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Abstract

We study a 2D nonconvex and nonlocal variational model in micromagnetics. It consists
in a free-energy functional defined over vector fields with values into the unit sphere S2. This
energy depends on two small parameters 3 and e penalizing the divergence of the vector field
and its vertical component, respectively. We are interested in the analysis of the asymptotic
regime < ¢ < 1 through the method of I'—convergence. Finite energy configurations tend
to become in-plane in the magnetic sample except in some small regions of length scale ¢
(called Bloch walls) where the magnetization varies rapidly between two directions on S2.
The limiting magnetizations are in-plane unit vector fields of vanishing divergence having an
H!' —rectifiable jump set. We prove that the I'—limit energy concentrates on the jump set
of the limiting configurations and the energetic cost of a jump is quadratic in the size of
the jump. The exact charge of the jump is computed by a I'—convergence analysis for 1D
transition layers. Using the concept of entropies, we find lower bounds for the 2D model that
coincide with the I'—limit in 1D in some particular cases. Finally, we show that entropies are
not appropriate in general for the 2D model in order to obtain the full I'—limit.

AMS classification: Primary: 82D40, Secondary: 35J20, 35Q60, 35A15, 35B25.
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1 Introduction

In this paper, we consider a simple model for Bloch walls in micromagnetics. Micro-
magnetics is a variational principle for ferromagnetic samples of small size. The state of a
ferromagnetic sample occupying a region  C R? is characterized by its magnetization

m : Q— R

The magnitude of the magnetization is considered to be constant (for a fixed temperature);
therefore, in the nondimensionalized form, m satisfies the nonconvex constraint

m|=1in Q.

The micromagnetic principle states that the magnetization m corresponds to a (local) mini-
mizer of the following free-energy functional (written here in the absence of external magnetic
field):

&m) = & [ [l [ otm)+ [ ) (1)
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The first term is called the exchange energy and penalizes variations of m. The character-
istic constant d is called the exchange length and is an intrinsic parameter of the material (of
order of nanometers).

The second term represents the anisotropy energy. It favors some easy axes for the mag-
netization corresponding to global minima of ¢ : S% — R..

The last term in (1) is the magnetostatic or stray-field energy. The stray-field H(m) :
R? — R? is a 3D vector field induced by the magnetization via the static Maxwell equation:

V x H(m) =0 in R?,
V-H(m)=-V- <mlg) in R?,

that is, H(m) = V(=A)"'V - (mlg). Therefore, the stray field is generated both by volume

charges (given by the divergence V -m of m inside the sample ) and surface charges (carried
by the normal component m - n of the magnetization on the boundary 99). It implies that
a stable state favors flux-closure configurations in order that the stray field energy is avoided
(that is the principle of pole avoidance). For more details, see the books of Brown [7] and
Hubert and Schéfer [13].

The difficulty of the variational principle comes from the nonconvex constraint on the
magnetization and on the nonlocal character of the stray field interaction. Together with the
multi-scale nature of the system, it leads to a rich pattern formation for the magnetization.
Generically, a pattern of a stable state consists in large uniformly magnetized regions (called
magnetic domains) that are separated by narrow transition layers (domain walls) where the
direction of the magnetization varies quickly.

Physical experiments put in evidence these different behaviors of the ferromagnets. The
variety of the transition layers is explained by the competition between the three energy terms
of (1) (and, in some cases, an additional term due to an applied external field). From the
mathematical point of view, it is natural to study various asymptotic regimes accounting for
the differences between the leading order of the energy terms (see e.g. DeSimone, Kohn, Miiller
and Otto [10], Riviere and Serfaty [21], Alouges, Riviére and Serfaty [2] and the overview of
DeSimone, Kohn, Miiller and Otto [12]). Our goal is to study one of the transition layers of the
magnetization, called the Bloch wall, in a special asymptotic regime through a I'—convergence
analysis.

1.1 Owur model

We consider a ferromagnetic sample corresponding to an infinite cylinder 2 = w x R where
w C R? is a two-dimensional bounded domain with Lipschitz boundary. Let £ = diam (w) be
the length scale of the domain w and let n be the unit normal vector at dw. Here, we discuss
the case of a surface anisotropy of the form

e(m) = Qmj,

where the easy plane is the horizontal one. The quality factor > 0 is an intrinsic and
nondimensionalized parameter of the magnetic material that spans six orders of magnitude
(e.g., from 2,5 x 10™* in Permalloy to 38 in SmCos). We also assume that m does not depend
on the xz—direction, i.e,

m=m(z1,z2) and me H'(w,S?).

We are led to study the following two-dimensional functional corresponding to the energy (1)
per unit length in the zs—direction:

gQD — d2 v 2 2 h ’ 2.
(m) Jimt Q[ mis [ jp)



Throughout the paper, we always use the notation m = (m’, ms) with m’ = (m1,m2) and the
differential operator

V = (61, 0).
The two-dimensional stray field 2(m') : R?* — R? is defined by

V x h(m') =0 in R?,
V- -h(m')=-V- <m’1w) in R?,
and corresponds to h(m’) = V(—=A)"'V - (m'1,); therefore,
/R2 )2 = |V - (m/lw)HiI—l(R?) — / G0 |F(V - (m'1.,))? de.

where the Fourier transform of a function v : R* — R is denoted by F(v)(¢) = 5= [g- e~y () du,
V¢ € R%

We nondimensionalize all the quantities in order to identify the different scales in the energy
terms. Setting 7 := 2, @ := %, (&) := m(x), h(') = h(m'), e ﬁ and 8 := 2,/Q%, we

will focus on the renormalized energy E. 5(m) := Q\FMEQ (m ) ie.,
Bopm) = <[ |Vm|*di+ 1 m§ dit + |~(m’)|2 dz. (2)
: 2/ 2¢ B8
In the following, we omit the tilde ~ for our variables.
We are interested in the following asymptotic regime:
ek 1 and B<Le. (3)

We expect the limiting states of the magnetization to satisfy the flux-closure constraint as

€] 0 (and by (3), 8| 0), i.e,
V-(m'l,) = 0 in D'(R?) (4)
and to be in-plane vector fields (ms = 0), i.e.,
m' € S'  ae in w. (5)

(In the sequel, we will always identify the plane R? with R? x {0} C R3; in particular, we
identify the unit circle S* C R® and S x {0} C S*.)

Due to (3), the leading order term in (2) is the magnetostatic energy so that for a minimizer
of E. g, the stray-field energy (penalizing the constraint (4)) is asymptotically stronger than
the planar anisotropy (leading to (5)). This regime is different than the one considered in [2, 21]
where € < (3, i.e., the anisotropy was more expensive than the stray field energy.

Our aim is to study the asymptotic of the energy (2) in the regime (3) in order to deduce
the limit energy in the spirit of I'—convergence. More precisely, we consider families of maps
{m:}ej0 C H'(w, S?) such that the following condition holds true for 3 = B(g) < ¢

limsup E. g(m:) < oo. (6)
€l0

We first analyze the limiting configurations mo of such families of magnetizations {m.} as
€ | 0. Then we compute a lower bound energy F, that satisfies the inequality

Eo(mo) < liml%nf E. g(me).
Clearly, every strong L'—limit mo of a family {me}eco of uniformly bounded energy

E. 3(m:) < C in the regime (3) must satisfy (4) & (5). The problem associated to these
two conditions is rather rigid for smooth solutions. Indeed, the condition (4) implies that

V- -mo=0inw and mo-n =0 on dw



and thus, there exists a stream function v such that m¢ = V¢ := (=02, d19). The
constraint (5) means that v satisfies the eikonal equation |V1| = 1 with a constant Dirichlet
boundary condition, i.e., 99 = 0 on dw (because of (4)). The method of characteristics
implies that V1 generates line-singularities. Therefore, we expect that mg should be smooth
away from an H'—rectifiable set J oriented by a unit normal vector v. It is important to
observe that the normal component of mo does not jump across the singular set J because of
(4), ie.,

mg v =mg -von J

where m{” and mg are the one-sided traces of mo on J (see Theorem 1 for a precise definition).
Therefore, each jump singularity is determined by the angle 6 = 2arccos(ma' -v). The line-
singularities of mo have a physical meaning: they represent an idealization of domain walls
of the magnetization at the mesoscopic level. At the microscopic level, these one-dimensional
singularities are replaced by narrow two-dimensional regions (called Bloch walls) where the
magnetization behaves like a smooth transition layer that quickly varies in S? between two
given states mZ of angle 6 (called wall angle).

Figure 1: Jump set of a limit magnetization my.

For such limiting configurations myo, it is expected that the asymptotic energy Fo(mo) of
the family {F. g(me)}-j0 concentrates on the singular set J. Assuming that the transition
layers have a 1D structure across a wall, an appropriate candidate for Ey can be deduced by
analyzing the one-dimensional problem associated to our model. Indeed, we prove that the
I-limit of {E: g}c |0 in the one-dimensional case is the following functional (see Section 3):

1
+ — 2 1
Bo(ma) = 5 [ mi (@) = mg (@) ait z). 7
J
The main issue of this paper is to study whether this asymptotic lower bound stands true in
the two-dimensional case.
A special context for our model is given by smooth divergence free magnetizations corre-
sponding to the limit case 3 | 0. Then we are led to consider the family of energies

€ 1
Bm) = 5[ (v o [ (%)

defined for magnetizations m € H*'(w, S?) satisfying the constraint (4). As before, we study
the asymptotic behavior of families of magnetizations {m.} C H'(w, S?) such that

V- (mil,)=0 and limsup E-(m.) < oo. 9)
€l0

We emphasize that (9) is a particular case of (6). On the other hand, in the regime (3),
the situation (6) is a small perturbation of situation (9). Thus, we expect that the limiting
behavior of the family of magnetizations {m.} and of the energies {E-(m.)} in (9) whene | 0
is the same as in the situation (6).



We conjecture that the transition layers are essentially one-dimensional. This conjecture
is supported by the partial results of Section 2 and also by numerical simulations which are
briefly detailed at the end of the same section.

1.2 A related model

The study of the energy E. over divergence-free configurations is rather similar to the Aviles-
Giga model that arises in several physical applications such as smectic liquid crystals, film
blisters or convective pattern formation (see e.g. Aviles and Giga [5], Jin and Kohn [18]). It
consists in associating to a function ¢ € H (w) N H?*(w) the following energy functional:

_ £ 2 1 2\2
AG:(Vy) = 3 [VVy[© + % (1—[Vy[7)~.
Writing m’ := V+4 : w — R?, the constraint V-m’ = 0 is satisfied and we have
N iz, 1 11272
AG:(m') = 3 [Vm/|* + % (1—|m'|%)". (10)

Notice that our functional E. dominates the Aviles-Giga energy AG.; indeed, if m € H"'(w, S*)
satisfies (4) then the inequalities |[Vm/| < |[Vm/| and (1 — |m'|?)? = m3 < m3 yield

AGe(m') < E:(m). (11)

The question of I'—convergence of {AG.}. o was intensively studied. The compactness of
configurations {m_}. o of uniformly bounded energy AG.(m.) < C was proved by Ambrosio,
De Lellis and Mantegazza [3] and DeSimone, Kohn, Miiller and Otto [11]. The limiting con-
figurations mo satisfy (4) & (5). Moreover, De Lellis and Otto [9] proved the H' —rectifiability
of the jump set J of mo (see Theorem 1), even if mgo is in general not BV (see [3]). It is
expected that the I'—limit energy AGo(mo) of the family {AG.(m.)}- 0 concentrates on the
jump set J and has the following form (first stated by Aviles and Giga [5]):

AGo(mo) = é/ mit (z) — my (2)[? dH".
J
In fact, AGo is a lower-bound of {AG:}. o (see Aviles and Giga [6], Jin and Kohn [18]). The
difficulty consists in the upper bound construction for admissible configurations mg: recovery
sequences have been constructed only for BV configurations mg (see Conti and De Lellis [8]
and Poliakovsky [20]).

