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Introduction to micromagnetics

Problem List 1

Problem 1 Characterization of the stray field.

a. Prove the Hardy inequality in R3, i.e.,

2
/ SN <4/ V¢ dx, V¢ e O (R?).
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(Hint: use the decomposition ¢ = —...)
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b. We recall the Beppo-Levi space

¢

BL = ‘R =R :
{c 1+ |z

€ L*(R?), V¢ € L*(R3,R?)}

endowed with the norm ||C||gc := ||V¢||2. Prove that (BL, ||-||5z) is a Hilbert space.
c. Let Q C R3 be a bounded open set and m € L?(2,R3). Prove that there exists a
unique stray field potential U € H'(R?) satisfying

VU-VCdm:/m-VCda:, V¢ € C°(R3).
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The exact expression is given by the convolution

U(x) = *V-(mlg) in R3
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of the distribution of compact support V-(mlq) and the tempered distribution V (x) =
—— that is the fundamental solution AV = &g in R3. If in addition Q is Lipschitz
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and m € H'(Q,R3), then
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where n is the unit outer normal vector at OQ (see [3, Appendiz]).

Problem 2 Regularity of S?-valued harmonic maps in 2D.

a. Let B be the unit disk in R?. Prove the Wente estimate, i.e., there exists a constant
C > 0 such that for any u,v € H'(B), if ¢ € H}(B) satisfies

—A(=VuxVv B

then
[¢llzee + [[VCIL2 < ClVullg2[|Voll 2.

In particular, ¢ is continuous in B. (see [1, Lemma A.1])



b. Let m € HY(B,S?) be a weakly harmonic map in the unit disk B, i.e., —Am =
|Vm|?>m in B. By a., deduce that m is continuous in B. Finally, deduce that m is
smooth in B. (see [{, Theorem 7.4.1]).

Problem 3 Partial regularity of S>-valued harmonic maps in 3D.
Let B be the unit ball in R? and m : B — S? be a weakly stationary harmonic map in
B. We denote E(xo,7) = %fB(xo ") |Vm|? dx for any ball B(xg,r) C B.

a. Prove that E(xg,-) is a nondecreasing function for every xg € B.

b. Prove that there ezist £,t € (0,1) such that if E(z,r) < ¢ then E(z,tr) < 3$E(z,r)
for every B(xz,r) C B.

c. LetV ={x e B : E(z,r) < e for some r >0 such that B(xz,r) C B}. Prove that V
is open and H*(B\' V) = 0 where H' is the 1-dimensional Hausdorff measure in R3.

d. Conclude that m is smooth in V.

(see [2]).
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