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Vortex sheet solutions for the Ginzburg-Landau system
in cylinders: symmetry and global minimality
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Abstract

We consider the Ginzburg-Landau energy E. for R™-valued maps defined in a
cylinder shape domain BY x (0, 1)" satisfying a degree-one vortex boundary condition
on BN x (0,1)" in dimensions M > N > 2 and n > 1. The aim is to study
the radial symmetry of global minimizers of this variational problem. We prove the
following: if NV > 7, then for every € > 0, there exists a unique global minimizer
which is given by the non-escaping radially symmetric vortex sheet solution u.(x, z) =
(f5(|$|)‘71‘,ORM7N), Va € BY that is invariant in z € (0,1)". If2< N <6 and M >
N + 1, the following dichotomy occurs between escaping and non-escaping solutions:
there exists ey > 0 such that

e if ¢ € (0,en), then every global minimizer is an escaping radially symmetric
vortex sheet solution of the form R, where u.(x,z) = (f€(|$|)%,ORM7N71795(|£U|))
is invariant in z-direction with g. > 0 in (0,1) and R € O(M) is an orthogonal
transformation keeping invariant the space RV x {Ogar—n~ };

e if ¢ > ey, then the non-escaping radially symmetric vortex sheet solution
ue(z,2) = (f5(|$|)ﬁ,ORM—N), Vz € BN,z € (0,1)" is the unique global minimizer;
moreover, there are no bounded escaping solutions in this case.

We also discuss the problem of vortex sheet S ~!-valued harmonic maps.

Keywords: wvortex, uniqueness, symmetry, minimizers, Ginzburg-Landau equation,
harmonic maps.
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1 Introduction and main results

In this paper, we consider the following Ginzburg-Landau type energy functional
1 2 1 2
Pew) = [ [3I9uR + 55 W01 - )] ax. )

where ¢ > 0, X = (z,2) € 2 = BY x (0,1)" is a cylinder shape domain with BY the unit
ball in RN, n > 1, N > 2 and the potential W € C?((—o0, 1];R) satisfies

W(0) =0, W(t) >0 for all t € (—o0, 1] \ {0} and W is convex. (2)

(The prototype potential is W (t) = % for t < 1.) We investigate the global minimizers of
the energy E. in the set of RV-valued maps:

Ay = {u e HY(QGRY) : u(x,2) = z for every z € 90BN =SV~ 2 € (0,1)"}.

The boundary assumption u(z, z) = x for every x € SV~ and every z € (0,1)" is referred

in the literature as the degree-one vortex boundary condition.

The direct method in the calculus of variations yields the existence of a global minimizer
ue of E. over &7y for all range of ¢ > 0. Moreover, any minimizer u. satisfies |us| < 1 in
Q, u. belongs to C1(Q; RY) and solves the system of PDEs (in the sense of distributions)
with mixed Dirichlet-Neumann boundary conditions:

—Au, = E%ua W'(1 - |uc|?) in Q,
Gu= =0 on BN x 9(0,1)", (3)
u(z,z) =x on 9BY x (0,1)".

1.1 Minimality of the R"-valued vortex sheet solution

The first goal of this paper is to prove the uniqueness and radial symmetry of the global
minimizer of E. in &y for all € > 0 in dimensions N > 7 and n > 1. In fact, in these
dimensions, we show that the global minimizer of E. in &7y is unique and given by the
following radially symmetric critical point of E. that is invariant in z:

x

ue(x, 2) = f€(|x|)m for all z € BY and z € (0,1)", (4)

Tfn =0 and N > 2, then SO(N) induces a group action on oy given by u(z) — R~ u(Rz) for every
z € BY, R € SO(N) and u € «/y under which the energy E. and the vortex boundary condition are
invariant. Then every bounded critical point of E. in o/ that is invariant under this SO(N) group action
has the form (), see e.g. [8] Lemma A.4].



where the radial profile f. : [0,1] — R in 7 = |z| is the unique solution to the ODE:

—f =L Bl f = LW/ f2) forre(0,1), (5)
fe(0) =0, f(1) = 1.

We recall that the unique radial profile f. satisfies f. > 0 and f. > 0 in (0,1) (see
e.g. [0, 9 {]). Note that the zero set of wu. is given by the n-dimensional vortex sheet
{Og~n} x (0,1)™ in © (in particular, if n = 0, it is a vortex point, while for n = 1, it is a
vortex filament); therefore, u. in (@) is called (radially symmetric) vortez sheet solution to
the Ginzburg-Landau system (3]).

THEOREM 1. Assume that W satisfies &) and n > 1. If N > 7, then u. given in (] is
the unique global minimizer of E. in </N for every e > 0.

The proof is reminiscent of the works of Ignat-Nguyen-Slastikov-Zarnescu [12], 1]
studying uniqueness and symmetry of minimizers of the Ginzburg-Landau functionals for
RM_valued maps defined on smooth N-dimensional domains, where M is not necessarily
equal to N. The idea is to analyze F.(u) for an arbitrary map u and to exploit the convex-
ity of W to lower estimate the excess energy w.r.t. E.(u.) by a suitable quadratic energy
functional depending on u — u.. This quadratic functional comes from the linearized PDE
at u. and can be handled by a factorization argument. The positivity of the excess energy
then follows by a Hardy-type inequality holding true only in high dimensions N > 7. This
is similar to the result of Jager and Kaul [I4] on the minimality of the equator map for
the harmonic map problem in dimension N > 7 that is proved using a certain inequality
involving the sharp constant in the Hardy inequality.

We expect that our result remains valid in dimensions 2 < N < 6:

OPEN PROBLEM 2. Assume that W satisfies ), n > 1 and 2 < N < 6. Is it true that
for every € > 0, ue given in {) is the unique global minimizer of E. in <y ?

It is well known that the uniqueness of u. holds true for large enough ¢ > 0 in any
dimension N > 2. Indeed, denoting by \; the first eigenvalue of —A, in BN with zero
Dirichlet boundary condition, then for any € > /W/(1)/A1, E is strictly convex in @7y
(see e.g., [I Theorem VIILT7], [I2, Remark 3.3]) and thus has a unique critical point in
/N that is the global minimizer of our problem. We improve this result as follows: for
the radial profile f; in (), we denote by £(¢) the first eigenvalue of the operator

1
Le=—A,—SW(1-f2) (0
acting on maps defined in BY with zero Dirichlet boundary condition. It is proved in [8]

Lemma 2.3] that if 2 < N < 6 and W € C?((—o0, 1]) satisfies (@), then the first eigenvalue
{(e) is a continuous function in € and there exists ey € (0, 00) such that

l(e) <0in (0,en), L(eny)=0 and /4(e)>0in (ex,00). (7)



Note that] 0 = ¢(ex) > Ay — 2-W(1) yielding
N

eEN < \/W’(l)/)\l.

