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1.1

CHAPTER

Refresher

We begin with some reminders which are prerequisites of this course of optimization.

First and second order differentiation

The difference bewteen differentiation and derivative must be bore in the mind of the
student. One can talk about the latter only for functions from R to R. If the function has
several variables or yields several values, one cannot talk about derivatives but will rather
talk about differentiation. The formal definition is as follows

Definition 1.1.1 Let f : R” — RP. Then f is said to be differentiable at a point
x € R™ if there exists a linear mapping d, f : R — RP | such that for every small
step h € R", we have :

f(z+h) = f(x) + do f(h) + O(||A]]) -

This mapping d,. f depends on z, it is called the differential of [ at the point .

The main fact that confuses the student is the partial derivative which is introduced
for real-valued functions with several variables. The partial derivative is linked to the
notion of differential (and to the idea of differentiation), but is not equivalent to it. It is
important to understand the partial derivative but the goal of the analysis of functions of
several variables is differentiation. The partial derivative is just a mean to that goal.

Definition 1.1.2 — Partial derivative. Let f: R" — R an let 1 <7 < n, we denote by
%(x) or Oy, f(z) or 0;f(z) or even f;(z), the partial derivative of f (if it exists)
with respect to its i*" variable.
e This derivative is defined as the derivative at 0 of the function t — f(z + te;),
where e; is the i" vector of the canonical basis.
e Equivalently, we have 0; f(x) = lim;_,¢ w
e This partial derivative is also sometimes called a directional derivative or
Gateaux derivative.
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Exercisel.l
Define f : (w1, z2,73) = 323 + 62122 + 73 cos(z172) and compute O f.

Solution to Exercise 1.1
Oz f (21,22, 23) = 621 — 2371 sin(z122)

For any function from R™ +— RP, we have n x p different partial derivatives. They can
be put in an array of size (p,n) and form a matrix. This matrix is coined as the Jacobian.
The difficulty is to remember in which order the derivatives must be put (in column or in
row 7). In other words, is the Jacobian a n x p or a p X n matrix ? For now, we must
accept the following convention.

Definition 1.1.3 — Jacobian. Let f : R — RP and denote f(z) = (f!(z),..., f?(z)).
Then the Jacobian of f at point z € R™ is the n X p matrix given by:

81f1($) (92f1(£1}) 8nf1(:lj)

O f2(z) Ouf%(z) ... Onf?(z
Jaclf] = 1f'() 2f.(). f'()

() Ouf(z) ... OnfP(x)

—— Exercisel.2

2
Compute the Jacobian of f: R3 — R if f(z) = <3331 + o cos(x1x2)>

Sxoxy + ln(xg + 2)

Solution to Exercise 1.2

Jaculf 6x1 — rowssin(zrize) —xixssin(riza) cos(xriza)
acalf] = 5z2 521 zécfm

Theorem 1.1.1 Let f : X — R', where X C R” and suppose that f is differentiable
at point x € X, then the Jacobian is the matrix of the differential in the canonical
basis. Hence, for any h € X, we have

dy f(h) = (Jacg[f]) .

Finally, in the case of a real-valued function (and only in this case), we can define the
gradient.

Definition 1.1.4 — Gradient. Let f : R"™ — R, suppose that the Jacobian of f at point
x exists. Then its transpose is denoted V f(z) and called the gradient. We then

have:
O1f(x)

V1@ = (Jaealf))” = | 2T

Onf(2)
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Exercisel.3
If x = (v1,22) and f(z) = 323 + w2 cos(z1), compute the gradient of f.

Solution to Exercise 1.3

Vi ) — (64”1 — 22 Sin(:v1)>

cos(z1)
The relationship between the Jacobian, the gradient and the differential is as follows.

Theorem 1.1.2 Let f : X — R, where X C R? and suppose that f is differentiable at
point & € X. The gradient of f at point x is the only vector such that

In optimization, second derivatives matter. Writing down second order differentiation
can be quite messy, but is simpler in the case where the function is real-valued.

Definition 1.1.5 Let f : R™ — R, then we call Hessian of f at point x the n x n
matrix of second-order derivative

allf(.I) 812f(l‘) alnf(:l?)

821 x 622 T 82n x
HIfI(w) = Jacglvf] = | 21 001 o Ol

Omf(@) Onaf(®) ... Ownf(x)

—— Exercisel .4
Compute the gradient and the Hessian of

f:x=(x1,22) — 322 + 25 cos(z1),

Solution to Exercise 1.4

Vi) = <6“”“1 p Si“““)) et HIf)(z) = (6 —enesion) = Si“@l))

cos(z1) —sin(zq) 0

For a regular function, immediate computations shows that the partial derivative of a
function with respect to x and then to y is the same than the one with respect to y and
then to . In other words, the order in which the partial derivative are taken does not
matter. This is actually equivalent to stating that the Hessian matrix is symetric, this
theorem is known as Schwart’z theorem.

Proposition 1.1.3 — Schwartz. If f is a C2 function, then H[f](z) = (H[f](z))*

Shcwartz theorem is not always true, first there exists counterexamples of weird functions
which admits second order partial derivative but are not C? and for which the order of
directions of derivations matters. A more important counterexample is at the core idea of
Riemanian geometry. What Schwartz theorem states is that taking a step in the x direction
and then in the y direction is the same thing than taking a step in the y and then in the
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x direction. But this is true only on a plane, in everydays’s life, this theorem is actually
false. Indeed, on a sphere, if one takes a step in the east direction and then on the north
direction, he does not end up in the same place than if he takes a step first towards the
north and then the east. Schwart’z theorem is only true in the so-called euclidean or
plane geometry. It fails to be true on curved or Riemanian geometry.

Taylor expansion

Taylor expansions are a major tool in mathematics and they are of utmost importance in
optimization. We refresh the notion of Taylor expansion for functions from R to R.

Proposition 1.2.1 — Classic Taylor expansions. If f : R — R is sufficiently regular,
we have:

fle+h) = f(@)+ f(x)h+o(h)
flx+h) = f(z)+ f(z)h+O(R?)

flath) = f@)+ @b+ 37" @h +o(r)
fath) = f@)+ @b+ 37" @ +0(h)
The general form is given by

f@+h)=f@)+ f@h+ -+ Txh" +R,

where R is the remainder of the Taylor expansion, it can be given as

R =o(h") if fis D™ (Peano remainder)
R = O(h™+) if £ is O™t
R="{ ((nt:l)(,)h”“ forz <c<h if fis D""! (Mean-value remainder)
= I hf (HH)(Ht (h —t)"dt if f("*1) is integrable (Integral remainder)

The general form of the Taylor expansion at first order can be inferred from the
unidimensional case.

Proposition 1.2.2 — General case. If f : R™ — RP is regular enough, we have :

fl@+h) = f(z) + Jacz[f].h + o(||h])
In the case of a real-valued function, the Taylor expansion must be known

Proposition 1.2.3 — Real valued function. If f : R™ — R, is regular enough, we have :

flx+h) = f(z)+(Vf(z),h) +o(||hl)

1

fl@+h) = f(@) + (VI (@), h) + 5 (Hf)@)h, h) + o([IR])
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1.3 Levelsets and gradients 11

Levelsets and gradients

If f:R" — R, then for each point M € R", Vf(M) is a vector of R™. In the case n = 2,
the graph of a function is a 2d surface in a 3d plot but the gradient is a 2d vector. Hence
it has to be plotted in the (z,y) plane. In Figure 1.1, we plot in 3 dimensions the graph
of the function f(z,y) = 22 + 0.8 x 42 + 0.7, in yellow/ocre coulours, we plot the surface
2z =22+ 0.8 xy> + 0.7. We also plot in black three levelsets and their projection in the
z = 0 plane. At the point (z¢,y0) = (0.4,0.3), we plot the tangent space in black. It is
given by the equation:

Yo

z= <Vf(xo,yo), (Z; B x0>> + f (o0, %0)

This equation can be rewritten

< 2 ,<Vf(f(i’y°))>=< . Zj | ,<vf(f(i’y0)>>-

Zo, Yo

Vf(l'(), yO)
-1

to the point (xo, Yo, f(20,yo0)) in blue in Figure 1.1. The vector V f(xg,yo) attached at the

point (g, y0) and is displayed in red in Figure 1.1.

Hence the vector ( ) is orthogonal to the tangent plane. It is displayed, attached

Figure 1.1: A quadratic function and its Taylor expansion in (xo,yo) = (0.4, 0.3) its levelset
are in black and its tangent plane at (zg,yo) is in black. In red, the gradient at (xq,yo) , in

Vf(ffoayo)) : ( V f(xo,y0) )
blue the vector , in black the vector .
( ~1 IV £ (o0, yo) ||

Symetric matrices

Before being able to state the main theorem, we need some preliminary definitions and
technical lemmatas.
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Figure 1.2: A function, its levelsets and the gradient field. Notice that the gradient is
orthogonal to the level-sets.

Definition 1.4.1 Let A be a symetric matrix in M, »,(R). Then all the eigenvalues
of A are real and A is diagonalizable in an orthonormalized basis.
o If every eigenvalue of A is non-negative (i.e. > 0), we say that A is semi-definite
positive and we denote A > 0.
o If every eigenvalue of A is positive (i.e. > 0), we say that A is definite positive
and we denote A > 0.

The fact that all the eigenvalues of A are real and that there exists an orthonormal
basis that diagonalizes A is supposed to be known to the reader. We have a caracterization
of semi-definite positive and definite positive matrices. It reads :

Proposition 1.4.1 Let A be a symetric matrix in M, x,(R). Then,
A»0<= (Ah,h) >0 YheR" <= Ic>0s.t. (Ah,h) > c||h||*> Vh e R".

For the definite positive case, the proposition is almost the same. We assume that
h e R™.

A= 0<= (Ah,h) >0 VYh#0<= 3c>0s.t. (Ah,h) >c||h|® Vh

— Proof
Let (e;) be an orthonormalized basis that diagonalizes A and (\;); be the corre-
sponding eigenvalues. The existence of such a basis is ensured by the fact that A is a
symmetric matrix with real coefficients. By definition we have

(Ae; = Nje; Vi) and  ((ej,e;) =0 Viz#j) and ({e,e) =1 Vi)




1.5 Convexity of sets 13

Let h € R™, decompose h on the basis (e;); and denote (h;); the coordinates, we have
h = Z hiei.
i

We have the standard Pythagorean equality
<h, h> = < <Z hiei> s Z hjej > = Z hﬂbj(@i, €j> = Z h?
i=1 j=1 i,J

=1

Denote Ay, the smallest eigenvalue of A, it comes

<A (zn: hzel> y zn:hjej > = Z hlhj <A6i, €j> = Zhlhj <)\i€i7€j>
=1 7=1 1,5 1,5

= Z)\Z‘hih]’<6i,€j> = Z)\zh? > Z/\mh? > )‘mHhHZ?
i,j =1 i=1

(Ah, h)

We now prove the equivalences
e Suppose that A > 0 (resp. > 0), then A\, > 0 (resp. > 0) and for any h, we
have

(Ah, h) > A |R||?
e Suppose that there exists ¢ > 0 (resp. > 0) such that

(Ah, h) > c|||,

then (Ah,h) > 0 (resp. > 0) for any h # 0.

e Suppose that (Ah,h) > 0 (resp. > 0) for any h # 0. By choosing h = e;, we
have (Ah, h) = A;. So that every eigenvalue of A is > 0 (resp. > 0) and hence
A >0 (resp. > 0).

1.5 Convexity of sets

1.5.1 Definition

Definition 1.5.1 — Set convexity. Let E be any vector space and C C F, we say that
C is convex if and only if we have

V(z,y) € C%, V0 €)0,1], then Oz + (1-0)yecC

In words, a set C is convex if and only if it contains every segment that ends in C. In
Figure 1.3, we display several examples of convex sets. In Figure 1.4, we emphasize the fact
that the boundary is of importance when considering convexity. Indeed, in Figure 1.4, we
represent four sets which have same interior and same closure, only the first three of those
sets are convex.

The following proposition states that convex sets are stable by intersection. This
property is of importance because it allows to talk about the smallest convex set in the
sense of the inclusion.
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Qo4 D

Figure 1.3: Convexity of sets, the first three sets are convex while the last two are not.

Figure 1.4: Convexity of sets, the first three sets are convex while the last one is not. In
black is the part of the boundary that belongs to the set.

Proposition 1.5.1 Let (C;)ier be a family of convex sets, then C* = ﬂ C; is a convex
el

set. For any property (P) which is stable by intersection, we can talk about the the

smallest convex set that verifies (P).

— Proof
e Let 2 and y belong to C* and take 6 €]0, 1[. For any ¢ € I, both x and y belong
to C;, so that 0z + (1 — 0)y belongs to C;. Hence 0z + (1 — 0)y belongs to C*
and therefore C* is convex.
e Take any property (P), take I the family of convex sets that verifies (P) and
C* the intersection of all the sets in I. If (P) is stable by intersection, then C*
verifies (P) and C* is included in every sets that contains (P). Hence C* the
smallest set that verifies (P).

For instance, for any given set A, we can talk about the smallest set that contains A,
and we can give it a name (spoiler, it is called the convex hull).
A very important class of convex sets is the class of polytopes.

Proposition 1.5.2 — Polytopes. Let A € M, ,(R), C € My,(R), b € RP and d € RY.
Define C C R™ as
C={zeR"| Az 2 b,Czx = d}.

Here C is defined with a finite number of equalities and inequalities. The set C is
a convex set and is called a polytope. In dimension 2, the polytopes are called
the polygons and in dimension 3, they are called the polyhedra (the singular is
polyhedron).
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1.5.2 Convex Hull

1.6

Definition 1.5.2 — Convex combination. Let zi,..,z, € R". We say that x is
a convex combination of (x;)i1<i<m if there exists real non-negative coefficients
(a1, ..., auy) such that :

m m
B = E a;r;  and g a; =1
i=1 =1

In other words, a convex combination is an ponderated average with non-negative
coefficients. In Figure 1.5, we display some examples of family (x;);er and the corresponding
convex combinations.

Definition 1.5.3 — Convex hull. Let X C R", the convex hull of X is denoted conv (X)
and is defined as the smallest convex set that contains X. In finite dimension, the
convex hull of X is the set of convex combinations of elements of X :

p p
conv (X)={z eR"| 37:20%371‘ where z; € X, p € N and Zai =1, oy > 0}.
i=1 i=1

Figure 1.5: Exemples of convex hulls. On the left, a typical convex hull of a finite number
of points. On the right, a convex hull of a domain with an infinite number of points.

Convexity of functions

We turn our attention to the notion of convexity for a function. In a nutshell, a function f
is convex if and only if f of the average is smaller than the average of the f’s. In
this section, we consider functions from X to R, where X is a convex set. These functions
are called real-valued functions.

Definition 1.6.1 — Real-valued convex function. Let f : X — R with X a convex set.
We say that f is convex over X if and only if

We say that f is strictly convex over X if and only if

Y(z,y) € X%, V0€]0,1], f(Oz+ (1 —0)y) < 0f(x)+ (1 —6)f(y)
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An illustration is given in 1.6. In this figure, we see that a convex function may fail to
be differentiable at some points. We can prove however that a real-valued convex function
is almost everywhere differentiable on X.

f(=)

0f(x1) + (1 = 0)f(x0)

Figure 1.6: An example of convex function from R to R. Note that this function is not
differentiable everywhere

In Figure 1.6, the segment between (z, f(z)) and (y, f(y)) is called a chord. By
Definition 1.6.1, convex function lies under their chords. It turns out that convex functions
lies above their tangents (Taylor expansion of first order). This is made clear in the following
proposition. An illustration of this fact is given on Figure 1.7 in 2d and 3d.

|
| |
) )
zo / T

Figure 1.7: A convex function is always above its tangent hyperplanes (when they exists),
on the left a 1d example and on the right a 2d example.

Theorem 1.6.1 Let X C R”™ be a convex set and f : X — R be differentiable on X.
The function f is convex over X if and only if

V(z,y) € X2, f(y) 2 f(a) +(Vf(z),y — ), (1.1)
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Proof
We first suppose that f is convex. Let x and y be any element of X, by convexity of

f, it holds for every 6 €]0, 1] that :
f(A=0)z+0y) < (1-0)f(z) +0f(y) = f(z) +0(f(y) — f(z))

Reorganizing the above inequality, we obtain:

fla+0(y—x)) — fz)
0

< f(y) = f(=).

Letting 6 go to zero while being positive, we obtain (1.1). We now suppose that (1.1)
is true. For any (a,b) € X2 and 6 € [0,1], apply (1.1) to (z = fa + (1 — )b,y = a),
and then to (x = 0a + (1 — 0)b,y = b), we obtain

fla) > flla+@Q—-0b) + (1-0) (Vf(fa+ (1—0)b),b—a)
FO) > flla+@1—00) — 0  (Vf(Ba+(1—0)b),b—a)

Multiply the first inequality by 6 and the second by 1 —6. Add up the two inequalities

and obtain:
0f(a) + (1 —0)f(b) > f(fa+ (1 —0)b),

Hence f is convex on X.

We stated that a function is convex if and only if / of the average is smaller than
the average of the f’s. But this statement is true in definition 1.6.1 only when taking
the average of two points « and y. In fact, this statement is true when taking the average

(we rather talk about a ponderated barycenter in this case) of any finite number
point. This theorem is known as Jensen’s inequality.

Proposition 1.6.2 — Jensen’s inequality. Let f : R™ — R be a convex function over
X and (z;); a family of points of X and («;); > 0 some real coefficients such that
Yoty a; =1, then

of

— Proof
The proof is by recurrence over m. For the case m = 2, we must have as =1 — oy
and then

flaazr + (1= an)wg) < o f(@1) + (1 — o) f(@2).

Suppose now that the results holds true for m < k. Set m = k£ + 1 and denote
B = ]-“: a; and y = k: Zix;. Apply the recurence hypothesis to the family
=1 i=1 8
Ti)1<i<k with coefficients (%)1<;<x. Note that the coefficients are positive and sum
<i< B )1<i<

up to on. We have

Now use the above inequality with convexity (case k = 2, with 8+ a,;, = 1) to obtain
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f <g aﬁ%’) = f(ﬁy + amxm) é Bf(y) + amf(xm)

convexity

k
< Z azf@%) + amf(xm)

=1

1.7 Proving convexity

It is rather difficult to prove convexity with the definitions of the previous section. Hopefully
we have some usefull theorem that helps determining wether an object is convex or not

Theorem 1.7.1 — Convexity of sets.
1. If X is a vector space, then X is convex.
2. If X is defined via inequality and equality constraints, that is

X ={z,9i(x) <0and hj(z) =0 VielandjeJ}

If g; is convex for every ¢ € I and h; is affine for every j € J, then X is convex.

— Proof
1. Let = and y be in a vector space, then for any 6 € [0,1], 6z + (1 — )y also
belongs to the same vector space.
2. For each i and j, define

X; ={z,gi(x) <0} and X; = {z, hj(x) = 0}.

If we show that each X; and X; are convex, because X = (M;X;) N (N;X;), we
are done.
e Let us begin by X;. If z and y are in X; and 6 € [0, 1], then

Oz +(1—0 < 0_g(x)+(1-0 <0
9(0z + (1 - 0)y) = I_g(z)+ (1 ~6)g(y)
convexity of g >0 <0 >0 <0

e Let  and y be in X; and 6 € [0,1]. Because h; is affine, there exists a
linear function a and b € R such that hj(z) = a(z) + b for every z. We
then have:

h(0x+(1—0)y) = al@z+(1-0)y)+0b

Oa(z)+ (1 —a(y)+ O+ (1—6))b
(a(z) +b) + (1 - 0)(a(y) +b)

h(z)+(1 — 6) h(y)

=0 =0
=0

0
0
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Theorem 1.7.2 — Necessary conditions for convex functions. Let f be a C? function
over a convex set X C R"™. If f is a convex function over X then H|[f](x) = 0 for
every x € X (the interior of X).

— Proof
Let f be a convex function and suppose there exists € R™ such that H[f](z)
admits a negative eigenvalue A. Let d be an eigenvector associated to A. Because
x € X, then z + ed € X for every € > 0 small enough. Moreover

fl+ed) = f(z)+(Vf(z)ed) + - (H[fl(2)d,d) + o(c?)

| Qoo N

= f(@)+ (Vf(z),ed) + = M|d|* + o(<?)

~—
<0

< f(z)+ (Vf(z),ed) for small enough e.

Hence if f is convex, there is a contradiction with Theorem 1.6.1.

Theorem 1.7.3 — Sufficient conditions for convex functions. If f is a C? function

over a convex set X C R”, then
o If H[f](z) = 0 for all z € X, then f is convex on X .
o If H[f](xz) > 0 for all € X, then f is strictly convex on X .

The proof of this result is divided into two steps. We first prove it in the 1d case
X =[0,1] and where we are only interested in the convexity between the points 0 and 1.
That is, we prove the following lemma :

Lemma 1.7.4 Let ¢ € C2([0,1]) and 6 €]0,1].
o If ¢"(z) > 0 for all x € [0,1], then ¢(A) < (1 — 0)p(0) + O(1).
o If ¢"(x) > 0 for all z € [0, 1], then ¢(f) < (1 — .

Proof
We only deal with the case ¢” > 0, for the case ¢ > 0, replace strict inequalities by
large one. Because ¢’ is increasing, we have

0
6(6) — $(0) = /O ¢/(t)dt < 04(6)
1
6(1) — $(6) = /9 ¢ (t)dt > (1 - 0)¢/(0)

Grouping these two inequalities, we have

¢(0) — 6(0) ¢(1) — ¢(0)
0 1-46

which means: ¢(0) < (1 —0)¢(0) + 0p(1).

< ¢'(0) < = (1 =0)(0(8) — ¢(0)) < 0(¢(1) — ¢(0))
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Proof of Theorem 1.7.3
Suppose H[f](z) > 0 for all z € X. The case H[f](z) > 0 is done the same

way and we do not prove this case. Let z,y € X?. We introduce the C? function
¢ :[0,1] — R defined by

¢(0) = f(6x + (1 - 0)y) Vo.

In order to compute the second derivative of ¢, we use the second order Taylor
expansion of f. For any 6 and 6, we have

pO0+0)=f(O+0)z+(1—0—0)y)=f(0z+ (1 —0)y+0(z—y)).
Introducing m = 0z + (1 — 6)y, we have
¢p(0+0) = fim+6(z—y))

. 62 .
= Fm)+8{V(m), (2~ y) +5 (HIAm)E —y), @~ ) +0(F)

(1) (2)

We can identify (1) as the first order derivative of ¢ and (2) as its second order
derivative. We have

¢'(0) = (Vf(m),z—y),
¢"(0) = (H[fI(m)(x —y), (z —y)).

Because H[f](m) > 0 and x # y, then ¢"(m) > 0. We apply Lemma 1.7.4 to obtain:
[0z + (1 =0)y) <(1-0)f(y) +0f(x),

because: ¢(0) = f(y), @(1) = f(x) and ¢(6) = f(0 + (1 — O)y).

This proves that f is strictly convex.

M

inimum, infimum, supremum and maximum

Definition 1.8.1 — Infimum of a set. Let X a subset of a Banach space and f : X — R.
The set of lower bounds of f over X is the set

{z,such that z < f(x) Vze X}

We define the infimum of f over X and denote it infx(f) as :
e If X is empty then infx(f) = +oc.
o If the set of lower bounds of f over X is empty, then infx(f) = —oc.
e In any other cases, infx (f) is the largest lower bound of f over X. We have

151(f(f) = max{z,such that z < f(z) Vo e X}

Definition 1.8.2 — Minimum of a function. Let X a subset of a Banach space and
f: X—=R
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o If there exists * € X such that f(z*) = infx f, then
1. We say that the infimum of f over X is attained.
2. We call this infimum the minimum.
3. We call * a minimizer of f over X

e The set of minimizers is denoted arg min, by definition :

z € argmin f(z) < (f(z) = inf f(z) and z € X) .
zeX zeX

Note that the infimum is not attained iff arg min ¢y f(z) =0

By convention, we have argmin, .y f(z) = 0 if f(X) does not have a minimum. Hence,
arg min always exists even if min does not always exists.

—— Exercisel.b
Give the minimizers, if they exist of the problem inf,cx f(X), where
. X =Rand f(z) =22+ 1.
X =Rand f(z) = cos( ).
X =R and f(x) =
X =[1,2] and f(m) =2? 4
X =|1,2] and f(x) = 2% + .

U W

Solution to Exercise 1.5
We have

1. argmingcy f {0}

. argminge x f

(z) =
(z) =
cargmingcy f(x) =
: i ()
(2)

Ot = W N
I

=

o

z

=]

8

m

b

~

Definition 1.8.3 — Local minimum. Let X be a subset of a Banach space. We say
that z* is a local minimizer of f over X if and only if there exists r > 0 such that
if B is the ball of radius r and of center a*, then z* is a minimizer of f on X N B.
In this case the value f(z*) is called a local minimum.

If there is a risk of confusion, we sometimes say that the minimizer of f over X are
global minimizers (as opposed to "local minimizer") and we often say that the minimum
is the global minimum. Hence a "global minimum" is always a "local minimum" and
a "global minimizer" is always a "local minimizer". The converse is false. Note also that
there might exists more than one local minimum. The plural of "minimum" is minima (in
french also, it is a latin word) and not "minimums".

1.9 The effect of convexity on minimization problems
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1.9.1 Globalization of minima

Theorem 1.9.1 — no local minima.
1. If f is convex over the convex set X, then local minima of f over X are global
minima.
2. If f is a C! and convex function over the convex set X, then if z is a critical
point of f (a point where V f(x) = 0), then x is a global minimum of f over X.

Proof

1. We prove the first item by reductio ad absurdum. Let xg € X be a local
minimizer of f over X, i.e. there exists r > 0 such that:

Vy € X such that ||y — zo|| < r then f(y) > f(zo). (1.2)

Suppose that xg is not a global minimum of f over X, i.e. there exists 1 € X
such that

f(@1) < f(xo)- (1.3)

For any 6 € [0, 1], we introduce xg = 01 + (1 — 0)xo. The point zy belongs to
the convex set X for any 6 € [0, 1]. Moreover, we have, if § # 0

f(xe) = f(0x1 + (1 — O)z0) < Of(21) + (1 = 0) f(20) < f(20)

If 6 is close to 0, we can manage to have ||xg — xo|| < r. This contredicts (1.2).
2. If x is a critical point, then V f(z) = 0. Because f is convex, we use Theo-
rem 1.6.1 to obtain, for any y :

fy) = fa) +(Vf(2),y —2) = f(=)
=0

Hence x is a global minimum.

1.9.2 Strict convexity

Theorem 1.9.2 — Strict convexity and uniqueness. If f is strictly convex on the
convex set X, then f admits at most one global minima (and hence at most one
local minima) on X.

Proof
Let x1 # z2 be two elements of X which are global minimizers of f. By convexity of
X, it holds that #3%2 € X and by strict convexity of f we have,

F(252) < o)+ )

1 . 1 . .
51;3)131‘(1/) + 5;@;}]‘(1/) = gél)lgf(y),

which is impossible.




CHAPTER

Existence

In this chapter, we review the theorem of existence of minimisation problems seen in the
previous year. We suppose that the reader is familiar with the following theorem, coined as
the Weierstrass Theorem :

If f is a continuous function on X C R", where X is a non-empty bounded and
closed set, then the function f admits minmizers and maximizers.

The above theorem is not to be confused with the following result, known as the
Bolzano-Weierstrass Theorem :

Any bounded sequence of R admits a convergent subsequence.

Note that Bolzano-Weierstrass Theorem is key to proving Weierstrass Theorem (see for
instance Theorem 2.2.2 which is a generalization of Weierstrass and its proof), hence the
confusion. The goal of this chapter is to improve Weierstrass Theorem in several directions,
notably by studying the infinite dimensional case. The key idea is that, in infinite dimension,
the Boltzmann-Weierstrass Theorem is not true anymore and one usually resorts to the
Banach-Alaoglu Theorem. One of the goal of this chapter is to introduce these notions
and guide the reader through the main ideas of infinite dimensional optimization. In this
chapter, we will suppose that the reader is familiar with the notion of a Banach space. This
notion is briefly recalled in the definition below

Let X be a metric vector space (a vector space with a norm). We say that the
sequence (uy )y is a Cauchy sequence iff

lim sup |lug —ug|| | = 0.
n—-+0o0 k>nk/>n

If every Cauchy sequence converges, X is said to be complete. A complete metric
vector space is called a Banach space.
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Minimizing sequences

The proof of existence of minimization problems relies strongly on three notions : the
existence of minimizing sequences, lower semi-continuity and compactness. We study the
first notion in the following proposition.

Proposition 2.1.1 — Minimizing sequence. Let X be any kind of set and f : X — R.
We say that (z,,), is a minimizing sequence for the problem infx f if x,, € X for
every n and

lim f(z,) = igl(f f.

n—-+00

If X is not empty, there always exists a minimizing sequence.

It is very important to remember the hypothesis of any given proposition. In the
above proposition, there is none. It means that the concept of minimizing sequence is very
important because there always exists a minimizing sequence, no matter what.

Proof

We recall that infx f is the largest lower bound of f(X), that is the largest m € R
such that m < f(z) for each € X. By definition infx f = 400 if X is empty and
infx f = —oo if f(X) has no lower bound.

