^1_2 d dz ‖V ‖^2, ⟨V , V_{zz}⟩ = d dz ⟨V , V_z⟩ − ‖V_z‖^2 + ℓ_z[[V V_z]]

=^1_2 d^2 dz^2 ‖V ‖^2 − ‖V_z ‖^2 + ℓ^2_zV̄ [[ϕ_r]].

Here we have used the fact that 0 = [[V ]]_z = [[V_rℓ_z + V_z]] so [[V_z]] = −ℓ_z[[V_r]] = ℓ_z[[ϕ_r]]. Also ⟨f^′(ϕ)V − ΔV , V ⟩ = ‖∇V ‖^2 + ⟨f^′(ϕ)V , V ⟩ + [[V V_r]] = ‖V_r‖^2 + ⟨f^′(ϕ)V , V ⟩ − V̄ [[ϕ_r]].

Hence, we have the equation 1 2 ( c d dz + d^2 dz^2 ) ‖V ‖^2 = ‖V_z‖^2 + ‖V_r‖^2 + ⟨f^′(ϕ)V , V ⟩ −V̄ [[ϕ_r]] − ℓ^2_z{⟨V , ϕ_{ll}⟩ + V̄ [[ϕ_r]]}. Lemma 6.3 There exist positive constants l_0 and ν such that for any l ⩾ l_0 and ϕ = ϕ(·, l), ‖ψ_r‖^2 + ⟨f^′(ϕ)ψ , ψ⟩ ⩾ 2ν { ‖ψ_r‖^2 + ‖ψ‖^2 + |ψ̄|^2 } ∀ψ ⊥ ϕ_l. See, for example, Chen [12]. It then follows that ( c d dz + d^2 dz^2 ) ‖V ‖^2 ⩾ ν { ‖V_z‖^2 + ‖V_r‖^2 + ‖V ‖^2 + |V̄ |^2 } + O(E^2_l ) + O(ℓ^4_z)‖ϕ_l‖^2.

6.7 Rigorous Derivation of the Projected Dynamics When n = 1

For simplicity, we focus only on the one dimensional case. The key is to bound ‖V ‖ by E_l.

1. For some large constant M > 1, all z ⩾ z_0 ≫ 1: ( c d dz + d^2 dz^2 ) ‖V ‖^2 ⩾ ν‖V ‖^2 − M(ℓ^4_z + E^2_l ).

Since |E_{ll}| + |E_{lll}| = O(1)E_l, taking larger z_0 if necessary, we have for all z ⩾ z_0, ( c d dz + d^2 dz^2 ) E^2_l (ℓ(z)) = 2(cℓ_z + ℓ_{zz})E_lE_{ll} + 2(E_lE_{lll} + E^2_{ll})ℓ^2_z ⩽ M { E_l + ℓ^2_z + ‖V ‖^2 } E^2_l ≤ ν 4 E^2_l

by using (6.5). Thus, for B(z) := ‖V ‖^2 −^{4M}_ν E^2_l − e^{c(z0−z)/4}, ( c d dz + d^2 dz^2 ) B(z) ⩾ ν‖V ‖^2 − M(2E^2_l + ℓ^4_z) +^{3c2}_{16} e^{c(z0−z)/4}.

(6.7)

2. Set B^∗ = sup_{z⩾z0} B(z). We want to show that B^∗ ⩽ 0 when z_0 ≫ 1. Suppose B^∗ > 0. Since B(z_0) < 0 and lim_{z→∞} B(z) = 0, there exists z_1 > z_0 such that

B^∗ = B(z_1) = ‖V (z_1)‖^2 −^{4M}_ν E^2_l (ℓ(z_1)) − e^{c(z1−z0)/4}.

Note that B_z(z_1) = 0 and B_{zz}(z_1) ⩽ 0. It follows from (6.7) that,

‖V (z_1)‖^2 ≤^M_ν ( 2E^2_l (ℓ(z_1)) + ℓ^4_z(z_1) ) −^{3c2}_{16ν} e^{c(z0−z1)/4}.