THEOREM 3. Assume that W satisfies @), n > 1 and 2 < N < 6. Ife > en, then u.
given in @) is a global minimizer of E. in </n. Moreover, if either € > ey, or (¢ = en
and W is in addition strictly convex), then u. is the unique global minimizer of E- in <y .

The case ¢ < ey is still not solved as stated in Open Problem 2l Let us summarize
some known results:

I. The case of n = 0 and Q = BY (we also discuss here the problem for Q = RV ). In
this case, the above question was raised in dimension N = 2 for the disk Q = B? in
the seminal book of Bethuel, Brezis and Hélein [I, Problem 10, page 139], and in general
dimensions N > 2 and also for the blow-up limiting problem around the vortex point
(when the domain € is the whole space R and by rescaling, ¢ can be assumed equal to 1)
in an article of Brezis [3, Section 2]|. For sufficiently small € > 0 and for the disk domain
Q) = B2, Pacard and Riviere [20, Theorem 10.2] showed that E. has a unique critical point
in % and so, it is given by the radially symmetric solution u. in ) (for n = 0). For
N >7,Q=B" and any ¢ > 0, it is proved in [II] that E. has a unique minimizer in .y
which is given by the radially symmetric solution u. in {l) (for n = 0). For 2 < N <6
and Q = BY, Ignat-Nguyen [8] proved that for any £ > 0, u. is a local minimizer of F.
in &/ (which is an extension of the result of Mironescu [I§] in dimension N = 2). Also,
Mironescu [19] showed in dimension N = 2 that, when B? is replaced by R? and € = 1, a
local minimizer of E. satisfying a degree-one boundary condition at infinity is unique (up
to translation and suitable rotation). This was extended in dimension N = 3 by Millot and
Pisante [I7] and in dimensions N > 4 by Pisante [2I] in the case of the blow-up limiting
problem on RY and € = 1. All these results (holding for n = 0) are related to the study of
the limit problem obtained by sending € — 0 when the Ginzburg-Landau problem on the
unit ball ‘converges’ to the harmonic map problem from BY into the unit sphere SV~
For that harmonic map problem, the vortex boundary condition yields uniqueness of the
minimizing harmonic S¥~!-valued map z — ﬁ if N > 3; this is proved by Brezis, Coron
and Lieb [4] in dimension N = 3 and by Lin [I5] in any dimension N > 3; we also mention
Jéger and Kaul [I4] in dimension N > 7 for the equator map = € BY (‘—z‘, ) € SN,

II. The case of n > 1 and Q = BN x (0,1)". As we explain in Remark [ below, for some
e > 0, if the minimality of the radially symmetric solution u. in (@) holds in the case n = 0
(so, for Q© = BY), then this implies the minimality of u. in Q = BY x (0,1)" also for every
dimension n > 1. In particular, the result of Pacard-Riviere [20, Theorem 10.2] for n = 0
and N = 2 yields the minimality of u. in @) defined in B? x (0,1)" for every n > 1ife > 0
is sufficiently small. Also, the result of Ignat-Nguyen-Slastikov-Zarnescu [I1, Theorem 1]

*Indeed, if v € H3(BY) is a first eigenfunction of Le, in BY such that lvllL2(gny =1 then

!
A < / Vo] do = % W'(1— f2 )0 de < Wz(l)
BN €N JBN EN

because (en) =0, 0 < fzy <1in (0,1) and (@) implies W'(0) = 0 and W'(t) > 0 for ¢ € (0, 1].



for n =0, N > 7 and any € > 0 generalizes to dimension n > 1 for Q@ = BY x (0,1)" (see
the proof of Theorem [I). We also mention the work of Sandier-Shafrir [24] where they
treat the case of topologically trivial R2-valued solutions in the domain Q = R? (see also
[0l 22] for vortex filament solutions).

1.2 Escaping R"-valued vortex sheet solutions when M > N +1

In dimension 2 < N < 6 and for ¢ < e given in ([7), a different type of radially symmetric
vortex sheet solution appears provided that the target space has dimension M > N + 1.
More precisely, we consider the energy functional E. in () over the set of R -valued maps

o = {u e H(QRM) : u(x,2) = (z,0pm-n) on IBY =SV c RM 2 € (0,1)"}. (8)
If M > N + 1, the prototype of radially symmetric critical points of E. in &/ has the

following form (invariant in z-direction):

Ue(x, 2) = (fg(T)%,ORMfol,gE(T)) e, zeBN ze(0,1)"r=|zl 9)

where (f.,g.) satisfies the system of ODEs

- N—-1, N-1: 1 = 5.
e = W - ) i (00), (10)
N -1 1 3 :
—gz - r g = E_2W/(1 —f2—9g2)g. in(0,1), (11)
fa(l) =1 and g.(1) = 0. (12)

We distinguish two type of radial profiles:

e the non-escaping radial profile ( fo=ferge = 0) with the unique radial profile f. given
in (Bl); in this case, we say that 4. = (ue,Ogm—n) is a non-escaping (radially symmetric)
vortex sheet solution where u. is given in ().

e the escaping radial profile ( fe,gs) with g. > 0 in (0,1); in this case, we call an
escaping (radially symmetric) vortex sheet solution @ in ([@). In this case, fa # f. and
obviously, (f-, —g.) is another radial profile to (@)-(T2).

The properties of such radial profiles (e.g., existence, uniqueness, minimality, mono-
tonicity) are analyzed in Theorem [0 below and are based on ideas developed by Ignat-
Nguyen [g].

Our main result proves the radial symmetry of global minimizers of E. in <. More
precisely, the following dichotomy occurs at ey defined in (7): if £ < ey, then escaping
radially symmetric vortex sheet solutions exist and determine (up to certain orthogonal
transformations) the full set of global minimizers of E. in &; if instead ¢ > e, then the
non-escaping radially symmetric vortex sheet solution is the unique global minimizer of
E. in & and no escaping radially symmetric vortex sheet solutions exist in this case.

SIf M = N + 1, then @i (, 2) = (fo(r) %, g-(r)) for every z € BN and z € (0,1)". In fact, if n = 0 (so,

]
for Q = BN)7 every bounded critical point of F. in & that is invariant under the action of a special group
(isomorphic to SO(N)) has the form of ., see [8, Definition A.1, Lemma A.5].



THEOREM 4. Letn > 1,2 < N <6, M > N+ 1, W € C*((—o0,1]) satisfy @) and be
strictly conver. Consider en € (0,00) such that ¢(en) = 0 in ([{). Then there exists an
escaping radially symmetric vortex sheet solution . in Q) with g- > 0 in (0,1) if and
only if 0 < e < en. Moreover,

1. if 0 < € < ep, the escaping radially symmetric vortex sheet solution u. is a global
minimizer of E. in </ and all global minimizers of E. in </ are radially symmetric
given by Ri. where R € O(M) is an orthogonal transformation of RM satisfying
Rp = p for all p € RN x {Ogm-~}. In this case, the non-escaping vortex sheet
solution (ug,Opm-~) in (@) is an unstable critical point of E. in < .