1. Suppose that infx f = —oo. Hence there is no lower bound of f over X, that is
for every n € N, —n is not a lower bound, hence 3x,, € X such that f(z,) < —n,
and then (x,), is a minimizing sequence.

2. Suppose now that infx f =m € R. Fixn € N

(a) Because m+ % is not a lower bound of f over X, then there exists x, € X
such that f(z,) <m+ %
(b) Take the z,, defined above, because m is a lower bound of f over X, we
always have f(x,) >m
Hence the sequence (f(zy))y, converges to m and (x,,), is a minimizing sequence.

The second important notion is the one of lower semi-continuity. It bears a barbaric
name, but is just an extension of the notion of continuity. First, we must remember what
is continuity. If f is a continuous function at a certain point x, when we study the values
of f(x,) as z,, approaches z, we find that f(z,) tends towards f(z). In other words, f
is continuous if " f of the limit" is equal to "the limits of the f’s". A function is lower
semi-continuous if " f of the limit" is smaller than "the limits of the f’s".

Definition 2.1.1 — Lower semi-continuity. Let f : X — R where X is a Banach space.
The function f is Ls.c at g € X iff for every sequence z,, € X that converges to zg,
we have :

limiinf f(2,) > f(20).

n—-+o0o

Where

.. def ;. . .
liminfu, = lim inf u; = sup inf u
n—-+00 n—-+o0o k>n n k>n

Here the notion of liminf seems a little bit complicated, but it is a life-saver for
mathematicians. Indeed consider any sequence of real number (uy,),, in general we cannot

talk about liI_’I_l u, because we do not know if it exists. But consider the sequence (vy,),
n—-+0oo
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given by v, = infy>, ug, then (v,), is an increasing sequence so that it always admits
a limit. Possibly this limit is equal to 400 or —oo, but it exists. Similarly introducing
Wy, = SUPg >y, Uk, then wy, is a decreasing sequence. Now define

. . . def ;.

liminfu, = lim v, and limsupu, = lim w,.

n—+00 n——+00 n——+o0o n——+o0
Then both liminf u, and limsupu, are objects that always exists. Moreover we have
v < uy < wy, for each n, this means that if (v, ), converges to the same limit as (wy,),
then the whole sequence (u,,), converges. Hence we established the theorem

(hm inf u,, = lim sup un) = lim w, exists.
n—+oo n——+o00 n—+oo

Note that this theorem uses objects such as liminf or lim sup that always exists to conclude
on the existence of an object that might not exist (and mathematicians HATE objects
that might not exist). It is not hard to prove that the above implication is indeed an
equivalence, so that the existence of the limit of sequence of real numbers implies that the
liminf and lim sup must coincide. Anyway, if one is too afraid to use liminf!, one could
use the following equivalent definition of lower semi-continuity :

Proposition 2.1.2 — Equivalent definitions. Let f : X — R where X is a Banach space.
The function f is l.s.c at zg € X iff for every sequence x,, € X that converges to xg,
such that lirf f(zy) exists (possibly equal to +00 or —c0), then

n—-+00o

lim f(zn) > f(x0).

n—-+o0o

In order to understand the notion of lower semi-continuity, we propose an exercise

—— Exercise2.1
aifx <0
Let a,b,c € R and f: R — R be defined as f(x) =< bif z =0 . Show that
cifx >0
1. fisls.c. iff b<aand b <c,

2. fisus.c. iff b>a and b > ¢,
3. f is continuous iff a = b = c.

Existence of minimum in finite dimension

In this section, we give sufficient conditions that ensure existence of a global minimum.
Before dwelling into the subject, we study some cases where there is no global minima. The
three examples below are characteristic of three different phenomenon that the hypotheses
will prevent .

Proposition 2.2.1 The three following problems do not admit a global minimum :

Land one would be a fool, because the sole purpose of lim inf is to be helpfull to mathematicians
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e No l.s.c
2
x® when x # 0
inf glz) =01if g(x) =
xeRg( ) 9(@) {1 when z =0
e No closedness
inf 22=1

e Infimum at infinity

These counterexamples are sharp in the sense that if we manage to counter the three
phenomenon at play, we can ensure the existence of a minimum. The main theorem of
existence is as follows:

Theorem 2.2.2 — Existence of minimum (finite dimension). The function f admits a
minimum on X C R? if

e l.s.c : The function f is lower semi-continuous on X.

e closedness: The set X is non-empty and closed.

e coercivity: For every sequence (z,)n, € X, we have

If lim |lzp]| =+00 then  lim f(zn) =00

— Proof
1. By Proposition 2.1.1, because X is non-empty, there exists a minimizing se-
quence (x,), € X such that lim f(z,)=inf f.
n—-+0o X

2. This sequence (z,,), is bounded. Indeed suppose it is not the case, then, up to
a subsequence which we do not relabel, we have :

Then the following equalities lead to a contradiction:

Bhf =t A o

coercivity

—+o00.

3. Because (zy,), is bounded, then (x,), has a convergent subsequence. Up to
relabeling, we suppose that (x,), converges. We denote x* the limit of (z,)n

4. X is closed so that z* € X.

5. f is lower semi-continuous so that

inff = Um fzn) 2 f( lm zn)= f(z")

L.s.c

6. Hence z* is a minimizer of f over X.

Before giving some examples, we focus on proving the different hypothesis (continuity,
closedness, coercivity). The continuity hypothesis is easy to prove. The closedness is easy
to prove, when X is in the so-called standard form. We say that X is in standard form
when it is defined by inequalities and /or equalities.
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Definition 2.2.1 — Standard form. Let X C B, where B is a Banach space. We say
that X is in standard form if there exists a finite number of functions g; : B — R
such that

X = {z such that g;(x) <0 for every i € Z and g;(x) = 0 for every i € £},

where Z and £ are finite sets of indices.

Note that g;(z) = 0 is equivalent to g;(x) < 0 and —g;(x) < 0. Hence if a set X is in
standard form, then it can be described by inequalities only, as

X = {z such that g;(x) <0 for every i and — g;(x) <0 for every i € £}.

In every theorem, we will discuss the behavior of the theorem when X is re-defined with
the above method and is described by inequalities only. The above transformation is coined
transforming equalities into inequalities.

Proposition 2.2.3 — Closedness of X when in standard form. Suppose that X is a
subset of a Banach space and that X is in a standard form,

X = {x such that g;(z) <0 for every i € Z and g;(z) = 0 for every i € £},

If for every ¢ € Z, the function g; is l.s.c, and if for every i € £, the function g; is
continuous, then X is closed.

Note that if the equalities are transformed into inequalities in the description of X,
the hypothesis transforms into : for every ¢ € £, both g; and —g; must be l.s.c. This is
equivalent to asking for continuity of g;.

— Proof
Take a sequence (xy,), of elements of X that converges to some z*.
1. For any ¢ € &, by continuty of g; we have g;(x,) = 0 for each n implies that

gi(x*) = 0.
2. For any i € 7, we have g;(z,) < 0, hence v, = inf>,, g(zx) < 0 for every n and

lim inf g;(z,,) = sup v, < 0.
n

And by ls.c. of g;, we have g;(z*) < 0.
Hence z* € X and X is closed.

We turn ourselves to proving the coercivity assumption. There is usually two different
ways to prove this assumption.

Proposition 2.2.4 — Ensuring coercivity. Let X be a subset of a Banach space. The
coercivity assumption holds if either one of the following assumption is true
e The set X is bounded.

o There exists a function 7 : Rt — R such that . liHl r(t) = 400 and
=400
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—— Exercise2.2
Show that the following problems admit a solution
1. min 3x+ 5y
r24y2<1
2. min 3x + 5y
2>0,22+y2<1
3. min 3z* + 2y — 102® — 5zy?
(z,y)ER?

Solution to Exercise 2.2

1. Here f(x,y) = 3z + 5y and g1(z,y) = 2% + y? — 1. The functions f and g; are
continuous and X is bounded.

2. Here f(z,y) = 3z + 5y and g1(z,y) = 22 +y? — 1 and go(z,y) = —2. We have
two inequality constraints here. The functions f, g; and go are continuous and
X is bounded (because of g1).

3. Here f(z,y) = 32* + 2y* — 1022 — 52y?. The function f is continuous. Since
there is no constraints, the set X is closed. Indeed R? is a closed set. We use
the oo norm to prove coercivity, denoting M = (x,y), we have

at+yt > ||M|%
and then

2| M5, — 1001 M]3, = 5IIM|3

fon) =
> g(|IM]lec) avee g(t) = 26 — 15¢°,

Because lim g¢(t) = +o0, then f is coercive.
t—+o00

—— Exercise2.3 w
In the following examples, explain why the theorems don’t apply. If applicable,
prove that there is no minimizer

1. inf 3z
x>0

2. inf 2%+ y2 + 100zy
(z,y)ER?

Solution to Exercise 2.3

1. Here the set X = R"* is not closed. The infimum is 0 (because 0 is a lower-
bound and there is no lower-bound greater than 0). And there is no z € X
such that 3z = 0. Hence there is no miminizer to this problem.

2. Here there is no coercivity. Indeed f(n,n) = —98n2 — —oco when n — +o0.

2.3 Existence of minimum in the infinite dimension case

The attentive reader will have noticed that Proposition 2.2.3 and 2.2.4 are stated for X
a subset of a Banach space. But Theorem 2.2.2 that proves the existence of a minimizer
requires X to be a subset of a finite dimensional space. In infinite dimension, the bounded
closed sets are not necessarily compact, meaning that there might exists a bounded sequence
that does not admit a limit, even up to a subsequence. The archetypal example is given by
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the exercise below :

—— Exercise2.4

Let /2(R) be the space of sequences (u[i]);en of real numbers such that

+oo

S (li)? < +oo.

1=0

We can prove that ¢2(R) is a Banach space, it is even a Hilbert space when endowed

with the scalar product
+o00

(u,0) =) ulilvd].

1=0

Consider the sequence (uy,), where for each n, u, € £2(R) is defined by
up[i] =0 for all i # n and u,[n] =1

1. Show that for each n, [|un||p2@) =1

Show that u =0

Show that no subsequence of (uy,), can converge to 0.

4. Show however that for every v € £2(R), then (u,,v) converges to 0 as n goes
to +oo0.

g

2. Assume that there exist a subsequence of (uy,),, that converges to some u € £2(R).

Solution to Exercise 2.4

1. We compute ||uy||pz = TS upli2 = \Jun[n)2 =
2. Call the subsequence (up)n. If (u,), converges to u then (u,,u) converges to
lul?>. But

+oo
(Unyu) =) up[i]uli] = uln].
=0

Because u € ¢2, then u[n] must converge to 0 as n goes to +oo. Therefore
lul|> =0 and u = 0

3. Suppose that there exists a subsequence of (uy),, still denoted (uy), that
converges towards 0. Then |lu,, — 0|| must converge to 0, which is impossible
because ||u,|| =1 for every n.

4. Let v € 2(R), then {u,,v) = v[n] and v[n] converges to 0 as n goes to infinity
because the series >, v[i]> converges.

The above example shows that the proof of Theorem 2.2.2 might fail to extend to infinite
dimensional problems, indeed coercivity ensure that minimizing sequences are bounded but
bounded sequences do not necessary converge (even up to a subsequence). The future of
optimization in infinite dimension looks very grim, until one of the most powerfull theorem

of mathematics pops out to save the day, it is the celebrated Banach-Alaoglu theorem.

It

is a very general theorem which is not easy to state in its full glory, we will restrict ourselves
to a version in a Hilbert space (there exists versions in Banach spaces, but we do not really

care here).
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Theorem 2.3.1 — Hilbert version of Banach-Alaoglu. Let E be a Hilbert space, we say
that a sequence (uy, ), of vectors of E weakly-converges to u and we denote u, — u
iff

Yo € E, im (up,v) = (u,v).

n—-+00

Any bounded sequence of elements of ¥ admits a subsequence that weakly-converges.

This is pure magic: Indeed Weierstrass Theorem is true in infinite dimension if we just
replace the notion of convergence by the notion of weak-convergence. We just have to
change the name "Weierstrass" by "Banach-Alaoglu". The proof of the above theorem is
really difficult. We will nevertheless try to show some elements of proof if we suppose that
the Hilbert space E is separable. An Hilbert space is said to be separable if there exists an
orthonormal family (e;);en which is denombrable such that for each u € E, we have

“+oo

u = Zu[i]ei with u[i] = (u, €;).

1=0

In words, a Hilbert space is separable if and only if it admits a basis which is denombrable.
It turns out that most of the Hilbert spaces are separable and a popular quote amongst
mathematicians is : "I do not know what a non-separable Hilbert space is. And if it exists, I
do not want to know about it". Coming back to the proof of Banach-Alaoglu, suppose F is
separable and take (uy, )y, a bounded sequence of elements of E. For each i the sequence of
real numbers (uy,[i]), is bounded and converges up to a subsequence. Successively extract
subsequences (it is called a diagonal extraction argument) then for each i, (u,[i])n
converges to some u[i]. It is not difficult to prove then that weak convergence is equivalent
to the convergence of coordinates.
It is a simple exercise to follow the proof of Theorem 2.2.2 and to obtain the following

—— Exercise2.5: Existence of minimum ~
Let F be a Hilbert space and X C E. We say that

e a set X is weakly-closed if for each sequence (z,), € X that weakly converges
tox € E, then z € X.

e a function f is weakly-lower semi-continuous iff for each (z,,), € X that weakly
converges to x € X then liminf f(x,) > f(z).

If

e l.s.c.: The function f is weakly-lower-semi-continuous on X .

e closedness: The set X is non-empty and weakly-closed.

e coercivity: For every sequence (z,), € X, we have

If lim [jzp]| =+oco then lim f(z,) =400
n——+00 n——+00

Solution to Exercise 2.5
Trivial !l (yes it is), replace Weierstrass theorem by Banach-Alaoglu

The above theorem is kind of useless (by the way it is not a theorem, it is an exercise).
The reason is that it is difficult to show that a function is weakly-lower-semi-continuous or
that a set is weakly-closed. Except in a very particular case, when the function f is convex
and the set X is convex. Indeed in a Hilbert space, every closed convex set is weakly closed
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and every lower-semi-continuous function f is weakly-lower-semi-continuous. Hence we
have the following theorem :

Theorem 2.3.2 — Existence in infinite dimension, convex case. Let E be a Hilbert
space and X C E. If X is convex and f is convex on X, there exists a minimum to
f over X if

e l.s.c.: The function f is lower-semi-continuous on X .

e closedness: The set X is non-empty and closed.

e coercivity: For every sequence (z,), € X, we have

If Tm [lz]| =+o0 then  lim f(zn)=+o0

We finish this section by a very important example that does not require the Banach-
Alaoglu theorem and all the machinery developed above. The following theorem is important
because it allows to prove Hahn-Banach Theorem (see Proposition 3.2.2 later). The fun
part is that if Banach-Alaoglu is the most important theorem of analysis, Hahn-Banach is
the second !! So kudos to Banach?, and lets prove : The projection Theorem.

Theorem 2.3.3 — Projection on a convex set. Let E be a Hilbert space and suppose
that C C F is a closed convex set. For every € F, there exists a unique solution to

1 2
min — ||y — z||°.
min o ly — =

This solution is denoted 7¢(x) and it verifies

(me(x) —z,y —me(x)) >0 VyeCl. (2.1)

If in addition C is a closed vector space, we have (m¢(x) — x,v) = 0 for each v € C.

The main idea of the proof is that the minimizing sequence is a Cauchy-sequence and
hence converges. The reason is that the function we minimize is the norm and it gives a lot
of information about minimizing sequences.

Proof
As a preliminary, remember the parallellogram identity valid for any ¢,d € E

lell® + 1dll* = 5 (lle + dll* + lle — d]]?)

N =

This shows that for every vectors x,a,b in E, we have

b

b
o — 22

a— 1
+1= 1> = 5 (lz = ol* + Iz — a?) . (2.2)

Let (yn)n be a minimizing sequence and denote d,, = |y, — z||>. Denote d =

When learning modern analysis, it is common for young mathematicians to consider Stefan Banach
as a half-god for the discovery of Hahn-Banach and Banach-Alaoglu theorem. Then they learn about
Banach-Tarski theorem and understand that Stefan Banach multiplies balls faster than Jesus Christ can
multiply fish and bread. And the young mathematician will certainly hold Banach for the most influential
analyst of all time. At least until he hears about a certain Terence Tao...
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infyec 3/ly — ||2. We have, by (2.2)

Yn — Yp

5 12 = dn + dp.

Yn + Yy
o — L2222 4

By convexity of C, Lgyp € C, so that ||z — L;y" |> > 2d. We then have
n — ypll® < Adn + dp — 2).

Using that (d,,), converges to d, this proves that the sequence (yy), is a Cauchy
sequence. Because E is complete, then (y,), converges to some m¢(z). Because
C is closed, then m¢(x) € C. The function y + ||y — z||? is continuous, hence
|7e(x) — z||* = d and we have a solution to the minimisation problem. Uniqueness
stems from the fact that C is convex and strict convexity of y — ||y — z||2.

Now, Vy € C, d = y — w¢(x) is an admissible direction at point 7¢(x), in the sense
that for all 0 € [0, 1], m¢(x) + 6d € C, by convexity of C. We write the (exact) Taylor
expansion of f(y) = 3|ly — #||* around the point 7¢(x) to find

2
f(re(w) +6d) = f(re(@) +0(d, me() — ) + ]

By letting 6 small, it is impossible to have (d, m¢(z) — x) < 0, hence (2.1). Now of C
is a closed vector space, take y = m¢(x) + v, then y € C and plug these y in (2.1) to
obtain (m¢(z) — x,v) = 0.
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First order conditions

3.1 Presentation of the main result

3.1.1 Introduction
We suppose that the reader is familiar with the following proposition
Proposition 3.1.1 — Euler first order conditions (open set). Let £ be a Hilbert space

and X C E be an open set. Let f be a C' function on X. If z* is a local minimum
of fon X, then Vf(xz*) =0

— Proof
Since * € X and X is open, then for any choice of direction d € F, then 2*+ed € X
for small e. Moreover, for small £, we also know that we have f(z* + ed) > f(x*).
Performing a first order Taylor exansion, we obtain

0< f(z*+ed) — f(a*) =e(Vf(z"),d) + oe).

This proves that it is impossible to have (V f(z*),d) < 0. Specializing d to the choice
d = —V f(z*), we obtain V f(z*) = 0.

The above theorem is coined as Euler first order condition. In view of Theorem 2.2.2,
in order to ensure existence, we expect the set X to be a closed set. Hence the above
theorem is only usefull if X is both closed and open, that is if X = E . This is the reason
why the above theorem is often calle the unconstrained first order condition. The goal
of this chapter is to state the equivalent of Euler’s first order condition when X is not an
open set, but a closed set defined by equalities and inequalities. For that purpose, we recall
the notation of the so-called standard form

Let E be a Hilbert space and X C E. We suppose that there exists a finite number
of functions (g;); and finite sets of indices Z and & such that

X = {x € E such that g;(z) <0, VieZandg(z)=0, Viecl}.
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Such an X is then said to be in standard form.

In this chapter, we begin by stating the result in Section 3.1.2, it is Theorem 3.1.4. We
then prove some premilinary lemmas in Section 3.2, we introduce some new concepts in
Section 3.3, notably the notion of qualification of constraints. Finally, in Section 3.4.1, we
prove Theorem 3.1.4.

3.1.2 Statement of KKT Theorem

Definition 3.1.1 — Active constraints. For any = € X, denote A, the set of indices
i € T such that g;(x) = 0. This set is called the set of active constraints at =x.

A, = {i € T such that g;(x) = 0}.

We say that an inequality constraint g; is active at « if and only if g;(z) =0

There exists a technical condition for KKT Theorem. This condition is called the
qualification of constraints. We do not want to discuss about constraint qualification
here, we just give two different conditions that both lead to constraint qualification :

Proposition 3.1.2 — LICQ condition. Let x € X, if the family (Vgi(z))iccua, is lin-
early independent, we say that the linear independence constraint qualification
(LICQ) holds at x. If (LICQ) holds at x, then the constraints are qualified at z.

In the convex setting, there is another simpler proposition that implies qualification of
constraints.

Proposition 3.1.3 — Slater’s condition. Suppose that for each i € Z, g; is convex and
forall i € £, g; is affine. Then X is convex. Moreover if there exists a point z € X
such that for each 4

gi(xz) <0 or g; is affine,

then the constraints are qualified everywhere in X.

We are now ready to state the main result of this chapter.

Theorem 3.1.4 — KKT. Let E be a Hilbert space and X C F be a set in standard form.
Suppose that f and (g;)iczue are a C! function on X. Denote £ the Lagrangian

L(z,\) = f(zx)+ Z Aigi(z), with \;, e RViand \;, >0VieZ
1€ETUE

If 2* is a local minimum of f on X and the constraints are qualified at point x*,
there exists A\* such that

Vo L(z*, M) =0
r*e€ X and A\ >0 forallieZ
Afgi(z*) =0 forall ¢
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What is the difference between the above theorem (known as KKT Theorem) and
Euler’s first order conditions ? First, there is an extra hypothesis, the qualification of
constraints. This hypothesis might seem confusing, but it is rather technical and we are
purposely vague about it for the time being. Second, the unknowns are (z*, A\*) and \*
are additional unknowns that we have to find. We recognize that the condition Vf =0
turns into VL = 0, this give us as many equations as number of unknown in x*. Finally,
we have an additional set of equations which is A7g;(2*) = 0 which are known as the
complementary conditions. We see that there are as many complementary conditions
as the number of constraints (and hence as the size of \*).

3.1.3 Application of KKT theorem

Before proving KKT theorem, we give two applications of the theorem

Exercise3.1
‘ Find every rectangle in R? of maximal surface with perimeter smaller than P € R**. ]

Solution to Exercise 3.1
We split the solution into several different simple steps.
e Step —1 : Standard form Let z; and x2 be the lengths of the rectangle, let
x = (x1,22) and denote

2(%1 + .%'2) — P
f(z) = —z172 and g(x) = —x1
If X = {x such that g;(x) <0 forall i} then we aim at minimizing f over X.

e Step 0 : Explanatory figure The set X is displayed in red and some level-sets
of f are displayed in black.

(0,0) (3,0

e Step 1 : Existence of a minimum The function f is continuous and X is
closed (by continuity of g). For each z € X, we have ||z||; < g, and therefore
X is bounded. There exists a minimum and a maximum of f on X.

e Step 2 : Qualification of constraints The constraints are affine hence
qualified by Slater’s condtion

e Step 3 : Solving KKT The Lagrangian is given by

E(a;, )\) = —z12x9 + N\ (2:171 + 229 — P) — AoZ1 — A3Xx2

We write down KKT equations : Find z and A such that g;(z) <0 and \; > 0
for ¢ € {1,2,3} and such that :

VL(x,\) =0 and \jgi(x) =0 Vi
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The first equation is

(iﬁ)+*1@)+kz(§>+A3(ﬂ):o

e If \; =0, then 1 = —A3 and 2 = —)\y. From A3g3(z) = 0 we deduce
that either A3 or x9 is equal to 0, that is either x; or x9 is zero. In any
case f = 0.

e If \; # 0 then we have gi(x) = 0, hence z; + 2 = g. If Ao # 0 (resp
A3 # 0), then 0 = ga(z) = —z1 (resp. 0 =ax3) and f =0. If \y = \3 =0
we have £1 = x9 = % and from x1 + 29 = g, we deduce that z1 = % and
f=-%.

e Step 4 : Conclusion For each possible KKT point, the value of f is either 0
or —If—g. There exists a minimum which is a KKT point, hence it is attained
for x1 = 29 = % The rectangle that maximises the area for a given perimeter
is a square.

Exercise3.2
Show that the following problem admits a solution and find it using KKT theorem.

min 3z + 2y
z24+y2<1

Solution to Exercise 3.2
We split the solution into several different simple steps.
e Step —1 : Standard form Let M = (x,y) € R?, define the functions
f:R2 > Rand g:R?> >R as

f(M)=3z+2y g(M)=zx>+9y>-1.

If X ={M € R?s.t. g(M) <0}, then the problem reads miny f.
e Step 0 : Explanatory Figure The set X is displayed in red and the level-sets
of f are displayed in black.

e Step 1 : Existence of a minimum The function f is continuous, the set X
is bounded and the set X is closed (because g is continuous).

e Step 2 : Qualification of constraints The inequality constraint is convex
and g(0) < 0. The constraints are qualified everywhere by Slater’s condition.
We proved that the constraints are qualified at each point.
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e Step 3 : Solving KKT The Lagrangian is given by
L(M,\) =3z + 2y + Az? + 92 — 1).

The KKT equations read

3 2z
(1) : <2> + A <2y) =0
(2): A>0and g(M) <0
(3): either A\=0or g(M)=0

We discuss according to the cases in (3).
e If g(M) # 0 : Then we must have A\ = 0 by (3). Equation (1) yields
3

9 = 0 which is a contradiction.

e If g(M) =0: Then (3) is verified and (2) boils down to A > 0. From (1)
we can see that A # 0 and then z = ;—:\9’ and y = %1 From g(M) = 0, we

have

91,

422 N2
And we have \? = %. Recalling that A > 0, we have A = ‘/2173 and x = g—;’
and y = %1

We have only one KKT point.
e Step 4 : Conclusion Our global reasonning is as follows
1. There exists a least one global minimizer, it is a local minimizer.
2. The constraints are qualified everywhere, each local minimizer is a KKT

point.
3. There exists only one KKT point at point A = @ and r = 5—3 and
y=3.

=3

4. There exists only one local minimizer at point A = @ and r = 53 and

y = _Tl It is a global minimizer.

3.2 Fundamental theorem of linear inequalities

Before tackling the KKT theorem, we take a little detour and state (and prove) a very

important lemma.

3.2.1 Statement of the fundamental theorem and explanation

Theorem 3.2.1 — Fundamental theorem of linear inequalities. Let £ be an Hilbert
space and (a;)i=1,....m € E be a finite family of vectors and b € E. Then exactly one
of the two following proposition is true

e Jc e R™ such that b= .", ¢;a; and ¢; > 0 for all .

e Jb* € E such that (b,b*) < 0 and (b*,a;) > 0 for all 1.




38 Chapter 3. First order conditions

In other words if we define the the cone generated by the (q;); as :

C = {a: = Zciai such that ¢; > 0 Vi} ,

i=1

then either b € C or there exist an hyperplane H that separates b and C. This hyperplane
is defined as
H = {x, such that (b*,z) =0}

3.2.2 Proof of Theorem 3.2.1

Theorem 3.2.1 is a simplified version of a theorem called Farka’s lemma. The first easy
remark is to prove that the two alternatives in Theorem 3.2.1 are mutually exclusive, indeed
if they were both true, then we would have

0< ) eilaib) = (O ciai,b*) = (b,b*) < 0.
=1 =1

Which is an obvious contradiction. We then have to show that when the first alternative is
false, the second has to be true. The proof relies on the theorem of separation of convex
set, it is a very important theorem of convexity, originally due to Minkowski (in finite
dimension). It is extended to Banach spaces vector spaces by Hahn and Banach and is
known as the Hahn-Banach theorem (geometrical form). We are not in position to prove it
in the setting of a Banach space, we prove it for an Hilbert space.

Proposition 3.2.2 — Hahn-Banach in an Hilbert. Let E be an Hilbert space and C C E
be a closed, convex, non-empty set and b ¢ C, then there exists b* and o € R such
that

(b*,b) < a < (b*,¢c) VeeC.

Hence the hyperplane H = {z, such that (b*,z) = a} striclty separates C and {b}.

Proof
Denote 7 the orthogonal projection of b on C, that is 7 is the unique minimizer of

1
in =||p — b||>.
min o [|p — o]

We have existence and uniqueness of m by Proposition 2.3.3 and we have, for all
ceC.
(m—b,c—m) > 0.

Denote b* = m — b. Because b ¢ C, we have b* # 0 and
0 < (Pe—m)=0"c—b+b—m)=(b",c—b—"b")

And then
(b*,b) + [Ib*]1> < (b, ).

It is then sufficient to take a = (b*,b) + 1||b*||? and to recall that b* # 0 to conclude.

We can now turn to the proof of Theorem 3.2.1.
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Proof of Theorem 3.2.1

Denote
m
C= {az = Zciai such that ¢; > 0 Vz} ,
i=1
It is easy to prove that C is a convex set. We first prove that it is closed and we do
it by an induction on m. The case m = 1 is trivial. Now take (wy,), a converging
sequence of elements of C' towards some w € E. We want to prove that w € C
e If the (a;); are linearly independent, then the decomposition w,, =), cl'a; is
unique and convergence of (wy,), is equivalent ot the convergence of (¢"),, and
then (¢™),, converges to ¢ = 0 and w = )", cl'a; € C.
e Suppose now that the (a;); are not linearly independent, there exist a linear
combination of the form )", pa; = 0. Take any w = ), ¢;a; € C. Because
¢ = 0, there exists a small ¢ such that ¢+ tp = 0 and for at least one index g
we have ¢;, + tu;, = 0. It follows that

w= Zciai + tZuiai = Z(Cz + t,ui)ai.
i 7

i#io

Hence we have proven that

P
CC U UER",EWEOsuchthatv:Z%ai
ip=1 i7#io

Each of the set on the right-hand side is closed (by the recurrence hypothesis)
and hence the same is true for C.
Now either b € C or b ¢ C, in the later case, by Hahn-Banach theorem, there exists
b* and « such that
(b*,b) < a < (b*,¢) VeeCl. (3.1)

Because 0 € C, when we put ¢ = 0 in (3.1), we obtain o < 0 and then (b*,b) < 0.
For any ¢ and ¢ > 0, consider ¢ = ta;, then ¢ € C. Set ¢ = ta; in (3.1) and
obtain « < t(b*, a;). Sending t to +oo shows that (b*,a;) < 0 is impossible, so that
(b*,ai) > 0.