We emphasize that the difference between the line-energy density associated to jumps
of mp in Ey and AGo comes from the two different anisotropy terms: %m% for E. 3 and
=mj = 5 (1—|m/[?)? for AG, respectively. In particular, the energetic cost of a jump in the
Aviles-Giga model is cubic so that small jumps are less penalized than in our setting where
this cost is expected to be a quadratic function of the size of the jump.

1.3 Entropies

The use of the concept of entropies from scalar conservation laws is suggested by the structure
of the limiting configurations mg satisfying (4) & (5). Indeed, (5) implies that one can write
mo = (cos 0o, sin fy) in terms of the phase 0y so that (4) reads as a conservation law:

01 cos By + Oz 8in Oy = 0.

Then, following De Simone, Kohn, Miiller and Otto [11] and De Lellis and Otto [9], entropies
are introduced as:



Definition 1. (De Lellis and Otto [9]) A smooth compactly supported map & : R* — R? is
called entropy if for every smooth map m' : w — R? we have

(V-m'=0 and |m/[=1) — v-{e(m)} =o0.
In other words, ® is an entropy if the following relation is satisfied on the unit circle:
z-D®(z) 2" = 0, Vze S5, (12)

where D® denotes the matriz (0;®;)1<i j<2 and 2+ := (=22, 21) for z € R

The relation (12) suggests a suitable continuation of the entropy in the whole space R2.
That gives the following definition of a particular class of entropies introduced by DeSimone,
Kohn, Miiller and Otto [11]:

Definition 2. (DeSimone, Kohn, Miiller and Otto [11]) A smooth compactly supported map
® : R? = R? is called DKMO — entropy if

®(0) =0, D®(0) =0 and z-D®(z)-z" =0,Vz e R. (13)

The DK M O—entropies were used in [11] for proving the relative compactness of a family
{m.} with uniformly bounded energy AG.(m.) < Case | 0. The method of DK M O—entropies
may lead to similar compactness results for more general energies with the nonlocal term
fR2 |[h(m/)|? (e.g., see Jabin, Otto and Perthame [17]). More precisely, the following energy
functional is considered

1 1
Feml) = [ elvmif ez [ mltec [P, (14)
w €Jw € JRr2
for vector fields m. € H'(w,R?). As stated in [9], one can adapt the technique of [11] for
proving compactness of a families {m_} satisfying F.(m.) < C as € | 0. The main ingredient
is the inequality:

/ v-{¢<mg>}<] < Co (FmOICloe + & Peml) 2IVC ) s (15)

where Cp > 0 is a positive constant depending on the C**-norm of a DK MO—entropy ® and
¢ is an arbitrary test function.

If my is a limiting configuration of the family {m.} of uniformly bounded energy F.(m.) <
C, then inequality (15) implies that the entropy production V-{®(mq)} is a measure for every
DK MO—entropy ®. De Lellis and Otto [9] characterized this class of vector fields where the
entropy production is a measure for every entropy. Essentially, every limiting configuration
mo shares some structure properties of maps of bounded variation BV (w), in particular it is
possible to give a rigorous definition of the jump set J. (A similar result was independently
obtained by Ambrosio, Kirchheim, Lecumberry and Riviére [4] using the characterization of
mo in terms of its phase 6.)

Theorem 1. (De Lellis and Otto [9])
(I) For every strong L*—limit mo of a family {m.}. o satisfying lim sup, o Fz(m2) < oo,
the distribution

pe = V-{®(mo)} (16)

is a measure of finite total mass for every entropy ®.

(IT) Let A(w) be the set of maps mo : w — R? such that (4) € (5) hold and pa be defined
by (16) is a measure of locally finite total variation for every entropy ®. If mo € A(w), there
exists a set J C w (called jump set) such that

(a) J is H' o—finite and rectifiable;



(b) for H*~ a.e. © & J, mo is of vanishing mean oscillation at x, i.e.,

1
lim—/ mo(y) —][ mo
rio r? By.(x) By.(x)

(c) for H'~ a.e. x € J, there exist the traces mJ (x), my (z) € S* with

1 _
11%1—2{/ lmo(y)—mg(w)ldyﬂL/ Imo(y) — mq (x)ldy} = 0,
rlor B (x) By ()

where BE(z) := {y € B, (z)| £y-v(x) > 0} and v(x) is a unit normal vector on J at x;

dy = 0

(d) for every entropy ®,
pord = [v-(®(mT)—o(m”))]J,
polK = 0 forany K Cw\J with H' (K) < co.

Observe that the limiting configurations in our model satisfy the same properties since the
energy F. 3 dominates F:. Indeed, in the regime (3), we have for € small enough,

F.(m.) < 2E.g(me). (17)

Therefore, the jump set J of mo and the limit energy Eo are well defined in (7).

Another particular class of entropies was used by Jin and Kohn [18] in order to obtain lower
bounds for the Aviles-Giga model. The idea also comes from scalar conservation laws where
the entropy production through shocks is asymptotically cubic in the limit of small jumps.
Therefore, smooth entropies seem to be adapted for the energy AG.. Indeed, let ® : R* — R?
be the following smooth entropy:

@(m') = (ma(l = md) — zmd , mi(1 —m) - zmd), V' € R, (18)
(Notice that @ is not a DK MO—entropy.) Then the entropy production is estimate by the
Aviles-Giga energy density (up to a small perturbation), i.e., for smooth maps m’ : R? — R?
with V-m’ = 0 in R?, one has

V- A{d(m)} = (1 — [m/|*)(@1ma + domi)
o A= m'?)?
- 2e

+%|Vm'|2+sv~( ma2dzm )

—m281m1
Moreover, the entropy production is the limit energy density associated to AGo:

Y -\ _mt—=m7?
{@(m™) —@(m™)} er=——"F "

for every jump configuration mo : R?* — R? defined by

- 0
mo(z) = m+ 1 s with  m® := (M, +ma,0), M1 +ma? = 1. (19)
m ifx1 >0

In our model, the energetic cost of a jump configuration is expected to be quadratic in
the size of the jump. Therefore, smooth entropies are no longer adapted here. The idea is
to use entropies with discontinuous gradients. More precisely, we show that a special class
of Lipschitz continuous entropies can detect the quadratic charges over the singular set of
limiting configurations. It comes via an improvement of inequality (15) where the constant
Cg > 0 will depend only on the Lipschitz norm of a DK MO—entropy ® (see (51)). The main
ingredient consists in the control of total variation ||[mZ||zv by the energy E. s through the
Young inequality:

2
IV (m3)] < el Vms* + =2



2 Main results

We start our analysis with the one-dimensional case associated to our model. It corresponds
to the blow-up problem around a jump point for 1D transition layers. We discuss the optimal
profile of a Bloch wall and we prove I'—convergence of the 1D—energy E. g to the limit energy
Ey.

Then we study the two-dimensional case. First we prove relative compactness of families of
magnetizations of uniformly bounded energy (6). Then we find a lower bound corresponding
to the limit energy Eo (up to a multiplicative constant) for the family of energies { E. g}. Even
if the constant is not the optimal one, this lower bound proves that the energetic cost of jumps
in 2D is quadratic as indicated in the 1D case. The proof is based on the construction of a
DK MO—entropy that has a jump in the gradient.

We also have optimal results for the lower bound FEy. More precisely, we localize the
problem by considering periodic configurations in the x2— direction in the domain w := R X
R/Z with a transition imposed by boundary conditions at x1 = +00. We search for appropriate
maps that are generalizations of the special entropy (18) used by Jin and Kohn [18]. We find
such a map ® that is adapted to Bloch walls of 180°; in other words, the optimal 2D transition
layer for 180° Bloch walls has asymptotically the same energy per unit length as the optimal
one-dimensional structure. We also define suitable maps ® for general wall angles; then the
optimal lower bound is proved for energies F. g(m.) if the configurations m. take values on
a certain spherical cap defined by the wall angle. However, we prove that in general there is
no map P suitable for a wall angle when the configurations m. are allowed to take values into
the whole sphere S2.

2.1 One dimensional analysis

Let us present the I'—convergence result in the one-dimensional case. For that, let 1 € (—1,1)
and > € [0, 1] be such that 1% + M2 = 1. As in (19), we denote by
m* = (ml, +mo, 0)

two possible mesoscopic states of the magnetization across a wall of normal direction ej.
(1 and T2 represent the normal and the tangential component of the mesoscopic transition,
respectively.)

Figure 2: Element of MP

We consider the set of one-dimensional transition layers:

x1—+oo

MY = {meH}oC(R,SQ): lim ml(an):ml}

and the following one-dimensional energy corresponding to E. g per unit length in the tan-
gential direction of the wall:

dm

dxy

2

5 1 1

E;Dm = —/ +—/m2—|——/ m1—m12.
(m) 2/r 2e Jr ’ I¢] R( )

We have the following compactness result that also gives the structure of the limiting one-
dimensional configurations. They are piecewise constant maps with a finite number of jumps
of the same wall angle.




Theorem 2. Consider a family of maps {me}. C M'P such that

limsup B2 (m.) < oo, (20)
€l0
where 3 = ((¢) satisfies (3). Then the family {m:}e o is relatively compact in L*(w). More-
over, any accumulation point mo : R — S is of bounded total variation, takes exactly two
values {m*} and can be written as:

m1
N+1
mo= | (~D""m | 1, e, (21)
n=1 0

where N >0 is an integer, p € {0,1} and —oco =to < t1 < -+ <ty < tn41 = +00.

Notice that the limit configurations remain in M*P. However, in general, boundary con-
straints of type m® at oo are not conserved in the limit; for example, one could imagine a
transition layer whose center moves to co so that the limit map is a constant.

Let us denote by A'P the set of all limiting configurations given by (21). For such a
configuration mo € AP, we define the following one-dimensional energy corresponding to Fo:

E¢P(mo) = %|m+ —m |- ( number of jumps of mo), (22)

where the number N of jumps of mp in (21) corresponds to the number of limiting walls. We
show that Ej” represents the I'—limit of energies EL7:

Theorem 3. Let = [(e) salisfies (3). Then
Egu?g L E3® under the Liy.(R, S?)—topology as € | 0, i.e.,

(i) If {me}e C M'P satisfies (20) and m. o in L, (R, S?), then mo € AP and

lir?l%nf E;% (me) > EyP (mo); (23)

(i1) For every mg € AP | there exist smooth maps {mes}e C M such that me — mo has

compact support in R for all e, m. =L mo in L},.(R,S?) and

h?ol Eal%(mg) = EgP(mo).
€

Obviously, the same I"'—convergence result stands true for the corresponding 1D energy E.
(defined in (8)) over configurations {m.} C M'? of vanishing divergence (when the normal
component of m. is a constant function equal to 71). In the case of in-plane transition layers
(called Néel walls), a similar result was obtained by Ignat [14] where the energetic cost of a
transition is quartic in the size of the jump.

2.2 Compactness

We now turn our attention to the two-dimensional case. First we prove a compactness result
for a family of magnetizations of uniformly bounded energy E. g. It is a generalization of the
compactness result for the Aviles-Giga model.

Theorem 4. Let w C R? be a bounded domain. We consider a family of maps {me}. C
HY(w,S?) such that

limsup E: g(m:) < o0,
€l0

where 3 = B(e) satisfies (3). Then the family {m:}ec o is relatively compact in L*(w). Every
L' —strong limit mo of {m:}j0 satisfies (4) & (5) and belongs to A(w).



The proof of this theorem adapts the technique of [11] where the planar configurations {m_}
were of vanishing divergence. The method is based on the theory of Young measures and the
application of the div-curl lemma of Murat and Tartar (see e.g. [22, 19]) to families {®(m.) A
®(m.)}eio where @, & € C*(R? R?) are two arbitrary DK MO—entropies. Incidentally we
establish an improved version of inequality (15) for Lipschitz DK M O—entropies as well as for
general Lipschitz entropies (see Remark 4.2).