2. if € > en, the non-escaping vortex sheet solution (u.,Ogm—n) in @) is the unique
global minimizer of E. in o . Furthermore, there are no bounded critical points w.
of E. in </ that escape in some direction e € SM~1 (ie., w.-e >0 a.e. in Q).

The result above holds also if n = 0, i.e., = BY and the vortex sheets corresponding
to the above solutions become vortex points (see Theorem [I0). It generalizes [12, Theorem
1.1] that was proved in the case N = 2 and M = 3 (without identifying the meaning of
the dichotomy parameter ey in (7). The dichotomy in Theorem [ happens in dimensions
2 < N < 6 because of the phenomenology occurring for the limit problem ¢ — 0. More
precisely, if M > N + 1, then minimizing S™~!-valued harmonic maps in .7 are smooth
and escaping in a direction of SM~! provided that N < 6; if N > 7, then there is a unique
minimizing S™~!-valued harmonic maps in .7, non-escaping and singular, the singular
set being given by a vortex sheet of dimension n in  (see Theorem [[I] in Appendix
below). This suggests why in dimension N > 7 and for any € > 0, there is no escaping
radially symmetric vortex sheet critical point . of F. in &/ while the non-escaping vortex
sheet solution (ue,Opam—n) is the unique global minimizer of E. in 7 (see Theorem [§ and
Remark [§ below).

The paper is meant to be self-contained and it is organized as follows. In Section 2] we
prove the minimality and the uniqueness results for the non-escaping radially symmetric
solution in Theorems [I] and [B} this is done in a more general setting by considering the
target dimension M > N for the set of configurations 7 instead of .&y. Section [J is
devoted to characterize escaping vortex sheet solutions. First, we prove the minimality
of such bounded solutions stated in Theorem [[l Second, we prove existence, minimality
and uniqueness results for the escaping radial profile in Theorem [l Finally, we prove our
main result on the dichotomy between escaping / non-escaping radially symmetric vortex
sheet solutions in Theorem M. In Appendix, we prove the corresponding dichotomy result
for S™~1-valued harmonic maps in Theorem [T which again is based on the minimality of
escaping SM~1-valued harmonic maps in Theorem
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2 The non-escaping vortex sheet solution. Proof of Theo-
rems [I] and

Theorem [ will be obtained as a consequence of a stronger result on the uniqueness of
global minimizers of the RM valued Ginzburg-Landau functional with M > N > 7. For
that, we consider the energy functional E. in () over the set o/ defined in (8). The aim
is to prove the minimality and uniqueness of the vortex sheet solution (ug,Opy-~) where
ue given in () with the obvious identification u. = (u.,Ogm-~) if M = N, following the
ideas of Ignat-Nguyen-Slastikov-Zarnescu [12] [11].

THEOREM 5. Assume that W satisfies ) and n > 1. If M > N > 7, then for every
e >0, (ue,Ogm-n~) given in (Al is the unique global minimizer of E. in <f .

Proof. To simplify notation, we identify
tue = (tue,Ogm-~)  when M > N. (13)

The proof will be done in several steps following the strategy in [12] Theorem 1.7], [11],
Theorem 1]. First, for an arbitrary competitor u. + v, we consider the excess energy
E.(us + v) — E-(u.) for the critical point u. defined in (@) and show a lower estimate
by a quadratic energy functional F.(v) coming from the operator L. in ([@). Second, we
show that F.(v) > 0 using the properties of the radial profile f. in (B and a Hardy
decomposition method; this proves in particular that u. is a global minimizer of E. over
/. Finally, by analyzing the zero excess energy states, we conclude to the uniqueness of
the global minimizer wu..

Step 1: Excess energy. For any v € H(BY x R";RM), we have

1
E.(uc +v) — E-(u.) = / [Vua - Vo + §]Vv]2} dxdz
Q

1

t oz

/Q [W(l = Jue + ) = W(1 - |Us|2)] dxdz.

Note that for every u € @7, u. —u can be extended to v € H&(BN x R"™; ]RM). In particular,
v(-,z) € HY (BN, RM) for a.e. z € (0,1)". The convexity of W yields

WL = Jue +vf*) = WL = Juel?) > =W'(1 — Jue*) (Jue + 0 — [ue]?). (14)

Combining the above relations, we obtain the following lower bound for the excess energy:

1
E.(u: +v) — E-(ue) > / [VuE - Vo — E—QW'(l — ff)ua . v] dxdz
Q
Lo o b oy 2
+/Q [2|vu| 5= fA) ]dxdz
1 1
:/ —|Vzv|2d:1:dz—|—/ Lp (o, 2)) dz, (15)

Q 2 (0’1)’” 2



where we used the PDE (@) and introduced the quadratic functional
1

R = [ (9.0 - 5w - e ds,
BN 9

for all ¥ € H}(BY;RM). Note that the L?-gradient of F. represents a part of the lin-
earization of the PDE (B]) at u. and it is given by the operator L. in (@). The rest of the
proof is devoted to show that for NV > 3:

_ 9)2 2
F) > <% (v - 1)) [ Lo, e HYBY)

yielding the conclusion for N > 7 and also the inequality for the first eigenvalue ¢(¢) of
the operator L. in (@) in BY: E

(N —2)?

l(e) > 1

—(N—-1)>0, Ve>0 and N >T.

To keep the paper self-contained, we explain in the following the simple idea used in

12, 1.

Step 2: A factorization argument. As f. > 0 is a smooth positive radial profile in (0, 1),
we decompose every scalar test function 1) € C2°(BY \ {0};R) as follows

Y(z) = fe(ryw(z), Yz e BY\{0}, r =z,

where w € C2°(BN \ {0};R). Integrating by parts (see e.g. [I0, Lemma A.1]), we deduce:

) = [ tabvdo= [ wpopydos [PVl ds

N —1
:/ ‘)"€2<|Vmw|2 i w2> dz,
BN T

because L. f. - f- = —NT 1 ff in BY by (). Furthermore, we decompose

w=g in BY\{0}

with p = |:17|_NT satisfying

N —2)? _
—Azp = W‘P in RY \ {0}
and g € C°(BY \ {0};R). Then

1
‘Vsz = ’ng‘2(‘02 + ’V:c‘P’292 + §Vx(902) : vx(92)~

4Observe the difference between dimension N > 7 and the case of dimension 2 < N < 6 where we have
() <0 for e < ey in ([@); moreover, if N < 6, then () blows up as —= as € — 0 (see [8, Lemma 2.3]).