3.3 The tangent cone

3.3.1 Definition

The tangent cone is a very important tool in the analysis of the behavior of a function
nears its local optima.

Definition 3.3.1 — Tangent cone. A direction d is tangent to X in x € X iff there
exists a sequence (d,)nen that converges to d and a sequence of real positive numbers
(€n)nen that converges to 0 such that :

For all n, x-+e¢,d, € X.

We denote T (X) the set of tangent directions of X at point x. This set T,(X) is
called the tangent cone of X at point z. Equivalently, denoting x,, = x + €,d,, we
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have

In =%y, (x,O,d)}

€n

T.(X) = {d s. t. IZn, en)n € (X x RYN with (z,, &,

— Exercise3.3
Let X = {z € R%[2? < 22 < 22% and 1 > 0}. Draw X in R? and compute
T{0,0)(X).

Solution to Exercise 3.3

Yy
15
y = 22
10 |
5 y=a*
x

0.5 1 1.5 2 2.5 3
e We show that the cone T{)(X) is reduced to A(1,0), with A € R. Suppose
that d = (a,b) with b # 0 belongs to the cone, then there exist x,, = e,d,, € X
such that (xy,,ep,d,) converges to (0,0, (a,b)). We write d,, = (ap, by,) and we
must have
€242 < enb, < 26242,

Divide by €, and let n goes to +00 to obtain b = 0.

e We show that the cone T(g o) (X) is reduced to A(1,0), with A € R*. Indeed if
it where to be the case, there would exists €, > 0 and d,, = (ay, b,) such that
anen > 0 for every n and a,, converges to A < 0, which is impossible.

e We now show that (1,0) belongs to T (X). Let &, = Land d, = (1,1) we

n
have z, = (1, #) belongs to X for every n and converges to (0,0).

3.3.2 Inequality and equality constraints

We are now interested in characterizing the tangent cone of a set given by equality and
inequality constraints in standard form by :

X = {z € R" such that g;(x) = 0Vi € £, ¢;(x) < 0Vi € T},
We recall the definition of active constraints :

Definition 3.3.2 — Active constraints. Denote A, the set of indices ¢ € Z such that
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gi(x) = 0. This set is called the set of active constraints at =z.

A, = {i € T such that g;(z) = 0}

Using Taylor’s expansions, it is easy to give a necessary conditions for a direction d to
belong to the tangent cone.

Proposition 3.3.1 Suppose that g; is differentiable for all i, then for all d € T,,(X) we
have :

e For all i € £, then (Vg;(x),d) =0

e For all i € A, then (Vg;(x),d) <0

— Proof
Let d € T,,(X), then there exists (dy,)nen and (&,,)nen With respective limits d and 0
s.t.
T, =2+ end, € X.

By a Taylor expansion:
9i(zn) = gi(x) + (Vgi(x), ndn) + O(endn)
o If i € £, then g;i(z) = gi(zy) = 0 and we have
(Vgi(z),endn) + 0(endy) =0
o If i € A, then g;(z) =0 and g¢;(x,,) < 0 and we have
(Vgi(z), endn) + 0(endy) <0

Finish by dividing by &,, and letting n goes to +o0o (then d,, goes to d).

Thanks to the above proposition, we know that the tangent cone obeys the following
inclusion :

T,.(X) C {d such that (Vg;(z),d) =0 Vi € £ and (Vg;(x),d) <0Vie A}

Sadly, in order to prove KKT, we need the reversed inclusion. So we put this reversed
inclusion as an hypothesis, and we call this hypothesis the qualification of constraints.

Definition 3.3.3 We say that the constraints are qualified at point x if

T,(X) = {d such that (Vg;(z),d) =0 Vi € £ and (Vg;(z),d) <0Vie A}

3.4 Proof of KKT theorem
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Main proof

Proposition 3.4.1 Let f : R” — R be differentiable and 2* a local minimum of f on
X, if the constraints are qualified at point z*, then there exist A; such that A\; > 0
for all 7 € 7 and

V(™) + Z AiVg(z*) =0 and \jg;(z*) =0 Vi

— Proof

Take the family (Vg;(2*))ice U(=Vgi(z*))ice U(Vgi(z*))ica, and denote this family
(a;);. The equations

V @)+ ) AiVg(a*) =0 and Nigi(z*) =0 Viand A\ >0VieZ

is equivalent to saying that there exists ¢; > 0 such that —V f(z) = Zj cjaj. Suppose

now that there is no such (¢;); by the fundamental Theorem 3.2.1, there exists d*
such that (=V f(z*),d*) > 0 and

(Vgi(z*),d*) =0Vie & and (Vg;(a*),d*) <0Vie A,.

By the definition of the qualification of constraints, it means that d* € Ty« (X).
Introduce (dp)nen, (En)nen with :

Tp =2 +end, € X, limd,=d*, lime,=0
Since z* is a local minimum of f on X, there exists r > 0 such that:
Ve € B(z*,r)NX, f(z)> f(z),
Hence there exist N s.t. f(x,) > f(a*), for n > N. By Taylor :
f(an) = f(&" +endn) = f(2") + en(VF(z7), dn) + O(endn)

Hence: €,(V f(z*),d,) + 0(end,) > 0, and dividing by €, and letting n goes to +o0o
yields (Vf(z*),d*) > 0 which is a contradiction.

3.4.2 Proving quadlification of constraints : LICQ

The qualification of constraint is an abstract hypothesis given in Definition 3.3.3. In this
section, we prove that the LICQ condition ensures constraints qualification. The proof is

based on the Implicit Function Theorem that we recall below

Proposition 3.4.2 — Implicit Function Theorem. Let A : R” xR — R™ be a C! function.
Let 2* be a solution of h(z*,0) = 0. Denote D h(z*,0) € M,, (R) the Jacobian of
h with respect to x only at point (z*,0). Suppose that D h(x*,0) is invertible, there
exists U a neighbourhood of z* and V a neighbourhood of 0 € R and a mapping
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v :V — U such that
(h(m,t) — 0 and (z,t) € (u,v>><:> z = (t).

Moreover 5(t) = %m(t) verifies

th(’)/(t)j);y(t) + Dth(’)’(t)v t) =0

Proposition 3.4.3 — LICQ. Suppose that X is in standard form and suppose that the
family
(Vgj(x¥))jecu,

is linearly independent. Then the constraints are qualified at x*, that is, if d verifies
(Vgi(z¥),d) =0Vi € £ and (Vg;(z*),d) <0 Vie Ay~ (3.2)

Then d € T,«(X). It is even possible to find a sequence (g,,,d,) € RT x R" that
converges to (0,d) with x, = x* + &,d, € X and

gi(zn) = en(Vyg;(z*),d) for every i € £ U Ayx. (3.3)

Proof

We consider J = £ U A+, and J = |J| the cardinality of J. Since (Vg;(z*));e7, is
linearly independent, we can find vectors (2;);=j+1,..n such that (Vg;(z*))c7 U (2;);
is a basis of R". We denote G(x) € R’ and Z € M,,_; ;(R) by :

g1(x) Z?—i—l
G(z) = ; and Z = :
9() Zn

We consider A : R® x R — R™ be defined as

_ (G(z) —UDG)(z*)d
o) = ( Z(x — x* — td) )

Then Dh = (Dyh  Dyh), with

Dyh(z*,0) = ((DGZ)(Q:*)> and Dih(z*,0) = <—(DGZ)Elx*)d>

Since h(z*,0) = 0 and Dgyh(z*,0) is invertible, the Implicit Function Theorem 3.4.2
states that there exists a C''-curve t — z(¢) and V, a neighbourhood of z* such that
for every small ¢ and for each z € V :

h(z,t) =0z = x(t).

We will take any sequence &, that tends to 0 and z,, = z(&,,) In particular, we have

x(0) = 2* and G(x(t)) = tDG(z*)d, that is

gj(z(t)) = t(Vg;j(z*),d) for all j € J. (3.4)
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In particular, (3.3) is (3.4) in disguise. Equation (3.4) and (3.2) yield g;(z(t)) =0
for all i € £ and g;(x(t)) <0 for all i € Ay~ and ¢ > 0. For all i € T\ A+, we have
gi(x*) < 0, hence g;(z(t)) < 0 for small ¢t > 0. This allows to conclude that z(t) € X
for every small t. We need to show that x(t)%z* converges to d as t goes to 0. Using

the implicit function theorem, we have

d d
Dggh(a:*,O)%a:(O) + Dih(2*,0) =0 = %x(()) = —(Dh(z*,0)) " D;h(z*,0) = d.

3.4.3 Proving qualification of constraints : Slater

Before that Slater’s condition yields constraint qualification, we have to prove that the
tangent cone is a closed cone.

Proposition 3.4.4 For any = € X, then T,(X) is a closed cone.

— Proof
If d in T;(X). For any A > 0, replace €, by 5= to prove that Ad is in T3(X), hence
T,(X) is a cone. If d,, is a sequence in T, (X) that converges to some d we perform
a diagonal sequence argument to show that d in T3, (K).

e For every fixed m, we have a sequence M, = (Timn, Emn, %) that converges
as n goes to +o0o towards M, = (z,0,d,,). Moreover M, converges as m goes
to +oo towards M = (x,0,d). The goal is to find a subsequence of M,,, that
converges to M.

e Take p € N, let m be a large integer so that |M,, — M| < %. Now let n
be some large integer so that ||M,, — M| < ﬁ, we have ||My, — M| < %.
Repeat the process for every p, we have a sequence of M,y,, that converges to
M.

Proposition 3.4.5 — Slater’s conditions. Suppose that for each i € Z, g; is convex and
forall 7 € &, g; is affine. If there exists a point xg € X such that for each &

gi(zp) < 0 or g; is affine,

then the constraints are qualified everywhere in X.

— Proof
Let 2* € X and d be such that

(Vgi(z*),d) =0 Vi e & and (Vg;(x*),d) <0 Vie Az (3.5)

The goal is to prove that d € T,+(X). Denote w = zo — z*. For every t € [0, 1],
¥+ tw =txg + (1 —t)z* € X and consider z,, = 2* + €, (d + tw) for some sequence
€, that goes to 0 as n goes to +o0.

o If i € 7\ Az, then g;(z*) < 0 and hence g;(z,) < 0 for large n.

e If i € A;» and not affine, then g;(xp) < 0 and

(Vgi(x*),w) = (Vgi(2*), 20 — x¥) < gi(w0) — gi(z*) = gi(w0) <0
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Hence
gi(xn) = gi(x™) + en(Vgi(2¥),d + tw) + 0(gp) < ent(Vgi(z™),w) + 0(ey) .

We then have g;(z,) < 0 for large n.
e If g; is affine and ¢;(z*) = 0, then

(Vgi(z*), w) = (Vgi(x*), 20 — 2*) = gi(w0) — gi(z*) = gi(z0)
Hence
gi(xn) = gi(x™) + e, (Vgi(z¥),d + tw) = ent(Vgi(x*),d) + tengi(zo).

If i € €, then (Vg;(z*),d) = 0 and g(z9) = 0 and then g;(x,) =0. If i € Z,
then (Vg;(x*),d) <0 and g;(z¢) < 0 and then g;(z,) < 0.
We have shown that x, € X for large n. Hence d + tw € T;+(X) for every small ¢.
Using the closedness of T+ (X) then d € Ty« (X).

3.5 More on KKT Theorem

3.5.1 Transforming inequalities into equalities

We recall that if we can alternatively define X with inequalities only as :
X = {z such that g;(x) <0,¥i € ZUE and — g;(z) < 0Vi € £}

In this case, we study how the different definitions/theorem change :
e The LICQ condition changes into the following : the family

(Vgi(x))iez U (Vgi(x))ice U (=Vgi(T))ice

must be linearly independent. It is impossible to fulfill this condition if £ is not
empty.

e The Slater’s condition is : For each ¢ € £, then g; and —g; must be convex. This is
equivalent to saying that g; is affine. There is no other condition. Hence Slater’s
condition is exactly the same.

e The Lagrangian : We have a new Lagrangian E(:L’, /N\) which is defined as

L(z,\) = f(z)+ Z Xigi(x) + ijgi(ﬂf) - Zj\fgi(x),
iel i€E i€E

where A = (A\i)iez, (A )ice, (A )icg). We see that upon setting

A= ((Aiez, AT = A iee),

we have

L(x,\) = Lz, N).

e KKT conditions are the same.






CHAPTER

Second order conditions

4.1 Second order optimality conditions with constraints

As in Chapter 3, we start by stating the conditions in the case where the set X is open.

Proposition 4.1.1 Let f : R” — R be a C? function, and X C R™ is an open set, then
1. If 2* € X is a local minimum of f on X then Vf(2*) =0 and H[f](z*) > 0.
2. If * € X is a point such that V f(z*) = 0 and H[f](z*) > 0 then z* is a local
minimum of f over X.

Proof

We recall the formula of the second-order Taylor expansion, valid here since f is
a O? function. For each point 2* € X and direction d € R"®, for each ¢ > 0 small
enough, then z* + ed € X (because X is an open set) and we have

Fa* +ed) = f(z*) + e(Vf(z*),d) + %(H[ £(z*)d, dy + o(=2)

1. First suppose that z* € X is a local minimum of f on X, then Vf(z*) = 0 by
Proposition 3.1.1. Then for £ small enough, we have f(z* +ed)— > f(z*), this
implies that for any small €, we have :

gmvmﬂ¢@+o@)za

This implies that it is impossible to find a d such that (H[f](z*)d,d) < 0. In
other words, for every d, we must have (H[f](z*)d,d) > 0 or H[f](z*) > 0.

2. Now suppose that * € X is a point such that V f(z*) = 0 and H[f](z*) > 0,
then there exists a constant ¢ > 0 such that (H[f](x*)d,d) > c||d||* for any
direction d. And then the Taylor expansions yields

2
f@* +ed) 2 £@*) + Selld|? + o(e?) -

Restricting the directions d to be of unit norm, the constant in the o() does not
depend on the direction and we chose € small enough so that 0(52) > —252.
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We then have for each direction d and € small enough :

2
f(@* +ed) 2 () + elld.

Which is exactly the defition of * being a local minimum.

In the case where X is defined through equality and inequality constraints, the theorem
has the same flavor, the expression of the theorem is a little bit more involved. We first
recall the notion of a KKT point

Definition 4.1.1 — KKT point. Let f, and g; be differentiable functions. We have the
following definitions
e The set of constraints X is given by

X = {x € E such that g;(z) <0 VieZand gi(x) =0 Vief}.

e The Lagrangian L is defined by L(x, ) = f(z)+>_, Aigi(x), the set A is defined
by
A ={\ € RP such that \; >0, Vi € 7}

e A point M = (x,\) is said to be a KKT point if

Ve L(M)=0, z€X, ANeAandgi(z)\;=0 Vi

We now state our main theorem on second order conditions for sets X that are in
standard form.

Theorem 4.1.2 — 2nd order conditions.
e At each point M = (x, A\), the linearising cone of constraints is defined by

(Vgi(z),dy =0 Viel&
Vir={deR".t. (Vgi(z),d) <0 Vie A,
)\2<ng .’L‘),d> =0 Vi

Let f:R" — R and g : R® — RP, be C? functions and let
X = {x € R" such that g;(z) =0 Vi e £ and g;(z) <0 Vi e T}.

1. Necessary : If the LICQ conditions hold at z* € X and z* € X is a local
minimizer of f on X then there exists \* such that M* = (z*, \*) is a KKT

point and
Vd € Vg« (H [L](M™*)d,d) > 0.

2. Sufficient : If there exists A* such that M* = (z*, A*) is a KKT point and if
Vd € Vs with d # 0 then  (H [L](M*)d,d) > 0,

then x* is a local minimizer of f over X.

We can check that if an equality constraint is modified into two inequality constraints,
then the linearising cone of constraints is unchanged. We only discussed the LICQ condition
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in the necessary condtion, indeed if one verifies the Slater condtion, then the Lagrangien is
a convex C? function and we always have H,[L] = 0. Moreover we will prove later than for
a convex problem a KKT point is always a minimum of the original problem. This proves
the sufficient second order condition for Slater’s case.

4.1.1 Proof of the necessary second order condition

Let «* be a local minimizer of f over X and suppose that LICQ conditions holds at z*,
there exists M* = (2*, \*) such that M* is a KKT point (by Theorem 3.1.4). Suppose that
there exists d € V(M*) with (H,[L](M*)d,d) < 0 . We have in particular

(Vgi(z*),d) =0Vi € & and (Vg;(z*),d) <0 Vie Ay (4.1)

By Proposition 3.4.3, we have d € T,«(X). It is even possible to find a sequence (e, d,) €
R* x R™ that converges to (0,d) with x,, = 2* + ¢,d,, € X and

gi(xn) = en(Vgi(z™),d) for every j € EU Ay. (4.2)

Now recall that A} = 0if i ¢ £ U A+, we have

‘C(mnv )‘*) = f(mn) + Z )‘:gl(xn) = f("rn) + Z Sn)‘;(v%(:ﬂ*%d) = f($n)

1€EUAx 1€EEUA .«

We then perform a second order expansion of the mapping z — L(z, \*) around z*, we
have

flan) = L@*+endn, \) = f(x*)+sn<vx£(M*),dn>+2%<Hx[£](M*)dn,dn>+o(eQ)

n

——
=0 (KKT)
= f@) + 2 ((HL) (M), dn) +0(1))

Because z* is a local minimum of f over X, we conclude that for large n, we must have
(Hy[L)(M™*)dy, dy) +0o(1) > 0.

Letting n go to infinity, we are in contradiction with (H,[L](M*)d,d) < 0.

4.1.2 Proof of the sufficient second order condition

We suppose M* = (z*,\*) is a KKT point of f and that
Vd € Vi with d # 0 then  (H [L](M*)d,d) > 0,

In order to prove that x* is a local minimum of f, we suppose it is not the case and we
show a contradiction. If z* is not a local minimum, there exists a sequence of x,, € X

that converges to x* such that f(z,) < f(z*) and z,, # =*. Denote ¢, = ||z, — z*| and
d, = % The sequence d,, is bounded and converges up to a subsequence. Then up

to a subsequence (still denoted e,,), we have x,, = x + €,d,, and d,, converges to some d
and €, > 0 converges to 0. Hence d € T;+(X) and in particular

(Vgi(z¥),d) =0Vi € £ and (Vg;(z*),d) <0 Vie Ay~ (4.3)

But we have

f(@) > f(zn) = f(2*) +en(V (@), dn) + O(en) -
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We then have (V f(z*),d,,)+0(1) < 0 and letting n go to infinity we must have (V f(z*), d) <
0, using the fact that M* is a KKT point, we have Vf(z*) = — . \;Vg;(z*) and must
have

<Z AiVgi(x™),d) = 0. (4.4)

Combining (4.3) and (4.4), we obtain that d € V(M*) and d # 0 hence we have
(Hz[L](M™*)d,d) > 0.
On the other hand, we have

f@") = flaza) 2 flza) + Z&*gz‘(xn) = L(2n, \")

= L(M*)+en (Vi L(M™),dy) +
~—— —
=f(z*) =0
This implies that (H,[L](M*)d,, d,)+0(1) < 0 which is in contradiction with (H,[L](M*)d, d) >
0. Hence there is no such sequence (xy,), and z* is a local (strict) minimum

(HL[L)(M*)dy, dy) + 0(<7)

n

YL

Interlude : a little exercise

In this section we apply the different theorems in an exercise.

—— Exercise4.1
Let a € R", with a # 0 and n > 1. Let Y be the set

Y ={z eR" s.t. ||z —a|] = |la|]| and ||z — 2a|| = ||a||}
Sketch Y and show that
3 2 _ 3y 2
W = {ia + 7, s.t. (alr) =0 and ||r||* = ZHQH }.
Consider now the problem
min la] if X = {z € B" s.t. [}z —a] > |la|| and [z~ 2a]| < Ja]}
Te

1. Show that the problem admits a solution and that the constraints are qualified
everywhere.

2. Find every KKT point.

3. Using second order information decide which points are local minimizers and
global minimizers.

Solution to Exercise 4.1
Let z € Y, and decompose x into x = aa + r with r orthogonal to a. We have

{nx —alP =2 _ {Ia — 1Pllall? + 7|2 = flal?

Iz — 2a]* = ||a|l? o = 2P la® + [Ir]]* = [|a]]?
From |a — 1| = |a — 2|, we deduce o = 3 and then [|7||?> = 3|a||>. We follow the

standard procedure
e Step -1 : Standard form We choose ¢;(z) = 2”(1]\2 = %Hx — al|? and
g2(z) = 3llz — 2a* = §lal* and X = {g(z) < 0}. We set f(z) = ;|z|* and
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we minimize f over X.

e Step 0 : Sketch

e Step 1 : Existence The set X is bounded and closed and f is continuous.

e Step 2 : Qualification of constraints We discuss according to the number
of active constraints

e 1o active constraints : nothing to do

e 1 active constraint : Suppose it is g;. Then Vgi(z) = —z + a and
Vgi1(z) = 0 implies * = a which implies ¢;(z) # 0. The case for g is
handled the same way.

e 2 active constraints : Then x € Y and x is written as x = %a + r with
(a|r) = 0 and ||7||? = 2[ja||>. The family (Vgi(z), Vga(z)) is the family
(—20a, x — 2a) which is the family (—§ —r, =5 + ). Since (a|r) = 0 and
a # 0 and r # 0 this family is linearly independent.

The constraints are qualified at each point of X.
e Step 3 : KKT We first write the Lagrngian which is given by

1 A A2
L@ A) = Sl + 5 (lal* = llz = al*) + 5 (l= = 2a]* — [|al|*)
The main KKT equation is V;L(x, \) = 0 which is
r—A(x—a)+ dr—2a)=0 (4.5)

We begin the discussion
e If \y = Xy =0, then (4.5) yields z = 0. But g2(0) > 0.
e If A =0 and Ay # 0, then (4.5) yields (1 4+ A2)x = 2X2a. The case

Ao = —1 is impossible and then x = 21i2)\2 a. We use :
2
r —2al| = ———||al|
| | ’1+AﬂHH

The equation ga(z) = 0 and Ay > 0 gives Ay = 1 and then z = a. But in
this case gi(x) > 0. And there is no KKT point.
e If \a =0 and A; # 0, then (4.5) yields (1 — A\;)z = Aja. The case A\; =1

is impossible and then x = 11)3}1 a. We use :
1
x—al| = a
=~ all = r=yplal

and g1(z) = 0 yields A\; = 2 (the case A\; = 0 is impossible). We check
that for the choice x = 2a, g2(z) < 0. Hence x = 2a and A = (2,0) is a
valid KKT point.

e If Ao 20 and A\ #0. Then x € Y and x = %a + r. Then (4.5) yields

1 1
ga+r—/\1(§a+r)+)\2(—§a+r) =

Which turns into

1=+ =0

3—A1—X =0
This implies A = (2,1). Any point in Y associated to A = (1,2) is a valid
KKT point.
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e Step 4 : Second order info We compute H;[L](x) = (1 — A1 + A2)Id

e At the point M = (z,)), * = 2a and A = (2,0), we have d € V), iff
(d|Vg1(2a)) = 0, that is (d| — a) = 0, the set Vi is not reduced to {0}.
The Hessian is equal to —Id so that the second order necessary condition
can’t be true and x = 2a is not a local minimum.

e At a point M = (z,\), z = %a + 7 and A = (2,1), the Hessian is equal to
0, the sufficient second order condition holds, only if Vj; is {0}. The set
Vs is the set of directions d such that

1 1
(d\§a+r):0and (d\—ia—i—r):O

Then the set V) is the set of directions that are orthogonal to both a and
r. It is reduced to {0} only in dimension 2. Hence in dimension 2, we
know that the sufficient conditions are verified and that these points are
global minimizers. In dimension greater than 2, we cannot conclude yet,
and we resort to computing the value of f at these point and we find that
they all yield the same value. We can then conclude that these points are
global minimizers.

Hence Y is the set of global minimizers of f, there is no other local minimizers.

4.3 Finding maximizers

The goal is to establish the first and second order conditions for maximization problems.
We first give the results and then proceed to the proof.

Proposition 4.3.1 Let f, and g; be differentiable functions. We aim at solving
supzex f(x), where

X = {z such that g;(x) <0 forall i € Z and g¢;(z) =0 forall i € £
e The Lagrangian L is defined by L(x, ) = f(z)+_, Aigi(x), the set A is defined

by
A ={\ € R? such that \; <0, Vi € I}

e A point M = (x,\) is said to be a KKT point if
V. L(M)=0, z€X, Ae€Aandg(x)\i=0 Vi

e At each point M = (x,\), the linearising cone of constraints is defined by

(Vgi(x),dy =0 Vieé&
Vir = deR.t. { (Vgi(z),d) <0 Vi€ A,
)\Z<Vg1 l‘),d> =0 Vi

1. If 2* € X is a local maximizer of f on X and the constraints are qualified at
x*, then there exists A\* such that M* = (2*, \*) is a KKT point. If in addition
LICQ conditions holds at x* € X, then

Vd € Vi (H,[C](M*)d, d)<0.
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2. If there exists A* such that M* = (2*, \*) is a KKT point and if
Vd € Vs« with d # 0 then  (H[L](M*)d, d)<O0,

then x* is a local maximizer of f over X.

An important remark about maximization, is that the only thing that changes is the
sign of A; for ¢ € 7 and the sign of the Hessian. Hence, when computing KKT point, it is
very common to be able to solve the maximization and the minimization problem in one
pass.

The proof is very simple, define f = —f and £ the associated Lagrangien and apply
the first and second order conditions to £. Note that

L(z,\) = f(z)+ ZAigi(Jﬂ) == <—f($) + Z(—)\i)gi(Jﬂ)) = —L(x,-))

The KKT condition for the minimization problem is
fo(x,)\) =0, z€X, N>0VieZandg(z)\;i=0 Vi
Replace A by —X and then V,L(z, —\) by —=V,L(x, \) to obtain :
VoLl(x,A)=0, z€X, N<0VieZandg(z)\i=0 Vi

The definition of the linearized cone of constraints is unchanged and the Hessian is changed

from H.[L](z, —\) to —Hy[L](z, A), hence the change of direction of the inequality.
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Duality

In this chapter, we will focus on an optimization problem in the standard form :

(P) min f(z)

s.c..  gi(z) <0,ieT,

where the functions f and g; are C! and real-valued. According to KKT theorem, if the
constraints are qualified, any solution z* to such a problem can be associated to Lagrange
multiplier \* € A = {\ such that \; > 0Vi € Z}. There exists two important families of
algorithms that aim at solving the problem: the primal methods and the dual methods.
The primal methods aim at finding a point x*, the Lagrange multiplier \* are just here
to check that the point z* is a KKT point. The primal methods work with a sequence of
solutions, in most cases they deal with feasible solutions and a decrease of the objective
function.

e Pros : When the algorithm stops, we obtain a feasible approximation of the solution.

e Cons: Theoritically and numerically difficult to obtain convergence.
On the other hand, the dual methods aim at finding the multipliers \* and not the point
x*. This point can be deduced from the multipliers by duality.

e Pros: Robust methods (compared to primal methods), global convergence is easier to

obtain
e Cons: A solution z* can be only computed when the algorithm converged.

Inf-Sup duality

Consider the very general setting:

(P)  inf f(z),

zeX

where X is any subset of R" and f : R" — RU {+o00} is the function to be minimized. The
min-max duality pops in when f can be written as a supremum, that is:

f(x) =sup p(z,y)
yey
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where Y is a any set and ¢ : X x Y — R is a coupling function. The original problem is
coined the primal problem (P) and can be written as :

PRIMAL PROBLEM : inf sup p(x,y) (P)
TEX yey

The so-called dual problem is obtained by inverting the inf and the sup, it is given by

DUAL PROBLEM : sup inf (z,y) (D)
yEY reX

We define the dual function of f in the following manner:
*(y) = inf :
F(y) = inf o(z,y)

So that the dual problem is the one of maximization of f* over Y. The only question that
remains is : does solving the dual problem yields any information about the primal problem
? The first answer to this question is the weak dual principle

Theorem 5.1.1 — Weak duality. Let X, Y be non-empty sets and ¢ : X xY — RU+-00.
Then

sup inf ¢(z,y) < inf sup ¢(z,y).

yeY zeX rzeX yey
The non-negative quantity 1nf sup ¢(z,y) — sup 1nf o(z,y) is called the duality
yEY yEYx
gap.
— Proof
Recall that f*(y) = infzex ¢(%,y) and f(z) = supgey ©(z,9). We have, for all y
and x

inf p(Z,y) < p(z,y) <

Inf 11390(93,y)

S
s

So that f*(y) < f(x), for every x and y. We can take the supremum in y and the
infimum in z to obtain the weak duality theorem.

