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Abstract

We show that there is an equivalence of co-categories between Lie algebroids and
certain kinds of curved Lie algebras. For this we develop a method to study the oco-
category of curved Lie algebras using the homotopy theory of algebras over a complete
operad.
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1 Introduction

Differential graded (dg) Lie algebras have shown to be of great importance in defor-
mation theory and rational homotopy theory [48, 53]. On the deformation theory side,
this culminated with a theorem of Lurie and Pridham [34, 46] stating an equivalence
(of co-categories) between dg-Lie algebras and pointed formal deformation problems
(also known as formal moduli problems, or FMPs).

On the side of rational homotopy theory, (reduced) dg-Lie algebras are models for
rational 1-connected pointed spaces. In both of these cases, dg-Lie algebras arise from
the same procedure: given a pointed space or pointed formal moduli problem, the loop
space at the basepoint has the structure of group and the corresponding dg-Lie algebra
is the ‘tangent space’ of this group (this perspective on rational homotopy theory is
made more precise in [35]). In particular, the datum of a basepoint plays a crucial role
in the appearance of dg-Lie algebras.

Dg-Lie algebras sit inside the larger category of curved Lie algebras, which are
graded Lie algebras with a “differential” that does not square to zero, but whose square
is controlled by a curvature element: d*=1[0,-].Itisa well-accepted idea that such
curved Lie algebras, or more generally curved L;-algebras, correspond to geometric
objects without a fixed basepoint. Indeed, let us point out that in the seminal paper
[29] Kontsevich considers formal graded pointed Q-manifolds, which are equivalent
to Lo-algebras; the unpointed version is known to correspond to curved L.-algebras.
Based on this idea, there have been attempts to approach unbased rational homotopy
theory by using curved dg-Lie algebras [9, 39, 40].

A similar philosophy has been used on the deformation theory side, where people
encountered the need for a version of deformation theory under or over a given space
[8]. For instance, Costello [ 10] uses curved Lie algebras, or rather curved Lo.-algebras,
as models for certain formal derived (differentiable) stacks that appear in field theo-
ries, which he calls Loo-spaces. These formal derived stacks can be seen as formal
thickenings of a given manifold X, and the corresponding curved L;-algebras live
over the de Rham algebra 2*(X). In the setting of Costello’s formal derived geometry,
Grady and Gwilliam [22] have shown that every Lie algebroid over a manifold X can
be viewed as an Lo-space. Recall that Lie algebroids are to Lie groupoids what Lie
algebras are to Lie groups. It is therefore not so surprising to see them appearing in
the context of “unbased” deformation theory.

In the context of derived algebraic geometry, the Loo-spaces of Costello roughly
correspond to the so-called perfect families of affine formal derived stacks over XgR, as
defined and studied in [11]. Indeed, these are formal thickenings of X sitting between
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X itself and its de Rham stack as
X — Y — X .

From the perspective of Xg4r, one can view Y as a formal thickening that does not
quite come equipped with a basepoint (i.e. a section of the second map). One therefore
expects Y to give rise to a curved Loo-algebra over Q*(X), i.e. to an Lo-space.

From the point of view of X, one can view Y as the quotient of X by the formal
groupoid X xy X = X. Consequently, Y should give rise to a Lie algebroid on X
(see e.g. [6, 23, 56]). In the algebraic context, the third author proved [42] that dg-Lie
algebroids are indeed equivalent to formal moduli problems under X = Spec(A) (see
also [8]), for A a connective commutative differential graded algebra (cdga). Together
with previous works on formal derived geometry [11, 23], this suggests that dg-Lie
algebroids over X do not just give rise to curved Lie algebras over Xgr, but that their
oo-categories should be very closely related. Indeed, the main objective of this paper
is to show that there is an equivalence (of co-categories) between dg-Lie algebroids
over A and certain curved Lie algebras over the complete filtered de Rham algebra of
A:

Theorem A (See Theorem 6.1) Let k be a field of characteristic zero and suppose that
A is a smooth algebra or a cofibrant cdga over k, locally of finite presentation. Then
there is an equivalence of co-categories

curv: Lie algebroids(A/k) — Curved Lie algebrasg. (A’

between Lie algebroids over A and curved Lie algebras over the de Rham algebra
ﬁ*(A)dR equipped with the Hodge filtration, satisfying a normalizing assumption.
This equivalence sends a Lie algebroid p: L — T4 to curv(L) = ker(p) ®4 Q*(A)
without differential, see Section 7.1.

This result relies on having a well-behaved homotopy theory for Lie algebroids and
curved Lie algebras. The co-category of Lie algebroids can be described efficiently in
terms of model categories, but for curved Lie algebras this issue is more subtle.

Indeed, even though curved algebraic structures have already appeared in many
areas (matrix factorisations [15], deformation quantisation [7], Floer theory [18,
20], ...), their homotopy theory is still a subject of ongoing study. In particular, curved
Lie algebras have no underlying cochain complexes and hence do not admit an obvious
homotopy theory in terms of quasi-isomorphisms. To make sense of Theorem A, the
first question that needs to be answered is therefore: “what is a good homotopy theory
for curved Lie algebras?”.

Various approaches to the homotopy theory of curved objects have been presented
in the literature, each suiting different purposes [1, 4, 17,27, 44]. A secondary purpose
of this paper is to develop a homotopy theory for curved algebras (including homotopy
transfer theorem) which is suitable for the study of derived deformation theory and
in particular for Theorem A. The basic idea will be to endow objects with a complete
filtration and control their homotopy theory by the associated graded.
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The curved Lie algebras appearing in Theorem A will then come with a complete
filtration. Geometrically, this means that they correspond to formal stacks sitting in
between X and its Hodge stack XHodge; the latter is a stack over Al /Gy, controlling the
Hodge filtration on de Rham cohomology, whose special fibre is the shifted tangent
bundle T[1]X. This geometric picture is substantiated by Theorems D and E below.

We point out that Theorem A does not apply to the situations usually considered
in differential geometry: the algebra of functions on a smooth manifold C*°(M) is
not in the conditions of Theorem 6.1 and the notion of Lie and L.-algebroids varies
slightly, as Lie algebroids are typically required to arise from vector bundles [38,
45]. Nevertheless the same methods can be adapted to prove a differential-geometric
version of the main theorem:

Theorem B (See Theorem 7.11) Let M be a differentiable manifold. The curv con-
struction establishes an equivalence of co-categories

curv: Lie algebroids(M) — Vector bundle curved Lie algebrasg: (s,

between (differential-geometric) Loo-algebroids over M and those curved Loo-
algebras g over the de Rham complex Q*(M) of M that are of the form g ~
Q*(M) Q@coomy E, with E a bounded above graded vector bundle on M.

Outline and main results

The first goal of this paper is to formalise and study the homotopy theory of curved Lie
algebras. Contrary to dg-Lie algebras, curved Lie algebras and curved L,-algebras do
not directly form a model category. This can be explained by the fact that curved Lie
(or curved Lo-)algebras do not arise as algebras in cochain complexes over a ‘curved
Lie’ operad. In fact, curved Lie algebras do not have underlying cochain complexes,
but instead have a pre-differential that does not square to zero.

Nevertheless, some part of the theory of curved Lie algebras works as if such an
operad of curved Lie algebras existed. This typically requires curved Lie algebras to
be equipped with a complete filtration such that the pre-differential squares to zero on
the associated graded, for example to make sense of co-morphisms. Most curved Lie
algebras “appearing in nature” have such a filtration.

Our approach to the homotopy theory of curved L,-algebras is then the following:
we will show that it admits a good approximation in terms of model categories, based
on a notion of mixed-curved L~o-algebras. These differ from ordinary curved Loo-
algebras in the sense that their pre-differential comes with a splitting as d + £ where
d squares strictly to zero and £ is filtration increasing.

> The approach carried out in Section 2 aims to formalize the foundations behind
mixed-curved algebras, which consists in studying operads and their algebras in com-
plete filtered complexes, i.e. cochain complexes equipped with a decreasing complete
filtration. This allows us to include the curvature, as well as the non-square-zero part
of the differential as algebraic structure encoded by an operadic object.
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We show that familiar properties of the classical operadic calculus [37] carry over
to the complete filtered setting. In particular, given a complete filtered operad P, the
P-algebras form a model category whose weak equivalences are maps inducing quasi-
isomorphisms at the level of the associated graded (Theorem 2.19). Its associated
oo-category is equivalent to the one of P,-algebras and co-morphisms.

We point out that there is an alternative operadic approach to curved objects by
Bellier-Milles and Drummond-Cole [4] who also consider filtered objects. In their
framework, the operads themselves have a curvature and a pre-differential not squaring
to zero. The comparison between their approach and ours is not immediate.

> In Section 3, we apply this machinery to the study of curved Lie algebras.
The category of mixed-curved L;-algebras can be defined as algebras over a certain
complete filtered ‘curved L, -operad and hence carries a natural model structure.

On the other hand, we are interested in the (simplicial) co-category cLie of curved
Lie (or equivalently, curved Loo-) algebras, as defined in Definition 3.19. The oco-
category cLie™* of mixed-curved Loo-algebras is not quite equivalent to cLie, but it
can be fruitfully used to study the co-category of curved Loo-algebras, thanks to the
following result:

Theorem C (See Section 3.2.1 and Corollary 3.25) The co-category cLie of curved Lie
algebras is given by a pullback of co-categories, each of which arises from a model
category
s~ + Mix ar
cLie >~ cLie X Mo dzpl Mod; .
Here Modzpl denotes the oco-category of complete complexes and Modfr denotes the
oo-category of graded complexes. Consequently, cLie is a presentable co-category.

The results above extend naturally if we replace the ground field k¥ by a cdga
A. However, the curved Lie algebras appearing in Theorem A do not quite fit into
this framework, because their pre-differential is required to interact with the de Rham
differential on * (A). In other words, it becomes important to view Qr (A) asagraded
mixed cdga (with weight-grading given by the form degree, as in [11]), and to consider
curved Lie algebras that interact with the graded mixed structure.

> The goal of Section 4 is then to carry out a similar analysis as before, but for
curved algebras in modules over a graded mixed cdga B. The main insight, spelled
out in Lemma 4.7, is that mixed-curved L -algebras over such B are also governed
by a complete filtered B-operad clies, p, constructed as a distributive law cLies p =
B o cliey.

While cliey, p is not obtainable as a cobar construction (it is not even augmented),
the upshot of Section 4 is that we still have (somewhat ad hoc) bar-cobar resolutions,
oo-morphisms and crucially, a version of the Homotopy Transfer Theorem 4.12. This
opens the way to a generalisation of Theorem C (Theorem 4.24), which allows us to
study classical curved Lie algebras over B via a pullback of co-categories:

. ~ + Mix er
cLiep >~ cLiep X Mo dg:l ModGr( B)
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> Starting from Section 5, our goal is to study the homotopy theory of Lie algebroids
over a cdga A. Notice that Lie algebroids over a fixed base are not algebras over an
operad, so that the usual methods of constructing a model structure on them do not
quite work. In [41], the third author showed that Lie (or equivalently L) algebroids
carry a semi-model structure for which the weak equivalences are quasi-isomorphisms.

In fact, we can go further than [41] and study Lie algebroids which are themselves
curved. Such type of objects have been considered for instance in [2]. Similar to the
previous sections, the oo-category cLie(A/k) of curved L;-algebroids over A can be
conveniently studied using a mixed variant of curved Lo-algebroids, which can be
organized into a (semi) model category. Most results of Section 5 are extensions of the
results of the previous section to Lie algebroids, and can be summarized as follows.

(1) The category of mixed-curved L,-algebroids over A carries a semi-model struc-
ture whose weak equivalences are A-module maps inducing quasi-isomorphisms
on the associated graded (Theorem 5.12).

(2) The association (d, £1) — d + ¢; induces an equivalence cLie(A /k)gr—mix ~
cLie(A/k) from the oco-category of graded mixed-curved Lie algebroids to the
oo-category of curved Lie algebroids (Proposition 5.21).

Finally, we also give a description of curved L;-algebroids using uncurved objects
(which is already interesting for curved Loo-algebras over the base field k):

Theorem D (See Theorem 5.24) There is an equivalence of o0o-categories
cLie(A/k) >~ Lie(A/k)® /R(Ts)

between curved Lso-algebroids and graded uncurved Lo,-algebroids over a certain
graded Lie algebroid R(T4), whose Chevalley—Eilenberg complex is the Rees algebra
of the de Rham complex of A.

> In Section 6 we prove the main theorems. In fact, we deduce them from a more
general result characterizing the category of all curved L,-algebroids over complete
filtered algebras of the form C*(t), where t — T4 is a complete L,-algebroid over
A and C*(t) denotes its Chevalley—Eilenberg complex (with the Hodge filtration).

TheoremE (See Theorem 6.3) Let A be a non-positively graded cdga and let t be
a complete Lo-algebroid over A such that FO¢) = 0 and each Fi(t) is finitely
generated quasi-projective as an A-module. Then there is a functor of co-categories

oid: cLiecxy — cLie(A/k)/t

which restricts to an equivalence between curved Lie algebras and curved Lie alge-
broids with bounded below weight.

Taking t = T4 the terminal Lie algebroid on A and restricting to uncurved Lo
algebroids, we recover precisely the statement of our main Theorem A.

In light of Theorem D and the relation between Lie algebroids and formal stacks, this
suggests a more geometric interpretation of the co-category of all curved Loo-algebras
over Q2*(A)gr in terms of formal stacks over the Hodge stack.
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> Finally, in Section 7, we provide some additional applications of our framework.
First, we establish explicit formulas for the functor curv in the case of Lie algebroids
with surjective anchor, and less explicit formulas when the anchor is not surjective.
Secondly, we prove a differential-geometric version of our main result, relating L -
algebroids over a smooth manifold M to curved Loo-algebras over the classical de
Rham complex Q*(M). Lastly, we show that this framework produces non-trivial
results even when restricted to uncurved Lyo-algebras: by expressing the Maurer—
Cartan space as a space of curved maps 0 ~~ g, we recover and extend results due to
Dolgushev and Rogers [52] regarding the homotopy exactness of the Maurer—Cartan
functor.

Notations and conventions

Throughout, differentials have degree 1 and filtrations are decreasing. In the body of
the text, in the absence of additional adjectives, all objects are assumed differential
graded (dg) by defaulti.e., they live over the category of cochain complexes over a field
k of characteristic zero. Objects without differential (but with homological grading)
will be called non-differential. So for instance:

o when we refer to a Lie algebra, this is synonymous to a dgla;

o anon-differential k-module is nothing but a cohomologically graded k-vector space;

¢ a classical curved Lie algebra will be described as a non-differential Lie algebra
with a degree 41 endomorphism and a degree 2 curvature element satisfying some
properties.

By default our operads are unital. The equivalence from unital augmented operads
to non-unital operads sending an operad to the kernel of the augmentation map is
denoted by P +— P. On the other hand, cooperads are by default assumed to be non-
counital. Given a cooperad C, we denote the corresponding counital coaugmented
cooperad by C4 = € @ I, see Convention 2.14. All other operadic terminology and
conventions are in line with [37].

In line with the unitality assumptions, Sym denotes the free unital commutative
algebra,ie. SymV =k VOV RVP....

Everywhere in the paper, A will denote a cdga over k (over which Lie algebroids
live), while B will be a graded mixed cdga, whose main example is the de Rham
algebra B = (Q*(A), dar) equipped with the Hodge filtration.

The notation Hom, whenever applied to filtered objects denotes the internal Hom
and is a filtered object itself. We reserve the notation Map to mean a mapping space
between two objects in an co-category, which is in particular always a simplicial set.

Following [25], let [ A®] denote the simplicial commutative algebra of polynomial
forms on the simplices, given by

QIA" =klty, ..., ty,dry, ..., dty]/(to+ -+, — 1, dig+--- +dt,). (1.1)
Finally, we use a roman typestyle for ordinary categories and a bold font for co-

categories, while we reserve a sans serif typestyle for named (co)operads. For instance,
Lie will denote the Lie operad, while Alg,;. will denote the model category of Lie
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algebras and Alg ;. =~ Alg, ;e the corresponding oo-category. We will not distinguish
between a simplicially enriched category and the corresponding co-category.

2 Complete filtered operadic homotopy theory

The goal of this section is to introduce a basic homotopical framework that can be used
to study curved Lie algebras. We will do this by studying operads and their algebras
in the complete filtered setting: we show that given a filtered operad P, P-algebras
form a model category and satisfy a form of the Homotopy Transfer Theorem in such
a way that the associated co-category is equivalent to the one of P-algebras and co-
morphisms. We will use this in Section 3 to describe the homotopy theory of curved
Lie algebras.

2.1 Recollections on filtered complexes

Given a field k of characteristic zero, a filtered complex is a Z-indexed sequence of
cochain complexes of k-vector spaces and inclusions between them

e Fly 5 POy « 5 Fly |

We will typically denote a filtered complex by V and write F ~>°V = colim;,—, _o, F"V
for its underlying complex. Each F"V can be then be thought of as a subcomplex of
F~®V. Afiltered complex V is said to be nonnegatively filtered if FOV = V. Givena
filtered complex, one can shift its filtration weight by p to get another filtered complex

V{p)
FiV (p) = FPTiy.

We will denote by Modzlt the category of filtered complexes, with maps between them
given by maps of cochain complexes preserving filtration weights.
A filtered complex is complete if the filtration is complete and Hausdorff, i.e. if

the map F~°V — lim F~°°V /F"V is an isomorphism. We refer to such objects as
<~n

complete complexes, dropping the adjective “filtered” for simplicity. The inclusion of
the complete complexes into all filtered complexes admits a left adjoint

O): Mod}jlt Model )

sending a filtered complex to its completion. In particular, the category of complete
complexes admits all colimits, which are computed in the category of filtered com-
plexes and then completed. For example, infinite coproducts of complete complexes
are given by completed direct sums.

A (weight-)graded complex is simply a Z-indexed family of complexes {V{p)} pez.
There are functors between complete complexes and graded complexes

Mod¥" % Mod® -5 Mod?".
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The functor Tot sends a graded complex to its total complex, i.e. to

—

= q =
Tot(V) : @pwp), F9Tot(V) n]:_[q Vin).
The second functor takes the associated graded Gr” (V) = FPV / FPtly . Note
that for any filtered complex V, the map to its completion V. — V induces an
isomorphism on the associated graded.

Definition 2.1 A map of (complete) filtered complexes V. —> W is called a surjection
if it is a surjection is every filtration weight. It is called an admissible monomorphism
if each FPV — FPW is a monomorphism and furthermore, each map

FPV @pprry FPH'W — FPW

is a monomorphism.

Remark 2.2 Let us say that0 — V — W — Z — 0 is a short exact sequence
of complete complexes if it is short exact in each filtration weight. A map is an
admissible monomorphism (resp. a surjection) precisely if it is the first (resp. second)
map in such a short exact sequence. With this notion of short exact sequence, the
category of complete complexes becomes an exact category in the sense of Quillen
[49].

Remark 2.3 Note that, even though we are working over a field, not every inclusion is
admissible, i.e. fits into a short exact sequence: for example, take k —> k’ where the
codomain is just k, in filtration weight 1 instead of 0.

Remark 2.4 Supposethat p: W — Z isasurjection of complete complexes. Without
differentials, p admits a section: indeed, without differentials we can simply choose a
basis for Z. Each basis vector has a certain (maximal) filtration weight, and choosing
inverse images with the same weight provides a filtration-preserving section.

Lemma 2.5 The functor Gr: Mod;P RN Modfr preserves (infinite) direct sums and
products, filtered colimits and is exact (for the exact structure as in Remark 2.2).
In particular, it preserves pushouts along admissible monomorphisms and pullbacks
along maps that are surjective in each filtration weight.

Proof The first part is readily verified and the second part is true for any functor
between Quillen exact categories preserving exact sequences. O

The category of filtered complexes is a closed symmetric monoidal category via the
tensor product
FF(VeW)= Y F'V®FIW.
pt+q=r

One easily sees that the internal mapping object is the filtered complex given in weight
r by maps that increase filtration weight by (at most) r:

F'Hom(V, W) = {ﬁltration preserving maps V — W(r)}.
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We will also refer Hom(V, W) (with the above filtration) as the filtered mapping
complex.

Remark 2.6 Note that F~*°Hom(V, W) %2 Hom(F~°V, F~*°W) because the for-
mer only contains maps of complexes F~®°V — F~°W that preserve the filtration
up to a shift. Our convention is that if V and W are filtered complexes, Hom(V, W)
will always denote the filtered mapping complex.

Proposition 2.7 The category of complete cochain complexes carries a closed symmet-
. ) PN . ARy 1
ric monoidal structure @ such that the completion functor (—): Modzlt — Mod;P

is symmetric monoidal.

Proof This follows from the fact that for any filtered complex V and any complete
complex W, the filtered mapping complex Hom(V, W) is itself already complete;
indeed, it is a limit

lim lim Hom(F™"V,W/F"W)

m——00 n—>0o0

of complexes with (complete) filtrations vanishing in sufficiently high degrees. O

Example 2.8 1f V is a complete complex, then its symmetric algebra internal to the
category of complete complexes is given by

Sym(v) = Pve".

n>0

Note that this is completed with respect to the filtration on V, but not with respect
to the filtration by symmetric powers. Consequently, the two natural maps of filtered
complexes

Sym(V) = @29 Vi — Sym(V) — [1,z0 Vs

are not isomorphisms in general. However, the second map is an isomorphism when-

ever V. = F!V is concentrated in weights > 1, so that V®" is concentrated in weights
>n.

Remark 2.9 The category of complexes is a full monoidal subcategory of complete
complexes, by endowing a complex V with the trivial filtration F!V = 0 and F'V =
V for r < 0. We tend to tacitly view complexes as complete complexes in this way.
In particular, Modzpl is tensored and enriched over cochain complexes; the complex
of maps V. —> W is simply FO'Hom(V, W).