(6.8)

Substituting this estimate into the definition of B^∗ gives 0 < B^∗ ⩽ M ν ℓ^4_z(z_1) − 2M ν E^2_l (ℓ(z_1)) − ( 1 +^{3c2}_{16ν} ) e^{c(z0−z1)}. or 2M ν E^2_l (ℓ(z_1)) ⩽ M ν ℓ^4_z(z_1) − ( 1 +^{3c2}_{16ν} ) e^{c(z0−z1)}, E_l(ℓ(z_1)) < √ 2ℓ^2_z(z_1).

Consequently, by (6.8),

‖V (z_1)‖^2 ⩽ 2M ν ℓ^4_z(z_1) − ( 1 +^{6c2}_{16ν} ) e^{c(z0−z1)/4}. 3. Also, taking larger z_0 if necessary, we have for any z ⩾ z_0, d dz ( e^{cz/4}E_l ) = e^{cz/4}E_l {_c 4 + E_{ll}ℓ_z E_l } > 0, d dz ( e^{cz/4}E^2_l ) = e^{cz/4}E^2_l {_c 4 + 2E_{ll}ℓ_z E_l } > 0. Namely, both e^{cz/4}E_l and e^{cz/4}E^2_l are increasing functions on [z_0, ∞).

Since ℓ_z > 0, we have from (6.6) that, for all z ≥ z_0,^c_2 ℓ_z + ℓ_{zz} ≤ M(E_l + ‖V ‖^2). Using the definition of B^∗, this implies that d dz ( e^{c(z−z1)/2}ℓ_z ) ⩽ Me^{c(z−z1)/2}(E_l + ‖V ‖^2) ⩽ Me^{c(z−z1)/2} { E_l +^{4M}_ν E^2_l + e^{c(z0−z)/4} + B^∗ } . Integrating this inequality over [z_0, z_1] and using the monotonicity of e^{c(z−z1)/4}E_l and E^{c(z−z1)/4}E^2_l we obtain

ℓ_z(z_1) − ℓ_z(z_0)e^{c(z0−z1)/2} ⩽^{4M}_c { E_l(ℓ(z_1)) +^{4M}_ν E_l(ℓ(z_1))^2 + e^{c(z0−z1)/4} + B^∗}

=^{4M}_c ( E_l(ℓ(z_1)) + ‖V (z_1)‖^2 )

⩽^{4M}_c (√ 2ℓ^2_z(z_1) +^{2M}_ν ℓ^4_z(z_1) − ( 1 +^{6c2}_{16ν} ) e^{c(z0−z1)/4} ) . This implies that ( 1 −^4 √ 2M c ℓ_z(z_1) −^{8M 2}_{νc} ℓ^3_z(z_1) ) ℓ_z(z_1) ⩽ e^{c(z0−z1)/4} ( ℓ_z(z_0) −^{4M}_ν ( 1 +^{6c2}_{16ν} )) . This is impossible for large z_0 since ℓ_z > 0 and lim_{z→∞} ℓ_z = 0. Hence B^∗ = 0 and we have

Lemma 6.4 Assume n = 1. There exists z_0 ≫ 1 such that ‖V ‖^2 ⩽^{4M}_ν E^2_l + e^{−c(z−z0)/4} ∀ z ≥ z_0. Now the equation for ℓ_z can be written as

[c + o(1)]ℓ_z + ℓ_{zz} =

1 + o(1) ‖ϕ_l‖^2 E_l + O(1)e^{−cz/4}. Since E_l = σAe^{−2μℓ+o(1)} and ℓ(z) ∼ R(z) = o(1)z, we see that e^{−cz/4} = o(1)E_l for large z. Hence, using ‖ϕ_l‖^2 = σ + o(1), we can summarize our result as follows.

Lemma 6.5 Assume n = 1. Then the function ℓ defined Lemma 6.2 satisfies

[c + o(1)]ℓ_z + ℓ_{zz} = [A + o(1)]e^{−2μℓ} ∀z ≫ 1

(6.9)

where A is as in (6.2) and lim_{z→∞} o(1) = 0.

Define Q(z) = e^{2μℓ}. The equation can be written as

2μA + o(1) = [c + o(1)]Q^′ + Q^{′′} − 2μℓ_zQ^′ = [c + o(1)]Q^′ + Q^{′′}.