The key element that simplifies the analysis of min-max duality is the notion of saddle
point

Definition 5.1.1 — Saddle-point. Let Z € X and § € Y. The point (Z, g) is said to be
a saddle point of ¢ on X x Y if :

VyeY o(Z,y) <o(@,9) <pz,§) VreX

The saddle point allows us to caracterize when the dual problem and the primal problem
are the same.

Theorem 5.1.2 — Strong duality. The point (Z,
i. Z is a solution of the primal problem (P
ii. g is a solution of the dual problem (D).

y) is a saddle point of p on X x Y iff
)-
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iii. There is no duality gap, that is:

sup inf ¢(z,y) = inf su z,Y)-
Sophn g o(,y) Jof sup o(z,y)

Proof

e Let (Z,7) be a saddle point of ¢ and denote ¢* = (z,y). For any x, we
have f(z) = ¢(x,7) > ¢*. But f(z) = sup, ¢(7,y) = ¢(,y) = ¢*. Hence
inf f(z) = ¢* and a solution of the primal problem is given by z. By exactly
the same argument sup f*(y) = ¢* and a solution of the dual problem is given
by y. Note that there is no duality gap.

e Suppose now that Z is a solution of the primal problem, g is a solution of the
dual problem and that there is no duality gap, then denote o* = f(z) = f*(y),
we have

*

Vy €Y, p(Z,y) < f(Z) = ¢
Similarly, we have
Vz € X, p(x, ) > f*(§) = ¢

From the two equations above, we deduce p* = ¢(Z,7), so that (z,7) is a
saddle point.

5.2 Standard form and duality

From now on, we restrict our attention to problems in the standard form and we discuss
about the dual problem of a problem in standard form

Definition 5.2.1 Consider the problem inf,cx f(z) where
X={xeR"|g(x)<0,i€Z gi(z)=0, i €&}.

Introduce the Lagrangian £ defined on A = {\, \; > 0 for all i € Z} by

L(z,\) = f(z) + Z Aigi(z).

Define the primal function f(z) = sup £(z, \) then
AEA

=y Jflx) ifreX
f(x)_{—koo ifx ¢ X

So that the problem is equivalent to

inf f(z)= inf L(x, A).
B T = B SR £ )

— Proof
The only thing to do is to compute f(x).
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e If v € X, then g;(x) <0 for each i € 7 and then

L(z,2) = f(z) + ) Xigi(z) < f(z).
1€l
Moreover f(xz) = L(x,0), hence supycp L(z, ) = f(x).
o If x ¢ X, then either there exists an j € Z such that g;(x) > 0 or there exists
an j € £ such that g;(x) # 0.

e If there exists an j € Z such that g;(z) > 0, take X such that A; = 0 except
for i = j, and then L(z,\) = f(z) + A\;jgj(z). Let A\; go to 400 and then
supyep L£(z, \) = +00.

e If there exists an j € &€ such that g;(z) # 0, take A such that A\; = 0 except
for i = j, and then L(z,\) = f(z) + \jg;j(z). Let \; go to 400 or —o0,
depending on the sign of g;(x) and then supycp L£(x, A) = +o0.

Following the discussion of the previous section, the dual problem is obtained by
exchanging the inf and the sup, we define
e The dual function is given by

f*(A) = inf L(z,N).

z€eR™

e The dual problem is given by:

sup f*(A)
AEA

Proposition 5.2.1 The dual function f* is always concave and A is a convex set.

Proof

The set A is clearly convex. Remark that the function A — L(z, ) is affine and
hence concave. The function f* is the infimum of concave functions and such an
infimum is always concave. This is a consequence of the following proposition (which
proof follows) : "Let I be any set of indices, and f; be convex functions for each i € I,
then f = sup;cr fi is a convex function". In order to prove this assertion, for any
function f: A — R, define Epi(f) the epigraph of f as the set

Epi(f) = {(z,t) € A x R such that f(z) <t}.

Then prove three easy lemmatas
e The function g is convex iff Fpi(g) is a convex set.
e For any real valued function if f = sup;c; fi, then Epi(f) = NicrEpi(f;)
e For any set of indices if C; is a convex set for all i € I, then N;c7C; is a convex
set.

We already know that if (Z, \) is a saddle-point of the Lagrangian, then Z is a solution
of the primal problem. An important feature of saddle point is that they verify KKT
equations, without the need for qualification of constraints.

Theorem 5.2.2 — Saddle points are KKT. Consider the problem inf,cx f(z) where
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where f and g; are C! functions for each i. Let A = {\, \; >0, i € Z}. If a point
(Z,\) € X x A is a saddle point of the Lagrangian

L(z,A) = f(z)+ Z Aigi().

Then it verifies KKT conditions that is V,£(Z,\) = 0 and \;g;(Z) = 0 for all i.

Proof
Let (%, ) be a saddle-point of the Lagrangian. Then

L(z,A) < L(z,)\) V.

So that Z is a minimum of the unconstrained function z +— £(z, A). Hence, we must
have

V. L(Z,\) =0
Because z € X, we have g;(Z) = 0 for every i € £ and L(Z, ) = f(Z) + Y, Xigi(T)
Recall that we have B
Lz < L(z,N) YAeA

For the particular choice A = 0, this yields >, 7 Aigi(z) > 0. Since \; > 0 and
9i(Z) <0, this implies A\;g;(Z) =0 for all i € 7.

Hence saddle points are KK'T points, the converse is true when the problem is convex.

Theorem 5.2.3 — Convex Lagrangian duality. Consider the problem infcx f(x)
where

X ={xeR"|g(x)<0,i€Z gi(z) =0, i€&}.
where the functions g; and f are C' and convex and the functions g¢;, i € £ are

affine. Let A = {\, \; >0, i € Z}. A point (Z,\) € X x A is a saddle point of the
Lagrangian

L(z,\) = f(z) + Z Aigi ()

if and only if it verifies KKT conditions that is V,£(z,\) = 0 and X\;g;(Z) = 0 for all
i. As a corollary, if 7 is a local minimum of the primal problem and if the constraints
are qualified at Z, then there exists A such that (Z,\) is a saddle point.

Proof
We already know that saddle points verify the KK'T conditions. Let (z, A) be a KKT
point of (P), then V,L(Z,\) = 0. Hence Z is a critical point of

Yz eR"— L(z,)\) = f(m)+z Aigi(x)+ Z Aigi(z)+ Z (=Ai)(—gi(x)).
i€T i€€, \i>0 i€€, Mi<0

But v is a positive linear combination of convex function hence is convex, and Z is a
global minimum of ¥ and we have

L(z,\) < L(z,\) Vz
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On the other hand, for every A € A, we have

LE,N) = f@)+ Y Nigi(@) < f(z) = L(Z,N).

1€L

Hence (7, \) is a saddle point of the Lagrangian.

Duality of Linear Programming

In Linear Programming (LP in short), the definition of duality is a little bit different. Indeed,
LP duality is tailored such that the definition of the dual problem is more "symmetric".
Understanding LP duality allows the student to kill two birds with the same stone. First
LP-problems are very common problems with very strong properties. Second, there may be
slightly different definitions of duality that leads to slightly different problems.

A Linear Programming problem is a problem of the form inf ¢ x (¢, ) where X is defined
via affine functions only. There are two kind of constraints, the one that are stated on the
variable z only, they are of the form z; > 0, x; < 0 or z; = 0 and the one that are of the
form (aj,z) < bj or (a;,x) = bj or (a;,x) > b;. We build the matrix A whose rows are
exactly the vectors a;, we can then split the set of constraints into two sets X = X, N Xp,
the set X, that has only constraints of the form

<0 ifie A” (Ax)jgbj if j e B
Xo=<xst. ¢x; €R ifie A yXp=<(xst (Az);=b; ifjeB
z; >0 ifie At (Az); >b; ifjeBT

There are several standard tricks that allows any Linear Programming problem to be put
on one of the two following form

Proposition 5.3.1 Each linear programming problem can be put in one of the two
following forms
e Inequality form : inf (Z,¢).
Az<b
e Equality form : inf (Z,¢).
#>0,Az=b

Proof
We first show how to put a standard problem in inequality form and then how to
put it in equality form, there are other ways to proceed, but we are only interested in
showing that there exists a transformation.
e Put a problem in inequality form
e Get rid of X,: : Take any problem and note that the constraints on X,
can be transfered on constraints in Xp. Indeed, a constraint x; > 0 is just
a constraint of the form (e;,x) > 0. So up to adding e; as the last row
of A and 0 as the last element of b, any constraint in X, with i € A~
(resp. i € AT) can be transfered to a constraint in X; with ¢ € B~ (resp.
i€ BT).
e Get rid of B: If there is an equation of the form (Ax); = b;, transform it
into two inequalities (Az); < b; and (Az); > b;. This means that the ;"
row of A and the j* element of b are copied, this transforms an equality
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constraint into two inequality constraints

e Get rid of B": For any equation of the form (Axz); > b;, multiply it by
—1 and transform it into —(Az); < —b;. This multiplies the j* row of A
and the j* coefficient of b by —1.

e Transform problem from inequality form to equality form.

e Transform A into A": We first want to transform a problem of the form
X = {Az < b} into a problem of the form X = {Z > 0, A& < b}, hence we
want to transform constraints of the form A into constraints of the form
AT, In order to do so, use the fact that any real number can be written
(in a non unique way) as the difference of two positive numbers. For each
1 € A, denote x:r > 0 and z; > 0 such that z; = T x; . Denote

i —

:f::<i+>, A=(A4 -4) b=b e:(_cc>.

Then the problems inf 4,<3(c, z) is equivalent to infizo,Ai§B<é’ z).

e Transform B~ into 3: Suppose that one is given a problem of the form
inf;>0,4z<p(c, ). The idea is to transform any constraint (Az); < b; into
(Az); + A\j = b; with A\; > 0. In order to do so, construct the unknown
vector # and the matrix A the following way

x:@) A= (A 1d), b=b, é:(é).

The constraint Az = b and A > 0 is then exactly Az < b. Note that since
x > 0, then the problem is exactly in equality form.

Before talking about the duality of a linear programming, we note that there exists
solutions to a linear program unless the solutions lies at infinity or if there is no admissible
points.

Theorem 5.3.2 There exists a solution if and only if the optimal value is finite, that is

—o00 < inf (¢,x) < +00 <= Jz* € X s.t. (¢,z*) = inf (¢, x)
zeX zeX

Note that inf,cx(c,z) = +oo if and only if the problem has no admissible point (X
is empty).

— Proof

Suppose that the optimal value is finite. Put the problem in . 31}4f b(c, x). Take
r>0,Az=

xj, a minimizing sequence so that (c, xy) converge to some o € R and introduce the

matrix
T
A= ()

Denote (A); the columns of A and let z, = Az, = ) . (zx)iAi. For every k, z
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belongs to the cone

C= {Z N A; with \; > 0} .

Moreover z;, = <<C’;Uk>> converges to <(Z> From the proof of Theorem 3.2.1, we

know that C is closed, there exists some A > 0 such that A\ = <a

b>' The minimum
is then attained at .

The special thing about Lagrangian duality for linear programming is that not all the
constraints are put inside the Lagrangian. The theorem reads as follows :

Theorem 5.3.3 Suppose that A is a m x n matrix, x and c are vectors of R and y and
b are vectors of R™. Suppose that A, AT, A~ is a partition of [1,n] and B, B™, B~ is

a partition of [1,m] and
;<0 ifie A

(A:L’)J < bj if je B~
Xo=<Rxst ¢x; eR ifiec A , Xy rst. §(Az); =b; ifjeB
z; >0 ifi e AT (Am)]ij ifj€B+
(ATy); > ¢ ific A” y; <0 ifjeB-
Yo=qyst S (ATy)i=¢; ific A p, Yo=(yst. qy;eR ifjeB
(ATy)i <¢ ifie A+

y; >0 ifjeBt
Introduce the Lagrangian

ﬁ(.’l?,y) = <C,[17> + <y7 b) - <y7A$>
Then

if X if Yo
Supﬁ(x’y):{(c,@ ifreXy oo £(xvy):{<b,y> if y €

yeYs +o00 if not r€Xq —oo  if not

So that the following two problems are in duality

inf  (c,z) = inf sup L(z,
xeXamXb< ) xexayeg (z,y)

sup (b,y) = sup inf L(z,y)
y€YaNYy yeY, z€Xq

The rule to construct the dual problem for the primal is the following : denote a; the
rows of A and a} the columns of A.

Minimize (z,¢) <= Maximize (y,b)

(aj,x) > b; y; >0

<a’JaIE>:b] — y]GR

(aj, ) < b; y; <0
z; >0 (ar,y) < ¢
r; €R — (af,y) =¢
ZT; S 0

<CL;,y> Z C;
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Theorem 5.3.4 Consider a Linear Programming problem and its duality as stated
in Theorem 5.3.3.
e If one of the problems (primal or dual) has a solution then they both admit a
solution (Z,y) which is a saddle point of the Lagrangian.
o If (z,y) is a couple of admissible points of the primal and dual problems, then

(c,x) > (y,b). (5.1)

e If both problems (primal or dual) have non-empty admissible points, then hey
both admit a solution (&, ) which is a saddle point of the Lagrangian.

e If (x,y) is a couple of admissible points of the primal and dual problems, then
(c,z) = (y,b) if and only if (x,y) is a saddle point of the Lagrangian.

— Proof

e All the constraints are affine, the constraints are qualified so that a solution of
the primal (or the dual) is a KKT point. Then a linear programming problem
is convex, so that saddle points are exactly KKT points.

e By definition, for each x € X, and y € Y,, we have, for all i z;c; > (ATy)ixi.

We conclude that (c,z) > (ATy, z). Similarly, for each z € X and y € Y}, we
have, for all j y;(Ax); > y;b;. We conclude that (y, Az) > (y,b). We conclude
then that

(e,z) 2 (ATy,z) = (y, Az) > (y,b)

e If both problems have non-empty admissible points, then by (c,z) > (y, b), the
primal problem is lower-bounded and hence admits solutions. Similarly for the
dual problem.

e Suppose that (Z,y) is admissible and that

For all y admissible, (5.1) is true if z is replaced by z. Hence

(ga b> = <C7 j> > <y? b>

Which proves that ¢ is a solution to the primal problem and similarly we can
show that Z is a solution to the dual problem. Equality in (5.1) means that
the duality gap is zero. This means that (Z,7) is a saddle-point. In the other
hand, if we have a saddle-point, we must have zero duality-gap, hence equality
in (5.1).







Algorithmics of smooth

6.1
6.2
6.3
6.4
6.5

7.1
7.2
7.3

8.1
8.2
8.3

optimization

First order descent methods .......... 67
Fonctions with Lipschitz gradient

Basic notions of optimization algorithms

Classical convergence of gradient algorithm
Empiric Line search

Wolfe line search

Second order descent methods ...... 83
Newton algorithms

Quasi-Newton algorithm

The BFGS Algorithm

Constrained smooth optimization .. ... 97
Projected gradient

Penalization method

Barrier method






6.1

CHAPTER

First order descent methods

Fonctions with Lipschitz gradient

A Lipschitz function is a continuous function which is almost differentiable, in the sense
that its rate of increase is bounded, ie. we say that f : R — R is Lipschitz at the point x if
there exists C' > 0 such that for every h, we have :

et = J6) ¢ ¢

In the Taylor expansions, we have the following caracterization of the expansions

o Continuity : f(x 4+ h) = f(z) +0o(1)

e Lipschitz : f(z + h) = f(z)+ O(h)

e Derivable : f(z 4+ h) = f(z) + f'(z)h + o(h)

o Lipschitz-derivative : f(z + h) = f(z) + f'(z)h + O(h?)

It turns out that a very important class of functions for optimization is the class of
differentiable functions with Lipschitz gradient. It is the class of functions who verify

fla+h) = fx)+ (Vf(z),h) + O(|A]?).

The constant in the remainder can be made explicit, as in the following proposition

Proposition 6.1.1 A function f : R®™ — R is said to be differentiable with a L-
Lipschitz gradient. if it is differentiable and if there exists L > 0 such that, forall
z and y € R

IVf(z) = V)l < Lllz - yll, (6.1)

Moreover, we have

no|

f@%ﬁ@%%?ﬂ@w—x>§ ly — .

Taylor expansion
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Proof
First denote h = y—x and ¢ : t — f(x+th), we can verify that ¢'(t) = (V f(x+th), h)
and from

8(1) = 6(0) + / o (t)dt,

we obtain:
1
f(x+h) :f(m)+/0 (Vf(x+th),h)dt
1
:f(:n)+/0 (Vf(x+th)—Vf(x)+ Vf(x),h)dt

1
= f(@) + (VF(z), ) + /0 (Vf(x + th) — Vf(z), hydt

~~

=(A)

The term (A) can be bounded using (6.1) and the Cauchy-Schwartz inequality, indeed
we have:

(Vf(z+th) = Vi(z),h)| < [[Vf(x+th)— V@)l < Lt)|h|?
we obtain

1
F@+h) = f2) = (V@)L B = |(A)] < /0 tL||h|%dt

L
Z b2
2H |

T

I

I

I

I

I

I

I

!
Zo

Figure 6.1: An example of function with Lipschitz gradient, we represent the function f in
red, its tangent and the two parabolas x — f(z¢) + (V f(20),z — o) £ L||z — 20||>. The
function f is allowed to take any value in-between the two parabolas. It cannot stray too
far apart from the first order approximation.

If a function is C?, then the spectrum of the Hessian yields the Lipschitz constant of
the gradient.
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Proposition 6.1.2 Let f : R® — R be a C? function. For each z, denote Sp(H|f](z))
the set of eigenvalues of the Hessian of f at point x. Then

L = sup sup |A-
z€R™ AeSp(H([f](x))

—— Exercise6.1 ~

1. The function f(z) = 3||Az — b||? has Lipschitz gradient of constant L =
Amaz(AT A).

2. The function f(x) = —log(x) has no Lipschitz gradient on R* . On each interval
[a, +o00o[ with a > 0, then f has a a~2-Lipschitz gradient.

3. The function f(x) = exp(x) has no Lipchitz gradient on R. On each interval
| — 00,b], then f has a exp(b)-Lipschitz gradient.

\ J

In this chapter, we design numerical methods that aim at minimizing unconstrained
optimization problems. The problem we solve is then written as
P min f(x
(P)  min f(x)
where f is a function from R™ to R which is differentiable. For some algorithm, we will even

suppose that f is C?. We focus on the so-called descent methods, these methods guarantee
at each iteration that the function decreases

6.2 Basic notions of optimization algorithms

6.2.1 Description of descent methods

The descent methods are iterative algorithms that start at a point xg and generate a
sequence of iterates (zx)ren such that

Tht1 = Tk + Spd.
The iterates will verify the non-increasing condition

Vk €N, f(zp1) < flap).

Three things determine the algorithm,
e The choice of dg, which is called the direction.
e The choice of s, which is called the step. The decision algorithm that choses the
step is called the linear search.
e The choice of stopping criterion.
A key notion for the choice of direction dj is to pick up a direction of descent, in a
nutshell a direction of descent is a direction in which the function decreases for small steps.

Definition 6.2.1 — Direction of descent. We say that a direction d is a direction of
descent of f at point x if

(Vf(x),d) <0

If d is a direction of descent of f at point x, there exists r > 0 such that forall
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O<s<r

f(@+ sd) < f(z)

Proof
We have

f(x+sd) = f(z) + (V[ (2),d) + 0(s) = f(z) + s (Vf(2),d) + 0o(1))
Since (V f(x),d) < 0 there exists 7 > 0 so that for all 0 < s < r, we have
(Vf(z),d)y+o0(1) <0

and the proof is complete.

In other words, directions of descent ensure that there exists a threshold r, such that for
each choice of step 0 < s < r, then f(xgy1) < f(xr). In other words, if dj, is a direction of
descent, upon taking a small enough step, we are sure that the algorithm is a strict descent
(the objective function is decreasing) algorithm.

STANDARD DESCENT METHOD.
Input: f:R™ — R differentiable, xz( arbitray intial point.
Output: an approximation of mliRn f(z).
TER™
o k:=0
e While Convergence criterion is not met,
e Descent direction: Find a direction dj such that (V f(zy),dx) < 0.
e Line search: Choose a step s > 0 such that

f(xk + Skdk) < f(l‘k)

o Update: zp41 =z + spdi; k ==k + 1;
e Return xj.

6.2.2 Stopping criterion

First, remark that descent algorithm are stuck at critical point. Indeed if V f(xx) = 0, it
is impossible to find a descent direction in the sense of Definition 6.2.1. The best we can
hope is to converge to a local minimizer and not a global minimizer.

Second, we always need to bound a priori the number of iterations. This prevents the
algorithm for running in a infinite time if it enters a loop. Indeed, note that even algorithm
which are known to converge with a prescribed rate of convergence can loop if -for instance-
numerical error is above the tolerance treshold.

Let € > 0 be the asked precision. We have several criterion at our disposal. The first
one is an optimality criterion based on necessary conditions of first order. In the case of
unconstrained optimization, we will step if

IV f ()l <e, (6.2)

and the algorithm will return x; as an approximation of the local minimizer.

In practice, the algorithm may fail to satisfy the test (6.2), it will surely be the case if
-for example- the user sets ¢ to be greater than machine precision. We have several other
tests at our disposal:
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e Stagnation of the solution: ||xg11 — zk|| < (1 + ||zk]])-

e Stagnation of the objective: ||f(zgs1) — fap)|| <e(l+ |f(zk)])-
We usually implement one of the two criterion above if the algorithm seems to stop
converging. The recipe for a good stopping criterion is

maximum number of iteration + (6.2) + if needed, stagnation criteria

In practice, one deals with relative errors and not absolute one. Moreover, some
algorithm have very strong convergence result, if these convergence results leads to a usable
criterion, one should favor such a criterion.

6.2.3 Speed of convergence

We first define the notion of convergence for an optimization algorithm. As it turns out
there are several notions, some stronger than others.

Definition 6.2.2 — Convergence of an optimization algorithm. We say that an algo-
rithm converges to a critical point if

lim [V f ()| = 0.

k——+o0

We say that an algorithm converges in value if

lim f(ey) = inf ().

k——+o0

We say that the iterates converges if there exists £* € X such that

lim =z, = z*.
k—+o00

If any of the above convergence is met only for a subsequence and not for the full
sequence, the convergence is said to hold up to a subsequence.

Attention, the notion of convergence to a critical point or convergence of the
iterates does not ensure that the algorithm converges towards a minimum, even a local
minimum. Take for instance the function f : (z,y) + x2 — y? + y* which is coercive. Its
global minimum is attained for the points My = (0, £1/ \/5) However, start at the point
My = (1,0), and take the following choice

dp = (—2z1, 2y — 3yi), sk << L.

Then this algorithm is a descent algorithm (we have f(Myy1) < f(My) and its iterates
converges to (0,0) which is a critical point but (0,0) is not a global minimizer.

Definition 6.2.3 Let (zg)ren be a converging sequence towards x* = limy x, . We say
that the convergence is
e linear if there exists 7 €]0, 1] such that:

ok
N
k——+o0 ka—:c*H
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e superlinear if

s =) _

lim
k—too ||zk — z*||

e of order p if there exists 7 > 0 such that:

%
ke o]
k—too ||z — x*||P

6.3 Classical convergence of gradient algorithm

6.3.1 Description of the algorithm

Amongst the direction of descent, choosing the direction opposite to the gradient is a
method of choice known as the gradient method.

Proposition 6.3.1 If V f(xy) # 0, then choosing dy = —V f(z) is called the gradient
method. It is a descent direction kown as the steepest direction for the following
property: For any m > 0, any solution of the following problem :

inf  f(zk) + (Vf(zk),dy)

lldk|I<m

is a positive multiple of —V f(xy).

Proof
We fix m > 0 and we denote d* the solution of

inf f(z) + (Vf(2r),d).

dll<m

We have to show that d* exists, is unique and can be written as d* = —aV f(zy,) for
some o > 0. Because f(zy) is a constant, we focus on

inf (Vf(xp),d).

lldll<m

There are two ways to prove this. The first way relies on Cauchy-Schwarz inequality,
we always have

(Vi(@r),d) = =V (@p)lllldll = —m|[V f ()]

With equality in the first inequality if and only if d and V f(xy) are colinear and

have opposite direction, that is d = —aV f(zr), a > 0. The exact value of « is
O = T SO that |ld]| = m and there is equality in the second inequality. For

the second proof, remark that the problem has a solution (continuous function on
a bounded closed set), then remark that the constraint g(d) = ||d||> — m? < 0 is
qualified, indeed its gadient is

Vg(d) =2d

is non-zero when g(d) = 0. We write down KKT equations which are

(Vi) +22d=0 Xg(d) =0
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The case A = 0 is impossible so that setting @ = % > 0, we have d = —aV f(zy), «

3 _ m
and m are related by the equation o = TSFET

Proposition 6.3.1 gives a nice interpretation of a gradient algorithm, it follows the
discussion:
1. Given zj, minimizing mingcrn f(x) amounts to finding d* solution to mingegn f(xx+d)
and to return x; + d*.
2. We suppose that d* is small, that is we managed to get close to the actual minimizer,
we replace f by its first order Taylor expansion, the goal is to minimize

inf fxr) +(Vf(zy), d)

3. Damn !! the above problem has no solution, indeed setting d = —tV f(xy) with
t — 400 shows that the above inf is equal to —oo. But this solution has no meaning
because in this case d is very large, and we supposed that d was small !! Hence we
enforce smallness of d by looking for solutions of the form
inf f(xy) + (V[ (zx),d)
lldll<m
4. Great, we find xgy1 = xf + spdi with dx, = —V f(xx) and a4 directly linked to the
choice of m.
This shows that the gradient method can be interpreted as a method where the function is
replaced at each iteration by its first order Taylor expansion.

6.3.2 Convergence of Gradient algorithm

Theorem 6.3.2 — Convergence of steepest descent algorithm. Let f be a C! func-
tion, bounded from below and with Lipschitz gradient of constant L. We consider
the choice of direction of descent dy, = —V f(zx) and x4 = z) + spdy

o If s < 2, then f(wgy1) < f(xk).

o If s < %, the fixed step algorithm s = s converges. As a rule of thumb, the

best choice is s = %

e The optimal step gradient algorithm converges.

by "convergence", we mean that >, ||V f(zx)||> < +oo.

Proof
We recall that xp1 =z — s,V f(2x).

flenn) € FGan)+ (T (r), oner = 2x) + o lens =zl
< ) - sV + 2RIV @l
< Jaw+ o (Fon—1) 1950l (6:3)

o If 5. < %, then f(karl) < f(l'k)
e For the fixed step algorithm with s < %, there exists a ¢ > 0 such that

Flak) = fleee) 2 | V().
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Adding up those inequalities, we obtain

fl@o) = fl@n+1) = D el Vf(@)]*
k=0

We use f(zp41) > inf, f(z) to obtain

“+o00

>l Vian)l* < flxo) — inf f(x).

k=0

Moreover if we minimize the right-hand side of (6.3) with respect to s, we find
that the best s is L.

e For the optimal step case, since the step sx minimizes f(zr41), then we must
have

flaper) < flan — LTV f ()
Use (6.3) with s = L' to obtain :

Fon) < fa) + 17 (L7 = 1) VS @I

and proceed as in the fixed step algorithm.

From the convergence of the sum ||V f(x1)||? we can infer that V f(z) tends to zero,

and we morally have a rate of convergence

1
V(x| = O<) .
IVl =of
Also the above bounds is false in general, the optimizers have a trick to obtain such an
estimate.

Theorem 6.3.3 Take any algorithm that have the two following properties :
o There exists A € R such that Y, [|Vf(zx)]? < A.
e The algorithms stops if |V f(z1)|| < e.

Then the algorithm stops before 542 iterations.

Proof
Suppose that the algorithm has spent n iterations, since the algorithm hasn’t stopped,
then ||V f(zg)|| > € for each k < n. It follows that

n—1
ne? <Y VA < D IVE()IP < A
k=0

k>0

And we have n < The algorithm is then sure to stop before As~? iterations.

A
€2"

Theorem 6.3.4 As a application of Theorem 6.3.3, suppose that the hypothesis of
Theorem 6.3.2 are true and consider a gradient algorithm with fixed step s = 9%,
with 0 < # < 1. Suppose that the algorithms stops if ||V f(zy)|| < e. Then the
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algorithm stops before Ke~? iterations. The exact value of K is given by

K = gyn—gs (fa) = int 1)

The huge problem with the above analysis is that we have no clear idea of the value of
L.

6.4 Empiric Line search

6.4.1 A zoology of empiric line search

In this section, we suppose that the choice of direction of descent has been made and we
focus on the choice of step.

This choice of step answers to two usually contradictory objectives, the first one is to
find the best step possible (the one that decreases the most the function) and the second
objective is to perform the smallest number of computations. At each end of the spectrum
of compromise between the two different objectives, we find the fixed step and optimal
step algorithms

FIXED STEP LINESEARCH.