As |Vp]? = (]Z—‘;f);gﬂ and ¢? is harmonic in BV \ {0} (recall that N > 7), integration by
parts yields

N —2)? N-1 1
rw) = [ 21Vl + e - T2 o5 [ Vi) Va2 ds

47"2 BN
_ 9)2 2
> / f2IVagl?¢® da + <(NT2) — (N - 1)> / f—§w292 dx
BN BN T
(N —2)? P
> <T—(N—1)> ez, (16)

where we used N > 7 and 1V, (0?)- V4 (f2) = 2p¢' f- f < 0 in BN\ {0} because o, f-, fI >
0 and ¢’ < 01in (0,1) (see e.g. [7,[9,[§]).

Step 3: We prove that F.(¥) > 0 for every ¥ € H}(BY;RM); moreover, F.(V) = 0 if and
only if W =0. Let ¥ € H&(BN; ]RM). As a point in RY has zero H' capacity, a standard
density argument implies the existence of a sequence ¥ € C°(BY \ {0};RM) such that
U, — U in HY(BY,RM) and a.e. in BY. On the one hand, by definition of F., since
W'(1 — f2) € L, we deduce that F.(V;) — F.(¥) as k — co. On the other hand, by
(I6) and Fatou’s lemma, we deduce

o (N —2)2 . / Wy |”
> S _
th_l)gnge(‘Ifk) > ( 1 (N —-1) hlglcgf 2 dz

2(@—(N—1)>/}Ew‘\f—2‘2dx.

Therefore, we conclude that

F.(0) > <M —(N—1)> /BN “f—Jdezo, VYU e HY(BY;RM).

Moreover, F.(V) = 0 if and only if ¥ = 0.

Step 4: Conclusion. By (&) and Step 3, we deduce that u. is a global minimizer of E.
over «f/. For uniqueness, assume that . is another global minimizer of K. over «. If
v := U, — u., then v can be extended in H&(BN x R™; RM) and by Steps 1 and 3, we have
that

0= E.(i.) — E-(us) > / S IV-0f? drds + / SF(0(,2)) d= >0,

Q 0,1)»
which yields Vv = 0 a.e. in Q and F.(v(-,2)) = 0 for a.e. z € (0,1)". In other words,
v =wv(z) and Step 3 implies that v = 0, i.e., 4. = u. in Q. O

REMARK 6. Theorem [A reveals the following fact: if for n = 0 (i.e., @ = BV ) and some
e >0, a (radially symmetric) critical point i, : BN — RM of E_ in o is proved to be a
global minimizer (and additionally, if one proves that it is the unique global minimizer),
then for any dimensionsn > 1 (i.e., Q = BN x (0,1)"), this z-invariant solution i of ()



in BN x (0,1)" is also a global minimizer (and additionally, it is the unique minimizer)
of E- in o . This is because for every u : BN x (0,1)" — RM with u € o/, then u(-, 2)
satisfies the degree-one vortex boundary condition on OBY for every z € (0,1)" yielding

1
Eg(u):/ §|Vzu|2dxdz—|—/ Bo(u(-, 2)) d
Q 0,1)
2/ B.(i.) dz = B.(i.);
01

the equality occurs only when u is z-invariant. Thus, if the uniqueness of the global mini-
mizer . holds in BN (i.e., n =0), then this yields uniqueness of the global minimizer .
in Q= BN x (0,1)" (as a map independent of z-variable) for every n > 1.

Proof of Theorem[3. We prove the result in the more general setting of RM-valued maps
u belonging to &7 for M > N using the same identification (I3)). By Step 1 in the proof
of Theorem [ (see (I[H)), the excess energy is estimated for every v € H} (BN x R*;RM):

1 1
E.(us +v) — E-(us) > / —\szu]2 dxdz + = / < Lv(+ 2),0(-,2) > dz,

where L. is the operator in (@) and < -,- > denotes the duality pairing (H 1, Hé) in BV,
If ¢ > ep, then £(e) > 0 (by [8) Lemma 2.3]) and therefore,

< Lev(-, 2),v(-,2) > > E(s)||v(-,z)||%2(BN) >0 forae ze(0,1)", (17)
where we used that v(-,2) € H}(BN;RM) for a.e. z € (0,1)". Thus, u. is a minimizer
of E. over «/. It remains to prove uniqueness of the global minimizer. For that, if 4. is

another global minimizer of E. over ./, setting v := 4. — u., then v can be extended in
Hé(BN X ]R”;]RM) and

0= FE.(l) — E-(ue) > / E‘VZ’UP dxdz + He) / / lv(z, 2)|* dedz > 0 (18)
Q 2 2 (071)11 BN

because £(¢) > 0 for € > ey. Thus, equality holds in the above inequalities.

Case 1: € > e. In this case, £(¢) > 0 and we conclude that v =0 in Q, i.e., 4. = u. in Q.

® Indeed, for a scalar function v € C2°(BY \ {0}, R), if 1) = 9(r) > 0 is a radial first eigenfunction of
L. in BY with zero Dirichlet data, i.e., Letp = £(g)t) in BY, then the duality pairing (H ', H}) term in
BY writes (see e.g. |10, Lemma A.1]):

< Lev,v > =/ ¢2|V(%)|le’+/ (%
BN BN

By a density argument, Fatou’s lemma yields for every scalar function v € Hg(BY,R),

2Lt bda= [ WAV do+ ) ol
B
v
<Levo>> [ VP de+ ) ol

10



Case 2: € =en and W is in addition strictly convez. In this case, £(¢) = 0 and by ([I8]), v
is invariant in z, i.e., v = v(z) and equality holds in (I7)) and in (3], thus, equality holds
in (I4)). Note that by footnote [l the equality in (7)) holds if and only if v = A\ for some
A € RM where ¢ = 1(r) is a radial first eigenfunction of L. in BY with zero Dirichlet
data, in particular ¢» > 0 in [0,1) and (1) = 0. Also, by the strict convexity of W, the
equality ([d) is achieved if and only if |u. + v| = |u.| a.e. in Q, that is, |[v]* +2v - u. =0
a.e. in BN, Tt yields

T

A% 4 2f.(|z]) (=, 0ga—n) - Mp = 0 for every = € BY. (19)

|z
Dividing by v in BY, the continuity up to the boundary 9B" leads to 2f.(|z|)(z, Ogar—n ) -
A = 0 for every x € OB since ¢» = 0 on BY. As f.(1) = 1, it follows that the first N
components of A vanish. Coming back to (Id), we conclude that [A|?y? = 0 in BV, i.e.,
A =0 and so, v =0 and 4, = u. in . O

3 Properties of escaping vortex sheet solutions when M >
N +1

3.1 Minimality of escaping vortex sheet solutions

In this section, we require the additional assumption of strict convexity of W in order to
determine the set of global minimizers of E. over </ in (). However, W is assumed to be
only C! not C2?. We prove that every bounded solution to () escaping in some direction
is a global minimizer of E. over «/; moreover, such global minimizer is unique up to an
orthogonal transformation of RM keeping invariant the space RY x {Ogr—n}.