2.3 A lower bound for {E. 3}.o

We show the following lower bound for (6):
Theorem 5. Let w C R? be a bounded open set. Assume that the family of maps {me}cjo C
H'(w, S?) converges to mo in L*(w). If B = B(e) satisfies (3), then

Eo(mo) < C’lilrnl%)nfEs,ﬂ(mE)7

for some universal constant C > 1.

Actually, we prove the result for the non-optimal constant C' = 2v/4 + w2. The proof is
based on the construction of a Lipschitz DK M O—entropy ®¢ that is adapted to the quadratic
cost of a jump, i.e., the entropy production through a jump configuration mo : R> — R?
defined by (19) is given by the expected limit density of energy Eo:

V- {@0(mo)} = %|m3’ CmiPH e =0} in D'(RP).

Even if we do not obtain the optimal constant C' = 1 in Theorem 5, the role of this result is to
show that the energetic cost of the jumps of limiting configurations has a quadratic behavior
in our model (as indicated by the one-dimensional analysis).

2.4 Partial results for the optimal lower bound

We prove the optimal limit behavior of the family of energies {E: g(m.)} in some particular
cases. More precisely, we focus on the periodic situation

w=RxR/Z

and we consider periodic magnetizations which are periodic in the tangential direction to the
wall with transitions imposed by the limit condition at infinity:

AToo

M = {m c Hlloc(w,SQ) : ’I’VL()\7 ) — m™ in Llloc(w)}v

where m® is the map defined by m®(z1,z2) := m™* for £z; > 0 with m* given by (19).}
The associated two-dimensional stray field A(m’) is considered to be x2—periodic and the stray
field energy per-unit length in x2—direction is given by:

/ ()2 = 9 -1 (24)

Here, we will always use the periodic stray field energy (24) as the last term in the energy
E. 3:

€ 1
E. 3(m)= 5/ |Vm|? da + 2—6/ m3 da:—i—%/ |h(m)|? da.

In order to show that the optimal constant for the lower bound in Theorem 5 is C' = 1,
one should prove in the periodic case that for any family {m.} C M, we have

L —moP = 2m? < limint B y(m.) (25)

IThis limit condition is more general than asking hn:li: m(z1,-) =mT in L2(R/Z).
x1—+oo

10



in the regime (3).

We introduce a class of maps ® that are a generalization of the entropies (18) used by Jin
and Kohn [18] for the Aviles-Giga model. More precisely, we define the Lipschitz continuous
maps ® = (¢,v) € Lip(5%, R?) and o € Lip(S?) such that

p(m") —p(m™) = [@(m") —e(m")]-e1 = %lm+—m_2 (26)

and for every smooth m € C*(w, S?), the following inequality holds:

1
VAd(m)} +a(m)V-m' < %|Vm|2 + 2—€m§ +V -{ac(m)Vm} ae inw, (27)

where £ > 0 is a small parameter and for every z € S?, a.(z) € L((T»S?)?,R?) is a linear
operator of two variables in the tangent plane TS?%. In the language of differential geometry,
x +— ac(x) is a section of the vector bundle

B:={(z,a) : z€ 5 acL(T:5%) R}

based on S? with fiber £L(R* R?). Using the natural differential structure, B is locally dif-
feomorphic to R? x £(R*,R?). With the induced topology, we will always assume that the
section x +— a.(x) is Lipschitz (in order that (27) makes sense). Moreover, the inequality (27)
holds true for every point & € w such that m(z) is a Lebesgue point of D® and Da..

This class of generalized maps ® are in fact Lipschitz entropies. Indeed, the following
Proposition describes the link between (12) and inequality (27).

Proposition 1. Let ® € Lip(S?,R?), a € Lip(S?) and a- be a Lipschitz section of B such
that (27) holds for every m € C°°(w,S?). Then (12) holds in the sense that

z-D®(z)-2z" = 0, for almost every z € S*. (28)

(Notice that since ® is Lipschitz the tangential derivative D®(z) - z* exists for a.e. z € S* =
St x {0}.)

Conversely, let ® € C°°(S% R?) satisfying (12) and Opms® = 0 on S' (mz—symmetric
entropies ®(m',ms) = ®(m’, —ms) do satisfy this condition). Then there exist ¢ > 0 and
a € C*(5?%) such that ¢® satisfies (27) with a- = 0 for every m € C°°(w, S?) and every € > 0.

Therefore we are still looking for maps ® in the class of entropies as in the previous section.
The main difference is that here we want an estimate of [V -{®(m)} by the energy (with the
optimal multiplicative constant C' = 1) and allowing a perturbation V - {a.(m)Vm} in the
RHS of (27).

The existence of a triplet (& = (p,%),a) satisfying (27) would solve (25). Indeed, let
m € M. First, notice that

[ atmv-m

Then integrating (27) on w and taking into account the boundary conditions (26), we would
deduce (25) in the regime (3) (see details in the proof of Proposition 2). This justifies the
following definition:

Definition 3. For 0 < ma < 1 and 1 = /1 —m22, let m™ be given by (19). We will say
that a triplet (® = (p,v), @) € Lip(S?, R?) x Lip(S?) is adapted to the jump (m™,m™) if (26)
holds and there exists eo > 0 such that for every 0 < € < g9 one can construct a Lipschitz
section ac of B for which (27) holds for every map m € C°°(w, S?).

, Qﬂ 1/2
<V 0 s o I¥lamla o < I9alle () Byt

For the 180° Bloch wall (i.e., the biggest possible jump), we have a positive answer.

Proposition 2. There exists a smooth triplet (® = (p,%), ) adapted to the jump (—e2,e2).
Consequently, (25) holds for m2 = 1.

11



For smaller jumps, we only have a partial result. For 0 < m2 < 1, we define the spherical
cap

Smg = {m652 Doma Zmlzvl—mf}
and the set of magnetizations taking values in this cap:
Mm, = {meM : m(x)€ Sm, for ae. z€w}.

We show that one can find a triplet (& = (,1)), @) that is adapted to a jump (m~,m™") if we
restrict to configurations of Mm,.

Proposition 3. For every 0 < T2 < 1 and every € > 0, there exists Py, = (Prmy, Umn) €
C™(Smy, R?), amy € C(Sm,) and a smooth section a. of B such that (26) and (27) hold
for every m € C°°(w, Sm,). Consequently if {m<} C Mm,, then (25) stands true.

In the proofs of Propositions 1, 2 and 3 below, we exhibit adapted triplets (¢, 1, ). The
construction of an adapted triplet is derived by some necessary conditions. Indeed, in the
following lemma we state that condition (27) yields some necessary pointwise bounds for an
admissible triplet.

Lemma 1. Let e > 0, (® = (p,v),a) € Lip(S*,R?) x Lip(S?) and a- be a Lipschitz section
of B satisfying (27) for every map m € C°°(w, S?). Then for almost every m € S?, we have

[Vo(m) + a(m)llyel| < |ms|, (29)
Vi (m) + a(m)llmez| < |ms, (30)

where I1,,, denotes the orthogonal projection on Ty, S?, for m € S2.

Despite Propositions 2 & 3, we will prove that for small jumps, inequalities (29) & (30) are
not compatible with condition (26). Consequently, there is no triplet (® = (¢,%), @) adapted
to a fixed jump for general configurations (when the magnetizations cover the entire sphere
S?):

Theorem 6. There exists n > 0 such that for 0 < ma < n, there is no triplet (P = (p,¥), a)
adapted to the jump (m~,m™).

However, we strongly believe that the optimal constant in Theorem 5 is indeed C' = 1,
in particular (25) holds for every wall angle. We have performed numerical simulations in
the periodic two-dimensional context indicating that the microscopic transition layers are one-
dimensional.

Let us briefly describe the numerical method we have used. Let 6 € (0,27) be a wall
angle and let m* = (M1, £7M2,0) with 72, = cos /2, Tz = sin0/2. We want to observe the
transition between the left and right mesoscopic states m~ and m™ (the transition must be
in the direction v = e; since the divergence free condition on the limit magnetization implies
(m* —m™)-v = 0). For this, we set w := R x R/Z and we minimize the energy (8) for
m € H}.(w,S?) satisfying the constraint V- m’ = 0 in D'(w) and the boundary conditions
m(x1,-) = m™ for 1 > 1. After rescaling we are led to minimize the energy

1 1
3] o[

We

where we := R x R/e"'Z. The rescaled magnetizations must satisfy m € H},.(we, S?),
V.-m' =0in D'(w.) and m(z1,-) = m* for 2, > e L.
Next for numerical purpose, we relax the constraint on V - m’ and replace it by a penalizing

term; leading to the functional

1 1 A
J(m) = 5/ |Vm|2+5/ m§+§/ |V -m'|?,

€
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for some large parameter A\ > 1. Then this energy is discretized by standard Finite Difference
approximation. Finally, the discretized energy is optimized by applying the method of [1] to
our functional.

We have performed several numerical simulations for various values of § and . We always
observe purely one-dimensional transition layers m" = m"(z1) which are close (for small
e and large )\) to the exact transition layer computed in Section 3 (namely m'P(z;) =
(ﬁl,ﬁg tanh z1, M2 (sinh xl)_l)). An example of these computations is given Figure 3.

Figure 3: 1D profile of the numerical minimizer for § = 7/6, ¢ = 1072, A\ = 10%. The step of

the two dimensional grid is h,, = hg, = 5-1072. We have ||m" — m'P|| o ~ 9.4 -107° and
Im" (21, @2) — m" (1, %2) L . ~1.6-10710.

The paper is organized as follows. In Section 3, we solve the I'—convergence problem in
the one-dimensional case. In Section 4 we prove the compactness result stated in Theorem 4.
In Section 5, we prove a lower bound of the energy E. s in the two-dimensional case that is
given in Theorem 5. Proposition 1, Propositions 2 and 3, Lemma 1 and Theorem 6 are proved
in Sections 6.1— 6.4, respectively.

3 [I'—convergence in the one-dimensional case

We start with some remarks about the one-dimensional case. Let m = m(z1) € M'P where
21 is the normal direction to the wall. Then the stray field h only depends on the x;—axis
and satisfies the equations:

dhy dma d dhsa -

= an _ =
da:1

d_xl — d];l 0 m R

The unique solution of this system vanishing as |z1| — oo is given by
h= (ml — ml,O).

That explains the form of the stray field energy in E;% (m).

13



Suppose that m € M'P is a configuration of finite energy, i.e., E;%(m) < o00. Then
mi — M1, ms € Hl(R). Therefore, m; and ms are continuous functions with the following
behavior at infinity:

lim mi =™ and lim ms = 0.

|z1|—00 |x1|—00

(R) and since m takes values in S?, we

have

lim |m2|: mo = \/1—%12.

|@1]—o0

Now we prove that the limiting 1D configurations correspond to a finite number of Bloch
walls of the same angle that are transversal to the x;-axis:

Proof of Theorem 2. Let m € M'P with E;%(m) < 0o. We start with some estimates on m
needed for the compactness result. Let us denote

u=4/1-—m?

Then u is a continuous nonnegative function and the set {u > 0} is a countable union of
disjoint open intervals. If I C {u > 0} is an interval, then

%(m2,m3) € CO(I, Sl)

Hence, there exists a continuous phase # € C°(I,R) such that

mo2 =ucosf and mz=wusinf in [ (31)
and one computes that
dmz|* | |dms|® | du | o | .
— — .e. 1. 2
‘ dxl ’ dxl dxl da:1 .. m (3 )

On the set where u vanishes, one can set § = 0 in {u = 0}. Then (31) and (32) stand true
a.e. in R. Indeed, since m,u € H}.(R) and {u = 0} = {ma = 0} N {ms = 0}, it follows that

dmy — dmg _ du _ () ge. in {u = 0}. Therefore, we have

dxq dxq dxq
dm|®> 1 |du|? o |?
— == |— _— .e. i R.
dﬂ,’l dwl dﬂ,’l e
By Young inequality, we have the following estimates on m:
[ m—m) < BB m), (33)
R
[ < Ve . = + = [ om—m)* < 2/ ZEthm)
R N dxy VBe Jr' Y= g o
/ m3 < 2B (m), (34)
dms|” 1
ms3 2 1D
< — < 2F .
/‘ dﬂ,’l - &‘/R dz, g/ng - S’B(m)

Using the inequality %2 ‘u — WQ‘ < |m1 — 1|, we also obtain via Young’s inequality that

m [ [ m?) | ﬁ/}{m—mlf < /2 E30m). 9

2 dcos6 E/ 2 1/ 2 1D
< £ — < Bl . 36
[t < 5[] g [t < B (36)

dﬂ,’l

d9
dwl

14



Let {me = (me,1,Me,2,Me3)ye € M'P be such that (20) holds. By (3), (33) and (34), it
follows that
Mmey —m1 —0 and mez —0 in  L*(R). (37)

Since |m.| = 1, we have
|me2| — M2 in LIIOC(R).

