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Abstract
A theorem of Pridham and Lurie provides an equivalence between formal moduli problems and Lie algebras
in characteristic zero. We prove a generalization of
this correspondence, relating formal moduli problems
parametrized by algebras over a Koszul operad to algebras over its Koszul dual operad. In particular, when
the Lie algebra associated to a deformation problem is
induced from a pre-Lie structure, it corresponds to a permutative formal moduli problem. As another example,
we obtain a correspondence between operadic formal
moduli problems and augmented operads.
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INTRODUCTION

A classical heuristic in deformation theory asserts that the infinitesimal deformations of an
algebro-geometric object over a field 𝑘 of characteristic zero are controlled by a differential graded
Lie algebra. A first instance of this can already be found in the work of Kodaira–Spencer on
deformations of complex manifolds [34]; its recognition as a key principle in deformation theory traces back to ideas of Deligne and Drinfeld. These ideas have been further developed in
the work of various authors [23, 25, 33, 41], leading to a precise mathematical formulation of the
above heuristic as an equivalence of categories between deformation problems and dg-Lie algebras
[38, 46].
More precisely, following work of Schlessinger [48], one can describe the infinitesimal
deformations of an algebro-geometric object 𝑋 over 𝑘 by a functor

from the category of (commutative) Artin local 𝑘-algebras with residue field 𝑘. This functor sends
each Artin local 𝑘-algebra 𝐴 to the set of deformations of 𝑋 over 𝐴. The aforementioned works
have led to two modifications of this idea.
First, the deformations of 𝑋 typically have automorphisms and homotopies between them,
leading to the study of deformation functors with values in spaces or simplicial sets. Second, it
has been observed that the deformation theory of an object 𝑋 usually comes with an additional
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obstruction theory, which is not encoded by the functor def 𝑋 . A key idea, tracing back to Drinfeld,
is to incorporate such an obstruction theory by extending def 𝑋 to the category of dg-Artin local
𝑘-algebras. One is therefore led to contemplate deformation functors

from the ∞-category of (connective) dg-Artin local 𝑘-algebras to the ∞-category of spaces. Such
deformation problems satisfy a variant of the Schlessinger conditions: their value on 𝑘 is contractible and they preserve fibre products along maps inducing a surjection on 𝐻 0 (see Section 2
for more details). Following Lurie [38], we will refer to such functors as formal moduli problems.
The work of Lurie [38] and Pridham [46] now provides an equivalence of ∞-categories

between formal moduli problems and differential graded Lie algebras over 𝑘.
The equivalence between Lie algebras and formal moduli problems indexed by commutative
algebras can be viewed as a manifestation of the Koszul duality between the commutative operad
and the Lie operad. In fact, there is a similar equivalence between associative algebras and formal
moduli problems indexed by associative algebras [38], which can be thought of as an incarnation
of the Koszul self-duality of the associative operad. These two equivalences are related in a natural
way: if a Lie algebra arises from an associative algebra by taking the commutator bracket, then
the corresponding commutative formal moduli problem is the restriction of an associative formal
moduli problem.

Statement of results
The purpose of this paper is to generalize the above results to more general pairs of Koszul dual
operads over a field of characteristic zero. More precisely, for any augmented operad 𝒫, one can
define an ∞-category Art𝒫 of Artin 𝒫-algebras. A 𝒫-algebraic formal moduli problem is then given
by a functor

satisfying a natural analogue of the Schlessinger conditions (see Section 2 for more details). We
denote the ∞-category of such functors by FMP𝒫. When 𝒫is a Koszul binary quadratic operad, we
prove that such 𝒫-algebraic formal moduli problems can be classified by algebras over its Koszul
dual operad:
Theorem 1.1. Let 𝑘 be a field of characteristic zero and consider:
∙ a Koszul binary quadratic operad 𝒫in non-positive cohomological degrees;
∙ its Koszul dual operad 𝒫! .
Then there is an equivalence of ∞-categories
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Here 𝑇(𝐹) denotes the tangent complex of the formal moduli problem, as defined by Lurie [38] (see
also Definition 2.14).
This recovers the aforementioned results of Lurie and Pridham, taking 𝒫to be the commutative
operad, whose Koszul dual is the Lie operad, or the associative operad. It also applies to many
other Koszul dual pairs of algebraic operads (see Section 3). In fact, allusions to the role of Koszul
duality in such a correspondence have appeared before, notably in [15; 32, Lecture 15] and in [47].
For example, taking 𝒫to be the permutative operad, whose Koszul dual is the pre-Lie operad [11],
we obtain a classification of permutative formal moduli problems in terms of pre-Lie algebras.
Such pre-Lie algebras indeed appear naturally in the deformation theory of operadic algebras,
see the work of Dotsenko, Shadrin and Vallette [16] (in fact, this was the original motivation for
the present paper). From the point of view of deformation theory, a Lie algebra underlies a preLie algebra structure whenever the corresponding commutative formal moduli problem is the
restriction of a permutative formal moduli problem.
Our proof of Theorem 1.1 will make little use of the Koszul property of 𝒫: the Koszul property mainly serves to guarantee that the operad 𝒫admits a resolution with good properties. More
precisely, we will deduce Theorem 1.1 from a statement about algebras over the dual of the bar
construction of an augmented dg-operad. In fact, it will be convenient to work in a slightly more
general setting.
(a) We work with coloured dg-operads.
(b) Instead of taking dg-operads over the base field, we will consider operads which are augmented over a connective dg-algebra or, in the coloured case, over a connective dg-category
𝕜 (here connective means that the cohomology groups are concentrated in non-positive
degrees). More precisely, we will consider coloured dg-operads 𝒫 which fit into a retract
diagram of operads

Given a dg-category 𝕜, we will refer to such objects as (augmented) 𝕜-operads.
For example, one can take 𝕜 to be a discrete dg-category with finitely many objects and only zero
maps between them, or (Morita equivalently, cf. Remark 1.7) the semisimple associative algebra
𝕜 = 𝑘 ×𝑛 . In this case, deformations parametrized by Artin associative algebras relative to 𝕜 correspond to multi-pointed deformations, as frequently considered in non-commutative geometry
[35].
The usual operadic homological algebra (as in [40], for example) has an analogue for augmented 𝕜-operads; the Appendix provides all the results and definitions that we will need. In
particular, every (augmented) 𝕜-operad 𝒫has a dual 𝕜op -operad, given somewhat informally as
𝔇(𝒫) = 𝔇𝕜 (𝒫) = Ext𝒫(𝕜, 𝕜).
More precisely, we can make the following definition:
Definition 1.2. Let 𝕜 be a dg-category and let 𝒫be a (augmented) 𝕜-operad, which we assume to
be cofibrant as a left 𝕜-module throughout this introduction. We define the dual operad to be the

5
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𝕜-linear dual of the bar construction of 𝒫over 𝕜

𝔇𝕜 (𝒫) ∶= B𝕜 (𝒫)∨ .
The 𝕜op -operad structure arises from the 𝕜-cooperad structure on the bar construction. Up
to a degree shift, this corresponds to the dual operad introduced in [21], see Section A.2 for
more details.
With these definitions, our main result is then the following:
Theorem 1.3. Let 𝕜 be a dg-category over ℚ and let 𝒫be an augmented 𝕜-operad. Suppose that the
following conditions are satisfied.
(1) 𝕜 and 𝒫are both connective, that is, their cohomology is concentrated in non-positive degrees.
(2) 𝕜 is cohomologically bounded, that is, there exists an 𝑁 ∈ ℕ such that all 𝐻 ∗ (𝕜)(𝑐, 𝑑) are
concentrated in degrees [−𝑁, 0].
(3) The derived relative composition product
𝒫(1) ◦ℎ𝒫⩾1 𝒫(1)
is concentrated in increasingly negative cohomological degrees as the arity increases (cf.
Definition 3.37).
Then there is an equivalence of ∞-categories
(1.4)
where 𝑇(𝐹) denotes the tangent complex (Definition 2.14). Furthermore, this equivalence is natural
in 𝒫.
We will denote the inverse equivalence (1.4) by

and think of it as sending a 𝔇(𝒫)-algebra to the ‘formal 𝒫-algebraic stack of solutions to the
Maurer–Cartan equation’. Some justification for this terminology is provided in Section 7, where
we show that for various operads 𝒫, this inverse functor does indeed admit a description in terms
of Maurer–Cartan elements of dg-Lie algebras, resembling the construction by Hinich [25] in the
commutative case. This is a by-product of our proof of Theorem 1.3, which relies on a careful
analysis of the adjoint pair
(1.5)
Here 𝔇 sends a 𝒫-algebra to the 𝕜-linear dual of its operadic bar construction. We point out a
slight difference from the arguments of Lurie: when 𝒫is the commutative operad, we study the
behaviour of the functor 𝔇 (the Harrison complex) instead of the functor 𝔇′ (the Chevalley–
Eilenberg complex). An adjunction between the Harrison and Chevalley–Eilenberg complex also
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appears in the arguments from [22, 46]; here the ∞-category of commutative algebras is replaced
by a certain model category of pro-Artinian algebras (with the effect of making the Harrison
complex a right adjoint detecting equivalences, in contrast to (1.5)).
The conditions of Theorem 1.3 hold for Koszul binary quadratic operads, leading to the
following proof of Theorem 1.1:
Proof of Theorem 1.1 (from Theorem 1.3). The Koszul property of 𝒫 asserts that there are weak
equivalences of operads (using curly brackets to denote degree shift)

Since 𝒫is generated by binary operations in degrees ⩽ 0, the quadratic dual cooperad 𝒫¡ is generated by binary operations in degrees ⩽ −1. It follows that the generators of Ω𝒫¡ are concentrated
in increasingly negative degrees as the arity increases. The operad 𝒫then satisfies the conditions
of Theorem 1.3 (condition (3) follows from Corollary A.26), and the sequence of equivalences

provides the desired result.

□

Suppose that 𝒫 is an augmented 𝕜-operad arising as the bar dual of a (sufficiently nice) 𝕜op operad. Theorem 1.3 then gives an interpretation of the ∞-category Alg𝒫 in terms of formal moduli
problems. One may wonder if there is a similar interpretation of the ∞-category of algebras over
an arbitrary augmented 𝕜-operad 𝒫. Somewhat informally, one expects a 𝒫-algebra to correspond
to some homotopy-theoretic, or geometric, analogue of a ‘conilpotent coalgebra over a conilpotent
cooperad’. Theorem 1.3 precisely provides us with a geometric way to think about this conilpotent
cooperad, as a formal moduli problem

on the category of Artin (that is, nilpotent, finite-dimensional) operads. This is discussed in more
detail in Section 8 and relies on the fact that the operad for non-unital symmetric operads is Koszul
self-dual, relative to the dg-category of finite sets and bijections (𝑘-linearizing all sets of maps). One
may informally think of the functor MC𝒫 as encoding a family of finite-dimensional nilpotent
operads, corresponding to the family of linear duals of the finite-dimensional conilpotent subcooperads of the conilpotent cooperad B𝒫.
Given a formal moduli problem 𝑋 ∶ ArtOp ⟶ 𝒮, there is a natural notion of formal moduli
problem over 𝑋. Indeed, in a similar way as one usually defines quasi-coherent sheaves on moduli
functors in algebraic geometry, one can define a formal moduli problem over 𝑋 to consist of the
following data.
(1) A 𝒬-algebraic formal moduli problem 𝑥 ∈ FMP𝒬 for every 𝑥 ∈ 𝑋(𝒬).
(2) For every map 𝑓 ∶ 𝒬 ⟶ 𝒬′ and every 𝑥 ∈ 𝑋(𝒬), an equivalence
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together with coherence data between them (see Definition 6.14). Here 𝑓∗ 𝑥 denotes the
restriction of 𝑥 along the forgetful functor Art𝒬′ ⟶ Art𝒬 .
Informally, these formal moduli problems can be thought of as geometric analogues of conilpotent
coalgebras over conilpotent cooperads. Indeed, a formal moduli problem over 𝑋 describes a coherent collection of finite-dimensional nilpotent algebras over finite-dimensional nilpotent operads.
This roughly corresponds to the collection of linear duals of the finite-dimensional conilpotent
sub-coalgebras of a conilpotent coalgebra.
We then have the following result:
Theorem 1.6.
∞-categories

Let 𝒫 be a 1-coloured augmented operad. Then there is an equivalence of

One may consider this as a geometric, or ∞-categorical, version of the relation between algebras
over 𝒫and conilpotent coalgebras over the conilpotent cooperad B𝒫[51].
Finally, let us point out that Brantner and Mathew [4] have recently established that in positive
characteristic, formal moduli problems do not correspond to dg Lie algebras but rather to partition
Lie algebras. Their result can also be interpreted as a refinement of Koszul duality following [1,
Example 1.6].

1.1

Outline and how to read the paper

Let us briefly describe the structure of the rest of the paper. In Section 2, we introduce the main
definitions concerning formal moduli problems parametrized by algebras over operads.
In Section 3, we will discuss various (non-)examples and special cases of our main theorem;
these include many of the well-known operads. This section essentially only makes reference to
the statement of the main theorem relating operadic moduli problems with algebras over the dual
operad (Theorem 1.3), or rather to a slightly more precise formulation thereof (Theorem 5.1). Taking this for granted, Section 3 essentially only assumes some familiarity with operadic homological
algebra. For operads over a field 𝑘 of characteristic zero, all operadic results we use are classical
and contained for instance in [21, 40].
Some additional techniques are required in Section 3.3, where we treat deformations
parametrized by operads. Since these are themselves algebras over a coloured operad, this involves
a version of the usual operadic homological algebra relative to a dg-category 𝕜. This is developed in
the Appendix, with a few more specific results used in Section 3.3 appearing in Section 8. For readability, we have tried to put the tools from the Appendix in the background; as a rule of thumb,
the reader may think of 𝕜 as a dg-algebra and suppose that all results that hold for classical 𝑘operads will also hold for 𝕜-operads and their algebras, as long as the corresponding modules
are 𝕜-cofibrant. In particular, the reader only interested in moduli problems for algebras over
𝑘-operads can safely ignore the Appendix.
In Section 4, we explain how to associate to an operadic formal moduli problem an algebra
which requires establishing the adjoint pair (1.5) (see Theorem 4.10) and proceed to describe the
general framework that goes into our proof of Theorem 1.3.
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Section 5 is the technical heart of the proof (Theorem 5.1); in this section, we verify the technical
hypotheses that allow us to apply the axiomatic argument (Theorem 4.18) described in Section 4.2.
In Section 6, we discuss the naturality of the equivalence (1.4) in the operad 𝒫and apply this to
deduce Theorem 1.6 in Section 6.3. Under certain conditions on the operad 𝒫, we describe this
equivalence more concretely in terms of Maurer–Cartan elements in Section 7 (see Theorem 7.18).
Finally, Section 8 contains some further remarks about Koszul duality relative to a base 𝕜. In
particular, we use this to spell out some leftover proofs from Section 3.3; in particular, we show
that the operad for operads is, in a relative sense, Koszul self-dual.

1.2

Conventions

Throughout, we work over a field 𝑘 of characteristic zero† and all objects involved are differential
graded (with differentials of degree +1), even if this is not said explicitly.
Given 𝑘 ∈ ℤ and a graded vector space 𝑉, we denote by 𝑉[𝑘] its degree shift satisfying (𝑉[𝑘])𝑑 =
𝑘+𝑑
𝑉 .

Model categories and ∞-categories
Since certain functors are only defined at the level of ∞-categories, we will need to distinguish
between model categories or relative categories, and the ∞-categories obtained from them by
inverting the weak equivalences. We will employ the following basic convention: we will denote
by 𝒞dg a certain category of dg-objects, for example, operads or algebras over them, and by 𝒞 the
underlying ∞-category. For example:
{
}
dg
Alg𝒫 = dg-algebras over 𝒫

dg

Alg𝒫 = Alg𝒫 [quasi-iso−1 ].

We will typically refer to the objects of each of these two categories as 𝒫-algebras, leaving the
differential graded structure implicit (except for dg-categories, in order not to confuse these with
ordinary categories or ∞-categories).

Linear algebra
Let 𝒜 be a dg-category (over our base field of characteristic zero). Recall that a left 𝒜-module is
a dg-functor 𝒜 ⟶ Ch𝑘 to the category of cochain complexes and a right 𝒜-module is a functor
𝒜op ⟶ Ch𝑘 , that is, a left 𝒜op -module. By default, modules are left modules. For an object 𝑐 ∈ 𝒜,
the free 𝒜-module at 𝑐 is the corepresentable functor

An 𝒜-ℬ-bimodule is a ℬop ⊗ 𝒜-module (so that an 𝒜-𝑘-bimodule is just an 𝒜-module). We will
denote the canonical 𝒜-bimodule by

† In fact, everything we do also works over an arbitrary ring, instead of a field of characteristic zero, if one restricts to
non-symmetric operads.
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Given an 𝒜-ℬ-bimodule 𝐸 and a ℬ-𝒞-bimodule 𝐹, we can form the tensor product (Day
convolution) 𝐸 ⊗ℬ 𝑀; for 𝑎 ∈ 𝒜 and 𝑐 ∈ 𝒞, one explicitly computes (𝐸 ⊗ℬ 𝐹)(𝑐, 𝑎) as the
coequalizer

dg

dg

In particular, when 𝒞 = 𝑘, this defines a functor 𝐸 ⊗ℬ − ∶ LModℬ ⟶ LMod𝒜 , and similarly for
right modules. This satisfies the obvious identities, for example, 𝒜 ⊗𝒜 𝑀 = 𝑀 and 𝐸 ⊗ℬ ℬ𝑐 =
𝐸𝑐 = 𝐸(𝑐, −). As usual, composing two such functors coincides with tensoring bimodules: if 𝐸 is
a 𝒜-ℬ-bimodule, and 𝐹 a ℬ-𝒞-bimodule, then
(𝐸 ⊗ℬ −) ◦ (𝐹 ⊗𝒞 −) ≅ (𝐸 ⊗ℬ 𝐹) ⊗𝒞 − .
The functor 𝐸 ⊗ℬ − has a right adjoint, given by Hom𝒜(𝐸, −), where the left ℬ-module structure
on Hom𝒜(𝐸, 𝑁) comes from the right ℬ-action on 𝐸. Similarly, the right adjoint to − ⊗𝒜 𝐸 is
Homℬ (𝐸, −).
Finally, for 𝑀 a left 𝒜-module, we will denote
𝑀 ∨ ∶= Hom𝒜(𝑀, 𝒜).
This is a right 𝒜-module via the canonical right action of 𝒜 on itself.
Remark 1.7. Let 𝒜 be a dg-category with finitely many objects and consider its (ordinary) category
of left modules. This category has a single compact projective generator, given by the direct sum
of all free modules
⨁
𝒜𝑐 .
𝑃=
𝑐∈𝒜

⨁
Likewise, the category of right 𝒜-modules has a single compact generator 𝑄 = 𝑐∈𝒜(𝑐 𝒜). It follows from Morita theory that the category of left 𝒜-modules is equivalent to the category of
modules over the dg-algebra 𝐵 = End (𝑃)op ≅ Endop (𝑄). Unraveling the definition, this algebra
is given by the cochain complex
∏
𝒜(𝑐, 𝑑)
𝐵≅
𝑐,𝑑

and the product of two morphisms is their composition whenever they are composable, and 0
otherwise. The equivalence from left 𝒜-modules to 𝐵-modules simply sends a left 𝒜-module 𝑀
⨁
to 𝑄 ⊗𝒜 𝑀 ≅ 𝑐 𝑀(𝑐), with the obvious action maps arising from 𝒜(𝑐, 𝑑) ⊗ 𝑀(𝑐) ⟶ 𝑀(𝑑).
The following is a special case of [37, Proposition A.3.3.2] (where we enrich over Ch𝑘 with the
projective model structure):
Proposition 1.8. For any dg-category 𝕜, the category of 𝕜-modules admits a cofibrantly generated model structure for which the fibrations are pointwise surjections and weak equivalences are
pointwise quasi-isomorphisms. Furthermore, this model structure is enriched over Ch𝑘 .
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Remark 1.9 (Cofibrant objects). Note that this model structure arises from transfer along the free∏
dg
forgetful adjunction 𝑐∈𝕜 Ch𝑘 ⇆ LMod𝕜 with right adjoint evaluating at each object 𝑐 ∈ 𝕜. Every
free 𝕜-module (in the image of the left adjoint) is therefore cofibrant and the generating cofibrations are the cone inclusions 𝕜𝑐 [𝑛] ⟶ Cone(𝕜𝑐 [𝑛]) for 𝑐 ∈ 𝕜. Conversely, a cofibrant object is (in
particular) the retract of quasi-free 𝕜-module.
dg
It is not hard to verify that a map in LMod𝕜 is a cofibration if and only if it is a monomorphism
whose cokernel is cofibrant. As a consequence, if 𝑀 is a 𝕜-module equipped with an exhaustive
increasing filtration whose associated graded is cofibrant, then 𝑀 is itself cofibrant.
If 𝕜 is of the form 𝑘[𝐺], where 𝐺 is any locally finite groupoid, then Maschke’s theorem [53,
Chapter 4.2] implies that every 𝑘[𝐺]-module 𝑀 is the retract of the free 𝑘[𝐺]-module generated
by 𝑀 (by averaging over 𝐺). By the above remark, this implies that all objects are cofibrant and
that the cofibrations are the monomorphisms.

Operads
In this paper, we make extensive use of the machinery of algebraic operads, namely bar (denoted
B) and cobar (denoted Ω) constructions for both (co)operads and for (co)algebras, relative to a
Koszul twisting morphism (denoted ⤏), as developed in [40].
In fact, throughout we will employ the theory of coloured operads relative to a base dg-category,
which we will denote by 𝕜. More precisely, suppose that 𝕜 has a set of objects 𝑆. By a 𝕜-operad 𝒫,
we will mean an 𝑆-coloured (symmetric, differential graded) operad together with maps of 𝑆coloured operads 𝕜 ⟶ 𝒫⟶ 𝕜 that compose to the identity (cf. Proposition A.2 for a slightly
different perspective). In particular, we will always assume that 𝒫 is augmented over 𝕜, unless
explicitly stated otherwise.
An algebra over a 𝕜-operad 𝒫 is simply an algebra over the underlying coloured operad. In
particular, each 𝒫-algebra has an underlying left 𝕜-module and the usual constructions with 𝒫algebras, such as the free 𝒫-algebra or the bar construction, can be performed at the level of
𝕜-modules as well. We refer to the Appendix for an extensive discussion of the usual operadic
homological algebra relative to a dg-category 𝕜.
For any operad 𝒫, we denote by 𝒫{𝑘} its degree shift by 𝑘, such that 𝐴 is a 𝒫{𝑘} algebra if and
only if 𝐴[𝑘] is a 𝒫algebra. In particular, if 𝒫is concentrated in degree 0, 𝒫{1}(𝑛) is concentrated
in degree −𝑛 + 1.
All operads (respectively, cooperads) are assumed to be unital and augmented (respectively,
counital and coaugmented) and have no other constraints in arities 0 and 1, unless otherwise
explicitly written.
We will say that a 𝕜-operad 𝒫is 𝑛-reduced if the map 𝕜 ⟶ 𝒫is an isomorphism in arities ⩽ 𝑛
(in particular, it is trivial in arities ≠ 1 and ⩽ 𝑛).
Assumption 1.10 (Cofibrancy assumptions). Since we are not working over a field, various pointset level constructions involving tensor products and 𝕜-linear duals are only well behaved when
applied to left 𝕜-modules that are cofibrant (for the model structure of Proposition 1.8). For this
reason, we will typically (tacitly) assume throughout the text that our 𝕜-operads are cofibrant as
left 𝕜-modules and that 𝕜-cooperads are filtered-cofibrant left 𝕜-modules (Definition A.13). Since
our main results are formulated in homotopy-invariant terms, one can always replace 𝒫by a 𝕜operad for which this assumption holds.
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2

MODULI PROBLEMS FOR ALGEBRAS OVER OPERADS

In this section, we introduce the main notion of a formal moduli problem for algebras over a
(augmented) 𝕜-operad 𝒫 and describe the associated tangent complex. Recall that a classical
(commutative) formal deformation functor is a functor

from the category of Artin local commutative 𝑘-algebras satisfying (some version of) the Schlessinger conditions. To describe the notion of a formal moduli problem for algebras over a
𝕜-operad 𝒫, we will replace the category of Artin local rings by the following category of Artin
𝒫-algebras.
Definition 2.1. Let 𝕜 be a dg-category and let 𝒫be a 𝕜-operad. A trivial algebra is a 𝒫-algebra
obtained from a 𝕜-module by restriction along the augmentation map 𝒫⟶ 𝕜. We will denote by
𝕜𝑐 [𝑛] ∶= 𝕜(𝑐, −)[𝑛]

the trivial algebra whose underlying 𝕜-module is free on a generator at the object 𝑐 ∈ 𝕜, of
cohomological degree −𝑛. We denote its cone by 𝕜𝑐 [𝑛, 𝑛 + 1].
Definition 2.2 (cf. [38, Definition 1.1.8]). The ∞-category Art𝒫 of Artin 𝒫-algebras is the smallest
full subcategory of the ∞-category of 𝒫-algebras such that:
(1) the trivial algebra 𝕜𝑐 [𝑛] is Artin for every object 𝑐 ∈ 𝕜 and every 𝑛 ⩾ 0;
(2) for any Artin 𝒫-algebra 𝐴 and any map 𝐴 ⟶ 𝕜𝑐 [𝑛] with 𝑛 ⩾ 1, the homotopy pullback
𝐴 ×ℎ𝕜 [𝑛] 0 is also Artin.
𝑐

By definition, being Artin is a homotopy-invariant condition: any algebra quasi-isomorphic to
an Artin algebra is itself Artin. As we see in Example 2.10, in the case 𝒫is the commutative operad,
we recover the usual notion of an Artin local algebra (or rather, their augmentation ideals, which
is equivalent data).
Example 2.3. Suppose that 𝐴 is an Artin 𝒫-algebra and that

is a strict square zero extension of 𝐴 by the trivial 𝐴-module 𝕜𝑐 [𝑛], for 𝑛 ⩾ 0. Then 𝐵 is Artin as
well. Indeed, pulling back to a quasi-free resolution of 𝐴 if necessary, we may assume that 𝐴 is
a quasi-free 𝒫-algebra. In this case, we can write 𝐵 = 𝐴 ⊕ 𝕜𝑐 [𝑛] as a split square zero extension,
with differential of the form
𝑑(𝑎, 𝑣) = (𝑑𝑎, 𝑑𝑣 + 𝜒(𝑎))

𝑎∈𝐴

𝑣 ∈ 𝕜𝑐 [𝑛].
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The map 𝜒 defines a 𝒫-algebra map 𝜒 ∶ 𝐴 ⟶ 𝕜𝑐 [𝑛 + 1], and one can easily verify that 𝐴′ fits into
a strict pullback square (a homotopy pullback since the vertical maps are fibrations)

Since 𝕜𝑐 [𝑛, 𝑛 + 1] is contractible, we find that 𝐵 ≃ 𝐴 ×ℎ𝕜 [𝑛+1] 0 is Artin.
𝑐

Remark 2.4. In fact, the argument from Example 2.3 can be used to give the following chain-level
description of the Artin 𝒫-algebras: they form the smallest class of 𝒫-algebras that is closed under
quasi-isomorphisms and (strict) square zero extensions by the trivial modules 𝕜𝑐 [𝑛] with 𝑛 ⩾ 0.
Definition 2.5. A 𝒫-algebra 𝐴 is strictly Artin if it admits a filtration
𝐴 = 𝐴(𝑛) ⟶ ⋯ ⟶ 𝐴(0) = 0
with the property that each 𝐴(𝑖) ⟶ 𝐴(𝑖−1) is a square zero extension with kernel 𝕜𝑐𝑖 [𝑝𝑖 ], for some
𝑐𝑖 ∈ 𝕜 and 𝑝𝑖 ⩾ 0.
An iterated application of Example 2.3 shows that a strictly Artin 𝒫-algebra is Artin. Conversely,
if 𝒫 is a cofibrant 𝕜-operad, then every Artin 𝒫-algebra is quasi-isomorphic to a strictly Artin
𝒫-algebra (see Lemma 5.12).
Remark 2.6. The 𝕜-module underlying a strictly Artin 𝒫-algebra is cofibrant, and quasi-freely generated (that is, disregarding differentials) by finitely many generators of degree ⩽ 0. In particular,
it is a perfect left 𝕜-module.
Let us remark that in favourable cases, being Artin reduces to a condition at the level of the
cohomology groups of a 𝒫-algebra:
Definition 2.7. Let 𝒳 be a coloured symmetric sequence of chain complexes (for example, a

𝕜-operad). We will say that 𝒳 is connective if for all tuples of colours,

)
(
𝐻 ∗ 𝒳(𝑐1 , … , 𝑐𝑝 ; 𝑐0 ) = 0

for all ∗ > 0.

Furthermore, 𝒳 is eventually highly connective if for every 𝑛 ∈ ℤ, there exists an 𝑝(𝑛) ∈ ℕ such
that 𝐻 ∗ (𝒳) vanishes in degrees ∗⩾ 𝑛 in arities ⩾ 𝑝(𝑛).
Lemma 2.8. Suppose that 𝕜 = 𝑘 is a field and that 𝒫is a connective operad. Then a 𝒫-algebra 𝐴 is
Artin if and only if it satisfies the following conditions.
∙ 𝐻 𝑖 (𝐴) = 0 for 𝑖 > 0 and 𝑖 ≪ 0.
∙ Each 𝐻 𝑖 (𝐴) is a finite-dimensional vector space.
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∙ Each 𝐻 𝑖 (𝐴) is a nilpotent module over the 𝐻 0 (𝒫)-algebra 𝐻 0 (𝐴), in the following sense: consider
the action maps
(2.9)
for 𝜇 ∈ 𝐻 0 (𝒫)(𝑞) and 𝑎𝑖 ∈ 𝐻 0 (𝐴). Then there exists an 𝑛 such that any 𝑛-fold composition of such
(possibly different) action maps is zero.
Proof. Consider a homotopy pullback of 𝒫-algebras of the form 𝐵 ≃ 𝐴 ×ℎ𝑘[𝑛] 0. Then the map
𝐻 ∗ (𝐵) ⟶ 𝐻 ∗ (𝐴) on cohomology is a square zero extension of 𝐻 0 (𝒫)-algebras with kernel 𝑘[𝑛 −
1]. Using this inductively, one verifies the above conditions for every Artin 𝒫-algebra 𝐴.
For the converse, we may assume 𝒫is a cofibrant operad and by homotopy transfer [40, Section 10.3] that 𝐴 is minimal, so that 𝐻 𝑖 (𝐴) = 𝐴𝑖 . Let 𝑖 ⩽ 0 be the minimal number such that 𝐴𝑖 ≠ 0.
We claim that there exists a non-zero 𝑣 ∈ 𝐴𝑖 such that 𝜇(𝑎1 , … , 𝑎𝑝 , 𝑣) = 0 for any operation 𝜇.
Assuming this, we find that ⟨𝑣⟩ ⟶ 𝐴 ⟶ 𝐴∕⟨𝑣⟩ is a square zero extension by 𝑘[𝑖]. Example 2.3
then shows that 𝐴 is Artin if 𝐴∕⟨𝑣⟩ is Artin, and the result follows by induction.
Since we assumed 𝒫to be connective, degree reasons dictate that the claim is equivalent to the
following: there exists a 𝑣 ∈ 𝐴𝑖 on which the 𝐻 0 (𝒫)-algebra 𝐴0 acts trivially. Let 𝑛 be the minimal number such that any 𝑛-fold composition of action maps (2.9) is zero. If 𝑛 = 0, then 𝐴0 acts
trivially on 𝐴𝑖 and we are done. For 𝑛 ⩾ 1, there exists by assumption an (𝑛 − 1)-fold composite
of action maps which is non-zero. Any non-trivial element 𝑣 in its image is then annihilated by
□
all of 𝐴0 .
Example 2.10. Let 𝒫= 𝖢𝗈𝗆 be the 1-reduced commutative operad. An Artin 𝖢𝗈𝗆-algebra is
exactly a non-unital cdga 𝔪 with finite-dimensional cohomology groups which are zero in degrees
> 0 and ≪ 0, and with 𝐻 0 (𝔪) nilpotent. These are exactly the augmentation ideals of the unital
Artin dg-𝑘-algebras from [38, Proposition 1.1.11].
With the Artin 𝒫-algebras playing the role of local Artin dg-algebras, we now define a
‘𝒫-algebraic formal moduli problem’ to be a functor Art𝒫 ⟶ 𝒮 satisfying the Schlessinger
conditions.
Definition 2.11. Let 𝒫be a 𝕜-operad. A formal moduli problem over 𝒫is a functor

to the ∞-category of spaces, satisfying the following two conditions.
(1) 𝐹(0) ≃∗, where 0 is the zero algebra.
(2) 𝐹 sends a pullback diagram in Art𝒫 of the form

(2.12)

to a pullback square of spaces, for every colour 𝑐 ∈ 𝕜 and 𝑛 ⩾ 1.
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We will denote the ∞-category of formal moduli problems over 𝒫by FMP𝒫.
Example 2.13. To every 𝒫-algebra 𝐵, we can associate its formal spectrum, a formal moduli
problem Spf (𝐵) ∶ Art𝒫 ⟶ 𝒮, given by 𝐴 ⟼ Map𝒫(𝐵, 𝐴).
If one thinks of the functor 𝐹 as assigning to a 𝒫-algebra 𝐴 the space of deformations of a
certain object , then the above conditions encode the usual obstruction theory for deformations
along square zero extensions. Indeed, note that the pullback square (2.12) exhibits 𝐴′ as a square
zero extension of 𝐴 by the trivial 𝐴-module 𝕜𝑐 [𝑛 − 1] (cf. Example 2.3). For every deformation
𝐴 ∈ 𝐹(𝐴), one obtains an ‘obstruction class’
ob(𝐴 ) ∈ 𝜋0 𝐹(𝕜𝑐 [𝑛])
by applying the functor 𝐹 to the map 𝐴 ⟶ 𝕜𝑐 [𝑛]. This obstruction class is zero if and only if 𝐴
lifts to a deformation over the square zero extension 𝐴′ .
Let us recall that there is a more cohomological way of interpreting these kinds of obstruction
classes, as follows. Applying condition (2) in the case where 𝐴 = 0, one obtains a natural sequence
of equivalences

In other words, the sequence of spaces 𝐹(𝕜𝑐 [𝑛])𝑛⩾0 forms an Ω-spectrum 𝑇(𝐹)𝑐 .
Definition 2.14. We refer to 𝑇(𝐹)𝑐 as the tangent complex of 𝐹 at 𝑐, and to the spectra 𝑇(𝐹)𝑐∈𝕜
collectively as the tangent complex of 𝐹.
In fact, the tangent complex admits a canonical 𝕜op -module structure, as we will see in the
next lemma. We denote the category of spectra by Sp. Recall that there is a functor Modℤ → Sp
sending 𝑋 to the spectrum formed by (the Dold–Kan image of) its iterated connective covers
𝜏⩽0 𝑋, 𝜏⩽1 𝑋, … , each of which is the looping of the next.
Lemma 2.15. For any formal moduli problem 𝐹 over 𝒫, the tangent complex has a unique inverse
image under the forgetful functor
(2.16)
with the following property: for all free 𝕜op -modules generated by 𝑐 ∈ 𝕜op in degree 𝑛 ⩾ 0, there is a
natural equivalence
)
( op
MapMod𝕜op 𝕜𝑐 [−𝑛], 𝑇(𝐹) ≃ 𝐹(𝕜𝑐 [𝑛]).
In other words, the obstructions to lifting deformations along square zero extensions are given
by classes in the cohomology of the 𝕜op -module 𝑇(𝐹).
Remark 2.17. The first functor in (2.16) takes a 𝕜op -module 𝑉 to the collection of chain complexes
𝑉(𝑐). Equivalently, one can consider these as 𝐻 ℤ-module spectra (via the Dold–Kan correspondence [49]). The second functor then forgets the 𝐻 ℤ-module structure. The composite functor
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preserves both limits and colimits, since its left adjoint preserves compact generators: it sends
op
(0, … , 0, 𝕊𝑛 , 0, … , 0), with a sphere at place 𝑐, to the free 𝕜op -module 𝕜𝑐 [𝑛].
op

Proof. Uniqueness follows from the fact that the free modules 𝕜𝑐 [−𝑛] with 𝑛 ⩾ 0 generate the ∞category Mod𝕜op under colimits. Existence follows either from Theorem 4.18, or from the following
op
argument. Let 𝒞⩽𝑛 ⊆ Mod𝕜op denote the subcategory generated by the free 𝕜op -modules 𝕜𝑐 [𝑛]
under finite limits and let 𝒞 = colim𝑛 𝒞⩽𝑛 be their union. Consider the functors

These functors are well defined because the trivial 𝒫-algebra 𝑉[−𝑛]∨ is Artin for all 𝑉 ∈ 𝒞⩽𝑛 .
Because 𝐹 is a formal moduli problem, there are natural equivalences 𝑋𝑛 ≃ 𝑋𝑛+1 |𝒞⩽𝑛 , so that one
obtains a functor

This functor sends finite colimits in 𝒞 to limits of spaces, since 𝐹 is a formal moduli problem.
But 𝒞 ⊆ Mod𝕜op contains all free 𝕜op -modules and is closed under finite colimits, so it follows
that 𝑋 is representable by a 𝕜op -module [37, Corollary 5.3.5.4, Proposition 5.3.5.11]. Unravelling
□
the definitions, this is exactly the desired 𝕜op -module 𝑇(𝐹).