Sk = Sk—1

OPTIMAL STEP LINESEARCH.

s is a solution of mi(r)lf(xk + sdy)
s$>

We will see below than none of these two strategies is very convincing. The first one is
very risky, if the step is not chosen small enough, the algorithm may not converge. The
second one is difficult to implement in practice. It amounts to solve a 1d optimization
problem at each iteration. Moreover, the optimal step linesearch may be a total waste of
computing power, why would we spend resources in finding a minimum in a direction that
has no reason to be the correct one?

In this section, we describe some improvements of the fixed step and optimal step
method. The first issue is the possible lack of convergence of the fixed step linesearch if the
step is too large. We can enforce convergence by using the backtracking algorithm.

BACKTRACKING LINESEARCH.

Sk = Sk—1
while f(zx + spdk) > f(2) :
Sk = Sk/2

The backtracking linesearch doesn’t allow the algorithm to augment the step if it was
chosen to small. This algorithm can be modified such that it automatically augments the
step before the backtracking :

BACKTRACKING WITH AUGMENTATION LINESEARCH.

S =1.3 %81
while f(zy, + skdk) > f(xg) :
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Sk = Sk/2

In the above algorithm, we take good care to augment the step with a factor different from
the reduction, or else the algorithm could enter loops.

A plebiscited improvement is to try to perform an optimal linesearch but on a limited
set of steps. We fiw in advance a set of possible multipliers to the step and we choose the
best one.

PARTIAL LINESEARCH.
Input: sk_1, (a;)1<i<m an array of positive numbers with a; = 1.
Output: S.
o S={ajsk_1 for 1 <i<m}.

o s, = argmin f(x + sdi).
ses

It is important to chose numbers which are greater and smaller than 1 to let the algorithm
decide between augmentation or diminution of the step.

6.4.2 The problems with empiric line search

Asserting that the function decreases is a desirable property but it may not be enough. We
first discuss two examples where the iterates fail to converge. The first algorithm fails to
converge because the steps are too big and the second one because the step is too small

—— Exercise6.2: Too big/too small steps

Consider the function f : z — %:1:2 with direction of descent given by dp = —uxy.
Assume that xg = 2.
1. Consider the choice of step

3

-1
Then f(xy) is decreasing but the algorithm does not converge in any sense (not
to a critical point, not to a local minimum and not for the iterates). In this
example, the step is too big.

2. Consider now the choice of step

1

Sk:W

Then the sequence (f(xy)) is decreasing, the iterates converge but not to a
critical point. In this example, the step is too small.

Solution to Exercise 6.2

1. In the first case, we have xi11 = xp — é—:‘ (2 + 2,%) Starting at xp = 2, a
simple recurrence show that

v = (-1 + 55,

For every k € N: f(xp41) < f(zx). Hence we have a descent algorithm but the
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sequence (zx)ken does not converges, it has two accumulation points at z = 1
and x = —1. None of those two points correspond to extrema of f.

2. In the second case, use zp+1 = T} — é—g (ﬁ) Starting at zg = 2, a simple
recurrence show that i

For every k € N: f(xp41) < f(zx). Hence we have a descent algorithm but the
sequence (zx)gen converges to 1 which is not even a critical point of f.

Figure 6.2: Examples of big and small steps

6.5 Wolfe line search

In order to circonvene the problems of small steps and of big steps, we impose two conditions
on the steps, on which avoids small steps and one which avoids large steps. These conditions
are called Wolfe’s condition

Definition 6.5.1 — Wolfe’s conditions. Let 1 and e be such that 0 < g1 < &9 < 1,
and dj a direction of descent. We search a step si that verifies
e Avoid big steps :

f(.%‘k + Skdk) < f(a;k) + €1Sk<v_f($k), dk> (6.4)

e Avoid small steps :

(Vf(xg + skdg), di) > e2(V f(xr), dg) (6.5)

The large step condition imposes that f decreases at least as much as e; times its linear
model. The small step condition imposes that V f is closer to 0, we get closer to a local
minimum. It is easy to check that the second condition avoids small steps. Indeed the
second condition is not valid for the choice s; = 0. By continuity, it is not valid for too
small a choice of sj. In practice, we take e; = 1074 and g9 = 0.99.
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Proposition 6.5.1 — Notation with the merit function. In the proof, we introduce the
following notation :

¢ s flog + sdy) — f(xg).
We have ¢(0) = 0 and Wolfe’s algorithm can be rewritten as :

@' (s) > e2¢'(0) and ¢(s) < e15¢'(0)

Proof
The only difficulty is to obtain the correct formula for ¢'(s), we have

¢'(s) = (Vf(xk + sdy), i)

Indeed, performing a Taylor expansion, we have

¢(s+h) = flxg+(s+h)dy) — f(zk)
= f(op + sdy) + (V f(zp + sdy), hdg) + o(h) — f(x)
= ¢(s) + h(Vf(zr + sdi),di) +o(h)

=¢'(s)
NIE)
\‘\Jﬁigﬁ'(()) i } ] > S
O
- - s e19'(0)s
+¢(s)
50 : ! .
S~ yE
B0) -

Figure 6.3: The Wolfe conditions. Top, the steps s such that ¢(s) < e15¢'(0). Bottom, the
steps such that ¢/(s) > €2¢/(0).
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6.5.1 Computation of a Wolfe step
The first thing to prove is that there exists a Wolfe step.
Proposition 6.5.2 — There exists a Wolfe step. Let f be differentiable and bounded

from below, let d be a direction of descent of f at x, then there exists a step s that
verifies Wolfe’s conditions.

— Proof
Let A ={n>0st YO<7r<n¢(r) <erd (0)}. Since e; < 1, by continuity of
z(r) = @ with z(0) = ¢/(0), then A # (). Denote s = sup.A. Since f is bounded
from below, s # +o0o. For each n large enough such that s — % > 0, there exists
T € [s — X, 5] such that ¢(ry,) < e17,¢'(0). We let n go to infinity and we have

¢(s) < e15¢/(0)

Hence s verifies the first Wolfe condition. For each n, s + % does not belong to A, so
that there exists r, with s <r, < s+ % such that

¢(rn) > €179’ (0)
Let n goes to infinity, then 7, — s and ¢(s) = €15¢/(0). Then
¢(rn) — ¢(s) > e1(rn — 5)8'(0)
Divide by (r, — s) which is positive, we obtain

(b(rn) — ¢(S)

'm — S

> 51¢'(0).
We let n go to infinity to obtain :

¢'(s) > £1¢(0) > 2¢/(0).

The simplest algorithm that computes a Wolfe step is attributed to Fletcher (1980) and
Lemaréchal (1981), it is described here.

WOLFE LINESEARCH.

Input: f a C' function, z € R™ the actual point, d the direction of descent of f at z, sg
guess of Wolfe step, €1 > 0 and 3 > 0 such that : 0 <e; <eg <1

Output: A step s* that verify Wolfe conditions.
1. k:=0; s_ =0; s4 = +00;
2. While s; does not meet Wolfe condition
(a) Too large : If s; does not meet (6.4):

S_ + sS4
st =38, and Spp1 = —
(b) Too small If s meets (6.4) but not (6.5) :
s_ + Sy .
s_ =5, and Spp1 = if 51 < 400
25} else.
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(c) k:=k+1;
3. Return s* = s;.

We admit without proof that under the exact same hypothesis of Proposition 6.5.2,
the Wolfe linesearch ends in a finite number of iterations (provided no numerical error
is made). The above algorithm is a very simple dichotomic interpolation and is rather
slow. At each iteration, a linesearch is performed, hence it is of the essence to speed up the
process. Remark that through the iterations k, the algorithm computes the values of ¢(s)
and ¢'(sy) (the merit function). The idea is to use these values to interpolate the merit
function by a spline. In labwork, we will study the cubic spline interpolation method.

6.5.2 Convergence of descent method with Wolfe linesearch

We are interested in the convergence of any descent method with a Wolfe linesearch. We
mainly show that

lim |V f(z)[| = 0.

k——+o0

This results means that any accumulation point Z of the sequence (zx)gen is a critical point
of f (i.e. that Vf(z) = 0).

Even if any accumulation point of the sequence (xj)ren converges to a critical point,
we do not say anything about the convergence of the sequence (z)g. Indeed, there exists
counterexamples, see [6, Proposition 1.2.1] or [10, Theorem 3.2] for C! or C? functions.
Recently, P.A. Absil, R. Mahoney et B. Andrews [1| proved the convergence of the iterates
when the functions are analytic.

Theorem 6.5.3 — Convergence of Wolfe algorithm. Let f : R® — R be differentiable,
with Lipschitz gradient and bounded from below. Let (xj)r be a sequence of points
given by an algorithm that ensures Wolfe condition are true

Tht1 = T + Skdy,

where (dg, V f(x)) < 0. If cos(0;) = %, denotes the angle between dj, and
—V f(zk), then

Z cos(0)2||V f (z)||* converges.

Proof

The Wolfe condition : (V f(zky1),dr) > €2(V f(xk), dk), yields

(Vf(@g41) — Vf(zr), de) > (e2 — LV f (), d)-

Moreover, we have

(Vf(rry1) = V(zr),de) < IVf(xry1) — Vi ()l dell
< Lllzgsr — zxlllldill = Lsglldi||*.

Combining the two inequalities, we have

n = 1 <Vf(3§'k), dk>

k= > 0.
L | ||?
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Using the first Wolfe condition, we then have

far) = flon) > —ers(V (), dy) > e 122 L)
> 1172 cos(00)?[| V.S ()lI* 2 C cos(Bk) |V f (k) |

Summing up these inequalities, we obtain for each n,

f(wo) — inf f(z) > f(zo) - f(zn+1) Z_: cos(0x) |V f (zx)[I*-
+o0
f(zo) — zlenfn f(z) > CZCOS 0) 2|V f (k) ||
k=0

Note that 0 is the the angle between the direction of descent di and the direction
—V f(x), meaning that the choice d, = —V f(xy) is the one that optimizes the convergence
rate. This is consistent with the idea that the gradient is the steepest descent direction.
Note also that if we ensure that the cosinus is bounded from below by a strictly positive
constant (i.e. the direction dj does not become too much orthogonal to —V f(zy), then
there exists a constant A such that

Do IVi@)l? < A

k>0

We can deduce the following theorem :

Theorem 6.5.4 As a corollary of Theorem 6.3.3, consider a descent algorithm with
Wolfe linesearch such that

o There exists a ¢ > 0 with cos()) > ¢ for all k

e The algorithms stops if |V f(zx)| < e.
Then the algorithm stops before Ke~2 iterations. The exact value of K is given by

5 () - it 7o)

- 0261(1 — 82) zER™

Proof
Noting that |[Vf(z)||*> < K, the proof is an application of Theorem 6.3.3 with
A=K.

6.5.3 Comparison of first order methods

In this section, we study the performance of the linesearch methods for the following
function

1
FiM=(ny) € R a4 Ly,

The function f is a C? function whose minimum is attained at M* = (0,0) (only critical
point). The function f is a strictly convex function. We denote M}, = (x, yx) the current
iterate. The descent direction is then given by

dy = —Vf(My) = ( e )
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o Fixed step strategy : One can check easily that Vf is L-Lipschitz with L = 5v/2.
This gives an upper bound on the step % ~ (.2828. In Table 6.1, we give the result
of the algorithm for different values of the step.

step || 0.325 | 0.25 | 0.125 | 0.05 | 0.01
iteration number DV 49 101 263 | 1340

Table 6.1: Number of iterations of the fixed step gradient algorithm in order to approach a
critical point of f within 10~° accuracy. Initial point x¢ = (7, 1.5).

e Optimal step strategy : At each iteration the optimal step strategy amounts to

solve ] .
min f(My + sdy) = —22(1 — 5)*> + ~yi(1 — 7s)?
s>0 2 2
The above function is a second order polynom in s, the solution of the above problem
is given by:
. = :ci + 72y,%
F z3 + Tyl

In order to reach a critical point with 10™° accuracy, starting with zo = (7,1.5), the
algorithm requires 43 iterations.

step=0.01 niter=4 —+— Wolfe step niter=51
—e— step=0.25 niter=49 3] —e— optimal step niter=43
—+— step=0.32 niter=n.a.

-2

-3

—4 T T T T T —4 - T T T T T
-2 0 2 4 6 8 -2 0 2 4 6 8
Figure 6.4: Gradient algorithm for a quadratic function with initial point xo = (7,1.5). On
the Left, fixed step algorithm and on the right : Steepest descent algorithm (red) and Wolfe

linesearch algorithm (blue).

On Figure 6.5.3, we display the caracteristic behavior of the methods with fixed step or
optimal step, they are:
e Optimal-step algorithm is slow to converge, because the directions are orthogonal to
each other.
o Fixed-step algorithms might not converge.
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Second order descent methods

7.1 Newton algorithms

7.1.1 Choice of descent direction and of step: Newton algorithm

The Newton algorithm is the most basic algorithm of second order. It exhibits very high
rates of convergence... when it converges. It is a very fast algorithm which is not very
stable and which requires heavy computations per iterations. We first state the Newton
algorithm and then we give three interpretations of this algorithm.

Definition 7.1.1 — Newton’s algorithm. The Newton algorithm for the unconstrained
minimization of f : R™ +— R reads as follows. Start with x¢ and for each iteration k,
do

L. dy = —H[f](zr) 7 (Vf(z1))

2. Tpy1 = op + dg

The Newton algorithm is an algorithm with step s = 1 and a direction dj which is
almost the one of the gradient algorithm. Indeed the direction for the gradient algorithm
is given by —V f(x) and in order to obtain the one for the Newton ’s algorithm, it is
sufficient to multiply it by the inverse of the Hessian. We can understand immediatly one
of the main limitations of the Newton’s algorithm. Suppose that instead of minimizing the
function f, a student aims at maximizing the function f. A good idea is then to minimize
the function —f. If the student writes down the corresponding algorithm and denote dy, its
update direction, he finds that

A = —H[fl(x) " (V(=F) (1) = —Hf)(wx) " (VF (@) = dy

Hence, the Newton algorithm for the minimization of a function or for the maximization of
the same function is the same !!! Hence there is no way to tell if the Newton algorithm is
used as a minimization or a maximization algorithm !! In order to ensure that the algorithm
is indeed a minimization algorithm, a good hypothesis is to check that the direction d is a
direction of descent. This is ensured by the following proposition
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Proposition 7.1.1 Suppose that H[f](xx) > 0, then H|[f](z)~! exists and the New-
ton’s algorithm is doable and the direction dj given by dy, = —H[f](xx) " (V f(x))is
a direction of descent, provided that V f(xy) # 0.

Proof
If H[f](zx) > 0 then this matrix has no zero eigenvalue and hence is invertible. If

(A\i); denote the eigenvalues of H[f](zy), the eigenvalues of H|[f](xy) ! are then given
by ()\%)1 Hence H|[f](xx)~! > 0. Denote A = H|[f](zx)~!, we have, if V f(zx) # 0

(di, Vf(z)) = (—AV f(zr), Vf(zk)) < 0 because A > 0.

Hence dj, is a direction of descent.

This algorithm has three different interpretations. We will see that each interpretation
requires that H[f](x;) > 0 in order to be able to conclude.

7.1.2 Newton Algorithm as a search for a critical point

The first interpretation of the Newton algorithm stems from a numerical algorithm used
when solving non-linear equations. We recall this algorithm which is incidently also called
Newton’s algorithm.

Definition 7.1.2 — Newton algorithm for non-linear equations. Let F' : R™ — R™.
The following algorithm aims at solving the non-linear system of n equations with n
unknowns given by F(x) =0

o dy = —(Jacy, [F]) 1 F(zx)

® Ty =T +dg

The idea of this algorithm is as follows : suppose that we are close to the solution and
that we think there exists a small h such that F(xzy + h) = 0. Then we perform a first
order Taylor expansion and we find

F(zg) + (Jacg, [F])h ~ 0.

Or equivalently h ~ dy, if d, = —(Jacy, [F]) "' F(x). Since the critical point is at xy + h,
it makes sense to set xx11 = xx + di. We see in with this interpretation that Newton’s
algorithm is not an algorithm that aims at finding a minimizer but a critical point. That’s
why Newton’s algorithm can also be interpreted as a maximization algorithm since maximizer
are also critical point. The question is to ensure that the critical point is a minimizer.
Using Euler’s condition, if =y, is a critical point, it is sufficient to suppose that H[f](x) > 0
in order to ensure that zj is a local minimizer.

7.1.3 Newton Algorithm as a second order expansion
Suppose that H[f](x) > 0. The problem can be rephrased into finding h a solution of
min f(zy, + d),

and to set xx11 = xp + d. Just as the previous section, assume that d is small and replace
f(z + d) by its second order Taylor expansion. Then the problem becomes

wmin f (ey) + (V1 (), d) + 5 (He, [/)d, d)
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This problem is a quadratic problem, provided that the matrix H|[f](xy) is positive definite,
it admits a unique solution denoted dj given by

Hy, [f]dr = =V f(zr)

Then one obtains

o dy, = —H[f](z1) " (Vf(z1))

® Tpp1 = Tk +dg
Intuitively, we undertand that Newton’s algorithm should be better than the gradient
method, because the gradient method is based on a first order Taylor expansion and aims
at solving

min f(zg) + (Vf(zk),d)

lldll<m

Note also that quadratic problem can be minimized if and only if the matrix is positive
definite. We see here that H[f] > 0 is a condition for the Newton algorithm to be efficient.

7.1.4 Newton Algorithm as a trust algorithm

The Hessian H|[f](x)) is a symetric matrix and hence there exists an orthonormal basis of
eigenvectors of H[.J](vg). Denote (e;); this basis and ()\;); the corresponding eigenvalues.
Then A; represents :

e The rate of change of V f(xy) in direction e;.

e The higher |\;|, the less the value of V f(zy) in direction e; can be trusted.
Recall that the gradient method amounts to take, as a direction of descent

dp = =V f(ar) Y (=Y f(xr), ei)e;

)

And the Newton method amounts to take

i = Hf)(on) (Y F (@) = 3 1 (= o) e

i 7
So that, in order to retrieve Newton’s method, one has to follow a gradient method and to
divide each component of the direction of descent by ;. When H|[f] = 0, each \; is > 0, so
that Newton’s method amounts to divide the components by a factor that represents the
mistrust in the corresponding direction. Put another way, in the Newton’s method, the
more you can trust a direction e;, the further you go in this corresponding direction. Of
course this interpretration breaks totally if an eigenvalue \; is < 0, in this case, the Newton
method goes in the opposite direction for e; !!!

7.1.5 Newton : Pros and cons

We apply Newton’s method to the following problems

(P1) ming g2 f(2,y) = 100(y — 22)? + (1 — 2)? (Rosenbrock).
(P2) ming y)er2 9(z,y) = $22 4+ 2 cos ymbox(Oscill).

The problem (P;) admits a unique critical point at (1,1) which is a global minimum of
f, whereas problem (P,) admits an infinite number of critical points :

(=11 kr), k€ Z local minima of g
(0,5 +kn), keZ saddle-points of g
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Gradient, niter=12889

Newton, niter=5

0.8

0.6

0.4

0.2

0.0

Newton, niter=7 and 5

Figure 7.1: Rosenbrock:

Newton and Wolfe, niter=18 and 37

.
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2
1
-1
-2
-3 -2 -1 0 2 3 -3 -2 -1 0 1 2

Figure 7.2: Oscill:
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In Figure 7.1, we show the results for the optimization of the Rosenbrock function and
in Figure 7.2 for the Oscill function.
These figures showcases the assets and liabilities of convergence of the Newton method
e Pros
1. This algorithm converges quadratically (multiply by 2 the number of decimal of
precision at each iteration)
2. Quadratic problems converge in one iteration.
3. The step is 1.
4. If H[f](z) > 0, it is an algorithm of descent.
e Cons
1. Compute the Hessian H|f](zk)
Solve at each iteration H[f](zx) " (=V f(xk)).
Must start close to the minimum (basin of attraction).
Not possible to compute dy, if the Hessian is singular.
No distinction made between minima, maxima and saddle points.

Uk WD

7.1.6 Convergence of Newton

The Newton’s method enjoys quadratic convergence, the result is made precise in the
following theorem.

Theorem 7.1.2 Let 2, follow a Newton algorithm. Assume f : R™ = R is C? with
M-Lipschistz Hessian and suppose there exists v such that for all z, H[f](x) = ~vId.
Denote aj = %HVf(xk)H, then

2
ag+1 < ag.

Especially, if x¢ is close enough to a critical point of f so that ag < 1, then ||V f(xy)]
goes quadratically fast towards 0.

— Proof
We have

IV (@r1) = 9 £(ox) — i lonl(onss = 00l < 5 o — 2

Replace zx1 — 2 by H[f](xr) 1V f(z) to obtain

IVl < 5 V@)V F@IP < 5519 f@l?

In a nutshell, if the Newton method is already closed to a critical point and if H[f](z) =
~vId, then we obtain quadratic convergence. But if we start too far away from a critical
point, we might not have convergence. A good example is given by the following exercise

ExerciseT.1

Let f: R — R be given by f(z) = v 1+ 22. Show that f is strongly convex, that
it verifies the hypothesis of Theorem 7.1.2 but that it fails to converge whenever
|LU()| > 1.
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However, the Wolfe linesearch helps stabilizing the Newton method, thanks to the
following proposition

Proposition 7.1.3 Let A be a symmetric definite positive matrix with A\g < ... \,.
Denote x the 2-conditionning number of A, we recall that it is defined as:
An

k= (Aol A 22 = 32
0

then for every vector u # 0, we have

(Au, u) 1

> —_—
[ufllAu] ~ V&

Proof
Let (e;); be an orthonormalised basis of eigenvectors of A and denote u; the coordi-
nates of u, we have u = > u;e; and Au = > A\juse;. It follows that

(Au,u) = Z iu?

We have
|Aul? = Z)\?U?SARZ)\W?:)\MAU,U)
= Y=Y
i 7 A
1 Au,u
= Ao;A““ZZ< X >
Finally

(A do 1
TulPl4ul? = X, ~ &

Proposition 7.1.4 Use a Wolfe linesearch and suppose that the 2-conditionning number
of the Hessian of f is uniformely bounded through the iterations, that is

3M > 0 such that V&, HH[f](xk)Hg_,QHH[f](mk)*lH2_>2 < M.

Suppose that the Hessian of f is positive through the iterations, then the Newton
algorithm with Wolfe step converges.

In Figure 7.3, we show the results for the optimization of the Rosenbrock function and
in Figure 7.4 for the Oscill function.

7.2 Quasi-Newton algorithm
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Figure 7.4: Oscill:
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7.2.1 Defintion

The class of Quasi-Newton algorithms is a class of algorithms such that the direction of
descent dj, is computed by

dy = H, ' (=V f (1)),

where Hj, is a positive definite matrix. The most basic Quasi-Newton algorithm is... the
gradient algorithm... which amounts to set Hy = Id. This is the most famous optimizer
joke (and surely the best one... sadly :( ), in practice, the optimizer will try to design a
matrix Hy which is the closest possible to the Hessian while being positive definite. The
first naive idea is to set

Hy, = H[f](zx) + old,

with a > 0. Then Hy, is equal positive definite if and only if « is greater than —\g, the
smallest eignvalue of H[f](xy). Setting « cloes to 0, yields an Newton algorithm and setting
a very large yields Hp ~ ald, and hence we retrieve a gradient algorithm. Intermediate
values of & can be seen as a mixture between Newton’s algorithm and the gradient algorithm.
In practice, if Ay > 0, setting o = 0 is preferable.

7.2.2 Gauss-Newton algorithm

A very important class of problems is the "least-square" problem that appears in data
mining, inverse problems, statistical analysis, learning. It is a problem that can be stated
the following way :
min f(x) := Fy(x)? 7.1
win f(2) = 5 Y Fi@)? (71)
where F'is a map from R" to R™, with m > n.
This problem arises when one wants to find solution of F'(x) = 0 and when this possibly
non-linear system is overdetermined.
The gradient and Hessian of f is given from the following proposition

Proposition 7.2.1 Let F : R” — RP, and let f : R" — R be equal to f(z) = 3| F(z)|?,
then
Vi) = (JaclF|(2))'F(z) =3I, Fi(x)VF(z)
H(f(z) = (Jac[F|(z))" Jac[F](z) + i, Fi(x)H[F;)(x)

—~

The Gauss-Newton algorithm takes a step s = 1 in the direction of descent :
dy = H ' (=Vf(zx)) Hy = (Jac[F)(zy))" Jac[Flay,

The approximation of the Hessian Hy is constructed from the Hessian by dropping the
term ap = > ;*, Fi(xg)H[F;](z). There are several reasons to perform this operation

e Laziness: This term aj is quite difficult to compute, indeed it as second order
derivatives of F inside. The term which is kept only has first order derivatives.

e The term is small anyway: Suppose that xj is close to the minimizer and suppose
that F'(xg) ~ 0, then the term ay, is close to zero also because each F;(xy) is close to
zero. Hence, it is ok to discard this term

e It is convenient: By construction Hj is symetric and Hy > 0. Indeed if A is any
matrix, then AT A is symetric and AT A = 0, because for every vector h, we have

(AT Ah, h) = (Ah, Ah) = || AR||?
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7.2.3 An other interpretation of Gauss-Newton’s algorithm

7.3

Take a least-square problem and suppose that F' is linear, that is there exists a matrix A
and a vector b such that F'(x) = Ax — b, then we obtain the so-called linear least-square
problem:

1
min — || Az — b||°.
zeRn 2

We recall that the linear-least square problem admits solution which are given by the
so-called normal equations

Proposition 7.2.2 Let A € My, xn(R), b € R™ and m < n. Suppose that A is of
full-rank, that is rank(A) = n. Then the least-square problem

1
min — || Az — b||°.
z€R" 2

admits a unique minimizer x* given by x* = (ATA)_1 ATh

The BFGS Algorithm

The BFGS algorithm aims at computing an approximation of the Hessian without extra
computations. We suppose that for a sequence of points (zx)x, we have access to V f(zy).
Because the Hessian of f is the Jacobian of the gradient, we must have, when .1 is close
to xg :

Vi(zg) =V f(zgs1) + Hf|(@r41) @k — Tr1)-

We focus on algorithm for which the above approximation is an equality, we will then ensure
that HkH(:ckH - xk) = Vf(:L‘k_H) - Vf(:l?k)

Proposition 7.3.1 The BFGS algorithm is an algorithm that will obey the following
properties : It will construct at each iteration a matrix Hy which verifies

e H; is symmetric, positive definite and at each iteration.

o If o), =) —xp_1 and yx, = Vf(zr) — Vf(zk_1), then Hpop = yi.

e The choice of direction of descent is then dj, = —H, 'V f(xr).
A necessary condition for the BFGS algorithm to be built is (0%, yx) > 0.

— Proof
If there exists a positive definite matrix such that Hrpop = yi, then we must have
(Hpog, o) > 0. Hence a necessary condition for the existence of a BFGS algorithm
is (0%, yx) > 0.

The rules of Proposition 7.3.1 do not define the matrix Hy € M, (R) , there are many
matrices that verify Proposition 7.3.1. In order to add some extra rules, we suppose two
things : First Hj is not too different from Hj_q, second, in order to enforce Hy > 0 and
Hj, symetric we suppose that there exists a square matrix Sy such that Hy = SkSg. For
any vector g, we define S the unique minimizer of

1
min =[S — S._1|I2. 7.2
i 215 — Sy (7:2)
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and we will show that it is possible to find ¢ such that ¢ = ST oy, and we will set S, = S.
We now proceed to the construction:

Denote S the unique minimum of (7.2). There exists a unique minimizer because
Problem (7.2) is an orthogonal projection on an hyperplane. We rewrite the equality
constraints as —(S, e;g7) = —(yg,e;) for each i = 1,...,n and introduce the Lagrange
multiplier A € R™ to obtain the KKT equations

S =81+ X" (7.3)
~ 1
Sg=y<= A= W(yk — Sk-19) (7.4)
From (7.3), we deduce ST = ST . 4+ gAT and if we want to verify ¢ = SToy, then we must
k—1

have
9= S 10k + g(\ op). (7.5)

Hence there must exists o € R such that g = ozS,leak. Plugging g = aS;{flak into (7.3)
and using (7.4) to remove A, we obtain :

1=a(l— (o) =a <1 _ S ow) - a<5k15£_lak7ak>> |

?(|S;_ 1okl

the above equation is satisfied for o = £ o) prom (7.3), we now have the following

I1Si_owll”

formula for S, = S

(Yk — Sk—19)9" (Y — aSp—1SE_10%) 0k Sk—1

gll?
(yx — aHy_10k)0L Sk—1

Sy = Sp_1+

=SE_1+

ol iz oxl?

= Sp1+

a(Hg_10k, 0k)

We now compute Hy = Sks,’{ with

Hk - SkS,f
- Skfls,f,l 4 (yr — aHk—mk)U,{Hk_l Hy_103(yp — aHyp_104)"
a(Hp_ 10k, 0k) o(Hy_10%, 0%)
n (yr — aHy_101) (yr — aHy_105)T
o2 (Hy_10%, o))
Hy 1+ 2 ykyg — Hk_leUkTHk—l
« <O-k7Hk710'k> <0-k7Hk710'k>

This yields the following BFGS update:

Definition 7.3.1 — BFGS (Broyden, Fletcher, Goldfarb, Shannon. 1969-70). Suppose
Hj is a symetric definite positive matrix. Suppose that for each k, (o, yx) > 0, the
BFGS update is :

yryi  Heaow(Hg10k)"
(Yk> o) (ok, Hi—10%)

Hy = Hy 1+

Then for every k, Hy, is symetric positive definite and its inverse By = H,~ is defined
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by :

T T T
By = <I— kT )Bk_l <I— Tk >+ Ll
(Yk, O (Yk» O) (Yk» O

Moreover, we always have Hiop = yr and Bryr = op.