THEOREM 7. We consider the dimensions n > 1 and M > N > 2, the potential W €
C((—o0,1],R) satisfying @) and an escaping direction e € SM~1. Fixz any e > 0 and let
w. € H'N L>®(Q,RM) be a critical point of the energy E. in the set o/ which is positive
in the direction e inside €):

we - e >0 a.e. in Q. (20)

Then we is a global minimizer of E. in <. If in addition W is strictly convex, then all
minimizers of E. in </ are given by Rw. where R € O(M) is an orthogonal transformation
of RM satisfying Rp = p for all p € RN x {Ogam—n}.

This result is reminiscent from [I2, Theorem 1.3]. However, it doesn’t apply directly
as the domain €2 is not smooth here and the boundary condition is a mixed Dirichlet-
Neumann condition (w.r.t. Dirichlet boundary condition in [12]).

Proof. In the following, we denote the variable X = (z,2) € Q = BY x (0,1)". As a
critical point of E. in the set o7, w. : © — RM satisfies

—Aw, = Hw. W(1 = |w:[*) in €,
9we — (0 on BN x9(0,1)", (21)

0z

we(w,2) = (z,0gm-~) on OBYN x (0,1)".

11



In particular, Aw, € L*(Q) (as W' is continuous and w. € L*°(Q)); then standard elliptic
regularity for the mixed boundary conditions in ZI)) yields w. € C*(€,RM). Thus, (20)
implies w.-e > 0 in  and the vortex boundary condition in .7 implies that e is orthogonal
to RN x {Oga-~}. By the invariance of the energy and the vortex boundary condition
under the transformation w.(X) — Rw.(X) for any R € O(M) satisfying Rp = p for all
peRYN x {Opm-n~}, we know that Rw. is also a critical point of E. over «7; thus, we can

assume that
e=ey=(0,...,0,1) € RM, (22)

We prove the result in several steps.

Step 1: Excess energy. By Step 1 in the proof of Theorem [l we have for any v €
HE (BN x R" RM):

+ ) — > — |Vl — —=W'(1 - =: -G,
Ee(we +v) — Ex(w:) —/ [2’ v DY) (1 — Jwe|*)v|*| dX 2G (v) (23)

(note that G.(v) is larger than the integration of F.(v) in (I&]) over (0,1)" as it contains
also the integration of |V, v|?). If in addition W is strictly convex, then equality holds
above if and only if |w.(X) +v(X)| = |w:(X)| a.e. X € Q (by ([Id)).

Step 2: Global minimality of we. It is enough to show that the quadratic energy G.(v)
defined in (23)) is nonnegative for any v € Hi (BY x R",RM). Denoting the M-component
of we by ¢ = w. - epr, we know that ¢ € CH(Q), ¢ > 0 in Q (by E0)) and satisfies the
Euler-Lagrange equation in the sense of distributions:

—A¢— ZW/(1 - |w.[*)¢ =0in €,

¢ =0 on BN x (0,1)", (24)

9% —0 on BN x 9(0,1)".
Note that by strong maximum principle, ¢ > 0 in  (as ¢ cannot be identically 0 in 2
by @0)). Moreover, Hopf’s lemma yields ¢ > 0 on BY x 9(0,1)" as g—f vanishes there.
Now, for any smooth map v € C®(BY x R RM) we can define ¥ = 3 € CHQ; RM)

with ¥ = 0 in a neighborhood of 9B x (0,1)" and integration by parts yields for every
component v; = ¢¥; with 1 < j < M (as in [10, Lemma A.1.}):

1o
Ge(vj) = /Q |:|ij|2 — 6_2W (1 — |w€|2)¢ : ¢\I’§:| dX
21 V2~ V- : = :
= /Q[\v(@y])y? Vo V(w;)] dX—/Q&\WJ!QdX

As G¢ is continuous in strong H'(£2) topology (since W'(1 — |w.|?) € L>(f2)), by density
of C°(BN x R";RM) in H} (BN x R";RM), Fatou’s lemma yields

Gg(v)2/¢2|V(%)|2dX20, Yo € HY(BY x R";RM).
Q

12



As a consequence of (23), we deduce that w. is a minimizer of E. over /. Moreover,
G.(v) = 0 if and only if there exists a (constant) vector A € RM such that v = \¢ for a.e.
x € (.

Step 3: Set of global minimizers. From now on, we assume that W is strictly convex and
denote we = (we1,...,ws pr). Note that the map

We 1= (w&l, oo, We N, ORl\/Ifol, \/ng_i_l —+ -4 ’wiM) (25)

belongs to &7, |W.| = |we| and |V, | < |Vw,| in Q, so E.(w;) > E.(w.) and

\/wg,N+1+"'+w§7MZwe,M:¢>0 in Q.

Hence, w, is a minimizer of E. on &/ (as w. minimizes E. over </ by Step 2). Therefore,
up to interchanging w. and w., we may assume

{ We, N41 = -+ = We,M—1 = 0 in

wE,M:(b@EDOinQ.

We now consider another minimizer U, of E. over &/ and denote v := U, —w, € HOI(BN X
R™; RM) after a suitable extension. From Steps 1 and 2 we know that F.(U.) = E.(v +
we) = Ec(we), Ge(v) =0, [v+w,| = |we| a.e. in Q and v = A for some A = (A1,..., ) €
RM where we recall that ¢ = w,-ej;. By continuity of w,. and ¢, the relation [v4w.| = |w.|
a.e. in Q implies 2w, - v + |v|? = 0 everywhere in Q. Since v = \¢, dividing by ¢ > 0 in
), we obtain

2)\ - we + ¢[A2 =0in Q (26)

and by continuity, the equality holds also on 9. As for every (z,2) € BN x (0,1)",
¢(z,z) = 0 and w.(z,2) = (z,0pm-n~), we deduce that A - (z,0pm-~) = 0 for every
xz € OBN. Tt follows that \; = Ay = --- = Ay = 0 and therefore, recalling that We N41 =
- =we, m—1 = 0 in Q, we have by (20):

226+ (Mg + -+ 3o =0in Q.
As ¢ > 0 in €2, we obtain
Mg+ A+ O +1)2 =1
hence we can find R € O(M) such that Rp = p for all p € RY x {Oga—n~} and
Rear = (0, 0, AN 41,0y Aar—1, Aar + 1),

This implies Uz = w. +v = w:+ A\¢ = Rw, as required. The converse statement is obvious:
if w, is a minimizer of E. over o/ and R € O(M) is a transformation fixing all points of
RN x {Oga-n}, then Ruw, is also a minimizer of E. over &7 (because E. and the boundary
condition in &/ are invariant under such orthogonal transformation R). O

13



REMARK 8. Note that if n > 1, M > N > 7 and W satisfies [@l) (not necessarily strictly
convex), then there are no bounded critical points of the energy E. in the set o/ escaping in
a direction e € SM~1. Indeed, if such an escaping critical point of E. in </ exists, then by
Theorem [T, this solution would be a global minimizer of E. in &/ which is a contradiction
with the uniqueness of the global minimizer (uc,Ogm-~) in @) (that is non-escaping)
proved in Theorem [3.