3

EXAMPLES AND APPLICATIONS

In this section, we discuss various examples and applications of our Theorem 1.1. We start in Section 3.1 by recalling the usual deformation theory along Artinian algebras from this perspective,
with emphasis on (commutative) deformations of algebraic structures.
In the deformations theory of operads and algebras over them, one also encounters deformation
problems parametrized by permutative algebras. Koszul dually, this roughly corresponds to the
fact that deformation complexes are pre-Lie algebras. In Section 3.2, we more generally treat such
permutative deformation problems, their pre-Lie tangent spaces and some concrete examples,
while in Section 3.3 we consider deformations along operads.
Finally, in Section 3.4, we will give some further examples of operads satisfying the conditions
of Theorem 1.3. Of these conditions, the most important one is condition (3), which we discuss in
some detail. This last section is mostly independent of the previous ones.

3.1

Commutative and associative deformation theory

Let us start by briefly reviewing how Theorem 1.1 plays out in the classical cases of the (𝑘-linear)
commutative operad 𝖢𝗈𝗆 and associative operad 𝖠𝗌. Note that, since we are always working with
augmented operads, algebras over the operads 𝖢𝗈𝗆 and 𝖠𝗌 are given by non-unital commutative
and associative algebras. Such algebras are equivalent to augmented unital commutative algebras
by adding a unit and taking the augmentation ideal:
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In particular, this identifies the subcategory of non-unital (commutative) Artin dg-algebras with
the subcategory of augmented Artin dg-algebras and we can identify 𝐹 ∈ FMP𝖢𝗈𝗆 with a formal
⟶ 𝒮in the usual sense of [38] (and similarly in the associative case).
moduli problem 𝐹 ∶ CAlgart
𝑘
The operads 𝖢𝗈𝗆 and 𝖠𝗌 are binary Koszul with Koszul dual operads given by 𝖫𝗂𝖾 and 𝖠𝗌.
Consequently, there are Koszul duality functors

sending a commutative (associative) algebra 𝐴 to the linear dual of the cofree coLie (coassociative) coalgebra on 𝐴[1], with differential induced by the multiplication on 𝐴. These constructions
preserve quasi-isomorphisms, so that they indeed induce functors of ∞-categories. Theorem 1.1,
or more precisely Theorem 5.1, then yields equivalences

where the functor MC is defined such that for a pair (𝔤, 𝐴) of a Lie algebra and an Artin
commutative algebra (respectively, two associative algebras)
MC𝔤 (𝐴) = Map(𝔇(𝐴), 𝔤).
Of course, these two cases of the theorem have already been established by Pridham [46] and
Lurie [38]. To illustrate these equivalences (and motivate what will follow), let us recall how these
equivalences can be used to study deformations of algebras and modules:
Example 3.1. Suppose that 𝐵 is a connective associative algebra and 𝑀 a connective 𝐵-module.
Then one can consider the associative formal moduli problem

sending a (non-unital) associative algebra 𝐴 to the space of all 𝐴+ ⊗ 𝐵-modules 𝑀 ′ equipped with
a 𝐵-linear equivalence 𝑘 ⊗𝐴+ 𝑀 ′ ≃ 𝑀. This formal moduli problem is classified by the derived
endomorphism algebra RHom𝐵 (𝑀, 𝑀) [38, Corollary 5.2.15], that is, the endomorphism algebra
of a cofibrant resolution of 𝑀 over 𝐵.
Example 3.2. Suppose that 𝒬 is a connective 𝑘-operad and that 𝑅 is a connective 𝑘-linear 𝒬algebra. Then one can consider the deformation problem

sending a (non-unital) commutative algebra 𝐴 to the space of all 𝐴+ -linear 𝒬-algebras 𝑅′ (equivalently, algebras over the tensor product 𝐴+ ⊗ 𝒬) equipped with a 𝒬-algebra equivalence 𝑘 ⊗𝐴+
𝑅′ ≃ 𝑅. The Lie algebra classifying this formal moduli problem is given by the derived derivations
of 𝑅, that is, the derivations of a cofibrant replacement of 𝑅 [26, 43].
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Remark 3.3. When 𝒬 is an operad concentrated in arity 1 (that is, an algebra), Example 3.2 is
simply the restriction of Example 3.1 to commutative Artin algebras. This is reflected in the fact
that the Lie algebra classifying commutative deformations of a 𝐵-module 𝑀 is the Lie algebra
underlying the associative algebra RHom𝐵 (𝑀, 𝑀). We will come back to this in Section 3.2 and
(in more detail) in Section 6.
Example 3.4. For an operad 𝒬 and a 𝒬-algebra (𝑅, 𝜇), one can also consider the commutative
formal moduli problem Def 𝑅 sending 𝐴 to the space of 𝐴+ -linear 𝒬-algebra structures on 𝐴+ ⊗ 𝑅
with a 𝒬-algebra equivalence 𝑘 ⊗𝐴+ (𝐴+ ⊗ 𝑅) ≃ 𝑅. Note that this differs from Example 3.2: we
only consider deformations of (𝑅, 𝜇) whose underlying complex is the trivial deformation 𝐴+ ⊗ 𝑅
of the complex underlying 𝑅 (that is, we do not deform the differential).
Note that a 𝒬-algebra structure on 𝑅 ⊗ 𝐴+ is equivalent to the datum of a 𝑘-linear operad map
to the (𝐴+ -linear, non-augmented) endomorphism operad of 𝐴+ ⊗ 𝑅
𝒬 ⟶ End𝐴+ (𝐴+ ⊗ 𝑅) ≃ End(𝑅) ⊗ 𝐴+ .
Here the equivalence follows from the fact that 𝐴+ is Artin, so in particular perfect as a 𝑘-module.
Using this, it follows that the space Def 𝑅 (𝐴+ ) is equivalent to the space of dotted lifts in the
following diagram in the ∞-category Op𝑘 of 𝑘-linear operads:

(3.5)

The commutative formal moduli problem from Example 3.4 makes sense more generally:
instead of deforming an operad map into the endomorphism operad End𝑘 (𝑅), one can take any
map of 𝑘-linear operads 𝜙 ∶ 𝒬 ⟶ 𝒫. To describe the associated Lie algebra, let us suppose that
𝒬 = Ω𝒞 arises as the cobar construction of a 𝑘-cooperad (which can always be arranged up to
quasi-isomorphism, cf. Proposition A.22) and recall the following construction:
Construction 3.6 (Deformation complex). Let 𝒫 be a (not necessarily augmented) 𝑘-linear
operad, 𝒞 a 𝑘-cooperad with cokernel 𝒞 of its coaugmentation, and 𝒬 = Ω𝒞. The complex
𝔤 = Hom(𝒞, 𝒫) =

∏

(
)Σ𝑝
Hom 𝒞(𝑝), 𝒫(𝑝)

𝑝

of maps of symmetric sequences 𝒞 ⟶ 𝒫comes equipped with a binary operation ⋆, such that
[𝜙, 𝜓] = 𝜙 ⋆ 𝜓 − (±)|𝜙|⋅|𝜓| 𝜓 ⋆ 𝜙 endows 𝔤 with the structure of a dg-Lie algebra [40, Proposition
6.4.7]. Informally, 𝜙 ⋆ 𝜓(𝑐) is obtained by taking the sum of all partial cocompositions of 𝑐 into
two elements of 𝒞, applying 𝜙 and 𝜓 to them and then applying the composition in 𝒫(see also
Construction A.17 and Remark A.19 for more details).
An operad map 𝜙 ∶ 𝒬 = Ω𝒞 ⟶ 𝒫 then corresponds to a Maurer–Cartan element in 𝔤 [40,
Theorem 6.5.7] (or see Proposition A.20). Given such a map 𝜙 ∶ 𝒬 ⟶ 𝒫, let us write
𝔤𝜙 = (𝔤, 𝑑 + [𝜙, −])
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for the twisting of 𝔤 by the Maurer–Cartan element 𝜙. This is again a dg-Lie algebra for the original
bracket [−, −].
Let 𝜙 ∶ Ω𝒞 = 𝒬 ⟶ 𝒫be a map from an augmented to a not necessarily augmented 𝑘-linear
operad. The deformations of 𝜙 determine a formal moduli problem
Def 𝜙 ∶ 𝒬→𝒫(𝐴) = MapOp (𝒬, 𝒫⊗ 𝐴+ ) ×MapOp (𝒬,𝒫) {𝜙}

(3.7)

sending each 𝐴 ∈ Algart
𝖢𝗈𝗆 to the space of deformations of 𝜙 (as in Diagram (3.5)). This deformation
problem is classified by the Lie algebra 𝔤𝜙 , as illustrated by the following two observations:
Lemma 3.8. Suppose that 𝔤 is a Lie algebra and that 𝐴 is strictly Artin. If one chooses a fibrant
simplicial resolution of 𝔤, then the space MC𝔤 (𝐴) can be modelled by the simplicial set of Maurer–
Cartan elements
MC𝔤 (𝐴) = MC(𝔤∙ ⊗ 𝐴) .
Proof. For strictly finite-dimensional 𝐴, the Lie algebra 𝔇(𝐴) = 𝔇𝖫𝗂𝖾 (𝐴) freely generated by
𝐴∨ [−1], with differential given on generators by the linear dual of the product. If 𝐴 is furthermore nilpotent, then 𝔇𝖫𝗂𝖾 (𝐴) is cofibrant: the dual of the adic filtration on 𝐴 yields a filtration on
𝔇(𝐴) where each stage is obtained from the previous one by adding generators whose differential
is contained in the previous stage. The mapping space Map𝖫𝗂𝖾 (𝔇(𝐴), 𝔤) can then be modelled by
the simplicial set of maps 𝔇(𝐴) ⟶ 𝔤∙ . Since 𝔇(𝐴) is quasi-free on 𝐴∨ [−1], such maps are determined by degree 1 elements in 𝐴 ⊗ 𝔤∙ and compatibility with the differential translates into the
Maurer–Cartan equation [40, Corollary 11.1.4].
□
Proposition 3.9. Let 𝜙 ∶ Ω𝒞 = 𝒬 ⟶ 𝒫 be as above and let 𝐴 be a strictly Artin commutative
dg-algebra. Then there is an equivalence Def 𝜙 ∶ 𝒬→𝒫(𝐴) ≃ MC𝔤𝜙 (𝐴).
Proof. Let us start by recalling the following property of the twisting of a Lie algebra by a Maurer–
Cartan element: a degree 1 element 𝜙𝐴 ∈ 𝔤𝜙 ⊗ 𝐴 is Maurer–Cartan element if and only if the
element 𝜙 ⊗ 1 + 𝜙𝐴 defines a Maurer–Cartan element in 𝔤 ⊗ 𝐴+ = (𝔤 ⊗ 𝑘) ⊕ (𝔤 ⊗ 𝐴). Since 𝐴
is finite dimensional, the Lie algebra 𝔤 ⊗ 𝐴+ coincides with the Lie algebra from Construction 3.6
applied to 𝒞 and 𝒫⊗ 𝐴+ . By the discussion there, we obtain bijections
MC(𝔤𝜙 ⊗ 𝐴) ≅ MC(𝔤 ⊗ 𝐴+ ) ×MC(𝔤) {𝜙} = HomOpdg (Ω𝒞, 𝒫⊗ 𝐴+ ) ×Hom

Opdg

(Ω𝒞,𝒫)

{𝜙}

to the set of maps of dg-operads Ω𝒞 ⟶ 𝒫⊗ 𝐴+ which reduce 𝜙 modulo 𝐴.
Now note that Construction 3.6 is natural in 𝒫. A fibrant simplicial resolution 𝒫∙ of the operad 𝒫
𝜙
with 𝒫0 = 𝒫therefore gives rise to a simplicial Lie algebra 𝔤∙ , which forms a simplicial resolution
of 𝔤𝜙 . Lemma 3.8 and the previous argument then show that the space MC𝔤𝜙 (𝐴) can be modelled
by the simplicial set
HomOpdg (Ω𝒞, 𝒫∙ ⊗ 𝐴+ ) ×Hom

Opdg

(Ω𝒞,𝒫∙ )

{𝜙}.
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Since Ω𝒞is a cofibrant operad and 𝒫∙ ⊗ 𝐴+ is a simplicial resolution of 𝒫⊗ 𝐴+ , the simplicial set
HomOpdg (Ω𝒞, 𝒫∙ ⊗ 𝐴+ ) is a model for the space MapOp (Ω𝒞, 𝒫⊗ 𝐴+ ). Furthermore, note that the
map of simplicial resolutions 𝒫∙ ⊗ 𝐴+ ⟶ 𝒫∙ is a Reedy fibration between simplicial resolutions
(the relative matching maps are given by the surjections 𝒫𝑛 ⊗ 𝐴+ ⟶ 𝑀𝑛 (𝒫∙ ) ⊗ 𝐴+ ×𝑀𝑛 (𝒫∙ ) 𝒫𝑛 ).
Consequently, the map of simplicial sets HomOpdg (Ω𝒞, 𝒫∙ ⊗ 𝐴+ ) ⟶ HomOpdg (Ω𝒞, 𝒫∙ ) is a Kan
fibration [29, Theorem 16.5.2]. The above pullback is therefore a homotopy pullback, so that it
□
indeed models the space Def 𝜙 ∶ 𝒬→𝒫(𝐴).

3.2

Permutative deformation theory

In this section, we will spell out the contents of Theorem 1.1 in a bit more detail for a less classical
pair of Koszul dual operads: we will consider deformation problems whose associated Lie algebra
arises from a pre-Lie algebra.
Definition 3.10. A pre-Lie algebra is a vector space 𝑉 equipped with a bilinear operation {−, −}
such that for every 𝑥, 𝑦, 𝑧 ∈ 𝑉,
{{𝑥, 𝑦}, 𝑧} − {𝑥, {𝑦, 𝑧}} = {{𝑥, 𝑧}, 𝑦} − {𝑥, {𝑧, 𝑦}} .
Such pre-Lie algebras are algebras over a 𝑘-linear operad 𝗉𝗋𝖾𝖫𝗂𝖾.
Definition 3.11 [10]. A permutative algebra, or 𝖯𝖾𝗋𝗆-algebra, is an associative algebra (𝑋, ⋅) such
that for every 𝑥, 𝑦, 𝑧 ∈ 𝑋,
𝑥 ⋅ (𝑦 ⋅ 𝑧) = 𝑥 ⋅ (𝑧 ⋅ 𝑦) .

(3.12)

One easily sees that permutative algebras are algebras over a 𝑘-linear operad 𝖯𝖾𝗋𝗆 (which in fact
arises from an operad in sets).
The operads 𝖯𝖾𝗋𝗆 and 𝗉𝗋𝖾𝖫𝗂𝖾 are both binary quadratic, and it is not hard to verify that they are
each others quadratic dual. Consequently, there is a functor of ∞-categories
(3.13)
sending a permutative algebra 𝐴 to the 𝑘-linear dual of its bar construction, that is, of the
cofree pre-Lie coalgebra generated by the suspension 𝐴[1], with differential determined by
the permutative structure on 𝐴 [21, 40] (or see Definition A.30). This construction preserves
quasi-isomorphisms and hence descends to a functor of ∞-categories.
Since the operads 𝖯𝖾𝗋𝗆 and 𝗉𝗋𝖾𝖫𝗂𝖾 are Koszul [11], we then have the following special case of
Theorem 1.1 (made slightly more precise, as in Theorem 5.1):
Theorem 3.14. For every pre-Lie algebra 𝔤, consider the functor
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Here the domain is the ∞-category of Artin permutative algebras, that is, 𝐴 such that 𝐻 ∗ (𝐴) is finite
dimensional and concentrated in degrees ⩽ 0, and such that 𝐻 0 (𝐴) is nilpotent (see Lemma 2.8).
This determines an equivalence of ∞-categories

Remark 3.15. The operad 𝖯𝖾𝗋𝗆 fits into a sequence of Koszul binary quadratic operads
𝖠𝗌 ⟶ 𝖯𝖾𝗋𝗆 ⟶ 𝖢𝗈𝗆,
(compatible with quadratic data) whose quadratic dual sequence is
𝖠𝗌 ⟵ 𝗉𝗋𝖾𝖫𝗂𝖾 ⟵ 𝖫𝗂𝖾.
This dual sequence sends the Lie bracket to the commutator of the pre-Lie structure (respectively,
of the associative product). The equivalence from Theorem 1.1 is natural in these operads, in
the sense that the equivalence of Theorem 3.14 and the equivalences from Section 3.1 fit into a
commuting diagram of ∞-categories (Proposition 6.10)

Here the top horizontal maps forget algebraic structure, while the bottom horizontal maps restrict
formal moduli problems along the forgetful functors Art𝖢𝗈𝗆 ⟶ Art𝖯𝖾𝗋𝗆 ⟶ Art𝖠𝗌 . This tells us
in particular that a commutative formal moduli problem lifts to a permutative one (respectively,
to an associative one) if and only if the Lie bracket on its tangent complex arises from a pre-Lie
structure (respectively, an associative structure).
In fact, this same remark applies to any other map 𝒫⟶ 𝒬 of Koszul binary quadratic operads,
with Koszul dual map 𝒬! ⟶ 𝒫! .
Before providing several examples, let us give a more explicit description of the value of the
permutative formal moduli problem MC𝔤 classified by a pre-Lie algebra 𝔤 on a strictly Artin permutative algebra 𝐴. To this end, note that the tensor product 𝔤 ⊗ 𝐴 of a pre-Lie algebra 𝔤 and a
permutative algebra 𝐴 is a Lie algebra under
[𝑥 ⊗ 𝑎, 𝑦 ⊗ 𝑏] ∶= (−1)|𝑎||𝑦| {𝑥, 𝑦} ⊗ 𝑎 ⋅ 𝑏 − (−1)(|𝑎|+|𝑥|)|𝑦| {𝑦, 𝑥} ⊗ 𝑎 ⋅ 𝑏 .
Lemma 3.16. Suppose that 𝔤 is a pre-Lie algebra and that 𝐴 is strictly finite-dimensional nilpotent
permutative algebra 𝐴. If one chooses a fibrant simplicial resolution 𝔤∙ of 𝔤, then the space MC𝔤 (𝐴)
can be modelled by the simplicial set of Maurer–Cartan elements
MC𝔤 (𝐴) = MC(𝔤∙ ⊗ 𝐴) .
Proof. The proof of Lemma 3.8 carries over verbatim (or see Remark 7.21).
A similar result applies to any Koszul dual pair of binary quadratic operads.

□
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Example: two-parameter permutative deformations
Let 𝐴 be the quotient of the free permutative algebra on two degree zero generators ℏ, 𝜖 by the
relations ℏ ⋅ 𝜖 = 0 = 𝜖2 . As a vector space, it admits the following basis: {ℏ𝑛 , 𝜖 ⋅ ℏ𝑚 |𝑛 ⩾ 1, 𝑚 ⩾ 0}.
Lemma 3.17. For every pre-Lie algebra 𝔤, the Maurer–Cartan set of 𝔤 ⊗ 𝐴 consists of pairs (𝑋, 𝑌)
of degree one elements in 𝔤[ℏ] = 𝔤 ⊗𝑘 𝑘[ℏ] such that
𝑋(0) = 0,

𝑑𝑋 + {𝑋, 𝑋} = 0

and

∇𝑋 (𝑌) = 0,

where ∇𝑋 = 𝑑 − (−1)|−| {−, 𝑋}.
Proof. A degree one element 𝛾 in 𝔤 ⊗ 𝐴 is a (finite) linear combination
𝛾=

∑

𝑋 𝑛 ⊗ ℏ𝑛 +

𝑛⩾1

∑

𝑌𝑚 ⊗ 𝜖ℏ𝑚 ,

𝑚⩾0

where the 𝑋𝑛 and 𝑌𝑚 have degree one. The Maurer–Cartan equation 𝑑𝛾 + {𝛾, 𝛾} = 0 then translates into two infinite families of equations: looking at the coefficient of ℏ𝑛 for each 𝑛 ⩾ 1 and the
coefficient of 𝜖ℏ𝑚 for each 𝑚 ⩾ 0 gives
𝑑𝑋𝑛 +

∑

{𝑋𝑘 , 𝑋𝑙 } = 0

and

𝑘+𝑙=𝑛

𝑑𝑌𝑚 +

∑

{𝑌𝑘 , 𝑋𝑙 } = 0 .

𝑘+𝑙=𝑚

∑
∑
Writing 𝑋 ∶= 𝑛⩾1 𝑋𝑛 ℏ𝑛 ∈ ℏ ⋅ 𝔤[ℏ] and 𝑌 ∶= 𝑚⩾0 𝑌𝑛 ℏ𝑛 ∈ 𝔤[ℏ], these two families of equations are equivalent to the two equations 𝑑𝑋 + {𝑋, 𝑋} = 0 and 𝑑𝑌 + {𝑌, 𝑋} = 0.
□
Remark 3.18. Observe that this is different from what we would get by looking at the Maurer–
Cartan set of 𝔤 ⊗ 𝐶, where 𝐶 is the non-unital commutative algebra generated by ℏ, 𝜖 subject to
the relation 𝜖2 = 0: the equation ∇𝑋 (𝑌) = 0 would have to be replaced by 𝑑𝑋 (𝑌) = 0, where 𝑑𝑋 =
𝑑 + [𝑋, −].
The permutative algebra 𝐴 introduced above is not Artin, but each finite-dimensional quotient
𝐴𝑛 = 𝐴∕(ℏ𝑛 ) is. Using Lemma 3.17, one sees for instance that the space of Maurer–Cartan elements in 𝔤 ⊗ 𝐴2 is the space of pairs of 1-cocycles (𝑌, 𝑋) in 𝔤 together with a null-homotopy of
{𝑌, 𝑋}:
(
)
{ , } ⩽2
⩽1 ×2
MC𝔤 (𝐴2 ) ≃ hof ib (𝜏 𝔤) → 𝜏 𝔤 .

Deforming trivial morphisms of operads
A standard source of pre-Lie algebras is given by convolution pre-Lie algebras [40, Section 6.4]
(see also Remark A.19). We have already seen these pre-Lie algebras implicitly in Construction
3.6: if 𝒞 is a 𝑘-cooperad, 𝒞 the cokernel of its coaugmentation and 𝒫 be a 𝑘-linear operad (not
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necessarily augmented), then the convolution pre-Lie algebra is given by
𝔤=

∏

(
)Σ𝑝
Hom 𝒞(𝑝), 𝒫(𝑝)

𝑝⩾0

with pre-Lie structure given by the operation ⋆ built from the partial composition of 𝒫and partial cocomposition of 𝒞 (see Construction 3.6 or Construction A.17). Note that 𝔤 arises as the
totalization of a ℤ⩾0 -graded pre-Lie algebra 𝔤gr , where
(
)Σ𝑝
𝔤gr (𝑝) = Hom 𝒞(𝑝), 𝒫(𝑝)
and the pre-Lie operation ⋆ has weight −1 with respect to the ℤ⩾0 -grading.
To describe the permutative deformation problem classified by the pre-Lie algebra 𝔤, observe
that for every permutative algebra 𝐴, there is a non-unital operad 𝒫⊗ 𝐴, such that:
∙ the underlying symmetric sequence is given by (𝒫⊗ 𝐴)(𝑛) ∶= 𝒫(𝑛) ⊗ 𝐴;
∙ the composition operation reads as
(
)
(𝜓0 ⊗ 𝑎0 ) ◦ (𝜓1 ⊗ 𝑎1 , … , 𝜓𝑝 ⊗ 𝑎𝑝 ) ∶= ± 𝜓0 ◦ (𝜓1 , … , 𝜓𝑝 ) ⊗ 𝑎0 ⋅ 𝑎1 ⋯ 𝑎𝑝
where ± is a Koszul sign. Associativity of the composition follows from the associativity of
permutative algebras and the permutative axiom (3.12), while the equivariance/commutativity
directly follows from (3.12).
Now let Ω𝒞denote the augmentation ideal of the cobar construction of 𝒞and consider the functor

(3.19)
sending every Artin permutative algebra to the space of non-unital operad maps Ω𝒞 ⟶ 𝒫⊗ 𝐴.
Using that 𝒫⊗ (−) sends homotopy pullbacks of permutative algebras to homotopy pullbacks of
non-unital operads, one sees that 𝐹 is a permutative FMP. Adding units to our operads, one can
think of 𝐹 as the FMP describing permutative deformations of the trivial map of operads

In particular, the restriction of Def 0 ∶ Ω𝒞→𝒫 to Artin commutative algebras coincides with the commutative deformation problem (3.7) for the trivial map 0. Note that this map 0 corresponds to the
zero Maurer–Cartan element in 𝔤, that is, the Lie algebra 𝔤0 is simply the Lie algebra underlying
the convolution pre-Lie algebra 𝔤.
Proposition 3.20. Let 𝒞 be a 𝑘-cooperad, 𝒫a (not necessarily augmented) 𝑘-linear operad, and
𝔤 their convolution pre-Lie algebra. For every strictly Artin permutative algebra 𝐴, there is an
equivalence
Def 0 ∶ Ω𝒞→𝒫(𝐴) ≃ MC𝔤 (𝐴).
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In other words, the convolution pre-Lie algebra 𝔤 classifies deformations of the trivial operad
map Ω𝒞 ⟶ 𝒫. When 𝒫= End(𝑉) is the endomorphism operad of a complex 𝑉, 𝔤 therefore
classifies deformations of the trivial Ω𝒞-algebra structure on 𝑉.
Proof. The proof is analogous to that of Proposition 3.9: a fibrant simplicial resolution 𝒫∙ of
𝒫 induces a simplicial resolution 𝔤∙ of the pre-Lie algebra 𝔤 and Lemma 3.16 then asserts that
MC𝔤 (𝐴) can be modeled by the simplicial set of Maurer–Cartan elements MC(𝔤∙ ⊗ 𝐴). Unraveling the definitions, one sees that this simplicial set coincides with the simplicial set of maps of
non-unital operads Ω𝒞 ⟶ 𝒫∙ ⊗ 𝐴, which in turn models the mapping space MapOpnu (Ω𝒞, 𝒫⊗
□
𝐴) = Def 0 ∶ Ω𝒞→𝒫(𝐴).

3.3

Operadic deformation theory

In the previous section, we have seen how the convolution pre-Lie algebra
𝔤=

∏

(
)Σ𝑝
Hom 𝒞(𝑝), 𝒫(𝑝)

𝑝⩾0

classifies permutative deformations of the trivial map of operads Ω𝒞 ⟶ 𝑘 ⟶ 𝒫. In fact, the preLie algebra 𝔤 arises from an even richer algebraic structure: the sequence of mapping complexes
Hom(𝒞(𝑝), 𝒫(𝑝)) forms a non-unital operad, the convolution operad of 𝒞 and 𝒫. In this section,
we will explain how this additional algebraic structure can be understood from a deformation
theoretic point of view.
Let us start by considering formal moduli problems that are classified by (monochromatic)
non-unital operads. Here we take a non-unital operad to be a symmetric sequence equipped with
partial composition maps satisfying the usual associativity and equivariance conditions (see also
Definition 3.27 below). In particular, the category of non-unital operads is equivalent to that of
(augmented) 𝑘-operads by the functors 𝒫↦ 𝒫+ adding a unit (in arity 1) and 𝒫↦ 𝒫taking the
augmentation ideal. In particular, in analogy to the functor (3.13), we have a functor

taking (the augmentation ideal of) the dual operad in the sense of Definition 1.2. We can then mimick the construction in Theorem 3.14 to associate to a non-unital operad a formal moduli problem
indexed by the ∞-category ArtOp of Artin non-unital operads. Theorem 1.3 (or more precisely,
Theorem 5.1) then yields:
Theorem 3.21. For every non-unital operad 𝒫, consider the functor

This establishes an equivalence of ∞-categories MC ∶ Opnu ⟶ FMPOp .
Remark 3.22. Throughout this section, it will be convenient to slightly enlarge the subcategory
ArtOp ⊆ Opnu of Artin operads so that it is also closed under retracts. This will not change the
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theory, since an 𝒮-valued diagram on retracts of Artin operads is determined uniquely by its value
on Artin operads as in Definition 2.2. The Artin operads in this slightly broader sense then have
the following simple description, as in Lemma 2.8: they are those non-unital symmetric operads
ℛ such that 𝐻 ∗ (ℛ) is concentrated in non-positive degrees, of finite total dimensional (summing
over degrees and arities) and 𝐻 0 (ℛ) is a nilpotent operad.
Example 3.23. Let 𝑉 be a chain complex in degrees ⩽ 0 and consider the functor associating
to each Artin non-unital operad ℛ the space of ℛ+ -algebras 𝐴 together with an equivalence
𝑘 ◦ℛ+ 𝐴 ≃ 𝑉 after inducing along the augmentation of ℛ+ . One can show that this defines
an operadic formal moduli problem (using that the composition product ◦ is exact in the first
variable). The operad classifying this is the coendomorphism operad
coEnd(𝑉)(𝑛) = Hom(𝑉, 𝑉 ⊗𝑛 ).
To exemplify this, suppose that ℛ is strictly finite dimensional, nilpotent and in degrees ⩽ 0. Then
there is an isomorphism 𝔇(ℛ) = B(ℛ)∨ ≅ Ω(ℛ+∨ ) between the dual operad of ℛ and the cobar
construction of the cooperad ℛ+∨ (which is a cofibrant operad). An operad map 𝜙 ∶ Ω(ℛ+∨ ) ⟶
coEnd(𝑉) is uniquely determined by its restriction to the generators. This restriction in turn corresponds to a collection of equivariant maps 𝛿𝑛 ∶ ℛ∨ (𝑛) ⊗ 𝑉 ⟶ 𝑉 ⊗𝑛 , or equivalently (since ℛ
is finite-dimensional), to a map 𝛿 ∶ 𝑉 ⟶ ℛ ◦ 𝑉. Unraveling the definitions, 𝜙 is a map of operads precisely when ℛ+ ◦ 𝑉 is a dg-ℛ+ -algebra whose differential is given on generators by 𝑑 + 𝛿.
Such an algebra determines a deformation of 𝑉 over ℛ.
Note that this recovers Example 3.1 by seeing an associative algebra as an operad in arity 1.
To see how Theorem 3.21 fits into the framework of Theorem 1.3, let us recall how
(monochromatic) operads themselves are algebras over a coloured operad.

The operad of non-unital operads
Let us start by recalling the operad whose algebras are non-unital non-symmetric operads. To this
end, consider the linear category 𝕜ns having non-negative integers as objects and morphisms
ns

𝕜 (𝑚, 𝑛) ∶=

{
0
𝑘

if

𝑚≠𝑛

else.