— Proof
We have several things to prove, suppose that at iteration k, Hi_; is a symetric
definite positive matrix with inverse given by Bji_1. We have to prove that the
property holds for Hy and Bj.
e By a direct computation, Hipor = yi and Bryr = 0.
e It is a direct computation to prove that H;} = Hj and B;{ = DBy.

T
e We prove now that By, is definite positive. Denote C as C = I — 2% then

(Yk,0k)
for any z # 0 and u = Cxz,
I 2
<Bkl’,aj‘> — <CTBk_1C$,$> + w — <Bk;_1U,u> + <0'k7x> ’
<yk70k> <yk70k>

Since (og,yr) > 0, we have (Byx,z) > 0 for all z € R™. It remains to show
that (Bgx,z) # 0. Since B_1 > 0, we have
(Bpxr,z) =0 = (Bp_iu,u) and (z,01)=0
= u=0 and (x,04)=0

Yk <£E,O'k>
(Yk:0k)

u=0 and (z,04)=0=>2=0

but u=Cx =2 — . Hence

e We now prove that Hy B = Id. For any e € R", we decompose it as the sum

of an element of Vect(y) and Vect(oy)" using the formula
T T
= % oy (Id — kT
(%, Yr) (0%, Yk)

Since we already know that Hy Bryr = yi, it is sufficient to check that Hy Bru =
u for all u € Vect(op)*. Take such an u an remark that

Uky]? )
(Tk, Yk)
so that Bju is orthogonal to yi. Denoting z = Bju, we obtain the following
formula for Hyz:

Biu = (Id — Bi_qu (7.6)

Hy_
Hyz = Hy 12 — kalgkm

(Hg—10%, 0%) (7.7)

(Yr,Br_1u)
<Gk7yk>
plug back this equation in (7.7) and we obtain

(Hip—10%, Br—1u)

(Hi—10%, 0%)
By recurence Hy_1Bj_1 = Id so that (Hyg_10%, Bx—1u) = (o, u) = O, because
u € Vect(op,)*. Finally we have

And denoting @ = ,we have from(7.6) z = Byu = Bi_1u — aoy. We

Hyz = Hy 1By 1u — Hp_10%

HkBku = Uu.

Which proves that Hy and By are mutually inverse.
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The BFGS algorithm yields an approximation of the Hessian Hj and a computation of
its inverse By for each k. The only hypothesis needed for the BFGS algorithm to work is
that algorithm is fed with vectors yx and oy such that, for each k, we have : (ok, yr) > 0.
Luckily, it turns out that BFGS algorithm works in pair with Wolfe’s linesearch method.
Indeed, BFGS algorithm requires (o, yx) > 0 for By to be positive-definite and will yield
direction of descent. In the other hand the following Proposition 7.3.2 shows that Wolfe’s
algorithm always yields steps such that (oy,yx) > 0 (if it is fed by a direction of descent)

Proposition 7.3.2 If dj_, is a direction of descent, and if we use a Wolfe algorithm

for the choice of step sp_1, then (o, yx) > 0, and By is positive definite, hence
dy, = =BV f(xy) is a direction of descent.

— Proof

(yksok) = (Vf(zk) = Vf(@gp-1), o — Tpp—1)
= sp-1(Vf(zr) = VFI(@r-1), de—1)
-1V f(zr),drp—1) — sk—1(V f(xr-1),dr-1)
(e2 — 1)(Vf(zk—1),dr—1) ( 2nd Wolfe rule),

&

Sk—1

VARV
o

9

since eg < 1 and (V f(zg—1),dr—1) < 0.

So far, we have proven that BFGS algorithm is always possible and is a descent algorithm
provided that it is paired with a Wolfe’s linesearch. Since we have an exact formula for the
inverse of Hy, there is no need to solve Hypdy = —V f(xr) to solve the linear system but we
rather directly compute dy, = By(—V f(xx)), which is way faster. There is one last trick
up the sleeves of the practitioner, do we compute Bj or is there something better we can
do ? Suppose that we have a huge number of variables, say n = 105 (or n = 1M for the
picky readers), then storing By, requires 102 numbers, with 8 byte per number (this is the
standard 64 bits encoding of floats), this yields to 8 TeraBytes of memory needed, which is
out of reach. How do we solve this problem ? it turns out that a careful inspection of the
update formula of By, :

T T T
o o oK0
Bk:<I_ kY )Bk—l(I— YO}, >+ KTk
(Yr> oK) Wksok) ) {Yks k)
reveals the recursive structure of the computation of Byr, it is given here in pseudo code,

we suppose that (o), and (yg )i are stored in arrays denoted sigma and y respectively. We
suppose here that By = Id.

def ComputeB(k,f)

if k==
return f

else
tmp=sigmalk, :]*np.dot(sigmalk,:],f)/np.dot(ylk,:],sigmalk,:])
f=f-y[k,:]*np.dot(sigmalk,:],f)/np.dot(ylk,:],sigmalk,:])
f=computeB(k-1,f)
f=f-sigmalk,:]*np.dot(yl[k,:],f)/np.dot(ylk,:],sigmalk,:])
return f+tmp
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We see here that we do not need to store the whole matrix By, but rather the vectors
(ok)r and (yx)x. It is an exercise to show that the BFGS algorithm can be rewritten the
following way:

Proposition 7.3.3 Recall that oy = zx — zx—1 and yx = V f(zr) — Vf(zk—1). Denote
Pk = m And suppose that (og, yk, pr)r is saved in a sequence denoted L. The
descent direction of BFGS is given by the following algorithm :
1. ¢ = =V f(x) and create an empty list called L,,
2. For (o,y, p) in reversed order of L :
(a) Compute o = p(o,q) and append « to L,
(b) Set ¢ =q—ay
3. Reverse the list of L.
4. Set ¢ = Byg.
5. For (0,y,p),ain (L, L,) :
(a) Compute 3 = p(y, q).
(b) Set g = g+ (a - B)o







8.1

CHAPTER

Constrained smooth optimization

In this chapter, we describe several algorithms that can be used to tackle the problems
with constraints. There are literally tons f algorithms, each one being competitive in its
own area of expertise. It is safe to assume that there are as many algorithm as there are
problems. By establishing that we can only scrap the surface of the possible algorithm, we
are now free to begin our tour.

Projected gradient

The first algorithm we propose is restricted to the case where the set of constraints X is
convex. We recall the theorem of projection on a convex set, proved in Theorem 2.3.3, page
31.

Suppose that X is a closed convex set. For every z, solve minyex ||y — z||>. There is
a unique solution denoted mx (z). This solution solves

(rx(z) —z,y —7mx(x)) >0 VyeK

We suppose that the set X is simple so that it is easy to compute mx. The idea is to
start with a gradient descent algorithm
i‘k+1 =Tk — Ska($k)

Sadly the term %41 might not belong to X, we might have exited X, the idea is then to
project Zx41 onto X in order to obtain xk1, that is

T = mx (2 — 55V f (1))

Definition 8.1.1 — Projected gradient algorithm. Let F be a Hilbert space and X C F
a closed convex set, the goal is to minimize a function f over X. At each iteration k,
choose a step si and perform the iteration

Th+1 = ﬂ)((xk — ska(xk))

o If dy, = 211 —xp # 0, it is a direction of descent of f at point x.
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e For every 0 < o < 1, we have xj + adi € X. The projected gradient algorithm
is the choice av = 1, but if necessary, a can be decreased (in a step reduction
for the line search).

Proof

The points xy and xx11 = x + di are in X which is convex. So that zy + ady € X
for every 0 < a < 1. We now want to prove that dj is a direction of descent of f.
Recall that, for every y € X, we have :

(ry(x) —z,y —mx(x)) > 0.

Replace in the above inequality = by z; — sxV f(zx) and y by xg, then mx(z) = xg4+1
and we have

(Th1 — (o — sk Vf(2r)) , 2k — 2py1) 2> 0 = (di + s,V f(xr), —dg) > 0

1
(Vf(xr),di) < —ngkHz <0

The projected gradient algorithm is an algorithm that yields a direction of descent.
Moreover it has the same properties of convergence than the standard gradient algorithm
(See Proposition 6.3.2, page 73). Of course V f(z)) will not converge to zero, because it
must verify KKT equation. Instead the direction dy = zy11 — 2 willl converge to zero.

Proposition 8.1.1 If f has a L-Lipschitz gradient and is bounded from below and X
is convex, then the fixed step projected gradient algorithm with 0 < s < % converges
in the sense that 3 ||zp41 — 71]|% < +oo.

Proof
Start with f(zr41) < f(zx) + (Vf(zr), Thy1 — xx) + %ka+1 — z¢||? and remember
that if dy = 21 — z, we have

(V5 (@), de) <~ P < 0.

Hence : f(zps1) < f(zk) + (% —1)||dy||* and proceed as usual (see Proposition 6.3.2,
page 73).

8.2 Penalization method

The penalization method amounts to replace the minimization of f over X by the uncon-
strained minimization of an other function f. = f + & 'mx. The function 7x must verify
two properties

wx(z) =0 for x € X and wx(z) > 0if = ¢ X.

The idea is to minimize f; for very small values of €. Denote x% a minimum of f;, it might
be outside X but the function mx penalizes the fact that z} ¢ X. The hope is that, as
€ goes to 0, then z} converges to z* a minimum of f and that z* belongs to z. In this
section, we only deal with the simplest penalization possible, that is
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Definition 8.2.1 — Definition of penalization. Suppose that X C R"™, the penalization
method amounts to replace the problem mingcx f(z) by

min £.(2), with fu(z) = f(2) + 5= 3 32(0),

z€R™

and g; = g; forall ¢ € £ and g; = max(g;,0) forall i € Z.

It is easy to check that X = {z s.t. g;(z) = 0 Vi} and that forall i, we have

1o, -
5 V(0D (@) = 5i(2)Vgi(w).
We first begin by showing that the penalization defined above method converges

Proposition 8.2.1 — Convergence of the minimizers. With the notation of 8.2.1, if f
is lower semi-continuous, coercive on R™ and bounded from below. If g; is continuous
for every 7. Then let z. be a global minimizer of f.. Then there exists x*, a global
minimizer of f on X such that x. converges up to a subsequence to * as ¢ — 0.

— Proof
The existence of a T, a global minimizer of f on X is standard, remark that X is

closed. The existence of x. follows from lower-semi continuity of f. and the fact that
fz is coercive on R™. We have

llélnff < flwe) < folwe) < fe(T) = f(2) = lgl(ff (8.1)

Hence z. is bounded (because f is infinite at infinite), hence converges up to a
subsequence to some z*. Denote mx = >_. g2, we have

0< 7TX(33'5) < 5(fs(x€) - f<x6>)

Hence we have mx(z:) = O(e) and as ¢ — 0, we obtain 7(2*) = 0, so that z* € X.
From (8.1), we retrieve f(x.) < infx f and as € goes to zero we obtain f(z*) <infyx f
says that z* is a global minimizer.

Proposition 8.2.1 is nice, but rather useless in practice. Indeed, Fixing e using a
unconstrained minimization algorithm to find x. the global minimizer of f. is an impossible
task | Note that, at best, we can hope to find a point such that V f.(z.) is small and we
might possibly check that we are close to a local minimizer, but we cannot hope more.
The next proposition is an answer to this problem

Proposition 8.2.2 Suppose that we are given (eg)r and (ng)r two non-increasing
sequences of real positive number that converges to 0, suppose that there exists
M > 0 and (xp)x a sequence of vectors of R™ that verify :

IV fep, (@r) | < mp and fo, (xx) < M.

Such a sequence of () can be obtained by launching a unconstrained optimization
algorithm on f., that starts at zx_1. Then suppose that f and g; are C'!, suppose
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that the sequence (zy) is bounded, extract a subsequence and hence suppose that
(xg)r converges to some x*. Suppose that the LICQ condition holds at z*, and
denote for each ¢

)\k[l] = 5;1511(95;6)
Then lim M = A\* exists and (z*, \*) is a KKT point.

k——+o0

One hypothesis is technical, and quite strange, the existence of M such that f., (z;) < M
for every k. In order to make sure that such an M exists, it is sufficient to suppose that
X is non-empty and to take any z € X, then for each ei, f., (2) = f(z). At iteration k,
it is then sufficient to check wether f;, (zx—1) < f(2) and to take the initial point with
smallest initial value. If we implement a descent algorithm, we are sure that for each k,
fer () < M for M = f(z).

— Proof
e Suppose that z* ¢ X, then mx(2*) = 3>, Gi(z*)? > 0 and by continuity of
mx, we have mx (xp) > wx(x*)/2 for large k. In this case we have for large k:

fer(zx) 2 inf f + e tmx (a*)

Hence f;, (z1) tends to +oo which is in contradiction with the fact that it is
bounded by M.
e We establish the convergence of Ag.

1. First if ¢ € Z \ A(z*), then g;(z*) < 0 and for large k, we have g;(zx) < 0,
hence g;(xr) = 0 and then Ag[i] = 0. We proved that if ¢ € Z \ A(z*),
Ar[i] converges to 0.

2. Because LICQ condition is verified at z*, the family (Vg;(2*))ica,.ue
is independent. Denote (z;); an independent family such that
(Vgi(x*))ica,ue U (2j); is a basis. For each k, denote Aj the matrix
whose columns are the vectors (Vg;(zr))ica,.ue U (2j)j. As k goes to
400, A converges to an invertible matrix A*. Since the determinant is
a continuous function, then det(Ay) # 0 for large k, and hence Ay is
invertible for large k.

3. We have

Vfeo(@r) = V(i) + 2" Zéz(m)vm(ka)-

And hence
> XilkVgi(zr) = Ve, (21) — V()

Set k large enough so that \;[k] = 0 for all i € 7\ A,+. Denote v a vector
in R™ such that its first coordinates are given by (Ag[i])ica,.ue and the
rest is zero. We then have

Ay = Ve (1) = VF(@r) = e = AL (V fey (1) = VF (21))

As k goes to 400, the vector =, converges to some vector y* =
(A*)71(=V f(z*)). Denote (\*[i])ica,.ue the first coordinates of the vector
~*. Trivially the rest of the coordinates of v* are 0. We have convergence
of A\i[i] towards A*[i] for all i and the equation

ATy + Vf(z") =0,
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is exactly

> NVgi(a*) + Vf(a*) =0,

€A+ UE

which means that x* is a KKT point of f on X.

Barrier method

The barrier method is very similar to the penalization, it amounts to replace the minimization
of f over X by the unconstrained minimization of an other function f. = f + enx. The
function mx must verify two properties

mx(z) =400 for z € X and mx(x) > 0 if z € X and 7y is regular .

The idea is to minimize f, for very small values of €. Denote z} a minimum of f., it cannot
escape X and the function wx acts as a barrier that prevents x to exit X. The hope is
that, as € goes to 0, the barrier vanishes and z} converges to z* a minimum of f. Note
that it is not possible to implement barrier functions for equality function.

Definition 8.3.1 — Definition of Barrier method. Suppose that X C R"™ is defined by
inequalities only, the barrier method amounts to replace the problem min,cx f(x)
by

min f.(z), with fo(z) = f(z) — Y log(—gi(x)),

zER™
€T

It is easy to check that the domain of f; is included in X = {x s.t. g;(x) <0 Vi € I}
and that forall . Note that it is not possible to put define barriers for equality constraint.
If one wants to tackle a problem with equalities and inequalities and have barriers for the
inequalities, he still has to deal with equalities with a penalization method. We first begin
by showing that the barrier method converges

Proposition 8.3.1 — Convergence of the minimizers. With the notation of 8.3.1,
Suppose that

e f is lower semi-continuous, coercive on X and bounded from below.

e X°={zs.t gj(x) <0} is non-empty.

e ¢; is continuous for every ¢
Then for all ¢, there z. be a global minimizer of f. and the sequence (x.). converges
up to a subsequence to some x* € X as ¢ — 0.

e If LICQ conditions are verified for one global minimizer of f, then x* is a global

minimizer of f on X.
e If in addition LICQ conditions are verified at x*. Denote A [i] = —5— then

_gi(xe)
Ae converges to A* such that (z*, \*) is a KKT point.

The proof of the convergence of barrier functions is not done in main lecture, it is left
as an exercise (with corrections) to the reader.

ExerciseS8.1
1. Show that the problems infx f. and infx f admits global minimum.
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2. Show that for all x € X, we have :

infxf < f(xe) < fe(ms) < fs(x) < fl(m) (8'2)

3. Show that the sequence (z.). converges up to a subsequence to some z* € X
as € goes to 0.
4. We prove that x* is a global minimum. Take Z a global minimizer of f for
which LICQ conditions are verified.
(a) Show that there exists a direction u such that (Vg;(z),u) < 0 for each
i € Az. Conclude that for every o > 0 small enough if z, = Z + au, then
9i(za) < 0 for each i.
(b) Let n > 0. Show that there exists € > 0 small enough such that f(z4) <
f(@) +n.
(¢) Conclude that f(z*) < f(Z) + .
(d) Show that z* is a global minimizer of f on X.
5. We prove that A, converges to A*
(a) Show that

Vf(fvs) + Z As[i]VQ(xe) =0

(b) Suppose that g;(z*) < 0, show in this case that \.[i] converges to A}.
(c) Conclude on the convergence of A\ towards \*

Solution to Exercise 8.1

1. Tt is standard to show that f admits a minimum over X. We have f. > f, hence
fe is coercive on X. Moreover there exists a point in X°, hence inf x f. # 4oc.
Hence f. admits a global minimum on X. Now f. = +oo outside X, hence
minimzing f; on R™ amounts to minimizing it on X.

2. The inequalities are quite trivial to show.

3. We first state that the norm of (z.). is bounded. If this is not the case, there
exists a subsequence such that ||z¢|| converges to +oco. But in this case f(z;)
must converge to +00, since f is coercive. By (8.2), this shows that for every
x € X° fi(x) = 400 which is absurd.

4. (a) Let e; = Vg;(z) and E = Vect(e;)ica, By the LICQ condition, (€;)ic,

is a basis of F,

e We prove that there exists a vector such that (e;,u) < 0 for each 1.
To do so, construct the matrix A;; = (e;, e;) it is a square invertible
matrix. Indeed if z is such that Az = 0, then the vector ) z;e; is
orthogonal to every e; and belongs to E. Hence ) x;e; must be equal
to 0 which means that x = 0 because the e; are linearly independent.
We then find x such that Az = —b, with b a vector with 1 for every
coordinate. We then have u = ) z;e; verifies that (e;,u) = —1 for
each 7.

e For small a we have

9i(7 + au) = g(z) + a(e, u) + o(a)

Hence ¢;(Z + au) < 0 for small enough o and every i € Az. If i ¢ Az
because ¢(Z) < 0 and continuity of g;, we also have g;(z + au) < 0
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D.

for small enough a.
(b) Let n > 0. For a small enough, by continuity of f, we have for a small

enough f(za) < £(2) +7

(¢) Take n > 0 and « small enough such that f(z,) < f(Z) + 7, upon taking
a even smaller, we have g;(z,) < 0 for all i, hence m(x,) # +00. We then
have

f(xe) < fe(@a) < f(T) + 0+ emx(2a).
_|_

Let ¢ goes to 0, then f(z*) < f()
(d) Since n is arbitrary, then f(x*) < f(Z). Use f(Z) = infx f and its done.
(a) We have V f.(x.) = 0. Hence

Vfe+eVrx(xz:) =0.

which gives

&

—9i (:Ee) ‘

Vie+ Z)\E[i]VQ(SU&) =0if )\8[2] =

(b) If gi(z*) < 0 then g;(e) < # for € small enough and —%-— converges
to 0. Incidently A7 = 0 in this case.

(¢) Denote u. = V f(z:) + ZieAz* (Ae)iVgi(x:), we have that u. converges to
V f(x*) as € goes to zero and

Ue"‘Z ngma :0

€A *
As € goes to 0 we have
: 1 ' _
ligpue + 3 iy Voilae) =0
1€A

The fact that each (\;); converges to (A*); comes from the fact that the
family (Vg;(2*))ica,. is linearly independent and hence the decomposition
of V f(z*) on this family is unique and given by

=— ) AV

€Ay
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9.1

CHAPTER

Complements of Convex Analysis

In this chapter, we introduce the specific tools of nonsmooth optimization, such as the
notion of subdifferential. We will also see how optimality conditions are written in the
nonsmooth setting.

Lower Semicontinuous Convex Functions

We work on the vector space R™, n € N, equipped with the Euclidean inner product (-, )
and the associated norm, denoted || - |2 and defined for all z € R™ by ||z|2 = +/(z,x).
Throughout this chapter, we consider functions

f:R" - RU{+o0}.

Allowing functions to take the value +00 makes it possible to represent constrained problems
in an unconstrained form. Indeed, consider a problem of the form: in)f( f(x) where X is a
xe

nonempty subset of R™. Define:

- {f(:c) if v € X,

fz) = +o0o otherwise.

Then:

iz} 1) =t 7

Let us define the notion of domain of a function f:R" — RU {+o0}:

Definition 9.1.1 — Domain of a function. The domain of a function f is denoted
dom(f) and defined by

dom(f) ={x € R", f(x) < +o0}.

Throughout this course, we will assume (without further mention) that our functions
have nonempty domain: dom(f) # (.
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9.1.1 Geometric Definition of Convexity

Let us briefly recall the definitions seen at the beginning of this course: a set X C R" is
said to be convex if and only if:

V(z1,22) € X x X, Va € [0,1], az; + (1 — o)z € X.
For functions taking values in R U {400}, the definition of convexity is as follows:

Definition 9.1.2 — Convex function. Let f : R” — R U {+o00}.
e f is said to be convex if:

V(z,y) € dom(f)?, VA€ [0,1], f((1 =Nz +Ay) < (1= Nf(@)+Af(y).
e f is said to be strictly convex if:

V(z,y) € dom(f)?, = £y, VA€ [0,1], f(L=Nz+Ay) < (1=A)f(z)+Af(y).

This definition is illustrated in Figure 1.6 of Chapter 1, which already shows an example
of a convex function that fails to be differentiable at a point. It implies that the domain of
a convex function is convex (prove this as an exercise). Note that a convex function need
not be differentiable. However, we will show later in this chapter that it is differentiable
almost everywhere on the interior of its domain.

In the case where f is differentiable, we have seen two differential characterizations of
convexity via the gradient of f or its Hessian matrix. In the general (and thus a priori
nonsmooth) case, it can be useful to rely on a more geometric definition of convexity:

Theorem 9.1.1 f is convex if and only if its epigraph

epi(f) = {(,1) € dom(f) x R, t = f(x)}

1S convex.

Proof
Done in class.

One can also consider the level sets of a convex function, but this is not sufficient to
characterize convexity:

Theorem 9.1.2 If f is convex, then its level sets

Ly(B) = {z € dom(f), f(z) < B}

are either empty or convex.

Proof
Exercise.

Warning: the converse is false! A function whose level sets are all convex is not convex
in general (example in 1D: f(z) = /|x|). Such a function is called quasiconvex.
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9.1.2 Lower Semicontinuity

In general, a convex function can behave in a very complicated way on the boundary of its
domain. For example, the 2D function

0 if 22 +9y? <1
= . . 1
f@9) { B(z,y) if 22 +y2 = 1 with ¢(z,y) > 0 6-1)
is convex. However, its behavior on the boundary can be arbitrarily complex. Minimizing
such functions is in general impossible. This observation leads us to restrict to the class of
lower semicontinuous functions.

Definition 9.1.3 — Lower semicontinuous function. A function f: R® - RU {400}
is said to be closed or lower semicontinuous (l.s.c.) if:

Vr e R, Vo, — z, liminf f(z,) > f(x).
n——+00

In practice, one prefers to use the geometric characterization of l.s.c. functions:

Proposition 9.1.3 Let f: R™ — RU {4o00}. The following statements are equivalent:
i. fisls.c.
ii. For every a € R, the level set {x € R" | f(z) < a} is closed.
iii. epi(f) is a closed set.

Warning! A function that is continuous on its domain is not necessarily l.s.c.! A continuous
function f is l.s.c. provided its domain dom(f) is closed.

—— Exercise9.1
Under what condition is the function f defined below closed?

[0 if x € [0, 1]
f(:”)_{ a>0 ifz=1

Example 9.1 Let us give some examples of closed convex functions.

1. Convex functions f : R™ — R with dom(f) = R" are closed.
Linear functions are convex and closed.
Convex functions that are differentiable on R™ are convex and closed.
The function f(x) = ||x|| where || - || is any norm is convex and closed.
The function (9.1) is convex and closed only if ¢(z,y) =0, ¥(z,y) € R2.

S

—— Exercise9.2
Show that the ceiling function (which, evaluated at x, returns the smallest integer
greater than or equal to x) is L.s.c., whereas the floor function F is not.
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9.1.3 Operations on l.s.c. Convex Functions

9.2

Theorem 9.1.4 Let f; and fs be two l.s.c. convex functions and 8 > 0. The following
functions are l.s.c. convex:

L. f(z) = Bfi().

2. f(z) = (fi + f2)(z) with dom(f) = dom(f1) N dom(f2).

3. f(z) = max{fi(x), fa(z)} with dom(f) = dom(f1) N dom(f2).

Proof
Exercise (somewhat difficult...).

Theorem 9.1.5 Let ¢ be an l.s.c. convex function on R™, A : R™ — R™ a linear
operator and b € R". Then the function f : z — ¢(Ax + b) is l.s.c. convex and
dom(f) ={z € R", Az + b € dom(¢)}.

— Proof
Done in class.

Continuity and Differentiability of Convex Functions

In this section, we study the continuity and differentiability properties of convex functions.
A convex function is not necessarily differentiable (think of the absolute value function
x € R — |z]), but it nonetheless possesses good regularity properties.

The first result of this section is that every convex function is continuous on the interior
of its domain:

Theorem 9.2.1 Let f be a convex function and zg € Int(dom(f)). Then f is
continuous and locally Lipschitz at xg.

An important consequence of this theorem is that every convex function whose domain
is all of R™ is continuous on R™. To prove Theorem 9.2.1, we need the following intermediate
result:

Let us now turn to the differentiability of convex functions. We recall the definition of
the directional derivative:

Definition 9.2.1 — Directional derivative. Let z € dom(f). The directional derivative
of f at x in the direction d is defined as the following limit:

Fle;d) = lim >(f@+ad) - f(z)).

a—0t

When this limit exists, f'(x;d) is called the directional derivative of f at .

When it exists, the directional derivative gives information about the slope of the
function in direction d, just as the derivative gives information about the slope of functions
of one variable:

e if f/(x;d) > 0 then f is increasing in direction d.
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e if f/(x;d) = 0 then no conclusion can be drawn.
e if f/(z;d) < 0 then f is decreasing in direction d: in this case, d is called a descent
direction of f at x.

Lemma 9.2.2 Let f be a convex function and = € Int(dom(f)). Then:
1. The function d — f’(z;d) is convex and positively homogeneous of degree 1,
ie.

Va >0, Vd € R", f'(x;ad) = af'(z;d).

2. For all y € dom(f):
fy) = f(=@) + f(z3y — 2).

Proof
Exercise.

Warning! Differentiability in every direction at x does not imply differentiability of f
at x. The typical counterexample is the function & — |z|. This function is differentiable
from the right and from the left at 0, but is not differentiable at 0.

Theorem 9.2.3 A convex function is differentiable in every direction at every point in
the interior of its domain.

Proof
Let x € Int(dom(f)). Consider the function

1
8(0) = L (f(z + ap) - F@).a > 0.
Let 8 €]0,1] and « €]0, €] with € small enough so that = + ep € dom(f). Then:

flz+afp) = f(1—B)z+ Bz +ap)) < (1 - B)f(x) + Bf(z + ap).

Thus

b(aB) = —(f(z + afp) — £(z0)) < ~(f(z +ap) — f(z)) = $(a).

af

The function ¢ is therefore nonincreasing near 0. For v > 0 such that x — vp €
dom(f), by convexity:

QIm

¢(a) > = (f(z) — f(xz —p)).

=~

The limit as @ — 01 therefore exists.

The interest of these results is that they allow us to define descent directions at any
point in the interior of the domain of a convex function, even a nonsmooth one.

9.3 Subdifferential of a Convex Function
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9.3.1 Definition and Properties

Definition 9.3.1 — Subgradient and subdifferential. Let f : R* - RU {400} be a
convex function and xo € dom(f). The subdifferential of f at x¢, denoted df(x¢), is
the set:

Of (o) = {g € R" | Vo € dom(f), f(z) = f(x0) + (9,2 — x0)} .

Any vector g € df(xp) is called a subgradient of f at x.

The geometric interpretation of the subdifferential is as follows. It consists of all the
normal directions of hyperplanes that pass through the point (z, f(z)) and remain “below”
the graph of f. These hyperplanes are called supporting hyperplanes of the graph of f at x.
We will also use the following characterization:

Proposition 9.3.1 — An equivalent definition of the subdifferential. Let f : R" —
R U {+0o0} be a convex function and xo € dom(f). Then:

0f(w0) = {g €R" | Vd € R", f'(w0;d) > (g,d)} .