If M2 = 0, i.e. 21 = %1, then we conclude that me 2 — 0 in Lj,.(R), that means
me — (M1,0,0) in  Lj,.(R).

Otherwise, 72 > 0 and it remains to prove that {me2}c|o is relatively compact in L},.(R).
Using notations (31), it results that

e = /1 —=m2; -z and |cosf:|—1 in Li,.(R). (38)

Since lim|,, | oo Ue = T2, combining (3), (20) and (35), we obtain

da:1

e (1) > Mo — |ue(wr) — M| =2 — (/”1 M)m

—oo

\Y
3|

9 4 1/2
o <W_2(§)1/2E§g(ma)) =m2 +0(1), V1 € R.

Then (36) leads to

dcos 0.
dwl ’

Since 2 > 0, (20) implies that {cos < }-<c, has uniformly bounded variation in R. Combining
with (38), we deduce that any limit function of {cos 0. }.|0 in Lj,. is of bounded variation and
takes the values +1. Therefore, {mc> = u.cosf.} is relatively compact in L},. and any
accumulation point in L},. has the form

Eif3(me) > / (39)

. (m2” + o(1)) ‘

N+1

Z (_1)n+pm21(tn71atn)7

n=1
where N > 0 is an integer, p € {0,1} and —co =t < t1 < -+ < t§ < tn41 = +00. The
constraint that m. o has the limits +m2 at +oo for every € is not conserved in general in the
limit € | 0. Therefore, N can vanish as well as p can take both values 0 or 1. ]

We prove the first assertion in Theorem 3 for the lower bound of the energy ESI%:

Proof of (i) in Theorem 3. By Theorem 2, we know that mg € AP i.e.,

mi
mi N+1
mo= | ma | =30 | (D | L,
0 n=1 0

where N > 0 is an integer, p € {0,1} and —co = tp < t1 < -+ < tn < tn41 = +00. Notice
that if 722 = 0 or N = 0, then E{”(mo) = 0 and inequality (23) is trivial. Therefore, we
assume that N > 1 and m2 > 0. Since m. — mo in L;,., using notations (31), we deduce

ma

Me,2 — Ma, Us = 1-— mg 1 — M2 and cosf. — — in Llloc(R)~
\ , e
Therefore,
L ing / dcos 0. > _L / dms
<o Jr| dxa m2 Jgr | dz1

15
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Together with (39), the conclusion follows:

dcos 0.

+ -2
> ONTi,> :NM
dwl

- 2

liminf B3 (m.) > liminf/ (2” —|—0(1))‘
|0 |0 R

Before showing the second issue (7i) in Theorem 3, let us now discuss about the optimal
profile of a transition layer, the so called Bloch wall. It corresponds to the minimizer m. of
Eleﬂ over the configurations of M'” that are of vanishing divergence, i.e.,

1D o . 1D
E;5(me) = mg}c{r{D E;5(m). (40)
m1=my

In this case, if m € M'P and mi = 71, there exists 0 € H} (R) (the transition angle) such
that
m(t) = (1, M2 cos O(t), M2 sin 0(t)), (41)

with limy_ 4o cos@(t) = £1. Then (40) turns into the following Cahn-Hilliard type problem:

€ 1
E;D me) =m 2 min —/ + —/ sin?6 . 42
B(me) =12 s 3 ) % ) (42)

loc
cos O(t)—=£1,t—+oo

One can solve the Euler-Lagrange equation corresponding to m. in terms of its transition

angle 0: which is the Cauchy problem associated to the first order ODE:

2

do
dt

ddia = ésin@s, with cos6.(t) — +1, t — Foo.

It follows that the unique one-dimensional transition layer between m™ centered in the origin
is given by (41) with the transition angle:

0-(t) = 2arctane /<. (43)
We denote by v the following smooth increasing odd function:

v(t) = cos 01 (t) = tanh(t), vt € R. (44)
Then one can check that

B8 m.) = 2 {/R ﬁ +/R(1 _qﬁ)} — om,?. (45)

Now we construct recovery families for every limiting configuration:

dv
dt

Proof of (ii) in Theorem 3. Let mo € AP, ie.,

mi
N+1
mo = Z (_1)n+pm2 1(tn71atn)7
n=1 0

where N > 0 is an integer, p € {0,1} and —co = t9 < t1 < -+ < tny < tn41 = +00. We
want to construct smooth transition layers m. such that m. — mo has compact support in R,
me — mo in L},.(R, S?) and

limlsoup E!5(m.) < By (mo). (46)
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In the case where T2 = 0 or N = 0, i.e., my is a constant map, then E{” (mo) = Eleﬂ (mo) =0
and hence, we may consider the recovery family m. := mq for every ¢ > 0.
Otherwise, N > 1 and M2 > 0. Let

5

1 min {|tn — tn-1],1} if N> 2,
2<n<N
1 if N =1.

We approximate the Bloch wall profile (71,72 cos 0., T2 sin 0.) with 6. given in (43) by a
localized transition layer around the origin on the interval [—+,y]. More precisely, we consider
the following transition layer

- _ 2
me = (M1, Mavs, Mow:) : R — S

where

2y Tt .
ve(t) = v <7T—Etan <%>> ift € [~y,11, and  w. = /1 -2,
+1

if £t> 4

and v is defined by (44). Then v, is an increasing continuous odd function in R. Using the

change of variable s = 2 tan (%) and the fact that 1 —v?(s) = = %(5)|2 = m, we
compute:
Mo’ v dve |? T (1-2)
EB(m) = T2 / =15 at / 2
(M) 2 ) T—ez | a )T

dv
ds

E]

B 2 “+o0 1
2 e =2
. Wf / 1
o 2 r 1—?

We adapt the transition layer m. for the walls of the limit magnetization mg. For every
€ > 0, we consider the following C*(R, S?)—maps

’ (1 + (%)252) ds + /;oo(l - v%ﬁ}

2~
dv
ds

S /11(1—02)}+o(1) @ oma? +o(1). (47)

me(t) =, (—1)" 7 v (t—ta), Tzwe (t—ta) if ¢ € (2T Ity oy,
Then m. — mo has compact support in (t; — 1,¢x + 1) and
me —mo—0 in Ll(R) as e | 0.
Moreover,
EB(m.) = NEX () ‘© 2aNma? 4 o(1).
]

4 Compactness

In this section we prove Theorem 4. Our proof is based on the compensated compactness
method described in [11] where entropies are used jointly with the theory of Young measures
and the div-curl lemma of Murat and Tartar. In order to use this program, it is sufficient to
prove that for every DK M O—entropy @,

{V-{®(m)}}10 is relatively compact in H '(w). (48)

Let us first recall the following property of DK M O—entropies:

17



Lemma 2. (DeSimone, Kohn, Miller and Otto [11]) For every DK MO—entropy ®, there
exist ¥ € C5°(R?,R?) and = € C§°(R? R) such that

D®(z) = —2U(2)®z+ZE(2)Id for every z € R%. (49)
Consequently, for every m’ € H'(w,R?), we have
V-{em")} = w@m) -v(1- |m/|?) + E(m)V -m'  ae in w. (50)

An important ingredient for (48) is the following estimate:

Lemma 3. Let m € H'(w,S%), ¢ € Hj N L (w) and ® be a DKMO—-entropy. With the
notations in Lemma 2, we have

/V{@(m’)}c\ < Wl [ 190 =PI (51)

1/2
8
+Ca (;Ea,ﬁ(m>> (Bes(m)?Iicloo + I 9¢l L2 ) +

where Co = V2max{||=||cc, || VE|oo }-

Remark 4.1. The inequality (51) is an improvement of the estimate (15). In the regime (3),
one can get (15) from (51) by observing that:

[19a =i < e [ [96I< el [ (ATmof + k) < 2¢l e om)
(52)

The advantage of (51) consists in having the leading order term only dependent on the L°°-
norm of W (controlled by the Lipschitz norm of the entropy ®) whereas in (15) the constant
Co depends on the CY'-norm of ®. For this reason, if ®o is a Lipschitz continuous map
satisfying (13) and if mo is a strong limit of {mc} satisfying limsup, |, Ee g(me) < 0o in the
regime (3), then ps, defined by (16) is a measure of finite total mass. The choice of a suitable
Lipschitz entropy ®o and the inequality (51) are essential in the proof of Theorem 5.

Remark 4.2. Notice that (51) (as well as (15)) are not restricted to DK MO—entropies.
Indeed if  is an entropy and p € C5°((0,00)) is a cut-off function such that p(1) =1 then ®
defined by

/

d(m') = p(|m/|)¢>(|2—/|) for every m’ € R*\ {0}

is a DK MO—entropy and thus satisfies (51). Now the difference ® := ®—& satisfies |d(m’)| <
C|1 — |m/||; then integrating by parts, the Cauchy-Schwarz inequality leads to

/ v{é(m’)}c\ < CePEep(m)?|IVC 2wy,  Yme H'(w,57), V¢ Hy(w).

Thus ® satisfies (51).

Proof of Lemma 3. Using the duality < -, - > H-1(w), H () (50) yields

/ Vm’E(m’)c\

[ v (@enyd < [ 196 - +

< II\PIIoo/ IV = P+ IV - N1 ) IVIEm )]l 2 )

< (19| / V(1 — ' )IC)
F IV - 1) g1 2y (e IVC 220y + 1V oo Il e 1V 22
and (51) follows. L]
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We then prove that {V - [®(m)]} is relatively compact in H ™ '(w) whenever ® is a
DK MO—entropy ®:

Proof of (48). Tt is sufficient to show that for every family of test functions {¢.} C H(w)
such that ¢ — 0 in H§(w), we have

/V~{¢>(m;)}§s =0, (53)

Let {(.} be such a family of test functions. For § > 0, we define the truncated functions (as
in [11]):

—5, if (@) < -6,

CGx) =< @) if [¢(a)] <, and (2 :=¢ -l

(
1) it (o(x) >0,

Using this decomposition of (. and integrating by parts, we compute

9@} ¢ [ oy -ve)+ | [ v qomy ¢l

For the first term of the RHS of (54), the Cauchy-Schwarz inequality yields that

1/2 1/2
d(ml) V| < i < vﬁ) d(ml)) |2 =0, (55
[ amd-ve| < tmsu ([ ve (/{M}H <m>}|> (55)

since {V¢} is bounded in L?(w), ¢ — 0 in L*(w) and {||®(m.)||cc }c10 is uniformly bounded.
For the second term of the RHS of (54), we apply (51) and (52) in the regime (3):

<

(54)

lim sup
€l0

|| (50),(52)
hmsup /V {@(ml)} ¢l < limsup 26||V|w E: g(me)
el0
1/2
. s /2 | _1/2
+limsup Co  ZE: (m) (5E5,5(m) te ||v<E|\L2M) e (56)
€l0

Finally, since § > 0 is arbitrary, (54), (55) and (56) yield (53) which implies (48). L]

Now we complete the proof of Theorem 4:

Proof of Theorem 4. First of all, for configurations {me = (me1,me2,Mme3) : w — S} of
uniformly bounded energy E. g(m.) < C, their vertical components vanish asymptotically,
i.e., me3 — 0in L?(w). Then (48) and the compensated compactness program presented in
[11] enables us to prove that {m.} is relatively compact in L'(w). Obviously, every strong
limit mq satisfies (4) & (5). It remains to prove that the limit mo belongs to A(w). For
every fixed DK MO—entropy @, using (51) and (52) for ® and m. and passing to the limit
as € — 0 we obtain that pe is a measure. For a general smooth entropy ®, we associate a
DK MO—entropy ® to ® as in Remark 4.2; since ®(mo) = ®(mo) for |mo| = 1, we conclude
that pue = pg is a measure, i.e., mo € A(w). m

Remark 4.3. The use of entropies seems to be appropriate for proving compactness of mag-
netizations in asymptotic regimes of thick thin-films micromagnetics. However, for ultrathin-
films, other techniques based on the topology of the flow of magnetization are to be used (see
Ignat & Otto [15, 16]).