Note that 𝕜ns -operads are just (augmented) ℤ⩾0 -coloured operads. Non-unital non-symmetric
operads then arise as algebras over the following quadratic operad:
Definition 3.24 (see [52]). Let 𝑎, 𝑏 and 𝑐 denote colours in ℤ⩾0 and let 𝒪ns be the 𝕜ns -operad
generated by ◦𝑖 ∶ (𝑎, 𝑏) ⟶ 𝑎 + 𝑏 − 1 for 𝑖 = 1, … , 𝑎, subject to the relations

(3.25)
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for 1 ⩽ 𝑖 ⩽ 𝑎 and 1 ⩽ 𝑗 ⩽ 𝑏, and

(3.26)

for 1 ⩽ 𝑖 < 𝑗 ⩽ 𝑎.
To discuss the case of non-unital symmetric operads, let us introduce another linear category
𝑘[Σ], having objects the non-negative integers, and
{
𝑘[Σ](𝑝, 𝑞) ∶=

0

if 𝑞 ≠ 𝑝

𝑘[Σ𝑝 ] else.

Note that 𝑘[Σ] ≃ 𝑘[Σ]op by taking inverse permutations. There is a quadratic 𝑘[Σ]-operad 𝒪sym
whose algebras are non-unital symmetric operads:
Definition 3.27 (see [17, Definition 1.7]). Let 𝒪sym be the unital non-augmented operad generated by ◦𝑖 ∶ (𝑎, 𝑏) ⟶ 𝑎 + 𝑏 − 1 as in Definition 3.24 and 𝜎 ∶ 𝑎 ⟶ 𝑎 for 𝜎 ∈ Σ𝑎 , subject to the
equations (3.25) and (3.26), together with the group structure equations
𝜎 ⋅ 𝜏 = (𝜎𝜏) ∶ 𝑎 ⟶ 𝑎

𝜎, 𝜏 ∈ Σ𝑎 ,

and the equations

(3.28)

where for 𝜏∕𝑖 and 𝑖∕𝜎 are some permutations of 𝑎 + 𝑏 − 1 determined from 𝜏, 𝜎 and the number
𝑖. Finally, we impose the relation that the identity of the group 1𝑎 ∈ Σ𝑎 is identified with the
operadic unit 1𝑎 ∈ 𝒪sym (𝑎; 𝑎).
Remark 3.29. Unlike the usual conventions in this manuscript, we are forced to consider 𝒪sym
as a unital non-augmented operad. The reason for this is that there is no way to define an augmentation since the relations 𝜎 ⋅ 𝜎−1 produce the unit. Comparing with [17], we notice that there
are other problems with this presentation that heuristically come from seeing the symmetric
groups as additional structure: the presentation is not quadratic (and, for example, a result like
Proposition 8.9 is not expectable for the operad of symmetric operads).
Instead, it is more convenient to consider 𝒪sym as an operad relative to 𝑘[Σ]. In this case,
there is a natural augmentation 𝒪sym ⟶ 𝑘[Σ], so that 𝒪sym is a 𝑘[Σ]-operad in the sense of Section A.1. We will show in Section 8 that 𝒪sym is Koszul self-dual relative to 𝑘[Σ], that is, that
𝒪sym ≃ 𝔇(𝒪sym ). Theorem 3.21 then arises as a special case of Theorem 1.3:
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Proof of Theorem 3.21. We apply the main Theorem 1.3 (or more precisely, Theorem 5.1) to the
𝑘[Σ]-operad 𝒪sym . To see that 𝒪sym indeed satisfies condition (3), note that 𝒪sym (1) = 𝑘[Σ], so that
𝑘[Σ] ◦ℎ𝒪sym 𝑘[Σ] ≃ B𝑘[Σ] (𝒪sym ) ≃ (𝒪sym {−1})∨ .
To see that this is concentrated in increasingly negative cohomological degrees as the arity
increases, one uses the same argument as in the proof of Theorem 1.1. Finally, the functor
op
𝔇 ∶ Alg𝒪sym ⟶ Alg𝒪sym appearing in Theorem 5.1 coincides with the functor taking dual operads,
by Proposition 8.12.
□

Connecting permutative and operadic deformation theories
Let us now spell out the relation between permutative and operadic deformation theory. First,
we have seen in Section 3.2 that every permutative algebra 𝐴 defines functorially a non-unital
symmetric operad 𝐿(𝐴), given in each arity by the permutative algebra 𝐴 and with all partial
compositions given by the product of 𝐴. When 𝐴 is Artin, 𝐿(𝐴) is not quite Artin (it is concentrated
in all arities, hence not finite dimensional). However, one can show (Lemma 3.34) that it arises as
̂
the limit of a (canonical) object 𝐿(𝐴)
∈ Pro(ArtOp ), given by a pro-system of Artin operads ⋯ →
𝐿(𝐴)1 → 𝐿(𝐴)0 which is eventually constant in each individual arity.
∏
On the other hand, if 𝒫 is a non-unital operad, then 𝑝⩾0 𝒫(𝑝)Σ𝑝 can be equipped with the
structure of a pre-Lie algebra [40, Proposition 5.3.17]. The equivalences from Theorem 3.14 and
3.21 are intertwined by these constructions:
Proposition 3.30. There is a commuting square of ∞-categories

Here the right vertical functor sends an operadic formal moduli problem 𝐹 to the permutative formal
̂
moduli problem 𝐿̂ ∗ 𝐹(𝐴) = 𝐹(𝐿(𝐴))
∶= lim𝑛 𝐹(𝐿(𝐴)𝑛 ).
∏
In other words, a pre-Lie algebra 𝔤 arises as 𝔤 = 𝑝⩾0 𝒫(𝑝)Σ𝑝 if and only if the corresponding
permutative deformation problem lifts to an operadic deformation problem.
Before addressing the proof of Proposition 3.30, let us first describe its implications to the
deformation theory of operad maps.
Example 3.31 (Deforming trivial morphisms of operads (continued)). Let 𝒞 be a 𝑘-cooperad and
∏
𝒫a 𝑘-linear operad. The convolution pre-Lie algebra 𝔤 = 𝑝⩾0 Hom𝑘 (𝒞(𝑝), 𝒫(𝑝))Σ𝑝 then arises
from the (non-unital) convolution operad
(
)
Conv(𝒞, 𝒫)(𝑝) ∶= Hom𝑘 𝒞(𝑝), 𝒫(𝑝) ,
whose operad structure arises from the convolution of the (non-unital) cocomposition on 𝒞 and
the composition on 𝒫.
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The operadic deformation problem associated to the convolution operad sends an Artin operad
ℛ to the space of non-unital operad maps Ω(𝒞) ⟶ 𝒫⊗H ℛ to the Hadamard (that is, aritywise)
tensor product of 𝒫and ℛ. To see this, note that for a strictly Artin operad ℛ, the following maps
are in 1-1 correspondence:
(1)
(2)
(3)
(4)

non-unital operad maps Ω(𝒞) ⟶ 𝒫⊗H ℛ;
twisting morphisms 𝒞 ⤏ 𝒫⊗H ℛ;
twisting morphisms ℛ∨ ⤏ Conv(𝒞, 𝒫);
non-unital operad maps 𝔇(ℛ) ⟶ Conv(𝒞, 𝒫).

Here (1) ⟺ (2) and (3) ⟺ (4) follow from the universal property of the cobar construction,
together with the fact that 𝔇(ℛ) = B(ℛ+ )∨ ≅ Ω(ℛ+∨ ) for finite dimensional ℛ. The bijection (2) ⟺ (3) follows by unraveling the definition of a twisting morphism (see, for example,
Definition A.17); at the level of the underlying maps of symmetric sequences, it simply sends
a Σ𝑝 -invariant map 𝒞(𝑝) ⟶ 𝒫(𝑝) ⊗ ℛ(𝑝) to the adjoint map ℛ(𝑝)∨ ⟶ Hom(𝒞(𝑝), 𝒫(𝑝))Σ𝑝 .
Replacing 𝒫by a fibrant resolution, one obtains an equivalence between spaces of operad maps
as in (1) and (4).
Proposition 3.20 now asserts that the permutative deformation functor associated with 𝔤 =
∏
Conv(𝒞, 𝒫)(𝑝)Σ𝑝 sends a strictly Artin permutative algebra 𝐴 to the mapping space
(
)
lim MapOpnu Ω(𝒞), 𝒫⊗H 𝐿(𝐴)𝑛 ≃ MapOpnu (Ω(𝒞), 𝒫⊗H 𝐿(𝐴))
𝑛

(here we use that the tower of 𝐿(𝐴)𝑛 is eventually constant in each arity). But the Hadamard tensor
product 𝒫⊗H 𝐿(𝐴) simply coincides with the levelwise tensor product of 𝒫with the permutative
algebra 𝐴. In other words, we precisely recover the permutative deformation problem Def 0 ∶ Ω𝒞→𝒫
(3.19).
In the remainder of this section, we will prove Proposition 3.30 by describing the relation
between the operad 𝒪sym and the operad 𝖯𝖾𝗋𝗆. This requires comparing operads defined over
a different base: 𝖯𝖾𝗋𝗆 is defined over the base field 𝑘 and 𝒪sym over 𝑘[Σ]. To do this, note that
each 𝑘-linear symmetric sequence ℳ gives rise to a 𝑘[Σ]-symmetric sequence
𝐿(ℳ)(𝑛1 , … , 𝑛𝑘 ; 𝑛0 ) =

{
ℳ(𝑘)
0

if 𝑛1 + ⋯ + 𝑛𝑘 = 𝑛0 + 𝑘 − 1
otherwise
Σ,dg

carrying a trivial Σ𝑛1 × ⋯ × Σ𝑛0 action. This defines a functor 𝐿 ∶ BiMod𝑘

Σ,dg

→ BiMod𝑘[Σ] .

Proposition 3.32. The functor 𝐿 extends to a functor
dg

dg

𝐿 ∶ Op𝑘 ⟶ Op𝑘[Σ]
which preserves (Koszul) quadratic operads and their quadratic duals. Furthermore, at the level of
algebras there is an adjoint pair
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If 𝐴 is a 𝒬-algebra, then the underlying 𝑘[Σ]-module of 𝐿(𝐴) is the constant one 𝐿(𝐴)(𝑝) = 𝐴. The
∏
right adjoint 𝑅 is given by 𝑅(𝒜) = 𝑝 𝒜(𝑝)Σ𝑝 .
The proof of Proposition 3.32 is not difficult, but due to some technical points we leave the
details to Section 8.3 (where quadratic duality of 𝑘[Σ]-operads is discussed as well). For now, let
dg
dg
us point out that the explicit formula of the functor 𝐿 ∶ Op𝑘 ⟶ Op𝑘[Σ] shows that it commutes
with linear duality and preserves quasi-isomorphisms. Furthermore, Proposition 3.32 implies that
𝔇(𝐿(𝒬)) ≃ 𝐿(𝒬)! ≅ 𝐿(𝒬! ) for any binary Koszul operad 𝒬, and that Theorem 1.1 applies to such
operads as well (cf. Observation 8.3).
We can now express the fact that every permutative algebra gives rise to an operad (constant in
every arity) in terms of a map of 𝑘[Σ]-operads.
Lemma 3.33. There is a natural map of binary quadratic 𝑘[Σ]-operads 𝒪sym ⟶ 𝐿(𝖯𝖾𝗋𝗆). Koszul
dually, this induces a map of binary quadratic 𝑘[Σ]-operads 𝐿(𝗉𝗋𝖾𝖫𝗂𝖾) ⟶ 𝒪sym .
Proof. By Proposition 3.32, the 𝑘[Σ]-operad 𝐿(𝖯𝖾𝗋𝗆) is generated by operations 𝜇 ∶ (𝑎, 𝑏) →
𝑎 + 𝑏 − 1 which are Σ𝑎 × Σ𝑏 × Σ𝑎+𝑏−1 -invariant, subject to the associative and permutative relation (3.12). At the level of quadratic data, the map 𝒪sym ⟶ 𝐿(𝖯𝖾𝗋𝗆) then sends each operation
□
◦𝑖 ∶ (𝑎, 𝑏) → 𝑎 + 𝑏 − 1 to the operation 𝜇 ∶ (𝑎, 𝑏) → 𝑎 + 𝑏 − 1.
Notice that both adoint functors 𝐿 and 𝑅 from Proposition 3.32 preserve quasi-isomorphisms
(they actually form a Quillen pair), so that they induce an adjoint pair on ∞-categories.
Lemma 3.34. Let 𝒬 be a Koszul binary quadratic operad in degree zero and 𝐴 ∈ Art𝒬 . Then the
formal moduli problem

̂
is corepresentable by a pro-Artin 𝐿(𝒬)-algebra 𝐿(𝐴)
which is eventually constant in each fixed arity.
Proof. The formal moduli problem Spf (𝐿(𝐴)) is classified by the dual 𝐿(𝒬! )-algebra 𝔇(𝐿(𝐴)).
It then suffices to verify that this 𝐿(𝒬! )-algebra can be written as the colimit of a sequence 0 =
𝔇(𝐿(𝐴))0 → 𝔇(𝐿(𝐴))1 → … where each 𝔇(𝐿(𝐴))𝑛 is obtained from the previous one by adding a
positive degree cell (cf. (4.21)), so that in total we add only finitely many cells in each arity. Indeed,
by Theorem 5.1, this means that each 𝔇(𝐿(𝐴))𝑛 is the dual of an Artin 𝐿(𝒬)-algebra 𝐿(𝐴)𝑛 , giving
the desired pro-system† .
Now 𝐿 is monoidal and preserves duals, so we can identify 𝔇(𝐿(𝐴)) = 𝐿(𝔇(𝐴)). Since 𝐴 is
Artin, 𝔇(𝐴) is obtained by such a finite process of cell attachments (Theorem 5.1). Concretely,
this means that 𝔇(𝐴) arises as a quasifree 𝒬! -algebra generated by 𝑥1 , … , 𝑥𝑛 , where 𝑑(𝑥𝑖 ) is an
expression in 𝑥1 , … , 𝑥𝑖−1 . Then 𝔇(𝐿(𝐴)) ≃ 𝐿(𝔇(𝐴)) is a quasifree 𝐿(𝒬! )-algebra generated by
𝑥1,𝑝 , … , 𝑥𝑛,𝑝 for each arity 𝑝. One now obtains the desired sequence by giving the generator 𝑥𝑖,𝑝
( )
weight 𝑝+𝑖
□
+ 𝑖 and letting 𝔇(𝐿(𝐴))𝑛 be the subalgebra on the generators of weight ⩽ 𝑛.
2

† Technically, the 𝐿(𝐴) thus obtained are not Artin algebras, but only retracts of such. One can always enlarge the
𝑛
subcategory of Artin 𝐿(𝒬! )-algebras to include such retracts, cf. Remark 3.22.
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Lemma 3.35. Let 𝒬 be a Koszul binary quadratic operad over 𝑘 with Koszul dual 𝒬! . Then there is
a commuting diagram of ∞-categories

(3.36)

̂
where the right vertical functor is given by 𝐿̂ ∗ 𝐹(𝐴) = 𝐹(𝐿(𝐴))
∶= lim𝑛 𝐹(𝐿(𝐴)𝑛 ).
In other words, 𝐿̂ ∗ 𝐹 parametrizes deformations along pro-Artin 𝐿(𝒬)-algebras of the form 𝐿(𝐴),
with 𝐴 a Artin 𝒬-algebra.
Proof. The functor 𝐿 ∶ Mod𝑘 ⟶ Mod𝑘[Σ] taking constant symmetric sequences preserves tensor products and linear duals, and hence commutes with taking the dual of the (operadic) bar
construction. In other words, we obtain a commuting diagram of ∞-categories

The composite horizontal functors have a very simple description: they send a 𝒬-algebra 𝐴 to the
formal moduli problem Spf (𝐴) = Map𝒬 (𝐴, −) of Example 2.13. Consequently, the right vertical
functor 𝐿̂ ! (which is defined uniquely by the above diagram) sends the formal moduli problem
corepresented by an Artin 𝒬-algebra 𝐴 to the formal moduli problem Spf (𝐿(𝐴)). By Lemma 3.34,
̂
this formal moduli problem is pro-represented by 𝐿(𝐴),
that is, Spf (𝐿(𝐴)) = colim𝑛 Spf (𝐿(𝐴)𝑛 )
□
with 𝐿(𝐴)𝑛 Artin. Passing to right adjoints then yields the desired square (3.36).
Proof of Proposition 3.30. Compose the square (3.36), with 𝒬 = 𝖯𝖾𝗋𝗆 and 𝒬! = 𝗉𝗋𝖾𝖫𝗂𝖾, with the
square

obtained from naturality with respect to the map of 𝑘[Σ]-operads 𝒪sym ⟶ 𝐿(𝖯𝖾𝗋𝗆) (Proposition 6.10).
□

3.4

Splendid operads

The main technical condition of Theorem 1.3 is Condition (3), which asserts that the operad is
splendid in the following sense:
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Definition 3.37. Let 𝒫be a 𝕜-operad. We will say that 𝒫is splendid if its 0-reduced part 𝒫⩾1 (the
suboperad such that 𝒫⩾1 (0) = 0 and agrees in other arities) satisfies the following condition: the
derived relative composition product
𝒫(1) ◦ℎ𝒫⩾1 𝒫(1)
is eventually highly connective (Definition 2.7).
Remark 3.38. At least for connective 𝒫, this definition should be considered as a homotopyinvariant reformulation of the following condition: 𝒫⩾1 admits a free resolution whose generators
are in increasingly negative degrees (as the arity increases). See Section A.4.
An immediate natural question to ask is therefore whether a given operad is splendid. Let us
start by making some general observations about the property of being splendid. First of all, let
us observe that more Koszul operads are splendid than just the binary ones considered in the
Introduction, so that Theorem 1.1 applies to these as well:
Observation 3.39. A (non-necessarily binary) Koszul quadratic operad 𝑇(𝐸)∕(𝑅) living in nonpositive degrees generated by a symmetric sequence 𝐸 with generators in bounded arity (that is,
𝐸(𝑛) = 0 for 𝑛 ≫ 0) is splendid. Indeed, its Koszul resolution has generators sitting in increasingly
negative degrees by the same argument as in the proof of Theorem 1.1.
Example 3.40. For a pair of Koszul dual quadratic operads (𝒫, 𝒫! ) in degree 0, Observation 3.39
is of course symmetric in 𝒫and 𝒫! . For example, in addition to commutative formal moduli problems being classified by Lie algebras, formal moduli problems over Artin Lie algebras are classified
by (non-unital) commutative algebras. We do not know of a good geometric interpretation of this
equivalence, but let us point out the following.
Suppose we are working over 𝑘 = ℚ and consider ℚ as a non-unital commutative algebra.
Then the formal moduli problem MCℚ ∶ Art𝖫𝗂𝖾 ⟶ 𝒮 sends an Artin Lie algebra 𝔤, that is,
one with 𝐻 ∗ (𝔤) finite dimensional, nilpotent and in non-positive degrees, to the corresponding
∗
rational homotopy type. Indeed, Theorem 5.1 identifies MCℚ (𝔤) ≃ Map𝖢𝗈𝗆 (𝐶 CE (𝔤), ℚ) with the
spatial realization of the corresponding Sullivan model. More generally, for any unital commutative 𝐴, one can identify MC𝐴 (𝔤) with the 𝐴-points of the (rational) schematic homotopy type
corresponding to 𝔤.
Example 3.41 (and non-example). A quadratic operad that does not fit the constraints of the
previous observation is the gravity operad 𝖦𝗋𝖺𝗏 [19, Theorem 4.5]. The operad 𝖦𝗋𝖺𝗏 is generated
by a sequence 𝐸 such that 𝐸(𝑛) is 1-dimensional and concentrated in degree −1. Clearly such an
operad cannot be splendid, as the generators of a resolution need to cover all generators of 𝖦𝗋𝖺𝗏.
In fact, there is some ambiguity in the literature regarding the degrees of these operads. We
denote by 𝖦𝗋𝖺𝗏 what we will also call the gravity operad, which has the same quadratic presentation but with generators 𝑉(𝑛) a 1-dimensional space concentrated in degree 2 − 𝑛 (in other words,
𝖦𝗋𝖺𝗏 is obtained from 𝖦𝗋𝖺𝗏 by reversing the degrees and operadicaly shifting down by 1).
The operad 𝖦𝗋𝖺𝗏 is Koszul and its Koszul dual is the operad 𝖧𝗒𝗉𝖾𝗋𝖢𝗈𝗆 of hypercommutative
algebras [20], generated by one operation in arity 𝑛 in degree 2(𝑛 − 2) for all 𝑛 ⩾ 2. It follows that
𝖦𝗋𝖺𝗏 is splendid and from Theorem 1.3 we deduce that the ∞-category FMP𝖦𝗋𝖺𝗏 is equivalent to
the ∞-category of hypercommutative algebras.
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Note that one cannot exchange the roles of 𝖦𝗋𝖺𝗏 and 𝖧𝗒𝗉𝖾𝗋𝖢𝗈𝗆 in this statement: 𝖧𝗒𝗉𝖾𝗋𝖢𝗈𝗆 is
not splendid and Theorem 1.3 does not hold for hypercommutative formal moduli problems.
Remark 3.42. Suppose that 𝒫is a monochromatic augmented operad which is 1-reduced, that is,
𝒫(0) = 0 and 𝒫(1) = 𝑘 ⋅ 1. If 𝒫is connective, then the shifted operad 𝒫{1} satisfies the conditions
of Theorem 1.3. The case where 𝒫is in addition aritywise finite dimensional also appears in work
of Brantner–Mathew [4, Corollary 5.59] (see also [9]).
Next, note that an operad typically satisfies the conditions of Theorem 1.3 as soon as its
cohomology does:
Lemma 3.43. Let 𝒫be a (coloured) connective operad over ℚ. If 𝐻 ∗ (𝒫) is splendid, then 𝒫is splendid
as well.
Proof. We can assume that 𝒫is 0-reduced and consider the simplicial resolution

Taking (at each tuple of colours) the corresponding normalized cochains, we obtain a (cohomologically) ℤ⩽0 × ℤ⩽0 -graded bicomplex, with an associated convergent spectral sequence
)
(
𝐸2𝑟,∗ = 𝐻 𝑟 𝐻 ∗ 𝒫(1) ◦ℎ𝐻 ∗ 𝒫 𝐻 ∗ 𝒫(1)

⟹

)
(
𝐻 𝑟+∗ 𝒫(1) ◦ℎ𝒫 𝒫(1) .

Here 𝐻 ∗ 𝒫(1) ◦ℎ𝐻 ∗ 𝒫 𝐻 ∗ 𝒫(1) is computed in the category of (non-positively) graded symmetric
sequences of complexes. If 𝐻 ∗ 𝒫 is splendid, then 𝑝-ary part of the 𝐸1 -page is concentrated in
𝑝→∞

degrees ∗⩽ 0 and 𝑟 ⩽ 𝑓(𝑝) ⩽ 0, with 𝑓(𝑝) → −∞. Then the 𝑝-ary part of 𝒫(1) ◦ℎ𝒫 𝒫(1) is also
□
concentrated in cohomological degrees ⩽ 𝑓(𝑝), and we conclude that 𝒫is splendid.
Example 3.44 (Variants of the little discs operads). Using this lemma, one can show that the little
𝑛-discs operad 𝔼𝑛 is splendid without having to use that it is quasi-isomorphic to its homology 𝑒𝑛 .
Indeed, 𝑒𝑛 is a binary quadratic Koszul operad [40, Section 13.3.16] and is therefore splendid. In the
next section, we will show that the homology of the framed little 𝑛-discs operad is also splendid.
Another application of Lemma 3.43 involves the result of Hoefel and Livernet [30] that the
homology of the Swiss–Cheese operad (𝔰𝔠vor in [30]) is a quadratic binary Koszul coloured operad.
This shows the Swiss–Cheese operad is splendid, even though we do not know a simple model
for its dual.
In the following subsections, we will look at a few examples in a bit more detail.

The homology of the framed little discs operad
Recall that the non-unital little 𝑛-discs operad 𝔼𝑛 carries an action of SO𝑛 and, following [50], the
framed little 𝑛-discs operad arises as the associated semi-direct product 𝔼f𝑛r = 𝔼𝑛 ⋊ SO𝑛 . At the
homological level, 𝖾𝑛 ∶= 𝐻∗ (𝔼𝑛 ) is an operad in the category of modules over the cocommutative
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Hopf algebra 𝐻∗ (SO𝑛 ). Likewise, one can express
𝐻∗ (𝔼f𝑛r ) =∶ 𝖾f𝑛r = 𝖾𝑛 ⋊ 𝐻∗ (SO𝑛 )
as the semi-direct product of 𝖾𝑛 with 𝐻∗ (SO𝑛 ). We will show that 𝖾f𝑛r and (hence) 𝔼f𝑛r are
both splendid.
More generally, let 𝐻 be a cocommutative Hopf algebra and let 𝒫be a 𝑘-operad in the (symmetric monoidal) category of modules over 𝐻. The semi-direct product 𝒫⋊ 𝐻 is a 𝑘-operad arising
from a distributive law (see [40, 8.6.1] or Section 8) as follows.
The underlying symmetric sequence of 𝒫⋊ 𝐻 is 𝒫 ◦ 𝐻, viewing 𝐻 as an operad in arity 1. The
action of 𝐻 on 𝒫gives a map
Δ ∶ 𝐻 ◦ 𝒫⟶ 𝒫 ◦ 𝐻,
sending ℎ ⊗ 𝜓 ∈ 𝐻(1) ⊗ 𝒫(𝑝) to (ℎ(1) ⋅ 𝜓) ⊗ (ℎ(2) ⊗ ⋯ ⊗ ℎ(1+𝑝) ), using the 𝑝-fold coproduct of
ℎ. One verifies property (I) from [40, 8.6.1] using the coassociativity and cocommutativity of
the coproduct in 𝐻, while property (II) follows from the compatibility of the product and the
coproduct in 𝐻. We then have
𝒫⋊ 𝐻 ∶= 𝒫◦Δ 𝐻.
Lemma 3.45. Let 𝒫 be a 1-reduced 𝑘-operad equipped with an action of a cocommutative Hopf
algebra 𝐻 in degrees ⩽ 0. If 𝒫is splendid as a 𝑘-operad, then 𝒫⋊ 𝐻 is a splendid 𝑘-operad.
Proof. The operad 𝒫⋊ 𝐻 = 𝒫 ◦Δ 𝐻 is given by 𝐻 in artiy 1, so we have to show that 𝐻 ◦ℎ𝒫 ◦ 𝐻 𝐻
Δ
is eventually highly connective. To see this, we will resolve 𝐻 as a right 𝒫 ◦Δ 𝐻-module. Let
us consider the symmetric sequence B𝒫 ◦𝜋 𝒫 ◦ 𝐻, where B𝒫 ◦𝜋 𝒫 is the twisted composition
product associated to the universal twisting morphism 𝜋 ∶ B𝒫⤏ 𝒫[40, Section 6.5.4] (or see Definition A.23). Explicitly, B𝒫 ◦𝜋 𝒫◦ 𝐻 is spanned by trees with vertices labelled by 𝒫[1], onto which
we graft to each leaf a 2-level tree with root vertex labelled by 𝒫and leaf vertices labelled by 𝐻.
The differential is given by (a) applying 𝑑𝒫 or 𝑑𝐻 to vertices, (b) contracting edges between 𝒫[1]labelled vertices and composing the labels, and (c) for each 𝒫[1]-labelled vertex furthest from the
root, compose with all 𝒫-labelled vertices above it.
Note that B𝒫 ◦𝜋 𝒫◦ 𝐻 has a manifest right 𝒫 ◦Δ 𝐻-module structure which is compatible with
the differential (since parts (b) and (c) of the differential only involved composition in 𝒫, without
any interference of 𝐻). The augmentation B𝒫 ◦𝜋 𝒫⟶ 𝑘 is a quasi-isomorphism [40, Lemma
6.5.9] (or Lemma A.25), so that the induced map B𝒫 ◦𝜋 𝒫◦ 𝐻 ⟶ 𝐻 is a quasi-isomorphism as
well. This is readily seen to be a map of right 𝒫 ◦Δ 𝐻-modules.
One can endow B𝒫 ◦𝜋 𝒫◦ 𝐻 with an increasing filtration by the number of 𝒫[1]-labelled vertices, whose associated graded is the free right 𝒫 ◦Δ 𝐻-module on gr(B𝒫). Using this filtration as in
Lemma A.25, one sees that the functor (B𝒫 ◦𝜋 𝒫◦ 𝐻) ◦𝒫 ◦Δ 𝐻 (−) preserves quasi-isomorphisms.
This implies that we can compute 𝐻 ◦ℎ𝒫 ◦ 𝐻 𝐻 as the (strict) relative composition product
Δ

𝐻 ◦ℎ𝒫 ◦

Δ

𝐻

𝐻 ≃ (B𝒫 ◦𝜋 𝒫◦ 𝐻) ◦𝒫 ◦Δ 𝐻 𝐻 ≅ B𝒫 ◦ 𝐻.

Since 𝐻 is connective and B(𝒫) is eventually highly connective (since 𝒫was splendid), it follows
□
that 𝐻 ◦ℎ𝒫 ◦ 𝐻 𝐻 ≃ B𝒫◦ 𝐻 is eventually highly connective as well.
Δ
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Corollary 3.46. The 𝑘-operad 𝖾f𝑛r is splendid. Furthermore, 𝖾f𝑛r is naturally a 𝐻∗ (SO𝑛 )-operad which
is splendid.
Proof. The first statement follows directly from Observation 3.39 and the previous lemma. The
second statement follows from Example 8.7.
□

The BD-operad
For each 𝑛 ⩾ 0, there is a 𝑘[ℏ]-linear operad 𝖡𝖣𝑛 which agrees with the (0-reduced) 𝔼𝑛 -operad
away from ℏ = 0 and with the (0-reduced) shifted Poisson operad at ℏ = 0 [12]:
𝖡𝖣𝑛 ⊗ℎ𝑘[ℏ] 𝑘[ℏ± ] ≃ 𝔼𝑛 [ℏ± ],

𝖡𝖣𝑛 ⊗ℎ𝑘[ℏ] 𝑘[ℏ]∕ℏ ≃ 𝖯𝗈𝗂𝗌𝑛 .

For example, the 𝖡𝖣0 -operad from [6, 8] (see also [2]) is the 𝑘[ℏ]-operad generated by a commutative product and a Lie bracket of degree 1 satisfying the Leibniz rule, and equipped with the
differential 𝑑(− ⋅ −) = ℏ[−, −].
Similarly, the operad 𝖡𝖣1 is obtained as the Rees construction of the associative operad,
equipped with the PBW-filtration [8, 12]; explicitly, a 𝖡𝖣1 -algebra is a 𝑘[ℏ]-module equipped with
a (non-unital) associative product ∗ and a Lie bracket [−, −] satisfying
[𝑎, 𝑏 ∗ 𝑐] = [𝑎, 𝑏] ∗ 𝑐 + 𝑏 ∗ [𝑎, 𝑐]

𝑎 ∗ 𝑏 − 𝑏 ∗ 𝑎 = ℏ[𝑎, 𝑏].

Proposition 3.47. The 𝑘[ℏ]-operads 𝖡𝖣0 and 𝖡𝖣1 are Koszul self-dual
𝔇(𝖡𝖣0 ) ≃ 𝖡𝖣0

𝔇(𝖡𝖣1 ) ≃ 𝖡𝖣1 {−1}

(relative to 𝑘[ℏ]) and satisfy the conditions of Theorem 1.3, so that there are equivalences

Proof. Case 𝑛 = 0: note that 𝖡𝖣0 = Free(𝐸)∕𝑅 is a binary quadratic operad on two generators
𝜇 = (− ⋅ −) and 𝜆 = [−, −], with differential 𝑑𝜇 = ℏ ⋅ 𝜆. Since the relations are the ones of the
usual Poisson operad, its quadratic dual 𝖡𝖣!0 = Free(𝐸 ∨ )∕𝑅⟂ is isomorphic to 𝖡𝖣0 {1}. To see that
it is Koszul, it suffices to see that

is a quasi-isomorphism of 𝑘[ℏ]-modules. To see this, it suffices to verify that the maps

are both quasi-isomorphisms (by derived Nakayama, the second condition implies that the localizations at ℏ = 0 are quasi-isomorphic). Because extension of scalars is symmetric monoidal and
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¡

all 𝖡𝖣0 (𝑝) and 𝖡𝖣0 (𝑝) are finite complexes of free 𝑘[ℏ]-modules (so that we do not have to derive
the tensor product), the above two maps agree with the maps

The first map is a quasi-isomorphism between two cooperads which are both quasi-isomorphic
to the trivial cooperad 𝑘[ℏ± ], while the second map is a quasi-isomorphism because 𝖡𝖣0 ⊗𝑘[ℏ]
𝑘[ℏ]∕ℏ ≅ 𝑃0 is a quadratic Koszul operad.
Case 𝑛 = 1: note that 𝖡𝖣1 = Free(𝐸)∕𝑅 is a quadratic operad on two binary generators 𝜇 =
− ⋅ −, 𝜆 = [−, −], on which Σ2 acts trivially, respectively, by the sign representation. The module
of relations 𝑅 is generated by:
(J) Jacobi relation [𝑎, [𝑏, 𝑐]] + [𝑏, [𝑐, 𝑎]] + [𝑐, [𝑎, 𝑏]];
(L) Leibniz rule [𝑎, 𝑏 ⋅ 𝑐] − 𝑐 ⋅ [𝑎, 𝑏] + 𝑏 ⋅ [𝑎, 𝑐];
(A) associativity for 𝑎 ∗ 𝑏 ∶= 𝑎 ⋅ 𝑏 + ℏ[𝑎, 𝑏], or explicitly:
(𝑎 ⋅ (𝑏 ⋅ 𝑐) − 𝑐 ⋅ (𝑎 ⋅ 𝑏)) + ℏ(𝑎 ⋅ [𝑏, 𝑐] − 𝑐 ⋅ [𝑎, 𝑏] + [𝑎, 𝑏 ⋅ 𝑐] + [𝑐, 𝑎 ⋅ 𝑏])
+ ℏ2 ([𝑎, [𝑏, 𝑐]] + [𝑐, [𝑎, 𝑏]]).
Note that Free(𝐸)(𝑝) and 𝖡𝖣1 (𝑝) are finitely generated projective (equivalently, torsion free) 𝑘[ℏ]modules for all 𝑝; for 𝖡𝖣1 (𝑝), this follows from the fact that it arises as the Rees construction of a
vector space with an increasing filtration. It follows that 𝑅 is also finitely generated and projective.
Note that 𝑅 has rank 6, since its fibre at ℏ = 0 is the vector space of relations for the Poisson operad
𝑃1 , which has dimension 6.
Now consider the inner product on 𝐸 of signature (1, 1), determined by ⟨𝜇, 𝜆⟩ = 1. This induces
an inner product on Free(𝐸)(3) of signature (6, 6), and an explicit computation shows that 𝑅 ⊆
Free(𝐸)(3) is isotropic, hence Lagrangian. For example, one has
⟨
⟩ ⟨
⟩ ⟨
⟩
(𝐴); (𝐽) = 𝑎 ⋅ (𝑏 ⋅ 𝑐); [𝑎, [𝑏, 𝑐]] − 𝑐 ⋅ (𝑎 ⋅ 𝑏); [𝑐 ⋅ [𝑎, 𝑏]] = 1 − 1 = 0
⟨
⟩ ⟨
⟩ ⟨
⟩
(𝐴); (𝐿) = ℏ 𝑎 ⋅ [𝑏, 𝑐]; [𝑎, 𝑏 ⋅ 𝑐] − ℏ [𝑐, 𝑎 ⋅ 𝑏]; 𝑐 ⋅ [𝑎, 𝑏] = ℏ − ℏ = 0
and ⟨(𝐴); (𝐴)⟩ is given by 2ℏ2 times
⟨

⟩ ⟨
⟩ ⟨
⟩
𝑎 ⋅ (𝑏 ⋅ 𝑐); [𝑎, [𝑏, 𝑐]] − 𝑐 ⋅ (𝑎, 𝑏); [𝑐, [𝑎, 𝑏]] + 𝑎 ⋅ [𝑏, 𝑐]; [𝑎 ⋅ (𝑏 ⋅ 𝑐)]
⟨
⟩
− 𝑐 ⋅ [𝑎, 𝑏]; [𝑐, (𝑎 ⋅ 𝑏)] = 0.