Remark 2.10 The category of (weight-)graded cochain complexes has a similar closed
symmetric monoidal structure, where

(VeW)r)= € Vip)®W(g) and Hom(V,W)(p) =] [Hom(Vig), W(g + p)).
ptq=r q
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The functors Tot: Mod;' —> Mod;” ! and Gr: Mod;” RN Mod{" are both symmet-
ric monoidal and furthermore preserve internal mapping objects, i.e.

Tot (Hom(V, W)) = Hom(Tot(V), Tot(W)), Gr (Hom(V, W)) = Hom(Gr(V), Gr(W)).

To see the second isomorphism, note that without differential one can decompose
V= @ k{p«)[nq]asacompleted sum of copies of k, in various degrees and filtration
weights. Indeed, to do this one simply has to choose a basis for the associated graded
of V and lift all basis vectors to V itself. The above isomorphism then takes the form

Gr ([T W(=pa)i=nal) = [T (Grw) (= pa)-nal)

which holds because taking the associated graded preserves products.

2.1.1 Operads and cooperads

We can now consider operads over this symmetric monoidal category.

Definition 2.11 (Complete operads) A complete operad P is an (by default unital,
symmetric) operad in the category of complete complexes, i.e. a unital algebra in
symmetric sequences of complete complexes, with respect to the composition product
o. Explicitly, P comes with composition maps

y: (P6P)(n) = @T(k) Bz, P (n) — P(n).
k

where the tensor product of symmetric sequences of complete complexes is given by

M®N(n) = EB Inds" 5 ;M) & N(j).
i+j=n

Given a complete operad P, a complete P-algebrais acomplete complex A equipped
with a map PSA —> A satisfying the usual associativity and unitality conditions.

Remark 2.12 (Filtered operads) In a similar way, one can define (not necessarily
complete) filtered operads and algebras over them, using the category of symmet-
ric sequences of filtered complexes, equipped with the (non-completed) composition
product o. A complete operad is then equivalently a filtered operad whose underlying
symmetric sequence is complete: the structure map PoP — P then extends uniquely
to the completion.

Likewise, if P is a filtered operad, then there is an equivalence between filtered
P-algebras A whose underlying filtered complex is complete, and complete algebras
over the completion P: indeed, the structure map P o A —> A extends uniquely to
the completion PsA —> A.
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Example 2.13 1t will be important (particularly in Section 2.4) that due to Proposition
2.7 we can define the endomorphisms operad of a filtered complex A to be the filtered
operad End4 given by End (n) := Hom(A®", A), such that filtered algebras over P
can be identified with filtered operad maps P —> End4. When A is complete, this is
a complete operad, which is isomorphic to the complete endomorphism operad with
operations A® ... ® A — A.

Convention 2.14 (Augmented and non-unital operads) If P is an augmented operad,
then we write P for the kernel of its augmentation ideal. This becomes a non-unital
operad, in the sense that P comes equipped with partial composition maps satisfying
the usual associativity constraints [37, 5.3.7]. This construction P — P provides an
equivalence between augmented unital operads and non-unital operads; we take the
convention that our operads are unital unless otherwise specified.

Dually, one can consider cooperads in complete complexes. Since we will mostly
be interested in cooperads as the input of the cobar construction (producing operads,
see Section 2.3), we will take the convention that our cooperads are non-counital.
Since we consider cooperads with non-trivial components in arity 0 and 1, we need to
be precise about the version of cooperads we consider:

Definition 2.15 Let us say that a symmetric sequence of complete complexes C is:

e a complete partial cooperad if it comes equipped with (by default non-counital)
Y -equivariant coassociative partial cocompositions A; : C(k) — CRCk —n +
1),i =1, ..., n satisfying the usual associativity conditions [50, Definition 1.26].

o a (by default non-counital) complete cooperad if it is a complete partial cooperad
and the partial cocompositions assemble into a total cocomposition with values in
the completed direct sum (rather than the product)

ACh) — (D, , .. _CmBEEHB.. 8L

In particular, C inherits the structure of a (non-unital) coalgebra for o (by an argument
dual to [37, Proposition 5.3.8]).

e a complete conilpotent cooperad if it is a complete partial cooperad such that for
any ¢ € C and any n > 0, there exists an M such that iterated application of any
M partial cocompositions will live in F”(C®M+1), Note that complete conilpotent
cooperads are in particular complete cooperads.

Likewise, for any complete partial cooperad, a complete conilpotent C-coalgebra is a

complete complex C together with maps C —> C(n) ®y, C®" that satisfy the usual
associativity constraints and furthermore assemble into a single map C —> CoC.

Warning 2.16 Notice that (strict) conilpotency of a cooperad in the usual sense is
the requirement there exists an M such that iterated application of any M partial
cocompositions will vanish. This is stronger than complete conilpotency, which just
requires such cocompositions to go progressively deeper in the filtration.
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Convention 2.17 (Coaugmented and non-counital cooperads) Given a complete par-
tial cooperad C, we denote the corresponding counital coaugmented partial cooperad
by C+ = C & I. This gives an equivalence between complete partial cooperads and
counital coaugmented partial cooperads, which restricts to an equivalence between
complete (conilpotent) cooperads and complete (conilpotent) coaugmented counital
cooperads.

In particular, if € is a complete cooperad (rather than a partial one), there exists
a cofree conilpotent C-coalgebra cogenerated by a complete complex V, given by
CioV.

Let E be a symmetric sequence of complete complexes. The cofree conilpotent
cooperad generated by E is the cooperad denoted by 7 ¢ E constructed in the following
way:

Let Tree(E) be the symmetric sequence underlying the usual (unfiltered) cofree
conilpotent cooperad generated by E. Concretely, Tree(E)(n) is spanned by trees
with n leaves, such that every vertex of arity k (i.e. valence k + 1) is decorated by an
element of E(k)!. The complete filtration on E induces a filtration on Tree(E) which
is not necessarily complete. We denote by 7°E = Tr?e?E) the symmetric sequence
obtained by completing Tree(E). An element of 7 ¢ E can be represented by an infinite
sum of E-labelled trees, such that for each n almost all of these trees are of weight
> n.

Foreachi = 1, ..., n,the partial cocomposition A;: TE(k) — T°En)&®T E (k—
n + 1) is defined on a single tree T € Tree(E) by summing over all possible degraft-
ings along internal edges e of T that would make e the i-th leaf of the bottom tree. It is
clear that these partial cocompositions extend to the completion and are coassociative.

Proposition 2.18 The construction T € above is indeed the right adjoint to the forgetful
functor from conilpotent complete cooperads into symmetric sequences of complete
complexes.

Proof We first need to show that 7°E is indeed conilpotent. Notice that a single E-
labelled tree T with e(T) internal edges will necessarily vanish after applying any
sequence of e(T) + 1 cooperadic cocompositions.

An arbitrary element of 7°E is given by an sum of E-labelled trees Y = T;, such
that for every n there exists some p such that 7; € F"7°E for all i > p. Taking
M to be the maximum of {e(T1) + 1,...,e(Tp—1) + 1}, we see that any iterated
application of M partial cocompositions will live in filtration weight n. Consequently,
the complete cooperad 7 ¢ E is conilpotent in the sense of Definition 2.15.

Next, let C be a conilpotent complete cooperad and C — E a morphism of complete
symmetric sequences. For each (isomorphism class of) rooted tree T, let us write T(CT) E
for the sub-symmetric sequence of 7€ FE of infinite sums of E-labelled trees, all of
whose underlying trees are isomorphic to 7.

We will recursively construct maps ¢7: € — T(‘T)E . When T has no internal
edges and n leaves, the map C — T(CT)E = FE(n) is simply the n-ary component of

I Such trees are subject to some symmetry relations. If £ has no elements of arity 0, then E-labelled rooted
shuffle trees would form a basis of Tree(E)(n).

@ Springer



63  Page 14 of 90 D.Calaque et al.

the original map € — E. When T has an internal edge, so that T = S} o; S» can be
written as the grafting of a tree S at the i-th leaf of a tree S, we define

A; N (23} ®(/)SZ

. C&C graft;

r Tis) EQT(spy B —— T\ E-

(pTZe

The last map acts by grafting (infinite sums of) E-labelled trees of shape S> on the
i-vertex of E-labelled trees of shape S». The coassociativity of the cooperadic cocom-
position on € implies that ¢7 (c) does not depend on the choice of internal edge along
which we graft, i.e. on the decomposition T = S; o; 7.

This yields a map ¢: C — [, T(‘})E . The conilpotence of C guarantees that
the image of ¢ lands in 7°E C []; T(‘})E . The compatibility with the cooperadic
structure is evident by construction, which completes the proof. O

We call the unit of the forgetful-cofree adjunction A: € — T“C, the total cocom-
position and we denote by A’ the component of A landing in (infinite sums of) trees
with exactly i internal edges.

2.2 Model structures on filtered complexes and algebras

In this section we show that the category of complete complexes can be endowed with
a model structure whose weak equivalences are maps inducing a quasi-isomorphism
at the level of the associated graded. Furthermore, this model structure transfers to a
model structure on algebras over operads:

Theorem 2.19 Let P be a complete operad. The category of complete algebras over
P admits a cofibrantly generated model category structure such that:

o Weak equivalences are maps inducing quasi-isomorphisms on the associated
graded.
o Fibrations are maps that induce surjections in each filtration weight p.

In particular every P-algebra is fibrant.

In particular, taking P to be the trivial operad gives a model structure on complete
complexes.

Proof The category of (not necessarily complete) filtered complexes admits a cofi-
brantly generated model structure in which weak equivalences (resp. fibrations) are
graded quasi-isomorphisms (resp. surjections in each filtration weight): this is the
special case of [14, Theorem 3.14] where r = 0. Now consider the adjoint pair

Free: Modfit Alg;f1 : forget

between complete P-algebras and (not necessarily complete) filtered complexes. To
check that the model structure transfers along this adjunction, it suffices to provide a
functorial path object in complete P-algebras. This is just the classical argument from
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Hinich [25]: if A is a complete P-algebra, then A ® Q[A'] is a complete P-algebra as
well, where Q[A'] = k[¢, dt] is considered as a commutative algebra with the trivial
filtration. This factors the diagonal as

A— ARQ[A'] — A x A.

Since the associated graded functor from complete complexes to graded complexes is
symmetric monoidal, one finds a factorisation of graded algebras Gr(A) — Gr(A)®
Q[A'] — Gr(A) x Gr(A), where Q[A'] is in weight 0. This is clearly a weak
equivalence, followed by a surjection. O

Lemma2.20 Let f: V —> W be a map of complete complexes.

(1) f induces a quasi-isomorphism on the associated graded if and only if it induces
a quasi-isomorphism in each filtration weight.

(2) finduces a surjection on the associated graded if and only if it induces a surjection
in each filtration weight.

Proof In both cases, the ‘if” part is immediate. For (1), let C denote the mapping
cone of f. Since taking the associated graded commutes with taking mapping cones,
the associated graded of C is acyclic. In particular, the sequence ... — FPC —
FP=1C < ... consists of acyclic cofibrations, so that each inclusion FPC — C
into the colimit is an acyclic cofibration. Consequently, each C / FPC is acyclic, so
the completion C = holim C / FP(C is acyclic as well. This implies that each F?C is
acyclic, so that f is a quasi-isomorphism in each degree.

For (2), by induction on g > 1 using the snake lemma, one sees that f fits into short
exact sequences 0 — K9 —» FPV/FPYYV —s FPW/FPT4W — 0 such that the
natural map K9t! — K4 is surjective. Taking the limit ¢ — oo and using that F”V
and FPW are complete, one then obtains an exact sequence F’V — F’W —

lim ' K9 = 0. This implies that f is surjective in each filtration weight. O
~q

Lemma 2.21 A map of complete complexes (over a field k) V. —> W is a cofibration
if and only if it is an admissible monomorphism (Definition 2.1).

Proof Suppose that V. — W is a cofibration and let V[0, 1] denote the mapping
cone of V. Using the lifting property against the trivial fibration V[0, 1] — 0, one
sees that without differential, V. — W is given by a summand inclusion W = V @
W /V. Note that by Remark 2.4, such summand inclusions are exactly the admissible
monomorphisms.

Conversely, suppose that V. —> W is an admissible monomorphism, i.e. a sum-
mand inclusion without the differential. Let p: ¥ — X be an acyclic fibration of
complete complexes, with fibre Z. We then have a short exact sequence of filtered
mapping complexes

0 — Hom(W/V,Z) — Hom(W,Y) — Hom(V,Y) XHom(v,x) Hom(W, X) — 0

and we have to check that the right map is a trivial fibration (in filtration weight 0).
Using Lemma 2.20, it suffices to verify that the associated graded of Hom(W /V, Z) is
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acyclic. By Remark 2.10, it suffices to verify that Hom(Gr(W/V), Gr(2)) is acyclic,
which is immediate because Z was graded-acyclic. O

Remark 2.22 Consider the category Fun(Z, Mody) of sequences of cochain complexes
...— F'V — FOV — .| equipped with the projective model structure. One
can verify that an object is cofibrant in this model structure if and only if it is a
filtered complex. The obvious fully faithful inclusion Modzpl — Fun(Z, Mody) is a
right Quillen functor, which furthermore preserves cofibrant objects. In particular, it
induces a fully faithful functor of co-categories. The essential image can be seen to
consist of those sequences of complexes such that holim;_, o, F'V =~ 0. Consequently,
Modzpl is a model for the co-category of (derived) complete complexes.

Corollary 2.23 The model structure on complete cochain complexes is monoidal model
with respect to the completed tensor product of Proposition 2.7. Furthermore, the
functor V®(—) preserves graded quasi-isomorphisms for any object V.

Proof 1Tt suffices to verify the pushout-productaxiom. Let V] —> Wy and Vo, — W,
be two cofibrations. Using Lemma 2.2 1, their pushout-productis a summand inclusion
without differential, hence a cofibration, whose cokernel is just Wi /V] ® W2 /V,. In
particular, if one of the two maps is furthermore a graded quasi-isomorphism, then
this cokernel is graded acyclic. O

Remark 2.24 As a consequence of Corollary 2.23, one finds that for any complete
dg-algebra B, the model category of complete B-modules is tensored over complete
complexes (via the tensor product ®; ). In particular, for any two complete B-modules
M, N, there is complete mapping complex Hompg (M, N), given in filtration weight
p by the maps of B-modules increasing filtration weight by (at most) p.

In fact, Lemma 2.21 has an analogue for complete modules over a complete dg-algebra
B. To this end, let us recall the following terminology:

Definition 2.25 Let B be a complete dg-algebra over k. A complete B-module M
is called quasi-projective if without differential, it is the retract of a free complete
B-module B&®; V.

Since taking the associated graded is symmetric monoidal (Remark 2.10), every com-
plete B-module has an underlying weight-graded module over the weight-graded
dg-algebra Gr(B). The category of such weight-graded modules admits a model struc-
ture, whose weak equivalences (fibrations) are quasi-isomorphisms (surjections) of
complexes in each weight. Using this we have the following characterisation of cofi-
brations of complete B-modules in terms of their associated graded:

Proposition 2.26 Let B be a complete dg-algebraand f : M —> N amap of complete
B-modules. Then f is a cofibration if and only if it is an admissible monomorphism
with quasi-projective cokernel N / M, such that Gr(N / M) is a cofibrant module over
Gr(B).

Proof Let us first prove that all cofibrations indeed have the listed properties. By
the small object argument, f: M — N is a retract of a transfinite composition
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of pushouts of maps of the form B&,V —> B®; W, where V. — W is an
admissible monomorphism of filtered complexes. Such maps are themselves admis-
sible monomorphisms, with quasi-projective cokernel. Furthermore, Lemma 2.5 and
Remark 2.10 imply that taking the associated graded sends this to the retract of a
transfinite composition of pushouts of maps Gr(B) ® Gr(V) — Gr(B) ® Gr(W);
such a map is a cofibration of weight-graded modules over Gr(B). It follows that the
cokernel Gr(N/M) = Gr(N)/ Gr(M) is a cofibrant module over Gr(B).
Conversely, suppose that f has the listed properties and let p: ¥ — X be an
acyclic fibration of complete B-modules, with kernel B. Since the cokernel of f is
quasi-projective, there exists a splitting N = M & N / M without differentials. This
implies that there is a short exact sequence of B-linear filtered mapping complexes

0 — Hompg(N/M, Z) — Homp(N,Y) —> Hompg (M, Y) XHomym,x) Homp(N, X) —> 0.

We have to check that the right map is a trivial fibration in filtration weight 0. By
Lemma 2.20, it suffices to verify that the associated graded of Homg(N/M, Z) is
acyclic. An argument very similar to Remark 2.10, using that N /M is quasi-projective
to write it as a retract of a completed sum of shifted copies of B, shows that there is
an isomorphism

Gr (Homg(N/M. Z) ) = Homar(s)(Gr(N/M), Gr(2)).

Since Gr(Z) is acyclic and Gr(N /M) is a cofibrant module over Gr(B) by assumption,
we conclude that Homp (N /M, Z) is indeed graded acyclic. O

For later, let us point out that the criterion from Proposition 2.26 can often be simplified,
because quasi-projectivity can often be checked at the level of the associated graded:

Lemma 2.27 Let B be a complete non-differential algebra together with an isomor-
phism B = Tot(Gr(B)) of complete non-differential algebras. Then a complete
non-differential B-module M is projective, i.e., a retract of B®y V, if and only if

Gr(M) is a projective weight-graded Gr(B)-module.

Proof 1f M is projective, then Gr(M) is clearly projective as well. Conversely, suppose
that Gr(M) — Gr(B)®;V — Gr(M) istheretract of a free weight-graded B-module,
with generators x,. For each x,, of weight i, choose a lift of its image in Gr’ (M) to
F!M. This determines a diagram of complete B-modules

B ®TouGr(B)) Tot(Gr(M)) — B ®torcr(p) V — M.

The total map is an isomorphism, since the induced map on the associated graded is
isomorphic to the identity Gr(M) — Gr(B) ®; V — Gr(M). We conclude that M is
projective. O
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2.3 Bar, cobar, and twisting morphisms

In this section we will see that the classical bar and cobar constructions between
operads and conilpotent cooperads, as well as the twisting morphism yoga generalise
in a fairly straightforward way to the complete setting. A closely related discussion
appears in [17, Chapter 2]. Recall from 2.14 that cooperads are not assumed to be
counital.

Proposition/definition 2.28 Let P be a complete augmented operad and C be a com-
plete cooperad.

(1) The convolution Lie algebra of C and P is the complete Lie algebra

g = [ [Hom(€(n), P(n))

n>0

with filtration induced by the internal Hom. The bracket is induced from the pre-
Lie product fxg = y(ff) o(f®g)o AS), where the indices (1) indicate infinitesimal
(co)composition.

(2) A twisting morphism ¢: C — P is a Maurer—Cartan element of the Lie algebra
g (in particular, it takes values in P). The set of twisting morphisms is denoted
Tw(C, P) = {f € Fog1 |3 f + ,[f, f1=0}.

Proof 1t is easy to see that the filtrations are preserved by the Lie bracket and g is
complete since the direct product preserves completeness. See [37, Section 6.4] for a
treatment of twisting morphisms in the unfiltered case. O

Let E be a complete symmetric sequence. Recall from Proposition 2.18 the con-
struction of the cofree complete conilpotent cooperad 7(E), which is the completion
of the vector space spanned by trees labelled by elements of E and composition is
given by ungrafting trees.

Similarly, one considers the free operad generated by E, denoted 7 (E), which as
a symmetric sequence differs only from 7¢(E) by the unit in arity 1 and composition
is given by grafting trees.

Proposition/definition 2.29 The bar construction of a complete operad P is the com-
plete (non-unital) conilpotent cooperad

Bar P = (7°(P[1]), dp + dy{;l))

with the filtration induced by the cofree conilpotent cooperad functor and differential
arising from the differential on P and the bar differential, contracting edges of trees.
Similarly, the cobar construction of a complete cooperad C is the complete (unital
augmented) operad
QC = (7T(C[-1]),de + dAg>).

These functors form an adjoint pair 2: Coop®™™! = Ope: Bar between complete
augmented operads and complete conilpotent cooperads. Furthermore the counit of

the adjunction  Bar = idopwe is a weak equivalence.
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Proof The proof of the adjunction follows from showing that there are natural
bijections Homgpue (€, P) = Tw(C,P) = Homcoopconil (€, Bar P), which is a
straightforward adaptation from the unfiltered case [37, Theorem 6.5.10] (in fact,
the left bijection also exists when C is not conilpotent).

For the second part, notice that the functor associated graded commutes with the bar
and cobar constructions, since it preserves tensor products. Ignoring degrees, elements
of Q Bar(Gr(P)) can be seen as trees whose vertices are themselves (“inner”) trees
whose vertices are labelled by the associated graded of P. Taking a second filtration
by the number of inner edges (that is, the bar filtration) we recover at the level of the
associated graded only the piece of the differential corresponding to the one from P and
a second one making an inner edge into an outer edge. One checks that the associated
graded retracts into P by constructing a homotopy that makes an outer edge into an
inner edge (compare with the proof of [37, Lemma 6.5.9] in the unfiltered case).

O

Notice that, in addition to the complete filtration coming from €, Q2C admits another
(decreasing) filtration given by the number of vertices in 7 C. This filtration will be
referred to as the cobar filtration. Dually, the number of vertices in 7P induces an
exhausting increasing filtration on Bar P that will be called the bar filtration. Taking
the associated spectral sequence one can show that Bar preserves weak equivalences
of complete operads.

Definition 2.30 A twisting morphism € — P is said to be Koszul if the induced map
QC — P is a weak equivalence of complete operads.

In particular, the projection Bar P — P is a Koszul twisting morphism by Propo-
sition/definition 2.29. Recall that a twisting morphism € — P gives rise to a bar and
cobar construction at the level of (co)algebras:

Proposition/definition 2.31 Let ¢: C — P be a Koszul twisting morphism between
complete (co)operads. The bar construction of a P-algebra A, denoted Bary A and the
cobar construction of a conilpotent C-coalgebra C, denoted Q4 C, are the quasi-free
(co)algebras

Barg A = (C48A,d4 + dyp) QyC = (P3C,dc + d?).