19



5 A lower bound

The aim of this section is to prove a lower bound for the energy E. g. The idea is to define a
Lipschitz continuous entropy that is appropriate for the expected quadratic cost of a jump.

5.1 The ?DKMO—entropy” ®,

We introduce a map ®; : R?> — R? that plays the role of a DKMO—entropy and is well
suited to catch the square of the size of a jump of a limiting configuration. More precisely, we
ask for @ to be (only) a Lipschitz continuous map satisfying (13) a.e. in R? and to satisfy

1 _
V- {®o(mo)} = 2sin® 0 H'L{z1 = 0} = §|mg —my PH'{z1 =0} in D'(R?), (57)
for every jump configuration mo : R? — S' of the form
mo(z1,x2) = mE = (cosf, £sinf) if +x; >0, 0 € (0,m).
The first ansatz is to search ®¢ of the following form in polar coordinates:
2 (T7 0) = T29(0)7

where ¢ = (g1,g2) : R — R? is Lipschitz continuous and 27-periodic. With these assump-
tions, (13) turns into

cos 0 dpg1 +sin @ dpgz =0  for ae. 6 € [—m, 7], (58)

while (57) gives
g1(0) — g1(—0) = 2sin’ 0, VO € (0, 7).
The second ansatz is to consider g1 as an odd function (i.e., g1(0) = —gi1(—0) for 6 € (0,)).
We find
g1(6) = sign(#) sin> 6.

The condition (58) suggests that g2 is even (i.e., g2(0) = g2(—0) for 6 € (0,7)) and 9gg2 =
—2cos? @ for § € (0, 7). Since g2 needs to be continuous and periodic, we choose

g2(0) = g — sign(6) <9 + Singw)).

(The constant 7/2 is chosen in order to minimize ||Uo||r~ where Wy is associated to @y via
(49), see below.) That justifies the following choice of our ” DKM O—entropy”: for r > 0 and
- <0 <, we set

sign () sin” 0

T sign(0) <0+ Smf‘”) : (59)

In fact ®¢ is not a proper DK MO—entropy since it is not compactly supported and only
Lipschitz continuous. But the identity (13) holds for a.e. z € R? and in D'(R?). We compute

Ddy(z) = %@o(z) ®z— %sign(ﬁ) cosfzt @zt

2
That yields the decomposition
D®o(z) = —2¥o(2)®z+ =Z0(2)Id,

where Wy and =y are given in the following: for z = re’’, r > 0, -7 < 0 < T,
Wo(z) = <— sign(0), —g—i— |0|> , Eo(z) = —2sign(0)rcoso.

Moreover, the following equality holds in L'(w) for m’ € H'(w,R?):
V- A{®o(m)} = Wo(m) V(1 —|m/[*) +Zo(m )V -m'. (60)
We also have ||Po|lre = /1 + 72/4.

20



5.2 Smooth approximation of &,

We can not apply (51) to ®o because of its lack of regularity (recall that (51) is valid only
for C*'! —entropies while ®; € C%!). To overcome this difficulty we introduce smooth and
compactly supported approximations of ®q. First, let {¢s};cs1 be the family of elementary
DK MO—entropies (see [11]):

_ |z|2f for z- f >0,
¢1(2) = { 0 for z- f <0.

The maps ¢ are not entropies since there are not continuous, but the formula
o) = xlel) [ Do (61)

defines a DK MO—entropy for any smooth weight w : S' — R and any smooth cut-off
function y.
Notice that ®¢ (defined in (59)) may be obtained by (61) with x = 1 and the BV -weight:

0y ) sin(9) if —
wo(e”) = {—sin(@) if

™
<3

<0
6 < 3.

SIE]
IA [SIE]

0

This formula comes as follows: taking z = re® and differentiating (61) with respect to @ (for

X = 1), one gets
1 . . g . g
T—Qagﬁbo = <wo(ze 9) + wo(—ie 8))26 g

Then choosing wo to be m—periodic (i.e., wo(e?) = wo(—e') for § € (—m, 7)), we deduce the
above formula for wo via definition (59).

Here the behavior of the DK MO—entropy ®(m) does not count for |m| > 2 since our
families of maps {m.} satisfy |m.| < 1. Therefore, in the sequel, we fix a cut-off function
x € C§°(R,R+) such that x(r) = 1 for |r| < 2. By mollifying the weight wo, we can obtain
smooth approximations of ®y in the disk B2(0) C R?. More precisely, let p € C5°(R,R+) be
a mollifier with support in (—, ) satisfying [ p = 1. For 1 > n > 0, identifying R? with the
complex plane C, we set

pn(2) :==n""p(0/n), for z=e“eS', —m<b<n

and
wi) = [ /o)

Applying (61) with the weight w,, we define a smooth DK MO—entropy ®,,. Since wp is a
BV -function, there exists a positive constant C' > 0 only depending on p, such that

[®7 = PollLe(Br0) < Cn. (62)
The decomposition of D®,, is given by
D®,(z) = =2U,(2)®z+=,(2)ld for |z] < 2 (63)

with

) = [ Wlememdy amd 2,6 = [ ZoG/mmw .
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5.3 Local results

We prove local lower bounds for the limiting energy density. Let {m:}cj0 be a family
of uniformly bounded energy and assume that me. — mo in L'(w). With the notations of
Theorem 1, we set (z,,» the following cut-off function around a jump point x¢ € J of my:

1 1 |z — 0| ¢ | |
Coon (@) = o . i T — xo| <1,
0 if | — zo| >,

for any r > 0 such that d(zo,0w) > r. Let Ry, be the rotation in the plane such that
Rzy,e1 = v(xo). We consider the following quantity:

wla) = [ {Reg@o(Re mo()} - Voo () do

The quantity g-(xo) is relevant for the concentration of the flow V - ®g(mg) around the jump
point o of mo and provides information about the limiting energy density in the disk By (xo).
More precisely, we have:

Lemma 4. For every xo € J and for every r < d(xo,0w), we have

(@) < Climinf / V(L — L),
rel0 JB,(zg)

where C' > 0 is some universal positive constant (C' = /1 + w2/4).

Proof. Let xzo € J. Up to a rotation, we may assume that e; = v(xo) (and then R, = Id).
By our assumption, m. — myg in Ll(w). Let n > 0. By the dominated convergence theorem,
we have

/q’n(mO(w))'VCzo,r(l‘) = lim [ ®y(m(2)) - Viagr(@)- (64)

el0 w

Now, we use (51) to get

[ B0 T )

< Wl / V(L = [l )] Coo o]

w

ﬁ 1/2
+Coy (2B pm0))  (Be(m) 26l + 219601

where Co, = v2max{||Z;|oc, || VEy]le }. Letting € | 0, the second term in the RHS asymp-
totically vanishes. By (64), inequality ||[¥,|lcc < [|Polloc < C = /14 w2/4, identity
ICeo,lloc = 7~ and supp Cuy,r C Br(20), we are led to

C
< —liminf V(1 — |m.]?)].
r elo Br,«(Io)

[ Balmo(a)) - Vs (2 da
Finally, letting n | 0, the conclusion follows by the dominated convergence theorem. =

We then check that the normal component of mo does not jump through .J for H'-a.e.
xo € J.

Lemma 5. With the notations of Theorem 1, we have

ma (zo) - v(zo) = mg (wo) - v(xo) for H' —a.e. zo € J.
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Proof. Let w9 € J be such that point (¢) of Theorem 1 holds. Up to a rotation, we may
assume that e; = v(x). Since V - mg = 0, we have for every d(zo, Ow) > r > 0:

0 = / mo - v<zo,r - / mo - VCIO’T +/ mo - VCIOW' (65)
w B (z0) By (z0)

Writing mo () = mg (x0) + (mo(x) — mg (x0)), we compute

mo - Vgg,r = m+xo /
/Bmo) . S [

"

Voot [ (mo—m (30)) - Vieo.r
(z0) B (x0)
A direct computation shows that
/ Vay,r = —V(20). (66)
B (z0)

Since |VCa,,r| <772, we get by point (c) of Theorem 1:

710

/ (mo — m (20)) - Viepr = o<r2 / |m0_mg(m)|> o o,
B (z0) B (20)

Thus
lim mo - Vieg,r = —mg (w0) - v(wo)-
™0 B (20)
Similarly,
lim mo - Viagr = mg (o) V(o)
"0 J By (x0)
and the conclusion follows from (65). [

Finally, we study the limit of g-(xo) as r | 0.

Lemma 6. For H'-a.e. xo € J, we have

(a) lgr(zo)| < [[PollLoo(s1), for 0 <r <d(wo,0w);

®)  limla(eo)] = gl (@) —mg (o)

Proof. The point (a) is a consequence of the definition of ¢.(20) since [mo| = 1, |V(zg,r| < 772
and supp Cazg,r C Br(z0).

To prove (b), we proceed as in Lemma 5. Up to a rotation, we may assume that v(zo) = e1
and that point (¢) of Theorem 1 holds for zo € J. We write

“aen) = [ Gulma@) Veor@ et [ e0lmo@) T, (67

r (zo0)

2

for 0 < r < d(xo,0w). Since ®¢ is Lipschitz and ||V{zg,r|lec < 777, we have

: r)axr = om3x0~ zo,r (L) Ax
L Bolmole) Voo e = otmi o) [ Veeurlaa

B (20)

+ O <r_2 /;+( )|m0 —ma_(l‘()”) .
r (To
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Letting r | 0, Theorem 1 (c) and (66) lead to:

lim o (mo(x)) - Viug,r(x) dz = —Do(mg (x0)) - ex.

710 J B} (20)

From Theorem 1 and Lemma 5, we may assume that md (zo) = (cos,sin6) and mg (z0) =
(cos @, —sin 0) for some 0 € [—m,m). We then have

lim Do (mo(z)) - VCag,r(x) dx @ sign(6)|sin 6>
0B} (z0)
Similarly,
hﬁ)l Bo(mo(x)) - Vieg.r(x) dz = Bo(mg (z0)) - €1 = — sign()|sin 0]°.
"I By (20)
Letting r — 0 in (67), we get
1 _
limgr(zo)] = 2| sin 6] = §|m3r(1’0) — mg (wo)|*.

5.4 End of the proof of Theorem 5

Since J is H' o—finite and rectifiable, there exists an increasing sequence of graphs {2 bren
such that X is a finite union of disjoint embedded C' curves (of finite length) and J C
UpXk U P for some H'-negligible set P. Theorem 5 is then the consequence of the monotone
convergence theorem, inequality (52) and the following result:

Proposition 4. Let & CC w be a finite union of closed disjoint embedded C*-curves (of finite
length). Then we have

%/|m§ —mg PdH'L(JNY) < C’liml%nf/ V(1 - |m.]?)],
for some universal constant C >0 (C' =4+ 72).

Proof. Using Lemma 6 and the dominated convergence theorem, we have

1
—/|m3’(xo)—mo_(xo)|2dH1L(JﬂE)(xo) — Gm [ |g(z0)] do.
2 10 Jsng

Then Lemma 4 yields
1 _
5 [ i (wo)=mi o) Par' (0 ) ao)
< V1+72/4 hﬁ)l liml%)nfrfl/ / V(1 = |m.(2)|*)| dz dH" (z0).
" € 2 J By (=)

Since ¥ is a finite union of disjoint embedded C* curves, for every § > 0 there exists ro =
ro(d) > 0 such that for 0 < r < ro, we have for every z € X,
H' (B-(z)NE) < 2(148)r

Thus, from Fubini’s Theorem, we have for every r < min{ro (), d(X, 0w)},

1 _
5 [ I (@) = mg (@) P (7 012) o)
<(+oVitm liminf/ V(1 — [m(2)[?)| da.
el0 JsiB,(0)
The conclusion follows by letting ¢ | 0. [
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6 Is the entropy method efficient for the optimal con-
stant problem 7

In this section, we focus on the issue of finding the optimal constant. For simplicity we work
in the periodic domain w = R x R/Z and we fix the limit magnetization at 1 = +oo. We
believe that the optimal constant is the same as in the one-dimensional case although we are
only able to prove partial results in this direction. These results are obtained through the
construction of maps ® such that inequality (27) hold. As stated in Propostion 1, such maps
are in fact entropies. This proposition is proved in subsection 6.1 and the partial results in
subsection 6.2. In the last subsections we establish that the entropy method can not lead to
the general result. The question of the optimal constant is still open.

6.1 Proof of Proposition 1

Assume that ® € Lip(S?, R?) satisfies (27) for every m € C*(w,S?). We will prove that
P satisﬁes_(QS). Let z € S'. There exists an open ball B C w centered at 0 and a map
m' € C*°(B, S") such that

m'(0) = z, Dm/(0) = (8;m))(0) = 2" @z and V-m' =0 on B.

For example, m’ may be the vortex map centered at z*- defined on B = B(0, |z|/2) by

Next for every A € R, |A| > 1, there exists a map my € C*(w, S?) such that my(z) = m/(z/\)
for  in some small neighborhood w) of 0. Applying (27) to my at z = 0 yields

1
V- {®(my)} < §|v7m|2 +omis + Y {ac(m) Vi) ae ek (69)

Now assume that z is a Lebesgue point of the tangential derivatives z — D®(z) - 2zt and

z — Dae(z) -2+ on S*, respectively. Then inequality (68) holds at 2 = 0 and by the definition
of my, it reads

A2 D®(z) 2t < A2 <g+v : (aa(m').Vm/)(0)> .

Letting A tend to +o0o, we obtain (28).

Conversely, assume that @ satisfies (12) and 9, ® vanishes on S'. As in Remark 4.2, set
d(m') = |m/[*®(m’/|m’|) for m’ € R?. The map ® is a DKMO—entropy and by (50) we
have the decomposition

V-A{®(m)} —Z(m)V-m' = ¥(m')-V(1 - |m]?) in w,

for every m € C°°(w, S?) where ¥ and Z are smooth in R?. Since 1 — |m’|? = m3, we write
€ 1
U(m') - V(1 —|m'[*) = ¥(m') - V(m3) = O(|Vms|lms|) = O <§|Vma|2 + 2—€m§> ~

Now the assumption d,;® = 0 on S* implies that the difference m — ®(m) — ®(m’) may be
written on the form m360(m), with © € C*°(S% R?). So we have

- € 1
V- {®(m) — &(m')} = O(|Vm|lms|) = O <§|Vm|2 + Em%) .
Finally for ¢ > 0 small enough, c¢® satisfies (27) for every € > 0 with o = —cZ and a. = 0.
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6.2 Optimal lower bound for the local model. Proof of Propo-
sitions 2 and 3

To prove Propositions 2 and 3, we adapt the method of Jin and Kohn [18] developed for
the family of energies {AG:} to our setting. An important difference with respect to [18] is
that here the generalized entropies @, must depend on the size of the jump. Indeed, for the
Aviles-Giga model in [18], once the direction of the jump is fixed (here e;), there exists an
entropy leading to the optimal lower bound for every possible jumps (see (18)).

The construction of our map ®m, = (¢, ) for a fixed angle (defined via T2) is based on
Lemma 1 (that we prove in the next section). For that, let us define f(0) := ¢(71, M2 cos 0, M2 sin 0).
Inequality (29) yields

If' @) < m2’|sing].
On the other hand, (26) yields
0 = 2ma? + f(m) — f(0) = / {7(0) + 2 sin 0} do.
0
So the integrand vanishes and we have f'(0) = —7m2?sin 0. Consequently, the function ¢ is
known up to an additive constant on the circle {m; = m;} N S*:
p(m1, ma,m3) = Mama + ¢, if m2 + mg = s>, (69)

Thus we will look for adapted triplets among triplets satisfying (69).
We now prove Propositions 2 and 3.

Proof of Propositions 2 and 3.  We first assume that m2 = 1. Condition (69) implies that
(m) is the projection of m on ez (up to a constant) when m turns on the circle {m; = 0}NS?.
The way to extend ® to S? is the following: for any m € S%, we set

o(m) = (p(m),y(m)) = (mg(l—mf), m1(1—m§)) and a(m) := 3mimos.

Condition (26) is checked since (69) is satisfied. Recall that for m € S?, the projection II,, f
of f € R?® on the tangent plane 7,,S? is given by the formula

W f = f—=(f -m)m,
we compute for every m € 52,
I {Ve(m) + a(m)ei} = ms3(0,ms, —m2)
and IL, {V¢(m) + a(m)e2} = ms(ms,0, —my1).

Combining these identities with the fact that 9;im € T,,S% = (e;9im) = (II,n(e); dym) for
e ¢ R?® and i = 1,2, we have for m € M,

V- A®(m)} + a(m)V - m' =T, {Ve(m) + a(m)er} - d1m + Iy, {Vi(m) + a(m)es} - dam

—m 827713
= ms3 —msa . 817713 . (70)
ms Oami1 + O1me

By Young’s inequality, we obtain

V-A®(m)} +a(m)V - -m’ < %mg + g ((01ms)? + (92m3)? + (92ma + 01m2)?)

1
= —mj3+ ;{(317713)2 + (327713)2 + (327711)2 + (61m2)2} + £0am101ma

3
mg + 5|Vm|2 + &(02m101ma — d1mi102ms2)

2e
1
2
1 5, € 2 maoOami
= %mg + §|Vm| + eV - ( _m2alm1 .
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So (27) holds for every € > 0 where the smooth section a. of B is given by
ac(m)(v,0) = ema(v- €1, —v -e2) for every m € S, v,0 € T'S”.
It remains to prove that (25) holds for g = 1, i.e., for any family {m.} C M,

2 < liml%nf E. g(me)

in the regime (3). For that, let x : R — R4 be a smooth positive cut-off function such that
X(z1) = 1 for |z1] < 1 and x(z1) = 0 for |z1] > 2. Set xx(x1) = x(F) for every 1 € R and
k € N. Then (27) implies

[ (- 00m) xu(o) + () ¥ - s )
<[ {;|Vms|2+2—1€m§,3}xk(w1)— [ G @nactm(Vme) - erde. (1)

First, we pass to the limit as k — oo. For the first term of the RHS in (71), the dominated
convergence theorem yields

. € 2 1, B
kILrEOA {§|Vms| + 2—€m5’3} Xk(z1) de = E- g(me)

For the second term of the RHS in (71), Cauchy-Schwarz’s inequality leads to:

2\ 1/2 1/2
ax ) </ |Vm5|2)

R dwl

Zs;lgz lla:(z )|| c((1.52)2,R?)
N

—0 as k— oo.

ka
€ € )" <
‘/ dos (z1)as(me)(Vme) - e1 dx| <

For the first term of the LHS in (71), integration by parts implies that

d
/v (D (m)} e (1) da = —/ B(me (kes,22)) - €12 da
w w 1
— <<I>(m+) — CID(m_)> el Xy as k- 00,
since m. € M. For the second term of the LHS in (71), we have that

<V mellgr-1) IVIe(me)xalll 2 )

[ ama)v () do

< IV - () s ey (Hwnm 1Vmellzaw + laf ||vXk||L2<w))
28 1/2 28 1/2
<valis (Z) " Eeptma) 4l (3 Boo0m)
which means

lim sup
k—o0

28 1/2
<ivali= (£) " Eeptm)

[ atma)v () do

Finally, summing the above relations and passing to liminf as € | 0, (71) leads to (25) in the
regime (3) and Proposition 2 is proved.

Finally we prove Proposition 3. We assume 0 < m2 < 1 and for m € Sw,, we set

m a(m)
T —(0,m3) and am,(m) = o

Py (M) = (pmz (M), Yy (M) = —B(m) +

1
mo
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Again (26) holds. From (70), we have that for every m € M,

1 m1 — mi Doz
V A @m, (M)} + amy(m)V-m’ = ms—- —ma2 : Oims
2 ms3 Oam1 + O1me

Now observe that for m € Sm,, we have

_ 2
mi—m L _
1 1 1 1 — 2mim + 2 1 — 72
— —ma2 = — < ——=
ma mo m2
ms

We deduce again by Young’s inequality, that for m € M

—m261m1

€ 1
V- (@, (M)} + iy (m)V -’ < 5|Vm|2+2—€m§+ev-< madyma )

So (27) holds for every ¢ > 0 and the same smooth a. as in Proposition 2. As above, the same
argument yields (25) which concludes Proposition 3. =

6.3 Proof of Lemma 1

In this section we prove the pointwise bounds of Lemma 1. These bounds are the key
ingredients leading to the contradiction establishing Theorem 6

Proof of Lemma 1. We define the following operator L = (Li, Lz): for every m € S? and
(U17U2) € (Tm52)27

(L) (n,02)) = ((Tplm) + alm)TLen, Vo) + alm)Tlea)  (on,0) ).
where (-, -) denotes the scalar product in the Euclidian space R? x R3. Then for every smooth
map m € C*(w, S?), (27) writes as in (70):

(L(m); (82,m, 0zym)) = V - {@(m)} + a(m)V - m/

€ 1
< §|Vm|2 + Emg +V-{a:(m)Vm}, forae. z€w. (72)

Now let & € w be fixed and 7m € S? be a Lebesgue point of V® and Va..

For simplicity, we transpose our problem from S? to R2. Let R be an isomorphism between
R? and the tangent plane TS5%. We consider the following parameterization of S? in the
neighborhood of m :

m+ Rn

A : R? 52 e
e " + Rn

Through the map A, we will associate to every map n € C°°(w, R?) the following map m :=
Aon € C®(w,S?). Moreover, the operator a. can be written via the following Lipschitz
operator @. : R* — L(R? x R? R?) defined by

a:(n)Vn = a-(m)Vm, forae. z€w.

We prove that the operator a. has the following property:
Claim: Provided that m(Z) = m, there exists b € R such that

V - {a:(m)Vm} (&) = be [ym(3); dem(2); ],

where [-; - ; -] stands for the scalar triple product.
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Proof of Claim. We compute

V -{a:(m)Vm} = Z ai(aij,k(n) i)

i,J,k=1,2
= Z Aat ; x(n)dimy djmi + Z at;x(n)di0jmi,  ae. inw. (73)
ik, 1=1,2 i, k=1,2

(Here, we identified the linear operator a.(n) € £L(R? x R? R?) by the corresponding tensor
(al;x(n))ise € R®.) Let y € R* be such that A(y) is a Lebesgue point of V® and Va.. For
every vector (v; ;)i k=1, € R® satisfying v; j x = v, %, we choose n € C™(w, R?) such that
n(Z) =y, Vn(z) = 0 and 9;9;nk(Z) = vi jk, for i,5,k = 1,2. Then m(zZ) = A(y), Vm(z) =0
and we deduce via (72) and (73) applied at Z:

1 2 ~1
0 < 5 fs(y) + > aleW)vigk

i,5,k=1,2
Since (v;,5,x) was arbitrarily chosen such that v; jr = vj:,x, we easily deduce that
atin(y) = 0 and  alau(y)+acik(y) = 0, forik=1,2. (74)

Since y is an arbitrary point in a dense set of w and a. is continuous, it implies that the above
identities hold true in R?.

Now we consider maps n such that n(z) = 0. Since m = A(0) is a Lebesgue point of V&
and Va., by (73) applied at & and (74), we conclude:

E aszéj,k (0)61-711 6]-nk
i,5,k,1=1,2

Z Nt o 1 (0) (D1 Damy — D1nydany)

ki=1,2

V -{as(m)Vm} (z)

= <81&;272(O) — 8261;;271(0)) (6171162712 - 617’!262”1)
=t be det (01n(%), 02n(E)) = be [O1m(E) ; O2m(T) 5 )] .
(Here, we used that 9;m(z) = RO;n(z), j=1,2.) =
Applying our claim for a smooth map m such that m(z) = m, (72) at & reads
€ 1
((L1, L2)(m); (D1m,02m)) < §|Vm|2 + Emé + be [Orm; Oam; M.
Finally, for every vector v € T;»S? such that |v| = |ms|/e we choose succesively two maps
m such that (81m, d2m)(m) := (v,0) and (&1m, d2m)(m) := (0,v), respectively. We get that

<Lj (m); ﬁ < |mas| for j = 1,2 and since 7 is an arbitrary point in a dense set of S?, we
conclude with (29) and (30). =

6.4 Proof of Theorem 6

We now prove Theorem 6. In fact we prove the following stronger result which together
with Lemma 1 yields the Theorem.

Proposition 5. There exists ¢ > 0 such that for 0 < M2 < &, M1 = /1 —M22, mf =
(M1, £7m2,0) there is no triplet (p,,a) € Lip(S?, R?) such that (26), (29) and (30) hold.
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Proof of Proposition 5. Assume by contradiction that there exists a sequence {pr} C (0,1)
converging to 0 and a sequence of triplets (¢, ¥x, ax) C Lip(S%, R?) adapted to the jumps
(m;,mz') with mki = (Mg, £Mag), Mok := pr and M1y = /1 — p2. Then for k > 0, we
have

pr(ml) —er(my) = 2pi (75)
and from Lemma 1, we have for k > 0 and for almost every m € S :
IVor(m) + ar(m)llmer| < |ms| and  [Vip(m) + arx(m)Ilnez| < [ms|.  (76)

Let us denote by I the symmetry transform with respect to the plane {ms = 0}. Replacing if
necessary (@k, ¥, o) by

Yk —prol Yr +vYrol ar —agol
2 ’ 2 ’ 2 ’

we may assume whitout loss of generality that the following properties
or = —prol, Yy = ol ar = —agol, for every k > 0, (77)

hold and that (75) & (76) are still true.
We want to perform a blow up around m = (1,0,0) as k tends to infinity. For this reason
let us transport the problem from 52 to R? (similarly as in Lemma 1). We introduce the map

P: R — S n=(n2,ns) — m:(ml,mg,mg):m(1—|n|2/4,n2,n3),

Notice that the inverse P~* of this map is the stereographic projection of vertex (—1,0,0) on
the tangent plane to the sphere at (1,0, 0).

For k > 0, we set @ = proP, vy, = o P and &y = apoP. With these notations, (75)
reads

- 2pk - 2p 2
oo | —F—=.0| — @ | ~—F—.0] = 2% (78)
<1—|—\/1—pi ) < 14+ /1—p3 )
In order to translate the pointwise bounds (76) in stereographic coordinates, we write VP;(n) =

Ipnyei- DP(n) for i = 1,2 where DP(n) is the differential of P at n. Since the stereographic
projection is a conformal map, DP(n) is the product of a rotation and a dilation of factor

q(n), i.e., DP(n)- 'DP(n) = ¢*(n)Id with g(n) = (1 + |n|2/4)_1. Then (76) reads: for almost
every n = (n2,n3) € R?,

IV@k + aVPi|(n) <q(n)|Ps(n)] and W@+@N&MM§EMM&WN
A straightforward computation leads to: for almost every (nz2,ns) € R?,

VT /A7 —nda
(L + /)2

[n|éu

. f.
1+ n?/4)%° ’

Vo — < Insl,  (79)

< |ns|, ‘v¢k+

where we have introduced the unit vectors e, := n/|n| and

g, - VP, 1 <1+n§—n§ _n2n3).

T IVR T AP/ - T2

Now we rescale the problem in order to pass to the limit as k goes to oo and reach the
desired contradiction. Namely we set

—_ 1

Bu(n) = é@(pm), Tuln) = () and @) = dx(pun).
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The conditions (78) & (79) imply that there exist a sequence of positive real numbers {do, },
two sequences of positive functions {d1,x} and {d2,x} and a sequence of maps {f2,x} such that

o TN, g, 0ok D1 in CLo(R?),  |faxl =1, For T e in CL.(R,SY) (80)
and
P (00,k,0) =B (—60,6,0) = 2, (81)
V@, (n) — 01k (n)|nfar(n)e.| < |ns| for a.e. n = (n2,n3) € R?, (82)
|V, (n) 4 02,k (n)ak(n)f2k(n)| < pilns] for a.e. n = (n2,n3) € R%. (83)
Moreover, from (77), we have
?,(0,n3) = 0, forevery Kk >0andnse€R. (84)

In order to pass to the limit k£ T oo, we prove the following Lemma.
Lemma 7. The sequence of Lipschitz maps {(@y,V},) bren is locally uniformly equicontinuous.

Proof. We will use several families of local orthonormal basis in the vertical plane (n2,ns) €
R?: (e2,e3), (er(n),eg(n)) and {(f2,5(n), f3,1(n)) }ren with eg = e;- and f3, = f5, for every
k € N.

Let B be an arbitrary closed ball in R?. Along the proof C' denotes a (possibly changing)
positive constant only depending on B. In the sequel, {a1 1}, {az,x}, - will denote bounded
sequences in L°°(B) and {b1 3}, {b2.x},--- will denote bounded sequences in C*(B) such that
|bi,x| > 1/C holds uniformly.

We set

aiy = (eo-V)@, and asp:= (f3-V)),, forevery k>0. (85)

Then inequalities (82) and (83) imply that the sequences {ai} and {azx} are uniformly
bounded in L*°(B) (as requested above). Together with (84), it leads in particular to:

@rlle=y < C. (86)

Now combining (82) and (83) in order to eliminate @y, we obtain two sequences {as,} and
{b1,1} defined by

azr = (er-V)Bp(n) + |n|bri(for - V)b, (n) for k >0, (87)

that satisfy the required conditions.

Now our goal is to establish that @, solves a uniformly elliptic second order PDE on B with
a sufficiently integrable RHS in order to deduce some uniform regularity on {$, }. For this, we
now assume that the closed ball B is away from the no—axis, i.e., BN{(n2,0) : n2 € R} = 0.
Since {f3 ;} converges uniformly to es on B, this assumption implies that for &k large enough,
we have

1> e -f5,](n) =leq - f2,1|(n) >1/C  for every n € B. (88)

In particular, there exists a sequence of angle functions {z)} bounded in C*(B) such that for
k large enough, we have f3;, = (coszy)e, + (sinzy)ey with |coszr| > 1/C in B. Plugging this
identity in (87), we get for k large enough,

(f5,6 - V)@, = (coszr)ask + (sinxr)(eq - V)@, — (coszk)|n|be,k(fak ~V)Ek, on B.

The first term in the right hand side is uniformly bounded and by (85), the second term is also
uniformly bounded. For the last term, we notice that the coefficient (— cos zx)|n|bs,r required
the desired properties so that we may rewrite the last equation as

(f3. - VB, = aak +bsi(fon - V). (89)
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We now prove
V- Afsx @ £36)VP,} = a5k + Onya6,k + Onzar k. (90)

Multiplying (89) by f5, and applying the divergence operator, we obtain

V- {(f30 @ F5.6)VP,} = Onyasi + Ongaok + V- {bsufs i} {(f2r - V)Y, }
+bap{(f3n - V)2 i} - Vb, + b3,kD2Ek (f3,5,f2,).  (91)

Since {b3,;} and {f3;} are bounded in C''(B), we obtain that the third term in the right hand
side has the form aio,x(f2,5x - V)t,. Now since |bs | is uniformly bounded from below, we
deduce from (89) that (fo,r - V), = a11,x + bax(fs 1 - V)P, Finally by (86) we obtain that
the third term in the RHS of (91) has the form

Vo A{bsifs i} {(For - VU } = a1z + Onpa1sk + Onsaiak.

For the fourth term in the RHS of (91), since fa is a unit C' vector field (f3 5 - V)fa, has
the form ai4,,f3, and from (85), we deduce

bae{(f35 - Vo i} - Vb, = ais.

For the last term, we write D*¢, (fs1,fax) = (fox - V){(Fsn - V), } — {(for - V)E3.0} - V.
Using (85) and the fact that f3 ; is a unit C* vector field, we have (o, - V)3 = arfz r with
ay, uniformly bounded in C*(B). Therefore

bok D (F3 k. f2 k) = bow(for - V)aok + bokan(far - V).

As above, using (89) and (86), we deduce that the last term in the RHS of (91) has the desired
form. We conclude that (90) holds.

Similarly, multiplying the first part of (85) by ey and taking the divergence, we obtain
that V- {(es ® €9) VP, } has the same form. Adding this result and (90), we conclude that B,
solves a second order PDE on divergence form:

Vo A(fx @35 + €9 @ €9) VP, } = a16,k + Ony @17,k + Onyais k- (92)
By (88) the family of matrices
{5, ®f5r + e e}

is uniformly elliptic on B, uniformly in k. Using (86) and (92), classical elliptic theory implies
that {®, } is bounded in H'(B’) for every closed ball B’ in the interior of B. By (85) and (87)
we deduce that {Vi,} is also bounded in L?(B’). By Lemma 9 (seeAppendix), these L°-
bounds on the gradients together with the one-direction L*°-bounds (85) imply that {, } and
{4} are uniformly 1/3-Hélder continuous on B’

Finally we deduce from (85) and the fact that {f3 ;} tends to es = (0,1) in L7;, that {3, }
and {1, } are also equicontinuous on bounded sets intersecting R x {0}. L]

By Lemma 7 and (84), Ascoli’s theorem implies the existence of (p,1) € C(R? R?) and
constants {pr}r C R such that (up to a subsequence) {(@,,%, — pr)}x converges to (p,1))
uniformly on every compact of R2. In the sequel, we identify R? with the complex plane
C and we use both cartesian and polar coordinates (n2,n3) = re' with » > 0 and 0 € R.
Passing to the limit k£ T co in (81), we obtain

From (80), we have (f35,- V)¢, — (e3- V)t in D'(R?). So (83) imply (es- V)1 = 0 and 1 only
depends on n2 as well as the distribution defined by a := —(e2 - V). Next using again (80)

and (83), we obtain @ — « in D’(R?). Finally, passing to the limit in (82), we obtain that
Ve — |nja(n2)er € Lio.(R*,R?) and  |Vy —|nja(n2)e,| < |ns| for a.e. n € R*. (94)
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The couple (¢, @) inherits the symmetries (77) of the sequence (¥,,@x), so we have
p = —pol, a = —aol (95)

where we recall that I is the symmetry with respect to {m2 = 0} on S? that turns through the
stereographic projection into the symmetry with respect to the axis {n2 = 0}. In particular
 vanishes on the axis {nz = 0}.

It turns out that the conditions (93), (94) and (95) are not compatible so we will obtain a
contradiction, which proves Proposition 5. Namely:

Lemma 8. There is no couple (¢, a) € C(R?) x D'(R) satisfying (93),(94) and (95).

The end of the paper is dedicated to the proof of Lemma 8.

A simple case: For convenience of the reader, we first prove Lemma 8 in the simple
case of a C? function ¢. The idea of the proof in the general case will be the same but some
technical issues are to be detailed. Assume that ¢ is of class C* and denote the angular
derivative by 29y (re’®) = e - Vip(re). By (94), o € L5, (R?). First, applying (94) on the
unit circle r = 1, we obtain that

|8op(e™)| < sind, 0<O<m.

Now from (93), we have

/ —pp(e?)do = / sin 0 do,
0 0

thus we have 9gp(e'’) = —sin 6 for 0 < 6 < 7. Then (95) leads to @(e'?) = cos@ for 0 < < m.
Therefore, (94) (where the equality holds for r = 1) yields

afcost) = drp(e?), 0<6<m. (96)

Moreover, using again (94), it results that

1 0\
(—89(,0(7‘619)) < r’sin’@  for 0< @ <7andr>0. (97)
r

This inequality is an equality for » = 1, so the derivatives with respect to r of the left and
right hand sides of (97) must be equal in » = 1. That means:
0r00p(e?) = —2sin#, 0<O<m.
Combining with the symmetry (95) of o and (96), we obtain
a(n2) = 2no, —1l<n2 <1 (98)

To end the proof, we write (94) at ng = 0 and using (98), it implies O, p(n2,0) = n2a(n2) =
2n3. This is not compatible with (93) since

1 1 4
9 & / Onyp(n2)dns = / 2n3 dny = 3
—1 —1

The general case: Here we only assume ¢ € C(R?). We begin by improving the regu-
larity of .

Claim 1. The function ¢ is locally Lipschitz and o is locally bounded.
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Proof. Using the polar coordinates, we write e3 = cos fey + sin fe, and
(es-V)p = cosb(ep-V)p+sinbe,-V)p
= cosf(eg-V)p+sind{(er-V)p — 2a(n2)|n|} + 2a(n2)ns.

Denoting f := 2a(n2)nz — (es - V)p, by (94), we know that f € L{2.(R?), |f| < |nsl.
Regularizing with symmetric mollifiers in ns and ng the following distribution

2a(n2)ns = (es-V)p+ f,
then integrating in ns on [0, 1] and letting the mollifiers to converge to Dirac masses, one

proves that o € L2, (R?) and satisfies

1
la(n2)] < |e(n2, 1) —@(n2,0)| + 3 for a.e. n2 € R.

Combining with (94), we deduce that ¢ is locally Lipschitz. =

Claim 2. For every 0 < 0 < 7, we have ¢(e'’) = cos. Moreover the map
1
(0, +00) — L} (0,m), 7 —dpp(r exp(i"))

1s continuous at r = 1.

Proof. Since ¢ is Lipschitz, for every = > 0 the function ¢, : 60 — @(re') is absolutely
continuous with derivative £9p¢ (defined for H'—almost every 6). From (94), we have that
for almost every r > 0:

rsinf + %Bgcp(rew) >0 for a.e. 6 € (0,m). (99)

Since the map r — ¢, with values in D’'(R/27Z) is continuous, (99) holds for every r > 0. In
particular, if » = 1, integrating for 6 € (0, ), one has by (93):

/ <sin0 + 89@(6”)) do =0,
0

which implies by (99) that dgp(e’?) = —sin6 a.e. in (0,7) and using (95) we obtain p(e*’) =
cos @ for 0 € (0, 7). Finally, by (93) and the continuity of ¢, we get

/ (7“ sin 6 + %89@(7”6”)) do "= o,

which means that the map 6 +— %89@ converges to 0 +— —sin@ in L'(0,7) as r tends to 1
which establishes Claim 2. =

Remark 6.1. In general if F' : [0,1]*> — R is Lipschitz, then the map [0,1] — L*(0,1), y
02 F (z,y) is not continuous. As a counterezample, let us set F(z, L) := 5= sin(2"z) forn > 1
and x € [0,1]. Then we extend F(z,-) as an affine function on [#, =] It is easy to check
that 0 F(-,y) converges only weakly to 0 as y tends to 0.

Claim 3. We have a(nz2) = 2n2 for a.e. —1 < mna < 1.
Proof. By (94), for almost every r > 0 and 6 € (0,7),

2

I

i 1 )
|0rp(re'®) — a(rcosO)r)> < r?sin®6 — ‘;aega(rew)

34



By Claim 2, the above RHS (as a function of #) tends to 0 in L*(0,7) as 7 — 1. Hence,

/|8Tg0(rei9)—a(rcos9)|2d0 =1
0

(Here, we used that (r—1)a(r cos 6) =l 0in L? (0, ) because « is locally bounded.) Averaging
for radii s between 1 and r (r can be less than 1 or larger than 1) and using the identity
(e') = cos, we obtain

o(re’?) = cos+ (r — 1)][ a(scos@)ds + (r — 1)R(re’®)  for a.e. 6 (0,7), (100)
1
with  [F |R(re'®)|? do "1 0. On the other hand, by (95), we have for all 6§y € (0,7) that

) fo to .
o(re’) = 7“/ 169@(7“6 ydo = r°cosbo + 7“/ {laggo(rew) + rsin@} do.
/2 r /2 r

Plugging this equality in (100), we obtain

/ {89@ re'?) + rsm@} o = (r—1) {][ a(scosbp)ds — (r+ 1) cosby — R(rewO)} .
7/ 1

Finally, by (99), the integrand in the above LHS is non-negative which implies (dividing by
r — 1 and letting r | 1 and r T 1, respectively):

a(cosBy) = 2cosby for a.e 0 < 6o <,
which proves Claim 3. (Here, we used that for a.e. 6o, cosfp is a Lebesgue point of a, i.e.,
lim, 1 ;" (s cos o) ds = a(cos bo).) m
Finally, we prove that (93),(94) and (95) lead to a contradiction. For that, we use (94) in
the neighborhood of {ns = 0}. For almost every 6 € (0,7), we have

—rsinf < 0rp — 2r% cos < rsind for a.e. r > 0.

The continuity of ¢ implies that the above expression holds true for every 0 € (0, 7). Inte-
grating in r on (0,1) and letting # | 0 and 6 1 7, since p(0,0) = 0 by (95), we obtain

4
90(170)_30(_130) = 53
which contradicts (93). That concludes the proof of Proposition 5. =
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7 Appendix

We used the following embedding theorem:

Lemma 9. Let Bo C R? be the disk of radius 2. Every function ¢ € H'(Bs) satisfying
Ovp € L*°(Bz) is —Halder continuous on the unit disk, i.e., p € CO’%(Bl) and

% (B = <”81¢||L°°(Bz) + ||6280HL2(32)) (101)
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Proof. We first show that (101) holds for ¢ € C'(Bs). For that, let (z,y) € B1 and we will
estimate p(z,y) — ¢(0,0). First, we have that

lo(z,y) — 0(0,9)] < 1019l Loe (B 2| < 1816|205y |22

1/3
For § := (‘g—‘) € (0,1), we compute

)
+ ][ o) — p(a’,0)| da’

6
w00 =001 < o0~ f v ma|+f

-6

5
+‘30(0,0)— £ ot 0a
5

s y

< 5||8190||L°°<32)+][ /82<p(r’,y')dy’ dz’
-5 0
lwl "

< dlonelimm + (L) 10laca

<

lyl'* <||81w|\Lm(Bz> + Hawl\Lz(Bz))

Therefore,

lp(z,y) — ¢(0,0)] < 2|(z,y)|"* <|\3130HL°@(32> + H32<P||L2(Bz))

and (101) holds. For a general function ¢, one can use a density argument (by regularizing ¢

with mollifiers in direction = and y) and conclude by passing to the limit in (101). [
References
[1] Francois Alouges. A new algorithm for computing liquid crystal stable configurations:

2]

3]

[4]

[5]

[6]

[7]
8]

[9]

the harmonic mapping case. SIAM J. Numer. Anal., 34(5):1708-1726, 1997.

Frangois Alouges, Tristan Riviere, and Sylvia Serfaty. Néel and cross-tie wall energies
for planar micromagnetic configurations. ESAIM Control Optim. Calc. Var., 8:31-68
(electronic), 2002. A tribute to J. L. Lions.

Luigi Ambrosio, Camillo De Lellis, and Carlo Mantegazza. Line energies for gradient
vector fields in the plane. Calc. Var. Partial Differential Equations, 9(4):327-255, 1999.

Luigi Ambrosio, Bernd Kirchheim, Myriam Lecumberry, and Tristan Riviere. On the
rectifiability of defect measures arising in a micromagnetics model. In Nonlinear problems
in mathematical physics and related topics, II, volume 2 of Int. Math. Ser. (N. Y.), pages
29-60. Kluwer/Plenum, New York, 2002.

Patricio Aviles and Yoshikazu Giga. A mathematical problem related to the physical
theory of liquid crystal configurations. In Miniconference on geometry and partial dif-
ferential equations, 2 (Canberra, 1986), volume 12 of Proc. Centre Math. Anal. Austral.
Nat. Univ., pages 1-16. Austral. Nat. Univ., Canberra, 1987.

Patricio Aviles and Yoshikazu Giga. On lower semicontinuity of a defect energy obtained
by a singular limit of the Ginzburg-Landau type energy for gradient fields. Proc. Roy.
Soc. Edinburgh Sect. A, 129(1):1-17, 1999.

William F. Brown. Micromagnetics. Wiley Interscience Publishers, New York, 1963.

Sergio Conti and Camillo De Lellis. Sharp upper bounds for a variational problem with
singular perturbation. Math. Ann., 338(1):119-146, 2007.

Camillo De Lellis and Felix Otto. Structure of entropy solutions to the eikonal equation.
J. Bur. Math. Soc. (JEMS), 5(2):107-145, 2003.

36



[10]

[11]

[12]

13]
[14]
[15]
[16]
17]
18]

[19]

[20]
[21]

[22]

Antonio Desimone, Robert V. Kohn, Stefan Miiller, and Felix Otto. A reduced theory
for thin-film micromagnetics. Comm. Pure Appl. Math., 55(11):1408-1460, 2002.

Antonio DeSimone, Stefan Miiller, Robert V. Kohn, and Felix Otto. A compactness
result in the gradient theory of phase transitions. Proc. Roy. Soc. Edinburgh Sect. A,
131(4):833-844, 2001.

Antonio DeSimone, Stefan Miiller, Robert V. Kohn, and Felix Otto. Recent analytical
developments in micromagnetics. In The Science of Hysteresis , Vol. 2, pages 269-381.
Elsevier Academic Press, 2005.

Alex Hubert and Rudolf Schéfer. Magnetic Domains : The Analysis of Magnetic Mi-
crostructures. Springer-Verlag, Berlin, 1998.

Radu Ignat. A T'-convergence result for Néel walls in micromagnetics. Calc. Var. Partial
Differential Equations, to appear.

Radu Ignat and Felix Otto. A compactness result in thin-film micromagnetics and the
optimality of the Néel wall. J. Eur. Math. Soc. (JEMS), 10(4):909-956, 2008.

Radu Ignat and Felix Otto. Compactness of the landau state in thin-film micromagnetics.
in preparation.
Pierre-Emmanuel Jabin, Felix Otto, and Benoit Perthame. Line-energy Ginzburg-Landau

models: zero-energy states. Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), 1(1):187-202, 2002.

Weimin Jin and Robert V. Kohn. Singular perturbation and the energy of folds. J.
Nonlinear Sci., 10(3):355-390, 2000.

Frangois Murat. Compacité par compensation: condition nécessaire et suffisante de con-
tinuité faible sous une hypothéese de rang constant. Ann. Scuola Norm. Sup. Pisa Cl. Sci.
(4), 8(1):69-102, 1981.

Arkady Poliakovsky. Upper bounds for singular perturbation problems involving gradient
fields. J. Fur. Math. Soc. (JEMS), 9(1):1-43, 2007.

Tristan Riviere and Sylvia Serfaty. Limiting domain wall energy for a problem related to
micromagnetics. Comm. Pure Appl. Math., 54(3):294-338, 2001.

Luc Tartar. Compensated compactness and applications to partial differential equations.
In Nonlinear analysis and mechanics: Heriot-Watt Symposium, Vol. IV, volume 39 of
Res. Notes in Math., pages 136-212. Pitman, Boston, Mass., 1979.

37



