
Introduction to mathematical finance
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Hand-in your solutions on the 22.10.2014 in class.

Exercise 1
Consider a two period (1 period = 4 months) binomial model. The current spot price of a risky asset is
S0 = 40 and the parameters are u = 1.04 and d = 0.98. The annual risk free interest rate is r = 0.04.
Compute the initial price of an option with maturity T = 8 months and payoff given by

X =

(
ST −

(60− S0)
2

10

)+

.

Exercise 2
Consider a two period (1 period = 1 year) binomial model. The current spot price of a risky asset is
S0 = 40 and the parameters are u = 1.5 and d = 0.5. The annual risk free interest rate is r = 0.04. Also
a European Call option written on S with maturity T = 2 years and strike K = 25 is given.

Time 0 t = 1 year T = 2 year
Bond B0 = 1 B1 = (1 + r) B2 = (1 + r)2

Risky asset S0 = 40 S1 =

{
40 · 1.5 p

40 · 0.5 1− p
S2 =


40 · (1.5)2 p2

40 · (1.5)(0.5) 2p(1− p)
40 · (0.5)2 (1− p)2

i) Find a trading strategy (φ0, φ1) replicating the option, and deduce the price of the call. Note that
φi = (αi, βi)i=0,1 is the strategy built at time i.

ii) If the risk free interest rate was r = 6% , would the replicating strategy and the price of the option
change?

Exercise 3 (Binomial model considered)

i) Let Q be some probability measure on (Ω,F) and S̃t = St

(1+r)t
, t = 0, .., T the discounted price

process. Show that

(a) S̃ is a Q-martingale if and only if

EQ [1 + µt|Ft−1] = (1 + r), ∀ t = t2, ..., T.

(b) S̃ is a Q-martingale if and only if the random variables µ0, . . . , µT are i.i.d. under the probability
measure Q, with

Q(1 + µ1 = u) =
1 + r − d
u− d

.

Here 1 + µt = ξt (ξt r.v. introduced in the binomial model).

ii) Now let Q be the risk-neutral measure.

1



Show that the price at time t of a European Call option on S with maturity T and strike K can be
expressed as Ct = c(t, St), where c : N × R+ → R+ is a function, satisfying the recursive backward
equation{

c(T, x) = F (x) (payoff for SN = x ∈ R+)

c(t, x) = 1
1+r

(
q · c(t+ 1, xu) + (1− q) · c(t+ 1, xd)

)
, t = 0, . . . , tN−1.

Show that the replicating strategy is characterized by a quantity φt = ∆(t, St−1) at time t, where ∆
can be expressed in terms of the function c.

iii) Determine the hedging strategy also in the case of a European Put option with same strike K and
maturity and show that the hedging strategy always invest a non positive amount in the stock and
therefore involves only short sales.
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