3.2 Escaping radial profile

Let M > N + 1. We give a necessary and sufficient condition for the existence of an
escaping radial profile ( ferge > 0) in (0, 1) to the system ([@)—([I2]); we also prove uniqueness,
minimality and monotonicity of the escaping radial profile. For that, in the context of E.
defined over o7, we introduce the functional

Is(f7 g) = @E‘s <(f(7')%,0RMJ\71,g(T))>
1 J—
= %/0 [(f/)2+(g/)2—|—¥f2+€l2w(l_f2_gg)] TN_l dr

where (f,g) belongs to
#={(f,9) 7" P T T g T g € 120,1), £(1) = Lg() = 0. (27)

The following result is reminiscent from Ignat-Nguyen [8, Theorem 2.4] (for W = 0).
The proof of [8, Theorem 2.4] is rather complicated (as it is proved for some general
potentials ). We present here a simple proof that works in our context:

THEOREM 9. Let 2 < N <6, M > N+ 1, W € C?((—o0,1]) satisfy @) and be strictly
convex. Consider ey € (0,00) in (@) such that l(en) = 0. Then the system @Q)-12) has
an escaping radial profile (f-,ge) with g > 0 in (0,1) if and only if 0 < & < en. Moreover,
in the case 0 < € < en,

1. (f-,g. > 0) is the unique escaping radial profile of @) -2 and %,ge e C?([0,1]),
a2 <1, fe>0, f£>0,g.<0in (0,1);

2. there are exactly two minimizers of I. in B given by (fe, +g.);

3. the non-escaping radial profile (fe,0) is an unstable critical point of I. in B where
fe is the unique radial profile in (B).

Recall that for ¢ > ey, the non-escaping radial profile (f.,0) is the unique global
minimizer of I, in % (by Theorem Bl whose proof yields the minimality of (u.,Oga-n~) of
E. in ).

Proof of Theorem [Q First, we focus on the existence of escaping radial profiles of ([@))—(I2]).
Note that the direct method in calculus of variations implies that I. admits a minimizer
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(fey9.) € AB. Since (f-,9.) € (fa,gg) e C((0,1]). Tt follows that (f.,g.) satisfies
(@) (@) in the weak sense, and so f.,g. € C2((0, 1]). Since (|f-I,1g:]) is also a minimizer
of I. in A, the above argument also shows that |f.|, [g.| € C2((0,1]) satisfies (I0)(I2).
Since |f,|g:] > 0 and f.(1) = 1, the strong maximum principle yields |f.| > 0 in (0, 1),
and either |g.| > 0 in (0,1) or g. = 0 in (0,1). It follows that f. > 0 in (0,1), and there
are three alternatives: g. > 0in (0,1), g- < 0 in (0,1) or g = 0 in (0,1). Clearly, when
g- =0, f- is equal to the unique radial profile f. in (G). By considering (f., —g.) instead
of ( I, ge) if necessary, we assume in the sequel that g. > 0.

Claim: if 0 < e < ey, then g. > 0in (0,1) and (f.,0) is an unstable critical point of I in
B.

Proof of Claim: We define the second variation of I. at (f.,0) as
d2
Qul0.0) = | L((0)+ t<a,ﬁ>)
t=0

:/ [La a+L
BN

for o, 8 € C2°((0,1)) which extends by density to the Hilbert space

1 o2

+53 W”(l — 2y ] dz,

H ={(a,B) : (fe + o, ) € A} with the norm ||, B)[| s := ”(a‘;;_’a/B)HHl(BN,RN“)'

As e € (0,en), we have £(¢) < 0 by (). Taking 3 € H}(BY) to be any first eigenfunction
of L. in BY which is radially symmetric, we have T%ﬂ’, r¥ﬂ € L*(0,1), (1) = 0 and

Q-(0,8) = / L.B-Bdx=1((e) | B*dx<0.
BN BN
So, (fe,0) is an unstable critical point of I. in £ if € < ey. In particular, (fz,0) is not
minimizing I. in % and therefore, by the above construction of the minimizer ( e ge) of
I. in &, we deduce that g. > 0. This proves the above Claim.
Moreover, by [8, Lemmas 2.7 and A.5, Proposition 2.9] (for W = 0), we deduce that

g € CH0,1]), f2+92 <1, fL>0and gl <0in (0,1).
To conclude, we distinguish two cases:

Case 1: if € € (0,ey), Claim yields the existence of an escaping radial profile ( fe, Je > 0).
By [8, Lemmas 2.7], every escaping radial profile (f.,g. > 0) is bounded (i.e., f2+ g2 < 1

in (0,1)) and therefore, by Theorem[7], the corresponding (bounded) escaping crltlcal point
115 in (@) is a global minimizer of E. over <7 and the set of minimizers of E. over 7 is then
given by {Ri. : R e O(M), Rp = p,¥p € RN x {Ogar—n~}}. Therefore, (f.,+g.) are the
only two minimizers of I. in 4. In particular, this proves the uniqueness of the escaping
radial profile (f.,g. > 0).

Case 2: if € > e, by the proof of Theorem [3] the non-escaping vortex sheet solution
us () = (fo(|z|) & o] Omar- ~) (by ([@3)) is the unique minimizer of E. over 7. In particular,
(f-,0) is the unique minimizer of I. in 4, i.e., in the above construction of the minimizer
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(fa,ga) of I. in B, we have f. = f. and ¢g. = 0 in (0,1). We claim that no escaping
radial profile ( fg, g: > 0) exists if ¢ > e. Assume by contradiction that such an escaping
radial profile ( fe, g: > 0) exists. The same argument presented in Case 1 would imply
that ( fa, J: > 0) is a minimizer of I. in # which contradicts the uniqueness of the global
minimizer (f,0). O

3.3 Proof of Theorem [

We now prove the main result:

Proof of Theorem[§} By Theorem [ the existence of an escaping radially symmetric so-
lution @, in (@) is equivalent to € € (0,ey). Moreover, in that case, the escaping radial
profile (f.,g. > 0) is unique and bounded, i.e., f2+4 g2 < 1in (0,1).

Case 1: if € € (0,en), Theorem [7]implies that the (bounded) escaping radially symmetric
critical point @, in (@) is a global minimizer of F. over & and every minimizer of F. over
</ has the form Ru. for some orthogonal transformation R € O(M) keeping invariant
the space RY x {Oga—n~}. Moreover, by Theorem [ the non-escaping radial profile (f,0)
is proved to be an unstable critical point of I. in A, so the non-escaping vortex sheet
solution (ue,Opm—n) is an unstable critical point of E. in <.