Now consider the quadratic dual 𝖡𝖣!1 = Free(𝐸 ∨ )∕𝑅⟂ . Identifying 𝜇∨ ↔ 𝜆 and 𝜆∨ ↔ 𝜇 using the
inner product described above and using that the inner product identifies the Lagrangian 𝑅 with
𝑅⟂ , we obtain an isomorphism 𝖡𝖣!1 ≅ 𝖡𝖣1 .
It remains to verify that 𝖡𝖣1 is Koszul. This follows as in the case of 𝖡𝖣0 : we have to show
¡
that the map 𝖡𝖣1 ⟶ B(𝖡𝖣1 ) is a quasi-isomorphism, which can be checked at ℏ = 0 and after
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inverting ℏ. Since each 𝖡𝖣1 (𝑝) is a finitely generated projective 𝑘[ℏ]-module and extension of
scalars is symmetric monoidal, one then reduces to checking that 𝖡𝖣1 ⊗𝑘[ℏ] 𝑘[ℏ± ] and 𝖡𝖣1 ⊗𝑘[ℏ]
𝑘 are Koszul operads. But these are just the associative and 𝑃1 -operads.
□
Remark 3.48. Proposition 3.47 also applies to the operads 𝖡𝖣𝑛 with 𝑛 ⩾ 2, which are defined as
the Rees construction of the 𝔼𝑛 -operads, endowed with their Postnikov filtration. Indeed, by the
(rational) formality of the 𝔼𝑛 -operad [55], this filtration splits and one can identify 𝖡𝖣𝑛 ≃ 𝑒𝑛 [ℏ].
Probably one can also deduce Proposition 3.47 directly from the self-duality of the 𝔼𝑛 -operad
[18].

𝐺-equivariant algebras
Suppose that 𝕜 is a connective symmetric monoidal dg-category. Recall that this symmetric monoidal structure can be encoded by a non-augmented 𝕜-operad 𝕜⊗ , defined by
𝕜⊗ (𝑐1 , … , 𝑐𝑛 ; 𝑐0 ) = 𝕜(𝑐1 ⊗ ⋯ ⊗ 𝑐𝑛 ; 𝑐0 ). Note that each 𝕜⊗ (𝑐1 , … , 𝑐𝑛 ; −) is a free left 𝕜-module (on
𝑐1 ⊗ ⋯ ⊗ 𝑐𝑛 ). Consequently, a symmetric 𝕜-bimodule 𝕜⊗ is isomorphic to its 𝕜-linear dual (𝕜⊗ )∨
and comes with a cocomposition 𝕜⊗ ⟶ 𝕜⊗ ◦𝕜 𝕜⊗ dual to the composition of 𝕜⊗ .
Now let 𝒫be a 𝑘-operad and consider the 𝕜-operad 𝒫⊗ 𝕜⊗ given by the exterior Hadamard
tensor product (A.9). Unraveling the definitions, one sees that a 𝒫⊗ 𝕜⊗ -algebra is a 𝒫-algebra
dg
in the symmetric monoidal category LMod𝕜 of 𝕜-modules as in Section 1.2 (with ⊗ given by
Day convolution). The fact that 𝕜⊗ (𝑐1 , … , 𝑐𝑛 ; −) is a free left 𝕜-module implies that there is an
isomorphism

between the bar construction of 𝒫⊗ 𝕜⊗ relative to 𝕜 and the exterior Hadamard tensor product
of 𝕜⊗ with the bar construction of 𝒫over 𝑘. This is a map of 𝕜-cooperads if one gives B𝒫⊗ 𝕜⊗ the
cooperad structure coming from the one on 𝕜⊗ ≅ (𝕜⊗ )∨ and B𝒫.
In particular, if 𝒫is a finite type binary Koszul operad, then 𝒫⊗ 𝕜⊗ is splendid and its dual
operad (relative to 𝕜) is 𝒫! {−1} ⊗ 𝕜⊗ .
Example 3.49. Suppose that 𝐺 is a reductive algebraic group over 𝑘 and let Rep𝐺 = QCoh(B𝐺)
denote the symmetric monoidal ∞-category of 𝐺-representations. It follows from [5, Corollary
3.22] that Rep𝐺 is compactly generated by the finite-dimensional 𝐺-representations (concentrated
in degree 0). Let 𝕜 = Repf𝐺d be the symmetric monoidal dg-category of these representations and
note that 𝕜 is simply a category enriched over vector spaces (in degree zero): there are no higher
dg
Ext-groups since 𝐺 is reductive. The symmetric monoidal model category LMod𝕜 then presents
the symmetric monoidal ∞-category Rep𝐺 .
Let us now apply the previous discussion to the operad 𝒫= 𝖫𝗂𝖾. Then Theorem 1.3 provides
an equivalence between the ∞-category of formal moduli problems Art𝖫𝗂𝖾⊗𝕜⊗ ⟶ 𝒮 indexed
by Artin Lie algebras carrying a 𝐺-representation, and that of non-unital commutative algebras in Rep𝐺 . This correspondence has been considered extensively in [44, 45] in the study of
pro-algebraic homotopy types.
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Operads with only nullary operations
The following baby-example might also be useful to illustrate what happens for operads with
nullary operations, when the category 𝕜 has non-trivial (endo)morphisms. Let 𝕜 be a connective
dg-algebra and let 𝑉 be a connective left 𝕜-module. There is a 𝕜-operad 𝒫whose algebras are left
𝕜-modules 𝑊 with a 𝕜-linear map 𝑉 ⟶ 𝑊: 𝒫(0) = 𝑉, 𝒫(1) = 𝕜, and 𝒫(𝑛) = 0 for every 𝑛 ⩾ 2.
The dual operad (relative to 𝕜) is the 𝕜op -operad 𝔇𝕜 (𝒫) whose algebras are left 𝕜op -modules 𝑊
endowed with an 𝕜op -linear map 𝑉 ∨ [−1] = Hom𝕜 (𝑉[1], 𝕜) ⟶ 𝑊.
op
In this case, the Koszul duality functor 𝔇 ∶ Alg𝒫 ⟶ Alg𝔇 (𝒫) can be identified with the
𝕜
functor

(3.50)

The category of Artin 𝒫-algebras can be identified with the category of 𝑉 ⟶ 𝑊, where 𝑊 is a
finitely presented 𝕜-module, with generators in non-positive degrees. Using this, one sees that
( op )
FMP𝒫 ≃ Ind 𝒞1

{
}
/
𝒞1 = 𝑉 ⟶ 𝑊 ∶ perfect 𝑊 ⊆ 𝑉 LMod𝕜 .

Similarly, the category of right 𝕜-modules under 𝑉 ∨ is compactly generated, so that there is an
equivalence
Alg𝔇𝕜 (𝒫) ≃ Ind(𝒞2 )

{
}
/
𝒞2 = 𝑉 ∨ ⟶ 𝑊 ∶ perfect cofibre ⊆ 𝑉 ∨ RMod𝕜 .

Theorem 1.3 then reduces to the assertion that the functor (3.50) establishes a contravariant
equivalence between 𝒞1 and 𝒞2 .

4

FROM FMPs TO ALGEBRAS

In this section, we introduce the main ingredients that will be used to relate formal moduli problems of algebras over an operad 𝒫to algebras over its dual operad 𝔇(𝒫) as in Definition 1.2. In
particular, we describe an adjoint pair of ∞-categories

sending an algebra to its (bar) dual algebra (see Section 4.1). This adjunction is an example
of a weak Koszul duality context in the sense of [7] and will be the main actor in the proof
of our main theorem (Theorem 1.3). Indeed, the axiomatic framework developed in [7, 38]
provides explicit conditions under which this adjoint pair induces an equivalence between
𝔇(𝒫)-algebras and formal moduli problems over 𝒫. We will recall these conditions in Section 4.2
(see Theorem 4.18).
We follow Assumption 1.10: all 𝕜-(co)operads are assumed to be (co)augmented and (filtered)
cofibrant as left 𝕜-modules.
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4.1

Duality for algebras over operads

Let 𝕜 be a dg-category and let 𝜙 ∶ 𝒞 ⤏ 𝒫be a twisting morphism from a 𝕜-cooperad to a 𝕜-operad
(see Construction A.17). Recall our convention that 𝒞 (respectively, 𝒫) is always assumed to be
filtered-cofibrant (respectively, cofibrant) as a left 𝕜-module, see Assumption 1.10.
Recall that (Proposition A.32) the twisting morphism 𝜙 gives rise to an adjoint pair

Taking the linear dual of the bar construction, we obtain a functor

with values in algebras over the dual 𝕜op -operad 𝒞∨ (cf. Proposition A.15). By Lemma A.33, this
functor preserves quasi-isomorphisms between algebras which are cofibrant as left 𝕜-modules.
Consequently, it induces a functor of ∞-categories

If 𝜙 is weakly Koszul (Definition A.27), we can identify the ∞-category of algebras over 𝒞∨ with
algebras over the dual operad 𝔇(𝒫) = B(𝒫)∨ .
Lemma 4.1. Suppose that 𝜙 ∶ 𝒞 ⤏ 𝒫is weakly Koszul. Then the following assertions hold.
(1) For any 𝒫-algebra 𝐴, there is a natural equivalence of 𝕜op -modules
𝔇𝜙 (𝐴) ≃ ℝDer𝒫(𝐴, 𝕜)
to the (derived) 𝕜op -module of 𝒫-algebra derivations of 𝐴 with coefficients in the trivial 𝐴-module
𝕜.
(2) The functor 𝔇𝜙 preserves all colimits, so it is the left adjoint in an adjoint pair
(4.2)
In the terminology of [7], the adjoint pair (4.2) is an example of a weak Koszul duality context
(this is essentially the assertion of Corollary 4.7).
Proof. The first assertion implies the second: indeed, the functor 𝔇𝜙 preserves colimits (and hence
admits a right adjoint by the adjoint functor theorem [37, Corollary 5.5.2.9]) if and only if the
composite
(4.3)
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preserves homotopy colimits. The functor ℝDer(−, 𝕜) taking derived modules of derivations
clearly has this property.
Since 𝒞 ⟶ B𝒫is a quasi-isomorphism between cofibrant left 𝕜-modules, the functor (4.3) is
naturally equivalent to the functor associated to the universal twisting morphism 𝜙uni ∶ B𝒫⟶
𝒫. It will therefore suffice to prove assertion (1) for 𝜙 = 𝜙uni . In this case, consider the Quillen
pair

where the right adjoint takes the trivial 𝒫-algebra (using the augmentation 𝒫⟶ 𝕜) and 𝐼 sends
a 𝒫-algebra to its module of indecomposables. Unraveling the definitions, one sees that there is
an isomorphism of 𝕜-modules
(
)∨
(
)
B𝜙 (𝐴)∨ ≅ 𝐼 Ω𝜙 B𝜙 (𝐴) ≅ Der𝒫 Ω𝜙 B𝜙 (𝐴), 𝕜 ,
where we have used that 𝐼(𝐵)∨ = Der𝒫(𝐵, 𝕜). By Lemma A.34, the map Ω𝜙 B𝜙 (𝐴) ⟶ 𝐴 is a quasiisomorphism whenever 𝐴 is cofibrant as a 𝕜-module, that is, it provides a functorial cofibrant
replacement of 𝐴. It follows that 𝔇𝜙 computes indeed the derived functor of derivations with
□
coefficients in the trivial 𝐴-module 𝕜.
Let us note that the adjoint pair (4.2) depends naturally on 𝜙, in the following sense (we will
come back to this in Section 6):
Lemma 4.4. Consider a commuting square

(4.5)

where g is a map of 𝕜-cooperads, 𝑓 is a map of 𝕜-operads and 𝜙 and 𝜓 are weakly Koszul twisting
morphisms. Then there is a natural transformation of 𝒟∨ -algebras

When 𝐴 is a cofibrant 𝒫-algebra, this map is a weak equivalence.
In other words, a diagram like (4.5) induces a square of ∞-categories
AlgP
𝑓!

AlgQ

𝔇𝜙

∼

op

AlgC∨
𝑔∗
op

𝔇𝜓

AlgD∨

(4.6)
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commuting up to a natural equivalence 𝜇. In particular, 𝔇𝜙 is a homotopy invariant of the map 𝜙,
in the following sense: if 𝑓 (and, by Lemma A.21, also g) is a quasi-isomorphism, then the vertical
functors in (4.6) are equivalences by Corollary A.8 which intertwine 𝔇𝜙 and 𝔇𝜓 .
Proof. We define 𝜇 to be the dual of a natural map of 𝒟-coalgebras

Without differentials, this map is given by the map 𝒞(𝐴) ⟶ 𝒟(𝑓! 𝐴), defined on cogenerators by
𝒞(𝐴) ⟶ 𝐴 ⟶ 𝑓! 𝐴. This map of 𝒟-coalgebras indeed preserves the bar differential. To see that
it is a weak equivalence when 𝐴 is cofibrant, we can work at the level of the underlying 𝕜-modules.
In that case, we have a weak equivalence

from the complex of 𝒫-algebra derivations of 𝐴 (see Lemma 4.1). We obtain a commuting square
of chain complexes

The top horizontal map is an isomorphism, so the result follows.

□

Corollary 4.7. For any weakly Koszul twisting morphism 𝜙 ∶ 𝒞 ⤏ 𝒫and any 𝕜-module 𝑉, there is
a natural equivalence of 𝒞∨ -algebras

Consequently, for any algebra 𝔤 over the 𝕜op -operad 𝔇(𝒫) = (B𝒫)∨ , the underlying 𝕜-module of
𝔇′𝜙 (𝔤) is given by the derived functor of derivations
𝔇′𝜙 (𝔤) ≃ ℝDer𝔇(𝒫) (𝔤, 𝕜op ).
Proof. The first assertion is a special case of Lemma 4.4 and the second assertion follows by passing
to right adjoints.
□
Definition 4.8. Let 𝒫be a 𝕜-operad and let 𝔇(𝒫) = (B𝒫)∨ be its dual operad. We will denote by
(4.9)
the adjunction associated to the universal twisting morphism 𝜋 ∶ B𝒫⤏ 𝒫. By the discussion after
Lemma 4.4, we are allowed to model 𝔇(𝒫) and 𝒫using any quasi-isomorphic twisting morphism
𝜙 ∶ 𝒞 ⤏ 𝒫′ .
We conclude by giving an explicit description of the right adjoint 𝔇′ .
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Theorem 4.10. For any 𝕜-operad 𝒫, there exists a natural map

op

in the ∞-category of 𝕜-operads, and the right adjoint functor 𝔇′𝜙 ∶ Alg𝔇(𝒫) ⟶ Alg𝒫 is naturally
equivalent to the functor

To define the map 𝜂, which will arise from a zig-zag of maps at the chain level, let us make the
following observation:
Construction 4.11. Let 𝒞 be a 𝕜-cooperad and 𝒟 a 𝕜op -cooperad. Then there is an isomorphism
of convolution Lie algebras (cf. Remark A.19)
HomBiModΣ

𝕜op

(
)
(
)
𝒟, 𝒞∨ ≅ HomBiModΣ 𝒞, 𝒟∨
𝕜

sending a linear map 𝜓 ∶ 𝒟 ⟶ 𝒞∨ to its adjoint 𝜓 ⊤ ∶ 𝒞 ⟶ 𝒟∨ . In particular, this restricts to a
bijection between twisting morphisms. For a twisting morphism 𝜓 and a 𝒟-coalgebra 𝑋, there is
a natural map of 𝒞∨ -algebras
(4.12)
given on generators by the obvious inclusion 𝑋 ⟶ 𝑋 ∨∨ ⟶ (𝒟 ◦ 𝑋 ∨ )∨ .
∼

Let us now fix a 𝕜-cooperad 𝒞which is filtered-cofibrant as a left 𝕜-module and let 𝜖 ∶ 𝒬 ⟶ 𝒞∨
denote a replacement of 𝒞∨ by a 𝕜op -operad which is cofibrant as a left 𝕜op -module. Consider the
canonical twisting morphisms

Applying Construction 4.11 to the case where 𝒟 = B𝒬, the twisting morphism 𝜖 ◦ 𝜙† ∶ B𝒬 ⤏ 𝒞∨
has an adjoint twisting morphism (𝜖 ◦ 𝜙† )⊤ ∶ 𝒞 ⤏ B(𝒬)∨ . We can write (𝜖 ◦ 𝜙† )⊤ = 𝜂 ◦ 𝜙, where

is the corresponding map of 𝕜-operads out of the cobar construction. In this setting, we have the
following identification of the right adjoint 𝔇′𝜙 :
op

Proposition 4.13. In the above situation, the right adjoint 𝔇′𝜙 ∶ Alg𝒞∨ ⟶ AlgΩ𝒞 is naturally
equivalent to the functor
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Remark 4.14. When 𝒞is finite dimensional, the map 𝜂 ∶ Ω(𝒞) ⟶ B(𝒞∨ )∨ is an isomorphism and
we can simply identify 𝔇′𝜙 with 𝔇𝜙† .
Proof. Our first goal will be to define a natural map of Ω𝒞-algebras
(4.15)
for every 𝒞∨ -algebra 𝔤. By adjunction, it suffices to provide a natural map
(4.16)
in the ∞-category of 𝒞∨ -algebras. To do this, note that B𝜙 (𝜂∗ −) ≅ B𝜂𝜙 (−) and B𝜙† (𝜖∗ −) = B𝜖𝜙† (−)
both preserve objects that are cofibrant as left modules. Consequently, we can compute
) (
)∨ )∨
(
(
𝔇𝜙 𝜂∗ 𝔇𝜙† (𝔤) ≅ B𝜂𝜙 B𝜖𝜙† 𝔤
whenever 𝔤 is cofibrant as a left 𝕜-module. Now apply Construction 4.11 to the case where 𝒟 =
B(𝒬) and to the twisting morphisms

For the 𝒟-coalgebra 𝑋 = B𝜖𝜙† 𝔤, the map (4.12) then gives a natural map of 𝒞∨ -algebras
(4.17)
The domain is the usual bar-cobar construction of 𝔤, which comes with a natural quasiisomorphism Ω𝜖𝜙† (B𝜖𝜙† (𝔤)) ⟶ 𝔤 when 𝔤 is cofibrant as a 𝕜op -module (Lemma A.34). At the level
of ∞-categories, we therefore obtain the desired map (4.16) and the adjoint comparison map (4.15).
We now have to check that the comparison map (4.15) is an equivalence, for which it suffices to
see that the underlying map of 𝕜-modules is an equivalence. Note that Lemma 4.1 and Corollary 4.7
produce natural equivalences of 𝕜-modules
𝔇𝜖𝜙† (𝔤) ≃ ℝDer𝒞∨ (𝔤, 𝕜op )

𝔇′𝜙 (𝔤) ≃ ℝDer𝒞∨ (𝔤, 𝕜op ).

Under these equivalences, the comparison map (4.15) corresponds to a natural endomorphism of
(

)

ℝDer𝒞∨ (𝔤, 𝕜op ) ≃ Der𝒞∨ Ω𝜖𝜙† B𝜖𝜙† (𝔤), 𝕜op ≅ B𝜖𝜙† (𝔤)∨ .

Unravelling the definitions, this endomorphism can be described as follows: an element 𝛼 ∈
B𝜖𝜙† (𝔤)∨ is sent to the 𝕜op -linear map
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Here the first map is the inclusion of the generators and the third map is the projection, dual to the
inclusion of B𝜖𝜙† (𝔤)∨ into its bar construction (as the primitive elements). The last map evaluates
an element of the bidual at 𝛼. One easily sees that the assignment 𝛼 ⟼ 𝑓𝛼 is an isomorphism,
so that (4.15) is indeed an equivalence.
□
Proof (of Theorem 4.10). Suppose that 𝒫is cofibrant as a left 𝕜-module and consider the situation
of Proposition 4.13 in the case where 𝒞 = B𝒫. Then
𝒞∨ ≃ 𝒬 ≃ 𝔇(𝒫)
∼

and

B(𝒬)∨ ≃ 𝔇(𝔇(𝒫))

𝜂

so that the natural zig-zag 𝒫 ← ΩB𝒫 ⟶ B(𝒬)∨ defines a natural map in the ∞-category of 𝕜operads 𝜂 ∶ 𝒫⟶ 𝔇(𝔇(𝒫)). Theorem 4.10 then follows from Proposition 4.13.

4.2

□

Axiomatic argument

We will now describe the strategy of the proof of our main result, Theorem 1.3. Our strategy follows
the axiomatic frameworks developed in [7, 38]. More precisely, let us consider the adjunction

This adjunction is essentially never an equivalence, because it involves taking duals: both 𝔇
and 𝔇′ send an algebra to its module of derivations with coefficients in 𝕜 (Lemma 4.1 and
Corollary 4.7). Instead, one can try to refine the above adjunction to an equivalence between
𝔇(𝒫)-algebras and formal moduli problems over 𝒫, using the following construction: every
𝔇(𝒫)-algebra 𝔤 defines a functor

Under suitable conditions on the functor 𝔇, this functor will satisfy the axioms of a formal moduli
problem (Definition 2.11). Furthermore, the results leading to [38, Theorem 1.3.12] provide general
conditions on 𝔇 under which this construction becomes an equivalence. In the current situation,
we can summarize these results as follows:
Theorem 4.18. Let 𝒫be a 𝕜-operad. Then there is an equivalence of ∞-categories

if the following conditions are satisfied.
(A) For every Artin 𝒫-algebra 𝐴, the unit map 𝐴 ⟶ 𝔇′ 𝔇(𝐴) is an equivalence.
(B) For every trivial algebra 𝕜𝑐 [𝑛] generated by a single element of degree 𝑛 ⩾ 0, the 𝔇(𝒫)-algebra
𝔇(𝕜𝑐 [𝑛]) is freely generated by 𝕜𝑐 [𝑛]∨ .
(C) The functor 𝔇 sends every pullback square of Artin algebras
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with 𝑛 ⩾ 1 to a pushout square of 𝔇(𝒫)-algebras.
In this case, the inverse of the functor MC sends a formal moduli problem 𝐹 to its tangent complex
𝑇(𝐹), endowed with some 𝔇(𝒫)-algebra structure.
Remark 4.19. The notation MC is supposed to be suggestive: when 𝒫 satisfies suitable finitedimensionality conditions, the formal moduli problem MC𝔤 can indeed be described concretely
in terms of Maurer–Cartan simplicial sets of Lie algebras. We will discuss this in more detail in
Section 7.
The technical part of the proof of our main result (Theorem 1.3) will consist of verifying the
above conditions for a suitable class of operads. This will be done in Section 5. In the remainder
of this section, we will describe how Theorem 4.18 follows from the results of [7, 38].
Proof. Condition (C) guarantees that for every 𝔇(𝒫)-algebra 𝔤, the functor

does indeed define a formal moduli problem. Consequently, we obtain a well-defined functor
MC ∶ Alg𝔇(𝒫) ⟶ FMP𝒫. By condition (B), we have that
MC𝔤 (𝕜𝑐 [𝑛]) = Map𝔇(𝒫) (𝔇(𝕜𝑐 [𝑛]), 𝔤)
)
)
(
( op
≃ Map𝔇(𝒫) Free(𝕜𝑐 [𝑛]∨ ), 𝔤 ≃ Map𝕜op 𝕜𝑐 [−𝑛], 𝔤 .
It then follows from Lemma 2.15 that the tangent complex of the formal moduli problem MC𝔤 is
given by
)
(
(4.20)
𝑇 MC𝔤 ≃ }𝔤.
In particular, if MC admits an inverse, then this inverse will necessarily send a formal moduli 𝐹
to 𝑇(𝐹), endowed with a 𝔇(𝒫)-algebra structure. To see that MC indeed does admit an inverse,
let us recall the following terminology [7, Definition 2.15]. The class of good 𝔇(𝒫)-algebras is the
smallest class of algebras such that:
op

(1) it contains the free algebras Free(𝕜𝑐 [𝑛]) for 𝑛 ⩽ 0;
(2) for any pushout square

(4.21)

where 𝔤 is good and 𝑛 ⩽ −1, 𝔥 is good as well.
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By condition (A), the functor 𝔇 restricts to a fully faithful embedding of the ∞-category of Artin
op
𝒫-algebras into Alg𝔇 . By conditions (B) and (C), the essential image of this embedding is (the
opposite of) a full subcategory of Alg𝔇(𝒫) which satisfies conditions (1) and (2). In particular, it
contains the good 𝔇(𝒫)-algebras. But then the image of the good 𝔇(𝒫)-algebras under 𝔇′ is a full
subcategory of the Artin 𝒫-algebras that satisfies the conditions of Definition 2.2. Since the Artin
algebras were the smallest subcategory with these properties, we conclude that 𝔇 and 𝔇′ induce
an equivalence
(4.22)
It will now follow from [38, Theorem 1.3.12] that the functor MC is an equivalence. Indeed, the
conditions of [38, Definition 1.3.1] hold precisely because 𝔇 restricts to the equivalence (4.22). The
remaining condition [38, Definition 1.3.9] asserts that the functor

preserves sifted colimits. But it follows from (4.20) that this functor is naturally equivalent to the
composite

Forgetting the structure of an algebra over an operad always preserves sifted homotopy colimits
[31, Appendix A] and the second functor preserves all colimits (see Remark 2.17).
□

5

COHOMOLOGY OF ARTIN ALGEBRAS

Let 𝒫be a 𝕜-operad and consider the adjoint pair whose left adjoint sends a 𝒫-algebra to its dual
𝔇(𝒫)-algebra

The purpose of this section is to show that under certain conditions on the operad 𝒫, the functor 𝔇 is well behaved when restricted to the class of Artin 𝒫-algebras. In particular, it satisfies
the assumptions of Theorem 4.18, so that the above adjunction can be refined to an equivalence between 𝔇(𝒫)-algebras and formal moduli problems over 𝒫. More precisely, will prove the
following:
Theorem 5.1 (Theorem 1.3). Let 𝕜 be a dg-category and 𝒫an (augmented) 𝕜-operad. Assume that
the following conditions hold.
(1) 𝕜 and 𝒫are both connective.
(2) 𝕜 is cohomologically bounded, that is, there exists an 𝑛 ∈ ℕ such that all 𝐻 ∗ (𝕜)(𝑐, 𝑑) are
concentrated in degrees [−𝑛, 0].
(3) 𝒫is splendid.
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Then the following assertions hold.
(A) For any Artin 𝒫-algebra (Definition 2.2), the unit map 𝐴 ⟶ 𝔇′ 𝔇(𝐴) is an equivalence.
(1) 𝔇(𝕜𝑐 [𝑛]) is freely generated by 𝕜𝑐 [𝑛]∨ , for all 𝑐 and 𝑛 ⩾ 0.
(B) The functor 𝔇 sends every pullback square of Artin algebras

(5.2)

with 𝑛 ⩾ 1 to a pushout square of 𝔇(𝒫)-algebras.
In particular, Theorem 4.18 applies and there is an equivalence
FMP𝒫 ≃ Alg𝔇(𝒫) .
Assumption 5.3. We will assume, as usual, that 𝒫is cofibrant as a left 𝕜-module. Because 𝕜 is
assumed to be connective and cohomologically bounded, we will furthermore make the following
chain-level assumption throughout this section: we will assume that 𝕜 is a dg-category such that
every 𝕜(𝑐, 𝑑) is concentrated in degrees [−𝑁, 0], for some fixed 𝑁.

5.1

Polynomial subalgebras

Let us start with the following general observation. Let 𝜙 ∶ 𝒞 ⤏ 𝒫be a weakly Koszul twisting
morphism from an 𝕜-cooperad to a 𝕜-operad. Then 𝔇𝜙 (𝐴) = B𝜙 (𝐴)∨ is given by
𝔇𝜙 (𝐴) =

(
⨁
𝑝⩾0

≅

)∨
𝒞(𝑝) ⊗Σ𝑝 ⋉𝕜⊗𝑝 𝐴

⊗𝑝

)∨
∏(
𝒞(𝑝) ⊗Σ𝑝 ⋉𝕜⊗𝑝 𝐴⊗𝑝 .
𝑝⩾0

Consider the graded 𝒞∨ -subalgebra
poly

𝔇𝜙

(𝐴) ∶=

)∨
⨁(
𝒞(𝑝) ⊗Σ𝑝 ⋉𝕜⊗𝑝 𝐴⊗𝑝 ⊆ 𝔇𝜙 (𝐴).

(5.4)

𝑝⩾0

Note that this is not necessarily closed under the differential, but it will be if 𝐴 satisfies the
following condition:
Definition 5.5. A 𝒫-algebra 𝐴 is nilpotent if 𝐴 is annihilated by all operations of arity ⩾ 𝑝, for
some 𝑝.
Remark 5.6. When 𝒫 is concentrated in arity ⩾ 2, then a nilpotent algebra is annihilated by
any composition of ⩾ 𝑝 operations in 𝒫, for some 𝑝. Conversely, if 𝒫 is generated by operations in finitely many arities and 𝐴 is annihilated by any composition of ⩾ 𝑝 operations, then
𝐴 is nilpotent.
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poly

Remark 5.7. The algebra 𝔇𝜙 (𝐴) is not homotopy invariant: it depends on the point-set choices
for 𝐴 and the twisting morphism 𝜙. Note that an algebra that is quasi-isomorphic to a nilpotent
algebra need not be nilpotent itself.
To prove Theorem 5.1, it will be much more convenient to work with 𝔇poly (𝐴) instead of 𝔇(𝐴).
Indeed, the following result shows that 𝔇poly (𝐴) is typically much better behaved than 𝔇(𝐴):
Lemma 5.8. Let 𝜙 ∶ 𝒞 ⤏ 𝒫 be a Koszul twisting morphism. If 𝐴 is a strictly Artin, nilpotent 𝒫poly
algebra, then 𝔇𝜙 (𝐴) is a cofibrant 𝒞∨ -algebra.
Proof. Let us start with the following general observation: if 𝐴 ⟶ 𝐵 is a square zero extension
of 𝒫-algebras by 𝕜𝑐 [𝑛], with 𝑛 ⩾ 0, then their bar constructions fit into a pullback square of 𝒞coalgebras

(5.9)

Indeed, this follows from writing 𝐴 ≅ 𝐵 ⊕ 𝕜𝑐 [𝑛] as 𝕜-modules (without differential), so that B𝜙 (𝐴)
is obtained from B𝜙 (𝐵) by adding cogenerators from 𝕜𝑐 [𝑛]. Assuming that 𝐴 and (hence) 𝐵 are
nilpotent, we can take duals and restrict to ‘polynomial’ subalgebras to obtain a square

(5.10)

Without differentials, this square is a pushout square of 𝒞∨ -algebras, so the same is true with
differentials. Since the left vertical map is a (generating) cofibration of 𝒞∨ -algebras, it follows that
poly
poly
𝔇𝜙 (𝐴) is cofibrant as soon as 𝔇𝜙 (𝐵) is.
Now suppose that 𝐴 is strictly Artin and nilpotent. By definition, 𝐴 fits into a sequence 𝐴 =
𝐴(𝑛) ⟶ ⋯ ⟶ 𝐴(0) = 0 of square zero extensions by various 𝕜𝑐𝑖 [𝑝𝑖 ]. Proceeding by induction, it
poly

follows that 𝔇𝜙

(𝐴) is cofibrant.