— Proof
Exercise.

Example 9.2 Compute the subdifferential of f : x € R+ |z| at every point z € R.

Lemma 9.3.2 Let f: R™ - RU {+oo} be a convex function and z¢ € Int(dom(f)).
Then:
i 0f(xo) is a closed convex set.
ii. If moreover f is l.s.c., then 0f(z¢) is also nonempty and bounded.

— Proof
Point i.: exercise. Point ii.: nontrivial, admitted.

The subdifferential may not exist on the boundary of the domain. For example, the function
f(z) = —y/z on R4 is convex and closed, but the subdifferential does not exist at 0 since

lim, o+ f(z) = —o0.

Remark

9.3.2 Subdifferential Calculus Rules

Lemma 9.3.3 Let f be an l.s.c. convex function. Then:
i. If f is differentiable on its domain, then:

Vo € Int(dom(f)), Of(x) ={Vf(x)}.

ii. If dom(f) C R", A:R™ — R" is a linear operator and b € R", then the
function ¢(x) = f(Ax + b) is Ls.c. convex and:

Va € Int(dom()), d¢(x) = ATOf(Azx + b).
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ii. If f(z) = a1 f1(z) + asfo(z) with fi and fy Ls.c. convex on R™ and (a, ap) €
R+ X R+, then:

of(x) = a10fi(x) + a0 fa(x)
= {ougi + 0292 | (91,92) € 0f1(x) x Ofa(2)}.

iv. Let g : RU {+00} — RU {+0o0} be a convex nondecreasing function. Let
h =go f. Then:

vz € Int(dom(f)), Oh(x) ={mmnz | m € 9g(f(x)),m2 € Of(x)}.  (9.2)

Example 9.3
1. Let f(x,y) = z + 2|y|. Show that f is l.s.c. convex and compute its subdiffer-
ential.
2. Let f(z) = ||z[|2. Show that f is l.s.c. convex and compute Jf(x) at every
point x € R™.

Lemma 9.3.4 Let (fi)i=1.m be a collection of ls.c. convex functions. Then the
function

fla) = max f;(z)
is also L.s.c. convex with domain dom(f) = N*, dom(f;) and:

Vo € Int(dom(f)), Of(z) = conv (0fi(z),i € I(x))

where I(z) = {i € {1,..,m}, fi(z) = f(z)}.

9.4 Necessary and Sufficient Optimality Condition

The notion of subdifferential is central as it allows in particular to characterize the minimizers

of a function. We consider the following problem:

Find z* such that f(z*) = mIiRn f(x)
reR?

where f is an l.s.c. convex function.

Theorem 9.4.1 — Existence of a global minimizer. Let f : R®™ — R U {+oo} be a
convex, l.s.c., proper, coercive function (i.e. f(z) = +oo as ||z| — +o0). Then f
admits at least one global minimizer.

Proof

This is a particular case of Theorem 2.2.2 (Chapter 2): the level set K = {z €
R™ | f(z) < f(zo0)}, ®o € dom(f), is closed (Proposition 9.1.3) and X = R" is closed,
so the l.s.c., closedness and coercivity hypotheses of Theorem 2.2.2 are satisfied;
convexity of f plays no role in this existence argument.

Now that this existence result is established, we can characterize global minimizers

using the subdifferential.
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Theorem 9.4.2 Let f: R™ — RU {+o0} be a convex function. The point z* € R" is
a global minimizer of f if and only if:

0€af(xz").

Proof
Exercise.
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CHAPTER

First-Order Methods in Convex Optimization

In this chapter, we study optimization methods suited to the case where the function f
to be minimized is convex but not differentiable. A natural approach is to generalize the
gradient descent algorithm by replacing the gradient, which is no longer defined, by an
arbitrary subgradient:

Th1 = Tk — S Gk, gk € Of(x,).

This algorithm, called the subgradient algorithm, converges under suitable hypotheses on
the step size s. It presents, however, several pitfalls into which an unwary user might fall:
1. The stopping-criterion trap. The condition ||gk|| < &, g € Of(xy), directly
transposed from the condition ||V f(z)| < € in the differentiable case, may never be
satisfied.

2. The approximate-subgradient trap. In practice, g (and even the function itself)
is not always computed exactly: it is often obtained by finite differences. This
approach is no longer valid when the subgradient is not continuous.

3. The curse of subdifferentiability. Since the map x +— Jdf(x) is not continuous, a
small perturbation of x;, can lead to large variations of 9 f(x). Based on the available
subdifferential information, the choice of g can vary enormously and produce very
different points xj1.

It is precisely to avoid these pitfalls that we will not investigate the subgradient algorithm
further in this chapter. We will see instead in Section 10.3 how the Forward-Backward
algorithm circumvents them when f has a composite structure F' = f 4 h: the differentiable
part is handled by an explicit gradient step (where V f is well defined and continuous),
and the nonsmooth part is handled by the proximal operator, which avoids the direct
computation of a subgradient.

10.1 Geometry of Convex Functions

One might think that a differentiable function is easier to minimize than a nondifferentiable
one. Likewise, a strictly convex function might seem easier to minimize than a merely
convex one (notably because it has a unique minimizer). Neither of these intuitions is
correct. Indeed, any nonsmooth function can be approximated arbitrarily closely by a C*
function, and any convex function by a strictly convex one. It is therefore necessary to
introduce more regular classes of functions in order to develop efficient algorithms. The
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two classes presented below are the most natural: functions with Lipschitz gradient and
strongly convex functions.

10.1.1 Functions with Lipschitz Gradient

We introduce the class of differentiable functions with Lipschitz gradient. Throughout this
section, we consider functions f : R” — R that are differentiable with Lipschitz gradient:

IVf(z) = V)l < Lllz -yl (10.1)

These functions have an essential property for proving convergence of descent methods,
which you have already seen in Chapter 6:

Lemma 10.1.1 — Descent lemma. Let f : R™ — R be a differentiable function with
L-Lipschitz gradient. Then:

F) < £(@) + (T @)y~ )+ lly ol

Linear approximation

Proof
Immediate consequence of Proposition 6.1.1 (Chapter 6): the two-sided bound proved
there in particular gives the one-sided inequality above.

This result indicates that for functions with Lipschitz gradient, the linear approximation
cannot be too inaccurate, see Figure 10.1.

A A

\

Figure 10.1: Function with Lipschitz gradient: the graph of the curve cannot move away
from the tangent too quickly. Here A(z,y) < %Hy — z||3. The affine function on the right
satisfies L = 0 since the tangent coincides with the function.

When f is moreover convex, the descent lemma can be strengthened into an inequality
that simultaneously controls the gap between gradients and the associated inner product:

Lemma 10.1.2 — Co-coercivity of the gradient. Let f : R — R be convex, differen-
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tiable, with L-Lipschitz gradient. Then:

V(z,y) e R" xR", (Vf(z) - Vf(y),z—y) > %IIVf(SC) - ViI*.

Proof
Fix z,y € R™ and introduce the function:

p(2) = f(2) = (V[(2),2),

which is differentiable and convex, being the difference of a convex function and a
linear function. Moreover:

Vz €R", Vo(z) = Vf(2) = Vf(z),

so  also has L-Lipschitz gradient, and the point z is a global minimizer of ¢ by
construction. The trick is to apply Lemma 10.1.1 to ¢ between the points y and

y — +Vo(y):
@ (y — ivw(y)) < e(y) - %IIVsO(y)HQ-

Since z is a global minimizer of ¢, we get ¢ (z) < p(y) — 57| Ve(y)||>. Rewriting

this in terms of f:

f(@) = fly) + %Ilvf(y) = Vi@)|? <(Vf(z),z~y).

Exchanging the roles of  and y and summing the two inequalities gives the expected
result:

(Vi@)~ VI@),x~y) > TIVi@) - Vi)

For an arbitrary convex differentiable function (with no regularity assumption on the
gradient), convexity only implies monotonicity of the gradient:

V(z,y) € R" xR", (Vf(z) = Vf(y),z—y)>0.

Co-coercivity is a strictly stronger property: it quantifies this monotonicity using the
Lipschitz constant L of the gradient. It is in fact so strong that it is equivalent to the
gradient being L-Lipschitz (this is the content of Lemma 10.1.2): by the Cauchy—Schwarz
inequality, co-coercivity implies ||V f(z) — V f(y)|| < L||z — y||, which is exactly (10.1). It
is this property that will allow us, in the next section, to interpret gradient descent as a
fixed-point iteration of a nonexpansive operator.

Recall finally that C? functions with Lipschitz gradient can be characterized via their
Hessian:

Lemma 10.1.3 f:R” — R is a C2, convex function with L-Lipschitz gradient if and
only if:

v

Vz € R, Amin (H[f](z))
Ve € R", Az (H[f](m))

(CONVEXITY)

0
L (LIPSCHITZ GRADIENT).

INA
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Let us conclude this section with a few examples:

1. The function f(z) = 3||Az — b||? is convex with Lipschitz gradient of constant
L = Moz (A*A).
2. The function f(x) = —log(x) is convex on R, but its gradient is not Lipschitz.

3. The function f(x) = exp(x) is convex on R, but its gradient is not Lipschitz. However,
on any bounded interval [a, b], one has f”(z) < exp(b).

10.1.2 Strongly Convex Functions

The Lipschitz gradient assumption is not always sufficient. In particular, it is impossible to
say anything about the distance to the minimizer for first-order algorithms under the sole
assumption that the function to be minimized has Lipschitz gradient. A class of functions
for which stronger results can be obtained is that of strongly convex functions.

Definition 10.1.1 A convex function f : R" — R U {400} is said to be p-strongly

convex (for g > 0) if the function z — f(x) — %HxHQ is convex.

This definition translates into the following inequality, valid at every point where the

subdifferential of f is defined:
n H

When f is differentiable, df(x) = {V f(x)} at every point (Chapter 9, Lemma 9.3.3), and

this inequality reduces to the one we will use most often in this chapter:
V(w.y) €R" X R", f(y) > (o) + (V@),y—a)+ Sy —al®  (10:2)

Note that the sign of inequality (10.2) is simply reversed compared to differentiable functions
with Lipschitz gradient. Strong convexity therefore means that the graph of the curve
moves away from the tangent sufficiently quickly.

A first immediate consequence of the definition is the following:

Proposition 10.1.4 A strongly convex function is strictly convex.

— Proof
f is the sum of the convex function z — f(z) — &||z||* and the strictly convex
function z — £||z||?, hence is itself strictly convex.

Conversely, a strictly convex function need not be strongly convex (example: f(x) =
~log(x)).

Another immediate consequence, which gives its full meaning to the notation z* that
we will use systematically in the sequel, is the following:

Proposition 10.1.5 — Existence and uniqueness of the minimizer. Let f : R* —
R U {400} be a p-strongly convex, proper, lower semicontinuous function such that
Int(dom f) # (). Then f admits a unique minimizer.
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Proof
Ezistence. Let xg € Int(dom f). By Lemma 9.3.2 (Chapter 9), 0f(zp) is nonempty;
let g € Of(xp). The strong convexity inequality gives:

Vy e R™,  f(y) > f(xo) + {9,y — 70) + =y — w02
2 lly||—4oc0

(by the Cauchy—Schwarz inequality), so f is coercive. Being moreover convex, proper
and Ls.c., Theorem 9.4.1 (Chapter 9) applies directly: f admits a minimizer.
Uniqueness. Immediate from the strict convexity of f (Proposition 10.1.4).

Strong convexity in fact gives more precise information, controlling both the distance
to the minimizer and the norm of the gradient in terms of the functional gap f(x) — f* —
two ingredients that will be used directly in the convergence proofs of Section 10.2.2:

Proposition 10.1.6 — Quadratic growth. Let f be a u-strongly convex function, and
denote by z* its unique minimizer. For all z € R":

@) 2 fa”) + Sz — "I

Proposition 10.1.7 — Polyak-tojasiewicz inequality. Let f be a p-strongly convex,
differentiable function, and denote by z* its unique minimizer. Then:

Vo eR", |Vf(@)|? > 2u(f(z) — f*).

Proof
By strong convexity, for all z,y € R™:

) > F(@)+ (VH(@)y - ) + Sy — o]

The right-hand side, viewed as a function of y, is a strictly convex quadratic function
minimized at y* =z — in(x), where it equals f(x) — ﬁ”Vf(l‘)”Q Hence:

Yy eR", f(y) > flz) - 21M||Vf<x>||2.

Taking y = x* gives f* > f(z) — iHVf(x)HZ, which is the claimed result.

The interest of this inequality is that it isolates exactly the information needed to prove
the linear convergence of gradient descent (Theorem 10.2.6): the full generality of definition
(10.2) is never actually needed, only this consequence concerning ||V f(z)||. This is also why
this inequality carries its own name (Polyak, 1963): it remains true for certain nonconvez
functions that do not have the geometric structure of strong convexity, and serves as the
basis for linear-convergence proofs outside the convex setting (beyond the scope of this
course).

In practice, one rarely needs to check strong convexity directly from the definition. The
following two results give more manageable computational and characterization tools.
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Proposition 10.1.8 — Stability under positive combination. Let f; and f» be two
convex functions with strong convexity parameters p; > 0 and ps > 0 respectively,
and let a, 8 > 0. Then f = af] + Bf2 is pu-strongly convex with p > ap; + Sus.

In the particular case of C? strongly convex functions, these are characterized by their
Hessian.

Proposition 10.1.9 — C2 characterization. A C? function is p-strongly convex if and
only if
Amin(H[f](z)) = p, Vo € R".

Let us conclude with a few examples of strongly convex functions:
1. The function f(z) = ||z — z¢|? is 1-strongly convex. The function f(z) = g(z) +
3llz — 20/|? where g is convex is 1-strongly convex.
1

2. The function f(z) = §||Az — b||? is strongly convex if A has full rank. Its strong

convexity constant is then equal to Ay (A*A).

10.1.3 Condition Number of a Function

The notions of Lipschitz gradient constant and strong convexity parameter generalize the
notions of largest and smallest singular values of a matrix. They allow us to define a
condition number for a function.

Definition 10.1.2 Let f be a u-strongly convex, differentiable function such that V f
is L-Lipschitz. The condition number of f is defined by:

L
k=— €[l,+00]
W

We will see throughout this chapter that the condition number appears in the convergence
rates of all first-order methods, in the same way as in linear algebra. The condition number
is infinite as soon as f is not differentiable or not strongly convex. In general, ill-conditioned
problems with k > 1 are harder to solve than well-conditioned ones. Figure 10.2 shows the
level curves of the function: fo(z) = %||Dax||3 with

1 0
2= (; o)
and « > 1. The Hessian of f, is D, and the condition number is therefore kK = a. The

larger «, the more elongated the level curves. A gradient method then tends to converge
slowly, oscillating along the “valley” leading to the minimizer.

10.2 Gradient Descent Algorithm

Let f: R™ — R be a differentiable function with Lipschitz gradient. In this section we study
the convergence and convergence rate of gradient descent algorithms for approximating
solutions of the problem:

min f(z).
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Figure 10.2: Level curves of f, for a € {1,5,10}. The red curve shows the trajectory of a
gradient descent. The larger the condition number «, the more elongated the level curves
and the more the gradient descent oscillates.

Gradient descent methods are written as follows:
Tpy1 = o — sV f(xg). (GD)

where s > 0 denotes the step size of the algorithm, assumed constant throughout this
chapter. Without an additional hypothesis on the choice of this step size, algorithm (GD)
may diverge: the purpose of this section is to make precise the conditions on s that guarantee
its convergence, as well as the rate at which this convergence takes place.

1 Convergence of the Gradient Algorithm

For the rest of this chapter, we consider the fixed-step gradient descent algorithm, the
simplest one we know:

Tpy1 = T — sV f(xg). (10.3)

Theorem 10.2.1 Let f : R™ — R be a differentiable function with L-Lipschitz gradient
admitting at least one minimizer x*. Denote f* = min f. Then for any xy € R",
the sequence (zp)ren of iterates generated by algorithm (10.3) with step size s < %

satisfies:
1. The sequence (f(zk))ken is nonincreasing: Vk € N, f(zgy1) < f(xg).
2. Global convergence: klim |V f(zx)|| = 0: every accumulation point of the
—+00

sequence (z)g is a critical point of f.

The proof of this theorem relies on a clever use of the descent lemma (Lemma 10.1.1),
which it is illuminating to rewrite using a very simple Lyapunov energy!, a technique that
we will use systematically throughout this chapter. Denoting Ey = f(x) — f*, one checks
that:

B — B = [axn) — Fa) < —s(1- 2s) [V ()% (10.4)

which implies both that gradient descent, under the hypotheses of Theorem 10.2.1, is a
descent algorithm, and the global convergence of gradient descent.

Theorem 10.2.1 states that |V f(zg)]| — 0 and that every accumulation point of
(zk)ken is a critical point of f. It says, however, nothing about the convergence of the

nformally, a Lyapunov energy is a function Ex > 0 (or E(t) > 0 in continuous time) that decreases
along the trajectory of the iterates (or of the solution of an ODE). Showing that E) decreases is often
enough to obtain both a convergence property and an explicit convergence rate, without having to reason
directly about the iterates themselves.
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sequence (z)ken itself: the sequence could very well never settle down, while still having
accumulation points. Without an additional hypothesis on f (convexity, the Kurdyka—
Lojasiewicz inequality...), this is not a mere proof artifact: the phenomenon really occurs,
as shown by the following explicit example.

Example 10.1 — Absil, Mahony, Andrews, 2005. Let f : R? — R be defined in polar
coordinates (r,6) by:

~—Liy 1 4rt -y 1 o1
f(r,0) = ¢ 4rd + (1 —r2)4 o 1—r2 Breh
0 ifr>1.

This function is of class C* on R? (the exponential factor and all its derivatives
vanish as 7 — 17, ensuring a smooth match with the constant value 0 for r > 1).
Since 0 < W < 1 for r <1, we have f(r,0) > 0 on the open disk: the unit
circle C = {r = 1} is therefore exactly the set of global minimizers of f (value 0),
and it is also its set of critical points.

For an initial condition (rg, fp) satisfying (1 —
73) = 1, the gradient flow trajectory associated
with f admits the explicit expression:

1
|l 0(t) = ——.
Il (*) 1—r(t)?
N\ As t — +o00, we have r(t) — 1~ and hence

0(t) — +oo: the trajectory spirals infinitely
many times around C, getting closer to it, with-

out ever converging to a point.
The authors show that by suitably sampling this trajectory, one obtains a discrete

sequence (zp)ken that is indeed a legitimate sequence of iterates for a gradient descent
algorithm, and whose set of accumulation points is the entire circle C.

This example shows that an additional structural hypothesis on f is needed to obtain
more: it is convexity that will allow us, in the rest of this chapter, to obtain the convergence
of the whole sequence of iterates.

Suppose from now on that the function f is convex. Theorem 10.2.1 guarantees
that the accumulation points of (x)ren are minimizers of f, but still says nothing about
the convergence of the whole sequence.

Before going further, note a simple fact: finding a minimizer of f means finding a point
x* such that V f(z*) = 0. But this condition can be rewritten:

Vi*)=0 <<= z"-sVf@@")=a" <+ T(z") =2a",

where T := Id — sV f. In other words, the minimizers of f are exactly the fixed
points of T. And the gradient algorithm (10.3) is then simply written:

Tr1 = T(x),

that is, we apply the operator T" over and over, starting from zy. This is nothing but a
fixed-point algorithm: we hope that the sequence of iterates will get closer to a fixed
point of 7', i.e. to a minimizer of f.
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The fixed-point algorithm is familiar from earlier courses: if an operator 1" is contractive
(i.e. Lipschitz with constant strictly less than 1), the Banach fixed-point theorem guarantees
the existence of a unique fixed point and the geometric convergence of the sequence (xy)ren
to this point, whatever the starting point xg.

Here, unfortunately, the operator T'=1d — sV f is in general not contractive: it is at
best 1-Lipschitz, so that it never “expands” distances between two points. Such an operator
is called nonexpansive. This is a weaker property than contraction: it does not suffice, in
general, to guarantee the existence or uniqueness of a fixed point, nor the convergence of
the sequence of iterates. A little more work than the mere Banach theorem will therefore
be needed to conclude. This is the purpose of the following theorem:

Theorem 10.2.2 — Convergence of a fixed-point algorithm. Let 7" : R — R™ be a 1-
Lipschitz (nonexpansive) operator admitting at least one fixed point: Fix(T") # ). Let
xo € R™ be arbitrary and (z)ken the sequence defined by z1 = T(x). Suppose
moreover that:
[#k41 — @kl ——— 0.
k—+o0

Then (xp)ken converges to a fixed point of 7'

Proof
Let z* € Fix(T'). By nonexpansiveness of T"

k1 — 2| = [T (xx) = T(2")| < [lex — 27,

so the sequence (||xx — 2*||)ken is nonincreasing and nonnegative, hence bounded: the
sequence (zy)gen is therefore bounded and admits at least one accumulation point Z.
Let us show that € Fix(T'). Let (z,)jen be a subsequence such that zy; — Z. By
continuity of 7' (nonexpansive = continuous):

T(xy;) —— T(Z).
J—+00

Now T'(z;) = Tk, 41 = Th; + (Tk;+1 — Tk;), and [|xg; 41 — 2k, || — 0 by hypothesis, so
T(wg;) — 7 as well. By uniqueness of the limit, T'(z) = 7, i.e. ¥ € Fix(T).

It remains to show that the whole sequence converges to Z, and not merely a
subsequence. The sequence (||zx — Z||)ken is nonincreasing (by the first point, applied
to ¥ = ¥ € Fix(T)) and admits a subsequence (||x);, — Z||); converging to 0; a
nonincreasing sequence with a subsequence converging to 0 itself converges to 0.
Hence x;, — x.

It remains to check that the operator T'= Id — sV f associated with gradient descent
does indeed satisfy the hypotheses of this theorem:

Lemma 10.2.3 Let f be convex, differentiable, with L-Lipschitz gradient, and s < %
Then the operator T'=Id — sV f is nonexpansive, and Fix(T) = arg ming, f.
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Proof
By co-coercivity of the gradient (Lemma 10.1.2):

T () ~ TP = lle — yl* ~ 25(V () ~ VI(w). 2 — 9} + SIVI(@) ~ VI @)
<z =yl — (% — )95 (@) ~ VI < llz ~ ol

Finally T'(z*) = 2* <& Vf(z*) = 0 & z* € argmin f by convexity of f, which
confirms the observation made above.

Corollary 10.2.4 — Convergence of the iterates of gradient descent. Let f : R” — R
be convex, differentiable, with L-Lipschitz gradient, admitting at least one minimizer,
and s < % Then for any xg € R", the sequence of iterates generated by (10.3)
converges to a minimizer of f.

Proof

Algorithm (10.3) is written x4+ = T'(zx) with 7= Id — sV f, nonexpansive, with
fixed points arg min f # () (Lemma 10.2.3). Moreover xp1 — 2 = —sV f(xx), and
IV f(xr)|| — 0 by Theorem 10.2.1: the hypothesis of Theorem 10.2.2 is therefore
satisfied. The conclusion follows directly.

We now know that the sequence of iterates converges to a minimizer of f, but nothing,
at this stage, tells us about the rate at which this convergence takes place. This is the
purpose of the next subsection: we will establish explicit convergence rates for the sequence
of values (f(zr) — f*)ken, both for the class of convex functions and for the more restrictive
class of strongly convex functions.

10.2.2 Convergence Rate as a Function of Geometry

We distinguish here two settings: the general one, where f is merely convex with Lipschitz
gradient, and the more restrictive one, where f is moreover strongly convex. We focus
mainly on the rate of decrease of the functional gap f(zx) — f*, and, when possible (at
the cost of additional hypotheses), on the rate of convergence of the iterates themselves,
lxx — 2*||]. We will see that this rate depends strongly on the geometric setting under
consideration: sublinear in the convex case, geometric in the strongly convex case, which
will justify, in the next subsection, the search for an algorithm more efficient than plain
gradient descent.

Convex case. Let us begin with the class of convex differentiable functions with Lipschitz
gradient.

Theorem 10.2.5 Let f: R™ — R be a convex differentiable function with L-Lipschitz
gradient admitting at least one minimizer z*. Denote f* = min f. Then for any
xo € R™, the sequence (zp)ren of iterates generated by algorithm (10.3) with step
size s < % satisfies:
|0 — 2*|?
VkeN, f(ogp) — ff<——.
flag) = f o
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Why can we not simply content ourselves, as in Theorem 10.2.1, with the energy
Eyx = f(xx) — f* alone? Let us go back to the descent inequality (10.4):

L
Brs1 = B < —s(1 = Zs)[[Vf(2)[* <0,

so the sequence (Ej)ren is nonincreasing, hence E < Ej for all k. In other words, the
sequence (f(xr) — f*)ken is bounded, but nothing more: this information alone tells us
neither that f(zy) — f* tends to 0, nor, if it does, at what rate. We must enrich the energy
to obtain a quantitative result; this is the purpose of the following construction, which
incorporates in addition the distance to the minimizer.

We therefore introduce an enriched energy, incorporating both the functional gap and
the distance to the minimizer (we will see in §10.2.4 that this discrete energy is precisely the
discretization of the energy used to analyze the continuous trajectory associated with the
gradient flow ODE, which explains why the two convergence rates coincide). To simplify
the proof, we take s = % here (the proof is written in a very similar way for an arbitrary
step size s):

Be= % (7)) + gloe—a° P

Then:
Bun—Be = S ) — 19 - (@) - £+ Sl - oI - S - 2P
= P ) — F) 7 ()~ )
bgllan—a® = TV~ glles — P
_ %(f(xm) — f(zp) + %(f(xk) — )+ T;!!Vf(xk)H?
_%<Vf(xk),:1:k — )

Since f is assumed convex, the tangent characterization of convexity gives:
Vk eN, f(a*) > f(zr) + (Vf(zk), 2" — 2p)

or equivalently:

Vk €N, f(zx) — f* = (Vf(zg), 2" —25) < 0.

We deduce:
B = Be < i ((onen) = f@) + g3 IV 7@
k
< 3o S + 7 (Flaw) = fa) + 5 9@
<0

<0 by (10.4) with s=1

We have thus shown that the sequence (Ej)ken is nonincreasing along the iterations, which
implies Vk € N, Ej < Ep, i.e.
L|zg — z*||?
vk EN, fa) - < T

Strongly convex case. Let us now turn to the class of differentiable, strongly convex
functions with Lipschitz gradient.
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Theorem 10.2.6 Let f : R™ — R be a convex differentiable function with L-Lipschitz
gradient, strongly convex with parameter p > 0. Denote by z* the unique minimizer
of f and f* = min f. Then for any xzy € R", the sequence (zj)ren of iterates
generated by algorithm (10.3) with step size s = % satisfies:

vk eN, o)~ £ < (1= ) (o) - 7).

The proof is much simpler than in the convex case and relies on the energy:

By, = f(zg) — f7,

and on the Polyak-FLojasiewicz inequality (Proposition 10.1.7):

Vo € R", |Vf(2)]? = 2u(f(z) — f*).

Thus:
1 . .
Exy1— Er = f(zpgr) — f(zg) < —iHVf(xk)HQ using (10.4) with s = %
< —F(f@) ~ )= LB

We have thus proved the inequality Vk € N, Fj 1 < (1 - %) FE, which leads by induction
to the expected result:

LN E
Vk € N, Ek<(1—z) Eo,

that is:

vheN, o)~ £ < (1= ) (o) - 7).

Quadratic growth (Proposition 10.1.6) immediately allows us to transfer this geometric
decrease from the functional gap to the distance to the minimizer:

Corollary 10.2.7 Under the hypotheses of Theorem 10.2.6, the sequence (x)ken
satisfies:
2(f(wo) = f*) <1 B g)m

Vk e N —z¥|| <
eN, flz - o " 2

In particular, the iterates converge geometrically to x*.

— Proof
By Proposition 10.1.6, ||z — 2*||* < f(zk) — f*. Theorem 10.2.6 bounds the
right-hand side by (1 — %)k (f(xzo) — f*), which gives the result.

In summary, we have shown that gradient descent converges very slowly (sublinearly, at
rate O(1/k)) for the class of convex differentiable functions with Lipschitz gradient, and
geometrically (i.e. with exponential decay) for the class of strongly convex differentiable
functions with Lipschitz gradient, the latter being all the faster as the condition number
is close to 1.

The question we will try to answer in the next subsection is: is it possible to build a
first-order algorithm with better convergence than gradient descent for the class of convex
functions with Lipschitz gradient?
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10.2.3 Nesterov Acceleration

A first answer was given by Nesterov in 1984, who provided a lower bound on the decrease
of the objective: for this, consider a generic first-order method defined by:

xg € xo +vect (Vf(xo),.... Vf(zr_1)), k> 1.

This class of methods is quite broad: it includes, for example, gradient descent or conjugate-
gradient methods for quadratic problems. One can prove (though we will not do so here)
the following result:

Theorem 10.2.8 Let zg € R™. For every k such that 1 < k < "—_1, there exists

2

f :R™ — R differentiable with L-Lipschitz gradient such that for every first-order
method:

8L||zo — 2*|?

fla) =~ 1) 2 "5 T

ke — 2II* > 2 llwo — 2.

ool —

A few remarks about this theorem:

It is very common today to have to solve optimization problems in very high dimension
(n > 106 variables). The condition k < 25 is therefore of no particular importance,
since in such situations one cannot afford to perform that many iterations.