With an integrating factor this gives

Q^′(z) = Q^′(z_0)e^− ∫_z z0 [c+o(1)]dẑ + ∫_z z_0 e^− ∫_z ẑ [c+o(1)]dz̃ [ 2μA + o(1) ] dẑ = 2μA/c + o(1). Thus, Q(z) = 2μAz/c + o(z). From the definition Q = e^{2μℓ} we then conclude that

2μℓ = ln {[2μA + o(1)]z c } or cosh(2μℓ) μz = A c + o(1).

Here we used the fact that cosh s = [^1_2 + o(1)]e^{|s|} for |s| ≫ 1.

We remark that we can obtain iteratively more and more accurately expansions.

6.8 The Case n > 1 Assume n > 1. Following a similar analysis as above, we can derive the projected dynamics

[c + o(1)] ℓ_z + ℓ_{zz} =

[1 + o(1)]E_ℓ ‖ϕ_l‖^2 = n − 1 + o(1) ℓ . This gives z = c + o(1) 2(n − 1) ℓ^2, lim_{z→∞} o(1) = 0.

References

[1] G. Alberti, L. Ambrosio, and X. Cabré, On a long-standing conjecture of E. De Giorgi: old and recent results, Acta Appl. Math. 65 (2001), pp. 9-33.

[2] S. Allen and J.W. Cahn, A microscopic theory for antiphase boundary motion and its application to antiphase domain coarsening, Acta. Metall. 27 (1979), pp. 1084-1095.

[3] L. Ambrosio and X. Cabré, Entire solutions of semilinear elliptic equations in R^3 and a conjecture of De Giorgi, J. Amer. Math. Soc. 13 (2000), pp. 725-739.

[4] D.G. Aronson and H.F. Weinberger, Multidimensional nonlinear diffusions arising in population genetics, Adv. Math. 30 (1978), pp. 33-76.

[5] H. Berestycki, L. Caffarelli, and L. Nirenberg, Monotonicity for elliptic equations in unbounded Lipschitz domains, Comm. Pure Appl. Math. 50 (1997), pp. 1089-1111.

[6] H. Berestycki, F. Hamel, and R. Monneau, One-dimensional symmetry of bounded entire solutions of some elliptic equations, Duke Math. J. 103 (2000), pp. 375-396.

[7] H. Berestycki and B. Larrouturou, Planar travelling front solutions of reaction-diffusion problems, preprint.

[8] A. Bonnet and F. Hamel, Existence of nonplanar solutions of a simple model of premixed Bunsen flames, SIAM J. Math. Anal. 31 (1999), pp. 80-118.

[9] L.A. Caffarelli and X. Cabré, Fully Nonlinear Elliptic Equations, Colloquium Publications, Amer. Math. Soc. 43, 1995.

[10] J. Carr and R.L. Pego, Invariant manifolds for metastable patterns in ut = ε^2uxx − f(u), Proc.

Roy. Soc. Edinburgh, Sect. A, 116 (1990), pp. 133-160.

[11] Xinfu Chen, Generation and propagation of interfaces for reaction-diffusion equations, J. Diff. Eqns.

96 (1992), pp. 116-141.

[12] Xinfu Chen, Spectrum for the Allen-Cahn, Cahn-Hilliard, and phase-field equations for generic interfaces, Comm. Partial Diff. Equations 19 (1994), pp. 1371-1395.

[13] Xinfu Chen, Generation, propagation, and annihilation of metastable patterns, J. Diff. Eqns. 206 (2004), pp. 399-437.

[14] Xinfu Chen, J.-S. Guo, and H. Ninomiya, Entire solutions of reaction-diffusion equations with balanced bistable nonlinearities, Proc. Roy. Soc. Edinburgh, Sect. A, to appear.

[15] Xinfu Chen and M. Taniguichi, Instability of spherical interfaces in a nonlinear free boundary problem, Adv. Diff. Equations 5 (2000), pp. 747-772.

[16] E. De Giorgi, Convergnece problems for functionals and operators, In: Proc. Int. Meeting on Recent Methods in Nonlinear Analysis, Rome, 1978, Pitagora, 1979, pp. 131-188.

[17] P. De Mottoni and M. Schatzman, Development of interfaces in R^N , Proc. Roy. Soc. Edinburgh Sect. A 116 (1990), pp. 207-220.