□

To reduce statements about 𝔇(𝐴) to statements about the more tractable algebra 𝔇poly (𝐴), we
will use of the following result:
Proposition 5.11. Suppose that 𝕜 is as in Assumption 5.3 and that 𝒫is a splendid 𝕜-operad, concentrated in non-positive degrees. Let 𝜋 ∶ B𝒫⤏ 𝒫be the universal Koszul twisting morphism and
let 𝐴 be a 𝒫-algebra which is strictly Artin and nilpotent. Then the map of B𝒫∨ -algebras

is a quasi-isomorphism.
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This proposition forms the technical heart of our proof of Theorem 5.1 (and hence Theorem 1.3).
In particular, its proof is somewhat involved and is proven in increasing levels of generality, using
some of the results of the Appendix. We will therefore postpone the proof to Section 5.3 and instead
discuss how it can be used to prove Theorem 5.1.
As a first application of Proposition 5.11, we find that every Artin 𝒫-algebra can be modelled by
a nilpotent algebra. More precisely, we have the following:
∼

∼

Lemma 5.12. Consider a retract diagram of 𝕜-operads 𝒫 ⟶ Ω𝒞 ⟶ 𝒫, where 𝒞 is filteredcofibrant as a left 𝕜-module. Then the following assertions hold.
(1) Every Artin 𝒫-algebra is quasi-isomorphic to a strictly Artin 𝒫-algebra (Definition 2.5).
(2) Suppose that the (Koszul) twisting morphism 𝜙 ∶ 𝒞 ⤏ 𝒫associated to Ω𝒞 ⟶ 𝒫has the followpoly
ing property: for every 𝐴 which is strictly Artin and nilpotent, the map 𝔇𝜙 (𝐴) ⟶ 𝔇𝜙 (𝐴) is a
quasi-isomorphism. Then every Artin 𝒫-algebra is quasi-isomorphic to a strictly Artin 𝒫-algebra
which is furthermore nilpotent.
∼

∼

Every cofibrant 𝕜-operad 𝒫fits into a retract diagram 𝒫 ⟶ ΩB𝒫 ⟶ 𝒫. Consequently, part
(1) asserts that Artin algebras over cofibrant operads are quasi-isomorphic to strictly Artin
algebras.
Proof. The Artin 𝒫-algebras form the smallest class of 𝒫-algebras that is closed under homotopy
pullbacks along the maps of trivial algebras 0 ⟶ 𝕜𝑐 [𝑛 + 1] (with 𝑛 ⩾ 0). It therefore suffices to
show the following: let 𝐴 be a strictly Artin 𝒫-algebra, let Ω𝜙 B𝜙 (𝐴) ⟶ 𝐴 be its bar-cobar resolution (using Lemma A.34, since strictly Artin algebras are 𝕜-cofibrant by Remark 2.6) and consider
any (homotopy) pullback diagram of the form

(5.13)

Then the map 𝑌 ⟶ Ω𝜙 B𝜙 (𝐴) is naturally quasi-isomorphic to a square zero extension 𝐵 ⟶ 𝐴
with kernel 𝕜𝑐 [𝑛]. For part (2), we must furthermore show that 𝐵 can be taken nilpotent, assuming
𝐴 is nilpotent.
We will only prove this assertion for part (2); the argument for part (1) is similar but easier. Let
us denote by 𝑖 ∶ 𝒫⟶ Ω𝒞 and 𝑟 ∶ Ω𝒞 ⟶ 𝒫the inclusion and retraction, and let 𝜓 ∶ 𝒞 ⤏ Ω𝒞
denote the universal twisting morphism. There are natural maps

for a 𝒫-algebra 𝐴 and a 𝒞-coalgebra 𝐶. The first map is an isomorphism and the second map
is obtained by applying 𝑖 ∗ to the natural map Ω𝜓 (𝐶) ⟶ 𝑟∗ Ω𝜙 (𝐶). Now observe that there are
bijections
𝜒 ∶ Ω𝜙 B𝜙 (𝐴) ⟶ 𝕜𝑐 [𝑛 + 1]

⟺

𝜒 ∶ B𝜙 (𝐴) ⟶ 𝒞(𝕜𝑐 [𝑛 + 1]),
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where 𝒞(𝕜𝑐 [𝑛 + 1]) is the cofree 𝒞-coalgebra on a single generator of degree 𝑛 + 1 at place 𝑐. A
map 𝜒 ∶ Ω𝜙 B𝜙 (𝐴) ⟶ 𝕜𝑐 [𝑛 + 1] therefore corresponds to a degree −(𝑛 + 1) cycle 𝜒 ∈ 𝔇𝜙 (𝐴)(𝑐).
Homologous cycles correspond to homotopic maps, and hence give rise to weakly equivalent
homotopy pullbacks 𝑌. We may therefore change 𝜒 by a coboundary and assume that it is
contained in the image of the quasi-isomorphism

Now consider the pullback square of 𝒞-coalgebras

(5.14)

Unravelling the definitions, one sees that the map 𝐶 ′ ⟶ B𝜙 (𝐴) is isomorphic to a map of the form
B𝜓 (𝐴′ ) ⟶ B𝜓 (𝑟∗ 𝐴), where 𝐴′ ⟶ 𝑟∗ 𝐴 is a square zero extension of Ω𝒞-algebras with kernel
𝕜𝑐 [𝑛]. In particular, 𝐴′ is a strictly Artin Ω𝒞-algebra.
To see that 𝐴′ is a nilpotent Ω𝒞-algebra, we use that 𝐴′ ≅ 𝐴 ⊕ 𝕜𝑐 [𝑛] is a square zero extension
of 𝑟∗ 𝐴 by a trivial 𝑟∗ 𝐴-module. Each generator 𝜇 ∈ [−1] ⊆ Ω acts on 𝐴′ by

Here 𝜒(𝜇, −) denotes the composite

By our assumption that 𝜒 lies in the image of 𝔇poly (𝐴), the generating operations 𝜒(𝜇, −) vanish
when the arity of 𝜇 is high enough. Furthermore, the composition of at least two such generating
operations maps 𝐴 to 𝐴 and vanishes on 𝕜𝑐 [𝑛]. Because 𝐴 was assumed to be a nilpotent 𝒫-algebra,
it follows that such composite operations also vanish if their arity is high enough. We conclude
that 𝐴′ is a nilpotent Ω𝒞-algebra.
Now, applying functor 𝑖 ∗ Ω𝜓 to (5.14) and using that there is a natural map 𝑖 ∗ Ω𝜓 ⟶ Ω𝜙 , we
obtain a diagram of 𝒫-algebras

(5.15)

Taking 𝐵 = 𝑖 ∗ 𝐴′ , we obtain a nilpotent square zero extension of 𝐴. The above diagram shows that
it is related to the pullback 𝑌 of (5.13) by a zig-zag
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It remains to verify that the right map is a quasi-isomorphism, for which we can work at the level of
the underlying complexes. But forgetting 𝒫-algebra structures, there are natural sections 𝑖 ∗ 𝐴′ ⟶
𝑖 ∗ Ω𝜓 B𝜓 (𝐴′ ) and 𝐴 ⟶ Ω𝜙 B𝜙 (𝐴) that make the composition of the three squares a (homotopy)
pullback square of chain complexes. Consequently, we find maps of complexes

The first map and the composite map are quasi-isomorphisms, so that 𝑖 ∗ Ω𝜓 B𝜓 (𝐴′ ) ⟶ 𝑌 is a
quasi-isomorphism, as desired.
□
Corollary 5.16. Suppose that 𝕜 is as in Assumption 5.3 and that 𝒫is a splendid cofibrant 𝕜-operad,
concentrated in non-positive cohomological degrees. Then every Artin 𝒫-algebra is quasi-isomorphic
to a strictly Artin 𝒫-algebra which is nilpotent.
Proof. Apply part (2) of Lemma 5.12 to the retract diagram 𝒫⟶ ΩB𝒫⟶ 𝒫, where first map
exists since 𝒫is assumed cofibrant.
□

5.2

Proof of Theorem 5.1

In this section, we will prove Theorem 5.1, and hence Theorem 1.3, using Proposition 5.11 (whose
proof will be taken up in Section 5.3). Since the statement of Theorem 5.1 only depends on the
quasi-isomorphism classes of 𝕜 and 𝒫, we are allowed to make the following assumptions throughout this section: we will assume that 𝕜 is bounded, as in Assumption 5.3, and that 𝒫is a cofibrant
𝕜-operad which is concentrated in non-positive cohomological degrees. We denote by

op

the universal Koszul twisting morphism and will model 𝔇 ∶ Alg𝒫 ⟶ Alg𝔇(𝒫) by 𝔇𝜋 .
Proof of Theorem 5.1(A). Suppose that 𝐴 is an Artin 𝒫-algebra. By Corollary 5.16, we can assume
that 𝐴 is strictly Artin and nilpotent. To verify that the unit map

is an equivalence, it suffices to work at the level of the underlying 𝕜-modules. By Corollary 4.7,
the functor 𝔇′𝜋 is given at the level of 𝕜-modules by the derived functor of 𝐵 ↦ Der(𝐵, 𝕜). By
Lemma 5.8 and Proposition 5.11, a cofibrant resolution of 𝔇𝜋 (𝐴) is given by the polynomial
poly
subalgebra 𝔇𝜋 (𝐴). It therefore suffices to verify that the natural map

poly

is a quasi-isomorphism. Since 𝔇𝜋 (𝐴) is the free graded algebra on 𝐴∨ , one can identify the
underlying map of graded 𝕜-modules with the canonical map
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This is an isomorphism since 𝐴 is a finitely generated quasi-free 𝕜-module (Remark 2.6).

□

For part (B) of Theorem 5.1, let us make the following more general observation:
Proposition 5.17. Let 𝕜 be a bounded connective dg-category and 𝑓 ∶ 𝒫⟶ 𝒬 a map of augmented
𝕜-operads which are connective and splendid. Let 𝔇(𝑓) ∶ 𝔇(𝒬) ⟶ 𝔇(𝒫) be the induced map on
bar dual operads. For every 𝒬-algebra 𝐴, there is a natural map of 𝔇(𝒫)-algebras

This map is an equivalence whenever 𝐴 is a Artin 𝒬-algebra.
Proof. We can assume that 𝒫and 𝒬 are cofibrant 𝕜-operads and consider the map between twisting
morphisms

Let B(𝑓)∗ denote the forgetful functor from B𝒫-coalgebras to B𝒬-coalgebras. Then there is a
natural map of B𝒬-coalgebras for every 𝒬-algebra 𝐴

Without differentials, this is given by the obvious map B𝒫(𝐴) ⟶ B𝒬(𝐴) into the cofree
B𝒬-coalgebra on 𝐴. Taking duals gives a map of 𝔇𝒬-algebras

The desired natural map of algebras over 𝔇(𝒫) is then obtained by adjunction, that is, by (derived)
inducing up along 𝔇𝒬 ⟶ 𝔇𝒫.
Now suppose that 𝐴 is a Artin 𝒬-algebra. By Corollary 5.16, we may assume that 𝐴 is strictly
Artin and nilpotent. By Proposition 5.11 and Lemma 5.8, there are cofibrant resolutions

In particular, we obtain a commuting square
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where in the second row, 𝔇(𝑓)! (implicitly) denotes the derived functor. Unravelling the
definitions, the top horizontal map is given without differentials by the natural map

□

This map is an isomorphism, so the result follows.

Proof of Theorem 5.1(B). This is the special case of Proposition 5.17 where the map 𝒫⟶ 𝒫′ = 𝕜
is the augmentation map.
□
Proof of Theorem 5.1(C). Let 𝐴 be an Artin 𝒫-algebra and consider a pullback square (5.2) in the
∞-category of 𝒫-algebras. Inspecting the proof of Lemma 5.12 (cf. Diagram (5.15)), one can present
such a square in the ∞-category of 𝒫-algebras by a strict diagram of 𝒫-algebras of the form

where 𝑝 ∶ 𝐵 ⟶ 𝐴 is a square zero extension of strictly Artin, nilpotent 𝒫-algebras. By a standard
model categorical argument, one can in fact assume that the surjective map 𝐵̃ ⟶ 𝐴̃ is given by
ΩB(𝑝) ∶ Ω𝜙 B𝜙 (𝐵) ⟶ Ω𝜙 B𝜙 (𝐴), and that the left two quasi-isomorphisms are the canonical maps
from the bar-cobar resolution.
Now apply the bar construction B𝜙 to the above diagram. Then the left two weak equivalences
admit canonical sections. Using these canonical sections, one obtains a composite square of B𝒫coalgebras of the form (5.9), which is cartesian. After dualizing, one obtains a square of the form

We have to show that this square is a homotopy pushout square of 𝔇(𝒫)-algebras. Since all 𝒫algebras involved in this square are strictly Artin and conilpotent, Proposition 5.11 implies the
above square is naturally equivalent to the square (5.10) of polynomial subalgebras. But then the
proof of Lemma 5.8 shows that this square is a (homotopy) pushout square of 𝔇(𝒫)-algebras (cf.
Diagram (5.10)).
□
op

We conclude that the functor 𝔇 ∶ Alg𝒫 ⟶ Alg𝔇(𝒫) satisfies the conditions of Theorem 4.18.
In particular, this says that the functor

is an equivalence of ∞-categories, with inverse sending a formal moduli problem 𝐹 to 𝑇(𝐹). This
proves Theorem 1.3.
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Variant 5.18. Let 𝒞 be a 𝕜-cooperad which is filtered-cofibrant as a 𝕜-module and let 𝜄 ∶ 𝒞 ⟶
Ω𝒞 = 𝒫be the universal twisting morphism. Inspecting the above proof, one sees that the conpoly
clusions of Theorem 5.1 remain valid as long as 𝔇𝜄 (𝐴) ⟶ 𝔇𝜄 (𝐴) is a quasi-isomorphism for
every 𝐴 that is strictly Artin and nilpotent. Consequently, Theorem 1.3 then holds for the operad
𝒫= Ω𝒞.
As an important example of this situation, let us record the following. Suppose that 𝕜 is a dgcategory such that all 𝕜(𝑐, 𝑑) are concentrated in some fixed interval [𝑎, 𝑏], and suppose that 𝒞 is
a 𝕜-cooperad with the following property: 𝒞(𝑝) is concentrated in degrees ⩽ 𝑓(𝑝), with

Note that when 𝐴 is strictly Artin, there is an 𝑛 such that any 𝑛-fold composition of generating
operations acts trivially on 𝐴. Since 𝐴 is concentrated in finitely many degrees (Remark 2.6), this
poly
means that such 𝐴 is automatically nilpotent (Definition 5.5). Furthermore, the map 𝔇𝜄 (𝐴) ⟶
𝔇𝜄 (𝐴) is then an isomorphism for degree reasons (cf. the proof of Lemma 5.19). The above proof
and Theorem 4.18 then imply that there is equivalence of ∞-categories

Note that 𝒞 may have contributions from positive degrees, as long as it is eventually concentrated in sufficiently negative degrees. In particular, this hold when 𝒞 concentrated in finitely
many arities.

5.3

Proof of Proposition 5.11

This section is devoted to the proof of Proposition 5.11. Throughout, we assume that 𝕜 is as in
Assumption 5.3, that is, concentrated in cohomological degrees [−𝑁, 0], and that 𝒫is a 𝕜-operad
in non-positive degrees. We will prove Proposition 5.11 in increasing levels of generality, starting
with the following special case:
Lemma 5.19. Suppose that 𝒫= 𝒫⩽𝑝 is non-positively graded and concentrated in arities ⩽ 𝑝, and
let 𝜋 ∶ B𝒫⟶ 𝒫be the universal twisting morphism. If 𝐴 is a non-positively graded 𝒫-algebra, then
the map of B𝒫∨ -algebras

is an isomorphism.
Proof. Since 𝒫 is concentrated in arities ⩽ 𝑝, its bar construction is generated by operations in
arities ⩽ 𝑝 and degrees ⩽ −1. This means that the arity 𝑞 part of B𝒫is concentrated in degrees
⩽ −𝑞∕𝑝. Consequently, each term
B𝒫(𝑞) ⊗Σ𝑞 ⋉𝕜⊗𝑞 𝐴⊗𝑞
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is concentrated in degrees ⩽ −𝑞∕𝑝. Since 𝕜 is concentrated in degrees [−𝑁, 0], the 𝕜-linear dual is
concentrated in degrees ⩾ 𝑞∕𝑝 − 𝑁 in arity 𝑞. Consequently, in each degree there are only finitely
many arities that contribute to 𝔇(𝐴), that is, the map

is an isomorphism in each individual degree.

□

Let us next consider the case of a 0-reduced 𝕜-operad 𝒫, that is, 𝒫(0) = 0. Then the tower of
quotients

is a tower of operads. By definition, every nilpotent 𝒫-algebra 𝐴 can be considered as a 𝒫⩽𝑝0 algebra, for some 𝑝0 .
Lemma 5.20. Let 𝒫be a 0-reduced 𝕜-operad, concentrated in non-positive degrees, and let

denote the universal twisting morphisms. For each 𝒫⩽𝑝0 -algebra 𝐴 in non-positive degrees, there is a
natural square of chain complexes

in which the two marked arrows are isomorphisms.
Proof. Recall that for every map of twisting morphisms 𝜙 ⟶ 𝜙′ , there is a natural map of chain
complexes 𝔇𝜙′ (𝐴) ⟶ 𝔇𝜙 (𝐴). When 𝐴 is nilpotent, this restricts to polynomial subalgebras. This
gives the desired square. The vertical arrow is an isomorphism by Lemma 5.19 and the horizontal
arrow is given without differentials by the map

This map is an isomorphism. Indeed, the tower

becomes stationary as soon as 𝑝 ⩾ 𝑞 , so that the sequence obtained by tensoring with 𝐴⊗𝑞 and
□
taking 𝕜-linear duals becomes stationary for 𝑝 ⩾ 𝑞 as well.
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Corollary 5.21. Let 𝒫be a 0-reduced 𝕜-operad in non-negative degrees and let 𝐴 be a 𝒫⩽𝑝0 -algebra
in non-negative degrees, for some 𝑝0 . Let 𝜋 ∶ B𝒫⤏ 𝒫be the universal twisting morphism. Then the
map of complexes

can be identified with the natural map

where 𝔇⩽𝑝 ∶ Alg𝒫⩽𝑝 ⟶ Alg𝔇(𝒫⩽𝑝 ) and 𝔇 ∶ Alg𝒫 ⟶ Alg𝔇(𝒫) .
In particular, Corollary 5.21 furnishes a homotopy-invariant characterization of the map
⟶ 𝔇𝜋 (𝐴), as long as we take all our operads and algebras to be non-positively graded:
it no longer depends on the specific point-set models for the twisting morphism 𝜋 or 𝐴 (as long
as these models are non-positively graded).
poly
𝔇𝜋 (𝐴)

Proposition 5.22. Let 𝕜 be a dg-category in degrees [−𝑁, 0] and let 𝒫be a splendid, 0-reduced 𝕜operad, concentrated in degrees ⩽ 0. Let 𝐴 be a 𝒫⩽𝑝0 -algebra which is freely generated as a 𝕜-module
by generators of degrees ⩽ 0, with finitely many generators of degree 0. Then the map

is an equivalence.
Proof. We can work at the level of chain complexes. Since 𝔇 and 𝔇⩽𝑝 are homotopy invariant,
we may resolve the tower 𝒫⟶ ⋯ ⟶ 𝒫⩽𝑝 ⟶ … by a tower of cofibrant 𝕜-operads

with the properties described in Proposition A.43. In particular, each 𝒬(𝑝) is a quasi-free 𝕜-operad
generated by a non-negatively graded, cofibrant 𝕜-symmetric sequence 𝑉 (𝑝) .
For each the quasi-free 𝕜-operad 𝒬 = Free(𝑉), the right 𝒬-module 𝕜 admits a cofibrant
resolution of the form
𝒦 = Cone(𝑉 ◦𝕜 𝒬 ⟶ 𝒬).
By Remark A.31, the underlying complex of 𝔇(𝐴) can be identified with
(

𝒦 ◦𝒬 𝐴

)∨

≅ ((𝟏 ⊕ 𝑉[1]) ◦𝕜 𝐴)∨

with some differential. Let us now decompose 𝐴 = 𝐴0 ⊕ 𝐴, where 𝐴0 is the 𝕜-module generated
by the (finitely many) degree 0 generators and 𝐴 is generated by elements of degree < 0. By Proposition A.43, 𝑉 (𝑝) is concentrated in increasingly negative degrees as its arity increases. Using that
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𝐴0 is free on finitely many generators, one then sees that
∏
(
)∨
𝒦 ◦𝒬(𝑝) 𝐴 ≅
𝑀(𝑞, 𝑟)
𝑞,𝑟⩾0

with some differential, where
)
(
⊗𝑞 ∨
⊗Σ𝑟 ⋉𝕜⊗𝑟 (𝐴0∨ )⊗𝑟 .
𝑀(𝑞, 𝑟) ∶= (𝟏 ⊕ 𝑉[1])(𝑞 + 𝑟) ⊗Σ𝑞 ⋉𝕜⊗𝑞 𝐴
Since 𝐴 is concentrated in degrees ⩽ −1 and 𝕜 is concentrated in degrees [−𝑁, 0], 𝑀(𝑞, 𝑟) is concentrated in degrees ⩾ 𝑞 − 𝑁. Consequently, in each fixed cohomological degree there are only
contributions of the 𝑀(𝑞, 𝑟) for finitely many 𝑞.
Similarly, 𝑉 is concentrated in increasingly negative degrees as the arity increases. Consequently, in each fixed cohomological degree there are only contributions of the 𝑀(𝑞, 𝑟) for finitely
many 𝑟. It follows that the above product over 𝑞 and 𝑟 is isomorphic to a direct sum, so that
)∨ ⨁
(
𝑀(𝑞, 𝑟).
(5.23)
𝔇(𝐴) ≃ 𝒦 ◦𝒬(𝑝) 𝐴 ≅
𝑞,𝑟⩾0

̃ (𝑝) = Free(𝑉 (𝑝) ) with 𝑝 ⩾ 𝑝0 . ConThe same analysis applies to each of the graded-free operads 𝒫
sequently, one finds that the sequence of chain complexes ⋯ ⟶ 𝔇⩽𝑝 (𝐴) ⟶ 𝔇⩽𝑝+1 (𝐴) ⟶
⋯ ⟶ 𝔇(𝐴) is quasi-isomorphic to the sequence of sums
(5.24)
endowed with some differential. We claim that this sequence is a colimit sequence of complexes.
This means that it is also a homotopy colimit, which proves the proposition.
To see that (5.24) is a colimit sequence, it suffices to prove that for every fixed 𝑟, the sequence
of graded vector spaces
)
)
⨁ ((
⊗𝑞 ∨
𝟏 ⊕ 𝑉 (𝑝) [1] (𝑞 + 𝑟) ⊗Σ𝑞 ⋉𝕜⊗𝑞 𝐴
𝑞⩾0

is a colimit sequence. We claim that this sequence becomes stationary in every fixed cohomological degree. Indeed, since the 𝑞th summand is concentrated in degrees ⩾ 𝑞 (since 𝐴 is generated
by elements of degree ⩽ −1), only finitely many summands contribute to each individual degree.
It therefore suffices to verify that for each 𝑞 and 𝑟, the sequence of graded vector spaces
)
((
)
⊗𝑞 ∨
𝟏 ⊕ 𝑉 (𝑝) [1] (𝑞 + 𝑟) ⊗Σ𝑞 ⋉𝕜⊗𝑞 𝐴
becomes stationary as 𝑝 → ∞. But this follows from the construction of Proposition A.43, which
□
guaranteed that 𝑉 (𝑝) (𝑞 + 𝑟) is constant for 𝑝 ⩾ 𝑞 + 𝑟.
To deduce Proposition 5.11 from Proposition 5.22, we now only have deal with the extra operations in arity zero that obstruct the use of the tower of quotients 𝒫⟶ 𝒫⩽𝑝 . This is done by a
filtration argument:
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Construction 5.25. Let 𝒫be a 𝕜-operad which is cofibrant as a left 𝕜-module and let 𝜋 ∶ B𝒫⟶
𝒫be the universal twisting morphism. For any 𝒫-algebra 𝐴 which is cofibrant as a 𝕜-module, we
can filter the bar construction B𝜋 (𝐴) = B𝒫 ◦𝕜 𝐴 by word length in the nullary operations of 𝒫.
This is an increasing filtration by left 𝕜-modules which preserves the bar differential.
The associated graded can be described as follows: let 𝒫⩾1 denote part of 𝒫in non-zero arity
and let 𝜋⩾1 ∶ 𝐵(𝒫⩾1 ) ⟶ 𝒫⩾1 be the universal twisting morphism. Then we can identify
gr(B𝜋 (𝐴)) = 𝐵𝜋⩾1 (𝐴 ⊕ 𝒫(0)[1]),
where 𝐴 ⊕ 𝒫(0)[1] is the product of 𝐴, considered as a 𝒫⩾1 -algebra by restriction, and the trivial
algebra 𝒫(0)[1]. Since all pieces are cofibrant as 𝕜-modules, dualizing yields a complete Hausdorff
filtration on 𝔇𝜋 (𝐴) whose associated graded is
gr(𝔇𝜋 (𝐴)) = 𝔇𝜋⩾1 (𝐴 ⊕ 𝒫(0)[1]).
Lemma 5.26. Suppose that 𝒫is a 𝕜-operad in non-positive degrees and let 𝐴 be a 𝒫-algebra which is
strictly Artin and nilpotent. Then the complete Hausdorff filtration on 𝔇𝜋 (𝐴) from Construction 5.25
poly
poly
restricts to a complete Hausdorff filtration on 𝔇𝜋 (𝐴). Furthermore, the map 𝔇𝜋 (𝐴) ⟶ 𝔇𝜋 (𝐴)
induces the obvious map

at the level of the associated graded.
poly

Proof. Let us first check that the induced filtration on 𝔇𝜋 (𝐴) is complete Hausdorff. By
Construction 5.25, we can write
B𝜋 (𝐴) ≅

)
⨁(
B(𝒫⩾1 )(𝑞 + 𝑟) ⊗Σ𝑞 ⋉𝕜⊗𝑞 𝒫(0)⊗𝑞 [𝑞] ⊗Σ𝑟 ⋉𝕜⊗𝑟 𝐴⊗𝑟

𝑞,𝑟⩾0

as left 𝕜-modules, with some differential. The filtration is indexed by 𝑞. Since 𝐴 is finitely
generated quasi-free over 𝕜, the 𝕜-linear dual of each of summand is given by
(
)∨
𝑁(𝑞, 𝑟) ∶= B(𝒫⩾1 )(𝑞 + 𝑟) ⊗Σ𝑞 ⋉𝕜⊗𝑞 𝒫(0)⊗𝑞 [−𝑞] ⊗Σ𝑟 ⋉(𝕜op )⊗𝑟 (𝐴∨ )⊗𝑟
and we have that
𝔇𝜋 (𝐴) ≅

∏
𝑞,𝑟⩾0

𝑁(𝑞, 𝑟)

and

poly

𝔇𝜋 (𝐴) =

⨁∏
𝑟

𝑁(𝑞, 𝑟).

𝑞⩾0

Since 𝕜 is concentrated in degrees [−𝑁, 0] and both 𝐴 and 𝒫 are concentrated in non-positive
degrees, we have that 𝑁(𝑞, 𝑟) is concentrated in degrees ⩾ 𝑞 − 𝑁, for all values of 𝑟. Consequently,
the natural map
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∏ ⨁
poly
is an isomorphism in each cohomological degree. Now note that 𝔇𝜋 (𝐴) ≅ 𝑞⩾0 𝑟 𝑁(𝑞, 𝑟)
is manifestly complete Hausdorff with respect to the filtration by 𝑞. Furthermore, we see that,
without differential, there is an inclusion
)
(
poly
⊆ gr(𝔇𝜋 )
gr 𝔇𝜋
∏
⨁
given in degree 𝑞 by the obvious inclusion
𝑟 𝑁(𝑞, 𝑟) ⟶
𝑟 𝑁(𝑞, 𝑟). Since gr(𝔇𝜋 (𝐴)) ≅
𝔇𝜋⩾1 (𝐴 ⊕ 𝒫(0)[1]), the second part of the lemma then follows by unravelling the definitions. □
Proof (of Proposition 5.11). Suppose that 𝕜 is concentrated in degrees [−𝑁, 0], that 𝒫is concentrated
in non-positive degrees and that 𝐴 is nilpotent and strictly Artin. In particular, 𝐴 is quasi-free and
poly
finitely generated over 𝕜 (Remark 2.6). To see that 𝔇𝜋 (𝐴) ⟶ 𝔇𝜋 (𝐴) is a quasi-isomorphism,
we can work at the level of the underlying 𝕜-modules.
poly
Endow both 𝔇𝜋 (𝐴) and 𝔇𝜋 (𝐴) with the filtration by the number of nullary operations from
𝒫, as in Lemma 5.26. Since these filtrations are complete and Hausdorff, it suffices to show that
the induced map on the associated graded

is a quasi-isomorphism, where 𝜋⩾1 ∶ 𝐵(𝒫⩾1 ) ⤏ 𝒫⩾1 is the universal twisting morphism. Note that
the 𝒫⩾1 -algebra 𝐴 ⊕ 𝒫(0)[1] satisfies the conditions of Proposition 5.22: it is quasi-free over 𝕜
and it has finitely many generators in degree 0, all coming from 𝐴. The result then follows from
Corollary 5.21 and Proposition 5.22.
□

6

CHANGE OF OPERADS

In this section, we describe the functoriality of the equivalence

in the operad 𝒫and use it to give a modular interpretation of the category of 𝒬-algebras for any 𝑘operad 𝒬 (Theorem 6.15). We will start by considering the functoriality of the adjoint pair (𝔇𝜙 , 𝔇′𝜙 )
in the twisting morphism 𝜙.

