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Problem List 4
Problem 1 Let Q@ C RY be a connected open set and u: Q@ — SM with N,M > 1.

a) If Au =0, then prove that u is a constant.

b) If ue HY(Q,SM) is a SM-valued harmonic map, i.e.,

- u+t(>
t:O/Q (\u+t(|

then —Au = u|Vul|? in Q.
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d
de =0 for every ¢ € CX(QRMTL),

dt

c) Assume that N =2 and M = 1.

c1) Let u € C*(Q,SY) and j = u A Vu be the associated current. Prove that u is a
S'-valued harmonic map if and only if divj = 0 and curl j = 0 in Q.

c2) If u € WH(Q,S!) is the canonical harmonic map

forai,...,an € Q, dy,...,d, € Z and ¢ € WHL(Q,R), prove that the current
j =uAVu satisfies divj = 0 and curlj = 27>} didq, in Q.

Problem 2 Let Q C R? be a smooth bounded open set and g : 9 — R? be a smooth
Sfunction.

a) Prove that for every e > 0, there exists a minimiser u. of the energy E. defined by

1 1
Puw) = [ 51Vl + 50— )P e, (1)

over the space

1 2 1 2y L.
Hy(Q,R%) = {ue H (R : u=g on 00Q}.

Moreover, u. satisfies the Fuler-Lagrange equation

1 .
—Au, = 5—2u6(1 — |ucl?) in Q. (2)

b) Prove that every solution u. € Hgl(Q,RQ) to the PDE (2) is smooth in €.

c) If |g| =1 on 09, prove that every solution u. € Hgl(Q,RQ) to the PDE (2) satisfies
lue| < 1in Q. (Hint: start by proving that p = 1 — |u.|? satisfies —Ap + 6%|u€|2p >0
in Q and conclude by the mazimum principle...)

d) Prove that if ¢ > 0 is large enough, then E. is convex over H'(Q,R?); as a conse-
quence, there erists a unique solution u. € Hgl(Q,RQ) to the PDE (2).



Problem 3 Let By be the unit disk in R?, d > 1 be an integer and g : S' — S' be
given by g(e) = €' for every 0 € [0,2r]. Prove that for every ¢ > 0, there exists a
solution u. € H;(Bl,RQ) of the form u.(x) = f.(|z|)e'® for every x € By to the PDE (2).
Moreover, the radial profile f. solves the following ODE:!

{ =Gl = 51— f2) for every 7€ (0,1),
£00) =0, f-(1) = 1.

Problem 4 Let Q C RY be a smooth bounded simply connected domain.

a) If k € N and u € C*(Q,S') prove that there exists a lifting ¢ € C*(Q,R) of u, i.e.,
u =€ in Q and o is unique up to an additive constant 2r7Z.

b) If p > 2 and v € WHP(Q,S') prove that there exists a lifting ¢ € WHP(Q,R) of u,
i.e., u=e% in Q and ¢ is unique up to an additive constant 27Z.

(Hint: Start by proving that curl(u A Vu) = 0 and apply Poincaré lemma to obtain
Vo=uAVu...)

c¢) Using b), prove that for a boundary data g = €™ with o : 0 — R smooth, there
exists a unique minimizing S*-valued harmonic map u, of the problem

min{/ \Vu|>dz = v e HY(Q,SY),u=g on 00}
Q

Moreover, u, = e+ € C®(Q,S') where ¢, : Q — R is the unique solution of
Ap, =0 1in Q and p. = @y on 0.

Problem 5 Let Q C R? be a smooth bounded domain, u € C*(2,R?) and j(u) = u A Vu
be the associated current to u.

a) if u#0 in Q, prove that
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+ ‘V!uH .
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b) if [ul =1 in Q and p € CY(Q,R), prove that

IVul® = [j(w)?,  j(pu) = p*j(u).
Deduce that
IV (pu)|* = p? |j(u)]* + [V = p? | Vul* + |Vp|*.

c) if ¢ € CH(,R), prove that
j(eu) = j(u) + u* Voo
Problem 6 Let Q C R? be a smooth bounded domain.
a) Ifu,v € HY(Q,R?) and ( € WH®(Q,R) with ¢ = 0 on 99, prove that
. . 1
‘ /Q(Jac (u) = jac (V)¢ da| < Sllu = vl (IVell2 + [IVoll2) IV ree

b) If ue H'(,SY), then jac (u) = 0.

|z—a

. d
¢) IfdeZ, acQ, p € CHQR) and u(z) = ew( e ) , prove that jac (u) = mdd,.

'Such solution f. is unique, see e.g. R. Ignat, L. Nguyen, V. Slastikov, A. Zarnescu, Uniqueness
results for an ODE related to a generalized Ginzburg-Landau model for liquid crystals, STAM Journal on
Mathematical Analysis 46 (2014), 3390-3425.