[18] S.-I. Ei, The motion of weakly interaction pulses in reaction-diffusion systems, J. Dynamics Differential Equations 14 (2002), pp. 85-137.

[19] L.C. Evans, H.M. Soner, and P.E. Souganidis, Phase transitions and generalized motion by mean curvature, Comm. Pure Appl. Math. 45 (1992), pp. 1097-1123.

[20] P.C. Fife, Dynamics of Internal Layers and Diffusive Interfaces, CBMS-NSF Regional Conference, Series in Applied Mathematics 53, 1988.

[21] P.C. Fife and J.B. McLeod, The approach of solutions of non-linear diffusion equations to traveling front solutions, Arch. Rational Mech. Anal. 65 (1977), pp. 335-361.

[22] G. Fusco, A geometric approach to the dynamics of ut = ε^2uxx + f(u) for small ε, in “Lecture Notes in Physics” (Kirchgassner Ed.), Vol 359, 1990, pp. 53-73.

[23] G. Fusco and J.K. Hale, Slow-motion manifolds, dormant instability, and singular perturbations, J. Dynamics Differential Equations 1 (1989), pp. 75-94.

[24] N. Ghoussoub and C. Gui, On a conjecture of De Giorgi and some related problems, Math. Ann.

311 (1998), pp. 481-491.

[25] D. Gilbarg and N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, Springer Verlag, 1997.

[26] F. Hamel and R. Monneau, Solutions of semilinear elliptic equations in R^N with conical-shaped level sets, Comm. Partial Diff. Equations 25 (2000), pp. 769-819.

[27] F. Hamel and R. Monneau, Existence and uniqueness for a free boundary problem arising in combustion theory, Interfaces Free Boundaries 4 (2002), pp. 167-210.

[28] F. Hamel, R. Monneau, and J.-M. Roquejoffre, Stability of traveling waves in a model for conical flames in two space dimensions, Ann. Scient. Ec. Norm. Sup. 37 (2004), pp. 469-506.

[29] F. Hamel, R. Monneau, and J.-M. Roquejoffre, Existence and qualitative properties of multidimensional conical bistable fronts, Disc. Cont. Dyn. Systems 13 (2005), pp. 1069-1096.

[30] F. Hamel, R. Monneau, and J.-M. Roquejoffre, Asymptotic properties and classification of bistable fronts with Lipschitz level sets, Disc. Cont. Dyn. Systems 14 (2006), pp. 75-92.

[31] F. Hamel and N. Nadirashvili, Travelling waves and entire solutions of the Fisher-KPP equation in R^N , Arch. Rational Mech. Anal. 157 (2001), pp. 91-163.

[32] M. Haragus and A. Scheel, Corner defects in almost planar interface propagation, Ann. Inst. H.

Poincaré, Anal. Non Linéaire, to appear.

[33] T. Ilmanen, Convergence of the Allen-Cahn equation to Brakke’s motion, J. Diff. Geom. 38 (1993), pp. 417-461.

[34] H. Ninomiya and M. Taniguchi, Traveling curved fronts of a mean curvature flow with constant driving force, in ”Free boundary problems: theory and applications, I” GAKUTO Internat. Ser. Math. Sci. Appl. 13 (2000), pp. 206-221.

[35] H. Ninomiya and M. Taniguchi, Stability of traveling curved fronts in a curvature flow with driving force, Methods and Application of Analysis 8 (2001), pp. 429-450.

[36] H. Ninomiya and M. Taniguchi, Existence and global stability of traveling curved fronts in the Allen-Cahn equations, J. Diff. Eqns. 213 (2005), pp. 204-233.

[37] H. Ninomiya and M. Taniguchi, Global stability of traveling curved fronts in the Allen-Cahn equations, submitted to Disc. Cont. Dyn. Systems.

[38] T. Ouyang and J. Shi, Exact Multiplicity of Positive Solutions for a Class of Semilinear Problems, J. Diff. Eqns. 146 (1998), pp. 121-156.

[39] O. Savin, Phase transitions: regularity of flat level sets, preprint.

[40] H.M. Soner, Motion of a set by the curvature of its boundary, J. Diff. Eqns. 101 (1993), pp. 313-372.