An unpleasant consequence of the second inequality is that, in general, nothing can
be said about the distance to the minimizer. After a number of iterations of the order
of the problem size, the distance to the minimizer may have decreased by a factor of
only /8!

When minimizing a differentiable function using gradient descent, convergence rates
are in general sublinear: one cannot hope for very accurate solutions. We have seen
that the situation improves for more restrictive classes of functions: strongly convex
functions.

The optimal rate O (k%) is not too bad: after 10 iterations, the function can decrease
by a factor of 100, and after 100 iterations, by a factor of 10000.

To close the gap between this lower bound in O ( 1 ) and the O (%) rate of gradient

k2

descent, Y. Nesterov proposed in 1983 the following inertial algorithm:

tr — 1
tkt1
Thr1 = Yk —sVf(yk)

Y = Tp+ (T)p — Tp—1)

where xg = z_; and the sequence of parameters (¢;)recn is defined by ¢; = 1 and:

14+ /1+48F

thrl = f:

and showed that the iterates generated by this algorithm satisfy:

2||xo — x

*H2
sk? '

VkeN, f(zp) — f* <
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Unfortunately, the question of convergence of the iterates remains an open problem. A
variant was proposed and studied by A. Chambolle and C. Dossal in 2015 [7], then by Su,
Boyd and Candés in 2016 [11]:

= zp+ i (g — xp—1)
Yk = k kTt o k k—1 (10.5)
Thr1 = Y — sV (yk).

Nesterov’s historical algorithm corresponds asymptotically to the case o = 3.

Theorem 10.2.9 Let f : R™ — R be a convex differentiable function with L-Lipschitz
gradient admitting at least one minimizer z*. Denote f* = min f. Then for any
xo € R™, the sequence (zy)ren of iterates generated by algorithm (10.5) with step
size s € ]0, %] and a > 3 satisfies:

and the sequence (xj)ren converges to a global minimizer of f.

— Sketch of proof

We write the proof for s = %; it adapts immediately to any step size s € ]0, %] by

replacing L with % in the Lyapunov energy below (i.e. % becomes i) Consider the
following discrete Lyapunov energy: let z* be a minimizer of f. Define:

£ = K(f(ax) — f&) + 2o~ Dos — ) + bk — 2|

Let us now compute &1 — &: using the definition of the iterates (xj)r>1 from
algorithm (10.5) and the convexity inequality:

flz) — f(&%) <V f(xp), v — %),
one obtains after some computation:

Eptr — & < (3 — )k(f(zk) — f(z7)) (10.6)
Thus, if o > 3, the sequence (&) is nonincreasing along the iterates and:
2 * L *\ (|2
Vk 21, k°(f(zx) = f(z7)) < & = S (@ = 1)(zo — 27|

as claimed. This bound being strictly decreasing in s, the step size s = % — the
largest admissible one — is therefore optimal.

The constraint s < % (rather than s < % as for classical gradient descent) is essential here.

The proof relies on the quadratic majorization

Remark

1
Fwrgr) < flyk) +(VF(yr), Tra1 — ye) + 2*8||Ik+1 —yll?,

which, via the descent lemma (Lemma 10.1.1), is valid only if % > %, ie. s < % The

condition s < % of classical gradient descent only guarantees the nonexpansiveness of the




10.2 Gradient Descent Algorithm 129

associated operator, a weaker requirement, which is not enough here to build the accelerated
Lyapunov energy.

The rate obtained above is optimal only for o > 3. For 0 < o < 3 (the so-called subcritical
case), one can show, using an analogous Lyapunov energy but weighted by a power of k
different from 2, that for every p < %a:

fl@p) = fF=0(k7P).

Remark

This rate is strictly worse than O(1/k?): the choice o > 3 is therefore indeed necessary to
benefit from Nesterov’s optimal acceleration. See [2]. Note moreover that, unlike the case
a > 3 (Theorem 10.2.9), the convergence of the sequence of iterates (xy)ien itself is not
established in this subcritical regime: the question remains, to our knowledge, open.

We have thus shown that the algorithm proposed by Nesterov is optimal for the class of
convex differentiable functions, in the sense that it performs optimally uniformly over the
whole class. Note however that for particular problems, other methods may perform better.
For example, in the presence of strong convexity, gradient descent methods have exponential
decay while Nesterov’s method remains at rate O(k=2). In general, better convergence
rates can be obtained if the functions to be minimized satisfy geometric hypotheses stronger
than mere convexity.

In fact, there exists a variant of Nesterov’s algorithm specifically adapted to strongly
convex functions, which restores exponential decay, with a better contraction factor than that
of classical gradient descent (Theorem 10.2.6). Let f be a p-strongly convex, differentiable
function with L-Lipschitz gradient, and denote kK = % its condition number. Setting
To = r_1 and:

B

+

yk = zp+ B (rr — Tho1), B =

B

1
Thy1 = Z/k—zvf(yk)a

one shows that there exists C' > 0 (depending on xg) such that [9]:

k
Wk €N, f(xk)—f*g(/’(l—\}g) .

The contraction factor 1 — ﬁ is strictly better than that of classical gradient descent, 1 — %:

this is the analogue, for strongly convex functions, of the O(1/k?) acceleration obtained in
the convex case.

This acceleration nonetheless has a significant practical cost: unlike Theorem 10.2.9,
valid for any « > 3 independently of f, the coefficient 8 here depends explicitly on the
condition number k = £ of the function to be minimized. In practice, p (and sometimes
L) are only known approximately: a mis-estimated x degrades the performance of the
algorithm, which may lose its accelerated rate, or even oscillate. This sensitivity to the
exact condition number contrasts with the robustness of the convex variant, whose choice
of o does not depend on any characteristic of f.

We now return to the connection between these algorithms and dynamical systems,
which will allow us to explain both the convergence rate of classical gradient descent and
the faster rate of Nesterov’s algorithm.
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10.2.4 Connection with Dynamical Systems

In this subsection, the main idea is that a gradient descent method can be interpreted as a
discretization of the gradient flow ordinary differential equation (ODE):

#(t) + VF(z(t) =0 (10.7)

by the explicit Euler method seen in numerical analysis. We will see that studying the
convergence of the solution trajectories of this ODE recovers exactly the convergence rates
obtained for classical gradient descent in §10.2.2, which is no coincidence: the discrete
Lyapunov energies we used are precisely discretizations of the continuous energies introduced
below.

Theorem 10.2.10 Let f : R™ — R be a convex differentiable function admitting at
least one minimizer x*. Denote f* = min f. Let x be the solution trajectory of ODE
(10.7) with initial condition z(0) = . Then:

k|2
v >0, fa(®) - £ < 10

and the trajectory = converges to a point Z that is a global minimizer of f.

Sketch of proof
There are several ways to prove this result; here we use an approach based on
so-called Lyapunov energies. For example, consider the energy:

k 1 *
E(t) =t(f(2(t)) = f) + S l2(t) —2"|*
Using the convexity of f, one shows that E’(t) < 0 for all ¢ > 0. Hence:

1
¥t >0, E(t) < 5llwo — 2",

which implies the claimed result.

Convergence at rate O (%) is very slow in practice. To hope for faster convergence, it is
useful to have more information about the geometry of the function being minimized. In
particular, suppose now that f is moreover strongly convex with parameter u > 0, i.e.:

V(e.y) €R" X R", f(y) > f(2) + (VF(@),y - 2) + Slly - o]

Theorem 10.2.11 Let f : R® — R be a convex differentiable function, assumed
strongly convex with parameter g > 0. Denote by x* the unique minimizer of f and
f* = f(z*). Let z be the solution trajectory of ODE (10.7) with initial condition
z(0) = xp. Then:

W30, J0)-F < ()= e and () -o|? < 2LEVZLD oo

The proof is perhaps simpler than for the first theorem. Define the energy:
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One shows the differential inequality F’'(t) +2uE(t) < 0. Integrating between 0 and ¢ gives:
vt >0, f(z(t) — f* < (f(o) — fF)e .

We have thus shown that gradient descent methods have exponential decay towards the
minimizer for the class of strongly convex functions!

We thus recover, for the continuous trajectory (10.7), exactly the same convergence
rates as those obtained for the discrete algorithm (10.3) (Theorems 10.2.5 and 10.2.6):
convergence at rate O(1/t) in the convex case, exponential decay in the strongly convex
case.

The gradient flow (10.7) does not, however, by itself explain the acceleration achieved by
Nesterov’s algorithm: this acceleration comes from an additional inertial term. Algorithm
(10.5) can indeed be seen as a semi-implicit discretization of the following ODE:

#(t) + %j;(t) +Vf(2(t) =0 (10.8)

with #(tg) = 0, describing the motion of a solid in a potential well with a certain vanishing
viscosity . It is precisely this inertial term, absent from the plain gradient flow (10.7),
that allows the trajectory to “gain momentum” and reach a convergence rate of O(1/t?)
instead of O(1/t), as shown by the following result.

Theorem 10.2.12 Let f : R™ — R be a convex differentiable function admitting at
least one minimizer x*. Denote f* = min f. Then for any zy € R", the trajectory x
solving ODE (10.8) with @(t9) = 0 and « > 3 satisfies:

(o = 1)%|lwo — =2

vt = to, f(x(t)) — f7 < 572

— Proof
Define the following Lyapunov energy:

E(t) = *(f(a()) — f(a")) + %H(a = )(=(t) — 2") + ta(t)|”.

Recall that the goal is to show that the energy £ is nonincreasing along the solution
trajectories of ODE (10.8). To this end, compute:

Et) = —(a=1t (V@) z(t) —27) +2t(f(x(t)) - f(2"))
>f(z(t))—f(xz*) by convexity
< B - a)t(f(x() = f(z7).

Thus if v > 3 then:

vt > to, £2(f(x(t)) - f(2*)) < E(to).
Now E(tg) = 3|(a — 1)(wo — x*)||? (since € is nonincreasing on [0,%o]), which gives

the claimed result.

The critical case a = 3 long remained an open problem for the convergence of the trajectory
x(t) itself (as opposed to the convergence rate of f(x(t)) — f*, which holds already for « > 3).

Remark
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It was resolved very recently, with the assistance of ChatGPT, by [8].

This correspondence between continuous and discrete time thus explains, in hindsight,
why Nesterov’s algorithm, seen as a discretization of ODE (10.8) equipped with an inertial
term with vanishing viscosity, accelerates convergence compared to classical gradient descent,
the discretization of the plain gradient flow (10.7).

We will see in the next section that these first-order techniques extend naturally to the
class of composite functions.

10.3 Extension to the Composite Case
Let us return to composite optimization:

min F(z) = f(x) + h(z) (10.9)
reR”™
where:
e f:R"™ — R is convex, differentiable with L-Lipschitz gradient:

IVf(z1) — Vf(x2)| < Lzt — za, V(z1,22) € R x R™. (10.10)

e h:R" — RU{+o00} is an l.s.c. convex function.
We first introduce the notion of proximal operator, which will allow us to handle the
nonsmoothness brought by the function h.

10.3.1 Definition and Properties of the Proximal Operator

Consider the problem

mnelIiRI}L f(z) (10.11)

where f: R" — R U {+o0} is a proper convex function. We introduce in this subsection
the proximal operator, which will allow us to characterize the optimal solutions of problem
(10.11):

Definition 10.3.1 — Proximal operator. The proximal operator of f is denoted proz;
and is defined for all x € R™ by:

1
proz(x) = argmin f(u) + =|ju — z||3. (10.12)
f u€R™ 2

The proximal operator can be seen as a generalization of the notion of projection onto
a convex set. Consider for example the case of the indicator function y x of a closed convex

set X:
0 frxeX

400 otherwise,

o) = xx(e) = {

The associated proximal operator is exactly the Euclidean projection of x onto X.

Exercisel0.1
Here are a few examples of proximal operators:
L If f(z) = 0, proz;(z) = x.
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2. If f(z) = al|z|[1, prox; is a soft thresholding of x:

v, —a x>
(prox(z))i =4 0 if |z;] < « (10.13)
f ri+a if x; < —a.

Proposition 10.3.1 If f : R® — R U {+oo} is a closed convex function, proz;(z)
exists and is unique for every x € R™. Moreover, it is characterized by the following
equivalence:

p= pr}gﬂ?(ﬂﬁ) & z—p€af(p)

— Proof
Exercise.

Consider the particular case where f is differentiable. Applying the above characteriza-
tion to tf (with ¢ > 0), we obtain:
p= pr}fgfﬂ(w) & z—p=tVf(p)
t
& p=x—tVf(p).

We recognize an implicit gradient step: p satisfies the equation of a gradient step of length
t, but evaluated at p itself rather than at the starting point x.

Proposition 10.3.2 — Nonexpansiveness. Let f : R®™ — RU{+o0} be a closed convex
function. Then proz is Lipschitz continuous with constant 1:

Hpr;)a:(:vl) —prfox(azg)HQ < |lz1 — z2]|2- (10.14)
— Proof
We have:
x1 — prox(xy) € Of (prox(xy)) (10.15)
f f
and
xg — prox(xe) € Of (prox(z2)) (10.16)
f f

Now, if f is closed convex, the set-valued operator df is monotone, meaning that:

(m —m2,u1 —ug) >0, Vi € af(PT]?SC(ﬂil)),Vng € af(prfo:c(xg)). (10.17)

Applying this monotonicity to m = x1 — proa:f(xl), N = Xy — proxf(:vg), u; =
prox (1), ug = prox ;(w2), we obtain:

<prfoz‘(:v1) - prfow(wz),wl — @) > ||P7"fO<73(fU1) —prfom(m)llg,

from which (10.14) follows by the Cauchy—Schwarz inequality.
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These operators have very useful properties that make them particularly well suited to
building minimization algorithms. In particular, one can show that the global minimizers
of f are exactly the fixed points of the associated proximal operator:

Proposition 10.3.3 Let f : R — R U {+oc} be a proper convex function and ¢t > 0.
Then:

B E arg;rel]%ll flz) =z= pr?x ().
t

Proof
Exercise.

By Proposition 10.3.3, the global minimizers of f are exactly the fixed points of the
operator T' := prox;y. As in §10.2.1 for gradient descent, it is therefore natural to build
a fixed-point algorithm associated with T": given an initial point zg € R™ and a step size
t > 0, we iterate

g1 = T(xg) = p?;?x(a:k) (10.18)
Unlike the operator Id — sV f of gradient descent, which is in general not contractive and
requires s < %, the proximal operator has the advantage of being nonexpansive for every
step size t > 0 (inequality (10.14)). Theorem 10.2.2 can therefore be applied directly,
provided we check that ||z;11 — zk|| — 0.

—— Exercisel0.2
Convergence of the proximal point algorithm.
The goal of this exercise is to establish that ||zg1 — x| — 0, the hypothesis needed
to apply Theorem 10.2.2.

1. Write the optimality condition associated with iteration (10.18).

2. Show that:

1
Vk € N, §||f'3k+1 — gl < f@r) — f(@rt)-

3. Deduce that the proximal point algorithm is a descent algorithm and that:

lim ||zg+1 — zx]| = 0.
—+00

Corollary 10.3.4 — Convergence of the proximal point algorithm. Let f : R™" —
R U {400} be convex, l.s.c., admitting at least one minimizer, and ¢ > 0. Then for
any zp € R"™, the sequence of iterates generated by (10.18) converges to a minimizer

of f.

— Proof
Algorithm (10.18) is written x4 1 = T'(2)) with T' = prow, s, nonexpansive, with fixed
points arg min f # () (Proposition 10.3.3 and (10.14)). Moreover ||zg+1 — x| — 0 by
the previous exercise: the hypothesis of Theorem 10.2.2 is therefore satisfied, whence
the conclusion.

Unfortunately this algorithm, called the proximal point algorithm, is unusable in practice.
Indeed, it assumes that we can compute exactly the proximal operator of the function f to
be minimized, which amounts to assuming that we can compute exactly the minimizers of
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f! We will instead draw on the techniques seen previously to build a first-order method for
the minimization of composite functions.

10.3.2 Forward-Backward Algorithm: a Splitting Algorithm

Let us return to composite optimization:

min F(x) = f(z) + h(x) (10.19)
r€ER?
where f : R™ — R is convex, differentiable with L-Lipschitz gradient, and h : R" —
R U {400} is an l.s.c. convex function.
We assume that this problem admits at least one solution, and denote by X* the
(closed convex) set of minimizers. By convexity, the necessary optimality condition for
problem (10.9):

0 € Oh(z) + Vf(x),

is also sufficient and completely characterizes the solutions of problem (10.9). As with the
proximal point algorithm, the global minima of the function F' are the fixed points of a
certain operator.

Proposition 10.3.5 Let ¢ > 0. Then:

0 € 0F(x) <:>x:p7;}?yc(a:—tVf(x)).

Proof
Exercise.

By this proposition, the global minima of F' are exactly the fixed points of the operator
T := proz,, o(Id — tV f). As with the proximal point algorithm, it is therefore natural to
iterate T', which defines the Forward-Backward algorithm (also called proximal gradient
descent):

Definition 10.3.2 — Forward-Backward (FB) Algorithm.

Tl = p?;]?:v(wk —tVf(xk)). (10.20)

This algorithm is a descent algorithm that alternates a gradient descent step (cor-
responding to an explicit step on the differentiable part of F'), followed by a proximal
step (corresponding to an implicit step on the nondifferentiable part of F'). We are thus
again in the setting of a fixed-point algorithm associated with a 1-Lipschitz operator, and
Theorem 10.2.2 will allow us to prove its convergence.

Theorem 10.3.6 Let F' = f + h with f and h convex, l.s.c. and bounded below.
Suppose moreover that f is differentiable with Lipschitz gradient. Let xg € R™ be
an arbitrary initial point. If ¢ < %, then the sequence (xy)ren of iterates generated
by algorithm (FB) from x( converges to a global minimizer of F.
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Proof
Denote T' = prox,;, o(Id — tV f), so that algorithm (10.20) is written xg1 = T'(z).
Since F' admits a minimizer, Proposition 10.3.5 directly ensures that

Fix(T) = argmin F' # (.

It remains to check the two other hypotheses of Theorem 10.2.2, namely that T is
nonexpansive, and that ||zg41 — x| — 0.

Nonexpansiveness of T. For t < %, the operator Id — ¢V f is nonexpansive
(Lemma 10.2.3), and so is prozy, (inequality (10.14)). The composition of two
nonexpansive operators being nonexpansive, 1" is nonexpansive.

Convergence of successive differences. Set z = xp — tV f(zy), so that xpy; =
proz,(z). By the optimality condition for the proximal operator (Proposition 10.3.3,
applied to th):

2k — Tpt1 € O(th)(zp+1) = t Oh(Tp41).

By definition of the subdifferential, this membership directly gives, for y = x:

1
h(fﬁk) > h($k+1) + <;(2k - $k+1), Tp — $k+1>-

Since zp — Tp11 = x)p — 41 — tV f(zk), we obtain:

1
h(zg) > h(wgg1) + ;Hl‘k — zps1 |l — (VF (@), T — Ths1)-

On the other hand, the descent lemma applied to f (Lemma 10.1.1) gives:

Flonen) < @) + (9 £r),nsn = 2) + 5 howss — 2l

Summing these two inequalities, the terms in (V f(xy), x+1 — x) cancel out and we

are left with:
1 L

Floer) < Flew) = (5 = 5 ) lowe — ol

For t < %, this shows that (F'(zy))ken is nonincreasing, and summing from 0 to N:

N
1 L .
<¥ — 5) E kaJrl — J,'kHQ S F(.%'()) — F(CUN+1) S F<m0) —inf F < +OO7

k=0

since F' is bounded below. The series Y. ||zgpy1 — @x||? therefore converges, so
ka+1 — $k” — 0.

Conclusion. The three hypotheses of Theorem 10.2.2 are satisfied: the sequence
(zk)ken therefore converges to a point of Fix(T') = arg min F.

This result does not, however, tell us anything about the rate at which this convergence
takes place. As for gradient descent, we obtain here a sublinear convergence result, whose
proof follows exactly the same scheme as that of Theorem 10.2.5.
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Theorem 10.3.7 Let F = f 4+ h with f and h convex, l.s.c. and bounded below.
Suppose moreover that f is differentiable with Lipschitz gradient. Let zg € R™ and
(zx)x be the sequence of iterates generated by algorithm FB with step size ¢t < %
Then:
lzo — =*|13

2tk

If moreover f is p-strongly convex (with p > 0) and t = %, then:

Yk € N*, F(zp) — F(a*) <

vkeN, Fla) - F@) < (1- %)k (F(z0) — F(z*)).

Proof

The first inequality is proved exactly as Theorem 10.2.5 (the convex case for gradient
descent, valid for any step size t < %), replacing the explicit gradient step by the
Forward-Backward operator and the convexity inequality for f by the subgradient
inequality for h (as in the proof of Theorem 10.3.6). The second result is obtained
analogously to Theorem 10.2.6 (the strongly convex case for gradient descent, for step
size t = %), combining this time the Polyak—t.0jasiewicz inequality for f with the
subgradient inequality for h. These two proofs, more technical than their differentiable
analogues, are admitted here; see [4, Theorem 10.29| for a complete proof.

As for gradient descent (Corollary 10.2.7), quadratic growth allows us to transfer this
geometric decrease from the functional gap to the distance to the minimizer: F' = f + h is
p-strongly convex as soon as f is (Proposition 10.1.8), and Proposition 10.1.6 therefore
applies directly to F'.

Corollary 10.3.8 Under the hypotheses of Theorem 10.3.7 with f moreover p-strongly
convex and ¢ = %, the sequence (x)ren satisfies:

Vk € N Hl‘k—l'*H<\/Q(F(xo)_F(x*)) (1_ﬁ)k/2
) N M .

L

In particular, the iterates converge geometrically to x*.

Proof
By Proposition 10.1.6 applied to F, &||z) — z*||?> < F(z)) — F(z*). Theorem 10.3.7

bounds the right-hand side by (1 — %)k (F(xzo) — F(x*)), which gives the result.

The Forward-Backward algorithm has been used in many problems from signal and
image processing, in particular for problems involving a squared £ norm plus an ¢; norm.
In this particular setting, algorithm (FB) is also called the [terative Shrinkage Thresholding
Algorithm (ISTA).

10.3.3 FISTA: a Generalization of Nesterov Acceleration

The FISTA algorithm (Fast Iterative Shrinkage Thresholding Algorithm) is an accelerated
version of the Forward-Backward algorithm, proposed by A. Beck and M. Teboulle [5] in
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2009 and based on the principle of Nesterov acceleration:

te — 1
Ye = T+ P

(Tp — Tp—1)
k1

1
Tpy1 = prox <yk - LVf(yk)>
1h
L
with 1 = 1 and the sequence (t;)ren defined recursively by 7, — tp1 = t;. As for the
accelerated version of gradient descent, the authors show that for the class of composite
convex functions, the convergence rate is O (k:*2):

2L||zo — z*||?

(k+1)2
This composite version of accelerated gradient descent shares the same convergence proper-
ties as accelerated gradient descent, and likewise the question of convergence of the iterates
remains open. A simpler version (easier to implement in particular) of the historical FISTA
algorithm was therefore naturally introduced:

Flay) — F* <

Yy = $k+k+a($k—l‘k—1) a>3
1
Tpy1 = prox <yk - va(yk)> :
+h

We then recover the same convergence results we obtained for FB, namely:

Theorem 10.3.9 Let F = f 4+ h with f and A convex, l.s.c. and bounded below.
Suppose moreover that f is differentiable with Lipschitz gradient. Let xy € R"
and (z)r be the sequence of iterates generated by algorithm FISTA with step size
te ]O, %] and a > 3. Then:

(o = 1)?[lzo — 27|I3
2tk? ’

Vk € N*, F(xg) — F(z*) <

and the sequence (xj)ren converges to a global minimizer of F.

As for Nesterov’s algorithm (Remark 10.2.3), the constraint ¢ < % is essential here — and

not t < £ as for the unaccelerated Forward-Backward algorithm (Theorem 10.3.7) — the
construction of the accelerated Lyapunov energy relying on the same argument as in the
proof of Theorem 10.2.9. The rate above being strictly decreasing in ¢, the step size ¢ = % —
the largest admissible one — is therefore optimal.

Remark

Unlike the Forward-Backward algorithm (Theorem 10.3.7), which retains exponential
decay when f is strongly convex, FISTA loses this property: even under the strong convexity
hypothesis, one cannot guarantee better than the rate O(1/k?) of Theorem 10.3.9. This is
the same phenomenon already observed for Nesterov acceleration in the differentiable case
(§2.2.3): acceleration comes at the cost of losing geometric convergence in the presence of
strong convexity.

10.4 Conclusion: Summary of Convergence Rates

Let us summarize the convergence rates obtained for the two algorithms of this chapter, in
the composite case F' = f + h (the differentiable case simply corresponding to h = 0):
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Convex | Strongly convex
e o) | o)

rsta o0 | o(L) | ofL)

—~

[Beyond strong convexity| The exponential-convergence results for FB proved above in the
strongly convex setting in fact remain valid under a weaker hypothesis: it suffices that F’
admit a unique minimizer z* and satisfy a quadratic growth condition

Remark

Iu>0, Yz eRY, F(z)—F*> g”:cfx*ﬂz.

This condition is strictly weaker than strong convexity: a function can satisfy it without
being strongly convex, or even strictly convex everywhere (see the LASSO example below).

Numerical lllustration: a LASSO-Type Problem

A classical example of a function satisfying a quadratic growth condition without being
strongly convex is the sparse regression problem (LASSO):

1
Fla) = Sl Az — b2 + Nz, A>0,

Indeed, as soon as A does not have full rank (which is the rule in high dimension, A € R™*"
with m < n), the quadratic part %HAx — b||? is not strongly convex: F therefore is not
either. It can, however, satisfy a quadratic growth condition around its (unique) minimizer.

The convergence rates given in the table above are asymptotic rates: they describe
the behavior of the algorithm as n — +o0o. In finite time — that is, for a given number
of iterations, or to reach a fixed precision € — the ranking of the algorithms can be quite
different.

Figure 10.3 illustrates this well: it compares, on an ill-conditioned least-squares problem
(k = pu/L ~ 4.7x1077), gradient descent (FB, in blue), FISTA with o = 8 (red) and o = 30
(yellow), as well as Nesterov’s algorithm for strongly convex functions (NSC, Section 10.2.3)
using either the true value of u (green), or an estimate i = p1/10 underestimated by only a
factor of 10 (gray).

FB versus FISTA, the comparison that concerns us here. According to the table
above, as soon as F' satisfies a quadratic growth condition (or is strongly convex), FB should
eventually outperform FISTA: exponential rate (1 — u/L)™ versus polynomial rate O(1/n?).
Yet it is the opposite that we observe over the entire range of Figure 10.3: the blue curve
(FB) decreases very slowly, while the red and yellow curves (FISTA) drop noticeably faster,
over nearly 40,000 iterations. Where is the contradiction?

There is none, provided we look at the orders of magnitude involved. The exponential
rate of FB, (1 — k)", is only better than FISTA’s polynomial rate from a rank n of order
1/k onward (here of order 105-107 iterations). With x ~ 4.7 x 10~7, the factor (1 — k) is
so close to 1 that FB’s exponential decay is, over the first tens of thousands of iterations,
virtually imperceptible: on a logarithmic scale it looks like a line with barely negative slope
(which the blue curve confirms). FISTA, whose rate does not depend on k in this way,
therefore reaches much better precision as long as n < 1/k, which is the regime of any
reasonable computation as soon as k is small — a common situation in high dimension.
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Figure 10.3: Decrease of log(||VF(x,,)||) along iterations, on an ill-conditioned least-squares
problem. Blue: gradient descent (FB). Red: FISTA, a = 8. Yellow: FISTA, a = 30. Green:
NSC with the exact value of . Gray: NSC with g = p/10.

Let us therefore retain: between the two algorithms of this course, FISTA is almost
always the safer choice in practice, even on functions with quadratic growth where FB is
“theoretically” better, unless one has an extraordinarily large iteration budget available.

What about algorithms dedicated to strongly convex functions? Figure 10.3
allows for a second reading, beyond the strict FB/FISTA scope of this course: it also
includes Nesterov’s algorithm for strongly convex functions (NSC), using either the true
value of p (green), or an estimate fi = p/10 underestimated by only a factor of 10 (gray).
Exact NSC (green) is by far the fastest (since it explicitly exploits p via its rate (1 —+/k)"),
better than both FB and FISTA. But as soon as p is poorly estimated (gray), NSC collapses
and becomes barely better than FB: it loses all the benefit of acceleration. Yet p is rarely
known precisely in practice. FISTA, which requires no estimate of p, thus offers a markedly
more robust compromise than NSC as soon as this estimate is uncertain, which justifies, in
this course, the choice of FISTA over an algorithm dedicated to strong convexity. This is
precisely the question studied in [3]: the authors estimate, for a fixed £ > 0, the number
of iterations N (¢) needed to guarantee F(zy) — F™* < ¢, and show that FISTA behaves,
automatically and without knowing u, like a geometrically optimized algorithm as soon as
F' is strongly convex.
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