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On induced representations

In the following G is a finite group and H a subgroup.
Exercise 1. [(3.18) and (3.19) in [1]]
Let W be a representation of H and V = IndW be the induced representation.

• Explain why for g ∈ G
χV (g) =

∑
σ∈G/H:gσ=σ

χW
(
s−1gs

)
with s ∈ σ is arbitrary.

• If C is a conjugacy class of G and C ∩ H decomposes into conjugacy classes D1, . . . , Dr of H,
then:

χV (C) =
|G|
|H|

r∑
i=1

|Di|
|C|

χW (Di)

• If W is the trivial representation of H then:

χV (C) =
[G : H]

|C|
· |C ∩H|

Exercise 2. [(3.23) in [1]]
Find the representation of G = S4, the symmetric group in 4 elements, induced by:

• the one dimensional representation of the group H = 〈(1234)〉, where (1234) acts by multiplica-
tion by i =

√
−1.

• the one dimensional representation of the group H = 〈(123)〉, where (123) acts by multiplication
by j = ei

2π
3 .

Exercise 3. [(3.26) in [1]]
There is a unique non abelian group of order 21, which can be realized as the group of affine transfor-
mations x 7→ αx + β of the line over the field with seven elements F7, with α a root of unity in that
field. Find the irreducible representations and character table of the group.
Recall that affine transformations over any field can be seen as upper triangular matrices with coeffi-
cients in that field.

On the Fourier transform for finite groups

Exercise 4. [(2.35) [1]] Using the exercises in the previous sheet, show that if the irreducible reprenta-
tions of G are represented by unitary matrices, the matrix entries of these representations form an
orthogonal basis of all functions, with inner product given by:

〈f, g〉 = 1

|G|
∑
h∈G

f(h)g(h)

1



In the next exercise, we see that the inverse Fourier transform on the group gives an expansion over
this orthogonal basis.

Exercise 5. [(3.32) [1]] Let G be a finite group and Ĝ the set of (isomorphism classes) its irreducible
representations. If ρ : G → GL(Vρ) is a representation in Ĝ and ϕ is a function on G, define the
Fourier transform ϕ̂ : Ĝ→ End(Vρ) as:

ϕ̂(ρ) =
∑
g∈G

ϕ(g)ρ(g)

• The convolution ϕ ? ψ of two functions ϕ, φ : G→ C is given by:

ϕ ? ψ(g) =
∑
h∈G

ϕ(h)ψ(h−1g)

Prove that ϕ̂ ? ψ(ρ) = ϕ̂(ρ)ψ̂(ρ)

• For ϕ : G→ C, prove the Fourier inversion formula:

ϕ(g) =
1

|G|
∑
ρ∈Ĝ

dim(Vρ)Tr
(
ρ(g−1) · ϕ̂(ρ)

)
If just like the previous exercise, ρ(g) is taken to be a unitary matrix, then the formula becomes:

ϕ(g) =
1

|G|
∑
ρ∈Ĝ

dim(Vρ)

dimVρ∑
i,j=1

ρ(g)i,jϕ̂(ρ)i,j

which is indeed an expansion of ϕ over matrix coefficients of irreducible representations.

• For ϕ,ψ : G→ C, prove the Plancherel formula:∑
g∈G

ϕ(g−1)ψ(g) =
1

|G|
∑
ρ∈Ĝ

dim(Vρ)Tr
(
ϕ̂(ρ)ψ̂(ρ)

)
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