Case 2: if ¢ > ey, the proof of Theorem Blimplies that the non-escaping radially symmetric
vortex sheet solution wu.(z) = ( fa(]a:\)%, Ogm-n~) (by (I3)) is the unique minimizer of E,
over «7. In this case, there is no bounded critical point w. of E. over « that escapes in
some direction e € S®~1; indeed, if such (bounded) escaping solution w. satisfying (20)
exists, then Theorem [0 would imply that w, is a global minimizer of E. over & which
contradicts that the non-escaping vortex sheet solution u. is the unique global minimizer
of E. over . O

Theorem @ holds also for the “degenerate” dimension n = 0. In this case, Q = BY and
vortex sheets are vortex points,

1 1
B = [ [IVuP+ 5z W= fuP)] da,

o = {uec H' (BY;RM): u(z) = (x,0gm-~) on dBY =SV}

and radially symmetric vortex critical points of E. in &/ have the corresponding form in

@):

i (z) = (fa(r)%,oRM,N,l,ga(r)) ed, weBr=la, (28)
where the radial profiles (fs,g.) satisfy the system (0)-(IZ) and are described in Theo-
rem [O the non-escaping radially symmetric vortex solution is given here by

us(z) = (fg(\x])%,ORMfw) for all z € BY, (29)
where the radial profile f. is the unique solution to (B). We obtain the following result
which generalizes [12] Theorem 1.1] that was proved in the case N = 2 and M = 3 (without

identifying the meaning of the dichotomy parameter ey in (7).
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THEOREM 10. Let 2 < N <6, M > N+ 1, Q = BN, W € C?((—~c0, 1)) satisfy @) and
be strictly conver. Consider ey € (0,00) such that ¢(en) =0 in (D). Then there exists an
escaping radially symmetric vortex solution . in 28) with the radial profile (fe,g6 > 0)
giwen in Theorem [Q if and only if 0 < € < en. Moreover,

1. if 0 < e < epn, U 18 a global minimizer of E. in </ and all global minimizers of
E. in o are radially symmetric given by Ru. where R € O(M) is an orthogonal
transformation of RM satisfying Rp = p for all p € RN x {Oga—n'}. In this case, the
non-escaping vortez solution ue in (29) is an unstable critical point of E. in < .

2. if e > en, the non-escaping vortex solution u. in [29) is the unique global minimizer
of E- in <. Furthermore, there are no bounded critical points w. of E. in </ that
escape in a direction e € SM71, je., we-e >0 a.e. in Q.

The proof follows by the same argument used for Theorem [ the main difference is
that in the ball Q = BY, a critical point w. of E. in < satisfies the PDE system with
Dirichlet boundary condition (instead of the mixed Dirichlet-Neumann condition in (2I])):

2

we(x) = (z,0gu-~) on OBY.

1
—Aw, = W W'l - |w.]?) in BY,

A Appendix. Vortex sheet SY~!

cylinders

-valued harmonic maps in

In dimensions M > N > 2 and n > 1, for the cylinder shape domain Q = BV x (0,1)™,
we consider the harmonic map problem for SM~!-valued maps v € H'(;SM~1) N &/
associated to the Dirichlet energy

1

E(u) = §/Q|Vu|2d:ndz.

SM_l

Any critical point u : Q — of this problem satisfies

—Au=u|Vu? in Q,
gu =0 on BN x09(0,1)", (30)
u(z,2) = (z,0gm-~) on BN x (0,1)".
We will focus on radially symmetric vortex sheet SM—1
following form (invariant in z-direction):

-valued harmonic maps having the

u(z, z) = (f(T);—VORM—N—l,g(T)) eo/, zeBY ze 0, 1)",r = |zl (31)

where the radial profile (f, g) satisfies

f24¢ =1 in (0,1), (32)
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and the system of ODEs:

e =T Ey CY AR} (33)
-2l ey m (0,1), (34)
f(1)=1and g(1) =0, (35)

where N1

I'(r)=(f)?+ r—2f2 +(g')?
is the Lagrange multiplier due to the unit length constraint in ([B2). As for the Ginzburg-
Landau system, we distinguish two type of radial profiles:

e the non-escaping radial profile (f = 1,§ = 0) yielding the non-escaping (radially

symmetric) vortex sheet S”~!-valued harmonic map (also called “equator” map):
a(z, 2) = (;—|, Ognn) x€ BN, ze(0,1)" (36)

Note that @ is singular and the singular set of this map is the vortex sheet {Oga—~ }x(0,1)"
of dimension n in €. Also, observe that @ € H'(Q,S™~1) if and only if N > 3.

e the escaping radial profile (f,g) with g > 0 in (0, 1); in this case, it holds f(0) = 0,
g(0) = 1 and we say that u in (BI) is an escaping (radially symmetric) vortex sheet SM—1-
valued harmonic map. Note that u is smooth for every dimension M > N >2 and n > 1
and the zero set of (u1,...,un) is the vortex sheet {Ogm-~} x (0,1)" of dimension n in
Q2. Obviously, (f,—g < 0) is another radial profile satisfying (32])-(35]).

_ The properties of such radial profiles are proved in [I4] (see also [8, Theorem 2.6] for
W =0 in those notations). More precisely,

(a) If N > 7, the non-escaping radial profile (f = 1,g = 0) is the unique minimizer of

1 _
| o2+ @+ ]

where (f,g) belongs to Z N {(f, g) : f2+g*= 1} with # defined in ([27). Moreover,
the system (B2)—(35]) has no escaping radial profile (f,g) with g > 0 in (0, 1).

I(f.9) = @E((f(r)é—,,owm,gw))) -

(b) If 2 < N < 6, then there exists a unique escaping radial profile (f,g) with g > 0
satisfying (32)—@5). Moreover, (f,+g) are the only two global minimizers of I in
B{(f,9) : fP+g° =1}, L,geC=(0,1]), f(0) =0, g(0) =1, f >0, f' > 0 and

¢ < 0in (0,1). In addition, for 3 < N < 6, the non-escaping solution (f = 1,5 = 0)
is an unstable critical point of I in N {(f, g) : fP4q%= 1}@

SFor N = 2, (1,0) ¢ 9; however, we can define the second variation of I at (1,0) along directions (0, q)
compactly supported in (0, 1):

Q0.0)= | -2 v

r2

and one can prove the existence of ¢ € Lip.(0,1) such that Q(0,¢) < 0 (see e.g. [8 Remark 2.16]).
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There is a large number of articles studying existence, uniqueness, regularity and
stability of radially symmetric S*~!-valued harmonic maps (e.g., [13| 14} 25| 26, 23| [16],
[12]). We summarize here the main result for our problem in the cylinder shape domain
Q = BN x (0,1)" if N < 6, then minimizing S ~!-valued harmonic maps in &/ are
smooth, radially symmetric and escaping in one-direction; if N > 7, then there is a unique
minimizing S™ ~!-valued harmonic map in .7 which is singular and given by the equator

map @ in (36]). [
THEOREM 11. Let n>1, N >2, M > N +1 and Q = BY x (0,1)". Then

1. if 2 < N < 6, then the escaping radially symmetric vortex sheet solution u in (1)
with g > 0 is a minimizing S™~-valued harmonic map in o/ and all minimizing
SM=1_yalued harmonic maps in </ are smooth radially symmetric given by Ru where
R € O(M) satisfies Rp = p for all p € RN x {Ogar—~'}. In this case, the equator map
@ in [B6) is an unstable SM~'-valued harmonic map in < .

2. if N > 7, the non-escaping vortex sheet solution u in [B0)) is the unique minimizing
SM=1_yalued harmonic map in o/. Moreover, there is no SM~1-valued harmonic

map w in o escaping in a direction e € SM71 e, w-e >0 a.e. in Q.

The main ingredient is the following result yielding minimality of escaping SM ~!-valued
harmonic maps. This is reminiscent from Sandier-Shafrir [23] (see also [12, Theorem 1.5]).

THEOREM 12. Let n > 1, M > N > 2 and Q = BN x (0,1)". Assume that w €
o N HYQ,SM1) is a SM~1-valued harmonic map satisfying BQ) and

w-e >0 ae. in (37)

in an escaping direction e € SM=1. Then w is a minimizing SM~1-valued harmonic map
in o/ and all minimizing S™ 1 -valued harmonic maps in o/ are of the form Rw where R €
O(M) is an orthogonal transformation of RM satisfying Rp = p for allp € RN x {Ogar—n'}.

Proof of Theorem [I2. We give here a simple proof based on the argument in [12] that
avoids the regularity results used in [23]. By the H 1/2_trace theorem applied for w €
HY(Q,SM~1), B7) implies that w - e > 0 on BY x (0,1)". Combined with the vortex
boundary condition in ([B0), we deduce that the escaping direction e has to be orthogonal
to RY x {Ogm—~} and up to a rotation, we can assume that e = ej; (as in ([22)). Then
¢ =w-ey >0 a.e. in () satisfies

— Ap=|Vw|*¢ in Q, % =0 on BY x9(0,1)", ¢ =0 on dBY x (0,1)".  (38)

We consider conﬁgurationsﬁ W =w+v:Q — SMwith v € H}(BY x R",RM) (in
particular, |v| <2 in Q). Then

2w-v+[w*=0 ae. in Q. (39)

"We mention the paper of Bethuel-Brezis-Coleman-Hélein [2] about a similar phenomenology in a do-
main Q = (B%\ B,) x (0,1) C R® where B, C R? is the disk centered at 0 of radius p.
¥Note that for any @ € o/ N H*(Q,S™ 1), the map @ — w has an extension in Hj(BY x R",RM).
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Using ([B0) and (39), we obtain

2/Vw-Vv=2/ |Vw|2w-vd:17:—/ |Vw|?|v|* de,
Q Q Q

yieldinég
/ \V(w+v)]2dx—/ YVl d :/ Vo2 = [VuPlo2de = Q). (40)
Q Q Q

To show that w is minimizing, we prove that Q(v) > 0 for all v € H}(BY x R* RM)n
L®(Q;RM) (note that this is a class larger than what we need, as we do not require
that v satisfy the pointwise constraint ([B39)). For that, we take an arbitrary map v €
C2(BN x R",RM) of support w and decompose it as & = ¢¥ in . This decomposition
makes sense as ¢ > § > 0 in w N for some § > 0 (which may depend on w). Indeed, by
@7) and [B]), ¢ is a superharmonic function (i.e., —A¢ > 0 in ) that belongs to H! ().
As g—f =0 on BY x 9(0,1)", ¢ can be extended by even mirror symmetry to the domain
Q= BN x (—1,2)™ so that ¢ is superharmonic in Q. Thus, the weak Harnack inequality
(see e.g. [0, Theorem 8.18]) implies that on the compact set wN in Q, we have ¢ > 6 > 0
for some 8. So, ¥ = ¢W in Q with ¥ = (Uy,...,¥,) € H' N L®°(Q;RM) vanishing in a
neighborhood of 9B x (0,1)”. Then integration by parts yields for 1 < j < M:

Q) = [ 193, = [VuPs- 003 da
@ / IV(¢;)]* = V¢ V(pU3)dr = / PV [>dx >0
Q Q

for all & € C°(BYN x R", RM). Then for every v € H} (BN x R",RM) N L>°(Q; RM), there
exists a sequence o¢ € C°(BY x R",RM) such that o¥ — v and V&* — Vo in L? and
a.e. in BY x R" and [oF| < [[vl|Loe (@) + 1 in Q for every k. In particular, by dominated
convergence theorem, we have Q(7*) — Q(v) thanks to {@Q). Thus, we deduce that for
every compact w C Q = BN x (—1,2),

@k
Q(v) = lim Q") > liminf ¢2\V(3)\2 dx > /

v
¢*|V(=)|* dz >0,

Q ¢

where we used Fatou’s lemma. In particular, w is a minimizing S™~!-valued harmonic

map by @0) and Q(v) = 0 yields the existence of a vector A € RM such that v = \¢ a.e.

in . Then the classification of the minimizing S™ ~!-valued harmonic maps follows by
[B9) as in the Step 3 of the proof of Theorem [7 O

Proof of Theorem [I1l. 1. This part concerning the dimension 2 < N < 6 follows from
Theorem [[2 and the instability of the radial profile (1, 0) for I in ZnN {( f,9) : fP+g¢*= 1}
as explained above.

9Note that the functional @ represents the second variation of E at w, but here the map v is not
necessarily orthogonal to w.
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2. This part for dimension N > 7 follows the ideas in [I4]. More precisely, calling

X = (=z,2) the variable in €, we have as in the proof of Theorem [[2 for every v €
H}(BY x R",RM) with [v + | =1 in Q:

/yV(u+v)y2dX—/ \vuPdX:/ (IVol* — |Va|v|?) dX
Q Q Q

N-1
:/ |V v|? dX+/ dz (IVzol* — 5 v[?) dz
Q (0,1)n BN ||
2

z/ﬂ|vzv|2dX+<(N%2)—(N—1)>/Q%Mzo

where we used the Hardy inequality for v(-,z) € H}(BY,RM) for a.e. 2z € (0,1)". This

proves that u is the unique minimizing

SM~1_valued harmonic map in 7. Combined

with Theorem [[2] we conclude that there is no escaping S™ ~!-valued harmonic map w in

. O
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