6.1

Naturality of weak Koszul duality

To study the dependence of the adjoint pair (𝔇𝜙 , 𝔇′𝜙 ) on the twisting morphism 𝜙 ∶ 𝒞 ⤏ 𝒫, let
us consider the following category of twisting morphisms:
Definition 6.1. Let Koszul denote the category whose
∙ objects are weakly Koszul twisting morphisms 𝜙 ∶ 𝒞 ⤏ 𝒫from a 𝕜-cooperad 𝒞 to a 𝕜-operad 𝒫.
When considered as a left 𝕜-module, 𝒞 is filtered-cofibrant and 𝒫is cofibrant by assumption;
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∙ morphisms consist of a 𝕜-operad map 𝑓 ∶ 𝒫⟶ 𝒬 and a 𝕜-cooperad map g ∶ 𝒞 ⟶ 𝒟, fitting
into a commuting square

(6.2)

A map between such twisting morphisms is a weak equivalence if 𝑓 (and hence also g) is a quasiisomorphism.
dg

Remark 6.3. There is an obvious projection map 𝜋 ∶ Koszul ⟶ Op𝕜 sending a twisting mordg

phism to its codomain. This projection admits a section 𝜎 ∶ Op𝕜 ⟶ Koszul sending 𝒫 to the
universal twisting morphism B𝒫⤏ 𝒫. In addition to the isomorphism 𝜋𝜎 ≅ id, there is a natural
weak equivalence id ⟶ 𝜎𝜋: every weakly Koszul twisting morphism 𝜙 ∶ 𝒞 ⤏ 𝒫admits a natural weak equivalence to the universal one B𝒫⤏ 𝒫. It follows that 𝜋 and 𝜎 induce an equivalence
of ∞-categories after inverting the weak equivalences.
Consider the following functors with values in the ∞-category of ∞-categories and left adjoint
functors between them
(6.4)
These two functors send a map (6.2) to the left adjoint functors

We then have the following homotopy coherent upgrade of Lemma 4.4:
Proposition 6.5. There is a natural transformation of functors

(6.6)

whose value at a weakly Koszul twisting morphism 𝜙 ∶ 𝒞 ⤏ 𝒫is given by

Note that the functors Alg and Algdual send weak equivalences between twisting morphisms to
equivalences of ∞-categories (Corollary A.8), and hence descend to functors on the ∞-categorical
localizations. By Remark 6.3, we therefore obtain the following:
Corollary 6.7. Let Op𝕜 be the ∞-category of (augmented) 𝕜-operads. Then there is a natural
transformation of functors
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𝔇

op

given on objects by Alg(𝒫) ∶= Alg𝒫 → Alg𝔇(𝒫) =∶ Algdual (𝒫).
Recall from Lemma 4.4 that a single map of twisting morphisms induces a square of ∞categories commuting up to natural equivalence. For this reason, it will be more convenient to
establish Proposition 6.5 in terms of fibrations.
Construction 6.8. Let Algdg denote the category whose:
∙ objects are tuples (𝜙 ∶ 𝒞 ⤏ 𝒫, 𝐴) consisting of a weakly Koszul twisting morphism, together
with a cofibrant 𝒫-algebra 𝐴;
∙ morphisms (𝜙 ∶ 𝒞 ⤏ 𝒫, 𝐴) ⟶ (𝜓 ∶ 𝒟 ⤏ 𝒬, 𝐵) consist of a map (6.2) and a map of 𝒫-algebras
𝐴 ⟶ 𝑓 ∗ 𝐵.
Similarly, let Algdual,dg denote the category whose:
∙ objects are tuples (𝜙 ∶ 𝒞 ⤏ 𝒫, 𝔤) consisting of a weakly Koszul twisting morphism, together
with a 𝒞∨ -algebra 𝔤;
∙ morphisms (𝜙 ∶ 𝒞 ⤏ 𝒫, 𝔤) ⟶ (𝜓 ∶ 𝒟 ⤏ 𝒬, 𝔥) consist of a map (6.2) and a map of 𝒫-algebras
(g ∨ )∗ (𝔤) ⟶ 𝔥.
There are obvious projections

whose fibres over 𝜙 ∶ 𝒞 ⤏ 𝒫 are given by the categories of cofibrant 𝒫-algebras and of 𝒞∨ algebras, respectively. We will say that a map in Algdg is a fibrewise weak equivalence if it is a
quasi-isomorphism of algebras that covers the identity in the base category Koszul.
Note that both projections are co-Cartesian fibrations: given a map (6.2) in the base category
Koszul, the induced functors between the fibres are given by 𝑓! and (g ∨ )∗ . By construction, these
change-of-fibre functors preserve fibrewise weak equivalences, so that inverting the fibrewise
weak equivalences yields co-Cartesian fibrations [28, Proposition 2.1.4]

These are exactly the co-Cartesian fibrations classified by the functors Alg and Algdual from (6.4).
Since these functors take values in ∞-categories and left adjoint functors between them, the
projections are Cartesian fibrations as well [37, Corollary 5.2.2.5].
Proof (of Proposition 6.5). Consider the commuting triangle
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where the vertical functors are the projections and the top horizontal functor is given by
(
)
(𝜙 ∶ 𝒞 ⤏ 𝒫, 𝐴) ⟼ 𝜙 ∶ 𝒞 ⤏ 𝒫, 𝐵𝜙 (𝐴)∨ .
This functor sends fibrewise weak equivalences in Algdg to fibrewise weak equivalences in
Algdual,dg by Lemma A.33. Consequently, it descends to a functor between the ∞-categorical
localizations, which we will denote by

(6.9)

When restricted to the fibre over a weakly Koszul twisting morphism 𝜙, this functor is given by
𝔇𝜙 and admits a right adjoint 𝔇′𝜙 by Lemma 4.1. Furthermore, the functor 𝔇 ∶ Alg ⟶ Algdual
preserves co-Cartesian edges. Indeed, unraveling the definitions, this is exactly the assertion of
Lemma 4.4. It follows from [39, Proposition 7.3.2.6] (and its dual) that the functor 𝔇 has a right
adjoint which commutes with the projections, preserves Cartesian edges and is given fibrewise by
𝔇′𝜙 . Under straightening, this means precisely that 𝔇 determines a natural transformation of the
form (6.6).
□

6.2

Naturality of the main theorem

We will now use Corollary 6.7 to show that the equivalence between formal moduli problems and
algebras of Theorem 1.3 depends functorially on the operad:
denote the ∞-category
Proposition 6.10. Let 𝕜 be a bounded connective dg-category and let Op+
𝕜
of splendid connective 𝕜-operads. There is a natural equivalence of functors

with values in the ∞-category of locally presentable ∞-categories and right adjoint functors. The
value of this natural equivalence at a map 𝑓 ∶ 𝒫⟶ 𝒬 is given by the commuting square of right
adjoints

(6.11)

where the right vertical functor restricts a formal moduli problem along the forgetful functor
𝑓 ∗ ∶ Art𝒬 ⟶ Art𝒫.
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Lemma 6.12. Let 𝕜 be a bounded connective dg-category and let Op+
denote the ∞-category of
𝕜
splendid connective 𝕜-operads. Then there is a natural transformation of functors

(6.13)

whose value on a map 𝑓 ∶ 𝒫⟶ 𝒬 is given by

Proof. Recall the commuting triangle (6.9), where the vertical projections are Cartesian and
co-Cartesian fibrations and the top horizontal functor 𝔇 sends (𝜙 ∶ 𝒞 ⤏ 𝒫, 𝐴) to (𝜙 ∶ 𝒞 ⤏
𝒫, 𝔇𝜙 (𝐴)). Let us consider the following subcategories of the ∞-categories appearing in that
triangle.
∙ Let Koszul+ ⊆ Koszul denote the subcategory of universal twisting morphisms B𝒫⤏ 𝒫where
𝒫 is a splendid connective 𝕜-operad, with maps between those given by tuples 𝑓 ∶ 𝒫⟶ 𝒬
and B(𝑓) ∶ B𝒫⟶ B𝒬. By Remark 6.3, inverting the weak equivalences in Koszul+ yields the
.
∞-category Op+
𝕜
∙ Let Alg+,dual =∶ Algdual ×Koszul Koszul+ be the restriction of Algdual to the category Koszul+ .
∙ Let Alg+,art ⊆ Alg ×Koszul Koszul+ be the full subcategory of tuples (𝜙 ∶ B𝒫⤏ 𝒫, 𝐴) with 𝐴 an
Artin 𝒫-algebra.
The functors appearing in (6.9) then restrict to

Note that the projection Alg+,dual ⟶ Koszul+ is (the restriction of) a co-Cartesian and Cartesian fibration. Since the restriction of an Artin algebra along a map of operads 𝒫⟶ 𝒬 is again
Artin, the projection Alg+,art ⟶ Koszul+ is a Cartesian fibration as well. Recall that 𝔇 sends a
tuple (𝜙 ∶ 𝒞 ⤏ 𝒫, 𝐴) to (𝜙 ∶ 𝒞 ⤏ 𝒫, 𝔇𝜙 (𝐴)). In particular, Proposition 5.17 shows that it preserves
Cartesian edges, so that we obtain a natural transformation
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The domain of this natural transformation is given by 𝒫⟼ Art𝒫 and the codomain is given by
op
𝒫⟼ Alg𝔇(𝒫) . Since these functors send quasi-isomorphisms to equivalences of ∞-categories,
the natural transformation descends to the localization of Koszul+ at the quasi-isomorphisms,
yielding the desired natural transformation (6.13).
□

Proof. Consider the natural transformation (6.13) from Lemma 6.12. Taking the opposites of its
values, one obtains a functor with values in ∞-categories sending a map 𝑓 ∶ 𝒫⟶ 𝒬 to

By the universal property of presheaf categories [37, Theorem 5.1.5.6], one obtains a natural trans⟶ PrR with values in presentable ∞-categories and right adjoint
formation of functors Op+
𝕜
functors, whose value on 𝑓 is given by

Here the functor (𝑓 ∗ )∗ restricts a (co)presheaf along 𝑓 ∗ and 𝔇∗ sends a 𝔇(𝒫)-algebra 𝔤 to the
functor 𝐴 ⟼ Map𝔇(𝒫) (𝔇(𝐴), 𝔤). By part (B) of Theorem 5.1, the natural transformation 𝔇∗ takes
values in diagram of full subcategories 𝒫⟼ FMP𝒫. The result then follows from the fact that

□

agrees with 𝔇∗ by definition.

6.3

FMPs from algebras over operads

Since every Artin (augmented symmetric) 𝑘-operad 𝒬 is in particular concentrated in finitely
many arities, it is splendid. Proposition 6.10 and passing to opposite categories therefore shows
that there is a triangle
Artop
Op

D

Op
MC

FMP

Alg

PrL
commuting up to the natural equivalence MC ∶ Alg𝔇(𝒬) ⟶ FMP𝒬 . Since PrL admits all colimits,
this induces a commuting diagram
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𝔇!

Fun(ArtOp , 𝒮)

Op
MC

Alg

FMP!

PrL
where 𝔇! and FMP! are the unique colimit-preserving extensions of 𝔇 and FMP. The right adjoint
to 𝔇! sends an operad 𝒫 to the functor MapOp (𝔇(−), 𝒫). In other words, this right adjoint is
precisely the functor MC, composed with the inclusion FMPOp ↪ Fun(ArtOp , 𝒮). This implies
that for a formal moduli problem 𝐹,
𝔇! (𝐹) ≃ MC−1 (𝐹) = 𝑇(𝐹)
is given by the tangent complex (by Theorem 4.18 the inverse of MC is the tangent complex).
Definition 6.14. Let 𝑋 ∶ ArtOp ⟶ 𝒮 be a functor. We define FMP𝑋 to be the value of FMP! on
𝑋. One can identify FMP𝑋 with the limit of the diagram

sending

Theorem 6.15 (Theorem 1.6). For any formal moduli problem 𝑋 ∶ ArtOp ⟶ 𝒮, there is an
equivalence of ∞-categories

Lemma 6.16. The functor Alg ∶ Op ⟶ PrL ; 𝒫⟼ Alg𝒫 preserves sifted colimits.
Proof. The functor Alg is classified by a Cartesian and co-Cartesian fibration Alg ⟶ Op; in fact,
this is just the functor obtained by localizing the functor Algdg ⟶ Opdg of Construction 6.8. Note
that Alg is itself the category of algebras over a coloured operad (namely, the operad for operads
with an algebra over them), and hence admits all limits and colimits.
We claim that the lemma follows from the following assertion: consider a cone diagram
𝐹 ∶ 𝒦⊳ ⟶ Alg such that:
∙ the full subcategory 𝒦 ⊆ 𝒦⊳ is a sifted ∞-category;
∙ the composite 𝒦⊳ ⟶ Alg ⟶ Op is a colimit diagram of operads;
∙ for each arrow in the subcategory 𝒦 ⊆ 𝒦⊳ , its image in Alg is a Cartesian arrow.
Then the diagram 𝐹 ∶ 𝒦⊳ ⟶ Alg is a colimit diagram if and only if for every arrow in 𝒦⊳ , its
image in Alg is Cartesian.
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Indeed, let 𝐾 ⊳ ⟶ Op be a colimit diagram and consider the functor

which restricts a lift 𝒦⊳ ⟶ Alg with values in Cartesian edges to the full subcategory 𝒦 ⊆ 𝒦⊳ .
By the assertion, this functor is an equivalence with inverse given by left Kan extension (cf. [37,
Proposition 4.3.2.15]) and the lemma then follows from [37, Proposition 3.3.3.1].
To verify the assertion, note that the forgetful functor

arises from restriction along a map of operads, and hence detects sifted colimits [39, Corollary 3.2.3.2]. Furthermore, an arrow in Alg is Cartesian if and only if its image under Φ2 is
essentially constant.
We now have a diagram 𝐹 ∶ 𝐾 ⊳ ⟶ Alg such that Φ1 (𝐹) is a colimit and diagram and Φ2 (𝐹|𝒦)
is essentially constant. Then 𝐹 is a colimit diagram if and only if Φ2 (𝐹) is a colimit diagram,
which is equivalent to Φ2 (𝐹) being essentially constant, that is, 𝐹 sends every arrow to a Cartesian
arrow.
□
Proof (of Theorem 6.15). By Lemma 6.16, we have sifted colimit-preserving functors that send a
diagram 𝑋 ∶ ArtOp ⟶ 𝒮to FMP𝑋 and Alg𝔇! (𝑋) . Since MC defines a natural equivalence between
them on corepresentables, the same is true for all 𝑋 ∶ ArtOp ⟶ 𝒮 that can be written as sifted
colimits of corepresentables. In particular, this holds when 𝑋 is an FMP [38, Proposition 1.5.8].
□
The result then follows from the fact that 𝑇(𝑋) = 𝔇! (𝑋) when 𝑋 is an FMP.

7

MAURER–CARTAN EQUATION

In the previous sections, we have discussed how — for a suitable augmented 𝕜-operad 𝒫— every
algebra 𝔤 over the dual operad 𝔇(𝒫) determines a formal moduli problem

The formal moduli problem has been defined in ∞-categorical terms by the formula
MC𝔤 (𝐴) = Map𝔇(𝒫) (𝔇(𝐴), 𝔤).
The purpose of this section is to give a more explicit chain-level description of this functor in
terms of Maurer–Cartan elements of (nilpotent) 𝐿∞ -algebras (see Theorem 7.18). In particular, in
the classical case where 𝒫= 𝖢𝗈𝗆 and 𝔤 is a Lie algebra, we recover the usual formula (see, for
example, [25])
MC𝔤 (𝐴) = MC(𝐴 ⊗ 𝔤 ⊗ Ω∙ )
describing the formal moduli problem classified by 𝔤 in terms of simplicial sets of Maurer–Cartan
elements (see Example 7.20).
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We will start by recalling some models for ∞-categories of algebras by simplicially enriched
categories. Under certain finiteness conditions on the 𝕜-operad 𝒫(see Assumption 7.6), we can
then present the ∞-functor 𝔇 on Artin 𝒫-algebras by a simplicially enriched functor that sends a
strictly Artin 𝒫-algebra to the cobar construction of its linear dual. The results of Section A.3 then
allow us to describe MC𝔤 in terms of Maurer–Cartan elements.

7.1

Simplicial categories of algebras

Recall that for any 𝕜-operad 𝒫, the ∞-category of 𝒫-algebras is defined to be the ∞-category
obtained from the model category of 𝒫-algebras by localizing at the quasi-isomorphisms. Such
localizations can be modelled by simplicially enriched categories, using the simplicial localization of Dwyer and Kan, and often its mapping spaces can be computed using fibrant resolutions
[13]:
Definition 7.1. Given a 𝕜-operad 𝒫, the naive simplicial category of 𝒫-algebras 𝐀𝐥𝐠𝒫 is the
following simplicially enriched category.
∙ Objects are 𝒫-algebras.
∙ For two 𝒫-algebras 𝐴 and 𝐵, the simplicial set MapΔ
(𝐴, 𝐵) of maps between them has
𝒫
𝑛-simplices given by maps of 𝒫-algebras

where Ω𝑛 = Ω[Δ𝑛 ] denotes the cdga of differential forms on the 𝑛-simplex. Equivalently, these
are maps of 𝒫⊗ Ω𝑛 -algebras 𝐴 ⊗ Ω𝑛 ⟶ 𝐵 ⊗ Ω𝑛 .
Furthermore, let 𝐀𝐥𝐠◦𝒫 ⊆ 𝐀𝐥𝐠𝒫 denote the full simplicial subcategory on the cofibrant 𝒫-algebras.
dg

dg,◦

dg

Let Alg𝒫 denote the (ordinary) category of 𝒫-algebras and let Alg𝒫 ⊆ Alg𝒫 denote the
subcategory of cofibrant 𝒫-algebras. We then have a commuting square of simplicial categories

where the vertical functors simply include the vertices of the mapping spaces.
After taking simplicial localizations at the quasi-isomorphisms, each of the above functors
yields a weak equivalence of simplicial categories. Indeed, taking cofibrant replacements prodg
dg,◦
duces a functor 𝑄 ∶ Alg𝒫 ⟶ Alg𝒫 such that 𝑄 ◦ 𝑖 and 𝑖 ◦ 𝑄 are naturally quasi-isomorphic to
the identity. It follows that 𝑖 induces a weak equivalence after simplicial localization at the quasiisomorphisms, and similarly for the inclusion 𝐀𝐥𝐠◦𝒫 ⟶ 𝐀𝐥𝐠𝒫. The right vertical functor induces
an equivalence after localizations because for every 𝒫-algebra 𝐴, the simplicial presheaf
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is representable by the simplicial diagram of 𝒫-algebras 𝐴 ⊗ Ω[Δ∙ ], all of which are quasiisomorphic (see, for example, [14] or [42, Corollary 2.9]). Now note that every quasi-isomorphism
in 𝐀𝐥𝐠◦𝒫 is already a homotopy equivalence [24, Lemma 4.8.4]. Consequently, 𝐀𝐥𝐠◦𝒫 is weakly
equivalent to its simplicial localization and we obtain the following:
Lemma 7.2. If 𝒫is a 𝕜-operad, then the ∞-category of 𝒫-algebras can be modelled by the simplicial
category 𝐀𝐥𝐠◦𝒫.
Recall that given a Koszul twisting morphism 𝜙 ∶ 𝒞 ⤏ 𝒫, there is a more general notion of
∞-morphisms of 𝒫-algebras, given by maps between the respective bar constructions. This recovers the classical examples of 𝐴∞ - or 𝐿∞ -morphisms. The ∞-categorical localization can also be
described using ∞-morphisms:
Definition 7.3. Given a Koszul twisting morphism 𝜙 ∶ 𝒞 ⤏ 𝒫(Definition A.27), we define 𝐀𝐥𝐠∞
𝒫
to be the following simplicially enriched category.
∙ The objects of 𝐀𝐥𝐠∞
𝒫 are 𝒫-algebras which are cofibrant as 𝕜-modules.
∙ For two such 𝒫-algebras 𝐴 and 𝐵, the simplicial set Map∞
(𝐴, 𝐵) of maps between them has
𝒫
𝑛-simplices given by ∞-morphisms

Equivalently, an 𝑛-simplex is a map of 𝒞 ⊗ Ω𝑛 -coalgebras
(7.4)
Lemma 7.5. If 𝜙 ∶ 𝒞 ⤏ 𝒫is a Koszul morphism over 𝕜, then the ∞-category of 𝒫-algebras can be
.
modelled by the simplicial category 𝐀𝐥𝐠∞
𝒫
Proof. Including the strict morphisms into the ∞-morphisms and sending an ∞-morphism 𝐴 ⇝ 𝐵
to the strict morphism Ω𝜙 B𝜙 (𝐴) ⟶ Ω𝜙 B𝜙 (𝐵) induces simplicially enriched functors

The natural homotopy equivalences Ω𝜙 B𝜙 (𝐴) ⟶ 𝐴 (Lemma A.34) and 𝐴 ⇝ Ω𝜙 B𝜙 (𝐴) show that
𝑗 and Ω define a homotopy equivalence of simplicial categories.
□

7.2

Simplicial categories of Artin algebras

We will now specialize to the case where 𝒫= Ω𝒞 arises as the cobar construction of a 𝕜-cooperad
satisfying suitable finiteness hypotheses:
Assumption 7.6. For the remainder of this section, let us fix a dg-category 𝕜 and a 𝕜-cooperad 𝒞
which is filtered-cofibrant as a left 𝕜-module, and let 𝒫= Ω𝒞 denote its cobar construction. We
will assume that 𝕜 is concentrated in degrees [0, 𝑁], for some 𝑁, and that 𝒞 satisfies the following
conditions.
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(1) For all colours 𝑐1 , … , 𝑐𝑝 ∈ 𝑆, the left 𝕜-module 𝒞(𝑐1 , … , 𝑐𝑝 ; −) is quasi-projective and finitely
generated.
(2) Each 𝒞(𝑝) is concentrated in degrees ⩽ 𝑓(𝑝), where 𝑓(𝑝) tends to −∞ as the arity 𝑝 tends to
∞.
Example 7.7. Let 𝒞 = coFree(𝐸, 𝑅) be a quadratic cooperad over a field 𝑘, where 𝐸 is finite
dimensional and in cohomological degrees ⩽ 1. Then 𝒞 satisfies the conditions of Assumption
7.6. In particular, this applies to the quadratic dual cooperads of classical quadratic operads such
as 𝖢𝗈𝗆, 𝖠𝗌, 𝖫𝗂𝖾 and 𝖯𝖾𝗋𝗆, as well as 𝒪sym (Definition 3.27).
Let us record the following immediate consequences of these assumptions:
Remark 7.8. The 𝕜-operad 𝒫= Ω𝒞satisfies the conditions of Variant 5.18. In particular, for degree
poly
reasons every Artin 𝒫-algebra 𝐴 is automatically nilpotent and the inclusion 𝔇𝜙 (𝐴) ⊆ 𝔇𝜙 (𝐴) is
the identity. Theorem 4.18 then provides an equivalence of ∞-categories between formal moduli
problems over 𝒫and 𝒞∨ -algebras.
Remark 7.9. There is a canonical map of 𝕜-operads 𝒫= Ω𝒞 ⟶ B(𝒞∨ )∨ . Because each 𝒞(𝑝)
is finitely generated over 𝕜, this map identifies B(𝒞∨ )∨ with the completion 𝒫∧ of 𝒫 at its
augmentation ideal.
Note that a strictly Artin (hence nilpotent) 𝒫-algebra 𝐴 has a canonical 𝒫∧ -algebra structure.
Since such 𝐴 is perfect over 𝕜, its linear dual 𝐴∨ has the canonical structure of a B(𝒞∨ )-coalgebra.
Unravelling the definitions, one then obtains a natural isomorphism of 𝒞∨ -algebras

where 𝜙† ∶ B(𝒞∨ ) ⤏ 𝒞∨ is the canonical twisting morphism.
Definition 7.10 (Simplicial category of Artin 𝒫-algebras). For 𝒫= Ω𝒞 as in Assumption 7.6, let
us define
𝐀𝐫𝐭 ∞
⊆ 𝐀𝐥𝐠∞
𝒫
𝒫
to be the full simplicial subcategory on the 𝒫-algebras that are strictly Artin (Definition 2.5).
Lemma 7.11. In the situation of Assumption 7.6, the ∞-category of Artin 𝒫-algebras can be
.
presented by the simplicial category 𝐀𝐫𝐭 ∞
𝒫
Proof. The simplicial category 𝐀𝐫𝐭 ∞
presents a full subcategory of the ∞-category of 𝒫-algebras
𝒫
by Lemma 7.5. It presents the subcategory of Artin 𝒫-algebras by Lemma 5.12, which applies by
Variant 5.18.
□
Assumption 7.6 now allows us to give a very simple description of the functor 𝔇𝜙 on the ∞category of Artin 𝒫-algebras:
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Lemma 7.12. In the situation of Assumption 7.6, there is a (strictly) fully faithful functor of simplicial
categories
(7.13)
This simplicial functor presents the functor of ∞-categories 𝔇𝜙 ∶ Art𝒫 ⟶ Alg𝒞∨ from Section 4.1.
Proof. Let us start by defining the functor (7.13) more precisely. By Remark 7.9, we have that
poly
𝔇𝜙 (𝐴) = 𝔇𝜙 (𝐴) ≅ Ω𝜙† (𝐴∨ ) is cofibrant whenever 𝐴 is strictly Artin (and hence nilpotent, cf.
Remark 7.8). Let us now define the functor 𝐃𝜙 on simplicial sets of morphisms

To this end, recall that an 𝑛-simplex in 𝐀𝐫𝐭 ∞
is given by a map of 𝒞 ⊗ Ω𝑛 -coalgebras
𝒫
(7.14)
Because 𝒞 satisfies the conditions (1) and (2) of Assumption 7.6 and because 𝐴 is perfect over

𝕜, we have that B𝜙 (𝐴) ⊗ Ω𝑛 = 𝒞(𝐴) ⊗ Ω𝑛 is quasi-projective and finitely generated as a left 𝕜 ⊗
Ω𝑛 -module. The 𝕜 ⊗ Ω𝑛 -linear dual of B𝜙 (𝐴) ⊗ Ω𝑛 is then given by

(
)
Hom𝕜⊗Ω𝑛 B𝜙 (𝐴), 𝕜 ⊗ Ω𝑛 ≅ 𝐃𝜙 (𝐴) ⊗ Ω𝑛 .
On (higher) morphisms, we can therefore simply define 𝐃𝜙 to send (7.14) to its 𝕜 ⊗ Ω𝑛 -linear dual.
The resulting map of simplicial sets is an isomorphism, with inverse taking the 𝕜op ⊗ Ω𝑛 -linear
dual of a map of 𝒞∨ ⊗ Ω𝑛 -algebras. We therefore obtain the desired fully faithful functor (7.13).
To see that this enriched functor indeed presents the ∞-functor 𝔇𝜙 defined in Section 4.1,
consider the following commuting diagram:

By Lemma 7.11, 𝐀𝐫𝐭 ∞
⟶ 𝐀𝐥𝐠∞
models the inclusion of the Artin 𝒫-algebras in the ∞-category of
𝒫
𝒫
all 𝒫-algebras. The assertion then follows by noting that the marked arrows become equivalences
after localizing at the quasi-isomorphisms.
□

7.3

Formal moduli problems from the Maurer–Cartan equation

We will now describe the equivalence provided by Theorem 4.18
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more concretely in terms of simplicial sets of Maurer–Cartan elements, at least for 1-reduced cooperads 𝒞 satisfying the finiteness hypotheses of Assumption 7.6. Let us start with the following
observation:
Lemma 7.15. Fix a dg-category 𝕜 and a 1-reduced 𝕜-cooperad 𝒞 as in Assumption 7.6. For any
twisting morphism 𝜙 ∶ 𝒞 ⤏ 𝒫, there exists a functor

to the category of shifted 𝐿∞ -algebras. When 𝐴 or 𝔤 is nilpotent, 𝔤 ⊗𝕜 𝐴 is a nilpotent shifted 𝐿∞ algebra.
Construction 7.16 (Hadamard tensor product of 𝕜-operads). Let 𝕜 be a dg-category with a set of
objects 𝑆. Given a 𝕜op -operad 𝒫and a 𝕜-operad 𝒬, we can construct a (monochromatic) operad
𝒫⊗H 𝒬 over the base field 𝑘, their (internal) Hadamard tensor product† , as follows. For two tuples
of objects 𝑐 = (𝑐1 , … , 𝑐𝑝 ) and 𝑑 = (𝑑1 , … , 𝑑𝑝 ) in 𝕜, consider the tensor product
𝒫(𝑐) ⊗𝕜 𝒬(𝑑) ∶= 𝒫(𝑐; −) ⊗𝕜 𝒬(𝑑; −) =

(
⨁

)
𝒫(𝑐; 𝑐0 ) ⊗ 𝒬(𝑑; 𝑐0 )

/
∼.

𝑐0

Explicitly, the tensor product over 𝕜 (see Section 1.2) is computed as the quotient by relations
(

)
𝜙

𝜆

𝑐
→ 𝑐0 
→ 𝑑0

(
) (
) (
)
𝜓
𝜙
𝜓
𝜆
⊗ 𝑑 → 𝑑0 ∼ 𝑐 
→ 𝑐0 ⊗ 𝑑 → 𝑑0 
→ 𝑐0 ,

where 𝜙 and 𝜓 are operations in 𝒫 and 𝒬, 𝜆 is an arrow in 𝕜 and 𝜆 denotes the corresponding
arrow in 𝕜op . We then define
∏

)
(
(𝒫⊗H 𝒬)(𝑝) ∶= Hom𝕜⊗𝑝 ⊗(𝕜op )⊗𝑝 𝕜⊗𝑝 , 𝒫⊗𝕜 𝒬 ⊆

𝒫(𝑐) ⊗𝕜 𝒬(𝑐).

𝑐=(𝑐1 ,…,𝑐𝑝 )

Explicitly, its elements are 𝑆 ×𝑝 -tuples of the form
(

∑

𝜙𝑐

𝜓𝑐

)

𝑐 → 𝑐0 ⊗ 𝑐 → 𝑐0

𝑐0

(7.17)
𝑐∈𝑆 ×𝑝

such that for every tuple of maps 𝜆𝑖 ∶ 𝑑𝑖 ⟶ 𝑐𝑖 in 𝕜
∑
𝑐0

† This

(

𝜆1 ,…,𝜆𝑝

𝜙𝑑

𝑐 → 𝑑 → 𝑐0

)

𝜓𝑑

⊗ 𝑑 → 𝑐0 =

∑

𝜙𝑐

𝑐 → 𝑐0 ⊗

(

𝜆1 ,…,𝜆𝑝

𝜓𝑐

𝑑 → 𝑐 → 𝑐0

𝑐0

construction differs from the (simpler) exterior Hadamard tensor product (A.9).

)

70

CALAQUE et al.

in the complex 𝒫(𝑐) ⊗𝕜 𝒬(𝑑). These equations guarantee that 𝒫⊗H 𝒬 carries a well-defined
operad structure determined by
∑

(
)
(
)
∑
∑ ∑ 𝜙 ◦𝑖 𝛼
𝜓 ◦𝑖 𝛽
𝜙
𝜓
𝛽
𝛼
→ 𝑐0 ⊗ 𝑐 → 𝑐0 ◦𝑖
→ 𝑑0 =
→ ⊗ → .
𝑐
𝑑 → 𝑑0 ⊗ 𝑑 

𝑐0

𝑐0 𝑑0 =𝑐𝑖

𝑑0

The operad 𝒫⊗H 𝒬 is constructed in order for the following to hold: if 𝐴 is a 𝒫-algebra and 𝐵
is a 𝒬-algebra, then the chain complex 𝐴 ⊗𝕜 𝐵 is a 𝒫⊗H 𝒬-algebra. Indeed, given 𝑝 elements in
∑
𝐴 ⊗𝕜 𝐵 of the form 𝑐𝑖 𝑎𝑐𝑖 ⊗ 𝑏𝑐𝑖 with 𝑎𝑐𝑖 ∈ 𝐴(𝑐𝑖 ) and 𝑏 ∈ 𝐵(𝑐𝑖 ), the operation (7.17) sends it to
∑

∑

𝑐0 𝑐=(𝑐1 ,…,𝑐𝑝 )

𝜙𝑐 (𝑎𝑐1 , … , 𝑎𝑐𝑝 ) ⊗ 𝜓𝑐 (𝑏𝑐1 , … , 𝑏𝑐𝑝 ).

Proof (of Lemma 7.15). Note that for any 𝕜-cooperad 𝒞 and any 𝕜-operad 𝒫, there is a natural
inclusion of operads over the ground field 𝑘

Here 𝒞∨ ⊗H 𝒫is the Hadamard tensor product (Construction 7.16) and Conv(𝒞, 𝒫) is the convolution operad (Remark A.19). Given an element in 𝒞∨ ⊗H 𝒫of the form (7.17), with 𝜙 ∈ 𝒞∨ and
𝜓 ∈ 𝒫, the corresponding map 𝒞(𝑝) ⟶ 𝒫(𝑝) is given by
(
)
( 𝛼 )
⟨𝜙𝑐 ,𝛼⟩
𝜓𝑐
∑
𝑐 → 𝑐0 → 𝑐 .
𝒞 ∋ 𝑐 → 𝑐 ⟼
𝑐0

The arrow ⟨𝜙𝑐 , 𝛼⟩ is the natural value of 𝜙𝑐 ∈ 𝒞∨ on 𝛼 ∈ 𝒞, cf. equation (A.12).
When 𝒞 is 1-reduced, the twisting morphism 𝜙 ∶ 𝒞 ⤏ 𝒫 determines a map of operads
𝐿∞ {−1} ⟶ Conv(𝒞, 𝒫) (Remark A.19). When 𝒞satisfies the finiteness conditions of Assumption
7.6, this maps factors as

Indeed, for every 𝑐 = (𝑐1 , … , 𝑐𝑝 ), Assumption 7.6 allows us to pick a finite basis 𝑒𝑐,𝛼 ∈ 𝒞(𝑐; 𝑐𝛼 ) for
the left 𝕜-module 𝒞(𝑐; −). Unravelling the definitions, one then sees that the generating 𝑝-ary
operation of 𝐿∞ {−1} will be sent to the element
(
∑
𝛼

)
∨
𝑒𝑐,𝛼

∈ 𝒞∨ ⊗H 𝒫.

⊗ 𝜙(𝑒𝑐,𝛼 )
𝑐=(𝑐1 ,…,𝑐𝑝 )

By Construction 7.16, 𝔤 ⊗𝕜 𝐴 is a 𝒞∨ ⊗H 𝒫-algebra and hence an 𝐿∞ {−1}-algebra by restriction.
∨ that act nonFurthermore, if 𝔤 is nilpotent, then there are only finitely many composites of 𝑒𝑐,𝛼
trivially on 𝔤. Consequently, only finitely many composites of the generating operations in 𝐿∞ {−1}
act non-trivially on 𝔤 ⊗𝕜 𝐴. It follows that 𝔤 ⊗𝕜 𝐴 is a nilpotent 𝐿∞ {−1}-algebra, and similarly if
𝐴 is nilpotent.
□
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Using the shifted 𝐿∞ -structure from Lemma 7.15, we can now describe the formal moduli
problem associated to a 𝒞∨ -algebra more precisely as follows:
Theorem 7.18. Consider a dg-category 𝕜 and a 1-reduced 𝕜-cooperad 𝒞 satisfying the conditions
from Assumption 7.6, and denote 𝒫= Ω𝒞. For every 𝒞∨ -algebra 𝔤, there is a simplicially enriched
functor

where 𝔤 ⊗𝕜 𝐴 carries the 𝐿∞ {−1}-algebra structure from Lemma 7.15. This determines a simplicially
enriched functor

sending quasi-isomorphisms to pointwise homotopy equivalences. The associated functor between
∞-categories presents the fully faithful functor of Theorem 4.18
(7.19)
whose essential image is the ∞-category of formal moduli problems over 𝒫.
Example 7.20. Let 𝒞 = Lie∨ {1} be the shifted coLie cooperad, so that Ω𝒞 = 𝐶∞ is a resolution
of the commutative operad. Suppose that 𝔤 is a Lie algebra and that 𝐴 is a strict unital Artin
dg-algebra, that is, an augmented unital cdga whose augmentation ideal 𝔪𝐴 is (strictly) finite
dimensional and nilpotent. Theorem 7.18 then shows that
MC𝔤 (𝐴) = MC(𝔪𝐴 ⊗ 𝔤 ⊗ Ω∙ ).
In other words, the value on 𝐴 of the formal moduli problem associated to 𝔤 by the equivalence
of Lurie [38, Theorem 2.0.2] coincides with the value of the deformation functor considered, for
example, by Hinich [25] and Pridham [46]. In addition, Theorem 7.18 shows that the full FMP
associated to 𝔤 can be described similarly, by allowing 𝐴 to be a strictly Artin 𝐶∞ -algebra, in which
case 𝔪𝐴 ⊗ 𝔤 is an 𝐿∞ -algebra.
Proof. Consider the simplicially enriched functor 𝐀𝐥𝐠𝒞∨ ⟶ Fun(𝐀𝐫𝐭 ∞
, 𝐬𝐒𝐞𝐭) sending 𝔤 to the
𝒫
enriched functor
(
)
𝐃𝜙 (𝐴), 𝔤 .
𝐴 ⟼ MapΔ
𝒞∨
By Lemma 7.12, this enriched functor presents the functor of ∞-categories (7.19) after inverting
(𝐃𝜙 (𝐴), 𝔤) with a simplicial set of
the weak equivalences. It therefore suffices to identify MapΔ
𝒞∨
Maurer–Cartan elements. But now recall that
𝐃𝜙 (𝐴) = Ω𝜙† (𝐴∨ )
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is the cobar construction of the linear dual of 𝐴, which is a 𝐵(𝒞∨ )-coalgebra. By the universal
property of the cobar construction (Proposition A.20), we then have that
)
(
)
(
𝐃𝜙 (𝐴), 𝔤 ≅ MC Hom𝕜op (𝐴∨ , 𝔤 ⊗ Ω∙ )
MapΔ
𝒞∨
is given by the simplicial set of Maurer–Cartan elements in the convolution 𝐿∞ {−1}-algebra
Hom𝕜op (𝐴∨ , 𝔤 ⊗ Ω∙ ) (Remark A.29). The result now follows from the fact that the maps

are isomorphisms of 𝐿∞ {−1}-algebras, since 𝐴 is quasi-free, finitely generated over 𝕜
(Remark 2.6).
□
Remark 7.21. Suppose we are in the setting of Theorem 7.18 and fix a strictly Artin 𝒫-algebra 𝐴.
The above proof shows that the space
)
(
MC𝔤 (𝐴) ≃ Map𝒞∨ (𝔇(𝐴), 𝔤) ≃ Map𝒞∨ Ω𝜙† (𝐴∨ ), 𝔤
can be presented by the simplicial set
(
)
MC Hom𝕜op (𝐴∨ , 𝔤∙ ) ≅ MC(𝐴 ⊗𝕜 𝔤∙ )
for any choice of fibrant simplicial resolution 𝔤∙ of the 𝒞∨ -algebra 𝔤. The additional feature of the
particular choice 𝔤∙ = 𝔤 ⊗ Ω∙ is that one obtains a simplicially enriched functor in 𝐴.
Remark 7.22. Let 𝒞 be a 𝕜-cooperad as in Assumption 7.6 with contributions in arity 0 or 1. Let
us denote by Ω𝑛𝑐 the cobar construction of non-coaugmented cooperads, that is, Ω𝑛𝑐 (𝒞) is by
definition Ω(𝑘 ⊕ 𝒞). A twisting morphism 𝜙 ∶ 𝒞 ⤏ 𝒫then determines an operad map

from the non-coaugmented cobar construction on the counital cocommutative cooperad. This
operad is freely generated by symmetric operations 𝑙𝑝 of degree 1, with 𝑝 ⩾ 0; the operation 𝑙1
differs from the differential.
If 𝐴 is a strictly Artin Ω𝒞-algebra, then maps of 𝒞∨ -algebras Ω(𝐴∨ ) ⟶ 𝔤 correspond bijectively to Maurer–Cartan elements of the nilpotent Ω𝑛𝑐 (coCom𝑢 )-algebra 𝐴 ⊗𝕜 𝔤, that is, degree 0
elements satisfying
𝑑𝑥 +

∑ 1
𝑙 (𝑥, … , 𝑥) = 0.
𝑝! 𝑝
𝑝⩾0

One can then repeat the proof of Theorem 7.18 to show the following: the formal moduli problem
associated to a 𝒞∨ -algebra 𝔤 is represented by the simplicially enriched functor 𝐴 ⟼ MC(𝐴 ⊗𝕜
𝔤 ⊗ Ω∙ ) on strictly Artin Ω𝒞-algebras.
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RELATIVE KOSZUL DUALITY

In this final section, we describe a somewhat simplified case of quadratic duality in the setting
of 𝕜-operads. This was already mentioned in our discussion of operadic deformation problems
(Section 3.3) and we will conclude this section by providing the leftover proofs of Theorem 3.21
and Proposition 3.32 appearing there.