See Convention 2.14 about free algebras and our convention concerning unitality. The
differentials are induced by those on A and C, together with the (co)bar differentials
as in [37, Section 11.2]. An co-morphism between two P-algebras , denoted by a
wiggly arrow ~, is by definition a morphism of C-coalgebras

between the respective bar

constructions.

These (co)bar constructions define an adjoint pair Qg : Coalge = Algp: Bary,
and the counit of the adjunction Qg Bary A — A is a weak equivalence if C is a
complete conilpotent cooperad.

Proof The functors are adjoint by the same argument as [37, Proposition 11.3.1] . For
Qp Bary A — A being a weak equivalence, we argue as in the unfiltered case [37,
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Theorem 11.3.3] , but unlike there we require a proof that does not used that C and
P are connected weight-graded. Since the functor Gr: M()d]f;llt — M()d%r preserves
colimits and tensor products and detects weak equivalences, it suffices to prove this at
the graded level (so we can forget about filtrations, while the weight-grading will play
no role); in particular, C is now conilpotent in the usual sense (see Warning 2.16).
We start by showing that for the universal Koszul twisting morphism ¢: € — QC,
the map 2, Bar, A — A is a weak equivalence. Ignoring differentials, €2, Bar, A takes
the form Q€ o C4 o A. One can take an increasing filtration on €2, Bar, A given by
the sum of the coradical filtrations on all C; and C[—1] pieces appearing, minus the
number of vertices (i.e. number of € and €[—1]). On the associated graded, the only
non-internal piece of the differential that survives is the counital part that takes an
element p in one of the C pieces, replacesitby p o 1 and “moves” p to the Q2C while
increasing its degree by 1. There is a natural contracting homotopy to this differential
that takes any rightmost ¢ € €[—1] C QC connected only to units 1 € C; and moves
it to the G side. It follows that the only surviving piece correspondstokoko A = A.

Secondly, let us show that the map 2, Bar, A — Q4 Bary A is a weak equivalence.
Ignoring differentials, this corresponds to showing that the map QC — P induces an
equivalence QCo Cyro A = Po C4 o A. This time, one takes a filtration consisting
of the total coradical filtration on the C part (ignoring the Q€ and P pieces). Now,
on the associated graded, we obtain precisely 2Co Cy o A — Po C4+ o A with only
the internal differentials, which is a quasi-isomorphism since ¢ is Koszul.

Finally the result follows from the 2-out-of-3 property since the map 2, Bar, A — A
is precisely the composite €2, Bar, A — Q4 Bary A — A. O

2.4 Homotopy transfer theorem

In this section we prove a version of the Homotopy Transfer Theorem for complete
complexes. The proof of the theorem itself is fairly standard and does not actually make
use of the completeness of the filtered complexes. However, to obtain some classical
consequences such as the construction of higher Massey products on the homology of
an algebra there are some obstructions coming from the underlying category of filtered
vector spaces. As we will see, essentially all obstructions vanish under the assumption
that the filtered complexes involved are complete.

We start by noticing that the usual notion of homotopy equivalence of cochain
complexes extends naturally to the filtered setting.

Definition2.32 A map f: W — V between complete complexes is a filtered
homotopy equivalence if there exists a map of filtered complexes g: V — W and
filtration-preserving homotopies hy : V. — V, hy: W — W of degree —1 such
that

dhy + hyd =idy —fog and dhw+hwd =idwy —go f.

A homotopy retract consists of filtered maps i, p of degree 0 and % of degree 1
p
V=S W Dn
L
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such thatip — idw = [dw, h]. It is called a deformation retract if furthermore pi =
idy.

Lemma2.33 Let p: W — V be an acyclic fibration of complete complexes. Then p
is part of a deformation retract. Furthermore, the homotopy h can be chosen to satisfy
the side conditions ph = 0, hi = 0 and h*> = 0. Dually, ifi: V < W is an acyclic
cofibration of complete complexes, then it is part of a similar deformation retract.

Proof We will only prove assertion about p. By Lemma 2.21, every complete complex
is cofibrant. It follows from the model category axioms that p admits a section i, which
decomposes W = V @ C with C weakly contractible. It then suffices to provide a
contracting homotopy 4 on C such that k> = 0. Let j: C —> Cone(C) be the
inclusion of C into its cone. Since C is cofibrant and acyclic, this is a trivial cofibration
between fibrant objects; it therefore admits a retraction. Writing Cone(C) = CHC[1],
this retraction takes the form (id, #): C & C[1] —> C, where h is a contracting
homotopy. One can now define i’ = —hdh and check that 4 is the desired contracting
homotopy satisfying (h')> = 0. |

Proposition 2.34 Let f: W —> V be a weak equivalence of complete filtered com-
plexes. Then f is a filtered homotopy equivalence.

Proof We can decompose f as W — W & V[0, —1] NN V, where V[0, —1] is
the (contractible) path space of V. The first map is the obvious summand inclusion
(hence a homotopy equivalence) and p is given on W by f, while on V[0, —1] it is
determined uniquely by the fact that on V[0] it is the identity. Note that p is both
surjective in every filtration weight and a filtered quasi-isomorphism (since f was).
Consequently, p is part of a deformation retract by Lemma 2.33, so that the composite
f is a homotopy equivalence as well. O

Theorem 2.35 (Homotopy Transfer Theorem). Let C be a complete conilpotent coop-
erad. Suppose W is a complete Q2C-algebra that homotopy retracts (as a filtered
complex) to a complete complex V, as above. Then there is a transferred Q2C-algebra
structure on 'V such that i extends to an oo-morphism of QC-algebras.

Proof The proofis identical to the one in [37, Section 10.3]. In loc. cit. Loday and Val-
lette consider the case where P is a Koszul operad (and € = P1) for simplicity, but the
proof carries through. Indeed, the transferred structure is constructed by establishing a
universal map Bar Endy — Bar Endy, obtained by composing incoming edges with
i, outgoing edges with p and adding a copy of & to every internal edge. Since we require
our homotopy retract to be made up of filtered maps, the map Bar Endyy — Bar Endy
is compatible with the filtrations. The extension of i to an co-morphism i, involve
similar formulas and is therefore compatible with the filtrations. O

2.4.1 Minimal models
One can use the homotopy transfer theorem to transfer the €2C-algebra structure on

a complete complex to a minimal complete subcomplex; for bounded below filtered
complexes, this has been shown in [13].
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Definition 2.36 A complete complex V is said to be minimal if foralln € Z,dF"V C
F"t1y In other words, if the differential vanishes on the associated graded.

Proposition 2.37 Every complete filtered complex (over a field k) admits a deforma-
tion retract to a minimal complete filtered complex, with side conditions ph = 0,
hi = 0 and h*> = 0. This minimal complete complex is unique up to non-canonical
isomorphism.

Lemma 2.38 Consider a diagram of complete complexes

L L

0O—V —V  —V'—0

in which the bottom row is short exact and the vertical maps are acyclic cofibrations.
Then there exists a complete module M and a dotted extension of the diagram as
indicated, such that the top row is exact and the map M — 'V is an acyclic cofibration
as well.

Proof Note that a map W —> W’ is an acyclic cofibration if and only if it is of the
form W — W & C, where C is acyclic (since it admits a retraction for model-
categorical reasons). Let N = V xy» M”, which fits into a short exact sequence
0>V — N —> M" — 0. The map N —> V is the pullback of an acyclic
cofibration along a fibration, and is hence easily seen to be an acyclic cofibration as
well (using the above observation).

We can write V' = M’ @ C, for some contractible complex. Then the inclusion
C — V'’ < N is a cofibration whose domain is contractible. This implies that
N — N/C is an acyclic fibration and hence a deformation retract by Lemma 2.33.
In particular, the short exact sequence 0 - C — N — N/C — 0 splits and we can
identify C — N with a summand inclusion C € N = C @ M. We therefore obtain
a commuting diagram

M~ N — M

Nk

V — Vv”

where all downwards pointing arrows are acyclic cofibrations. Since the projection
N — M"sent C C V' = M’ & C to zero, we see that the map M — M" is
surjective in each filtration weight, with kernel given precisely by M’. We therefore
obtain the desired short exact sequence M’ — M — M" mappingto V' — V — V”
by acyclic cofibrations. O

Proof of Proposition 2.37 To see uniqueness, suppose that V and W are weakly equiv-
alent minimal complete complexes. By Proposition 2.34 every weak equivalence of
complete complexes has a homotopy inverse, so we may assume that there exists a
weak equivalence f: V — W, as opposed to a zig-zag of weak equivalences. The
induced map Gr(f): Gr(V) — Gr(W) is a quasi-isomorphism of complexes with
trivial differential, hence an isomorphism. It follows that f is itself an isomorphism.
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We will prove existence of minimal models in two steps, first dealing with the
positive part of the filtration and then with the negative part.

Positive filtration. Assume that V = FOV. We will inductively construct a tower of
acyclic cofibrations M9 = v /F1V (where V/F4V has the induced filtration),
where each M7 is a minimal complete complete and each M9+! — MY is a quotient
map.

For ¢ = 0, one simply sets M = 0. For the inductive step, suppose we have
already constructed i: M9 —> V/FiV. The complex Gr?(V) can then be writ-
ten as F1V/FIt'V = H(F1V/Fi*tV) @ C, where C is an acyclic complex and
H(FV /F9t1V) is the homology. Let us now consider the following diagram, in
which the rows are exact

0 — H(FIV/Fitly) ... » MOt > M7 — 0

~[ - IL

0 —— FIV/FITly —— V/FItlV —5 V/F1V — 0.

By Lemma 2.38, there exists a complete complex M?t! making the top row exact,
together with an acyclic cofibration M77! = v /F4T1V _ Since the top row is short
exact, it induces a short exact sequence on the associated graded (Lemma 2.5). Since
Gr(M4?) is concentrated in weight < ¢ and Gr(H (F4V /F4t1V)) is concentrated in
weight g, we see that the differential on Gr(M ‘“‘1) vanishes, so that M9 is minimal.

Now, taking the limit of the tower of M9 provides a an acyclic cofibration M =
limy M9 — lim, V/F?V = V by the completeness of V. Since Gr(M) —>
Gr(M1?) is an isomorphism in weight < ¢, we see that M is minimal.

Negative filtration. Let us now consider the general case where V need not agree with
FOV . We are going to inductively construct a compatible family of acyclic cofibrations
M — FPV for p <0, where each M) is minimal and M?) — M?~D jsan
isomorphism in filtration weight p.

For FOV, we have constructed an acyclic cofibration M@ —> FOV in our previous

argument. Next, assume we have constructed M (P — FPV.We now apply Lemma
2.38 to the short exact sequence 0 — FPV — FP~ly — FP=1V/FPV — 0 and

the minimal models M?) —> FPV and H(FP~'V/FPV) —> FP=lV /FPV.This
produces an acyclic cofibration M?~1 = FP=1V whose domain fits into a short
exact sequence

0— MP — MPY 5 HFP YV /FPV) — 0.

Passing to the associated graded, one sees that M (?~1) is minimal. Furthermore M (?—1)
agrees with M(P) in filtration weight p because F? (H(FI’_1 V/F?P V)) =0.
Finally, taking the colimit as p — —oo yields an acyclic cofibration M =
colim M) —> V., where M is minimal (since it agrees with the minimal com-
plex M P in filtration weight p). Note that the acyclic cofibration M — V admits
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a retraction, which is then an acyclic fibration. The desired deformation retract with
side conditions then follows from Lemma 2.33. O

Proposition 2.39 Let V be an Q2C-algebra that deformation retracts onto a minimal
complex M satisfying the side conditions ph = 0, hi = 0 and h®> = 0. Then, the map
p extends to an oo-morphism p, between the transferred Q2C-structure on M given
by Theorem 2.35 and V.

Proof The proof is the same as [37, Proposition 10.3.14], adapted to the complete
filtered case. O

Corollary 2.40 Restricting to the subcategory of complete filtered algebras, co-weak
equivalences are co-quasi-invertible.

Proof Given an co-weak equivalence f: V ~» W one constructs an co-quasi-inverse
by taking the composite

1 .
w L vy LS movy s v

where [ f 17! is the inverse oo-morphism as in [37, Theorem 10.4.2]. O

2.4.2 The co-category of algebras

By definition, the co-category of complete algebras over a complete operad P is the
oo-categorical localisation of the category of P-algebras at the filtered weak equiva-
lences. As an application of the Homotopy Transfer Theorem, we will describe this
oo-category more explicitly in terms of co-morphisms.

As should be expected, the bar-cobar construction provides a cofibrant replacement
functor on P-algebras. In fact, we will need a slightly stronger version of this.

Proposition 2.41 Let ¢: C — P be a twisting morphism and A a P-algebra. Then
the natural map of P-algebras P o A — Qg Bary(A) is a cofibration. In particular,
the bar-cobar construction Qg4 Barg (A) is a cofibrant P-algebra.

The standard method for checking cofibrancy of the bar-cobar construction is to endow
it with a filtration, coming from the coradical filtration on the cooperad €. Since we
do not have access to the coradical filtration in the complete setting (Warning 2.16),
we will give a slightly different argument, using the homotopy transfer theorem as
follows:

Lemma 2.42 (oo-sections from homotopy transfer). Let p: B — A be an acyclic
fibration between Q2C-algebras andi: A —> B a linear section. Then i extends to
an 0o-morphism i, such that picoc =1idg: A ~> A.

Proof By (the proof of) Lemma 2.33, p and i are part of a deformation retract with
homotopy # satisfying the side conditions. We can therefore apply the Homotopy
Transfer Theorem 4.12 to obtain another Q2C-algebra structure on A for which i can
be upgraded to an co-morphism.
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Since p was already a (strict) map of 2C-algebras from the start, the formula for
the transferred structure on A in terms of trees with roots labelled by p [37, §10.3.3]
shows that this transferred structure coincides with the original 2C-algebra structure
on A. Furthermore, the formula for i, in terms of trees with roots labelled by & [37,
§10.3.10] shows that pis, = id4. O

Proof of Proposition 2.41 1t suffices to verify this when P = QC and ¢ = ¢ is the
universal twisting morphism. Indeed, P(A) — Q4 Bary(A) is the image of QC o
A — Q, Bar,(A) (where A is viewed as a 2C-algebra) under the left Quillen functor
Poge () Algge —> Algyp.

In the case where P = QC, since trivial fibrations are preserved under pullbacks,
it suffices to verify that for every acyclic fibration of 2C-algebras

QCo A ﬂ B

Q, BarL(A) — Q, Bar,(A)

there exists a dotted section as indicated. Since maps €2, Bar,(A) —> B correspond
bijectively to co-morphisms A ~~ B, this is equivalent to finding an co-morphism
Seo: A ~» B whose linear part agrees with the map s, such that the composition
A ~» B — Q,Bar,(A) agrees with the universal co-morphism v, which is adjoint
to the identity on Bar,(A).

Let us first observe that the linear map A —> €2, Bar,(A) underlying vy is the
inclusion of a summand, induced by the inclusion k —> QC o, C. In particular, it is
a cofibration, so that we can find a linear section i : €2, Bar,(A) —> B extending s.
Lemma 2.42 shows that i can be extended to an co-morphism i, such that piy, = id4.
Now the composite oo = ixoVso provides the desired extension of s.

O

Definition 2.43 Let¢: C —> P be a Koszul twisting morphism. We denote by Alngl
the simplicially enriched category where:

(0) objects are complete P-algebras.
(1) for any two objects Ap and A1, the simplicial set of morphisms between them is
given in simplicial degree n by the set of co-morphisms

Mapy (Ao, A = [Ag ~ A1 ® Q[A"])

where Q2[A"] is the cdga of polynomial differential forms on the n-simplex (1.1).
The composition of maps is given by

®id

Ao -5 A A LES @ aan @ alar) U A, & Qian]

where the last map arises from the multiplication on Q[A"].

Note that Alggg)l depends implicitly on a choice of Koszul twisting morphism.
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Lemma 2.44 For any two objects Ag, A1, the simplicial set Mapp(Ag, A1) of oo-
morphisms is a Kan complex. Furthermore, every strict weak equivalence f: Ay —>
Aj induces a homotopy equivalence fi: Mapp(Ag, A1) —> Mapp(Ag, A2).

Proof One can identifty Mapp(Ag, A1) with the simplicial set of strict maps of P-
algebras Qg Bary(Ag) —> Aj ® Q[A®]. The result then follows formally from
Q4 Bary (Ao) being cofibrant (Proposition 2.41) and A ® Q[A*] being a fibrant sim-
plicial resolution of A [25]. O

Proposition 2.45 Let ¢: C —> P be a Koszul twisting morphism and consider the
Sfunctor from the model category of P-algebras to the simplicial category of P-algebras

J: Alg%?l — Algg?l.

This exhibits Alggfl as the oo-categorical localisation of the category Alggfl at the
filtered quasi-isomorphisms.

Proof By Lemma 2.44, j sends filtered quasi-isomorphisms to homotopy equiva-
lences, so it induces an essentially surjective functor j: Algg’(l2 (we. '] — Algg’é.

This functor is fully faithful because the mapping spaces in Algg’é compute the derived
mapping spaces in the model category of complete €2C-algebras (by the proof of
Lemma 2.44). m]

3 Homotopy theory of curved algebras

In this section, we will use the homotopy theory of complete algebras over complete
operads from Section 2 to study the homotopy theory of curved algebras. We will
mainly concentrate on the case of curved Lie algebras or L,-algebras (Section 3.2)
and only indicate how the theory extends to other types of algebras with a notion of
curvature (Section 3.3). To motivate what will follow, let us give a brief overview of
the main actors appearing in this section, in the setting of curved Lie algebras.

(1) By a curved Lie algebra, we will mean a complete non-differential k-module g,
together with a Lie bracket [—, —], a Lie algebra derivation V of cohomological
degree 1 and a degree 2 element w € F'(g) such that

V(o) =0 and V2(x) + [, x] = 0. 3.1

See for instance [27, Section 3.2.2], and note that this notion also frequently
appears with the different convention Vz(x) = [w, x], e.g. in [40].

(2) We define a mixed-curved Lie algebra to be a complete complex g, together
with a Lie bracket [—, —], a Lie algebra derivation £; of degree 1 and filtration
weight 1 and a degree 2 element w € F!(g) such that Equation 3.1 is satisfied for
V=d+1¢.

(3) A graded mixed-curved Lie algebra is a weight-graded complex g, together with
the structure of a mixed-curved Lie algebra on the total complex Tot(g).
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One can view mixed-curved Lie algebras as curved Lie algebras with a redundancy: we
have chosen a decomposition of the derivation V into a part that squares to zero and a
part that increases the filtration weight. There are two ways to remove this redundancy:

(a) Taking the underlying curved Lie algebra by forgetting the decomposition V =
d+ 1.

(b) Rigidifying further by choosing a splitting of the filtation on g and requiring d to
be of pure weight 0. This yields a graded mixed-curved Lie algebra.

We will show that these two constructions yield functors of oo-categories
cLie®™X _ cLje™* — cLie whose composition is an equivalence (Propo-
sition 3.23). This can be seen as an analogue of the well-known equivalence between
graded mixed complexes and complete filtered complexes, which we recall in Section
3.1.

One can therefore think of the homotopy theory of mixed-curved Lie algebras as
an approximation to the homotopy theory of curved Lie algebras. The main advantage
of this is that mixed-curved Lie algebras are algebras over an operad in complete
complexes; their homotopy theory therefore admits a description in terms of model
categories as in Section 2 (which, in turn, also admits an intrinsic, co-categorical
description). This is not so clear for (non-mixed) curved Lie algebras, because there
is no evident base model category from which to transfer the model structure.

3.1 Complete filtered complexes versus graded mixed complexes

As a warm-up to the rest of this section, let us start by recalling the relation between
complete filtered complexes and graded mixed complexes. By definition, the functor
Gr: Modzpl — Modfr sending a complete complex to its associated graded preserves
and detects weak equivalences. Since it preserves exact sequences and all direct sums
and direct products, the induced functor between (stable) oo-categories preserves
limits and colimits and detects equivalences. It follows formally from this that one
can identify the co-category of complete complexes with algebras in weight-graded
complexes over a certain monad. Such algebras have a well-known description:

Definition 3.2 A graded mixed complex is a weight-graded complex V, equipped with
operations §;: V. —> V for k > 1 of weight k and degree 1, such that

dodi+8od+ Y 88;=0.
i+j=k
We will write Modir_miX for the category of graded mixed complexes and maps
between them that preserve the weights and strictly commute with the operations &k.

Remark 3.3 The above definition of a graded mixed complex is also known as a
(shifted) multicomplex. It differs from the graded mixed complexes appearing in e.g.
[11], where instead the strict notion of graded mixed complex is used; this corre-
sponds to the situation where §y = O for k& > 2. In fact, the inclusion of the category
of strict graded mixed complexes into the one of graded mixed complexes becomes an
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equivalence of co-categories after localizing at the weak equivalences (i.e. weightwise
quasi-isomorphisms). Indeed, both arise as co-categories of weight-graded modules
over quasi-isomorphic weight-graded algebras: graded mixed complexes are modules
overk(é1)/ 8%, where &1 has degree 1 and weight 1, while graded mixed complexes are
modules over its quasi-free resolution k(8;|i < 1), where §; has degree 1 and weight

i, and
d@d) =— Y 88
i+j=k

Definition 3.4 An oco-morphism between two graded mixed complexes, denoted by a
wiggly arrow V ~» W, is a collection of maps ¢;: V — W for k > 0 of weight k
and degree 0, such that
Z Bipj +@idj) =0,
it+j=k

gr—mix, 0o
dk

where we use the convention that §g = d. We will write Mo, for the category

of graded mixed complexes and co-morphisms between them.

Remark 3.5 The category Modfr_mm’Oo is almost a model category, in the sense that
all axioms but bicompleteness are satisfied (see e.g. [54, §4.1]): an co-morphism
¢ = (@r)k>0 1s a (co)fibration (resp. a weak equivalence) if ¢g is a (co)fibration
(resp. a weak equivalence). One easily sees that every object is then both fibrant and
cofibrant. Moreover, one can actually prove that the faithful (but not fully faithful)
functor M()d%r_le — M()d%r_mlx’oo given by the identity on objects induces an
equivalence of co-categories after localizing at weak equivalences.

Led by the above Remark 3.5, we define the co-category Mod%r_mlx as the simplicial
category whose objects are graded mixed complexes, and with n-simplices in the space
of morphisms from V to W being co-morphisms V ~» W ® Q[A"]. It then follows
that there are equivalences of co-categories

Modfr_mlx[w.e._l] — Modfr_mlx’oo[w.e._l] — Mod%r_mlx.

If V is a graded mixed complex, then the total complex Tot(V) comes equipped
with a differential diot = d + ) t>1 O Moreover, every n-simplex of co-morphisms
¢ = (pr)i=0: V ~» W @ Q[A"] leads to an n-simplex of filtered morphisms ¢ior =
D k>0 9k Tot(V) ~~ Tot(W) ® Q[A"]. Hence we have a functor

Tot: Mod!" ™™ — Mod{"".

between simplicial categories.

- —mi 1. .
Proposition 3.6 The functor Tot: Mod%r e Modip is an equivalence of co-
categories.

This result, well-known to experts, provides the blueprint for our discussion in Section
3.2, where we show how curved (filtered) Lo-algebras are equivalent to a kind of
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‘graded mixed-curved L o-algebra’. We will also recover it in Example 3.32 from an
operadic perspective.

Proof The oo-functor is fully faithful by definition, hence we just have to prove that
it is essentially surjective. For every complete filtered complex W, we can choose
a splitting of the filtration on W (without differential) and obtain an isomorphism
of complete filtered non-differential k-modules W = Tot(Gr(W)). Decomposing
the differential on W into its homogeneous components of weight k as dw = d +
> k>1 Ok, this determines a graded mixed structure on Gr(W), which is such that

W = Tot (Gr(W), 81, ...) as complete filtered complexes. O

3.2 Main example: curved L,-algebras

Let us now turn to the homotopy theory of curved Lie algebras, or more generally,
curved Lo-algebras [20, 21, 30]:

Definition 3.7 A (classical) curved Loo-algebra (over the field k) is a complete non-
differential k-module g, endowed with operations

¢;: Symi (g[1]) — g[1]

such that £9 € F'g and the following equations hold:

DD sane)(=DPTVIE, 01 £,)7 = 0.
8RS
Equivalently, this is the data of a codifferential on the cofree complete coalgebra
Symy (g[1]), sending the element 1 to an element of filtration weight 1.

We will introduce a complete operad cLie whose algebras are mixed-curved Lo-
algebras, thatis, curved L;-algebras together with a decomposition €1 = d+(£1 —d)
where d? = 0 and £1 — d is of weight > 1.

3.2.1 The Koszul morphism ucoCom{1} — cLie

Let ucoCom denote the linear dual of the unital commutative operad, ucoCom(n) =
ki, for n > 0. This comes equipped with partial cocomposition maps (dual to the
partial composition of the unital commutative operad). Note that the partial cocompo-
sition maps do not produce a map ucoCom — ucoCom o ucoCom, since o is given
by a direct sum. We can endow ucoCom with two filtrations:

(a) the (‘classical’) filtration ucoCom®, where F%ucoCom® = ucoCom,
F'ucoCom®! = kpug and F2ucoCom® = 0. ‘
(b) the (‘mixed’) filtration ucoCom™* where F%ucoCom™* = ucoCom,

FlucoCom™* = ko @ k1 and F2ZucoCom™* = 0.

With these filtrations, ucoCom<! becomes a complete cooperad and ucoCom™X
becomes a conilpotent cooperad in the complete sense, as in Definition 2.15.
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Remark 3.8 Note that ucoCom® is a counital cooperad, but (despite the name)
ucoCom™* is not since the “counit” ucoCom(1l) — k is not compatible with the
filtration.

Definition 3.9 The mixed-curved L~o-operad is the complete operad

clies = Q2 (ucoCom™*{1}).
We will refer to algebras over cliey, as mixed-curved Lo-algebras and write cLiemix
for the category of mixed-curved L;-algebras.

Unravelling the definition, as a non-differential operad, cLiey is freely generated
by an infinite collection of operations (¢,),>0, where £, has arity n and degree 2 — n.
The filtration is given by

FPclies = span{words containing at least p times £¢ or 61}
and the differential reads

—dt = Y ) sen@=DPTe, 0107 (3.10)

ptq=n+l -1
q>0, p=1 oESh)—1g

where we use the convention d(f) = do f — (—1)!/! f od. Let us make the differential
more explicit in low arity:

(n=0) —09y) =~L1014
(mn=1) —0d)=L1o1€1+4L2014p
n=2) —8(a)=1~10180s—Lro1 L+ (lr01£)"? + €305 0.

In particular, it follows from Equation (3.10) that (g, d, £;) is a mixed-curved Lo-
algebra if and only if (g, €o,d + £1, 2, ...) is a curved Loo-algebra in the sense of
Definition 3.7.

Proposition/definition 3.11 The filtered operad of mixed-curved Lie algebras is the
operad clie obtained from cLie by quotienting out the operadic dg-ideal generated
by €3, Ly, . ... The quotient map clies, — clie is a weak equivalence.

Proof On the associated graded of cLie, let us consider a filtration by the number of
times an element £( appears. Taking a spectral sequence with respect to this filtration,
on the 0-th page we observe that the differential acts essentially like the differential
in the ordinary operad Liey,. Indeed, one can declare two ¢,-labelled trees in cLiey
to have the same skeleton if they have the same number of £(’s and £’s, appearing in
the same position, see Fig. 1.

For a given skeleton, each instance of £; splits a tree into a tensor product of
complexes given by the two subtrees on each side of the vertex. It follows that map
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Ly

Ly

5

f4

Fig. 1 Three trees in cLiex with the same skeleton

clLieooc — cLie on the 0-th page decomposes as a sum of maps

&b Q) Liew > P ) L,

skeleton types  #€1+1 skeleton types  #€1+1

which is a quasi-isomorphism. For the tree skeleton depicted in Figure 1, the corre-
sponding map is Liex (2) ® Lies (4) — Lie(2) ® Lie(4).

Since the (second) filtration is bounded above and exhaustive, it follows that the
map Gr cLieso, — Gr clLie is also a quasi-isomorphism, i.e. cLieo, — clLie is a weak
equivalence. O

Corollary 3.12 The map ucoCom™*{1} — cLie mapping i, to £, forn =0, 1,2 is
a Koszul twisting morphism.

Corollary 3.13 Every mixed-curved Ly-algebra is filtered quasi-isomorphic to a
mixed-curved Lie algebra.

Notice that unlike Lie, the operad cLie has a differential and the complete complex
underlying cLie is not minimal, since on the associated graded d(€1) = —£201£p # O.
A clie algebra just a complete cochain complex (V, d) equipped with operations €, £1
increasing the filtration by 1 and £> such that (V, w = €9, V = £1 +d, £3) is a curved
Lie algebra in the usual sense, that is, satisfying Equation 3.1.

Remark 3.14 One can apply a similar analysis starting instead from the cooperad
ucoCom®!. In this case one obtains an operad Q(ucoComCl) with the same gener-
ating operations and differential (3.10), but where only ¢ is of filtration weight 1
and £, is of weight 0. A curved Loo-algebra in the classical sense of Definition 3.7
is then simply a € (ucoCom!)-algebra structure on a complete non-differential k-
module. Equivalently, this is the data of a codifferential on the cosymmetric coalgebra
ucoCom® o (g[1]), where we consider ucoCom® as a counital cooperad.

The complete operad £ (ucoCom®) is filtered acyclic, since ucoCom®! is counital.
Likewise, the underlying unfiltered versions of cLie and cliey, (either before or after
completing with respect to the filtrations above) can be shown to be quasi-isomorphic
to the unit operad. This would make the naive homotopy theory of their algebras quite
trivial.
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3.2.2 Morphisms of mixed-curved L,-algebras.

Let us fix ucoCom™*{1} —> cLieso, ftn > £, the universal twisting morphism.
From Definition 2.31, we have that an co-morphism ¢: g ~ b between clies-
algebras is determined by a map ucoCom™*{1} o g — b. Notice that at the level of
the underlying vector spaces we have ucoCom™*{1}, o g = Sym® (g[I1) [-1]1 D g.
Given this, ¢ is determined by maps

Pin: g — b ¢n: Sym"(glID[-11—bh n=>0

with ¢, maps of cohomological degree 1 —n and where ¢ and ¢ increase the filtration
weight by 1. The map ¢y is required to be a chain map and

W= Y. D sene)(=DHP V(g 01 £d)7—

prq=n+1gesh!

q>0, p>1 p=laq
=D 5 /' \o
-y > sgn(o) o W@ 87 (B15)
o k=0 gesn;! ’
i1+-+ig=n senlie

where ¢, = ¢, if n # 1, ] = ¢1 + ¢uin and € = [T5Z] (k — j)(ix — 1). Notice that
the first sum is finite (like the infinitesimal cocomposition of ucoCom) whereas the
second sum is infinite (since it corresponds to the total cocomposition of ucoCom).
For example, in the first term of an co-morphism ¢: g ~» h we have

a8 ) Ly Ly
dy (¢0) = ¢1in(€y) + d1(£y) — | £y + £ (d0) + 2‘52 (¢0, ¢0) + 3,23 (¢0. ¢0.¢0) --- ).

In particular, an co-morphism 0 ~ ) into a curved Liey;-algebra is equivalent to a
choice of a Maurer—Cartan element in F1h.

Remark 3.16 Likewise, applying Definition 2.31 in the setting of 2 (ucoCom®!), one
sees that an co-morphism between 2 (ucoComCl)—algebras is given by maps @iin, @i
satisfying Equation 6.21, except that ¢ is of filtration weight O instead of 1.

Now let g and f be two (classical) curved Lo.-algebras in the sense of Definition 3.7,
corresponding to §2 (ucoCom®!)-algebras with zero differential. Then an co-morphism
of curved Lo-algebras g ~~ h is defined to be an co-morphism between the corre-
sponding €2 (ucoCom®)-algebras such that ¢y, = 0. In other words, it is given by a
collection of maps ¢, : Sym”(g[1])[—1] — b satisfying Equation (3.15), where the
left hand side is zero, because there is no differential. It is not hard to verify that this
is equivalent to the data of a map of dg-coalgebras Sym®(g[1]) —> Sym€(p[1]) (see
Definition 3.7).

Example 3.177 A curved map between two clie-algebras is an oco-morphism
¢: (g, wg) ~ (h, wp) (w denotes the curvature) such that ¢>> = 0. In this case,
Equation 6.21 reduces to the more familiar notion of a map of curved Lie algebras
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that we find for example in [40, Def 4.3] (up to signs): concretely, taking the linear
term ¢i = @lin + ¢1 as before and the curved differential d’ = d + £, one finds

(X, YD) = [¢](X), p1(1)],
1 (X) = d'¢(X) + [do, ¢} (X)],

1
wy = ¢ (wg) +deo + 2[(1)0, @ol.
Remark 3.18 (General remark concerning signs) Despite the large quantity of signs,
most of them come from the degree shift in the space of generators, ucoCom{1}.

For instance, for the shifted operad cLieso{—1} = @ (ucoCom™X), the equation for
oo-morphisms (3.15) takes the form

1

)= D (@porth” — Y Y @0
ptq=n+l k=0 pesh !
q20, p=1 it ig=n (i)

In practice, this allows us to abuse the notation later on, by replacing signs with =+,
since most of the signs are encompassed by this degree shift.

3.2.3 From mixed-curved L.-algebras to curved L,-algebras

One can think of mixed-curved Loo-algebras as overdetermined versions of curved
Lso-algebras in the sense of Definition 3.7: indeed, they come with two derivations
d, £1 (the second of filtration weight 1) instead of a single £; of weight 0. Likewise,
oo-morphisms between cLiey,-algebras come equipped with two linear components,
one being of filtration weight 1. The classical homotopy theory of curved L ,-algebras
is usually formulated in terms of co-morphisms with a single linear part (cf. Remark
3.16).

Definition 3.19 The co-category cLie of curved L~o-algebras is defined to be follow-
ing simplicially enriched category:

(0) objects are curved Lo-algebras in the sense of Definition 3.7; equivalently, com-
plete algebras over 2 (ucoCom®") with zero differential (Remark 3.14).

(1) the simplicial sets of maps Map(g, h)) are given in degree n by the set of oco-
morphisms g ~ h ® Q[A"] in the sense of Remark 3.16.

To study the properties of the co-category of curved Loo-algebras, we will relate it
to the co-category cLie™* := Algi{’ileoo of mixed-curved L,-algebras, i.e. algebras
over the operad cLies, (Definition 3.9). Note that this latter co-category has very good
abstract properties, since it arises from a combinatorial model category: for example, it
has all limits and colimits. More precisely, observe that there is a functor of simplicially

enriched categories

blend: cLie™* = Alg”  — cLie (3.20)

clieo
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sending a mixed-curved L-algebra (g, d, ;) to the (classical) curved L ,-algebra
(g, ;) where £; = ¢; fori # 1 and £] = d + £1. On co-morphisms, the functor sends
(@1in, 9i): g ~> hto (¢,): blend(g) —> blend(h) where ¢, = ¢, forn # 1 and
@] = ¢lin + ¢1, as in Equation 6.21.

This forgets the redundancies in the definition of a curved L ,-algebra by combining
the differential d and its perturbation £1, resp. the linear map ¢y, and its perturbation
¢1. Alternatively, one can also get rid of redundancies by imposing further restrictions
ond:

Definition 3.21 A graded mixed-curved Lo-algebra is a graded complex g, together
with the structure of a mixed-curved Lo-algebra on Tot(g).

There is a weight-graded operad cLie'> whose algebras are precisely the graded mixed-

curved Loo-algebras. Indeed, let ucoCom' be the weight-graded cooperad spanned
by n-ary operations pu, of weightr, withr > Oforn > 2andr > 1forn =0, 1. The
cocomposition is that of the cocommutative operad

Aluh) =" o (uih. ... i)

where the sum runs over all indices such thatny+- - -+n,, = nand p+q1+---+qm =
r. Note that this sum is finite because n; € {0, 1} implies that g; > 1, and that this
defines a conilpotent cooperad. The desired operad is then given by

cLie!® = Q(ucoCom

tot
o0 ).

Here we use that the bar-cobar formalism (as in Section 2.3) works equally well in the
weight-graded setting. Unravelling the definitions, an algebra over this operad comes
equipped with operations

¢} sym'(gl11) — g(p)(1]

withi > 2and p > Oori = 0,1 and p > 1, such that ZP Zf makes Tot(g) a
clieso-algebra.

It follows that the category of graded mixed-curved L ,-algebras carries a model
structure and there is a notion of co-morphism between graded mixed-curved L -
algebras. Explicitly, an co-morphism g ~~ b is given by maps ¢ji,: ¢ —> b and

#): k —> b(p) ¢ 9 — b(p) ¢+ Sym” (g[11)[—11 —> b{q)

for p > 1,n > 2 and g > 0. These maps have the property that ¢y, is a chain map and
that the maps between total complexes ¢, = > » @F satisfy Equation 3.15. In other
words, an co-morphism between graded mixed-curved L-algebras g ~~ f is simply
an oo-morphism of mixed-curved L;-algebras Tot(g) ~» Tot(h) whose linear part
respects the grading.

Definition 3.22 Let us denote by cLie™* and cLie® ™ the co-categories associated
to the simplicially enriched categories of (graded) mixed-curved L.-algebras and
oco-morphisms, as in Definition 2.43.
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The above discussion shows that there is a sequence of co-categories
cLier—mix T, ¢y jemix Dlend o je,

Proposition 3.23 The composite functor of co-categories is an equivalence.

Proof To see that blend o Tot is essentially surjective, pick a curved Loo-algebra
(g/ , Z;) We can split the filtration on the complete non-differential k.-module underly-
ing g/, 1.e. we can write g’ = Tot(g) for some weight-graded non-differential k-module
g. Using this splitting, the operations £; can be decomposed by pure weight: we can
write

=0+ +... i=d+0+... O=0+e+... ®=2

where each ¢/ : g®" —> g(r) increases the weight by (exactly) r. We let d denote
the part of £1 of pure weight 0, and since £( was required to be of filtration weight 1,
there is no Zg.

Note that 6/5 o £} + €, o1 £y = 0 implies that £ o £ is of filtration weight 1; this
implies that d* = 0. This means that (g/, d, 0y, 0y —d, b, .. ) is a mixed-curved
L -algebra. By definition, this implies that (g, d, 651) is a mixed-curved Loo-algebra,
which maps to g’ under the functor blend o Tot.

Concerning full faithfulness, pick two graded mixed-curved L,-algebras g, §j. The
set of graded mixed oo-morphisms g ~- b coincides with the set of those mixed
oo-morphisms ¢: Tot(g) ~» Tot(h) such that ¢y, is homogeneous of weight 0. The
functor blend sends such an co-morphism to blend(¢) with blend(¢),, = ¢, forn # 1
andblend(¢)| = ¢rin+¢1. Thisis abijection: indeed, for any co-morphism ¢’ between
curved Loo-algebras, we can always decompose ¢ uniquely into a part ¢y, which is
homogeneous of weight 0 and a part ¢ of filtration weight > 1. The resulting map
@lin 1s then a chain map for weight reasons.

Replacing h by h ® Q[A"] shows that the functor blend o Tot is fully faithful. In
fact, it is even (strictly) fully faithful as a functor of simplicial categories. O

Proposition 3.24 The functor Tot: cLie®™X — cLie™* is a right adjoint func-
tor between presentable co-categories. Furthermore, it fits into a homotopy pullback
square of co-categories

. or—mix Tot. 1+ mi
cLijeg—mix 20y o jemix

forgetl lforget

Proof Note that taking total complexes defines a right Quillen functor from graded
mixed-curved Lso-algebras and mixed-curved Lo-algebras. In light of Proposition
2.45, the functor Tot: cLie®™* — cLie™* is the associated derived functor
between oo-categorical localisations, hence a right adjoint between presentable co-
categories [26].

For the second statement, note that by Remark 2.22, the oo-category of (derived)
complete complexes can be modelled by the model category on complete complexes.
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In particular, we can describe the bottom row of the square in terms of simplicial
categories as well: we simply take the simplicially enriched categories of complete
(resp. graded) complexes with maps given in simplicial degree n by chain maps V —
W ® Q[A"].

Using this and our description of co-morphisms between graded mixed Loo-
algebras, one then sees that the above square arises from a (strict) pullback square
of categories enriched in Kan complexes. To conclude, it suffices to verify that the
right vertical functor is a fibration of simplicially enriched categories.

To see this, we have to verify two conditions: first, given g, h € cLie™”*, we have to
verify that sending an co-morphism ¢: g ~» h ® Q[A*] to its base map ¢yin: g —>
h ® Q[A"] gives a Kan fibration of simplicial sets. Unravelling the definitions, the
Kan condition translates into the lifting condition

mix

Free(g) —— h R Q[A"]

Qp Barg(g) —> h® QA

where Qg Bary (g) is the bar-cobar resolution for the canonical twisting morphism.
The left vertical map is a cofibration by Proposition 2.41 and the right vertical map is
an acyclic fibration, so the desired lift exists.

Second, we have to verify that the induced map on homotopy categories is an
isofibration: if i : V — g is a homotopy equivalence between complete complexes
and g carries a curved Lieso-structure, then there exists an co-morphism of curved
Lieso-algebras i o, whose base map is (homotopic to) i. To do this, we can extend i to a
homotopy retract by Proposition 2.34 and then apply the Homotopy Transfer Theorem
2.35. O

Corollary 3.25 The oo-category cLie of curved Loo-algebras is a presentable co-
category, which arises as the pullback of co-categories

s~ + MiX gr
cLie ~ cLie X Mo dzpl Mod;} .

3.3 Other types of curved algebras

The above results generalise from curved Lo.-algebras to other types of curved alge-
bras. More precisely, let us fix the following data in unfiltered complexes. First, let C
be a non-differential cooperad concentrated in arity > 2 and let us think of the symbol
uC be a “counital extension”, in the sense that for n > 2 we have

uC(m) =Cm), uCO)=k-po, uC(l)==k-pu;indegree0.
Furthermore, uC comes equipped with partial cocomposition maps uC(r) — uC(n+

1) ® uC(r — n) which are coassociative and extend the partial cocomposition of C.
We can endow this with two filtrations:
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Definition 3.26 Let uC® be the complete cooperad where 1o has weight 1 and all
other operations have weight 0. Then uC is a counital, non-conilpotent complete
cooperad, as well as a counital coalgebra for 6 on the category of symmetric complete
complexes.

Similarly, let us call the “mixed variant” uC™> the complete cooperad where 11 and
w1 have weight 1 and all other operations have weight 0. Then u€™* is a conilpotent
non-counital cooperad.

Furthermore, let P be a non-differential operad and ¢p: € — P be a Koszul twisting
morphism. In particular the map Q€ — P is surjective. We then have the following
three versions of ‘curved P-algebras’:

Definition 3.27 A (classical) curved P-algebra is a complete non-differential k-
module g, together with a codifferential on the cofree u€°1-c0algebra u@d(g), such
that the corresponding map onto cogenerators

§: uGCl(g) — g[1]

induces amap QC%og — g vanishing on the kernel of Q€' — P. An co-morphism
of curved P-algebras is a map of differential-graded uC-coalgebras.

Lemma 3.28 Let us denote by cP the quotient of the complete operad Q (uC™X) py
the operadic ideal generated by ker(¢) € C € uC™>. This inherits a differential and
the quotient map Q (C™*) — cP is a filtered quasi-isomorphism.

Proof Exactly the same as Definition/proposition 3.11. O

Definition 3.29 A mixed-curved P-algebrais an (complete) algebra over the complete
operad cP. A graded mixed-curved P-algebra is a weight-graded complex g equipped
with a mixed-curved P-algebra structure on Tot(g).

Remark 3.30 The exact same discussion as below Definition 3.21 shows that there is
a weight-graded operad cP*™ whose algebras are graded mixed-curved P-algebras.
Indeed, let uC™! denote the weight-graded (conilpotent, non-counital) cooperad given
by C =ul / (Lo, 11) in weight 0 and uC in weight > 1. The comultiplication is inher-
ited from u€. Then cP'® is the quotient of £ (uC™") by the operadic ideal generated
by ker(¢) < € (in all weights > 0). An argument analogous to Proposition/definition
3.11 shows that u@® — ¢P®! is a Koszul twisting morphism.

In particular, there is a natural notion of co-morphism between mixed (resp. graded
mixed) curved Lo-algebras, given by maps between their bar constructions, which are
conilpotent coalgebras over uC™*, resp. uC''. In short, we can consider the following
three co-categories:

o The co-category cAlgyp of curved P-algebras as in Definition 3.27 (in particular,
these are complete non-differential k-modules) using co-morphisms into h ® Q[A*®]
as morphisms.

e The oco-category cAlgrﬂ‘gix of curved mixed P-algebras (in particular, these are com-

plete complexes), corresponding to the category Algzgl as in Definition 2.43.
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e The oco-category cAlg%,f_mix of graded mixed-curved P-algebras, whose objects

are algebras over cP™' (in particular, these are graded complexes), using grading
preserving co-morphisms into h @ [A®] as morphisms.

Proposition 3.31 There are functors of co-categories
cAlg%{*mix oty cAlg$iX blend cAlgyp.

The total composite is an equivalence and the left functor Tot fits into a homotopy
pullback square of the form

cAlgy ™ ot cAlgmix
forgetl lforget

ar cpl
MOdk T} MOdk .

In particular, all the above co-categories are presentable.

Proof The same proofs as for Proposition 3.23 and Proposition 3.24. O

Example 3.32 We can endow the unit cooperad 1 with two filtrations: let 1! simply
be 1 in filtration weight 0 and let 1™* be 1 in filtration weight 1. This corresponds to
the case where C = 0 is the zero cooperad, except that we omit the nullary operation
wo (everything above holds in this setting as well). The cobar construction €2 (1)
is the graded-commutative algebra k[§] with § of degree 1 and filtration weight 0,
while € (1™X) has 8 of filtration weight 1. In particular, a ‘classical €2(1)-algebra’
is nothing but a complete filtered complex and a graded mixed Q (1™*)-algebra is
precisely a graded mixed complex (Definition 3.2). Proposition 3.31 then reproduces
the equivalence of co-categories

Tot: Mod§ ™ = Alg§ "™ — Algg(;) = Mod”

announced in Proposition 3.6.

Example 3.33 A way to encounter operads that fit the framework above is to consider
Koszul operads P such that their Koszul dual %' is extendable in the sense of [17,
Section 4.6]: there is a unital extension uP' operad with a monomorphism P — u®".
It follows that taking P to be the associative, permutative, gravity or Pois, operad,
there is a meaningful notion of curved P-algebras [17, Proposition 4.6.1]. Let us treat
the associative case in a more detail.

The associative operad As is Koszul self dual and extendable to the operad governing
unital associative algebras uAs. The cooperad ucoAs{1} has dimension n! in every arity
n>0.

Following Definition 3.27, a curved As algebra is therefore a complete non-
differential k-module (A, -, V, 0), equipped with a product-: A ® A — A satisfying

@ Springer



Lie algebroids are curved Lie algebras Page390f90 63

the associativity relation, a degree 1 endomorphism V: A — A which is an algebra
derivation and a “curvature” element & € F!A, such that VZx = 6x — x6 for all
x € A. Up to the filtrations, this corresponds precisely to the classical notion of a
curved associative algebra, as in [43, Section 3.1].

A mixed-curved associative algebra on the other hand, is an algebra over the com-
plete operad cAs, i.e., a filtered dg associative algebra (A, d, -), complete with respect
to the filtration and equipped furthermore with a degree 1 and filtration increasing
algebra derivation 1 : F®*A®* — F*t1A**! and a curvature element € F'A? sat-
isfying

(d+ pu1)’x =0x —x0, Vx € A.

Example 3.34 (Example of example 3.33) A classical example of a curved associa-
tive algebra is as follows: Given a manifold M and a vector bundle £ — M,
one can consider the set of End(E)-valued differential forms (M, End(E)) =
@‘;ISOM QP(M,End(E)) which is a graded associative algebra. The choice of a con-
nection V on E gives rise to the covariant exterior derivative dy : Q2°(M, End(E)) —
Q*+t1(M, End(E)). Interpreting the curvature of Vas an element Fy € Q%(M,End(E)),
the tuple (2 (M, End(E)), A, dv, Fv) is a curved associative algebra, see for instance
[43, Appendix B.1].

4 Curved Lie algebras over filtered algebras

In Section 3 we have studied the homotopy theory of curved Lie algebras (or curved
Lo-algebras) over a field k from the perspective of filtered operadic homological
algebra. In particular, we have seen that there is a simple operadic way to describe
‘overdetermined variants’ of curved Lie algebras, i.e. mixed-curved Lie algebras; it
then remains to remove some redundancies, for example by choosing a splitting of the
filtration.

The purpose of this section is to give a similar analysis of the homotopy theory of
curved Lie algebras over a filtered commutative dg-algebra:

Definition 4.1 Let B;s denote a complete filtered commutative dg-algebra. A (classical)
curved Ly-algebra over Bs is acomplete non-differential Bs-module g, endowed with
operations _

¢;: Symlp (g[1]) — gl1]

which are Bs-linear fori # 1 and a Bs-module derivation fori = 1, suchthat{y € F 1 g
and the following equations hold:

DD sane)(=DPTVIE, 01 £,)7 = 0.
Z;gf;;rll oesh)!,

This situation is more complicated because the operation £1 on g (which does not
square to zero and hence should be considered as algebraic data) is required to interact
with the differential on Bs. To deal with this, we will assume throughout that the
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filtration on Bg splits multiplicatively, so that the differential on Bs decomposes as
d + §, where d is homogeneous of weight 0 and § is of filtration weight 1. In other
words, Bs can be identified with a complete algebra of the form (Tot(Gr(B)), d),
but with a weight > 1 perturbation of the differential by §. Equivalently, this can be
thought of as the structure of a ‘graded mixed cdga’ in the following sense:

Definition 4.2 We define a graded mixed cdga (B, §) to be the datum of:

e a complete cdga denoted B with differential d, together with an isomorphism of
complete cdgas B = Tot(Gr(B)), and
e aderivation 6: B —> B[1] of filtration weight > 1 such that 82 +1d,81=0.

In this case, we will write B; for the complete cdga B equipped with the rotal differ-
ential d + 6.

Remark 4.3 The above notion of graded mixed cdga is homotopy equivalent, up to a
shift of degrees, to the notion of graded mixed cdga used for instance in [11], by an
analogue of Remark 3.3. Indeed, note that (B, §) is uniquely determined by the data
of the weight-graded cdga Gr(B), together with derivations §,: B —> B{(p)[1] for
all p > 1, such that
[d,s,]+ Z 8p08, =0.
p+q=r

This is a cdga variant of a multicomplex [37, 10.3.7], where the §, are the pure weight
components of the derivation §. There exists an operad in graded complexes whose
algebras are such graded cdgas with derivations §,, which is quasi-isomorphic to the
operad for graded cdgas with a derivation € of weight 1 such that €2 = [d, €] = 0.

Example 4.4 (De Rham algebra) Given a cofibrant cdga A, let us write
Q*(A) = (Symj(Q}A[—l]), da) Q" (A) = Tot(Q*(A))

for the weight-graded (resp. Hodge completed) cdga of differential forms on A, given
in weight p by the A-module of p-forms with A-linear differential d4 induced by the
differential on 2 }4. Together with the de Rham differential 6 = dgr this gives rise to
a graded mixed cdga R

(2*(A), dar)

such that Gr(£2*(A)) = 7 and such that the total complex Q* (A)qr = (*(A), da +
dgr) computes the Hodge completed derived de Rham cohomology of A.

In particular, if A is of the form A = (Sym(V),d4), we have that ﬁ*(A) =
A® S/yE(V[— 1]) as complete filtered algebras without differential.

We will give an operadic description of mixed-curved L,-algebras over such
graded mixed algebras (B, §). Contrary to the case where B = k is a field, the operad
controlling such algebras is not augmented, and hence does not quite fit into the
framework of Section 2. Nonetheless, there are analogues of co-morphisms and the
homotopy transfer theorem over (B, §) as well.
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4.1 Mixed-curved Lie algebras

Let (B, §) be a graded mixed cdga. Throughout, we will consider B with the (internal)
differential d and view § as some additional algebraic structure, so thate.g. a B-module
is simply a dg-module over (B, d). In this case, there are obvious mixed and graded
mixed variants of curved L,-algebras over B:

Definition 4.5 A mixed-curved Loo-algebra over a graded mixed cdga (B, §) is a
complete module g over the complete filtered cdga B, equipped with the structure of
a k-linear mixed-curved L ,-algebra (Definition 3.9) such that:

e foreachn > 2, the map £,,: Sym; (g[1]) — g[2] is B-multilinear.
e the map £1: g —> g[—1] is a derivation over §, in the sense that

6(b-x)=80B)x + (=DPlb ey (), Vx € g,b € B.

A mixed-curved Lie algebra over B is a curved L-algebra over B for which the ¢,
vanish for n > 3.

Definition 4.6 A graded mixed-curved Loo-algebra over a graded mixed cdga (B, §) is
a weight-graded module gg; over Gr(B), together with the structure of a mixed-curved
Lo-algebra over B on Tot(gg).

It is not difficult to see that there exists a complete k-linear operad clies, 5 whose
algebras are mixed-curved L,-algebras over B. We can describe this operad more
concretely by expressing it as a distributive law [37, Section 8.6]:

Lemma4.7 Let cLies, = Q2 (ucoCom™*{1}) be the complete curved Loo-operad and
consider
¢: cliegg o B — B ocliey

sending £, o (b1, ...,by) +— (=1)=2UWbilt+babp b o4, forn > 2 and
Liob— (=DPlpot +80b) o1 (and extended in the obvious way to compositions).
This defines a distributive law, such that clLies p is the completion of the associated
filtered k-linear operad Bocliey.

Similarly, one obtains a graded operad cLieizq g Whose algebras are graded mixed-
curved Lo-algebras.

Proof We have to verify that ¢ is compatible with composition in cLies, and B, i.e.
that the two squares

cliens o cLieag 0 B —2 cliess o B o cLies cliess o Bo B —2+ B oclies o B
composei i(t) Composei i¢
clieso o B T> B o clieso cliesc o B T) B o clieso

commute. The left square commutes since ¢ is defined on generators and extended to
be composition-preserving in clLies,. For the right square, the only non-trivial thing
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to observe is that the bottom-left composite sends £1 o b1 o by to (— l)'b1 I+1b2] (b1by) o
€1+ 8(b1b2) o 1, while the top-right composite sends it to (— DIPil+B21(pby) 0 €4 +
(=DP1p18(b2) o 1+ 8(b1)ba o 1. These terms coincide since § is a derivation.

Finally, one has to check that ¢ preserves the differentials. To this end, note that for
n # 1, we can write —[d, £,] = [£1, €] + T,, where T,, is a composition of £; with
i # 1 (see Equation 3.10). Ignoring the Koszul signs appearing in the definition of ¢,
one can verify that

o161l o Groe b)) = Br b olbr bl ¢(Tao B bw)) = Br.bu) o T ).

Using this, one sees that ¢ sends d(¢,, 0 (b1, ...,by))tod(by - --- by ot,) forn # 2.
For n = 1, we have (in the case b is even, the odd case is similar)

¢(d(L1 o b)) = ¢( —Bob— (o ly)ob—t0 d(b))
- —(b 0 +6%(b) o 1) - (b o (€01 zo)) - ( —d(b) ot +5d(b)) o 1)
=bod(l;)+d(b)ol; +d@E®b) ol =d(p ob))
We thus obtain an operad B o clLiey, from the distributive law ¢ which extends to a
complete operad structure on Boclieos. By construction, an algebra over this operad is

a B-module with the structure of an algebra over cLiey, such that ¢,, is B-multilinear
and £ is a derivation over £1. This is precisely a mixed-curved L,-algebra. O

Being the category of algebras over a complete operad, the category of mixed-curved
L-algebras over B admits a model structure whose weak equivalences are the filtered
quasi-isomorphisms and whose fibrations are surjections in every filtration weight
(Theorem 2.19). Furthermore, the natural map of operads B — cLies p induces a
Quillen adjunction between B-modules and mixed-curved L ,-algebras

Free: Modp cLiep: forget.
To relate mixed-curved Loo-algebras over B to curved Lo-algebras in the sense of

Definition 4.1, we will need a few more details on the homotopy theory of algebras
over operads like cLies, 5 = Boclies.

4.2 Some operadic results

Let C be a non-unital complete (or graded) cooperad over &, let P = Q(C) and let
(B, ) be a graded mixed cdga. Suppose that

¢:PoB—> Bo?
is a well-defined distributive law, given on generating elements ¢ € C[—1] by
cobi, ..., by) > (=)brllbablel gy p Yo arity # 1

cobi> (=D)Pboc+ A, -8(b)ol arity = 1 (4.8)
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for certain A, € k. This endows B o P with the structure of a (unital) filtered operad
and hence Pp = B&P with the structure of a complete? operad, which need not
be augmented (it is augmented iff all A, = 0). There are natural maps of operads
B — Pp «— P, so that every Pp-algebra has an underlying B-module and an
underlying k-linear P-algebra. Explicitly, a P p-algebra is precisely a complete B-
module M, equipped with the structure of an k-linear algebra over P = Q(C), such
that the generating operations ¢ € C(p) interact with the B-module structure via

cby -my, ..., b-mp) = (=)IbrlFlbublel gy bp)-clmy,...,mp) forp#2,
cb-m)=(=D""p . cm) + e - 8) - m.

By Theorem 2.19, the category of P p-modules carries a model structure. The purpose
of this section is to gather some general results on this homotopy theory of P p-algebras.

Remark 4.9 Recall from Remark 3.30 that for any complete cooperad C, there is a
cooperad C'® givenin weighti by C'°!(i) = F'@. This weight-graded cooperad has the
property that a weight-graded Q2 (C*")-algebra is precisely a weight-graded complex
V together with an €2(C)-algebra structure on the corresponding filtered complex
[1; V{i). The distributive law (4.8) induces a distributive law in the weight-graded
setting

Q(C™ o Gr(B) —> Gr(B) o (€Y.

Let UJ%; = Gr(B)5Q2(C"™) denote the corresponding weight-graded operad, whose
algebras are weight-graded Gr(B)-modules ggr such that the complete B-module
Tot(gg,) carries a compatible P g-structure. All of the results from this section apply
to this weight-graded operad as well (with easier proofs).

4.2.1 Homotopy transfer theorem

The notion of an co-morphism for algebras over P = (C) has an analogue for
P p-algebras:

Definition 4.10 An oco-morphism of Pp-algebras ¢p: g ~» h is an co-morphism
between the underlying k-linear P-algebras, i.e. a map of C-coalgebras Crog —>
C,-obh, satisfying the following condition: forgetting differentials, each element ¢ €
C4(p) induces a B-multilinear map

¢e: g%7 —> b,

Remark 4.11 Given two co-morphisms ¢: g —> h and ¥ : h — &, recall that the
composition of their underlying co-morphisms of P-algebras is given by

(o), = Z Yo 0 (Dptiys -+ Dip)

2 We will be dealing with completed objects, but the main point of this section concerns the change to a
base mixed algebra; the completions will play essentially no role here.
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where A(c) = ) cWo (c(il), R c(il’)) is the (total) cocomposition. If each ¢, ¥ is
B-multilinear, certainly (y¢). is B-multilinear as well. It follows that co-morphisms
of P p-algebras can be composed.

Using this notion of co-morphism, we have the following version of the homotopy
transfer theorem:

Theorem 4.12 (Homotopy Transfer Theorem) Let (B, §) be a graded mixed cdga, C a
complete non-unital cooperad over k and suppose that Pg = BoS2(C) arises from the
distributive law (4.8). Let W be a complete P p-algebra and consider a deformation
retract of B-modules

p
VS W Dn
l

satisfying the side conditions ph = 0, hi = 0 and h?* = 0. Then the B-module
structure on V extends to a transferred Pp-algebra structure, and i extends to an
oco-morphism is, of Pp-algebras.

Proof Apply the k-linear Homotopy Transfer Theorem 2.35 to endow V with a trans-
ferred 2C-algebra structure, together with a k-linear co-morphism iy : V ~> W. We
claim that the resulting P-algebra structure on V is compatible with its B-module
structure and that i is B-multilinear.

To see this, recall that for any generating operation ¢ € 2 (C), the resulting operation
on V is given by a sum of trees, with vertices labelled by elements from €, leaves
labelled by i, internal edges labelled by % and the root labelled by p [37, §10.3.3].
Almost all operations appearing in this tree are B-multilinear, the only exception
coming from vertices ¢; € €(1), which can appear locally in the tree as

T
=
=
=

Even though ¢ does not define a B-linear map on W, the first 3 composites are all
B-linear by the side conditions: for example,

(herh)(b-m) =b - (hcrth)(m) 4 A¢, - 8(D) - hz(m) =b-(hcith)(m)
by the side condition 2% = 0. The fourth operation appears exactly once, in the formula
for the transferred operation cY: V — V. Consequently, all transferred operations

of arity # 1 are B-multilinear, while clv = pocyoi+ f where f is B-linear. In
particular, clv satisfies

e/ (b-m) = (peri)(b-m)+ f(b-m)=b-c (m)+ A -8(b)-m

since pi = 1.
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A very similar argument shows that all components of the map i, are B-linear,
since they are given by trees with vertices labelled by €, leaves labelled by i and the
root and internal edges labelled by A [37, §10.3.10]. The operations from C(1) now
only appear in the form of the left two pictures, and hence contribute B-linear terms
to the formula for iyo. O

4.2.2 Cofibrant resolutions

Cofibrant P g-algebras can be studied efficiently using bar-cobar methods.

Lemma4.13 Every cofibrant Pp-algebra is cofibrant as a B-module.

Proof Every cofibrant Pp-algebra is a retract of a quasi-free Pp-algebra with an
increasing filtration on its generators. Since Pp = BoP is cofibrant as a left B-module,
such quasi-free algebras are cofibrant as B-modules as well (see also [3, Corollary
5.5]). O

Conversely, a P p-algebra which is cofibrant as a B-module admits an explicit cofibrant
replacement by means of a B-linear extension of the ‘bar-cobar construction’ for the
operad P = Q(C€). To explain this, it will be convenient to phrase things in terms of
symmetric B-bimodules, i.e. symmetric sequences X with actions

B~ X(p) A X, x B®P.

The category of such symmetric B-bimodules has a monoidal structure given by the
relative composition product op, such that unital associative algebras in symmetric
B-bimodules are simply (k-linear, complete) operads equipped with an operad map
from B. In particular, P is an algebra in this monoidal category.

Now recall that the differential on the cobar construction P = QC decomposes as
a sum of two differentials doe = d + 8, where d arises from the differential on C
and & is the cobar differential. For a distributive law as in (4.8), the differential on
Pp = BoQC can be decomposed similarly as d + §, where both terms are (square
zero) derivations for the operadic composition.

Let us now consider Cp+ = BoC4, equipped with the structure of a symmet-
ric B-bimodule where ¢ o (b1, ..., b,) = (=D)Ilbil+-1baD(p, b)) o ¢. Without
differentials, let

MB = fPB oRB (“:'B+ oB fPB

be the free P p-bimodule generated by Cp (relative to B). This inherits an (internal)
differential d from P and Cp. Furthermore, it comes with an additional derivation
8 (which is a derivation over the cobar differentials § on Pp) given on generators
boc e Cpy =BoCby

d(boc) = (b oc(l)) o (c(z)) o (l) — (b) o (c(l)) o (6(2)) inPpopCpiopPp.

Here AD(¢) = ¢® o ¢@ is the infinitesimal cocomposition. This derivation §
(graded-) commutes with the internal differential d and using coassociativity of the
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infinitesimal cocomposition, one sees that 82 = 0. Taking the sum, this makes Mp a
bimodule over Pp (with its total differential).

Remark 4.14 Taking B = k, the resulting P-bimodule My is the usual bimodule such
that Myopg takes the bar-cobar resolution of a P-algebra. The symmetric sequence
M p is isomorphic to B o My, but the right B-action is non-trivial and involves the
distributive law.

Definition 4.15 The bar-cobar construction of a Ppg-algebra g is the Pp-algebra
MBG(]DBQ.

Proposition 4.16 Let gandh be Pp-algebras. Then there is a natural bijection between
the set of co-morphisms g ~> ) and the set of strict morphisms Mpop,g —> b.

Proof 1t suffices to verity this for Mp op, g, i.e. before completion. Note that the
unit k — B induces a natural map of k-operads P —> Pp and a map of bimodules
over it My — M. These induce a map of P-algebras My op g — Mp op, g.
Without the differential, this map can be identified with the quotient map

?OG+OQ—>?BOBGB+OBQ

from a free P-algebra to the quotient of a free Pp-algebra. This map sends maps
the space of P-algebra generators C; o g onto the module of P g-algebra generators
Cp+ op g. Consequently, the set of P g-algebra maps M p op g —> b is a subset of
the set of P-algebra maps My op g — b; the latter is naturally isomorphic to the set
of k-linear co-morphisms of P-algebras from g to h.

Furthermore, a map of P-algebras My op g —> h descends to a map of Pp-
algebras Mp op, g — b if and only at the level of generators, it descends from a
k-linear map C4 o g —> b to a B-linear map Cp4+ op g —> h. This means precisely
that the components of the P-algebraic co-morphism are B-multilinear. O

Proposition 4.17 Let g be a Pp-algebra whose underlying B-module is cofibrant.
Then the natural map of complete P g-algebras

M B 6?3 g—9
induces a quasi-isomorphism on the associated graded.

Proof Since taking the associated graded commutes with taking relative composition
products and the cobar construction, it suffices to prove the analogous statement in the
setting where C, B and g are graded objects. In particular, € is a graded conilpotent
cooperad and has an exhaustive coradical filtration. One can identify

Mpop, g = (PpopCpy)opg.

The cobar differential applies the cocomposition to a vertex in Cp4 and then either
moves the bottom vertex to P = Q(C) or acts by the top vertex on g. In particular, this

@ Springer



Lie algebroids are curved Lie algebras Page470f90 63

differential preserves the exhaustive filtration on Mg op, g induced by the coradical
filtrations on C4, resp. on C[—1] € Q(C).

The associated graded can be associated with the composition product X op g,
where X = BoQ(C)oC, together with the differential taking an element ¢ in C4,
replacing it by ¢ o 1 and “moving” c to 2 (C) while increasing the degree by 1. As in
Proposition 2.31, X admits a contracting homotopy and the natural map X — Bisa
(graded) quasi-isomorphism. Since g is cofibrant as a left B-module, the natural map
X op g —> g is then a quasi-isomorphism as well. O

As indicated by the terminology, under good conditions the bar-cobar construction
provides a cofibrant replacement Mpg op, g — g. Let us proof a slightly stronger
version of this fact.

Proposition 4.18 Let g be a Pp-algebra whose underlying B-module is cofibrant. Then
the natural map Ppopg —> Mpop, g is a cofibration of P g-algebras. In particular,
Mpoyp,gis a cofibrant P g-algebra.

We start by proving an auxiliary lemma.

Lemma4.19 Let g be a Pp-algebra whose underlying B-module is cofibrant. Then the
naturalmap v: g —> Mpop, g induced by the unit map B — M p is a cofibration
of B-modules. In particular, the bar-cobar construction Mpop,g is cofibrant as a
B-module.

Proof By Proposition 2.26, it suffices to verify that v is a summand inclusion of
quasi-projective B-modules and that the associated graded of M o+, g is a cofibrant
weight-graded module over Gr(B). For the first, recall that before completing and
without differential, we simply have that

Mpop,g=PpopCpyopyg.

Since all symmetric sequences in the above expression are quasi-projective as left
B-modules, their composition product is quasi-projective as well. Note that v: g —>
Mp op, g is simply the inclusion of the summand corresponding to the summand
B-1CPgopCpyt.

To see that the associated graded of Mg op, g is cofibrant over Gr(B), it suffices
to work entirely at the graded level, since taking the associated graded preserves
bar/cobar constructions, relative composition products and the cofibrancy of modules.
Let us therefore work in the setting where C, B and g are all weight-graded. In this
graded setting, we can filter M g op, g using the coradical filtration on the cooperad €
(as in the proof of Proposition 4.17). This is an exhaustive increasing filtration whose
graded is given in degree i by

(BoGr (@@des))ons.
Since g is cofibrant as a weight-graded B-module by assumption and each B ®
Gr' (Q (6)66) is manifestly cofibrant as a weight-graded B-module, the associated

graded of our increasing filtration consists of cofibrant weight-graded B-modules.
This implies that M p op, g is a cofibrant weight-graded B-module itself as well. O
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Proof of Proposition 4.18 The proof is essentially the same as that of Proposition 2.41.
Using Proposition 4.16, it suffices to show the following assertion: let p: h —
Mpogp,g be an acyclic fibration, equipped with a B-linear map s: g —> b such
that ps: g — Mpop,g is the linear map underlying the universal co-morphism
Voo g ~» Mpop,g. We have to provide a refinement of s to an co-morphism s
such that pseo = Voo.

First, note that we can always replace h by a cofibrant resolution g : ’ — b and lift
the map s to a map with values in §’. Using this, we may therefore assume that b is
cofibrant as a B-module (by Lemma 4.13). Now, the underlying linear map v: g —>
Mpop ;8 1s acofibration of B-modules by Lemma4.19, so that we can find a B-linear
section i : Mpdp,g —> b extending v. By the same argument as in Lemma 2.33,
i and p are part of a deformation retract satisfying the side conditions. Lemma 2.42,
using the Homotopy Transfer Theorem 4.12, then provides an extension of i to an
oo-morphism i,. The desired map is now given by S0 = Vooloo- O

4.2.3 The oo-category of algebras

For a graded mixed cdga (B, §) and € and P as above, we can consider the following
simplicially enriched category of P p-algebras and co-morphisms between them:

Definition 4.20 Let Alggﬁ)1 denote the simplicially enriched category defined as fol-
lows: ’

(0) objects are complete P p-algebras whose underlying complete B-module is cofi-
brant (in the model structure of Theorem 2.19).

(1) For any two objects g and b, the simplicial set of morphisms between them is
given in simplicial degree n by the set of co-morphisms

Mapy, (g, h)x = {5~ h @ QUA"]}.

The same proof as for Lemma 2.44 shows that Alg?,’llg is enriched in Kan complexes.

Proposition 4.21 Let C be a non-unital complete cooperad, (B, 8) a graded mixed
cdga and let Pp be the operad arising from a distributative of the form (4.8). Then

the functor Alggg’llg — Algg?; exhibits Alggg’llg as the oco-categorical localisation of
the model category of complete P p-algebras at the filtered quasi-isomorphisms.

Proof The proof of Proposition 2.45 carries over to this situation. O

4.3 Homotopy theory of curved Lie algebras

Let us now return to our situation of interest, the homotopy theory of curved Lo-
algebras. If (B, §) is a graded mixed cdga, we have now have three different co-
categories of (types of) curved Lo-algebras over B:

Definition 4.22 Let (B, §) be a graded mixed cdga and let Bs be the complete cdga
with total differential d + §. We consider the following three simplicial categories:
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(1) The oo-category cLiep; of curved Loo-algebras over Bs. Its objects are (clas-
sical) curved Lo-algebras g over Bs (Definition 4.1) such that Gr(g) is a
cofibrant Gr(B)-module. The simplicial set of maps Map, ;e - (g, h) consists of

oo-morphisms ¢: g ~ b ® Q[A®] between the underlying k-linear curved Lo-
algebras, such that each map

én: 62" — HRQ[A®]

is B-multilinear (forgetting the differentials on both sides).

(2) The oco-category cLlemlx of mixed-curved Loo-algebras over (B, §) (Definition
4.5), defined as the oo-category associated to the model category of complete
algebras over the operad cliey p from Lemma 4.7. By Proposition 4.21, this
can also be described as the simplicial category whose objects are mixed-curved
Lo-algebras whose underlying complete B-module is cofibrant, with morphisms
given by simplicial sets of co-morphisms (see Definition 4.20).

(3) The co-category cLlegr miX of graded mixed-curved L,-algebras over B (Defi-
nition 4.6), defined as the oo-category associated to the model category of graded
algebras over the operad cLieig’ p (Remark 4.9). An analogue of Proposition 4.21
shows that this co-category can also be described as the simplicial category whose
objects are graded mixed-curved Lyo-algebras whose underlying graded Gr(B)-
module is cofibrant, with morphisms given by simplicial sets of co-morphisms.

Remark 4.23 Suppose that g € cLiep; is a curved Lo-algebra over Bs such that
Gr(g) is a cofibrant Gr(B)-module. By Lemma 2.27 and its proof, the underlying
complete non-differential B-module of g is isomorphic to Tot(Gr(g)), and in particular
projective.

We now have the following analogues of Proposition 3.23 and 3.24:

Theorem 4.24 Let (B, §) be a graded mixed cdga. Then there is a sequence of functors
of presentable co-categories whose composite is an equivalence

r—mix Tot 1
cLie%, —% cLie'l blend cLieg,.

Furthermore, the first functor fits into a pullback square of co-categories

gr—mix Tot mix

cLie3 — cLie

torgetl lforget

Mod§, , —— Modj".

Proof The functor Tot sends a graded mixed-curved L,-algebra to its total complex
and the functor blend is defined in exactly the same way like (3.20): it sends a mixed-
curved Lo-algebra (g, d, £;) to the curved Loo-algebra (g, 6’1 =d+4{, 6#1), and on
oo-morphisms one sums up the component ¢ji, and ¢1. The proofs of Proposition 3.23

@ Springer



63  Page 50 of 90 D.Calaque et al.
and Proposition 3.24 now carry over verbatim: the functorcLie, " —> cLieg; isan
equivalence because every curved L -algebra g over Bs such that Gr(g) is a cofibrant
Gr(B)-module admits a splitting, i.e. arises as the totalisation of a non-differential
module over Gr(B) = Gr(Bs) (see Remark 4.23). This non-differential module then
inherits a canonical graded mixed-curved L;-structure.

Furthermore, the above pullback square is a strict pullback square of simplicially
enriched categories. To verify that it is a homotopy pullback, it suffices to verify that
the right vertical functor is a fibration, which follows from the Homotopy Transfer
Theorem 4.12. O

5 Curved Lie algebroids

In this section we recall the notion of a Lie algebroid (or Ly;-algebroid) over A, and
introduce an obvious curved analogue as well. The main result (Theorem 5.24) pro-
vides an equivalence between the oco-category of such curved Lie algebroids and a
certain co-category of weight-graded non-curved Lie algebroids. Restricting to sub-
categories of Lie algebras, this gives yet another description of the homotopy theory
of curved Lie algebras, purely in terms of Lie algebras without curvature.

5.1 Categories of (curved) Lie algebroids

From now on, A will denote a cdga in non-positive cohomological degrees. Everything
below will typically only be homotopically sound when A is furthermore cofibrant or
smooth. We will denote by T4 the A-module of derivations of A, which comes with a
k-linear Lie algebra structure given by the commutator bracket, satisfying the Leibniz
rule

[v,a-wl=a-[v,w]+ Ly(a) - w, acAv,weTy. (5.1)

Definition 5.2 An Lo-algebroid over A (relative to k) is given by an A-module £
whose underlying complex carries a k-linear Loo-algebra structure, together with an
anchor map

p: L —> Ta.

This data has to satisfy the following conditions:

o The anchor map preserves both the A-module and L .-algebra structure.
o All brackets £, of arity n > 3 are A-multilinear and the binary bracket satisfies the
Leibniz rule (5.1).

A Lie algebroid is an Lyo-algebroid whose brackets in arity > 3 vanish.

There are evident filtered and weight-graded analogues of the above definition, where
one treats T4 (and A) as being concentrated in filtration weight (weight-grading) 0. In
particular, all elements of filtration weight > 1 (resp. weight # 0) are contained in the

@ Springer



Lie algebroids are curved Lie algebras Page510f90 63

kernel of the anchor map. In addition, one can add curvature to the above definition,
where the curvature (being of filtration weight 1) is contained in the kernel of the
anchor map:

Definition 5.3 A curved Loo-algebroid over A is given by a k-linear curved Loo-
algebra £ (Definition 3.7) equipped with the structure of a complete non-differential
A-module and an anchor map

p: £ —> T4(0)

to T4, concentrated in filtration weight 0. This data is required to satisfy two conditions:

e The anchor map is a map of complete non-differential A-modules and preserves the
curved Lo-algebra structure strictly.

o The brackets ¢, of arity n > 3 are A-multilinear, the binary bracket satisfies the
Leibniz rule (5.1) and £; is an A-module derivation.

We define mixed-curved and graded mixed-curved L,-algebroids analogously, taking
£ to be a map of complete (graded) A-modules p: £ — T4(0) equipped with a
compatible structure of k-linear (graded) mixed-curved L .-algebra.

Note that none of these versions of Ly;-algebroids can be seen as algebras over an
operad, as is also seen by the following example.

Example 5.4 The terminal (curved) Lo-algebroid is Ty itself (in filtration weight 0),
with the usual commutator bracket. Orthogonally, (curved) Ls.-algebroids with zero
anchor map are precisely (curved) Lo-algebras over A.

Example 5.5 Let g —> T4 be a strict map of k-linear curved Lo-algebras. Then
AR g has the structure of a curved L,-algebroid over A, where the anchor map and
the ¢, with n > 3 are extended A-multilinearly, while ¢ is extended according to the
Leibniz rule (5.1). This construction defines a left adjoint to the forgetful functor from
(curved) Lo-algebroids to k-linear (curved) Loo-algebras over Ty4.

Example 5.6 1f £ is an L.-algebroid, then the tensor products with differential forms
on simplices
LXQ[A"] = £ R Q[A"] X T4 @QA"] T4

again have the structure of L -algebroids (cf. [41, Construction 5.23] and [55]). This
provides a simplicial enrichment of the category of Loo-algebroids, with simplicial
sets of maps consisting of (strict) maps £ —> ) X Q[A"]. The same thing applies to
curved, mixed-curved and graded mixed-curved L,-algebroids.

Example 5.7 Let k —> k' be a map of rings and let A’ = k' ® A. Then there is an
adjoint pair cLie(A/k) < cLie(A’/k") between (graded mixed, mixed) curved Loo-
algebroids over A relative to k and curved Lo-algebroids over A’ relative to k’. The
left adjoint sends £ —> Tas to k' @ £ —> k' ® Tayx —> Ta s While the right
adjoint sends §) —> T4//x to the pullback $ X Ty o Tajk.

Example 5.8 Let £ be an L.-algebroid. There are three canonical (complete) filtra-
tions that one can put on £:
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(0) trivial filtration £(0): the filtered L-algebroid with F1£(0) =0, F 020y = ¢
(1) Hodge filtration £(1): given by FOg(l)y =0, F~1¢(1) = &.

(2) anchor filtration £*"°: the fibre product £(0) xr,y Ta(1). Explicitly, this is a
filtered Lie algebroid over T4 (1) given by

Filtration: 1 0 -1 -2
L

0 n
> 0 > 0

where n is the kernel of the anchor map.

—

~

He——

~-

Definition 5.9 Let £ be a curved Loo-algebroid. Its Chevalley—Eilenberg complex is
given by the complete non-differential k-module

C*(£) := Homyu (SymA (L[1D, A)

equipped with the Chevalley—Eilenberg differential, given (modulo Koszul signs) by
(dega)(x1, ..., xp) =da(a(xr, ..., x0)) + Zﬁp(x,-)a(m, cos Xiy e Xn)
i

- Z Z (€ (Xa(1)s - - s Xa()s Xa (et 1)s - - -+ X (n))-

k>0 5 eSh~! (k,n—k)

The usual exterior product endows C*(£) with the structure of a complete k-linear
cdga.

Remark 5.10 Abstractly, the Chevalley—Eilenberg complex can be identified as fol-
lows. The Lie algebra action of T4 on A (by derivations) endows Sym¢ (Ta[1]) ®¢ A
with a differential § making it a dg-comodule over the “bar construction” Symy (T [1])
(cf. [24]). On the other hand, the anchor map p induces a map of (complete) dg-
coalgebras Symj (£[1]) —> Sym{ (T4[1]). Corestricting along this map, we obtain a
dg-comodule structure on Symi (L[1]) ®¢ A.

The complex of comodule maps Symj (£[1]) —> Sym{(£[1]) ®k A can then
be identified with the complete non-differential k-module Homy (Sym¢ (£[1]), A),
endowed with the Chevalley—Eilenberg differential dcg described above. The subspace
Hom 4 (Sym¢, (£[1]), A) of A-multilinear maps is closed under this differential.

Example 5.11 Let £ be an ordinary L..-algebroid over A. Then C*(£) = C*(£(0))
is the usual Chevalley-Eilenberg complex, concentrated in filtration weight 0. On the
other hand, C*(£(1)) is the Chevalley—FEilenberg complex of £ equipped with the
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Hodge filtration, in which p-forms are of filtration weight p. In particular, C*(£(1))
has a canonical graded mixed structure, with the grading given by form degree.

Finally, C*(£*°) is the Chevalley—Eilenberg complex of £, endowed with the
anchor filtration where a form has filtration weight p if it is zero when applied to > p
elements coming from the kernel of p: £ — Tq4.

5.2 Homotopy theory of curved Lie algebroids

The categories of mixed-curved and graded mixed-curved L »-algebroids almost carry
a model structure:

Theorem 5.12 The category of mixed-curved Loo-algebroids over A carries a (left)
semi-model structure (cf. [19, Section 12.1]) such that:

(1) weak equivalences are weak equivalences between the underlying complete A-
modules.
(2) fibrations are maps that induce surjections in each filtration weight.

Furthermore, every cofibrant object is in particular cofibrant as a complete A-module.
Similarly, there are (left) semi-model structures on the categories of graded mixed-
curved Loo-algebroids and (weight-graded/complete) Loo-algebroids over A.

One does not obtain model structures in the strict sense because there are (mixed-
curved) Lso-algebroids which do not admit a fibrant replacement £ — £ that is,
one for which the anchor map is surjective [41, Example 3.2]. However, this does not
pose a problem from the point of view of co-categories: the associated co-categories
still have all expected properties, e.g. limits and colimits that are computed as homo-
topy limits and colimits.

Proof For ordinary L..-algebroids, without filtrations or curvature, this is proven in
[41]. The proofs of loc. cit. carry over verbatim to this case; we will briefly out-
line the argument in the mixed-curved case, the other cases are easier. The desired
semi-model structure is obtained by transfer along the free-forgetful adjunction
Free: Model /T4 S cLie(A/k)™X: U. To establish the existence of the semi-model
structure, it suffices to verify that for every cofibrant £ and every contractible complete
complex Z over T4, the map £ — £ LI Free(Z) is a trivial cofibration of complete
A-modules [19, Theorem 12.1.4]. We will prove something stronger: let us say that
an object £ is good if it satisfies the following two conditions:

(a) Without differential, it is the retract of a free mixed-curved Lo-algebroid
Free(Vp) on a complete non-differential k-module over T4.

(b) The functor £ LI Free(—) sends (trivial) cofibrations of complete complexes over
T4 to (trivial) cofibrations of complete A-modules.

Furthermore, we will say thata map £ — §) is good if both £ and §) are good, and for
every complete complex X, the map £ L Free(X) — $ L Free(X) is a cofibration
of complete A-modules. We now claim that every cofibration with cofibrant domain
is a good map, which implies the existence of the semi-model structure, as well as the
fact that all cofibrant objects are in particular cofibrant as complete A-modules.
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To verify the claim, note that good morphisms are closed under transfinite compo-
sitions and retracts. Next, suppose that £ is good and let V. — W be a cofibration
of complete complexes. Then any pushout £ —> £ Lggee(v) Free(W) is good. To see
this, let X be any other complex over T4 an consider the map

£ U Free(X) —> £ Ufree(v) Free(W & X). (5.13)

Note that without differential, the inclusion V — W is the inclusion of a summand.
Using Example 5.5 to compute free mixed-curved Lie algebroids in terms of free
mixed-curved Lie algebras, the above map then takes the form

A® clie(Vo® X) — AR cliecn(Vo® W/V & X)

where the target has some differential. As a map of complete A-modules, we can filter
this map by word length in W/V. The associated graded can then be identified with
L1 Free(W/V & X). Since £ was good by assumption, this gives that the map (5.13)
is a cofibration of complete A-modules, and that its codomain is a good object as well.

This implies that all cofibrations with a good domain are themselves good. It
now remains to verify that the initial mixed-curved Lo-algebroid is good, i.e. that
Free(—) = A ® cLieso(—) sends (trivial) cofibrations of complete complexes to (triv-
ial) cofibrations of complete A-modules. This is immediate. O

Our next goal will be to give a more explicit description of the co-categories associated
to the model categories from Theorem 2.19, in terms of co-morphisms:

Definition 5.14 Let £ and §) be curved L,-algebroids. An co-morphism ¢: £ ~» §
is an co-morphism between the underlying k-linear curved Loo-algebras satisfying
the following two conditions:

(1) The composite co-morphism £ ~~ $) LN T4 agrees with the strict morphism
pg-
(2) Each component ¢, defines an A-multilinear map ¢, : Sym’; (£[1])[—1] — $.

The same definition applies to (graded) mixed-curved Lo-algebroids and (complete,
weight-graded) L,-algebroids.

We have the following version of the Homotopy Transfer Theorem (see also [5, 47]):

Theorem 5.15 (Homotopy Transfer Theorem) Let £ be a mixed-curved Lo-algebroid
over A and consider a deformation retract of complete A-modules

p
V:EDh

1

satisfying the side conditions ph = 0, hi = 0 and h* = 0, and relative to Ty, i.e.,
both i and p commute with the projection to Ts. Then the A-module structure on V
extends to a transferred mixed-curved Loo-algebroid structure, and i extends to an
oo-morphism i~ of mixed-curved Lo-algebroids.
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Proof The proofis similar to Theorem 4.12: we apply the Homotopy Transfer Theorem
for k-linear mixed-curved Lo-algebras to obtain a transferred mixed-curved Loo-
structure on V and a k-linear co-morphism i, : V ~~» £. Note that the homotopy &
takes values in the kernel of the anchor map pg, since pech = py (ph). The formula for
iso then implies that all non-linear components of p¢ o i, vanish, i.e. the underlying
(A-linear) map pg o is a strict map of mixed-curved L;-algebras.

Next, recall that all operations ¢, for n # 2 on £ are A-linear. On the other
hand, using that / takes values in the kernel of the anchor map and satisfies the side
conditions, one sees that 1o ({201 h), po(€r01h)and holyo (i, i) are all A-linear as
well. This implies that i, is A-linear and that there is only one term in the transferred
structure that is not A-multilinear, namely the term p o €5 o (i, i) in the formula for the
transferred operation £}. Since p o €30 (i, i) precisely satisfies the Leibniz rule (and all
other terms contributing to £, are A-bilinear), the transferred k-linear curved-mixed
Lso-structure makes V a curved-mixed Lo-algebroid. O

Proposition 5.16 Let £ be a mixed-curved Lo-algebroid. Then there exists a unique
mixed-curved Lo-algebroid Q (L) together with a natural bijection

~

[structure-preserving maps Q(£) — f_)} [oo-morphisms L~ 9H ]

If £ is cofibrant as a complete A-module, then Q(L) is a cofibrant mixed-curved
Lso-algebroid and the natural map Q(£) —> £ is a weak equivalence. Similarly for
graded mixed-curved Loo-algebroids and (complete, weight-graded) L-algebroids.

Proof The proof is similar to Proposition 4.18 and is slightly different from the non-
curved, unfiltered case treated in [41, Section 5]. First, the existence and uniqueness
of the object Q(£) follows from category theoretic reasons: the functor sending §) to
the set of co-morphisms £ ~~ ) preserves limits and filtered colimits, and is hence
corepresentable. In particular, there is a canonical map 7 : Q(£) — £ corresponding
to the identity £ ~» £ and a canonical co-morphism v : £ ~» Q(£) corresponding
to the identity on Q(£).

Underlying non-differential A-module. Next, let us identify the linear map
vin: £ —> Q(£) as a map of complete non-differential A-modules, ignoring
the differentials. We start by noting that the universal property of Q(£) realises
it as a certain quotient of the mixed-curved Loo-algebroid A ® Q Bar(£), where £
is viewed as a k-linear mixed-curved Lo-algebra (cf. Example 5.5). Without dif-
ferential, Q(£) can therefore be identified with the completion of the quotient of
A® (cLieOo o ucoComelix o 2) by the following relation: viewing elements in this
complex as certain height 2 trees with root labelled by A and leaves labelled by g,
rescaling a leaf by a € A is equivalent to rescaling the root by a. Using that £ is
(the retract of) a free A-module, this implies that Q(£) is a quasi-projective complete
A-module.

Underlying A-module. We will now show that Q(£) is cofibrant as a complete
A-module and that the map 7 : Q(£) — £ is a weak equivalence.

To this end, let us endow £ with an additional, increasing filtration such that
Fo(£) =0 C £ = F1(£). This induces a non-negative increasing filtration on Q(£)
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and the map 7 respects these filtrations. In now suffices to show that the associated
graded of Q(£) is cofibrantas a complete A-module and that 77 induces an equivalence
on the associated graded.

This is most easily seen using the Rees construction, sending a complete k-module
V with an increasing filtration to the fi-torsion free k[/]-module €D, #" F,,(V'). The
associated graded is then the fibre at i = 0. The Rees construction of £ can be
identified with the mixed-curved Lo-algebroid £ over A[A] given by A[A] ®4 £,
with brackets given by & - £,, and anchor map given by

h-p: A[R] @4 £ —> A[R] ®4a Ta C Tarn-

Likewise, the Rees construction of the map 7: Q(£) —> £ coincides with the
natural map 7y : Q(£r) —> £5. We therefore have to show that 3 induces a weak
equivalence between cofibrant complete A-modules after setting 2 = 0.

Using the adjunction from Example 5.7, ones sees that after setting 2 = 0, the map
7y, coincides with the map Q(£o) —> £o for the trivial mixed-curved Lo-algebroid
£, 1.e. £ with zero brackets and zero anchor map. For these, O (£() coincides with the
bar-cobar construction for mixed-curved L;-algebras in complete A-modules; this is
indeed cofibrant as an A-module and equivalent to £ (cf. Proposition-Definition 2.31
and Section 4.2.2).

Cofibrancy. We have shown that Q(£) is cofibrant as a complete A-module and it
remains to verify that it is also cofibrant as a mixed-curved Lo.-algebroid. We now
argue as in Proposition 2.41 and Proposition 4.18: it suffices to verify that for any
acyclic fibration p: § — Q(£), there exists an co-morphism ss: £ —> § such
that psoc = Vo 18 the universal co-morphism. In fact, we can replace $) by a cofibrant
resolution and hence assume that it is cofibrant as an A-module.

Since Q(£) is cofibrant as an A-module, there exists an A-linear section i of p
and an A-linear homotopy that realises Q(£) as a deformation retract of §) relative to
T4. We can now apply the argument from Lemma 2.42, using the Homotopy Transfer
Theorem 5.15. O

Definition 5.17 We will denote by cLie(A /k)™X the co-category corresponding to the
following simplicially enriched category:

(0) objects are fibrant (i.e. with surjective anchor map) mixed-curved L »-algebroids
over A whose underlying complete A-module is cofibrant.

(1) simplicial sets of morphisms consist of co-morphisms £ ~~ HRQ[AM], using the
tensoring from Example 5.6.

Likewise, we will write Lie(A/k), Lie(A/k)¢" and cLie(A/k)&~™X for the oo-
categories of L,-algebroids, weight-graded L ,-algebroids and graded mixed-curved
L -algebroids, respectively. In each case, objects are required to have a cofibrant
underlying (weight-graded) A-module and a surjective anchor map, and morphisms
are co-morphisms.

Corollary 5.18 The simplicially enriched category cLie(A/k)™X presents the oo-
categorical localisation of the category of mixed-curved L~o-algebroids at the weak
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equivalences. In particular, cLie(A/k)™X is a presentable co-category. The same
assertion holds for graded mixed-curved Loo-algebroids and (weight-graded) Loo-
algebroids.

Proof Exactly as Proposition 2.45. Note that the oco-categorical localisation of the
semi-model category cLie(A /k)™* is presentable because it is equivalent to that of the
(Quillen equivalent) combinatorial model category 0/cLie(A /k)™* of mixed-curved
Lo-algebroids under a fibrant-cofibrant replacement of the initial object. O

Definition 5.19 The oo-category cLie(A/k) of curved Lo-algebroids over A is the
oo-category associated to the simplicially enriched category whose:

(0) objects are curved L;-algebroids such that the anchor £ —> T4 (0) is surjective
and Gr(£) is a cofibrant weight-graded A-module. .
(1) simplicial sets of morphisms consist of co-morphisms £ ~» HXQ[A"].

Remark 5.20 Note that by Lemma 2.27, the condition that Gr(£) be a cofibrant weight-
graded A-module implies that the complete non-differential A-module underlying £
is projective, i.e., the retract of a free complete non-differential module. In particular,
there exists an isomorphism £ = Tot(Gr(£)) of complete non-differential A-modules.

Proposition 5.21 There is a sequence of functors between presentable co-categories
cLie(A/k)gr—mix T oy je(A/kymix 2 of je(A/k)

whose composite is an equivalence. In particular, the oo-category of curved Loo-
algebroids is presentable.

Proof As Proposition 3.23 and Theorem 4.24. By Remark 5.20, the assumption that
the associated graded of all objects of cLie(A/k) is cofibrant as an A-module implies
that we can split their filtration A-linearly. O

Let us conclude with the following observation about the three canonical filtrations
on an L ,-algebroid from Example 5.8:

Proposition 5.22 The three filtrations from Example 5.8 determine fully faithful right
adjoint functors of co-categories

Lie(A/k) === cLie(A/k)

Lie(A/k) =W cLie(A/k) 7,0y

Lie(A/k) —==£2 cLie(A/k) /1, 1)-

The essential images are given by the curved Lo-algebroids (over T (1)) such that
Gr(L) is concentrated in weight 0, such that Gr(£) is concentrated in weight 1, and
such that fib(Gr(£) — Gr(T4(1))) is concentrated in weight 0, respectively.
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Proof We will only treat the ‘anchor filtration’, the others are similar but easier. We will
present the co-functor £ — £2" by a right Quillen functor. To do this, let t4 = Ty
be an equivalent Lo-algebroid whose underlying A-module is cofibrant, and let 0
denote the free L o-algebroid generated by the map of A-modules t4[0, —1] —>
ty —> T4 from the path space of t4. Then 0 ~ 0 is weakly equivalent to the initial
L -algebroid.

Consider the category 0/Lie(A /k)/t4 of Loo-algebroids that fit into a diagram 0 —
£ — t4. Equivalently, this is the category of £ — t4 which come equipped with
an A-linear section (which need not preserve differentials), inducing a decomposition
£ = tg @ n. This carries a model structure induced from the semi-model structure
on all Ls-algebroids, and forgetting the maps from 0 and to t, relates the two by a
zig-zag of Quillen equivalences.

Likewise, let cLie(A/k)&~™X /¢, (1) denote the category of graded mixed-curved
L »-algebroids with a map to t4 (1). The forgetful functor to all graded mixed-curved
L o-algebroids over T4 (1) is a right Quillen equivalence. The functor £ > £ can
then be presented by the right Quillen functor

0/Lie(A/k)/ty —— cLie(A/k)E ™% /¢, (1);
(E=tadn— tg) — £ = t,(1) & n(0).

Here the graded mixed-curved L,-algebroid £2"° is given in weight 0 by n, in weight
—1 by t4, and the mixed-curved L.-structure on the total complex n & t4 is that of £.
The left adjoint ® sends a graded mixed-curved L,-algebroid $) over t4 (1) to (a) its
quotient by the ideal generated by all $(p) with p # 0, 1 and by ker (f_)(l) —> {4 (l))
(in particular, the result has no curvature), (b) then takes the associated total L -
algebroid (forgetting the filtration) and (c) takes the coproduct with the Loo-algebroid
0.

Now notice that the set of curved co-morphisms £2" — $?"° is isomorphic to
the set of co-morphisms £ —> §), not necessarily compatible with the maps from 0.
In particular, there is no ¢o because $H?"° is zero is positive weights. By adjunction,
this means that the functor ® preserves the ‘bar-cobar resolution’ of Proposition 5.16
up to homotopy: ®(Q(£2)) = Q(£) U 0. Since Q(£3¢) —» £an° 5 3 cofibrant
resolution whenever £ is cofibrant as an A-module, this implies that the derived counit
L& (L£*¢) — £ is an equivalence, hence (—)*"° induces a fully faithful functor of
oo-categories.

Its essential image consists of all objects that can be modelled by a graded mixed-
curved Lo-algebroid of the form t4 (1) @ n(0) for some A-module n. By the (graded
mixed-curved version of) the homotopy transfer theorem 5.15, this is precisely the full
subcategory of curved Lo-algebroids £ — T4 (1) such that on the associated graded,
the fibre is acyclic in weights #~ 0. O
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5.3 Curved Lie algebroids as non-curved Lie algebroids

The goal of this section is to give a more intrinsic description of the co-category of
curved L;-algebroids in terms of non-curved Loo-algebroids, using (the Koszul dual
of) the Rees construction. Taking A = k the base field, this also gives a description of
the oco-category of curved Lo-algebras studied in Section 3.

Definition 5.23 Let us denote by R(T4) the weight-graded Lie algebroid over A
R(Tp) = Tq x A(—1)[-1]

given by the direct sum of T4 (in weight 0) and the free A-module on a generator 6
of weight 1 and degree 1, such that [#,0] = 0 and [v,a - 0] = L,(a) -0 forv € Ty.

Theorem 5.24 There are equivalences of presentable co-categories
cLie(A/k) <~ cLie(A/k)¥™X = Lie(A/k)¥ /R(Tx)

between the oo-categories of curved Leo-algebroids, graded mixed-curved Loo-
algebroids and graded Ly-algebroids over R(T4) = T4 x A{(—1)[—1].

Remark 5.25 From a geometric perspective, one can informally think of weight-graded
Lie algebroids over A as maps of formal stacks

Spec(A) x BG,;, — Y —> Spec(A)gr x BG,,

where the first (equivalently second) map is a nil-isomorphism. The structure map
to BG,, gives rise to the weight-grading. The weight-graded Lie algebroid R(T4)
then corresponds to the formal stack Spec(A)gr X Al /Gy,. In other words, curved
L-algebroids over A describe nil-isomorphisms of formal stacks

Spec(A) x BG, —> ¥ —> Spec(A)ar x Al /G

In particular, the structure morphism to Al /G, endows Y with a complete filtration,
and Y maps to Spec(A)qr equipped with the frivial filtration.

Let us start by constructing the functor from graded mixed-curved L ,-algebroids to
graded L -algebroids over R(T4).

Construction 5.26 Suppose that £ is a graded mixed-curved Lo-algebroid over A and
consider the weight-graded non-differential A-module

R(L) =L A(-1)[-1].

The anchor map of £ induces a map R(£) —> T4 x A(—1)[—1]. Recall from
Definition 3.21 that £ comes with brackets

g% — g
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of weight p > 0 (except for Kg and 6{7 , which are only defined for weights p > 1).
Using these, we define n-ary operations £, of weight 0 on R(£) by

Zn(Q,...,Q,xp_H, ...,xn) = p! -Z,[;_p(xpﬂ, ...,xn)

for p copies of 6 and xp41,...,x, € £.In particular, all maps ¢, take values in
L CRL).

Proposition 5.27 The operations {£,} make the map R(L) —> R(Ta) a map of
weight-graded Loo-algebroids if and only if the operations {€}} make £ a curved
Loo-algebroid.

Proof Note that in the weight-graded case, all £/ are A-multilinear except £9, which
satisfies the Leibniz rule. One easily sees that this is equivalent to the £, all being
A-linear, except for £, which satisfies the Leibniz rule.

It then suffices to verify that the {£{, } define a k-linear L-structure on R(£) if and
only if the £/ define a k-linear graded mixed-curved Loo-algebra structure on £. To
see this, note that unshuffles o of an n-elementset (6, ..., 6, xp41,...,x,) arein 1-1
correspondence with pairs consisting of an unshuffle t of the p-elementset (0, .. ., )
and an unshuffle o’ of the set (Xp+1, ..., X,). Denotingm = n — p, the Lo-condition
for the ¢,, then translates into

[d, ). ..., 0. Xps1s--, Xn) = > > E(tior €)@, 0 xppts. xn)

i+j=n+l gesn !

Z Z :i:q!r!(Z?, o1 Z;/)O‘,(xp+l ,,,,, Xn)

i'+j'=m+1o'esh;!
q+r=p i'—1,j
reShy )

DD S pl (6o e;,)"/(xpﬂ ..... Xn)

q+r=pi'+j'=m+1 U’ESh71 ,
i'—1,j

where the =+ signs are determined by Remark 3.18. Here we used that the unshuffles r,

which only permute copies of 6, leave the values invariant. Since [d , Zn] @,...,xp) =
pl [d , d’,,] (Xp+1, ..., Xy), the above equation can be identified with the graded mixed-
curved Lso-equation for £. O

Example 5.28 Let T4(1) be as in Example 5.8. Viewing T4(1) as a graded mixed-
curved Lie algebroid (with trivial curvature), the Rees construction of T4 (1) is given
by Ta(1) x A(—1)[1]. The Chevalley—Eilenberg algebra of this graded Lie algebroid
is given by the ~-de Rham complex (cf. Example 4.4)

Q A, da =dj(@) +h-dra,  dh=0,
where A has degree 0 (weight —1) and 1-forms have weight 1. Using the equivalence

between graded k[[]-algebras and filtered algebras (via the classical Rees construc-
tion), this corresponds to the de Rham algebra of A, endowed with the Hodge filtration.
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From the perspective of Remark 5.25, the weight-graded L,-algebroid R(TA (l)) cor-
responds to the Hodge stack

Spec(A) x BG,, —> Spec(A)M°9¢ 5 Spec(A)gr x A!/G,y,.

This is the formal stack whose structure map to Al /G,, encodes the Hodge filtration
on the completed de Rham complex.

Example 5.29 Consider the zero curved L,-algebroid O and notice that O is not the
initial curved Lo-algebroid: instead, the category of curved L..-algebroids under
0 is simply the category of (non-curved) L.o-algebroids. In fact, the space of oco-
morphisms 0 ~» £ can be identified with the space of Maurer—Cartan elements in
Flker(€ —> Ty) (cf. Section 3.2.2). The Rees construction R(0) is the trivial
graded Lie algebroid A (—1)[1], with zero bracket and anchor map. The corresponding
Chevalley—FEilenberg algebra is simply A[A]] with i of degree O and weight —1.
Geometrically, this corresponds to Spec(A) x Al /Gy, Informally, we can therefore
think of the curvature of a curved L -algebroid £ in terms of the corresponding formal
stack Y as the obstruction to finding a dotted lift

Spec(A) x BGy ——— = ¥

Spec(A) x A!/G,, —> Spec(A)gr x Al/G,,.

Proof of Theorem 5.24 The equivalence cLie(A/k)& ™% — cLie(A/k) already
appeared in Proposition 5.21. The equivalence cLie(A /k)&~™* —s Lie(A/k)& /R (Tx)
arises from a Quillen equivalence. Indeed, let 0 denote the free weight-graded L oo-
algebroid generated by the contractible complex k(—1)[—1, —2] in weight 1. There
is a canonical map 0 —> R(Ty) sending the degree 1 generator of 0 to the element
0 € A(=1)[—11/R(T4).

Now consider the category € of weight-graded Lo-algebroids over A equipped
with maps 0 — £ —> R(T4). Equivalently, this is the category of weight-graded
Lo-algebroids £ over R(T4), equipped with a compatible A-linear decomposition
£ = ¢'®A(—1)[—1] (which need not respect differentials). This carries a semi-model
structure induced by the semi-model structure on all weight-graded L.-algebroids
from Theorem 5.12. Since 0 is cofibrant and weakly contractible, forgetting the split-
ting induces a Quillen equivalence to the category of weight-graded L;-algebroids
over R(T4), whose associated co-category is exactly Lie(A/k)® /R(T4).

On the other hand, using Proposition 5.27 one sees that the functor £ — R(£)
defines an equivalence of categories from the category of graded mixed-curved L -
algebroids to C. This equivalence identifies the model structures on both sides, from
which the result follows. O

Remark 5.30 Although we do not need this, one can verify that the Rees construction
(Construction 5.26) is compatible with co-morphisms as well.
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6 The equivalence between curved Lie algebras and Lie algebroids

The goal of this section is to prove that for a non-positively graded cdga A satisfying
a certain finiteness condition, there is an equivalence between the co-category of Lie
algebroids over A and the co-category of certain types of curved Lie algebras over its
(completed) de Rham algebra Qr (A)gr, endowed with the Hodge filtration.

To this end, let us recall that a non-positively graded cdga is said to be locally of finite
presentation if it is a compact object in the category of non-positively graded cdgas;
equivalently, it is the retract of a cdga with finitely many generators and relations. Note
that a non-positively graded cdga A is cofibrant and locally of finite presentation if
and only if it is the retract of a quasi-free cdga with finitely many generators, each of
which is in non-positive degree. Indeed, one can always realise such a cofibrant A as
a retract of a non-positively graded quasi-free cdga with infinitely many generators;
if A is a compact object, it must already be a retract of a subalgebra on finitely many
generators.

Theorem 6.1 Let A be a non-positively graded cdga. Suppose that A is smooth or
cofibrant and locally of finite presentation, and let Q*(A)qr denote the de Rham
algebra of A, endowed with the Hodge filtration. Then there is a fully faithful functor
of co-categories

curv: Lie(A/k) — CLieQ*(A)aR
whose essential image consists of curved Lso-algebras g over ﬁ*(A)dR such that
the canonical map on the associated graded Gr°(g) ®4 Q*(A) —> Gr(g) is an
equivalence.

In fact, we will deduce this from a more general result about curved L,-algebroids
over complete filtered algebras of the form C* (), where t is a complete Lo-algebroid
over A; for the filtration on C*(t) to behave like the Hodge filtration on ﬁ*(A)dR, we
require FO(t) = 0. We will then prove the following result.

Definition 6.2 Let g be a curved Loo-algebra over C*(t). We will say that g has
(strictly) bounded below weight if there exists an N such that Gr" (g) is acyclic (resp.
strictly zero) foralln > N.

Likewise, we will say that a curved Lo-algebroid £ — t over t has (strictly)
bounded below weight if there exists an N such that Gr” fib(£ — t) is acyclic (resp.
strictly zero) foralln > N.

Theorem 6.3 Let A be a non-positively graded cdga and let t be a complete Loo-
algebroid over A such that FO(t) = 0 and each Gr' (t) is finitely generated quasi-
projective as an A-module. Then there is a functor of co-categories

oid: cLiecx — cLie(A/k)/t

which restricts to an equivalence between curved Lie algebras and curved Lie alge-
broids with bounded below weight.
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Example 6.4 In the situation of Theorem 6.1, one can take t = T4 (1) the tangent com-
plex of A, put in filtration weight —1 (Example 5.8). Its Chevalley—Eilenberg algebra
is precisely the de Rham algebra Q*(A)ar, equipped with the Hodge filtration (Exam-
ple 5.11). In this case, the co-category cLie(A/k),r, 1) of curved Loo-algebroids over
T (1) appearing in Theorem 6.3 can also be described in “non-curved” terms: by The-
orem 5.24, it is equivalent to the co-category of weight-graded L ,-algebroids over
the Rees construction of T4 (1), which corresponds to the Hodge stack of Spec(A)
(Example 5.28).
Theorems 6.1 and 6.3 are then related by the following diagram:

Lie(A/k) — cLie(A/k);V;jm —— cLie(A/k) ;7,1

m l~ oid Toid
cLie™'™" > cLieg,

Q*(A)dr (A)ar

Here the second column consists of objects in bounded below weight. In other words,
the functor curv from Theorem 6.1 will be given by the inverse of the functor from
Theorem 6.3.

The majority of this section is devoted to the proof of Theorem 6.3. Throughout, we
will assume that t is a complete Lo-algebroid over A as in the theorem, and we will
write

Bs = C*(t) B := Sym , (£'[—11) = Hom 4 (Sym 4 (t[11), A)

for the filtered Chevalley—Eilenberg algebra and its underlying complete algebra.
Here the isomorphism is the natural map of complete non-differential k-modules

Sym,, (£'[—1]) — Hom, (Sym , ({[1]), A) (see Lemma 6.7).

Remark 6.5 The conditions on t imply that its underlying complete non-differential
A-module has a filtration that is split. By Proposition 5.21, we can therefore find a
graded mixed-curved Loo-algebroid tg: such that Tot(ty) = t. The weight-graded
A-module underlying to is simply Gr(t), and is thus concentrated in weights < 0 and
finitely generated projective in each weight. Therefore (B, §) is a graded mixed cdga
in the sense of Definition 4.2, with Bs = C*(t).

We will start in Section 6.1 by showing how to associate a curved Lo-algebroid over
t to each curved Lo-algebra over Bs whose underlying complete non-differential B-
module is of the form B & 4 n for a complete non-differential A-module n. In Section
6.2, we will then show how oco-morphisms between such curved L,-algebras over
Bs give rise to co-morphisms between the associated curved L,-algebroids over t.
Finally, we will show in Section 6.3 how these constructions give rise to a functor
between simplicially enriched categories which presents the desired functor ‘oid’ in
Theorem 6.3.
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6.1 Curved L..-algebroids from curved L,-algebras

Let us start by describing how to associate a curved Lo.-algebroid over t to certain
curved Lyo-algebras over Bs. More precisely, letting n be a complete non-differential
A-module, our goal will be to prove the following:

Proposition 6.6 Ler 7: t & n —> t denote the canonical projection. Then there is a
natural map (given by Construction 6.14):

(1) from the set of curved Loo-algebra structures on the complete non-differential
B-module B®4 n

(2) to the set of curved Loo-algebroid structures on t @ n such that v is a (strict) map
of curved Lo-algebroids.

IfGr/ (n) = 0 for all j < 0, then this map is furthermore bijective.

The informal idea of the proof is simple: the p-ary bracket on B ® 4 1 associates to p
elements in n an element of B ® A n, which we can think of as a family of n-valued
i-formson t, one for eachi > 0. We therefore obtain a family of maps ¥ Qn®P — n,
which for fixed s = i 4 p define the second component of the s-ary bracket on t @ n.
When Gr/(n) = 0 for all j < 0, this process can be reversed: the “binomial
decomposition” of the s-ary bracket on t @ n produces a family of maps

Sym” (n[1]) — HomA(SymfA(tv[—l]), n) i+p=s.

Because n has bounded below weight, these can be assembled into a single map
Sym?”(n[1]) - B ®4 n whose B-linear extension is the p-ary bracket on B ®4n.
To make all of this more precise, let us start with some preliminary observations.

Lemma 6.7 The natural map of complete non-differential B-modules
B®4n=Symy(t'[~1])®4n < Hom 4 (Sym, (t[1]). n) =[], Hom, (Sym (t[1]), n)

induced by the A-linear pairing Symy (t[1]) a4 S/}_/EA tV[—=1]) — A isanadmissible
monomorphism (Definition 2.1). Moreover, if Gr/ (n) = 0 for all j < 0, then this is
an isomorphism.

In other words,we can identify elements of B ®4 n with a n-valued forms on t, and
this defines a bijection if n has strictly bounded below weight.

Proof 1Tt suffices to check that the map is injective (an isomorphism) on the associated
graded, where it is given in weight n by
P G (Symu(t'[-1D)) ®4 Gr/ () =[] Gr' (Syma(t'[~1]) @4 Gr/ (n)
i+j=n i+j=n

= [T Homa(Gr™ (Sym4(t1D). Gr/ (w).
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The second map is an isomorphism because Gr(Sym 4 (t[1])) = Sym 4 (Gr(t[1])) is
a dualisable A-module in each individual weight: this uses that each Gr" ({[1]) is
dualisable by assumption and that Gr” ({[1]) = 0 for n > 0, so that Gri (Symy (t[1]))
involves only finitely many graded pieces of t[1] (see Example 2.8). The first map is
injective and an isomorphism when Gr/ (n) = 0 for all j <« 0, since then the sum and
product are finite. O

To compare the structure maps of B @ 4 n and t & n, let us consider the following sets
of maps:

Definition 6.8 For each p # 1, let us write H(p) for the set of maps Symf:3 (B ®a
n[l])) - B ®4 n[2] that are B-linear and preserve filtrations and degrees (but not
differentials).

Likewise, for p = 1, let us write H(1) for the set of maps D: B ®4 n[l] —
B ®4 n[2] that preserve filtrations and degrees, and that are derivations with respect
to the Chevalley—Eilenberg differential on B, that is, such that D(b - x) = dcg(b) -
x + (=D®Ip . D(x) for all b € B. Written somewhat informally,

B-linear

H(p) = {Sym!(B@an[1]) 2224 B &, n[z]}

dcg-der

H(1) = [B Ban[l] L B3, n[z]} (6.9)

Note that (up to a shift) the structure maps of a curved L,-structure on B ®4n are
exactly contained in these sets.

Lemma 6.10 For p # 1, there are natural inclusions

H(p) — [ {symfy (11D @4 Sym; (n[1]) 2% np2

1

into the sets of A-linear maps preserving filtrations and degrees, which are bijections
if Gr/ (n) = 0 for all j < 0. Furthermore, there is an inclusion

k-linear
—_—

(1) < [T {symiycip @nin]

1

n[z]}

with image contained in the subset of tuples of k-linear maps fl(i) : Symf4 #1) ®
n[1] — n[2] preserving filtrations and degrees, that are furthermore A-multilinear
fori # 0, 1, while for x € n[1], t € {[1]:

% -x)=da@ -x+a- £
fl(l)(al -t,ap - )C) = alﬁp(;)(az) -x +ayap - fl(l)(tvx)- (611)

IfGr/ (n) = 0 for all j < 0, then the subset of such ff is exactly the image.
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In the above lemma and throughout, we will use the following convention: maps with
p inputs from n[1] and i inputs from t[1] will be denoted by f, o

Proof The domain of a map in H(p) is (the completion of) the free B-module on
Symz (n[1]). In particular, for p # 1 we can identify maps f € H(p) with A-linear
maps f: Sym’ (n[1]) —> B ®4 n[2]. Composing with the pairing Sym  ({[1]) ®
Sym  (tV[—1]) — A, such A-linear maps f give rise to tuples of A-linear maps

<02 Symi, (411) @4 Symh (m[11) “24 Symi, (¢[11) @4 B &4 n2] —> n[2].

For p = 1, note that a derivation f|: B Ran[1] — BRan[1]is uniquely deter-
mined by a map fi: n[1] — B ®4 n[2] with the property that for all x € n[1],
ac A
fila-x) =dce(a)-x+a- fi(x).
Again, composing with the pairing Sym 4 (t[1]) ® B — A, this map f determines a
famlly of maps f Symi4 (t[1]) ® n[1] — n[2]. Using that dcg(a) = da(a) +
L, (- (a), the above derivation rule then translates into the equations (6.11).

This determines maps as in the statement of the lemma. Finally, it follows from

Lemma 6.7 that these maps are injective, and bijective if Gr/ (n) = 0 forall j <« 0.0

Remark 6.12 Let {fl(l)}izo be a family of maps f](l): SymiA(t[l]) ® n[l] —
n[2] as in Lemma 6.10. This induces a derivation fi: Hom4(Sym 4 (t[1]), n) —
Hom (Sym 4 (t[1]), n) as follows: for o: Sym4(t[1]) — n an n-valued form and
t; € t[1], we have

S, ... ) = Z > ( (totys -+ oy, Alta(i41)s -+ o)

i=1 gesh!

i,n—i

- Ol(ﬁil)(la(l), v be @) to (i) - e la(n)))-

Here E(‘) Sym' (t[1]) —> t[2] denotes the Lo- algebroid structure on .
ThlS derivation f} restrlcts to a derivation on B @4 n € Homy (Sym 4 (t[l]) n) if

and only if the tuple {f },>o is contained in the image of 7 (1): in this case, {f1 },>o
is the image of the restriction of fj.

Observation 6.13 For any f, € H(p) and f; € H(q), there is a B-linear map

[fp, fy1: Symb ™™ (B @4 n[1]) — B ®4 n[3]

given by the graded commutator

[fps fql = Z (fpolfq)a+ Z (fqolfl’)t'

-1 -1
aeShprq reShqup
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Let us identify this commutator in terms of the decomposition from Lemma 6.10, i.e.
identifying f, = >, f, 151) as a sum of maps with i inputs from t and p inputs from n.
We have for p, g # 1, that

Up f =Y Z( S e )T Y (cf”%fé”)m)'

i.J resh | “oesh)!, oesh,!

Here we symmetrise with respect to the inputs coming from n, as well as all inputs

from t, and use f;’) on fq(j ) to denote partial composition along the first n-variable.
The description of the commutator [ f),, f1] is slightly more involved, since fi is

extended from its restriction to n[1] as a derivation. By Remark 6.12, we have that

=2 2 (Ui s T et X ey

ij —1 —1 —1
J Tesh; oesh 7, | Tesh;

Here the first term is just the commutator (suitably symmetrised in the t-variables),

and in the second term — oy Z(tj ) takes the partial composition in the first t-variable
with a structure map of t.

Let us now turn to the main construction behind Proposition 6.6:

Construction 6.14 Consider a collection of maps £, € H(p) for p > 0. These should
be thought of as the structure maps of a putative curved Lo-structure on B ®4 n.
Using the inclusions from Lemma 6.10, we can write

by=> 0

i=0

where the maps Eg) : Sym}; @) ® Symf (n[1]) — n[2] are all A-multilinear except
for
¢ a1l — 2] and £ {11 @n[1] —> n[2],

which satisfy equation (6.11). Using the decomposition

Symp(t{11@n[1) = P Symj (1)) ® Sym{ (n[1])
i+p=s

there is a bijective correspondence between families of maps Eg) and families of maps
Ly : Sym; (t[1] @ n[1]) —> n[1], given explicitly by

N

Lo=Y > (£ (6.15)

(Here we view maps from a symmetric power as symmetric functions from a tensor
power; the sums over unshuffles then guarantee that the above indeed gives a symmetric
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function.) Under this identification, the A-linearity and derivation properties of the EU)
correspond to the fact that £ is A-multilinear for s # 1, 2 and that £; and £» have
the derivation properties

Li(a-x)=daa) -x+a-L1(x) Lo(x,a-y)=a-Lo(x,y)+ Lox(a)-y.

Finally, let 7 : £ — t be the natural projection and let Zin) denote the n-ary bracket
of the Lo-algebroid structure on t. There is then a bijection between maps L, as above
and dotted maps that fit in a commutative diagram as follows:

(Pom, L)
Symj (¢[1] @ n[1]) -5 > 21 @ n[2]
l?'[ eis) lf(
Sym (¢[1]) > (2]

For s > 3, the maps (ZES) o, ES) are A-multilinear, for s = 2 they satisfy the Leibniz
rule and for s = 1 they are derivations over d 4. In other words, the maps (E ES) o, Es)

are precisely the structure maps of a putative curved Loo-algebroid structure on t @ n
for which 7 : t® n — tis a strict map of curved Loo-algebroids.

Proof of Proposition 6.6 In light of Lemma 6.10, Construction 6.14 provides an injec-
tive map sending

(1) afamily of structure maps £, for a putative curved L-algebra structure on B an
to

(2) a family of structure maps (ZES) o, CS) for a curved Lo-algebroid structure on
t @ nsuch that w: t® n — t preserves the brackets.

In addition, Lemma 6.10 implies that this map is bijective if Gr/ (n) = 0 for j < 0.
It therefore suffices to verify that the maps £, = ) ; ES) define a curved Lo-
structure on B ®4 n if and only if the corresponding maps £, = Y Zy (Eilli)y
define a curved Lo-structure on t @ n.
To this end, let us consider all £,, together as a single element »lp € I1 » H(p),
with H(p) as in (6.9). The condition of being a curved L -algebra translates into the

equation (where we can suppress all additional signs by working with the shift n[1],
see Remark 3.18)

;Z[e,,,eq] Y (tporty)’ =0.
p.q

P-4 JGSh;qu

Let us unravel this equation in terms of the maps Eg) : Symi‘ tH1He Symﬁ n[1]) —
n[1], as in Construction 6.14. Using the formulas for partial composition and commu-
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tator from Observation 6.13, this yields

Z Z Z(l) on Z(]) O XT + Z Z Z(l) o¢ e(]) =0.

1 —
Mwaesrlplq P resh!|

reShf

The above equation is equivalent to a certain system of equations E(r, s) = 0, col-
lecting all terms consisting of maps with  inputs from n and s inputs from t. In turn,
this is equivalent to a system of equations

0 Z Z EGr— k. k) = Z Z Z ((Eg) on Egj))axr))’

5 yeSh! P»q-i,J yeSh™ oeSh’!

r—s,r p+q Lit+j p—lq
teSh’1
OO AY
+Y X X (@ed))
poisjyesh )t resh!

For fixed r, this is an equation of maps Symy (t[1]®n[1]) —> n[1]. By our definition

(6.15) of the maps £, : Sym/(t[1] @ n[1]) —> n[1] in terms of the maps £\, the
above equation is then equivalent to the equation

3N Leonl)+ Y (Leot!) =o0.

t.s=lgesh! oesh!|
Here the first term involves partial composition along n, while the second term involves
partial composition along t. Unravelling the definitions, the above equation means

precisely that the pair (Z,(f) o7, Ls): Symj(t[1] @ n[1]) —> t[2] ® n[2] defines a
curved Lo-structure on t @ n. O

6.2 Behaviour on co-morphisms
Next, let us discuss how Proposition 6.6 interacts with co-morphisms. To this end, let
t, B = Sym, (t{[{—1]) and Bs = C*(t) be as in Theorem 6.3 and let n and m be two
complete non-differential A-modules. Suppose that

(B®an, ¢,) and (B®am, k)
are two curved Lyo-algebras over B; and let us write

= (ton, (¢, L)) 9= (tem, €, Ky)

for the corresponding curved Lo.-algebroids over t from Proposition 6.6. We will
associate to each co-morphism ¢: (B ®an, ty) ~ (B R4 m, kp) an co-morphism
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of curved L;-algebroids which fits into a commuting diagram

\ /1 (6.16)
Ty 7
t.

Note that such an co-morphism is uniquely determined by A-linear maps of the form

= (0, ®}): Sym, ({11 @ n[1]) —> t[1] ® m[1] s #1
@ = (m¢, D)) 1] D n[l] — {11 m[1]

where ¢ projects onto t.

We now proceed as in Construction 6.14. Recall that an oo-morphism
¢: (B®an, £,) ~ (B®am, k) is defined as a certain family of B-linear maps
(preserving the filtration and the degrees)

¢p: Symy (B ®4 n[1]) — B ®4 m[1].

Each such maps is uniquely determined, by extension along A — B, by an A-linear
map (preserving the filtration and the degrees)

¢p=>_ ¢\": Symi(n[1]) — B®am[1] C [ [ Homy (Sym’, (t[1]). m[1]).
i>0 i
(6.17)
Here we have used the inclusion from Lemma 6.7 to decompose ¢, into a sum of
A-linear maps
¢+ Symiy (1) ®a Sym (n[1]) —> m[1].

Using the “binomial decomposition” of Sym 4 (t[1] & n[1]), the data of a family of
A-linear maps ¢;,l) corresponds bijectively to a family of A-linear maps

o —Z > (¢,)7: symd (t[1] @ n[1]) —> m[1].

i=0  esh]

i,s—i

These maps are precisely the second components of the datum of an co-morphism of
curved Lo-algebroids over t as in (6.16).

Proposition 6.18 Suppose that (B ®an, Lp), (B R4m, Kkp) are curved Loo-algebras
over Bs as above, with associated curved Ly-algebroids £ and $ over t. Then a
family of maps

¢p: Symp (B ®4n[1]) — B®4 m[1] p>0
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defines an oo-morphism of curved Lo-algebras over By if and only if the correspond-
ing maps
@) : Sym’y (t[1] ® n[1]) — m[1]

constructed above define an co-morphism of curved Loo-algebroids over tas in (6.16).

Corollary 6.19 In the situation of Proposition 6.18, suppose that Gr/ (m) = 0 for all
j < 0. Then Proposition 6.18 defines a bijection between.:

(1) the set of co-morphisms (B @4 n, Lp) ~ (B R4 m, kp) of curved Loo-algebras
over Bg

(2) the set of co-morphisms (6.16) between the corresponding curved Loo-morphisms
over t.

~

Proof If Gr/(m) = 0 for j <« 0, then Lemma 6.7 implies that the inclusion
in (6.17) is an isomorphism, i.e., any family of A-linear maps qb},l) determines a
unique map ¢, : Symbh(B ®4 n[1]) —> B ®4 m[1]. It follows that any family
of maps @/,: Sym?, (t[1] @ n[1]) —> m[1] arises from a unique family of maps
Op: Symf3 (B ®a n[l]) —> B®sm[1]. By Proposition 6.18, this implies that every
oo-morphism (6.16) arises from a unique co-morphism of curved L-algebras over
Bs, as desired. O

Observation 6.20 Let ¢, : Sym[é(B Qan[l]) — B®am[l].Forqg # landk # 1,
the composite maps

S oty and Y (aldp o dn)

oesh,!, oeSh, )

are B-multilinear. In particular, they are determined by the maps
¢ Symiy (H[1]) ®4 Sym (n[1]) — m[1]

¢ Sym/ ({[11) ® Sym¢ (n[1]) —— n[2]

K]Ej)Z Sym/ (t[1]) ® Sym¥ (m[1]) — m[2]

via
Z 4’17 °1 Zq Z Z (‘7’([) Zt(fj))aXI
oesh !, Mooesn !,
reShj_l
d i () AN
Z (Kk (¢p| ----- ¢pk)) = Z Z (KJEI) om (¢le1 """ ¢ijk ))
aeShG)ll _____ o) b1 Jk aeSh(*l _____ o)
resh; L

o jpsesdi)
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where oy, denotes partial composition via the first n-variable and oy, denotes total
composition along the m-variable.
On the other hand, the maps ZU (d)p o1 Zl)g and k1 o ¢, both define maps

Sym”(B ®4 n[1]) — B ®4 m[2]

that are derivations over the Chevalley—Eilenberg differential on B in each variable.
Such derivations are again determined uniquely by their restriction Symﬁ n[1]) —

B ®4m[2]. Usmg Remark 6.12, these can be expressed in terms of the maps ¢(Z) E(J)
),

and k|
X ety =Y X @ el
aeSh;l“ ) creShplI |
reShi
k1o, = Z Z (Kl(j) om (l) Z Z ¢(i) o Z,(‘j))t.
i.J resh;} i resh!| ;

Here Z,Ej ) is the Lo-structure on t and oy takes the partial composition in the t-variable.

Proof of Proposition 6.18 By Section 3.2.2 and Definition 4.10, the maps ¢, define an
oo-morphism of curved L;-algebras over B if and only if for eachn > 0

o 1 .
0= > 3 (ot — X S ki)

+g=n+1 -1 k>0 —1
pPTq aeShpfl,q p|+---+pk=nUESh(PI»--qu)

(6.21)
The signs are determined by Remark 3.18 and are exactly as written above if we work
at the level of shifted objects. As in the proof of Proposition 6.6, the proof boils down
to take the sum of these equations over n and then appropriately rewriting the involved
sums “diagonally”. More precisely, using Observation 6.20, the above equation is
equivalent to a system of equations

Z Z (¢1()l) on Z‘(]j))tfxr

l]!"]aeShpllq

reSh:}

- Z T Z (K;E)Om (¢§7111)’” ¢(]k)))

XT

reSh(ll“ ----- Jk)
+3 3 (e o).
ivijreSh;'l.j
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As in the proof of Proposition 6.6, this is a system of equations E (r, m) = 0: for fixed
r and m, this is an equation between maps Sym” (n[1]) ® Sym™ ({[1]) —> m[2]. This
is equivalent to the system of equations

0=Z Z E(r—m,m) = Z Z<(¢1(vl) o]]gl(lj))ax-[)]/

My eShy! i,j,p.q V0T

3 Z ((K/fl) om (0. ¢§7Jk‘k))>‘m>y

lk]l 'k VGT
1

+Zz(¢(z) z(f) ) .

i,j,p VT

Here we sum over unshuffles o of the variables within n, unshuffles r from the variables
within t and finally the unshuffles y of the sets of variables from t and n. For fixed r,
this is an equation between maps Sym” (t[l] ) n[l]) —> m[1].

Now, the terms in the first and third line with p +i = s and ¢ + j = ¢ sum up to
the maps

Y (@01 L) and Y (@01 6)’ (6.22)

-1 -1
UGShs—l,t aeShS_“

of the form Syms'”_1 (t[1]1 ® n[1]) — m[1]. Likewise, the terms in the second line
with fixed k + i = s and py + jo = t, sum up to

1

> Z (s_l.)!(lcso(gt,.. T B, D ,))U. (6.23)

-~

a - .
O'EShl P ix

Here m¢: t @ n —> t denotes the projection onto t. The sum of (6.23) over all
1, ..., ts—q, can then be identified in terms of the structure maps @, of (6.16) with

sl Z > (’Cso(q’n,---,%))g. (6.24)

Nseensls 6 eShy- ,1...,:5

Indeed, foreachi > O there are ( ) terms in (6.24) where i different copies #, are equal
to 1 (so that ®;, = &1 = (7, ®})); in turn, each of these ( ) terms can be identified

with i! copies of the expression (6.23), since the size of Sh=Y(1, ..., 1,1, ..., t;—i)
is i! times the size of Sh™! (i, t1, ..., t—j).

The sums of (6.22) and (6.24) now precisely give the equationfor ®: g ~» fh = tdm
being an co-morphism of curved L -algebroids. O
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6.3 Proof of the main theorem

We will now use the explicit computations from Sections 6.1 and 6.2 to construct the
desired functor of co-categories of Theorem 6.3

oid: cLieg;, — cLie(A/k)/t.

Recall that both oo-categories cLiep, and cLie(A/k) are modelled by concrete sim-
plicially enriched categories (Definition 4.22 and Definition 5.17). To describe the
functor ‘oid’, we will need two slight modifications of these two simplicially enriched
categories.

Definition 6.25 Let Cp, denote the simplicially enriched category whose:
(0) objects are given by tuples consisting of:

e acurved Loo-algebra g over B; = C*(t) such that Gr(g) is a cofibrant Gr(B)-
module, and

e an isomorphism of non-differential B-modules g = B ®4(A ®p g), where
B — A is the natural augmentation.

(1) simplicial sets of morphisms are given by the simplicial sets of co-morphisms
g~ bh® