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Abstract

We study a variational model from micromagnetics involving a nonlocal Ginzburg-Landau
type energy for S'-valued vector fields. These vector fields form domain walls, called Néel walls,
that correspond to one-dimensional transitions between two directions within the unit circle S*.
Due to the nonlocality of the energy, a Néel wall is a two length scale object, comprising a core
and two logarithmically decaying tails. Our aim is to determine the energy differences leading to
repulsion or attraction between Néel walls. In contrast to the usual Ginzburg-Landau vortices,
we obtain a renormalised energy for Néel walls that shows both a tail-tail interaction and a
core-tail interaction. This is a novel feature for Ginzburg-Landau type energies that entails
attraction between Néel walls of the same sign and repulsion between Néel walls of opposite
signs.

Keywords: Néel walls, Ginzburg-Landau, nonlocal, renormalised energy, interaction, micro-
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1 Introduction

In this article, we analyse a variational model describing the formation of domain walls in ferromag-
netic thin films. These domain walls are called Néel walls and represent one-dimensional transition
layers connecting two directions of the magnetisation within the unit circle S*. Due to dipolar effects,
the variational problem is strongly nonlocal and generates Néel walls with an interesting core-and-
tail structure. Our aim is to study the repulsive or attractive interaction between the domain walls
in terms of their energy. This interaction energy governs the location of the domain walls and is
analogous to the renormalised energy in Ginzburg-Landau type problems (see the seminal book [3]).
Although our analysis builds to some extent on the theory of Ginzburg-Landau vortices, our model
has novel features that have not been studied before. In contrast to the usual Ginzburg-Landau
vortices, we obtain a renormalised energy for Néel walls incorporating two types of interaction: a
tail-tail interaction and a core-tail interaction. This is due to the nonlocal character of the model
and the two distinct length scales of the core and the tails (of logarithmic decay). Moreover, Néel
walls of opposite signs repel each other and Néel walls of the same sign attract each other, whereas
Ginzburg-Landau vortices show the opposite behaviour. This observation is consistent with the
physical prediction (see [12, Section 3.6.(C)]). Furthermore, in typical Ginzburg-Landau systems,



most of the energy is contained in the highest order term, whereas in our model, it is the lowest
order term that contains most of the energy. From a technical point of view, the lack of a quantised
Jacobian is an additional difficulty in the analysis of our model.

1.1 The model

The magnetisation We consider a one-dimensional model for transition layers (incorporating
several Néel walls) in the magnetisation of a thin ferromagnetic film. The magnetisation is repre-
sented by a continuous map

m:(—1,1) — Sh

More precisely, we can think of a ferromagnetic thin film of the shape (—1,1) x (0, k) x R (with very
small thickness A > 0 in the za-direction) and a magnetisation vector field M : (—1,1) x (0, h) xR —
S? of the form M (xq,x2,23) = (m(w1),0). Here, the non-dependence of M on x5 is a natural
assumption for a thin film, whereas the non-dependence on x3 represents a simplification of the
problem. (It implies that the walls appear in planes parallel to the zox3-plane and we assume that
the magnetisation depends only on the normal direction z;.) The strip over z; € (—1,1) does not
necessarily represent the whole ferromagnetic sample, but merely a region that contains the Néel
walls in question. The assumption that the third component Mj3 vanishes is consistent with the
fact that Néel walls correspond to an in-plane magnetisation. Another characteristic feature of Néel
walls is that the magnetisations on either side (represented by m(—1) and m(1) in our model) differ
by a vector parallel to the wall plane (in this case the za-direction). Thus there exists a number
a € (0,7) such that

mi(—1) =m4(1) = cosa. (1)

Moreover, we will sometimes assume that
m(—1) = m(1) = (cos a, sin a), (2)

so that a winding number can be defined.

m

AC_—~ - \ Padd ‘ .
- \/ . 1 \\/ 1 =

Figure 1: A magnetisation m = (mj, mg) of winding number —1 consisting of a positive Néel wall
of angle 2« and a negative Néel wall of angle 2(7m — «) (right).

More precisely, since m is continuous, there exists a continuous function ¢ : (—1,1) — R, called
a lifting of m, such that
m = (cosp,siny) in (—1,1)

and ¢(—1) = a. If (2) holds, then the winding number (or topological degree) of m is defined as

p(1) —o(=1)

€ Z.
27

deg(m) =
The angle « € (0,7) will stay fixed throughout this paper. (The case a € {0, 7} is geometrically
different and is not studied here.) However, our arguments do not require that ma(—1) = ma(1) =
sin «v in principle and we will present our results in a wider generality, i.e., with ma(+1) € {£sin6}.



The energy The energy for our model comprises two terms, called the exchange energy and the
magnetostatic energy (or stray-field energy), respectively. The exchange energy is modelled by the
following expression involving the L2-norm of the derivative m/:

1 1 1 1\2
€ 2 € N2 € (m1)
e m'Pde, = = dry = = dxy.
2/,1| | o 2/,1“0) 1 2/11—m% e

Here € > 0 is a ratio between a material constant called the exchange length and the length scale
of the thin film. (This is a model obtained after rescaling, i.e., the length scale of the ferromagnetic
sample has been set to unit size.) The number € is assumed to be small, and we will eventually
study the limit € \, 0.

We write = (1, 22) for a generic point in the upper half-plane R?2 = R x (0,00). In order to
compute the magnetostatic energy, we need to solve the boundary value problem!

Au=0 in R%, (3)
g—;‘z = —m) on(~1,1) x {0}, (4)
ou
B = 0 on (—oo,—1) x {0} and on (1,00) x {0}. (5)
T2
Equivalently, if we extend m; by the constant cosa on R\ (—1, 1), then
Vu-V¢dx = / mi¢(-,0)dry for every ¢ € C5°(R?). (6)
]Ri —0o0

Let W12(R?) be the completion of Cg°(R?) with respect to the norm
Clirasy = 19C0 coge

(We sometimes abuse notation and treat elements of W' 2(R?) as functions, even though the com-
pletion process identifies any two functions that differ by a constant.) For an open set {2 C R2, we
write W12(Q) for the set of all restrictions of functions in W12(R?) to Q and

Cllsaga = 1€l 2()-

By the Lax-Milgram theorem, solutions of (6) are unique in W*2(R2) (i.e., up to a constant). Thus
the quantity

1

3 / |Vu|? da

R

depends only on my. This is the term representing the magnetostatic energy. It is worth remarking
that the solutions u of (3)—(5) in W'2(R2) have a limit for |z| — co. Indeed, if we extend u to R?
by even reflection, then we obtain a harmonic function near co with finite Dirichlet energy, and it is

well-known that the limit exists at co. Then we normalise this constant and define U(m) (sometimes
also denoted U(m1)) to be the unique solution of (6) in W'2(R%) with

U(m) =0 as |z| — .

Moreover, in view of (6), using the extension of m; by the constant cosa on R\ (—1,1), we may
express the magnetostatic energy in terms of the homogeneous || - || 1/2-seminorm of m; (see e.g.

8, 13]):
1 9 _l
E/Ri [VU(m)|* dz = 2/]R

1Here, Vu represents the stray-field associated to M, which is also invariant in the x3-direction.

1/2
my

d

d:Cl dl‘l. (7)




To summarise, we study the energy functional

€

! 1
-1 R3

for m € W'2((—1,1),S') satisfying (1). We are interested in the behaviour of m and of its energy
E.(m) as €\, 0, especially under conditions that force the nucleation of several Néel walls.

Néel walls If we trace m from —1 to 1, we may well find that m winds around the circle S* one
or several times. If that happens, then there necessarily exist two points a4,a— € (—1, 1) such that
mi(ay) = 1 and mi(a_) = —1. But even if the topology of m is trivial (i.e., if deg(m) = 0), a
transition from (cosa,sin ) to (cosa, —sina) may occur, giving rise to a point in between where
my reaches one of the values +1. We think of any such transition as a Néel wall and we use these
points in order to track them. Obviously, it is possible for m; to attain +1 when no proper transition
occurs, but from the energetics point of view, this makes no difference and we call this a Néel wall
anyway. We speak of a positive or negative Néel wall depending on the sign of m; (see Figure 1).
We will see that a Néel wall has a two-length scale structure comprising a core of size § = elog%
around the transition point and two tails of size O(1), where m; decays logarithmically to cosa
(see Theorem 22 below). The total change of the phase during the transition is called the rotation
angle of the Néel wall (which may be 0 by the above convention).? For more physical background,
we refer to [12, 10].

We will assume in the following that there are certain points aq,...,any € (—1,1) such that
—-l<a<---<an<l1 (8)
and certain numbers dy,...,dy € {—1,1} such that
mi(an) =d, for n=1,...,N. (9)

These points (a,)1<n<n represent the positions of the Néel walls that we study, while (d,)1<n<n
indicate whether a Néel wall is positive or negative. We keep the number N of walls fixed throughout
the paper. Let

Ay = {a=(a1,...,an) € (=1,1)" with (8)}.

For a € Ay and d € {£1}", we consider the set
M(a,d) = {m € W"?((~1,1);S") with (1) and (9)}.
Our aim is to answer the following question.

uestion. For a given a € Ax and d € {1}V, what is the behaviour o
g

inf Fe 07
A/}(I(ll7d) as €\,

That is, if we prescribe Néel walls at the positions ay,...,an with signs dy, ..., dy, what energy
does it take to achieve such a configuration? We first note that a minimal configuration m always
exists and that its first component m; is unique. (Obviously, |ms| is also unique, but the sign of
the mo component can change between a,, and a,1 for two different minimisers.)

2When studying the interaction between a pair of walls, the physics literature (see [12]) distinguishes between
winding walls, which refers to a pair with the same rotation sense, and unwinding walls, which refers to a pair
with opposite rotation sense. Except for degenerate cases, a pair of Néel walls with opposite signs according to our
terminology corresponds to winding walls and a pair with the same sign corresponds to unwinding walls.



Proposition 1. There exists a minimiser of inf s, 4y Ee for any € > 0. Moreover, any minimiser
m is smooth on (—1,1)\ {a1,...,an} and has a unique m1-component.

Proof. The direct method in the calculus of variations yields a minimiser m of E. in M (a,d). The
regularity of m is standard (see, e.g., [14]). The uniqueness of m; follows from the strict convexity

of (7) and of the function (v, w) 2 for (v,w) € R x (=1,1). O

1—w?2
We look for an expansion of inf (4 4y Ee similar to [9], where it is shown that

N

— cosa)? log log
in Ee_ZMw(%) (10)

M(a,d) —~  2logy (log %)2

for € > 0 small. Since this is not good enough to understand the interaction between domain walls,
we need to determine the second term in such an expansion completely and identify the third term
as well. This problem is analogous to finding the “renormalised energy” in Ginzburg-Landau type
problems, but in the context of Néel walls, it has remained open until now.

We give the answer to this question in Theorem 2. The key is to identify the contributions to the
renormalised energy coming from the interaction between two tails and between a core and a tail of
two different walls. It turns out that the above expansion is easier to understand when we replace
e by § = elog% (recall that this is the typical length scale of the core of a Néel wall). The first
two terms of the expansion (10) are then united in a single leading order term in the expansion in
1/]logd| (see (11) below). The next-to-leading order term corresponds to the renormalised energy.

1.2 Motivation

There are several reasons for asking the above question. First, we may want to study the positions of
Néel walls in equilibrium. Once we have determined the renormalised energy, we can find the likely
positions by minimising it. Second, we may want to study the dynamics of Néel walls (see, e.g.,
[4, 6]). The dynamics of the magnetisation is described by the Landau-Lifshitz-Gilbert equation,
which is derived from the micromagnetic energy through a variational principle. For reasons that
are explained below, understanding the asymptotic behaviour of the energy is expected to be a
key step towards deriving an effective motion law for the walls in the limit € \, 0. A third reason
for studying these long range interactions is that we want to understand some phenomena in thin
ferromagnetic films where they matter, such as cross-tie walls. A cross-tie wall is a typical domain
wall that consists in an ensemble of Néel walls and micromagnetic vortices (similar to Ginzburg-
Landau vortices), see [9, 1, 29, 30]. It has an internal length scale, the size of which is not predicted
by any existing theory, and our analysis on the interaction energy of Néel walls could represent an
significant step forward here.

A related question concerns the analysis of general transition layers m carrying a winding number
when the location of the Néel walls is no longer prescribed. More precisely, suppose that the
lifting ¢ : (—1,1) — R of m = (cosp,sinp) satisfies the boundary conditions ¢(—1) = a and
©(1) = 207 4+ a, so that we have winding number ¢, i.e. ¢ = deg(m). Hence the magnetisation
performs ¢ full rotations, so that (2) is satisfied. Then by continuity, we necessarily have a certain
number of transitions between (cos a, sin ) and (cos a, — sin ).

Open problem. For a prescribed winding number and given switable control of E.(m), what can
we say about the profile of m and of the stray field potential U(m)?

As mentioned before, a prescribed degree ¢ will automatically give rise to certain Néel walls. But
it is not obvious, for example, that these Néel walls stay separate from one another (uniformly as
€ — 0) and that one can rule out other transitions. In fact, it is an open question whether the lifting
of m is monotone even for minimisers (which would exclude unexpected transitions). However,



assuming good control of the energy, we expect to have exactly 2¢ transitions (corresponding to the
expected Néel walls) and no extraordinary behaviour of the magnetisation in between. For the stray
field energy, it is expected that the energy density concentrates at the walls. Such information would
be useful in the study of compactness properties in the appropriate function spaces, for example
with a view to I'-convergence.

1.3 Main results
For any € € (0, 3], let
1
0 =clog—
€
and define the metric g on (—1,1) by

b — ¢
1—be

Q(ba C) =

We have the following result, answering the question on page 4.

€[0,1) for b,ce(—1,1).

Theorem 2. There exists a function e : {£1} — R such that for any a € Ay and d € {+1}¥, the
following holds true. Let v, =d, —cosa forn=1,...,N and let

al T 9 9y T al 1+ +/1—o(ak,an)?
W(a,d) = Z e(d,) — 5 Z vz log(2 — 2a;) — 5 Z Z Yy log .

n=1 n=1 n=1k#n Q(ak’ an)

Then
1)? TS A
d) =1 log =) inf E.— —log= .
W(a,d) lim (Oga) ik 5 0g5n§:1%

In analogy to the theory of Ginzburg-Landau vortices, we call W(a, d) the renormalised energy
for the N walls placed at a = (aq,...ay) with signs d = (di,...,dn). As the theorem shows,
W(a, d) represents the next-to-leading order term in the expansion of inf;(4,qy Fe in 1/]logd|. If we
express these asymptotics in terms of €, our result improves (10) by determining the precise second
and third coefficients:

N
1 1 1 1
inf E.= — E —cosa)” [log—+loglog— | + W(a,d) | +o| ——— | . (11
M(a,d) (log <2 —~ ( BeT® ge) ( )> <(1og§)2> =

We now briefly discuss how the above expression comes about. Suppose that for a given a € Ay,
we study minimisers m of E. in M (a,d). When ¢ is small, we expect to have a typical Néel wall
profile near each of the points a1, ..., ay with the prescribed signs dy, . .., dy, and the full transition
layer m is essentially a superposition of all of these. As discussed previously, we can think of a Néel
wall as consisting of two parts: a small core around a,, and two logarithmically decaying tails. In our
situation, the walls are confined in the relatively short interval (—1,1) and each tail will interact with
the other walls and with the boundary as well. We can then account for the full energy inf;(q,q) Fe
(at leading and next-to-leading order) as follows.

Core energy. The core of each wall requires a certain amount of energy, namely
e(l e(—1
) g <D,
(log 3) (log 5)
3We will not use the fact that o is a metric, but if we want to verify it, we can use that o(®4(b), ®4(c)) = o(b, c)

for the Mobius transforms @4 defined in (26) below for every d € (—1,1). For the triangle inequality, it then suffices
to show that o(c,0) < p(b,0) + o(b, ¢) for b,c € (—1,1), which is not difficult.




for a positive and a negative wall, respectively. The constants e(+1) are given in Definition 26
below as limits of a rescaled energy of the core profile as € — 0. Then the sum accounts for

the term N
2 n—1¢(dn)
1\2
(log 5)
This is the only term where we have a contribution from the exchange energy and it appears

only at next-to-leading order in the full energy. All the remaining terms below come from the
magnetostatic energy alone.

Tail energy. The two tails of the wall at a,, give rise to the energy
™
2 log % ’

leading to a total of
N
Q0 Zn:l ’7727,

2log %
This is the leading order term of the full energy.

Tail-boundary interaction. Moving a wall relative to the boundary points 1 will deform the
tail profile, resulting in a change of the energy. This phenomenon gives rise to the energy

7y2 log(2 — 2a2)
2 (log %)2
for the wall at a,,. Summing up these contributions, we obtain

N
m 2 2
75 ¥, log(2 — 2ay,).
2 (log %)2 el ( )

(The sign here is not a mistake; it is the opposite of the sign of the corresponding expression
in Theorem 2.) This means that the tails are attracted by the boundary, in the sense that the
energy decreases if a,, approaches +1.

Tail-tail interaction. There is an energy contribution coming from reinforcement or cancellation
between the stray fields generated by different walls. For the walls at ay and a,, with k # n,

this amounts to
TYEYn log 1+ /1 - o(ak,an)?
2 (1og %)2 o(ak, an)

The total contribution is

N
™ 1+ l_Q(akvan)z
- e} .
2 (log 1) 2 2 wnlog ( olak, an)

n=1k#n

(Again we have the opposite sign relative to the above theorem.) A conclusion is that the tails
of two walls attract each other if they have opposite signs and repel each other if they have
the same sign.*

4This is because the function t — is decreasing on (0, 1).

1+4/1—1t2
t



Tail-core interaction. Since the profile of a Néel wall decays only logarithmically, it will change
the turning angle of the neighbouring walls slightly. This has an effect on the energy as well
(at the next-to-leading order). Indeed, the tail of the wall at aj and the core of the wall at a,,
with k& # n lead to a contribution of

TYkYn 1 1+ 1- Q(a’ku an)2
— 5 log .
(log %) olak, an)
We also have an interaction between the two tails of a wall and its own core: if & = n, then
we obtain the energy

72 log(2 — 2a2)
(log§)”
This gives a total of

N
1 1— )2
‘%Z(vilog@—minmlog< + /1~ olax, an) ))

(IOg 6) n=1 k#n Q(aka an)

This is twice the size of the terms from the tail-boundary interaction and tail-tail interaction,
but with the opposite signs, resulting in a net repulsion between walls of opposite signs and
a net attraction between walls of the same sign. Furthermore, we have a net repulsion of the
walls by the boundary.

Notwithstanding the term ‘energy’ used in this description, strictly speaking, these are energy
differences and therefore some of them may be negative. All except one of these contributions occur
similarly in the theory of Ginzburg-Landau vortices. The core-tail interaction, on the other hand,
is new and more delicate to handle.

1.4 Physical relevance

Our result represents a rigorous proof of the physical prediction on the interaction energy between
Néel walls. Indeed, Hubert and Schifer ([12, Section 3.6. (C)]) predict the following behaviour
in the case of a pair of Néel walls: “The extended tails of Néel walls lead to strong interactions
between them [...] The interactions become important as soon as the tail regions overlap. The sign
of the interaction depends on the wall rotation sense. Néel walls of opposite rotation sense (so-called
unwinding walls) attract each other because they generate opposite charges in their overlapping tails.
If they are not pinned, they can annihilate. Néel walls of equal rotation sense (winding walls) repel
each other.” (We recall that unwinding walls correspond—according to our definition in Section
1.1—to a pair of Néel walls with the same sign, while winding walls correspond to a pair of walls
with the opposite signs as in Figure 1.)

1.5 Comparison with a linear model

If we replace the exchange energy by the simpler expression

1
5[ (o,

then the energy functional, now given by

1
- € 1
E.(my) = 5/ (m’l)2 dxi + 3 /R2 VU (m1)|?>dz, my:(—1,1) = R,



becomes a quadratic form and the Euler-Lagrange equation for its critical points becomes linear.
This functional has been used as a tool for studying the energy of Néel walls [9, 14]. Since the
exchange energy in F. does not enter the expansion (10) at the leading order, we may expect good
approximations from the linear model involving the energy functional E,. The exchange energy does
have an effect on the next-to-leading order term however, even though it is not through a direct
contribution but rather by changing the core width of a domain wall. For the linear model, the
core width of a domain wall is of order e. Accordingly, for the functional E,, the expansion that
corresponds to (10) is of the form

N ~
- dn — 2 d 1
inf  E.(my) = Z m( cols ) + W(a, l +to|l—m
meM (a,d) el 2 log < (log %) (log %)

as € \, 0. Here, W is nearly the same as the function W from Theorem 2, except that it may differ
by a number depending only on N and d. That is, there exists a function é : {1} — R such that

~ al T T 1+ +/1—o(ak,an)?
W(a,d) = Y é(dn) — 52%211%(2 — 2ap) — 522%71110%( — ) :
n=1

n=1 n=1 k;ﬁn Q(a’kv an)

As for the full model, we may regard é(+1) as the core energy of a transition of sign +1. Our
analysis does not give an explicit expression, but for variational principles where the number and
signs of the Néel walls does not change, this part of the limiting energy is irrelevant.

The formula can be proved with the same arguments as in the proof of Theorem 2 below, although
the linearity allows a few shortcuts. Therefore, we do not give a separate proof but leave it to the
reader to make the necessary changes.

As a consequence, the linear model does not describe the interaction between Néel walls accu-
rately, but the discrepancy is easily corrected by adjusting the core width (i.e., replacing € by §).
Although we study only the energy of interacting Néel walls in this paper, the analogy to the theory
of Ginzburg-Landau vortices (see Sect. 1.6) suggests that the same may be true for the dynamics
of Néel walls. The simplified model may therefore be useful as a test case for future analysis, or,
with the necessary care and the appropriate corrections, even be used for quantitative predictions.

1.6 Comparison with Ginzburg-Landau vortices

The interaction between topological singularities has been intensively studied in the last two decades
in the context of Ginzburg-Landau problems. The work was pioneered by Bethuel, Brezis, and
Hélein [2, 3], and an overview of later developments can be found in a book by Sandier and Serfaty
[31]. These problems are designed to describe phenomena in superconductors and Bose-Einstein
condensates, and a simple model that captures some of the main features is based on the functionals

Gn) = [ (G190 + iz~ 11P2) o (12)

for a domain  C R? and a function f : Q — R2. We identify R? with C. Then in the limit € \, 0,
the analysis in the aforementioned papers leads to a limiting function f : 2 — C of the form

: N zZ—a dn
- ()

n=1

for certain points aq,...,any € , integers di,...,dy € Z\{0}, and a function 6 : @ — R. The
renormalised energy

N
1 1
lim inf —/ Vf|? dx — mlog - E d?
™0 <2 Q\ Ui:le B(an) | | T el



appears in a result similar to Theorem 2 (together with an additional term describing the core en-
ergy). Here B, (a) stands for the open ball of radius r and centre a. We have topological singularities
at ay,...,a, with vortex structures and with topological degrees dy, . ..,d,. These data are encoded
in the distributional Jacobian

T = yewl(7 - V),

where f+ = (=fa, f1).

The renormalised energy gives information about the vortex positions in equilibrium, but it is
also important for their dynamics. Typically, if f evolves by a variational equation derived from G,
then on an appropriate time scale, the limiting motion law for the vortices (as € \, 0) is described
by an analogous equation derived from the renormalised energy. This is true for gradient flows
[21, 20, 17], Schrodinger type equations [5, 23], as well as nonlinear wave equations [22, 16].

It has been observed before that certain phenomena from micromagnetics give rise to similar
models [11, 19, 18, 26, 27]. The connection to our model is less obvious, but can be seen once we
show that under assumptions such as in Theorem 2, we obtain a limiting function from the rescaled
stray field potential (log $)U(m) of the form

N
. T2 (2 — an)
ua,d(x) = u*(I) + Z’YH <arctan <{I;1 —a ) B 2|:E1 —a | >

n=1

for some a € Ay and d € {+1}" and a harmonic function u, : RZ — R that is smooth near
(=1,1) x {0} (see Sect. 2 for details). Examining u} ; near the point (an,0) € R?, we see that it
behaves like the phase of a vortex in the upper half-plane, up to the constant ~,. The expression

N

1 - 1

liminf | = / |vu2 d|2 dr — 2 log 1 %21>
N0 (2 Ri\ugzl By (an,0) , 2 , 1;1

also plays a role, although for our problem, it only accounts for a part of renormalised energy in
Theorem 2 (even after adding the core energy). In fact, a Néel wall at a,, behaves like a vortex
of “degree” =, in many respects, which is why the toolbox from the theory of Ginzburg-Landau
vortices is very useful for the analysis.

There are, however, significant differences to Ginzburg-Landau vortices as well. A Néel wall is a
two-length scale object, comprising a core and two tails, each with its own characteristic length. In
contrast, in the standard Ginzburg-Landau problem, a vortex has a single length scale characterising
its core and the renormalised energy between the vortices comes essentially from the interaction of
its out-of-core structure. For Néel walls, we have a renormalised energy consisting of two parts. The
interaction between the tails of two walls is similar to the interaction between Ginzburg-Landau
vortices and gives rise to the above expression. But in addition, we have an interaction between the
core of one wall and the tail of another, which is a novel feature for Ginzburg-Landau type systems.
This interaction is responsible for the fact that we have attraction for walls of the same sign and
repulsion in the case of opposite signs, whereas for Ginzburg-Landau vortices, we have attraction
for degrees of opposite signs and repulsion for degrees of the same sign. Finally, our “degree” =,
is not quantised in the same way as the degree of Ginzburg-Landau vortices. It does take only
two values (+1 — cosa), but these depend on the choice of the angle o and are not topological
invariants. As a consequence, the Jacobian becomes a much less powerful tool. To overcome these
difficulties, we use duality arguments and “logarithmically failing” interpolation inequalities (see
[7, 15]), T-convergence methods, and refined elliptic estimates.

In our model, the magnetostatic energy, being of order O(1/|logd|), dominates the higher order
exchange energy (of order O(1/(log§)?) for small values of e. This is in contrast to most Ginzburg-
Landau systems, where the highest order term is dominant. This is the case for the functionals
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G. in (12), but also for similar models coming from micromagnetics. For example, the model for
boundary vortices studied by Kurzke [18] contains a term coming from the exchange energy and one
coming from the magnetostatic energy as well, but in the analysis, the roles of the two are reversed
relative to the model for Néel walls.

1.7 Notation

We now introduce some notation that we will use frequently throughout this paper. As mentioned
previously, we define § = elog % This is the scale of the Néel walls’ typical core width.

If zo € R? and 7 > 0, then we write B,(zo) for the open ball in R? of radius r centred at
zo. Furthermore, we write B;f (zg) = Br(xo) NR1. For a set S C R?, we also use the notation
0TS =0SNR3.

For a vector & = (£1,&) € R?, we write £+ = (=&, &;1). If f: Q — R is a function on a domain
Q C R? with gradient Vf = (86—51, a’s—gg;), then V- f = (—g—zﬁ, g—zfl).

For a € Ay, we define

1
pla) = B min{2a; +2,a2 — a1,...,ay —an—1,2 — 2an}.

Thus this is a quantity that controls the distance between two points of a and the distance to the
boundary. For r > 0, also define

N
B:(a) = | B} (an,0)
n=1

and
Q,(a) = RZ\B;(a).
Given a function f : R2 — R with a well-defined trace on (—1,1) x {0}, we often use the
shorthand notation f’ for 2L(-,0) and

o1
1 1
day = [0)day.
/_1f v /_1f(w1 ) dan

In addition to the space W12(R?% ) introduced in Sect. 1.1, we also define W,"*(R? ; a) for a € Ay,
which is the space of all u € 1, W12(Q,(a)) such that
Vul|?
sup I ||L12(Qr(a))
r>0 log (L +2)

If b € (—1,1) is a single point, then W*l’Q(Ri; b) is defined similarly.

2 The renormalised energy

When we study minimisers of E. in M (a,d) and let € tend to 0, then we expect the suitably rescaled
stray field potential to converge to a harmonic function with specific boundary data depending on
a and d. We compute this function here, in order to obtain the limiting magnetostatic energy. This
corresponds to the sum of the tail self-energies and the contributions of the core-tail, tail-tail, and
tail-boundary interactions. As a side product, we will also obtain information about the expected
logarithmic profile of the Néel walls.
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2.1 The limiting rescaled stray-field potential
Fix a € Ay and d € {£1}". We recall that

Yo =dp —cosa  forn=1,...,N

and we denote

N n
Un:g(z 7;@—2%), n=0,...,N.
k=1

k=n-+1
We look for a solution of the following boundary value problem:
Aug =0 in RZ,

u;:,d =00 on (_15 al) X {O}a

—~ ~ o~
—_
— — — —

Uy g =0n O (An,any1) forn=1,...,N—1, 15
uy g =on on (an,1)x {0}, 16
oul 4
3 = =0 on (—o0,—1) x {0} and on (1,00) x {0}. (17)
L2
The boundary data are chosen so that we have a jump of size —7,, at a, forn=1,..., N. We also

require that ug ; € W) ’2(Ri; a) so that the boundary conditions make sense. However, the Dirichlet
energy cannot be finite on all of R%, since any solution uy, 4 will behave similarly to the function®

N x m(x1 — ap)
Z Yn | arctan 2 — ! n
X1 —an 2|z — ap|

n=1

near the boundary (—1,1) x {0} (see Proposition 5 below). But we can compensate by considering
the expression

N
1 1
Z,d(uz,d> =3 lim inf (/{ @ |Vu:;,al|2d~’C — mlog - Z”Yi) ) (18)

\,0
n=1
and this will be part of the limiting energy. We will see that the unique solution u* , of (13)—(17)
is the minimizer of E} ; and corresponds to the limit as € ™\, 0 of the rescaled stray field potential
(log %)U (m.) associated to the magnetisation m. with walls at aq,...,ay with prescribed signs

dy,...,dn (see Proposition 5 and Theorem 22).
In order to solve (13)—(17), we first study the simpler problem

Au=0 in R%, (19)
u= g on (—1,0) x {0}, (20)
u= _g on (0,1) x {0}, (21)

Ju =0 on (—oo, —1) x {0} and (1,00) x {0}. (22)
(91:2

We can obtain a solution u} ; of (13)-(17) by a linear combination of solutions to problems of the
type (19)—(22) (see Proposition 5).

5This function satisfies (13)—(16), but not (17). It does not belong to V.V*l’z(]Ri; a) due to its behaviour at co.
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We first construct an explicit solution, using the fact that harmonic functions remain harmonic
upon precomposition with a conformal map. We identify R? with C. Consider the following domain
in the complex plane C:

S={w; +iwy €C: w1 >0and 0 < wg <7}.
Also consider the conformal map F': S — Ri with

1

Flw) = —
(w) coshw’

w € S.

Extend F continuously to the boundary 9.5\ {%} Assuming that u solves (19)—(22), set

4=wuokF.
Then 4 solves the boundary value problem
At =0 in S,
= g on (0, 00),
ﬁ:—g on i 4 (0, 00),
(,;9—51 =0 on (0, 7).

This problem has an obvious solution,
a(w) = g —Imuw,

with Imw = wy for w = wy + iwe. Thus we obtain a solution of (19)—(22) by

u(z) = a(F~1(2)) = Z_ ImF~1(z), zeR%,

2
which can be written as
u=Imf for f(z)z%—Fﬁl(z), z € R?, (23)
where f is an holomorphic function. Since lim|;|_ F1l(z) = %i, we conclude that lim |, u(z) =

0.

Proposition 3. The function u from (23) is the unique solution of (19)—(22) in V.V*1’2(]Ri_;0). It

satisfies [u] < % in RE and lim|, o u(z) = 0. Moreover, it is odd in x1, that is, u(zy,x2) =
—u(—x1,22) for every x € R%. Furthermore, there exists a constant C' such that

o

’Vu(x) T E < Clz| (24)

for all x € BDQ(O).

Proof. 1t is clear from the construction that |u| < % and lim|;|—o u(x) = 0. Since the Dirichlet

2
energy is conformally invariant, we have

/ |Vul? dz = / |Vi|? dw.
RI\B(0) F=1(R3\B:(0))
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Note that

|coshw|®> = = (e“ + ) (e +e™ ™)

DO = o] = =

(62Rcw+ef2Rcw +e2i1mw +672i1mw) (25)

1
cosh(2Rew) + 3 cos(2Imw) for w € C.

Thus ) )
F~Y(R2\B,(0)) C {w €S5: Rew < B arcosh <r_2 + 1> } .

It follows that

2
/ |Vu|2dz < garcosh (—2 + 1> .
R2\B.(0) r

In particular, we have u € W."*(R2;0).

Ifa e W$’2(Ri;0) is another solution of (19)—(22), then the difference v = u — @ belongs to
Wﬁ’Q(Rﬁ_;O) and thus to W1P(B(0)) N Wl’Q(Ri\Bl/g(O)) for any p € [1,2). Furthermore, it is
harmonic in R? and satisfies v = 0 on (—1,1) x {0} and 88_;2 = 0 on (—o00,—1) x {0} and on
(1,00) x {0}. Standard regularity theory then implies that v € W12(R%), and with an integration

by parts, we obtain
/ |Vo|? dz = 0.
R

2
+
Hence w is the unique solution of (19)-(22) in W."*(R2;0).
The odd symmetry of u is a consequence of the uniqueness, as © — —u(—x1,x2) is another
solution of the boundary value problem.
Finally, we consider the function

#(z) = u(z) — arctan (w_> L T

X1 2|$1|7

which is harmonic in R? as well with & = 0 on (—1,1) x {0}. Invoking standard regularity theory

again, we conclude that & € C*°(B;,(0)). By the odd symmetry, we have V#(0) = 0. Hence we

1/2
obtain inequality (24). O
Definition 4. For every b € (—1,1), we introduce the Mdobius transform
z2+b
® = C 26
b('z) 1+b2 zel, (26)

and its inverse fI);l =®_;,. We also define up : R2 — R by
up=uod_, in R, (27)
which, by Proposition 3, is the unique solution of the boundary value problem

Aup =0 in Ri_,

up =5 on (—1,b) x {0},

wy = _g on (b, 1) x {0},
Guy =0 on (—oo,—1) x {0} and on (1,00) x {0},
8:1:2

: 1,22
in the space Wy " (R3;b).
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Now we can also construct a solution of (13)—(17) by superposition.

Proposition 5. The function u;, 4, defined by

N
U g =Y Ynlla,, (28)
n=1
is the unique minimiser of E; ; among all u € Wf’Q(Ri; a) satisfying (14)~(16). Moreover, u;, ; is
the unique solution of (13)—(17) in WE’Q(R?F; a).

Proof. By Proposition 3, we know that uj , € W*II'Q(R?F;CL), and it satisfies (14)—(16). Let u be
another function with these properties. Since v ; is harmonic in Rﬁ_, integration by parts leads to

/ }Vu—VuZ_d’2 d:zc:/ |Vul? d:v—/
Qr(a) ’ Qr(a) Qn(

= / |Vul|? da:—/ |Vl 42 da:—2/ (u—uj4)v-Vu 4do.
Q- (a) Q- (a) i 0, (a) i

Using (24), we find that there exists a constant C' such that for any n = 1,...,N and for z €
Bt (an,0)
pla) N\ E

|V 4 do — 2/ (Vu—Vu} 4) - Vul gdx
a) Q(a)

Oxa (T1 —an)?+2%| —

*
‘ aua,d YnT2

) + duy 4 Yn(z1 — ap)
o1 (z1 — an)? + 23

Hence the boundary integral will tend to 0 when we let r \, 0. Therefore,
* * * 1 . * 2
E a(uy 4) = B, 4(u) — 3 lim |Vu — Vug 4|” da.
(a)

N0 Q,

The limit on the right hand side exists, because the quantity is monotone in r.
This implies that u’ ; is the unique minimizer of E ;. The uniqueness of solutions of (13)—(17)
follows with the same arguments as for Proposition 3. O

Remark 6. Since we have an explicit representation of uy, 4, an easy computation shows that the
liminf in the definition of E;_’d(uj;_’d) is in fact a limit. By the preceding computation, the same holds
for E7; 4(u) for any u € W,}’%Ri; a) satisfying (14)—(16).

2.2 The energy of the limiting rescaled stray field

Next we want to compute the energy £ ;(u; ;) defined in (18). Since this depends only on a and
d, we use the abbreviation
Wi(a,d) = S,d(uji,d)-

This quantity corresponds to the tail-boundary and tail-tail interaction energy.

Proposition 7. If ¢ is the metric on (—1,1) defined in Section 1.3, then

W o N 9 9 T 14+ +/1—o(ak,an)?
1(a,d) = 5 E v:log(2 — 2a;) + 5 E YieYn log o(ar,an) ) (29)
n=1 k#n o

For the proof, we need the following two lemmas. First we compute the rescaled tail-tail inter-
action energy for two Néel walls located at two points b # c.
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Lemma 8. For all b,c € (—1,1) with b # ¢, if up and u. are defined by (27), then
14+ +/1—0(b,c)?
Vub.Vucdx:wlog( + € Q)( %) ) . (30)
oY, C

Then we compute the rescaled tail self-energy together with the tail-boundary interaction of a
Néel wall located at a point b € (—1,1).

2
R+

Lemma 9. There exists a constant C' > 0 such that for every b € (—1,1) and r € (0,1 — |b]),

2 — 2b? |b]r r?
Vup|* dz — 71 <C : 31
léth@ﬁ wltdo =g (7)< 0 (125 + =) (31

1
lim / |Vup|? de — wlog ~ | = wlog(2 — 2b?).
N0 Ri\BT(b) T

Proof of Lemma 8. Using the definition of the Mobius transform @y, it is easy to check that

In particular,

@bo(l)czéﬂ.

1+be

Set ¢ = £=£. Then |q| = o(b, ¢) and

J

Vuy - Vu.der = / Vu - V(ue. o ®yp)de
R

2 2

+ +

= Vu - Vug dx
R

1
ou
:—PV/ Ug——dz
1 qax2 !

T 7 Ou T L ou
= Tpv | L+ Tev [ e
2 /_1 (91:2 1t 2 /q 6$2 o

In order to determine 8‘9—;‘2, we recall that the function f defined in (23) is holomorphic in R% . Hence

we have
_ Ou . Ou

"(2) = =— +i=— RZ.
f (Z) 8:172 281717 z€ +
In particular,
ou
8—552 :Ref/(z), z ERi_

Differentiating both sides of the equation

o= J(F(w))
we calculate )
1 cosh”™ w
"(F =— =- .
FEw) F'(w) sinh w
Let t € (0,1) and s = arcoshi. Set w = s + im, so that F(w) = t. Then coshw = —1 and
sinhw = —sinhs = —v/¢=2 — 1. Hence
1 d
!/
D= (g g (14 VT )).
£1(0) = s = 5 (gl ~ 1og
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That is,

ou d
8—x2(xl’0) = i <10g|x1| —log <1 +4/1 —x%)) , x1 € (0,1). (32)

By the odd symmetry of u in 1 (see Proposition 3), we have the same equality on (—1,0) x {0}.

Thus
7 Ou
PV/ —d:c1:10g|q|—1og(1+\/1—q2)

—1 al’g

and
1
9
PV/ T8 gz, = —loglq| + log (1+ V1 —q2) :
q 8172

where the principal value can be ignored for exactly one of these integrals because there is no
singularity. It follows that (30) holds. O

Proof of Lemma 9. Let r € (0,1) and consider the integral

I = / |Vul|? dz.
R2\B,(0)

In order to estimate I, we first study the image of R2\B,(0) under F~' and then perform the
change of variables © = F(w) = —1/ cosh(w). Recall identity (25), which implies that

1 2
{w €S: Rew < 3 arcosh (r_2 - 1>} c FY(R2\B,(0))

1 2
CiweS: Rew< —arcosh| =+1];,
2 r2

where S is the domain defined on page 13. Recalling the function 4(w) = u(z) for z = F(w), we

see that
2 2
I. = / |Va|? dw € {Z arcosh <—2 - 1> , T arcosh <—2 + 1>} .
F*I(Ri\BT(O)) 2 r 2 T

4 4
_2 _ 2 S 6217'/77 + 67217‘/77 S _2 + 2'
T T

Thus

As 0 < e 2I*/7 < 1, this means that

4
=i

T 4 T 4
- — _3)<I. <= — .
2log (r2 3) <I. < 2log (r2 —|—2>

In particular, there exists a universal constant C; > 0 such that

2
/ |Vu|? de — 7log =
R2\ B, (0) r

For b e (—1,1) and r € (0,1 — |b]), we have

/ |Vup|* do = / |Vu|? dx.
R2\B.(b) R2\®_, (B (b))

17
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Thus we now examine the set ®_,(B;T(b)). Since ®_; is a Mobius transform, it maps the semicircle
97 B,.(b) to a semicircle, which contains the points

r r

S ,b—1r)=——55——<0 d D_4(b =———>0.
olb=r) =~y <0 on bt = T >
Since ®_;(b) = 0, we obtain
B:/(l—b2+|b\r)(0) C ®_,(Bf(b) C B:_/(l—bz—\bh") (0).
It then follows from (33) that
2 017”2
log — log(1 — b — |b|r) —
™ Ogr+7T Og( | |T) (1_b2_|b|,r)2
S/ |Vup|? do
R2\B, (5)
2 01T2

< 7log — log(1 — b* + |b -

_WOgT+7TOg( +||r)+(1_b2_|b|r)2
Hence (31) holds. O

Proof of Proposition 7. The formula follows directly from the definition of W7, the definition (18)
of E; ;, Proposition 5, and the last two lemmas. (|

2.3 The rescaled tail profile

Since uy, 4 is the expected limit of the rescaled stray field potential, assuming that condition (4) will
be preserved in the limit, we can derive an expected profile p1* , for the rescaled first component of
the tails of the Néel walls. '

Using the unique solution u of the problem (19)—(22), we first define the logarithmically rescaled
tail profiles

(32)

w(xy) == —PV/OZ1 g—;;(t,O) dt =" log (1 +4/1 —:Cf) —log|z1|, 1€ (—1,1)\{0}, (34)

and
pp(21) = po®_p(x1) = p <1I1_;xbl) , mp € (=1,1)\ {b}. (35)

Then for u, = uo ®_;, we find g—g;’ = 6‘9—;2<I>Lb = —pp on (—1,b) x {0} and (b,1) x {0}, using the
conformality of ®_; and the fact that ®’, is real on (—1,b) x {0} and on (b, 1) x {0}. If we define

N
/’Lj;/7d:z,yn/'l/an7 T 6(_1,1)\{a1,.-.,aN},

n=1
then we also have
ES
Bua7 d
(91:2

= —(py.4)" on (=1,1) x {0} except at the singularities ay, k =1,..., N.

Note that

_ _ 1+ 1_Q(an7ak)2
Nan(ak) = Hay (an> - log ( Q(aruak) ) y N 7£ k.

We need to examine the behaviour of uj ;, near the points a,, as this will be important for
determining the energy of the tail-core interaction.
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Proposition 10. Set

An =y 10g(2 = 2a2) + ) Yitta, (an)
k#n

form=1,...,N. Then there exists a constant C = C(a) > 0 such that
N 1
Pa.aln £7) = A — v log ;‘ <Cr (36)

for any r € (0,p(a)] and anyn=1,...,N.

Proof. First we study pp, again for a fixed b. Obviously, for ¢ € (—1,1) with b # ¢, this function is
smooth at ¢, and therefore there exists a constant C; > 0, depending only on b and ¢, such that

vl £ 7) — ()] < Cur

for any sufficiently small » > 0. We also have, by (34) and (35), the formula

B r2 9 1

Thus there exists a constant Co = C2(b) such that

1
(b 1) —log(2 — 2b%) — log —‘ < Cor
,

for r € (0,1 —|b]). If we sum up for b = ai, k =1,..., N, then the conclusion follows. O
We will prove in Section 6.2 that the function

*
:u’a,d

cosa +
log %

gives an approximation for the profile of the first component m;  for a minimiser m. of E. over
M(a,d). In a standard Néel wall with rotation angle 2« (or 27 — 2«), the function ms, . would be
required to make a transition from cosa to 1 (or —1) and back. If we superimpose several Néel
walls, then this is no longer true. Instead, in an interval (a,, — 7, a, +r), up to a small error, mq .
is now required, by (36), to make a transition from

An 4 log

cos a +
log %

to =1 and back. We discount the term involving log %, as it will be cancelled by a similar term
elsewhere. The contribution of the remaining term to the energy (to leading order, rescaled by
(log §)?) is then —my,\, near the point a, (see Remark 19 below). Thus in total, we have a
correction term of the form

N

N
Wa(a,d) = —m Z TnAn = —T Z '7721 10g(2 - 20“?1) + Z TnVkHay, (an)
n=1 n=1 k#n

Using the above explicit expression for pg, (a,), we find

> 2 2 - 1+ /1 —o(ak, an)?
Wa(a,d) = —m Z v:log(2 — 2az) — Z Z YkYn log .
n=1

n=1k#n Q(ak7 an)
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This corresponds to the sum of the tail-core interactions described in Section 1.3. Note that
W2 (a, d) = —2W1 (a, d)
We finally define W (a,d) := Wi(a,d) + Wa(a,d). That is,

T o 2 2y T > 1+ /1 — o(ay,an)?
n=1

n=1k#n Q(ak’ (Ln)

3 The Euler-Lagrange equation

Since we study the number inf /(4 q) Ee for a given a € Ay and d € {£1}¥, it is useful to consider
minimisers of E. in M(a,d) (see Proposition 1). The problem gives rise to an Euler-Lagrange
equation, which is most easily expressed in terms of the continuous function ¢ : (=1,1) — R with
¢o(—1) = @ and m = (cosp,sinp) € WH%((—=1,1),S'). Let u = U(m) be the function defined on
page 3. Then the equation is

e (z1) = g—;l(:vl,O) sinp(x1) for zp € (—1,1)\{a1,...,an}. (37)

For the derivation of (37), let ( € C§°(—1,1) with ((ax) = 0 for k = 1,..., N be an infinitesimal
variation of my. Then

d
dt

l m 2dz | = my) - T
t_0<2/ﬂﬁ|vv< L410) d) [, v0tm) v

2
+

1 1
@/ CU(ma) dzy = —/ 9 .
-1

1 8171

Equation (37) is now obtained with the usual computations.
We use the abbreviation u’ for the derivative of the trace of u with respect to (—1,1) x {0}.
Then we have the following shorthand form of (37):

e =u'sing on (—=1,1)\{ay,...,an}.

We now analyse this equation. More precisely, we prove an interior W?22-estimate for solutions of
(37) and we prove a Pohozaev identity. As a consequence, we eventually find that the exchange
energy in the core of a Néel wall is of order O(1/(logd)?).

3.1 An interior W?2-estimate

We have the following interior W?22-estimate for a solution of the Euler-Lagrange equation and for
the corresponding stray field potential. This estimate will be used in Theorem 22 below in order to
find the specific profile of the Néel wall.

Lemma 11. Let 0 < r <1’ < R’ < R. There exists a constant C > 0 (depending only on v’ —r
and R — R') such that the following holds true. Let € > 0 and set I = (—R,—r) U (r, R). Suppose
that the functions u € WH2(B%(0) \ B(0)) and p € Wh2(I) solve the system

Au=0 in B (0) \ B,(0),

(;9—52 =¢'sing on I x {0},

e =u'sing in 1.
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Further suppose that singp # 0 in I. Then

/ |V2u|2dx+e/ ((@”)2 + ()*(1 + cot? cp)) dzq
B, (0\B,.(0) (—R/,—r")U(r',R")

< C<e/(<p/)2 dz, —I—/ |Vu|? da:>.
I BE(O)\B(0)

Proof. We first note that ¢ is smooth on I (see [14]) and therefore u is smooth in B (0)\ B,(0) u

to the boundary I x {0}. Consider the function v = 8‘9—;‘1 on B (0) \ B,(0). We have

" 2
e.<p and ﬁ = —8—2(
sin ¢ O0xa Ox?

cosp) on I x {0}.
Let n € C§°(B%(0) \ B,(0)). Since v is harmonic in B} (0) \ B,-(0), integration by parts yields

d2
/ n*|Vu)? da:*/n v——(cos p) dxy —2/ noVn - Vo dzx
B(0) dof B(0)

/77 (¢" sing + (¢')? cos ) d:zcl—2/ nuVn - Vo dz
I B (0)

n3\/
/772 2 day —6/772 ((‘Pg) ) cot pdx; —2/ nvVn - Voudzx
I I B} (0)
/772 2 dxy —g/n( (1 4 cot? )d:vl—l——/nn )3 cot o day
I I
—2/ nuVn - Voudz.
B} (0)

By Young’s inequality,

1
/nn'(w) cot pday < 1/772(90’)4009%171 +/(77')2(90’)2 dz,
I I
and .
—/ nuVn - Vodr < —/ n*|Vv|? de +/ |Vn[*v? da.
B};(0) 4Bt B(0)
Therefore,

/ n*|Vol|? dw+e/772 (") + (") (1 + cot® ) day (38)
B} (0) I

< 12/ 0?2 |Vn|? dz + 46/(n')2(g0’)2 dry.
B, (0) I

As w is harmonic, we observe that that

u v
817% o 8$1 ’
so that ) )
1,9 1o ov Oov .
= =] — B (0)\ B.(0).
2|v Ul 8$1 + 8(172 m R( )\ ( )
Choosing suitable cut-off functions 7, we can now easily derive the desired inequality. O
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3.2 A Pohozaev identity

As in the theory of Ginzburg-Landau vortices, a variant of the identity due to Pohozaev [28] is useful
for our problem. For a function u : Bj (0) — R, we use the notation

X

Lemma 12. Let € > 0. Suppose that the functions u € WH2(B}(0)) and ¢ € WH2(—1,1) solve the
system

Au=0 in Bf (0), (39)
ou .

D ©'sing  on (—1,1) x {0}, (40)
e =u'sing in (—1,0) and (0,1). (41)

Then for any r € (0,1),

e/r () dxy = re(¢' (1) + re(¢’ (—1))? + 7“/ (|Vu|2 -2 (8pu)2) do.

—r 0t B, (0)

Proof. As w is harmonic, we calculate
1
div (§|Vu|2x —(z- vu)vu) =0 in B (0).

For any 7, s € (0,1) with s < r, it follows that
_ r 2 2 S 2 2
o= [ (v r@u)do— [ (519l - s @) do
8+ B,.(0) \2 8+ B,(0) \2

+/_5 ou aud +/T ou aud
T ——=——dzx R )
—r ! 6,@1 (91:2 ! s ! 6,@1 (91:2 !
Using (40) and (41), we compute

¢ Qu Ou - e [7° d
/ —dx = e/ z10" o dxy = 5/ xld—xl(<p/)2 dx1

T1—
r 6,@1 (91:2

Similarly,

/T ou Ou der — i(w/(ﬂ)z _ E(w/(s))z . g /T(<p/)2 dr.

B 0y N T D 2

Hence

s wransf [ @rin-] <e<<p’<r>>2 el (P [
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Since ¢’ € L?(—1,1) and |Vu| € L*(B; (0)), there exists a sequence s; \, 0 such that

Sk <5(90/(5k))2 + (@' (—s1))* -l-/(9 |Vu|? da) — 0.

+ B, (0)
Therefore, we obtain the desired identity. O

As a consequence, we obtain the following estimate, which implies that the exchange energy in
the core of a Néel wall is of order O(1/(log d)?).

Lemma 13. Suppose that € € (0, 3] and the functions u € W2(B{ (0)) and ¢ € W2(—1,1) solve
the system (39)—(41). Let

1
1
F= %/ () dxy + 5/ |Vul|? dz.

= B 0)

Then s
€ F
¢ / (¢ dny < L. (42)

2/ s log 5

If ©(0) € 7Z, then
é
/ sin? pdr; < 85F. (43)
-4

Proof. 1t follows from Lemma 12 that

1 T
1
%/ ;/ (¢)*dxy dr < F.
) —r

Thus there exists an r € (J, 1] such that

€ " /N2
— dry < ——.
2 /_T(Sﬁ ) b= log%
Inequality (42) then follows immediately.
For the second inequality, we note that for |z1| <4,

= = V2 [asF
|Sinw(w1)|=’/ w’(f)cosso(t)dt]g(w / (90’)2dt) < | BE o
0 0

elog % -
(Here we use that fact that log 2 < 2log 5 for 0 < € < 1.) Thus (43) follows immediately as well. [

Later we will prove estimates similar to (42) and (43) even without making use of the Euler-
Lagrange equation, but assuming suitable control of the energy instead (see Theorem 28 and Remark
30).

4 The core

In this section, we study what happens near a single Néel wall, rescaled to unit size. Several technical
difficulties arise in the analysis of the local behaviour of the magnetization, due to the nonlocal nature
of the magnetostatic energy. For this reason, we first introduce a modified energy functional where
the stray field is considered on a half ball (instead of R?) with a Neumann boundary condition.
We prove energy estimates (upper and lower bounds) for this modified functional together with
statements about its behaviour under small perturbations of the boundary data. The analysis of
the minimisers of this functional is essential because it yields good approximation results for the
Néel wall profile (see Theorem 22) and for the core energy (see Theorem 25).
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4.1 A modified functional

For v € (0,2), we define the convex set
My ={peWH(=1,1) : p(0) =1, p(£1) <1 -~}

We think of p as the first component of the magnetisation near a Néel wall with transition angle
2arccos(1 — 7). For p € M, consider the convex set

W;2(Bf(0)) ={we Wl’Q(Bfr(O)): w(z1,0) = p(z1) for 21 € (—=1,1) and w < 1 —v on 97 B1(0)}.

Clearly Wﬁﬂ(Bf' (0)) # 0 and there exists a unique function where the infimum

inf / |Vw|2 dz
weW,»*(Bf(0)) J Bf (0)

is attained, owing to the strict convexity of the Dirichlet functional.
Now we define the following modified energy functional for u € M,:

1 2

1

EY () = %/ 1(“ ) 5 day + = inf / |Vwl|? da.
g l—p 2 wew!2(Bf (0) J B} (0)

Proposition 14. The functional EY admits a unique minimizer p € M., which satisfies pu(+1) =
l—vand1>p>1—7in(—1,1). Moreover, if v e Wi?(By (0)) is the unique function with

/ |Vo|? do = inf / |Vwl|? de,
B (0) weW,* (B (0)) J Bf (0)

then 1 —y < v < 1 in B (0) and v is the unique solution in W42(B{ (0)) of the boundary value
problem

Av=0 in Bi (0), (44)
v(z1,0) = p(z1) for zq € (—1,1), (45)
v=1—v ond"B(0). (46)

Proof. The direct method of the calculus of variations leads to existence of a minimizer u € M, of

E7. Moreover, if 4 € M, is a minimiser of E, then using a simple cut-off argument at 1—v and 1, we

see that u(£1) =1—~and 1 > p > 1—~in (—1,1). This implies that the corresponding minimizer

v of the Dirichlet energy satisfies 1 — < v < 1 in B (0) and solves (44)—(46). Obviously, this
2

boundary value problem has a unique solution in W'2(Bj (0)). Since the function (21, 2) — o=,
2

for (z1,22) € R x (—1,1), is strictly convex, we deduce that EY admits in fact a unique minimizer

p e M, O

Let u € M, be the minimizer of E) and v be the solution of (44)—(46). Since curl V+v = 0,
there exists a function u € W12(B{ (0)) with Vtv = —Vu. This is then a solution of

Au=0 in Bf(0), (47)

ou ,

o, oom (—=1,1) x {0}, (48)
r-Vu=0 on dB(0). (49)

Note that u is determined uniquely up to a constant by these conditions. On the other hand,
given a function u € W12(B(0)) satisfying (47)—(49), we can reconstruct a corresponding function
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vE Wﬁ’2(Bf' (0)) with V+tv = —Vu. It follows that the minimiser y of EY automatically minimises

the quantity
1o,n2
1
E/ () 5 dr1 + —/ |Vul|? d,
2)41—p 2 JB;(0)

where v is determined (up to a constant) by (47)—(49). Since u plays the role of the first component
of the magnetisation near a Néel wall, then u roughly corresponds to a stray-field potential associated
to p in B (0).

The Euler-Lagrange equation for the minimiser of £ is therefore

e =u'sing in (—1,0) and (0,1) (50)

for any continuous function ¢ : (—1,1) — R with u = cos ¢, similarly to Section 3.

4.2 Energy estimates

We first prove the following preliminary estimate with a direct construction. This result is similar
to [7] (see also [13]).

Proposition 15. Let § € (0,1). Then there exists a constant Cy > 0 (depending on 3) such that
for every v € (8,2 — ) and every € € (0, %],

2 Co

inf B < + .
M, 210g% (10g%)2

Proof. Consider the function p: (—1,1) — [1 — ~, 1] given by

B log(z% + §2) — log §°
K log(1 + %) — log 62

Then 1+ 4 > 2 — v and thus

pulz) =1 €l—~,1 forz €(-1,1).

log(z3 + 0%) — log §°
log(1 + 62) —log 62

1— (u(x1))* = v(2—7)

Therefore,

1 N2
/ (M)Qd:clg dCCl
_11—,&

2+2 /1 :v%
12
Y(2=7)logy/5x +17-1 (x%+52)21og(6—;+1)

2,}/2 o) t2
S / 2 2 2 dt

Define w : B (0) — R by

w(rcosf,rsinf) = pu(r)
for0<r <1land0<6 <. Then

2 3

1
Ty 7
/ |Vw|2dar = 2 / 2 212 dr
B (0) (log /5%_,_1) o (r?+6?)

2 1+6% , <2 2
_ ™y / t—96 gt < ™y
) s

2 2 =
2(1og@/5l2+1 ’ t ;

log /57 +1
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Hence

() < —

a 210g\/5%+1

2 8] t2
+ il /
/ 2 2 2

which implies the statement of the proposition. o

dt

3

We can match the leading order term in this inequality with an estimate from below. Moreover,
we obtain more information about the behaviour of the minimiser p of EY: in particular, we have a
uniform W'2-estimate for the difference between the rescaled stray field potential u log % (associated
to p via (47)—(49)) and the map

(z1,22) — 7 <arctan (ﬁ> it ) . (21,22) € BF(0).

X1 N 2|£L'1|

First, however, we need some information on the regularity of solutions of the Euler-Lagrange
equation, especially at the boundary.

Lemma 16. Let v € (0,2). Suppose that ¢ € Wh2(—1,1) with cosp(—1) = cosp(1) = 1 — 7.
Further suppose that uw € WH2(B{(0)) is a function such that (47)~(50) are satisfied for = cos .
Then Vu is continuous in By (0) and has a continuous extension to OB (0)\{0}.

Proof. Let i1 = cos — 1 + v and consider the extension of u to Ri and of i to R given by

u(:v)zu( ° ) for z € R% with |z > 1

[a]?
and )
fz) = —p (x_) for z1 € (=00, —1) U (1, o0).
1
Then we have Au = 0 in R and g—;z = —@ on R x {0}. Since i’ € L% _(R), we conclude

that «/(-,0) € L (R) for any p € [1,2) with standard regularity theory. Thus by (50), we have
" € LP(—1,1), and it follows that g’ is Hélder continuous on [—1, —r] U [r, 1] for every r € (0,1).
The extension is then locally Holder continuous in R\{0}, and using standard regularity theory once

more, we conclude that Vu is continuous away from 0. O

Theorem 17. For any 3 € (0,1), there exists a constant C' > 0 (depending on () such that the
following holds true for every e € (0, %] Suppose that v € (3,2 — 3) and p € M, is the minimiser
of EY. Then

2
Yy C
EY M)_21 - < - (51)
g5l (log %)
Let u € WY2(B;(0)) be the solution of (47)-(49). Then
1 2 €L 2
e/ () 5 dr —I—/ Vu(z) — % dx —I—/ |Vul? dz < 5 (52)
al=p B (0)\B;(0) |z[2 log 3 Bs(0) log%
and o
/ |Vu|? do < 5 (53)
8+ B1(0) (log %)
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2
™y Co (54)

Proof. We already know, by Proposition 15, that there exists a constant Cy > 0, depending only on
+
1
2log 5 (log %)
To this end, we choose some ¢ €

5, such that
El(p) <
We want to prove an estimate from below of the same order
W12(—1,1) with g = cosp. Consider the function ¢ : Bf (0) — R, defined in polar coordinates by
0—m/2
W -1/2) g5,
log 5

&(rcosf,rsinf) =
M ifOo<r<i.
dlog 5

According to Proposition 14, we have
2 0 1
,7 ™ /yﬂ— I !
= dry — d

log% 2log% (/_1,u e /0 H Il)

s
T

= [ conomtenan - [ (32 v ew,0)) o) don

—s5 \2|z1|log 5
C1(0) such that

Using Lemma 13 and (54), we find a constant C; =
C
/ |©|| sin | dzy < 11 5
(log 5)

T ,
+ ,0 d
|/ 2|x1|10g5 S )) wiz) doy| < 21
Moreover, by (47)—(49), we have
0
/ E(x1,0) ' (1) doy= — / —ud:cl / V¢ - Vudz.
(—1,1)x{0} OT2 B (0)
Combining these estimates, we obtain
2 C
/ Ve Vude > Lo - L (55)
B (0) log 5 (log $)

We compute
2 72 0 T2 f §
Ve = 5 (14(0-2)?) i
Ve = gz L+ 0 5)°) ifr<
and
2
VEP = ———— ifr>0.
r2 (log 1)
This implies
2 2 1 2 2 2
/ Ve dr = 1= + WWQ(—+7T—>§77T1+ T
B{(0) logs  (logl)” \2 24 logs  (logi)
Hence, by (54) and (55),
727'( 201 + 7T")/2 < CQ
1 log%)w

\Vu — VE? do < 2E] (u) —
/B+(0) log + (log 3) (
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where Cy = 2Cy + 2C; + m2. It follows in particular that

2 272
/ IWIQdargz/ |Vu—V§|2d:c+2/ |VE|? da < Oﬁif]
B3 (0) B (0) Bf (0) (log %)
and ,
1
/ Vu(x)—% dx < Cs 5
B (0)\B5(0) |z]* log 5 (log 1)
since V& = ngfi:g; if » > §. Furthermore, we have
5

/ |Vu|2dx=/ |Vu—V§|2d:v—/ |V§|2d:v—|—2/ V¢ - Vudz
By (0) B (0) B (0) B (0)

S ~2m B vir +2C,
~ log § (1og%)2 .

If we combine this with (54), then we obtain

1 "2 2
o W g < 2B (1) — [Vul? do < 2Co ¥ 2Ch +47m
1_ 2 € /’L 1 2

-1 1% B{ (0) (log %)

Thus we have proved inequalities (51) and (52).
Finally, we apply Lemma 12 and let  ,” 1. Then by Lemma 16, we obtain (53). O

4.3 Behaviour under small perturbations

Next we want to understand how the number infy; EY changes when we vary 7, and how the
energy changes when we perturb the boundary condition (49). In particular, we prove the following
statements.

Proposition 18. Let 3 € (0,1). There exists a constant C(3) > 0 such that for all v1,v2 € (8,2—0)

and every e € (0, 3],
2
inf E)? — 2 < inf ) —
M, 2log 5 M,

m™i , Che =l
2logz  (logl)?

In other words, the function
Ty?
2log % ’

is locally Lipschitz continuous with Lipschitz constant of order O(1/(log §)?).

Proof. First note that it suffices to prove the inequality when |y — 1] is small, for otherwise it
follows from Theorem 17.

Let p1 € M, be the minimiser of EY* and let v; € W12(B; (0)) be the corresponding solution
of (44)—(46) in Proposition 14. Define

Mz—ﬁ(ul—l)-l-l

At

and -
Ug——2(?}1—1)+1

ga!



Then py € M,, and vy is the unique solution of (44)-(46) associated to p2, so that, by Proposition 14,

1 1\2
1
B2 (1) = E/ (12) d:c1+—/ V|2 da.
2 /B0

2J 4143
‘We have 5
L= 2014 ) + 20222
71 71
and
2
L g = 2(1— )
1
Hence 0y
o
(Ml2)2 _ 1—1u?
1—pu2 2(1—2)
M2 1+ Vz(i-‘ruf)

Under the assumptions of the proposition, we have 8 < v1,v2 < 2—pF and 8 < 1+ p; < 2 throughout
(—1,1). Therefore, we have a constant C; = C;() such that

S e Y N
T 2 S A2 172 — 7l
1+ 'm(iﬂ:) n
provided that |y2 — 1] is small enough.
We now have

2 PSEAY 2
B (u2) < (13 + Cily2 — 71|> —/ ) 5 dz1 + 7—22 |Vor|? da.
7 2/ 41— pg 271 B1(0)

Combining this with (51) and (52), we obtain the inequality

2 2
Vs =Y Caly1 — 2|
9() < gln) + Z=52Lgln) + ———

71 ' (1og %)2

for a constant Cy = Ca(8) by Theorem 17, where ¢ is the function defined in (56). Finally, we know
that

C3
g ('Yl) < PSSETV]
(log 5)
for another constant Cs5 depending only on 3 (by Theorem 17 again). Hence we obtain the desired
inequality. O

Remark 19. Recall the discussion in Section 2.3. Consider a Néel wall at the point a, such that
my1 makes a transition from 1 — v, to 1 and back. If we modify the wall, changing v, to vn — Cn
with ¢, = 1)‘—" then the change of the energy (to leading order, rescaled by (log)?) is

og 1’
1\ 2
<log 5) < inf EX "% — inf E;Y"> = - A +0(1) as €\,0.
In—Cn n

This is the phenomenon that leads to the core-tail interaction term in the renormalised energy.
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Lemma 20. Let Cy >0, 8 € (0,1) and ¢ > 2. Then there exists a constant C > 0 (depending only
on Cy, B and q) such that for any v € (3,2 — 3), any € € (0,1], and any n € (0,Cy), the following
holds true. Suppose that p € M, and u € W12(B; (0)) with Au = 0 in B (0) and 68;2 = —u on
(—1,1) x {0}. Suppose further that

lz - VullLaa+ B, (0)) < Tog 1

and
Co

1
T <0
log 5

+ IVull 25+ o))

HVU -
L2(BY (0)\Bs(0))

|z|?log 3

Then

1 N2
1
E/ (“)2da:l+—/ VuP de > inf B — —S1
2 —1 1—/14 2 BT(O) M, (log %)

Proof. Consider the function @ € W12(B; (0)) with V& = V4tu and @(21,0) = p(xy) for 21 €
(—=1,1). Let Sp = {(cost,sint): t € (0,0)} for 0 < & < 5. Note that

9171/q77 T
d)(cos9,sin9)—,u(1):/ z-Vudo < —, 0<€(0,5).
So log 5 2
Similarly, we find that
9171/11
w(—cosf,sinf) — pu(—1) < 177, 0e (O,E).
log 5 2
Thus if we define -y
_ 2nzy !
g(x) = log%
and
w=w— 9,

then we have that w < max{u(£1)} < 1 —~ on dB{(0) (because 2sinf > 0 for 6 € (0,%)).
Moreover, w € W1(By (0)). Indeed, we have

/ |Vw|? do = / |Vul|? d:v—|—2/ Vu-Vlgd:U—i—/ |Vg|? dx.
By (0) B (0) B (0) B (0)

1
For any p € [1,¢), we have a constant C; = C(p) such that

Cin
||v9||LP(Bl+(O)) < log %
For p > 2, inequality (57) gives another constant Co = Cs(p, Cp) such that
Cy
Hvu||Lp/<p—1>(Bl+(0)) < log %'

We conclude, using Holder’s inequality, that




using some fixed p € (2, q). Therefore,

C
/ |Vw|? dz §/ |Vul? do + 3 5
+ + 1
B (0) B{(0) (log 5)

for a number C5 > 0 that depends only on ¢ and Cy. Now the statement of the lemma follows. [

Corollary 21. Let 8 € (0, %), Co >0, and q > 2. Then there exists a constant C' > 0 such that

for any v € (26,2 —2p), any € € (0, 3], any n € (0,Co), and any ¢ € (—Co, Cy), the following holds

true. Suppose that u € WH2(—1,1) with p(£1) <1—~+ @ and p1(0) = 1. Let u € WH2(B](0))
5

be a function with Au = 0 in B} (0) and g—;; = —u' on (—1,1) x {0}. Suppose that

lz - VullLaa+ B, (0)) < Tog 1

and N
YT Co
e log £ IVl 25 o)) <

Hvu < G
log 5

L2(By (0)\Bs(0))
Then 1 9
/ 1 c %
s/ (M)Qd;m—/ Vu?de > i By - TGO
2/ 1—np 2 BT (0) M, (IOg%) (IOg %)

1

Proof. Set 4 = (/log %. We have 1 € M,,_5, thus for e small enough, we can first apply Lemma 20
for v — 4 € (8,2 — ) instead of 7. We obtain

1 N2
1 -
f/ () d:c1+—/ \Vul?dz > inf E77 — .
B (0) My —5

2) 4 1—p? 2 (log %)
for a constant C1 = C1(8, Co, q). From Proposition 18, it follows that

inf E77—imfEy > - @
v i (log )" (log3)

for another constant Cy = C5(3, Cy). Now it suffices to combine these estimates. O

4.4 The profile near the core

Minimisers of EY give a good approximation of the behaviour of Néel walls near the core. When we
let € N\, 0, then, after renormalisation, we have convergence of those minimisers to a specific profile.
More precisely, we have the following.

Theorem 22. For e € (0,4] and v € (0,2), let pc € M, be the minimiser of EY. Let uc be the
corresponding solution of (47)—(49) with

/ ucdr = 0. (58)
By (0)\B1/2(0)
Suppose that 0 <r < R < 1. Then, as € \, 0,
1
uc(z)log = — ~ | arctan 2) T weakly in W*?(B}(0)\B,(0))
) X1 2|£L'1|

and

1 1
(pe(z1) =14 7)log 57 ~log B strongly in W 2((=R, —r) U (r, R)).
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Remark 23. For a related problem (concerning Néel walls in the presence of an anisotropy but
without the confinement to an interval), Melcher [24, 25] proved similar results on the profile of
Néel walls (with methods different from ours).

The proof of Theorem 22 relies on Lemma 11. Therefore, we first need to show that the as-
sumption sin @, # 0 in that lemma is satisfied for a function ¢, with pu. = cos ., at least away
from x7 = 0, for sufficiently small values of €. Because we will use this result in a slightly different
context as well, we formulate it more generally.

Lemma 24. There exists a constant C' > 0 such that the following holds true. Suppose that Q C R%
is a Lipschitz domain with (—1,1) x {0} C 9Q and let v be the outer normal vector on 0. Let
€ € (0,3]. Suppose that € WH2(—1,1) and let u € WH2(Q) be a solution of

Au=0 mn €,
ou

o o
S = =4 on (=1,1) x {0},

v-Vu=0 on IQ\((—1,1) x {0}).
Let x1 € (0 — 1,1 —9) and set

Y= (B (z1,0)NQ)U{y € QN BF(0): y2 > [y1 —x1] or |y| € (3,2)}.

1 1/2 1 z1+6 1/2
(1) —p(-1)] < C (logg/zlwfdx) +C <10g5/ e(p')” dt) :

1—0

Then

Proof. Define

1 iffol—é,
Yt) =B+ 1 ifa —d<t<a+,
0 ift >z +0.
Furthermore, let
0 it <7,
n(0) = %—% if%<6‘<%’,
1 if > 37,

and define y : R — R by
X(x1 +recosf,rsind) = (1 —n(0))v(xr +r) +n(@)v(xzs —r).

Finally, let

X() if |z| < 3,
x(@) = { 22— |z)x(z) if § < 2] <2,
0 if || > 2.

Then QN supp Vy C ¥ and
1
/ |Vx|? dx < C log <
R 0

for some universal constant C;.

We have



Moreover,

Cwwa— [ xeowmal< [ wa
—1 —1 x1—0

z1+6 1/2
< (25/ (1')? da:) .
1175

Using the boundary value problem for u, we find that

1 1/2
1
/ X(t,0) (t) dt| = / Vx - Vudzr| < <01 log — / |Vu|? da:> .
-1 Q 0 /s
Combining these estimates, we obtain the desired inequality. O

Proof of Theorem 22. We choose ¢, : (—1,1) — [0,7) such that ¢.(0) = 0 and p. = cosg.. Using
Theorem 17 and Lemma 24 (applied for Q = B; (0)), we see that for any r, R € (0,1) and any
sufficiently small 5 > 0, we have |ue — 1+ | < f and |sing| > B in (=R, —r) U (r,R) if € > 0 is
small enough. Therefore, we can apply Lemma 11 in (—R, —r) and in (r, R).

By Theorem 17, the Poincaré inequality, and (58), the functions u. 1og% are uniformly bounded
in the space W12(B; (0)\B,(0)) for all » > 0. Hence, by Lemma 11, they are uniformly bounded
in W22(B}(0)\B,(0)) whenever 0 < r < R < 1. Hence there exists a sequence €, — 0 as k — oo
such that we have weak convergence

Ue, log A —w
in W22(Bf(0)\B,(0)) for all 7, R € (0,1), where 8 = ¢ log L. The limit

we () W*(BE0)\B,(0))
0<r<R<1

is harmonic in B; (0) and satisfies the boundary condition z - Vw = 0 on 9 B;(0). According to

Lemma 11, we also have
1\> (B
lim sup (log 5—) ek/ (¢! ) dzy | < oo.
k—oo k r

It follows from (50) that

2
(logl) R
lim sup i/ (ul )?dxy | < oo.

k—o00 €k

Thus w is constant on (0,1) x {0}, and we can prove the same on (—1,0) x {0}.

Define
~ i) TT1
w(x) = w(x) — arctan (| —= | — —— |, z € B;(0).
(5) = w(e) — (aretan (22 - 721 Ho)
Since
ot
B (0) ||

by Theorem 17, it follows that @ € W'2(B; (0)). We conclude that w(-,0) € H'/?(~1,1). More-
over, the trace w(-,0) is constant on (—1,0) and on (0,1). But H'/?(—1,1) does not allow any
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jumps; hence @(-,0) is in fact constant on (—1,1). We also have Aw = 0 in B} (0) and z - Vo =0
on % B1(0). Thus it follows that 1@ is constant in B; (0). Because of (58), we have @ = 0. That is,

X9 T, . +
w(z) = arctan (| — | — in B (0).
(@) 7( (xl) 2|‘7€1|> 1 (©)

As the limit is thus independent of the sequence €, this implies the first claim.
We have

1 Jue v
log — 0 —
%85 B, 10 = o

strongly in L?(—R,—r) and in L?(r, R). But since u. = —g;‘;, it follows that (ue — 14 7)log §
converges strongly in WH2(—R, —r) to A_ — ylog|z1| and in W2(r, R) and to A\, — ylog|z;| for
two constants A_, A € [—00,00]. It remains to determine these constants.

Choose a function x € C§°(B1(—1,0)) with (—1,0) & supp Vx. Then

1 1 1
lim [ log —/ Vx - Vucdr | = ”y/ Vx - I—2 dr = —’y/ X() dzq
N0 0 JB#(0) By (0) |z| 1T

On the other hand,

1 1
/ Vx - Vuedr = / plx dry = —/ (e —1+7)x dxq
B (0) -1 -1

by an integration by parts. Hence

1 1
lim | log = / Vx-Vucdz | = / (ylog |21 — A= )X  dos
N0 (S BT(O) —1

1
=x(—=1,0)A_ —7/ M dx1,
1

Z1

and we obtain A_ = 0. Similarly we show that A, = 0. O

4.5 The core energy

We can now determine the values of the function e in Theorem 2, albeit not explicitly. They arise
as the limits in the following result for 7+ = 1 F cosa.

Theorem 25. For any v € (0,2), the limit
1\* 201
R (COF Rt

Definition 26. The function e : {1} — R is defined by

exists.

6(—1) = €ltcosa and 6(1) = €l-cosa-

Proof of Theorem 25. Define
2 2
1 1
fle)= (10g5> iﬁsz_%logg'
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Fix € > 0 small enough and choose a number R € (1, %) Let v € M, be the minimiser of £ and
let v € WH2(B{(0)) be the solution of (44)—(46). Define

vlog -
] T_l-‘rl—"y 1f§§|$1|<1,
Alar) = log R log R
o o .
(1 & ) wu(Rxq) + 8t T if o] < 4,
log6 log 5
and )
vlogm o
Tog 1 +1—7 if 5 <l|z| <1,
- g5
o(x) =
log R log R
(1— Ogl)v(R:v)—i- %821 ifja] < L.
log 5 log 5

Then we have fi € M, and 0 € Wg2(3f(0)) Moreover, by Proposition 14,
L+ fi(z1) 21+ p(Rxy) 22 -7 >0

and

1= iten) = (1= 25) (0= wlfz) >0

log 5

for |z1] < %. Therefore, we compute
1/R ~/ loe R 1 12
o SRR 1. By T,
1/R og 5 -1 2

1 2
/ V|2 dx = <1 - ﬁ) / Vo] da.
B}, (0) logs/ JBf (o)

1/R

Furthermore,

We also observe that for z1 € [-1,—%) U (%, 1],

R
log =+ vlog L log =1+
1= =y (1) (2 ) 22 (- )
og 5 log 5 log 5
Hence
~/\2 2 1 d
/ (/L ) d:vl < g . / T
(-1,-1/R)U(1/R,1) 1 — (2—)log s Ji/r 42 (log% —log x%)
B 2y /R ds
_(2—7)10g% 1 log%—logs'
Define

R
~ ds
9(R) = : / : |
(2—7)logs /1 logs —logs

7y?log R

B (0\B1/(0) (log 1)

Finally, we compute
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Let o R
-~ og

=éR)==(1- .

e=¢(R) R( 10g%><6

Then we have

=l (=12
1
E~’Y ~ E/ (/J’) d _/ ~2d
=3 L1 Bf<o>|wl :
log R 2 eg(R log R 7y2log R
(180" gy ) (e ot
log § R log § 2 (log 1)

It follows that

2 2 2 2
r@ < (os3) ((1-155) mrGo+ g (1 5T ) 4 TUOED) - T g
R log 5 ) (log %) 2 )

where § = 'élog% Since we have equality for R = 1, we can use this inequality to estimate the

left-hand superdifferential
o=l ==
Indeed, note first that
dé 14 1
- — —¢ =
dR|p_y 1og%
and ~
i), () (o)
— =ef(l—-log— ) (1+—=].
dR Rt € 1og%

The above inequality therefore implies that for all € € (0,e~2],

log + 1 1 1

%85 (log - — 1) (1 + —1> — 1og—) EY(u)
log 5 )

1

_G(Hb;%)fue)sz(bg; ;
() o)

€ ™ ™
7 1 — log =
+2—~y 2 210g% %8 log%
1 2E (1 my? 2
= | loglog— —1 (l)_ T T t5—
€ log ¢ 2log . log 5 2—v

1
< C'log log2 .
(log £)

for a constant C' = C(y) by Proposition 15. Hence
C'loglog %

/
"2 g2
Note that  oplon 1
/0 ﬁ de < o0.
Thus if we denote
¢, = liminf /(¢)
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then for any n > 0 we can find a number ¢y > 0 such that

N

f(€0)§67+2

and at the same time,

for any € € (0, €g]. It then follows that

O <) - [ fds < e n

Hence we have in fact

€y = lli%f(ﬁ),

as required. O

5 Several walls

We now consider a given a € Ay and d € {+1}" and we study magnetisations m € M(a,d). In
particular, we want to estimate inf;(, 4y Fe and derive some inequalities for the magnetisation and
the stray field in terms of the energy excess

E.(m)— Mi(nfd) E..

5.1 Upper bound for the minimal energy

The purpose of this section is to prove the following upper bound for the energy by a direct con-
struction. It is a generalization of Proposition 15 to configurations with several walls a € Ay.

Proposition 27. For every R € (0,1] there exists a constant Co > 0 such that for all € € (0, 3],
a € Ay with p(a) > R, and d € {£1}", the inequality

N

Co
inf E. < (dp, — cosa)? + ———
M(a,d) 2 IOg % n;l (log %)2

™

holds true.

Proof. We will in fact prove a more explicit estimate, showing that there exists an m € M (a,d)

with
> ony (dn — cos a)? 2 > &
E.(m) < <7T + / CEY dt) . (59)

B 210g\/% sin® alog 2 J o (2 +1)log

This will clearly imply the statement of the proposition. The proof is similar to the proof of
Proposition 15. Let v, = d,, — cos .. Define
Flan) = log(z% + 02) — log(R? + 6%)

YT T log 02 — log(R? + 62)

and my : (—1,1) — [—1, 1], given by

(1) cosa+ v, f(x1 —ay,) ifzy € (ap, — Ryan,+R) forn=1,...,N,
mi(x1) =
e coS & else.
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Then there exists a function mg : (—=1,1) — [—1,1] such that m = (mq,m2) € M(a,d). Suppose
that z1 € (ap, — R,a, + R). If d,, = —1, then 1 — my(z1) > 1 — cosa and

1+ my(z1) =1 +cosa)(l— flz1—ayn)).
If d, =1, then 1+ my(z1) > 1+ cosa and
1—my(z1) = (1 —cosa)(1— f(z1—ayn)).

In both cases,
1 — (my(z1))? >sin®a (1 — f(z1 —an)).

Thus as in the proof of Proposition 15, we can estimate

dIl

|m/|? dxy <

/anJrR 2’_)/2 /R x%
< -
e sin alog /B + 17/ (3 + %) log (5 +1)

dt.

2+2 / 12
2 2
5s1n alog/& 52 +1 (2 +1)*log(t2 +1)

Summing over n, we find

1 N o2 2
25 t
/ |m/|?dt < n= 17” dt.

2 2 2
-1 d sin® alog\/ c4+1 (2 +1)?log(t2 +1)

Now consider the function u = U(m) as defined on page 3. Since curl V:u = 0, there exists a
function v € W12(R2 ) such that Vv = V4w in R2. Since this means that v’ = m} on (—1,1) x {0},
we can choose v such that v = mj—cosaon (—1,1)x{0}. Then we also have v = 0 on (—oo, —1)x {0}
and on (1,00) x {0}, and of course Av = 0 in R%. Furthermore, the function has finite Dirichlet
energy, and it follows that it is the unique minimiser of the Dirichlet energy under these boundary

conditions.
Define w : Ri — R by

w(an, +7cosb,rsinf) =my(a, +r) —cosa for0<r<Rand0<6<7, n=1,...,N,

while w = 0 in Qg(a). Then we compute, similarly to the proof of Proposition 15, that

2 R 3
7T’}/n T
/ |Vw|? dz = 2/ 5
+(q r2 4 02)2
B;(an.0) (log /—1§§+1> o ( )

R%4452
— TW’Q‘ / i T_52d7v<ﬂ-7%21
> §

2 2 = 2 :
2(1og1/?—;+1 ’ log /57 +1

Hence

T‘—E 1/711

/ |Vwl|? de <
RL log\/6—2+1

N 2
/ |Vul? d:v:/ |Vo|? dx S/ |Vwl|? de < M
R R

Ri log \/R—i-l

If we combine these inequalities, then we obtain (59). O

In particular
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5.2 Stray field estimates

The following is the main result of this section and one of the key ingredients for the proof of
Bu;d

Theorem 2. We recall the function uj ,; from Section 2, solving Auy ; = 0 in Ri and —== =0 on
(—o00,—1) x {0} and (1, 00) x {0}, and with a piecewise constant trace on (—1,1) x {0} given by the
values

N n
T
on =3 ( Z (d, — cosa) — Z(dk —cosa)) .
k=n-+1 k=1

It has the property that for n =1,..., N, the function

x> 1w y(x) — (dn — cosa) (arctan ( %2 ) B an))

1 — an 2|1 — ay

is harmonic in B;'(a) (an,0) and constant on (a, — p(a),a, + p(a)) x {0}. Standard elliptic estimates
then imply that this function is smooth near (a,,0). In view of the energy estimates (30) and (31),
we can make more quantitative statements as well: if p(a) > R > 0, then

(dn, — cosa)(x1 — ay)
(1 —an)? + x%

oug 4 (dy, — cosa)xa
0x1 (x1 — an)? + 23

(z) =

<C (60)

*
‘ 6ua_’d
(91:2

for z € B:(a)(an,O), where C' = C(a, N, R).

Theorem 28. For any R € (0, %] and Cy > 0, there exists a constant C7 > 0 such the following
holds true. Let a € An with p(a) > R and d € {1}V, Set

N
= Z(dn —cosa)?.

r C
E.(m) < T 0 5 (61)
2logs  (log3)
Let u = U(m) be the function defined on page 3. Then
* 2
u
/ Vu — —2| dr < @ 5 (62)
Q5 (a) log 5 (log $)
and r o
/ Vufdo > — - —1 (63)
Qs(a) logs  (log$)

This statement is somewhat similar to Theorem 17. The main difference, apart from the fact that
we consider several Néel walls here, is that we only assume a suitable bound for the energy, whereas
in Theorem 17, we study minimisers. Before we prove the theorem, we establish the following
auxiliary result.

Lemma 29. Let s >0 and p € Wh?(—s,s). If p(0) =1 and |p| < 1, then

s s N2
/ || doy < 25/ 1(li)u2 dxy.

—S8 —S
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Proof. By the Cauchy-Schwarz inequality, we have

/_Ss i dey < (/_ 1(11/):2 d$1>1/2 (/_Z(l — ) d:m)l/z. (64)

Since p(0) =1, any =1 € (—s,s) will satisfy

1
L= (uen)? =2 [ @) de
0
z1 (Iu/)2 1/2 /zl
dt P2 (1 — p?) dt
/0 1—p? 0
Integrating over (—s, s), recalling that |u| < 1, and using the Cauchy-Schwarz inequality, we obtain
s S 1 (ILL/)Q 1/2 s €1 1/2
/ (1—p?)dx; <2 (/ / — dt‘ d:cl) (/ / (1 —p?) dt‘ d:c1>
—s —s |J0 1- 2 —s 1J0
s N2 1/2 s 1/2
< 2s </S 1(li)ug dIl) (/5(1_,“2)([331) )

s s "2
/(1—@2)d501§452/ 1(,u) dxy.

2
-5 —s 1T H

Combining this with (64), we obtain the desired inequality. O

1/2

<2

which leads to

Proof of Theorem 28. 1t is clear that it suffices to prove the inequalities for small values of e. We
modify the functions wuj ; as follows: for a fixed s € (0, R], let & € W12(R%) be such that

“Z,d(x)

log %

() =
for z € Q;(a) and

&s(ap, +rcosf,rsinf) =

ru;d(an + scosf, ssinb) N ( r) On_1+0p

slog 5 s/ 2logl
for0<r<s,0<f<mandn=1,...,N. Then we have
Tlogl+C
[ Ivepas s TELTD (65)
R} (log 5)

for a constant C; = C1(a, N, R) > 0. This follows from (30), (31), and (60).
We observe that

I 1 ’U,:; (:I:l70)
; :/ —ad 7 —m (1) day
log 5 —1 logs
! / ! U‘Zd(zlao) ’
:/ &s(x1,0)m] (x1) day —/ §s(21,0) = ——=— | m)(z1) day
-1 -1 log 5
1 u* ,(x1,0
= / Vs - Vudz —/ ({S(arl,()) - Lﬁ) m} (x1) dzy.
R2 -1 10g3
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= Cy(a, N, R) > 0 such that

N
gCQZ/

We have a constant Cy

' (et~ B0

Thus by Lemma 29,
a.d(

‘/ <€SI1’ N 1og%
(66)

+/ Vé&s - Vudzx.
=3

We conclude that
I 2028
(2Bem) = IVl

log% - elog%
Using the Cauchy-Schwarz inequality and (65), we obtain
/ 1
«l 2Css 9 ml'log < + Cy
log1 = clog? (2Ee(m) - ||VUHL2(R1)) + THVUHL%RQ- (67)
We want to use this inequality to prove (63) first. For this purpose, we choose s € (0, R] such
that r 00
™ 1
Vu|? = 68
IVellzems) = fogT (log 2)” o
This is possible whenever e is sufficiently small because of (61). Then (67) and (61) imply
I 2C5s I s 2Cy 2Ch
llgllll_l T+ 2T 1)\2
ogs €elogs \logs 0g 5 (1og 3) (log g)
\/7T2P2 (log %)2 — Cynllog L — 202
+ 1 1
log 5 log <
2028 I 7 200 201
~ elogi lol_lol+ 12+ 1)2
g3 g5 g5 (1og 3) (log g)
+ I Cl 012
log 3 2rTlogl  gor2 (log l)Q ’
because /1 -5 <1— g for 8 € (0,1). That is
C C3 2C. 1 1 2Cplogl 2Cilogi
L L < =2 (1 = —logs 4 2By T gf).
2r' © m2I2log < ~ elogs 6 nllog s 7l log £
In particular, there exist certain constants Cs, Cy, Cs, Cg, all of them positive and depending only
on o, N, Cp, and R, such that
Cy s § Cslogl Cg log%)
C3+—— < —(log— = . 69
3+10g%_5<0g5+ log + log 1 (69)
C7(a, R, N, Cp) > 0 such

We want to use this inequality to show that there exists a constant C7
that C7s > §. Then (63) follows immediately from (68), because the right hand side is increasing

in s when_log% > 4C4 /(nT"), which is the case for € small due to (61)
To this end, let ¢ = min{1, < 10+ We distinguish three cases.
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Case 1. If s > ¢, then the claim is obvious.

Case 2. If s < ¢d and )

ga

then it follows that s > 62, provided that e is small enough. (Otherwise we would have an
immediate contradiction to the assumptions for this case.) Hence log% <2 log% and

Cs36
§ > —.
— 4C5

1 Cs
log = > —§1
80g5_205 og

Case 3. If s < ¢ and )

1 Cs
log — < —¥dlog =
sogs <2C5 og(s7
then we obtain

2 log%_g

s log %

1
03 C4 <S(10g5+0610g6>

from (69). We also have log 2 >log 3 (since ¢ < 1). Hence

1
slog 5 <. &
5log%_ 4Cs

Hence
O 50,9
1 =5 %y

which implies the claim.

This concludes the proof of (63).
Now we go back to inequality (66) and use it for s = § in order to prove (62). Since we now have
(63), the inequality implies that

r
/V{g-Vud:c> G 5 (70)
R2

2
for a constant Cs = Cs(c, N, Cp, R). Hence

/ |Vu — VE&s|? do < 2E.(m) — 2/
RQ

RZ
T ¥
2Cy + 2Cs + C
< 2
(log 5)

by (61), (65) and (70). Since &5 coincides with u; ,/ log% in Qs(a), this finally implies (62). O

Vs ~Vud1?—|—/ |VEs|? da
2

Remark 30. Once we have (61) and (63) in Theorem 28, we can also derive the inequalities

1 C an+90
6/ (¢)dx; < ™ and / sin? pdz; < o T
-1 (log 3) an—0 0g 5

for a lifting ¢ of m and for n = 1,..., N, where C = C(a, N, R,Cy). The first inequality is an
immediate consequence of (61) and (63), and the second follows with the same arguments as in the
proof of Lemma 13. These estimates are similar to (42) and (43), but now we know that they hold
true for non-minimizing configurations (under the energy control (61)) and the Pohozaev identity
previously used for the proof of (42) and (43) is no longer needed.
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Remark 31. Inequalities (61) and (63) further imply that

|Vu|?da < 200 +C
B: 1y2

= 2
HO (log )
If we combine this estimate with (62), then we also obtain

1
/ Vul de < ———— <200 +3C + 2/ IVu:;,dIQd:c>
B;(a) (log 5) By (a)\Bj (a)

Jor any r > 0. Furthermore, since u;, ; is known quite explicitly, the last integral is typically not too
difficult to estimate.
6 Proof of the main result

We now prove Theorem 2. To this end, fix a € Ay and d € {+1}. Set v, = d,, — cosa for

n=1,...,N and
N
r=y
n=1

Furthermore, set y4 = 1Frcos « and recall Definition 26, which introduces the function e : {£1} — R

with )
. 1 . Y3 1
e(+1) ll{r(l) <(10g 5) Alﬁfi E] 5 log 5) .

We divide the identity from Theorem 2 into two inequalities, which are proved in Section 6.2 and
Section 6.3, respectively, after some preparation. Throughout the proof, we indiscriminately write
C for various positive constants that depend only on «, N, a, d, and occasionally on the exponents
of LP-spaces appearing in the context (always denoted by p or ¢).

6.1 Preparation

Define
wo(x) = arctan <E> T

I B 2|$1|

for z € Ri. Recall the functions

N N
u;:,d = Z Ynla, and M;:,d = Z Tnlan
n=1 n=1
from Section 2. Consider a number r € (0, p(a)]. For n =1,..., N, let

An =Y l0g(2 = 2a%) + Y Ykpta, (an)
k#n

again and recall estimate (36), which implies that

fa,a(1) = An — Yn log <Cr (71)

|x1 - an|
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for 21 € [an — r,an + 7). Also define

Wnp = Z VYkUay, (an)

k#n
Then
|u:;7d(x) —wp, — Yawo(z1 — ap,x2)| < Cr in B,(an,,0) (72)
and
|Vug 4(z) — v Vwo(z1 — an,22)| < C  in By(an,0) (73)

for 1 < n < N, because u 4(v) — wp — Ynwo(T1 — an,T2) is a smooth function that vanishes at
(@n,0).

We now study how ¢ changes when we replace € by €/r for a number r € (¢, 1], since we will have
to rescale the magnetisation about the centres of the Néel walls. We have

1
log (Elogf) =logd — logr + log <1 — ogr) .
r € loge

Since log(1 — &) < —¢ for £ € (0, 1), we obtain

logr

log (E log f) <logd —logr — . (74)
r € loge
Similarly, if € is sufficiently small (for a fixed r), then
21
log (Emgf) > log§ — logr — 2287 (75)
r € loge
6.2 A lower bound for the interaction energy
The purpose of this section is to prove the inequality
o 1\* . ol 1 N
lim inf ((log 5) lefd) E. — ~-log g) > n; e(dn) + W(a,d) (76)

for the function W defined at the end of Section 2, which amounts to half of the statement of
Theorem 2.

First step: use minimisers Clearly it is sufficient to consider functions m, € W12((—1,1);St)
that minimise E. in M(a,d). Then

, 1\* T 1
limsup | {log= | Ee(me) — —log— | < o (77)
N § 2 5

by Proposition 27.

Second step: prove convergence away from the walls This part of the proof is similar to
the proof of Theorem 22. Let ¢, € W12(—1,1) such that m, = (cos ¢, sing,.). Define u, = U(m,)
and v, = uelog %. Then by Theorem 28, we have a sequence € \, 0 such that v, — v weakly in
W2(Q,.(a)) for every > 0 for some function

veu, +WHARL).
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In fact, for any fixed r > 0, owing to Lemma 24 (with Q = Ri), Theorem 28, and Remark 30, there
exists a number 8 > 0 (depending on r) such that |sing.| > @ at distance at least r away from
—1,a1,...,an,1 for € small enough. For r, R > 0, define =, p(a) = (Q,(a) N B£(0)\(B-(—1,0) U
B,(1,0)). Then we can use Lemma 11 and standard elliptic estimates to obtain uniform estimates
in W22(%, g(a)) for any r, R > 0 and any sufficiently small e. Therefore, we even have v, — v
weakly in W22(%, gr(a)) for all r, R > 0. Furthermore, we have v, — v uniformly in R%\B5(0) by
standard estimates for the Laplace equation. It follows that lim ;. v(z) = 0.

Obviously Av = 0 in R? and 86_;2 =0on (—1,—00) x {0} and on (1,00) x {0}. By Lemma 11,

we also have
1 2 Ap41—T
lim sup (10g—> 6/ (¢)? dxy | < o0
e\,0 5 an—+r

forn =1,...,N —1 and any » > 0, and we have similar inequalities in (r — 1,a; — ) and in
(ay +7r,1—1). Since

u, = ep; [ sin pe
by (37), we conclude that v(-,0) is locally constant in (—1,1)\{a1,...,an}. But there is only one
function in the space w ,+ W'?(R%) with these properties (which can be seen with the arguments
from the proof of Theorem 22), and thus we have

ok . 2
V=1, 4 in R+.

Since g;’; (+,0) = —m/} log % on (=1,1)\{a1,...,an}, it also follows that there exists a sequence
€ "\, 0 such that

1
(mie, —cosa)log — — v
Ok

locally uniformly in (=1,1)\{a1,...,an} for a function v : (=1,1) — [~o0, o0 such that u} ; —v is
locally constant in (—1,1)\{a1,...,an}, where o, = € log i With the same arguments as in the
proof of Theorem 22, we show that v = 7 ; and

1
(m1e — cosa) log 5 Pa.q locally uniformly in (—1,1)\{as,...,an}.

Now for any r € (0, p(a)], we have

1\2
/ |Vl 4> dr < lim inf/ |Vve|? do = liminf <1og —) / |Vuc|?dz | . (78)
Qr(a) ’ N0 QT(a) eNo0 5 QT(G)

Furthermore, by (71), we have

nlogl + A, C 1
'mle(an +7r)—cosa— In 08 T < 1"1 + of )1 . (79)
log 5 logs logs

Here and subsequently, we use the notation o(1) for any quantity that converges to 0 as € \ 0, with
a rate of convergence possibly depending on r.

Third step: rescale the cores Fix n € {1,...,N} and r € (0, p(a)], and define the functions
me: (—1,1) — S* and @, : RZ — R and the number € by
me(x1) = me(rey + an),

Ue(x) = ue(rer + an, ree),
€
—

€
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Then we have

1 an+71
5/ AR T e/ |ml|? day (80)

—1

n—T

and

/ |Viie|? do = / |Vue|? de. (81)
B{ (0) B (an,0)

Moreover, if we denote @*(z) = u(’;_’d(mzl + an,rr2) and 0. = U, log %, then by the observations in
the second step, we have 9. — @* — 0 weakly in W22(B; (0)\B;/2(0)). In particular, if we fix a

number ¢ > 2, then we have strong convergence of the boundary data in W'4(9* B (0)). Because
of (73), we have
|@ - V@~ (2)|| =0+ B, (0)) < CT-

Hence
Cr+o(1)

- V| 1 <
lz- Vi L (0+B1(0)) = log%

From Theorem 28, Remark 31, and inequality (73), we also obtain the inequality

_ ™ i <
Hwe - kvpléTg% L2(BF (0)\B;5(0)) IV o = g1
where § = €log % We then also obtain
~ Cr+o(l
|2 - Viie| Lo+ By (0)) < ?%()
and N
Vi, — kﬁ]glfigi + ||Vﬂe||L2(BS+(0)) < 102;'
6 llL2 (Bt (0)\B;(0)) ’

Because of this and (79), we may apply Corollary 21 to d,mi. with
1
vYy=dnVn, n=0Cr+o(l), and (=d, (/\n + v, log ;) +Cr+ o(1).
In view of Definition 26, we conclude that
1\? !
(log :> e/ AR T / |V |? da
1) -1 B (0)
2, 1 2, 1
> 7y 1ogg + 2e(dy) — 2my;ilog — — 2wy A — Cr —o(1).  (82)
r
We recall (74) and (75). Now (80), (81), and (82) imply that

1 1\ antr 1 1
<log— —10g—> 6/ |m’|? day +/ |V de | —nvy?2 <10g— —log—)
4 r An—T Bi(an,O) 4] T

1
> 2e(d,) — 2my2log — — 2wy, A, — Cr — o(1).
r
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Since this means in particular that

1 An+7
log — e/ AR dt+/ |Vue|*dz | > 792 + o(1),
0 Ap—1 B:r(an,O)

and since we have (77), the inequality also yields

1> [ et 1 1
(10g—> 6/ |m’|? dt+/ |Vue? do | — 792 (log 10g—>
4 an—r B;t (an,0) 4 r

> 2e(dy) — 27y A — Cr — o(1).

Fourth step: combine the estimates If we sum over n and use (78), we obtain

1\? r 1 1 al 1 . o
1ogg E.(m¢) — log = 3 —log - > Z(e(dn) — TYnAn) + 3 ), “ |Vug 4" dz — Cr —o(1).

n=1
Thus
2 N
1 1 7 1
lim inf log= | E. - 10 > nAn +—/ Vua 2dgc——lo ——CT
iy (( £3) Eim) - T tog ) Stel) g [ :

Finally we let r \, 0. Recall that

1

1
= lim vu! ,*de — 7T log = | = EF ,(ul ) = Wi(a,d
2 r\.0 </Q (@) Vg dl g r) wd(Ua a) 1(a,d)

and

—wZvn n = Wal(a,d)

for the functions W7 and W5 defined in Section 2.3. Hence we conclude that
1\2 N
hren\lélf <(10g S) E.(m.) — —log ) > g n) +Wi(a,d).
That is, inequality (76) is indeed satisfied.

6.3 An upper bound for the interaction energy

We now want to prove the inequality

1\ o 1)
lim sup <(10g S) inf E.— —log 5) < Z e(d,) + W(a,d), (83)

N0 M (a,d) 2

which complements (76).
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First step: glue energy minimising cores into the tail profile Define

T
F;/n

B An + Ynlog %
B n log % '

Fix r € (0, p(a)] small enough so that x!, € (0,1) for sufficiently small values of . Choose minimisers

fie € My, of the functionals Ep"‘ and let 47 be the solutions of the corresponding boundary value
problem (47)—(49) with
/ uldr = 0.
B (0)\B1,2(0)
Define u? = d, il and ul? = d,al.
Let n € C*(R) with n =1 in (—o0, 3] and 7 = 0 in [3,00). Set

on(z1) =17 <M> and o, (z) =17 < (x1 — an)? +x§> '

r

Note that % =0on R x {0}. Now define

* 21
mie(z1) = cosa + MGL()

log%
N *
Y. n L1 — Gp r :ua,d(xl)
+;cpn(x1) ((1—I€n)ME/T ( . ) +f€ndn—cosa—@>
and N
- uy () (1 — an, x2) u} 4(T) —wn
€ = : n 1—k)uy - : .
i) = T+ St (01w, (1 T
Then mic(an) = d, forn=1,...,N. If € is sufficiently small, we have —1 < mj. < 1. Hence there

exists a function me, such that m, = (mi., mac) € M(a,d). Let ue = U(me).

Second step: estimate the magnetostatic energy in terms of 4. Since u} ; is harmonic on
Ri, we compute

Adi(w) = i A (o) (0 iy, (=) aal®) = )

r log 5

(@1 — an,x2)> - vu;d(x)> |

r log %

N
+2) Vi (x) (r—1(1 — kp)Vul, (
n=1

Let ¥7 = By ,(an,0)\B,/2(an,0). Using Theorem 22 and the inequalities (72) and (73), we infer

3r/4
- Un, 'LL:; T) — Wn C 1
w, ((961 a 562)) _ dl )1 r—l—ti( ) (84)
r log 5 Leo(sr) log 5
and \v4 ( ) 1+2/
~ an, rVug (o Cri+a/r 1 o1
[ (=) - <G rot) (55)
r log 5 Le(sr) log 5
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for any p < oo and allm = 1,..., N. (Here o(1) again stands for any quantity that converges to 0
as € \, 0, with a rate of convergence that may possibly depend on r.) Therefore, we have

Cr2/r—1 1
1A oz < S0

log %
We also compute
Ot dml Hg,q(1) al 1— &l Al (21— an %“Z,d(f”l)
(:I:l7 0) = Z - 1
0z log 5 — dzq r log 5

N *
L1 — an r Hq, (Il)
= —ma(a1) + Z #n(@1) ((1 — Ko )l (IT) +dyk, —cosa — 71'61 T ) .
n=1 og 3
Using Theorem 22, we then see that

Tn log |z
log%

ur(z1) — cosa +

for z; € [-3,—4] U [$, 3]. This, together with (71), implies that

- Un :; X 1
1=, (252 = cosa = - at)] _ O +ol) (86)
r log 5 log 5
for any z1 € [a, — %,an - %] Ulan + 5 Qn + %]
Recall that u, is the solution of
Au, =0 in R%,
gz; = _m/le on (_17 1) X {0}7
Oue
=0 on (—o0,1) x {0} and (1,00) x {0}.
8172
Thus we have o
N Cr2/P=1 4+ 0(1)
Aue — te)|| e <— —— 87
I~ lmges) < S (s7)
for an arbitrary (but fixed) p € (1,2) and
C 1
H— Ue — TUe) < Ll(). (88)
Oz Lo (R) log 5

Also note that the support of A(u. — @) is contained in B(a) and the support of 8%2(”5 — U) is

contained in Uﬁ[:l (an —r,an+7). Thus if M(R?) denotes the space of Radon measures on R?, then
after extending to R? by an even reflection on R x {0}, we have

Cr+o(1)

[A(ue = te) || merzy < log 1

)

whence

Cr+o(1)

IV (ue — ﬁe)HLq(B;(O)) = log%
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for any fixed g € [1,2). Theorem 17 and (84) imply that

_ C +o(1)
Vie|lrq < —
[Vl , (BS(0)) log%
It then follows that o )
+ o0
Vel 14 < — 89
[Vu ||L (B3 (0)) log% (89)

2p
3p—2

Ue = ][ Ue dx.
B{ (0)

as well. We will use this inequality for ¢ = in conjunction with (87).

Let

Then it follows that

/ |Vu|? de = —/ (ue — ﬂé)% dxy
R2 (=1,1)x {0} Oz

+

0
= Vi - Vue dr — / (ue — te) =— (ue — @) dzq + / (Ue — Ue)Alle dx.
R2. (—1,1)x {0} 0wy R2
Now with the help of (88), (89), and the continuous embedding W4(B; (0)) — LY/ (=9 (~1,1), we
derive the estimate

_/ 9 C(r* /7 + o(1))
(~1,1)x{0}

(e — te) =— (e — Ue) dwy <
012 ! (log 1)?

Note that for ¢ = =22-, we have 2 — 2 = 2 — 1) Furthermore, by (87), (89), and the Sobolev
3p—2 q p
inequality,

2/p—1
/ (ue - ﬂ/e)Aae dr < C(T 1+20(1))
RL (log 5)

If we choose p = %, then we obtain

1

/ |Vu€|2d:c§/ |va€|2d:c+L+log).

R2 R2 (log $)
Hence .

1 C 1
Bm) < & [P ) [ gy AL, (90)
2/ 2 Jr2 (log %)
Third step: estimate HVﬁeHLQ(Ri) We clearly have
1
/ |V | do = ﬁ/ \Vu? 4? de. (91)
Q- (a) (log3)” /o (a)

In B} (a,0) forn =1,..., N, we have

Vﬂe(x) = T71(1 — K;)VU?/T <(x1 _f"7x2))

(@1 — an,x2)> - Vu:;d(ac))

r

) -1 (- v, (

(x1 — an,$2)> B uz,d(év) —Wn
r

+ e (1= ey,
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Thus using (84), (85) and Theorem 22, and observing that

c

||vué/r 2
1
log 3)

||L2 B ( 0)\31/2(0)) - (

by Theorem 17, we obtain
Cr+o(1)

(log3)°

HVUeHLg B (an,0)) < (1 -k ) ||VUE/THL2 B (0) (92>

Combining (91) and (92), we now find that

N
1 C 1
/ Vite[2 do < —— 2/ |vu;d|2dx+§:(1—2ﬁ;)/ a2 do + S,
R2 (log )™ Ja.(a) — B{(0) (log %)

Since ) c
/ |vue/r|2dx > Fyl - 2
B{ (0) log5  (log %)

by Theorem 17, it follows that

N
|V 4 do + / |Vur, | dx
/Qr(a) 4 nz: B (0 /

_Z%%(/\ +mlog 1) | Or +o(1)
= (os)’ (tos 3)°

Vi|? dr < 1

| |

2 (log 1)’
T g5

(93)

Fourth step: estimate the exchange energy Note that we have |mj. — cosa| < 1021 in
B

(=1,a1 — 5], in [an + §,an1 — 5] forn =1,..., N, and in [axy — §,1) by Theorem 22. Moreover,
by (86), we have

= mnefon) = (1= ) (= ity (222
0= onlan) (1= wt, (222 - cosa - Padl®1) | o,

r log 5

(o (22)) (-2

dn +mae(z1) = (1 - Ky,) (dn + U?/r (iﬂl ;Gn>) + 2dn iy,

and

r n L1~ On r ILL:; (xl)
1= ) (0 = 00 (252 = o+ s+ 2450

8
= (e (25)) (i)

o1



in (ap, —r,a, +r). We also have

1— k7 duy T —a
mi(x1) = . n daZT< L . ")

xrpT —a

+ (@) <(1—H )ue/r< ulOdTQ?))

(1 on(ay) (1 — Ay, (:171 - an> - ﬁlu;d(xl)>

roodn r log $

n
> + dnK, —cosa —

near a,. We have
6u2)d 0
(Il) - ax2 (xlv )

Hence defining 7)) = (an — r,a, — 5) U (an + 5, an +7), we have

ity
d,Tl

1 — iy, ey (wl - an) b ale) L OV tol)
I
rdrp r log 5 L2(Tn) log 1 5

by Theorem 22 and (73). Recalling (86), we then compute

2 dzl 'ue/r 0(1)
/ | |2 dt = ZQT/ u) t—l—(l 3 (94)

0g 3)2

Combining (90), (93), and (94), we now find

N 1
1 (An 4 7 log L
Ef“”é“i/ quadFdHme gyl -3 Tt logy) | OVF+ofl),
Qv (a)

" 2 (o))’ AT (es))” (10£3)°

Fifth step: estimate the core energy Recalling Definition 26, we see that

™, €eldn) +o(1)
M\W | e/r = 210g 5 (1og £)2
§

)

where

Using the estimates (74) and (75), we obtain

of BNl < Y2 Y2 log% e(dy) —1—0(1)'
My, /T ~ 2log ; 2(10g%)2 (1og%)2

Sixth step: combine the estimates It follows that

2
1 1 N 7wl 1 7T 1
(log g) Ee(me) < 5 /Qr(a) Vg qf* dz + 710gg - —10g + Z )+ Wa(a,d)

2
+ CVr+o(1).
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That is,

2
1 7w 1 1 7wl
. L L L R 2 L
hrén\s(l)lp ((loga) E.(me) 5 log6> <3 /QT( |Vuy, 4| d log + E n) + Wa(a,d)
+Cyr.
Letting r \, 0, we finally obtain
2 N
. 1 dnl’
hren\s(;lp ((log 5) E.(m.) — —1 —) < E: )+ Wi(a,d),

which amounts to inequality (83). This completes the proof of Theorem 2.
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