8.1

Distributive laws and quadratic duality

Recall that a 𝑘-operad 𝒫 is said to be quadratic if it admits a presentation of the form 𝒫=
FreeOp (𝑉)∕(𝑅), where 𝑉 is a symmetric sequence of graded (but non-dg) 𝑘-vector spaces and
𝑅 ⊆ 𝑉 ◦(1) 𝑉 = Free(2)
(𝑉)
Op
is contained in the subspace spanned by 𝑉-labelled trees with two vertices [40, Section 7.1]. In this
section, let us fix a dg-category 𝕜 with set of objects 𝑆 and consider the following generalization
of this:
Definition 8.1. A 𝕜-operad 𝒫is called quadratic if it admits a quadratic presentation
𝒫= 𝑄𝕜 (𝑉, 𝑅) ∶= FreeOp𝕜 (𝑉)∕(𝑅)
where 𝑉 is a symmetric 𝕜-bimodule which is free (not quasi-free) as a left 𝕜-module and 𝑅 ⊆
𝑉 ◦(1) 𝑉. In this case, its Koszul dual cooperad 𝒫¡ = 𝑄𝕜co (𝑉[1], 𝑅[2]) is the conilpotent quadratic
𝕜-cooperad cogenerated by 𝑉[1] with corelations 𝑅[2]. We denote its Koszul dual operad (relative
to 𝕜) by 𝒫! ∶= (𝒫¡ {−1})∨ .
There is a canonical 𝕜-twisting morphism 𝒫¡ ⤏ 𝒫 arising from the identity 𝑉 → 𝑉[1] on
(co)generators. Indeed, such a canonical twisting morphism 𝑄𝑆co (𝑉[1], 𝑅[1]) ⤏ 𝑄𝑆 (𝑉, 𝑅) exists at
the level of 𝑆-coloured operads [52, Section 3], and descends to the quotients obtained by taking
tensor products relative to 𝕜.
Definition 8.2. A quadratic operad 𝒫= 𝑄𝕜 (𝑉, 𝑅) is said to be a weakly Koszul operad (relative
to 𝕜) if the induced map 𝒫¡ ⟶ B𝒫is a quasi-isomorphism. In that case, the operad 𝒫! is quasiisomorphic to 𝔇𝕜 (𝒫){1}.
Observation 8.3. Suppose that 𝕜 is concentrated in degrees ⩽ 0 and that 𝒫= 𝑄(𝑉, 𝑅) is Koszul
relative to 𝕜 with 𝑉 concentrated in degrees ⩾ 0 and finitely many arities. Then 𝒫is a splendid
operad and FMP𝒫 ≃ Alg𝒫! (as in Observation 3.39).
A main source of quadratic 𝕜-operads arises from distributive laws. If 𝑉 is an 𝑆-coloured
symmetric sequence, let us say that a 𝕜-law on 𝑉 is a map of 𝑆-coloured symmetric sequences
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such that the following diagrams commute

Let Λ ∶ 𝑉 ◦ 𝕜 ⟶ 𝕜 ◦ 𝑉 be a 𝕜-law on a symmetric sequence. Then 𝕜 ◦ 𝑉 has the natural structure
of a symmetric 𝕜-bimodule (free as a left 𝕜-module) via the maps

Any symmetric 𝕜-bimodule that is free as a left 𝕜-module arises in this way. If 𝑉 = 𝒫 is an 𝑆coloured operad (augmented, as always), then 𝕜 ◦ 𝒫inherits a 𝕜-operad structure via

as long as the 𝕜-law is a distributive law in the sense of [40, Section 8.6], that is, it is also right
distributive:

Similarly, if 𝑉 = 𝒞 is an 𝑆-coloured cooperad, then

endows 𝕜 ◦ 𝒞 with the natural structure of a 𝕜-cooperad as long as the 𝕜-law is codistributive:

Example 8.4. Let Λ ∶ 𝑉◦𝕜 ⟶ 𝕜◦𝑉 be a 𝕜-law. This induces a distributive law on the free operad
FreeOp𝑆 (𝑉) and a codistributive law on the cofree cooperad Cof reeCoop𝑆 (𝑉).
Definition 8.5. Let 𝜙 ∶ 𝒞 ⤏ 𝒫be a twisting morphism. We will say that a 𝕜-law on 𝜙 is the data
of:
∙ a codistributive law Λ𝒞 on 𝒞;
∙ a distributive law Λ𝒫 on 𝒫;
such that 𝜙 intertwines Λ𝒞 and Λ𝒫.
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Lemma 8.6. If 𝜙 ∶ 𝒞 ⤏ 𝒫 is a twisting morphism and Λ is a distributive law on 𝜙, then
𝕜 ◦ 𝜙 ∶ 𝕜 ◦ 𝒞 ⤏ 𝕜 ◦ 𝒫is a 𝕜-twisting morphism (see Construction A.17).
Proof. This follows from checking that given maps 𝑓, g ∶ 𝒞 ⟶ 𝒫such that 𝑓 intertwines Λ𝒞 and
□
Λ𝒫, the equation (𝕜 ◦ 𝑓) ⋆ (𝕜 ◦ g) = 𝕜 ◦ (𝑓 ⋆ g) is satisfied.
Example 8.7. Let Λ𝒫 be a distributive law on an augmented 𝑘-operad 𝒫. This extends to a
canonical 𝕜-law on the universal twisting morphism 𝜋 ∶ B(𝒫) ⤏ 𝒫such that 𝕜 ◦ 𝜋 is the universal
twisting morphism of the 𝕜-operad 𝕜 ◦ 𝒫. In particular, if 𝒫is splendid, then 𝕜 ◦ 𝒫is a splendid
𝕜-operad.
The following proposition shows that under good conditions, distributive laws are compatible
with Koszul duality.
Proposition 8.8. Let 𝒫= Q(𝑉, 𝑅) be an 𝑆-coloured quadratic operad and consider a 𝕜-law
Λ ∶ 𝑉 ◦ 𝕜 ⟶ 𝕜 ◦ 𝑉 such that the induced distributive law on FreeOp𝑆 (𝑉) preserves the quadratic
relations 𝑅. In other words, Λ induces a distributive law on 𝒫. Then:
(1) Λ[1] ∶ 𝑉[1] ◦ 𝕜 ⟶ 𝕜 ◦ 𝑉[1] induces a codistributive law on the quadratic dual 𝒫¡ ;
(2) Λ and Λ[1] together determine a 𝕜-law on the twisting morphism 𝒫¡ ⤏ 𝒫;
(3) if 𝒫¡ ⤏ 𝒫is weakly Koszul, then the induced twisting morphism 𝕜 ◦ 𝒫¡ ⤏ 𝕜 ◦ 𝒫is weakly Koszul
over 𝕜.
Proof. For (1), one can check that Λ[1] preserves the quadratic relations. For (2), note that the
maps
Qco (𝑉[1], 𝑅[2]) ⟶ 𝑉[1] ⟶ 𝑉 ⟶ Q(𝑉, 𝑅)
are all compatible with the distributive law by construction. Finally, for (3), the map of cooperads
𝜙′ ∶ 𝒫¡ ⟶ B(𝒫) is compatible with the codistributive law on 𝒫¡ and that of Example 8.7 (both
ultimately arise from Λ). Consequently, there is an induced map of 𝕜-coalgebras

Since the composition product (over 𝑘) preserves quasi-isomorphisms, the result follows.

8.2

□

Koszul self-duality of 𝓞𝐬𝐲𝐦 and proof of Theorem 3.21

Let us now spell out how the operad 𝒪sym for non-unital symmetric operads, discussed in Section 3.3, fits into the framework from the previous section. To this end, note that the presentation
of the ℤ⩾0 -coloured operad of non-symmetric operads 𝒪ns given in Definition 3.24 is quadratic
and therefore fits the framework of (coloured) Koszul duality:
Proposition 8.9 [52, Theorem 4.3]. The quadratic ℤ⩾0 -coloured operad 𝒪ns is Koszul, and it is
isomorphic to its Koszul dual operad 𝒪ns ! = 𝒪ns .
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A priori a similar result is not expectable for the operad of symmetric operads since the relations
for the symmetric group are not quadratic. Dehling and Vallette [17] used curved Koszul duality
theory to construct an appropriate cofibrant replacement functor over any ring. Crucially, they
observed that the symmetric group data could be obtained as a distributive law.
Proposition 8.10 [17, Proposition 1.9]. There is a 𝑘[Σ]-law on the quadratic data generating 𝒪ns ,
such that
𝑘[Σ] ◦ 𝒪ns ≅ 𝒪sym .
Following the previous section, we can therefore interpret 𝒪sym as a quadratic 𝑘[Σ]-operad
which is Koszul. Using the canonical equivalence inv ∶ Σ ⟶ Σop , sending a permutation to its
inverse, to identify 𝑘[Σ]-operads with 𝑘[Σop ]-operads, the Koszul dual of 𝒪sym can be viewed as a
𝑘[Σ]-operad as well.
Corollary 8.11 (The operad of symmetric operads is Koszul). The quadratic 𝑘[Σ]-operad 𝒪sym is
self-dual in the sense that
𝔇𝑘[Σ] (𝒪sym ){1} ≃ (𝒪sym )! ≅ 𝒪sym .
Proof. Propositions 8.9 and 8.10, together with Proposition 8.8 imply that sym is a (weakly) Koszul
operad with quadratic dual cooperad 𝑘[Σ] ◦ (𝒪ns )¡ . Since 𝑘[Σ] ≃ 𝑘[Σop ] and using Proposition 8.9
□
once more, one finds that the Koszul dual of 𝒪sym is 𝑘[Σ] ◦ (𝒪ns )! ≅ 𝒪sym .
Proposition 8.12. Consider the 𝕜-twisting morphism (𝒪sym )¡ ⟶ 𝒪sym relative to 𝑘[Σ]. The induced
bar-cobar adjunction can be identified with the usual bar-cobar adjunction

between non-unital 𝑘-operads and 𝑘-cooperads.
Proof (sketch). Note that coalgebras for the 𝑘[Σ]-cooperad (𝒪sym )¡ = 𝑘[Σ] ◦ (𝒪ns )¡ are symmetric sequences with a (conilpotent) non-counital cooperad structure. The bar construction then
takes the cofree (𝒪sym )¡ -coalgebra (in symmetric sequences) with some differential. Unraveling
the definitions, this is exactly the cofree cooperad with the bar differential.
□

8.3

Relating operads over 𝒌 and 𝒌[𝚺] and proof of Proposition 3.32

In this final section, we will describe a functor 𝐿 ∶ Op𝑘 ⟶ Op𝑘[Σ] associating to each 𝑘-operad
a 𝑘[Σ]-operad, and show that 𝐿 preserves Koszul operads (see Proposition 3.32). This was already
used in Section 3.3 to relate permutative algebras and non-unital operads using a map of 𝑘[Σ]operads 𝒪sym ⟶ 𝐿(𝖯𝖾𝗋𝗆). It will be convenient to compare operads over 𝑘 and over 𝑘[Σ] in two
steps, passing by the linear category 𝕜ns with non-negative integers as objects and morphisms
given by multiples of the identities.
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Construction 8.13. Consider the following two adjoint pairs of functors:

Here the first adjunction between categories of modules simply sends a 𝑘-module 𝑀 to
∏
wt(𝑀)(𝑛) = 𝑀 and a 𝕜ns -module 𝑁 to Tot(𝑁) = 𝑛 𝑁(𝑛). The second adjunction, at the level
of symmetric bimodules, has left adjoint
wt(ℳ)(𝑛1 , … , 𝑛𝑘 ; 𝑛0 ) =

{
ℳ(𝑘)
0

if 𝑛1 + ⋯ + 𝑛𝑘 = 𝑛0 + 𝑘 − 1
otherwise

and right adjoint
Tot(𝒩)(𝑘) =

∏

𝒩(𝑛1 , … , 𝑛𝑘 ; 𝑛1 + ⋯ + 𝑛𝑘 + 1 − 𝑘).

𝑛1 ,…,𝑛𝑘

Note that viewing a module as a symmetric bimodule concentrated in arity 0 does not identify the
two version of wt and Tot. All of these functors preserve quasi-isomorphisms.
The explicit description of the relative composition product shows that wt is a (strong)
monoidal functor which is (strongly) compatible with the action of symmetric bimodules on left
modules, that is,
wt(𝑘) = 𝕜ns ,

wt(ℳ ◦𝑘 𝒩) ≅ wt(ℳ) ◦𝕜ns wt(𝒩),

wt(ℳ ◦𝑘 𝑁) ≅ wt(ℳ) ◦𝕜ns wt(𝑁)

for symmetric sequences ℳ and 𝒩and a 𝑘-module 𝑁. It follows that Tot is lax monoidal, that is,
it preserves operads and algebras over them.
Remark 8.14. Let 𝒬 be a 𝑘-operad. Unraveling the definitions, wt(𝒬) is a 𝕜ns -operad whose algebras
can be identified with ℤ⩾0 -graded 𝒬-algebras, where each 𝑛-ary operation in 𝒬 has weight 1 − 𝑛.
In this case, the adjoint pair wt ∶ Alg𝒬 ⇆ Algwt(𝒬) ∶ Tot sends a 𝒬-algebra 𝐴 to the ℤ⩾0 -graded
∏
algebra wt(𝐴)(𝑝) = 𝐴, and Tot(𝐵) = 𝑛 𝐵(𝑛).
Construction 8.15. Let 𝜋 ∶ 𝑘[Σ] ⟶ 𝕜ns be the evident 𝑘-linear functor sending 𝑛 to 𝑛 and all
permutations to the identity. This induces restriction and (co)induction functors at the level of
modules, and similarly at the level of symmetric bimodules

Explicitly, 𝜋∗ (𝑛1 , … , 𝑛𝑘 ; 𝑛0 ) carries the trivial Σ𝑛1 × ⋯ × Σ𝑛0 -action and 𝜋! and 𝜋∗ take the
coinvariants and invariants with respect to this action.
As is the case for any dg-functor, 𝜋! is strong monoidal for the relative composition product (as
follows from the explicit description in Section A.1). Consequently, the fully faithful functor 𝜋∗ is
lax monoidal. In fact, the structure maps for the lax monoidal structure on 𝜋∗ have the following
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additional property: the lax monoidality and lax unitality maps induce isomorphisms

(8.16)

Indeed, this follows from the explicit description of the relative tensor product and the fact that
trivial representations are closed under tensor products.
dg
Now let us write 𝒳𝑘[Σ] for the category of retract diagrams 𝑘[Σ] ⟶ ℳ ⟶ 𝑘[Σ] of symmetric
𝑘[Σ]-bimodules (and likewise for 𝕜ns ). The pointwise composition product endows this category
with a monoidal structure, such that associative algebras are precisely (augmented) 𝑘[Σ]-operads.
The adjoint pair (𝜋∗ , 𝜋∗ ) then induces an adjoint pair

∗

Explicitly, 𝜋 (𝕜ns ⊕ ℳ) = 𝑘[Σ] ⊕ 𝜋∗ ℳ and similarly for 𝜋∗ . The two natural isomorphisms (8.16)
∗
now imply that 𝜋 is strong monoidal. It follows that there are adjoint pairs

between 𝕜ns -operads and 𝑘[Σ]-operads, and between algebras over a 𝕜ns -operad 𝒫and algebras
over 𝜋∗ 𝒫.
∗

Remark 8.17. Given a 𝕜ns -operad 𝒬, an algebra over 𝜋 𝒬 is simply given by a symmetric sequence
𝒜, together with operations 𝒜(𝑛1 ) ⊗ ⋯ ⊗ 𝒜(𝑛𝑘 ) ⟶ 𝒜(𝑛0 ) for each element of 𝒬(𝑛1 , … , 𝑛𝑘 ; 𝑛0 )
that are invariant under pre- and postcomposition with some 𝜎 ∈ Σ𝑛𝑖 . This induces a 𝒫-algebra
structure on the invariants of the Σ𝑛1 × ⋯ × Σ𝑛0 -action.
Combining Construction 8.13 and Construction 8.15 yields a (left adjoint) functor
∗

𝐿 = 𝜋 ◦wt ∶ Op𝑘 ⟶ Op𝑘[Σ] .
Using this, we prove Proposition 3.32:
∗

Proof of Proposition 3.32. Since both 𝜋 and wt are strong monoidal for the composition product,
they preserve quadratic presentations. Furthermore, the explicit formulas in Construction 8.13
and 8.15 show that they commute with linear duality and preserve all quasi-isomorphisms. It follows that for any Koszul binary quadratic operad 𝒬, the 𝑘[Σ]-operad 𝐿(𝒬) is Koszul and Koszul
dual to 𝐿(𝒬! ) (relative to 𝑘[Σ]).
Let us now compare algebras over a 𝑘-operad 𝒬 and over 𝐿(𝒬). Remarks 8.14 and 8.17 show
that an 𝐿(𝒬)-algebra is given by a symmetric sequence 𝒜, together with an operation 𝑞 ∶ 𝒜(𝑛1 ) ⊗
⋯ ⊗ 𝒜(𝑛𝑘 ) ⟶ 𝒜(𝑛1 + ⋯ + 𝑛𝑘 − 𝑘 + 1) for each 𝑞 ∈ 𝒬(𝑘) which is invariant under pre- and
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postcomposition with the symmetric group actions. Combining Constructions 8.13 and 8.15 then
shows that for any 𝑘-operad 𝒬, there is an adjoint pair

□

as announced in Proposition 3.32.
APPENDIX: OPERADIC TOOLKIT

In this section, we introduce the operadic homotopical algebra required for our purposes throughout the text, notably in Section 8. The results from this section hold over a general dg-category 𝕜
but many of them are standard when the base 𝕜 is the point and similar statements can be found
in [40] or in [36].
We recall that we work over a fixed field 𝑘, and we denote by 𝑆 the set of objects of the
dg-category 𝕜. When we use the term operad (respectively, cooperad) we always mean unital augmented operad (respectively, counital coaugmented cooperad) unless otherwise explicitly written.
A.1

Operads over a dg-category

A symmetric 𝕜-bimodule in 𝑆-coloured symmetric sequences is a family of chain complexes over
𝑘
𝑉(𝑐; 𝑐0 ) ∶= 𝑉(𝑐1 , … , 𝑐𝑝 ; 𝑐0 ),

𝑐𝑖 ∈ 𝑆

together with maps
𝕜(𝑐0 , 𝑑0 ) ⊗ 𝑉(𝑐; 𝑐0 ) ⊗

⨂

𝕜(𝑑𝜙−1 (𝑖) , 𝑐𝑖 ) ⟶ 𝕜(𝑑1 , … , 𝑑𝑝 ; 𝑑0 ),

𝑑𝑖 ∈ 𝑆

𝑖

for every 𝜙 ∶ {1, … , 𝑝} ⟶ {1, … , 𝑝} which satisfy natural associativity conditions.
Σ,dg

Definition A.1. We denote by BiMod𝕜

the category of symmetric 𝕜-bimodules.

Note that a symmetric 𝕜-bimodule 𝑀 has an arity 𝑝 part 𝑀(𝑝), which is a 𝕜-𝕜⊗𝑝 -bimodule with
a Σ𝑝 -action that is compatible with the right 𝕜⊗𝑝 -structure. In arity 1, this is simply a 𝕜-bimodule
in the usual sense, that is, a functor 𝕜 ⊗ 𝕜op ⟶ Ch𝑘 , while a symmetric 𝕜-bimodule in arity 0 is
a left 𝕜-module 𝕜 ⟶ Ch𝑘 .
Σ,dg
The category BiMod𝕜 has a (non-symmetric) monoidal structure given by the relative composition product ◦𝕜 . An element in 𝑀 ◦𝕜 𝑁 can be identified with a tree of height 2 with root vertex
labelled by 𝜙 ∈ 𝑀(𝑐1 , … , 𝑐𝑝 ; 𝑐0 ) and all other vertices labelled by 𝜓1 , … , 𝜓𝑝 ∈ 𝑁, with 𝜓𝑖 having
an output of color 𝑐𝑖 , subject to the relation that edges are 𝕜 equivariant. In other words, for all
𝑎 ∈ 𝕜(𝑐𝑖 , 𝑐𝑖′ ),
labelling (𝜙 ◦𝑖 𝑎), 𝜓1 , … , 𝜓𝑝 ∼ labelling 𝜙, 𝜓1 , … , 𝑎𝜓𝑖 , … , 𝜓𝑞 .
Proposition A.2. The following categories carry model structures, in which the fibrations are the
surjections and the weak equivalences are the quasi-isomorphisms.
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(1) The category of 𝕜-operads, defined to be the category of augmented unital associative algebras in
symmetric 𝕜-bimodules
(
)
dg
Σ,dg
.
Op𝕜 ∶= Algaug BiMod𝕜
(2) For any associative algebra 𝒫 in symmetric 𝕜-bimodules, the categories of left and right
𝒫-modules
(
)
(
)
dg
Σ,dg
dg
Σ,dg
and
RMod𝒫 ∶= RMod𝒫 BiMod𝕜
.
LMod𝒫 ∶= LMod𝒫 BiMod𝕜
Σ,dg

In particular, the category BiMod𝕜 itself.
(3) For any 𝕜-operad 𝒫, the category of 𝒫-algebras, defined to be the category of left 𝒫-modules that
are concentrated in arity 0
(
)
dg
dg
Alg𝒫 ∶= LMod𝒫 LMod𝕜 .
Proof. The proposition follows essentially from the fact that over a field of characteristic zero,
algebras over a coloured operad have a canonical model structure [27]. For example, (1) the category of augmented unital 𝕜-operads can be identified with the category of non-unital operads in
∐
symmetric 𝕜-bimodules; these are algebras over an operad with set of colours given by 𝑛⩾0 𝑆 ×𝑛−1
(cf. Definition 3.27). Something similar holds for (2) left and right modules, and for (3) it suffices
to observe that an algebra over a 𝕜-operad is simply an algebra over its underlying 𝑆-coloured
operad.
□
Example A.3 (Free algebras). Let 𝒫be an 𝕜-operad and 𝑉 a left 𝕜-module. Then the free 𝒫-algebra
on 𝑉 is given by the usual formula
𝒫(𝑉) ∶= 𝒫◦𝕜 𝑉 =

⨁
𝑝

𝒫(𝑝) ⊗Σ𝑝 ⋉𝕜⊗𝑝 𝑉 ⊗𝑝 .

A symmetric 𝕜-bimodule that is cofibrant for the model structure from Proposition A.2(2) is
(in particular) given in each arity 𝑝 by a quasi-projective 𝕜-𝕜⊗𝑝 -bimodule. For many practical
purposes, it will suffice to impose a slightly weaker cofibrancy condition, concerning only the left
𝕜-module structure:
Definition A.4. A symmetric 𝕜-bimodule 𝑀 is cofibrant as a left 𝕜-module if for each tuple of
objects 𝑐𝑖 ∈ 𝑆, the left 𝕜-module 𝑀(𝑐1 , … , 𝑐𝑝 ; −) is cofibrant. This holds in particular if 𝑀 is cofibrant in the model structure of Proposition A.2. If 𝑀 and 𝑁 are cofibrant as left 𝕜-modules, then
𝑀 ◦𝕜 𝑁 is as well.
Proposition A.5. Let 𝒫be a 𝕜-operad which is cofibrant as a left 𝕜-module. Then the forgetful funcdg
dg
tor Alg𝒫 ⟶ LMod𝕜 preserves cofibrant objects, that is, every cofibrant 𝒫-algebra is also cofibrant
as a left 𝕜-module.
Proof. This follows from a variation of the argument from [3, Appendix 5]. Let us consider the
following two conditions on a 𝒫-algebra 𝐴.
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(1) For each cofibrant 𝕜-module 𝑊, the 𝒫-algebra coproduct 𝐴 ⊔ 𝒫(𝑊) is cofibrant as a 𝕜-module.
(2) 𝐴 is cofibrant as a 𝕜-module and for each cofibration of 𝕜-modules 𝑉 ↣ 𝑊 and a map 𝑉 → 𝐴,
the map 𝐴 → 𝐴 ⊔𝒫(𝑉) 𝒫(𝑊) into the pushout of 𝒫-algebras is a cofibration of 𝕜-modules.
Clearly (2) implies (1), and the converse implication holds as well. To see this, we claim that there
exists an increasing filtration on 𝐴 ⊔𝒫(𝑉) 𝒫(𝑊) whose associated graded is 𝐴 ⊔ 𝒫(𝑊∕𝑉). Assuming this, condition (1) implies that the cokernel of 𝑖 ∶ 𝐴 ↪ 𝐴 ⊔𝒫(𝑉) 𝒫(𝑊) admits an increasing
filtration whose associated graded is the cokernel of the summand inclusion 𝐴 ↪ 𝐴 ⊔ 𝒫(𝑊∕𝑉).
The latter is cofibrant, so that the cokernel of 𝑖 is cofibrant as well and 𝑖 is a cofibration of
𝕜-modules (cf. Remark 1.9).
For the desired filtration, we can filter the 𝕜-module 𝑊 by 𝐹0 (𝑊) = 𝑉 and 𝐹1 (𝑊) = 𝑊, put 𝐴
and 𝑉 in weight 0 and compute the pushout 𝐴 ⊔𝒫(𝑉) 𝒫(𝑊) in the category of 𝒫-algebras in filtered
𝕜-modules. Since forgetting the filtration defines a symmetric monoidal left adjoint functor from
filtered 𝕜-modules to 𝕜-modules, this provides a filtration on 𝐴 ⊔𝒫(𝑉) 𝒫(𝑊). Likewise, taking the
associated graded is symmetric monoidal, so that the associated graded can be identified with
𝐴 ⊔𝒫(𝑉) 𝒫(gr(𝑊)). Since gr(𝑊) = 𝑉 ⊕ (𝑊∕𝑉) (with 𝑊∕𝑉 of weight 1), this coincides with the
graded 𝒫-algebra 𝐴 ⊔ 𝒫(𝑊∕𝑉).
Now let us say that a 𝒫-algebra 𝐴 is adequate if it satisfies the equivalent conditions (1) and (2).
Our goal will be to show that all cofibrant 𝒫-algebras are adequate. To see this, note that if 𝐴 is
adequate and 𝑉 ′ ⟶ 𝑊 ′ is a cofibration of 𝕜-modules, then 𝐴 ⊔𝒫(𝑉 ′ ) 𝒫(𝑊 ′ ) is adequate (one easily
verifies (1) using condition (2) for 𝐴). The class of adequate 𝒫-algebras is therefore closed under
iterated pushouts along generating cofibrations and under retracts. To conclude that it contains
all cofibrant 𝒫-algebras, it remains to verify that the initial 𝒫-algebra 𝒫(0) is adequate, that ism
that for any cofibrant left 𝕜-module 𝑉, the free 𝒫-algebra 𝒫(𝑉) is cofibrant as a left 𝕜-module.
This follows directly from the formula in Example A.3 and the fact that 𝒫was cofibrant as a left
𝕜-module.
□
Given a 𝕜-operad 𝒫together with a right module 𝑀 and a left module 𝑁, we denote by 𝑀 ◦𝒫𝑁
the coequalizer of 𝑀 ◦𝕜 𝒫◦𝕜 𝑁 ⇉ 𝑀 ◦𝕜 𝑁.
dg

dg

dg

Lemma A.6. Let 𝒫∈ Op𝕜 and suppose that 𝑀 ∈ RMod𝒫 and 𝑁 ∈ LMod𝒫 are cofibrant. Then
the two functors

both preserve quasi-isomorphisms.
Proof. We will only deal with the first functor, the other is similar. Consider the simplicial resolution of 𝑀 as a right 𝒫-module 𝑀 ◦ 𝒫◦ 𝒫⇉ 𝑀 ◦ 𝒫→ 𝑀, where ◦ is the composition product
for 𝑆-coloured symmetric sequences of chain complexes. Since 𝑀 is cofibrant, it is quasi-free as
a right 𝒫-module; in particular, without differentials this augmented simplicial object has extra
degeneracies. Taking the relative composition product over 𝒫with a quasi-isomorphism 𝑋 ⟶ 𝑌
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yields a map of augmented simplicial objects

Since the composition product ◦ preserves quasi-isomorphisms, all marked vertical maps are
quasi-isomorphisms. Without differentials, the rows are augmented simplicial objects with (natural) extra degeneracies, so that the above diagram provides a simplicial resolution of the map
□
𝑀 ◦𝒫𝑋 ⟶ 𝑀 ◦𝒫𝑌 and the result follows.
Remark A.7. Lemma A.6 implies that the composition product has a left derived functor, which
we will denote by
𝑀 ◦ℎ𝒫𝑁
and which can be computed by taking a cofibrant resolution of either 𝑀 or 𝑁. A quasidg
isomorphism 𝒫⟶ 𝒬 induces a quasi-isomorphism 𝑀 ◦ℎ𝒫𝑁 ⟶ 𝑀 ◦ℎ𝒬 𝑁 for any 𝑀 ∈ RMod𝒬
dg

and 𝑁 ∈ LMod𝒬 .
dg

Corollary A.8. Given a map 𝑓 ∶ 𝒫⟶ 𝒬 in Op𝕜 , there are Quillen adjunctions

given by restriction and induction. When 𝑓 is a quasi-isomorphism, these are Quillen equivalences.
Proof. The functor 𝑓 ∗ clearly preserves (and detects) fibrations and quasi-isomorphisms. When
𝑓 is a quasi-isomorphism, (𝑓! , 𝑓 ∗ ) is a Quillen equivalence because the counit 𝑓! 𝑓 ∗ (𝑀) =
□
𝒬 ◦𝒫𝑀 ⟶ 𝑀 is a quasi-isomorphism for all cofibrant 𝑀 by Lemma A.6.
Dualizing
Given two dg-categories 𝕜1 and 𝕜2 , one can take the exterior Hadamard tensor product
(A.9)
where for any 𝑐𝑖 ∈ 𝕜1 and 𝑑𝑖 ∈ 𝕜2 ,
)
(
(𝑀1 ⊗ 𝑀2 ) (𝑐1 , 𝑑1 ), … , (𝑐𝑝 , 𝑑𝑝 ); (𝑐0 , 𝑑0 ) = 𝑀1 (𝑐1 , … , 𝑐𝑝 ; 𝑐0 ) ⊗ 𝑀2 (𝑑1 , … , 𝑑𝑝 ; 𝑑0 ).
From the description of the composition product, one sees that it is compatible with the exterior
Hadamard tensor product in the sense that there is a natural morphism
(A.10)
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An element in the domain can be represented by a tensor product of two trees of height two, with
vertices labelled by 𝑀1 and 𝑁1 , respectively, by 𝑀2 and 𝑁2 . Such a tensor product is sent to zero if
the two trees are different and if the trees are the same, one labels its vertices by the corresponding
elements in 𝑀1 ⊗ 𝑀2 and 𝑁1 ⊗ 𝑁2 .
The exterior Hadamard tensor product preserves colimits in both of its variables. It follows that
there are functors

Σ,dg

Σ,dg

Σ,dg

such that for 𝑀1 ∈ BiMod𝕜 , 𝑀2 ∈ BiMod𝕜 and 𝑁 ∈ BiMod𝕜 ⊗𝕜 there are natural bijections
1
2
1
2
(
)
(
)
Hom 𝑀1 , Hom𝕜 (𝑀2 , 𝑁) ≅ Hom(𝑀1 ⊗ 𝑀2 , 𝑁) ≅ Hom 𝑀2 , Hom𝕜 (𝑀1 , 𝑁) .
2

1

We will be interested in applying this to the case where 𝕜1 = 𝕜 and 𝕜2 = 𝕜op is its opposite.
Definition A.11. Let End(𝕜) denote the endomorphism operad of 𝕜, considered as a
left 𝕜 ⊗ 𝕜op -module. More precisely, End(𝕜) has set of colours 𝑆 × 𝑆 and 𝑝-ary morphisms
((𝑐1 , 𝑑1 ), … , (𝑐𝑝 , 𝑑𝑝 )) ⟶ (𝑐0 , 𝑑0 ) given by 𝑘-linear maps

This is a (non-augmented) 𝕜 ⊗ 𝕜op -operad. We define the dual of a symmetric 𝕜-bimodule 𝑀 to
be the symmetric 𝕜op -bimodule
𝑀 ∨ ∶= Hom𝕜 (𝑀, End(𝕜)).
Unravelling the definition, one sees that 𝑀 ∨ is given in arity 𝑝 by the dual 𝑀 ∨ (𝑝) =
Hom𝕜 (𝑀(𝑝), 𝕜) with respect to the left 𝕜-module structure on 𝑀(𝑝). The right 𝕜-action on 𝕜 and
the right 𝕜⊗𝑝 -action on 𝑀(𝑝) endow 𝑀 ∨ with the structure of a symmetric 𝕜op -module. Explicitly,
we have
)
(
(A.12)
𝑀 ∨ (𝑐1 , … , 𝑐𝑝 ; 𝑐0 ) = Hom𝕜 𝑀(𝑐1 , … , 𝑐𝑝 ; −), 𝕜(𝑐0 ; −) .
Note that taking duals is only homotopically well behaved on symmetric 𝕜-bimodules that are
cofibrant as left 𝕜-modules (Definition A.4).
Cooperads over a dg-category
Σ,dg

Definition A.13. A 𝕜-cooperad 𝒞is a coaugmented counital coalgebra in the category BiMod𝕜
We will say that 𝒞 is filtered-cofibrant as a left 𝕜-module if it admits an exhaustive filtration

.

𝕜 = 𝐹0 𝒞 ⊆ 𝐹1 𝒞 ⊆ 𝐹2 𝒞 ⊆ …

⨁
such that Δ(𝐹𝑟 𝒞) ⊆ 𝑝+𝑞=𝑟 𝐹𝑝 𝒞◦𝐹𝑞 𝒞and each 𝐹𝑟 𝒞is cofibrant as a left 𝕜-module. The first condition implies that 𝒞 is conilpotent and the second is equivalent to the associated graded gr(𝒞)
being cofibrant as a left 𝕜-module.
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Remark A.14. Recall that one can always endow a 𝕜-cooperad with its coradical filtration, where
𝑟
𝐹𝑟 𝒞 = 𝕜 ⊕ ker(Δ ). If 𝒞(0) = 0 and 𝒞(1) = 𝕜, then 𝒞 is filtered-cofibrant as a left 𝕜-module if and
only if it is cofibrant as a left 𝕜-module, using the filtration by arity.
Proposition A.15. Let 𝒞 be a 𝕜-cooperad and let 𝒞∨ be its (left) 𝕜-linear dual. Then 𝒞∨
has the natural structure of an operad. If 𝐶 is a 𝒞-coalgebra, then the dual 𝐶 ∨ has a natural
𝒞∨ -algebra structure.
Proof. It suffices to verify that the functor (−)∨ is lax monoidal, in the sense that there is a natural
map 𝑀 ∨ ◦𝕜op 𝑁 ∨ ⟶ (𝑀 ◦𝕜 𝑁)∨ . This map is the adjoint of

where the second map arises from the evaluation map Hom𝕜 (𝑀, End(𝕜)) ⊗ 𝑀 ⟶ End(𝕜) and
□
the last map uses that End(𝕜) is a (non-augmented) 𝕜op ⊗ 𝕜-operad.
A.2

All we need about bar-cobar for operads

From now on, all 𝕜-objects (bimodules, operads) that we consider are assumed to be as in
Assumption 1.10: they are cofibrant as left 𝕜-modules, and filtered-cofibrant in the case of
cooperads.
Definition A.16 (Bar-cobar constructions, see [21] and [40, Section 6.5]). Given a 𝕜-operad 𝒫,
its bar construction B𝒫is the 𝕜-cooperad constructed as the cofree conilpotent 𝕜-cooperad on the
augmentation ideal 𝒫[1], that is,
(
)
B𝒫= 𝑇𝕜𝑐 𝒫[1] = 𝕜 ⊕ 𝒫[1] ⊕ 𝒫[1] ◦𝕜 𝒫[1] ⊕ …
with an additional bar differential given by contraction of trees along inner edges.
Similarly, given a conilpotent 𝕜-cooperad 𝒞, its cobar construction Ω𝒞 is the free graded 𝕜operad on the coaugmentation coideal 𝒞[−1], that is,
(
)
Ω𝒞 = 𝑇𝕜 𝒞[−1] = 𝕜 ⊕ 𝒞[−1] ⊕ 𝒞[−1] ◦𝕜 𝒞[−1] ⊕ …
with an additional cobar differential given by decomposing trees along inner edges.
Construction A.17 (𝕜-twisting morphisms). Let 𝑀 and 𝑁 be symmetric 𝕜-bimodules. Their
infinitesimal composition product 𝑀 ◦(1) 𝑁 is the subobject of 𝑀 ◦𝕜 𝑁 given by trees with 2 vertices, with root vertex labelled by 𝑀 and the other vertex labelled by 𝑁. There is a natural retraction
𝑀 ◦(1) 𝑁 ⟶ 𝑀 ◦𝕜 𝑁 ⟶ 𝑀 ◦(1) 𝑁
where the projection quotients out trees labelled by 𝑀 and 𝑁 with more than two vertices.
Let 𝒫be a 𝕜-operad and 𝒞 a conilpotent 𝕜-cooperad. A twisting morphism 𝜙 ∶ 𝒞 ⤏ 𝒫is a map
of symmetric 𝕜-bimodules of cohomological degree 1, which vanishes both after composing with
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the augmentation and coaugmentation map, such that:
𝑑𝜙 + 𝜙 ⋆ 𝜙 = 0,

(A.18)

where 𝜙 ⋆ 𝜙 is the composite
𝜙 ◦1 𝜙

𝒞 ⟶ 𝒞◦𝕜 𝒞 ⟶ 𝒞◦1 𝒞 → 𝒫◦1 𝒫⟶ 𝒫◦𝕜 𝒫⟶ 𝒫,
and 𝑑 denotes the commutator of differentials in HomBiModΣ,dg (𝒞, 𝒫). We denote by Tw(𝒞, 𝒫) ⊂
HomBiModΣ,dg (𝒞, 𝒫) the set of twisting morphisms.

𝕜

𝕜

Remark A.19. Similar to [40, Proposition 6.4.3], one checks that the sequence of complexes
Conv(𝒞, 𝒫)(𝑝) ∶= Hom𝕜⊗(𝕜op )⊗𝑝 (𝒞(𝑝), 𝒫(𝑝))
has the structure of an (ordinary) operad in chain complexes, called the convolution operad. As in
[40, Proposition 6.4.5], it follows that (HomBiModΣ,dg (𝒞, 𝒫), ⋆, 𝑑) is a pre-Lie algebra and the twist𝕜

ing morphisms are its Maurer–Cartan elements. If 𝒞 or 𝒫is 1-reduced, that is, zero in arity 0 and
𝕜 in arity 1, then [54, Section 7] shows that such Maurer–Cartan elements correspond bijectively
to maps of operads

from the operadic suspension of the 𝐿∞ -operad: the value on the generating 𝑝-ary operation 𝑙𝑝 of
𝐿∞ {−1} is given by 𝜙𝑝 ∶ 𝒞(𝑝) ⟶ 𝒫(𝑝).
Proposition A.20. Let 𝒞 be a conilpotent 𝕜-cooperad and 𝒫a 𝕜-operad. Then there are natural
bijections
HomCoOpdg (𝒞, B𝒫) ≅ Tw(𝒞, 𝒫) ≅ HomOpdg (Ω𝒞, 𝒫).
𝕜

𝕜

Proof. Maps of bimodules 𝜑 ∶ 𝒞 → 𝒟 which vanish both when composed with the augmentation
and coaugmentation map are in one-to-one correspondence with maps of augmented operads
from the free operad generated by 𝒞 to 𝒟. One can check that the compatibility with the differentials is given exactly by equation (A.18). A dual argument on the category of conilpotent cooperads
□
shows that HomCoOpdg (𝒞, B𝒫) ≅ Tw(𝒞, 𝒫), see [40, Theorem 6.5.7] for the case 𝕜 = 𝑘.
𝕜

Lemma A.21. Let 𝒫→ 𝒬 be a quasi-isomorphism between two 𝕜-operads which are cofibrant as
left 𝕜-modules. Then the map B𝒫⟶ B𝒬 is a quasi-isomorphism of 𝕜-cooperads, which are filteredcofibrant as left 𝕜-modules.
Proof. Endow both bar constructions with the (exhaustive) filtration by word length in 𝒫 and
𝒬. The map on the associated graded is just the map 𝑇 𝑐 (𝒫[1]) ⟶ 𝑇 𝑐 (𝒬[1]). When 𝒫and 𝒬 are
cofibrant as left 𝕜-modules, these associated gradeds are cofibrant as left 𝕜-modules, so that B𝒫
and B𝒬 are filtered-cofibrant. Using Lemma A.6, we conclude that the map at the level of the
associated graded is a quasi-isomorphism.
□
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Proposition A.22. Let 𝒫be a 𝕜-operad which is cofibrant as a left 𝕜-module. Then the counit of the
bar-cobar adjunction ΩB𝒫⟶ 𝒫is a quasi-isomorphism.
Proof. Ignoring degrees, elements of ΩB𝒫 can be seen as trees whose vertices are themselves
(‘inner’) trees whose vertices are labelled by 𝒫. Filtering by the number of inner edges (bar word
length) and using the cofibrancy of 𝒫as a left 𝕜-module, we recover at the level of the associated
graded only the piece of the differential corresponding to the one from 𝒫and a second one making
an inner edges into an outer edge.
One checks that the associated graded retracts into 𝒫by constructing a homotopy that makes
an outer edge into an inner edge.
□
Definition A.23 (Twisted composition products). Given a twisting morphism 𝜙 ∶ 𝒞 ⤏ 𝒫, the
twisted composition product 𝒞◦𝜙 𝒫 [40, Section 6.4.11] is the symmetric 𝕜-bimodule 𝒞◦𝕜 𝒫, but
with differential twisted by the map

Similarly, the twisted composition product 𝒫 ◦𝜙 𝒞 has differential twisted by

Example A.24. For the universal twisting morphism 𝜋 ∶ B𝒫⤏ 𝒫, elements of B𝒫 ◦𝜋 𝒫 can
be identified with trees whose vertices are labelled by elements in 𝒫[1], or by elements of 𝒫for
(some of the) leaf vertices. The differential then has three parts: (a) applying the differential of
𝒫to vertices, (b) contracting inner edges between 𝒫[1]-labelled trees and (c) replacing an 𝒫[1]labelled vertex with only 𝒫-labelled vertices above it by a 𝒫-labelled vertex and contracting (at the
same time) all inner edges above it.
Similarly, Ω𝒞 ◦𝜄 𝒞 consists of trees with vertices labelled by 𝒞[−1], or by 𝒞 for (some of the)
leaf vertices, with differential having three terms: (a) applying the differential of 𝒞, (b) partially
decomposing along inner edges between 𝒞[−1]-labelled vertices and (c) decomposing a 𝒞-labelled
leaf vertex into height 2 trees with root vertex labelled by 𝒞[−1].
Lemma A.25. Let 𝜙 ∶ 𝒞 ⤏ 𝒫 be a twisting morphism, where 𝒞 and 𝒫 are filtered-cofibrant,
respectively, cofibrant as left 𝕜-modules.
(1) Let 𝑀 ⟶ 𝑁 be a quasi-isomorphism between left 𝒫-modules that are cofibrant as left
𝕜-modules. Then (𝒞 ◦𝜙 𝒫) ◦𝒫 𝑀 ⟶ (𝒞 ◦𝜙 𝒫) ◦𝒫 𝑁 is a quasi-isomorphism between
filtered-cofibrant left 𝕜-modules.
(2) Let 𝑀 ⟶ 𝑁 be a quasi-isomorphism between right 𝒫-modules. Then 𝑀 ◦𝒫 (𝒫 ◦𝜙 𝒞) ⟶
𝑁 ◦𝒫 (𝒫 ◦𝜙 𝒞) is a quasi-isomorphism.
(3) The maps B𝒫 ◦𝜋 𝒫⟶ 𝕜 and Ω𝒞 ◦𝜄 𝒞 ⟶ 𝕜 are quasi-isomorphisms.
Proof. For (1), filter 𝒞◦𝜙 𝒫 using the filtration on 𝒞. The associated graded is gr(𝒞) ◦𝕜 𝒫. The
map (𝒞◦𝜙 𝒫) ◦𝒫𝑀 ⟶ (𝒞◦𝜙 𝒫) ◦𝒫𝑁 preserves the induced filtrations and is given on the associated graded by gr(𝒞) ◦𝕜 𝑀 ⟶ gr(𝒞) ◦𝕜 𝑁. This is a quasi-isomorphism by Lemma A.6. The same
argument applies to (2).
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For (3), filter B𝒫◦𝜋 𝒫 by the number of inner edges. On the associated graded, one can then
construct a contracting homotopy replacing a 𝒫-labelled leaf vertex by a 𝒫[1]-labelled leaf vertex.
Similarly, the filtration on 𝒞induces a total filtration on Ω𝒞◦𝜓 𝒞. The associated graded consists
of trees with vertices labelled by the associated graded gr(𝒞)[−1], or gr(𝒞) for (some) leaf vertices.
Since the cocomposition vanishes on gr(𝒞), the differential has two remaining contributions: (a)
the differential on gr(𝒞) and its shift and (c) sending a gr(𝒞)-labelled leaf vertex to the corresponding gr(𝒞)[−1]-labelled vertex. This has a contracting homotopy by replacing gr(𝒞)[−1]-labelled
□
leaf vertices by gr(𝒞)-labelled leaf vertices.
Corollary A.26. Let 𝒫be a 𝕜-operad which is cofibrant as a left 𝕜-module. Then B𝒫≃ 𝕜 ◦ℎ𝒫𝕜.
A.3

All we need about bar-cobar for algebras

Let 𝒞 be a 𝕜-cooperad and 𝒫a 𝕜-operad, which are filtered-cofibrant, respectively, cofibrant, as
left 𝕜-modules.
Definition A.27. A twisting morphism 𝜙 ∶ 𝒞 ⤏ 𝒫 is said to be Koszul if 𝜙 induces a
quasi-isomorphism Ω𝒞 ⟶ 𝒫.
We will say that it is weakly Koszul if instead the map 𝒞 ⟶ B𝒫is a quasi-isomorphism. Since
the bar construction preserves quasi-isomorphisms (Lemma A.21), Koszul morphisms induce a
∼
quasi-isomorphism BΩ𝒞 → B𝒫and are therefore weakly Koszul.
Definition A.28. Let 𝜙 ∶ 𝒞 ⤏ 𝒫be a twisting morphism, 𝐶 a 𝒞-coalgebra (in left 𝕜-modules) and
𝐴 a 𝒫-algebra (in left 𝕜-modules). A twisting morphism 𝑓 ∶ 𝐶 ⟶ 𝐴 over 𝜙 is a left 𝕜-linear map
of degree 0 satisfying
𝑑𝑓 + 𝜙 ◦ 𝑓 = 0,
where 𝜙 ◦ 𝑓 ∶ 𝐶 ⟶ 𝐴 is given by
𝜙 ◦𝑓

𝐶 ⟶ 𝒞 ◦𝕜 𝐶 ⟶ 𝒫 ◦𝕜 𝐴 ⟶ 𝐴.
We denote by Tw 𝜙 (𝐶, 𝐴) the set of twisting morphisms over 𝜙.
Remark A.29. If 𝐶 is a conilpotent 𝒞-coalgebra and 𝐴 is a 𝒫-algebra, then one can check that the
complex Hom𝕜 (𝐶, 𝐴) has the structure of an algebra over the convolution operad Conv(𝒞, 𝒫) of
Remark A.19 [54, Proposition 7.1].
If 𝒞 or 𝒫is 1-reduced, then a twisting morphism 𝜙 determines a map 𝐿∞ {−1} ⟶ Conv(𝒞, 𝒫),
so that Hom𝕜 (𝐶, 𝐴) has a shifted 𝐿∞ -structure. As in [54] the value 𝑙𝑝 (𝑓1 , … , 𝑓𝑝 ) of the generating
𝑝-ary operation 𝑙𝑝 in 𝐿∞ {−1} is given by

where the sum runs over 𝜎 ∈ Σ𝑝 . The twisting morphisms 𝑓 ∶ 𝐶 ⟶ 𝐴 are exactly the degree
∑ 1
𝑙𝑛 (𝑓, … , 𝑓) = 0 [54,
1 elements of this 𝐿∞ -algebra satisfying the Maurer–Cartan equation 𝑛 𝑛!
Theorem 7.1]. Note that the infinite sum becomes finite when evaluated at some 𝑐 ∈ 𝐶, because
𝐶 is a conilpotent 𝒞-coalgebra.
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Definition A.30 (Bar-cobar construction for algebras). Given a twisting morphism 𝜑 ∶ 𝒞 → 𝒫
and 𝐶 a 𝒞-coalgebra, we define the cobar construction Ω𝜙 𝐶, to be the free 𝒫-algebra on 𝐶, 𝒫◦𝕜 𝐶,
with differential given on generators by 𝑑(𝑐) = 𝑑𝐶 (𝑐) + 𝛿(𝑐) with 𝛿 ∶ 𝐶 ⟶ 𝒞◦𝕜 𝐶 ⟶ 𝒫◦𝕜 𝐶.
Similarly, given 𝐴 a 𝒫-algebra, its bar construction B𝜙 𝐴 is the cofree 𝒞-coalgebra on 𝐴, 𝒞◦𝕜 𝐴,
with differential given by 𝑑𝐴 + 𝛿 with 𝛿 onto generators given by 𝒞◦𝕜 𝐴 ⟶ 𝒫◦𝕜 𝐴 ⟶ 𝐴.
Remark A.31. One can also identify using twisted composition products (Definition A.23) as
Ω𝜙 𝐶 ≅ (𝒫◦𝜙 𝒞) ◦𝒞𝐶 and B𝜙 = (𝒞◦𝜙 𝒫) ◦𝒫𝐴. In particular, if 𝜋 ∶ B𝒫⟶ 𝒫is the universal twisting morphism, then Lemma A.25 shows that for every 𝒫-algebra which is cofibrant as a left
𝕜-module,
B𝜋 𝐴 ≅ (B𝒫◦𝜋 𝒫) ◦𝒫𝐴 ≃ 𝕜 ◦ℎ𝒫𝐴.
Proposition A.32. There are natural bijections
)
)
(
(
HomAlgdg Ω𝜙 𝐶, 𝐴 ≅ Tw 𝜙 (𝐶, 𝐴) ≅ HomCoAlgdg 𝐶, B𝜙 𝐴 .
𝒫

𝒞

Proof. The proof is similar to Proposition A.20, see also [40, Proposition 11.3.1].

□

Lemma A.33. Let 𝜙 ∶ 𝒞 ⤏ 𝒫be a twisting morphism and 𝐴 a 𝒫-algebra. Then:
(1) B𝜙 preserves quasi-isomorphisms between 𝒫-algebras that are cofibrant as left 𝕜-modules;
(2) if 𝐴 is cofibrant as a left 𝕜-module and 𝒞 is filtered-cofibrant as a left 𝕜-module, then B𝜙 (𝐴) is
filtered-cofibrant as a left 𝕜-module;
(3) in the setting of (2), Ω𝜙 B𝜙 (𝐴) is a cofibrant 𝒫-algebra.
Proof. The first two points follow from Lemma A.25 and Remark A.31. In particular, the proof of
Lemma A.25 shows that B𝜙 (𝐴) = (𝒞◦𝕜 𝐴, 𝑑𝐴 + 𝑑B ) carries a filtration induced from the filtration
on 𝒞.
For the third point, note that Ω𝜙 B𝜙 (𝐴) inherits a filtration by subalgebras from the filtration
on B𝜙 (𝐴). Since gr(B𝜙 (𝐴)) is a trivial coalgebra, gr(Ω𝜙 B𝜙 (𝐴)) is the free 𝒫-algebra on gr(𝒞) ◦𝕜 𝐴.
Since gr(𝒞) ◦𝕜 𝐴 is cofibrant as a graded left 𝕜-module, an inductive argument shows that Ω𝜙 B𝜙 (𝐴)
is cofibrant (see also [51, Proposition 2.8]).
□
Lemma A.34.
(1) Let 𝒞 be filtered-cofibrant as a left 𝕜-module and let 𝜄 ∶ 𝒞 ⟶ Ω𝒞 be the universal twisting
morphism. Then the counit Ω𝜄 B𝜄 𝐴 ⟶ 𝐴 is a quasi-isomorphism for all 𝐴 ∈ AlgΩ𝒞 which are
cofibrant as left 𝕜-modules.
(2) Let 𝜙 ∶ 𝒞 → 𝒫be a Koszul twisting morphism. Then Ω𝜙 B𝜙 𝐵 ⟶ 𝐵 is a quasi-isomorphism for
all 𝐵 ∈ Alg𝒫 which are cofibrant as left 𝕜-modules.
Proof. For (1), note that Ω𝜄 B𝜄 𝐴 consists of trees with vertices labelled by 𝒞[−1] or by 𝒞 for (some
of the) leaf vertices, and with leaves labelled by 𝐴. The differential has a contribution from the
differential on Ω𝒞◦𝜄 𝒞 (Example A.24) and a contribution by letting 𝒞-labelled leaf vertices act on
their leaves. Filtering Ω𝜄 B𝜄 𝐴 by the number of leaves, the associated graded is (Ω𝒞◦𝜄 𝒞) ◦𝕜 𝐴. The
result then follows from Lemma A.25.
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For (2), let 𝑓 ∶ Ω𝒞 ⟶ 𝒫 be the induced map and notice that Ω𝜙 B𝜙 𝐵 = 𝑓! (Ω𝜄 B𝜄 (𝑓 ∗ 𝐵)). The
result then follows from part (1), (𝑓! , 𝑓 ∗ ) being a Quillen equivalence (Corollary A.8) and
□
Ω𝜄 B𝜄 (𝑓 ∗ 𝐵) being cofibrant (Lemma A.33).
A.4

Free resolutions of operads

The remainder of this section is devoted to a proof of the following result, relating the homotopyinvariant condition appearing in Theorem 1.3 to a more concrete condition in terms of quasi-free
resolutions:
Proposition A.35. Let 𝒫be a connective 0-reduced 𝕜-operad. Then the following are equivalent.
(1) The symmetric sequence 𝒫⩽1 ◦ℎ𝒫𝒫⩽1 is eventually highly connective† .
(2) 𝒫is quasi-isomorphic to a quasi-free, non-positively graded 𝕜-operad with higher arity generators in increasingly negative degrees. More precisely, for every 𝑛 ∈ ℤ, there exists a 𝑝(𝑛) ∈ ℕ such
that all generators of arity ⩾ 𝑝(𝑛) are in cohomological degrees < 𝑛.
Remark A.36. Recall that every cofibrant 𝕜-operad is the retract of an operad which is quasi-freely
generated by a (𝑆-coloured) symmetric sequence of graded vector spaces (one can take for instance
its cobar-bar construction). Conversely, if 𝒫is quasi-freely generated by a symmetric sequence of
graded vector spaces in non-positive degree, then 𝒫is cofibrant‡ .
For the remaining of the section, all (co)operads are 0-reduced (trivial in arity zero). We will
make use of the following Quillen adjunction between the categories of 0-reduced (augmented)
𝕜-operads

The right adjoint is the ‘truncation to arity at most 𝑝’ functor that quotients an operad 𝒫 by
⨁
the operadic ideal 𝑘>𝑝 𝒫(𝑘). Its left adjoint is the ‘𝑝-skeleton’ functor that associates to 𝒬 the
operad sk𝑝 (𝒬) which is given in arities ⩽ 𝑝 by 𝒬, and which is freely generated by this data.
Remark A.37. A map 𝑓 ∶ 𝒫⟶ 𝒬 between cofibrant operads induces a quasi-isomorphism
sk𝑝 𝒫⟶ sk𝑝 𝒬 as soon as it induces a quasi-isomorphism in arity ⩽ 𝑝. Indeed, factor 𝑓 as an
acyclic cofibration 𝒫⟶ 𝒫′ followed by a fibration 𝑓 ∶ 𝒫′ ⟶ 𝒬 and use Lemma A.42 to resolve
𝑓 ′ by a map which is an isomorphism in arities ⩽ 𝑝. The result then follows from the fact that sk𝑝
is a left Quillen functor and which only depends on arity (⩽ 𝑝)-parts.
Lemma A.38. Let 𝒫be a cofibrant 0-reduced 𝕜-operad, let 𝑝 ⩾ 1 and consider the cofibre sequences

† Here

we use the natural left and right actions of 𝒫on its quotient 𝒫⩽1 .

‡ More

generally, a triangulated quasi-free operad is cofibrant, see [40, Proposition B.6.10].
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There is a natural map 𝑋 ⟶ 𝑌[−1], which is an equivalence in arity 𝑝 + 1. Furthermore, the map
𝒫⩽1 ◦ℎ𝒫𝒫⩽1 ⟶ 𝑌 is an equivalence in arity 𝑝 + 1 as well.
Proof. Let 𝒫⩾2 denote the kernel of the quotient 𝒫⟶ 𝒫⩽1 , so that there is a cofibre sequence
(A.39)
Using the same cofibre sequence for sk𝑝 (𝒫) and unraveling the definitions, one sees that there is
a natural cofibre sequence

There is a natural map 𝒫⟶ 𝒫⩾2 ⟶ 𝒫⩾2 ◦ℎ𝒫𝒫⩽1 (the first one quotients out the arity 1 part), and
similarly for sk𝑝 (𝒫). The desired map 𝑋 ⟶ 𝑌[−1] is the induced map on cofibres.
Now suppose that 𝒫= (FreeOp𝕜 (𝑉), 𝑑) is a cofibrant 𝕜-operad, quasi-freely generated by a symmetric 𝕜-bimodule 𝑉. Then 𝒫⩾2 is a cofibrant right 𝒫-module, given by 𝒫(1)◦𝑉 ⩾2 ◦𝒫(with some
differential), where 𝑉 ⩾2 is the arity ⩾ 2 piece of 𝑉. It follows that
𝒫⩾2 ◦𝒫𝒫⩽1 ≃ 𝒫⩽1 ◦𝑉 ⩾2 ◦𝒫⩽1

(A.40)

with some differential. A similar equivalence holds for sk𝑝 (𝒫), which is a cofibrant suboperad of
𝒫freely generated by 𝑉 ⩽𝑝 , the arity ⩽ 𝑝 piece of 𝑉. One then deduces that
𝑌[−1] ≃ 𝒫(1)◦𝑉 ⩾𝑝+1 ◦𝒫(1).
In particular, it agrees with 𝒫⩾2 ◦ℎ𝒫𝒫(1) in arity 𝑝 + 1. Note that the above symmetric sequence
consists exactly of the (𝑝 + 1)-ary operations of 𝒫, modulo those that are compositions of (⩽ 𝑝)-ary
operations. This is exactly the (𝑝 + 1)-ary part of the cofibre 𝑋.
□
Corollary A.41. Let 𝑓 ∶ 𝒫⟶ 𝒬 be a map of connective 0-reduced 𝕜-operads such that the map of
symmetric 𝕜-bimodules
𝒫(1) ◦ℎ𝒫𝒫(1) ⟶ 𝒬(1) ◦ℎ𝒬 𝒬(1)
is a quasi-isomorphism. Then 𝑓 is a quasi-isomorphism.
Proof. We may assume that 𝒫 and 𝒬 are cofibrant. In that case, the map 𝑓 induces a quasiisomorphism in arity ⩽ 𝑝 if and only if the induced maps on 𝑝-skeleta sk𝑝 𝒫⟶ sk𝑝 𝒬 is
a quasi-isomorphism (Remark A.37). We check this for all 𝑝 by induction. For 𝑝 = 1, note
that 𝒫(1) ◦ℎ𝒫𝒫(1) is given in arity 1 by 𝒫(1); this follows from the cofibre sequence A.39 and
equation (A.40).
Next, note that the arity (𝑝 + 1)-part of 𝒫is quasi-isomorphic to the arity (𝑝 + 1)-part of the
cofibre 𝑌 from Lemma A.38. If 𝑓 induces a quasi-isomorphism on 𝑝-skeleta, then this cofibre is
quasi-isomorphic to the corresponding cofibre for 𝒬. It then follows that 𝑓 also induces a quasiisomorphism on (𝑝 + 1)-skeleta.
□
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Proof of Proposition A.35. (2) ⇒ (1): follows from the cofibre sequence (A.39) and the identification
(A.40).
(1) ⇒ (2): we can assume that 𝒫is cofibrant to begin with. It then suffices to show that 𝒫admits
a free resolution with all generators in degrees ⩽ 0 and with the following property at each arity
𝑝 ⩾ 2:
If 𝐻 ∗ (𝒫⩽1 ◦𝒫𝒫⩽1 )(𝑝) is concentrated in degrees ⩽ 𝑛(𝑝), then the generators of arity 𝑝 are
concentrated in degrees ⩽ 𝑛(𝑝) + 1.
We construct this resolution by induction on skeleta, using that
𝒫⩽1 ◦ℎsk

𝑝 (𝒫)

(
)⩽𝑝
𝒫⩽1 ≃ 𝒫⩽1 ◦ℎ𝒫𝒫⩽1
.

For the 1-skeleton 𝒫⩽1 = sk1 (𝒫), there is no condition. Suppose we have found the desired presentation for sk𝑝−1 (𝒫). It follows from Lemma A.38 that in arity 𝑝, the cohomology of the cofibre
sk𝑝 𝒫∕sk𝑝−1 (𝒫) is concentrated in degrees ⩽ 𝑛(𝑝) + 1 (and also in degrees ⩽ 0). This means that
sk𝑝 𝒫can be obtained from sk𝑝−1 (𝒫) by adding arity 𝑝 generators of degree ⩽ 𝑛(𝑝) + 1 (as well as
generators of higher arity).
□
In Section 5, we will need a slight refinement of Proposition A.35 which provides a quasi-free
resolution of the entire tower 𝒫⟶ ⋯ ⟶ 𝒫⩽𝑛 ⟶ … .
Lemma A.42. Let 𝑓 ∶ 𝒫⟶ 𝒬 be a fibration of connective operads such that 𝑓 induces a trivial
∼
̃
̃ ⟶ 𝒬, there exists a cofibrant resolution 𝒫of
fibration in arities ⩽ 𝑝. For any cofibrant resolution 𝒬
𝒫which fits into a diagram

such that 𝑓̃ induces an isomorphism in arities ⩽ 𝑝.
̃ is cofibrant, there exists a lift
Proof. Since 𝒬

and therefore, by adjuction we have a lift
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∼

̃ ↠
̃ ↪𝒫
We can now factor the map g into a cofibration followed by a weak equivalence sk𝑝 𝒬
̃
𝒫×𝒬 𝒬.
Since all operads involved are connective, this can be done inductively by ‘adding cells to kill
a cycle’. As g is already a weak equivalence in arity ⩽ 𝑝, it suffices to add cells in arity ⩾ 𝑝 + 1,
̃
̃ induces a
𝒬
which does not change the arity ⩽ 𝑝 part. In particular, the composite map 𝒫⟶
□
weak equivalence in arities ⩽ 𝑝.
Proposition A.43. Let 𝒫be a connective 𝕜-operad and consider the tower of 𝕜-operads

Then there exists a resolution of this tower by a tower of quasi-free, non-positively graded 𝕜-operads
𝒬 ⟶ ⋯ ⟶ 𝒬(𝑝) ⟶ … with the following properties.
(a) Each 𝒬(𝑝) ⟶ 𝒬(𝑝−1) induces an isomorphism in arity ⩽ 𝑝 − 1.
(b) Each 𝒬(𝑝) has higher arity generators in increasingly negative degrees (in the sense of
Proposition A.35).
(c) 𝒬 is the limit of the tower.
(d) For each 𝑝 ⩾ 2, the generators of 𝒬(𝑝) in arity 𝑝 are concentrated in degrees ⩽ 𝑛(𝑝) + 1, where
𝑛(𝑝) is such that
(
)
𝐻 ∗ 𝒫⩽1 ◦𝒫 𝒫⩽1 (𝑝) = 0

∗ > 𝑛(𝑝).

In particular, 𝒬 is a graded-free resolution of 𝒫 with higher arity generators in increasingly
negative degrees.
Proof. We can assume from the start that 𝒫is already cofibrant, and then construct such a tower of
free resolutions inductively, as in Lemma A.42. In each inductive step, it suffices to add generators
of arity ⩾ 𝑝 to sk𝑝−1 (𝒬(𝑝−1) ). In particular, we can always arrange for condition (a).
To see what kind of generators have to be added in arity 𝑝, note that there is a quasiisomorphism

since both are quasi-isomorphic in arities ⩽ 𝑝 − 1 (Remark A.37). One deduces that the cofibre of
sk𝑝−1 (𝒬(𝑝−1) ) ⟶ 𝒫⩽𝑝 is given in arity 𝑝 by the arity 𝑝 part of 𝒫⩽1 ◦ℎ𝒫⩽𝑝 𝒫⩽1 . Since

is an equivalence in arity ⩽ 𝑝, it follows that we only have to add arity 𝑝 generators in degrees
⩽ 𝑛(𝑝) + 1 (together with generators of higher arity). This makes sure that we can arrange for
condition (d).
For the remaining generators that we have to add, note that 𝒫⩽𝑝 satisfies the equivalent conditions of Proposition A.35, since it is zero in arities ⩾ 𝑝 + 1. This implies that it suffices to add
higher arity generators in increasingly negative degrees, so that we can arrange for (c).
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Finally, define 𝒬 to be the limit of the tower. Since the tower becomes stationary in every fixed
arity, it follows that 𝒬 is graded-free. Furthermore, one sees that the arity 𝑝 generators of 𝒬 are
concentrated in degrees ⩽ 𝑛(𝑝) + 1, so they sit in increasingly negative degrees by the assumption
on 𝒫.
□
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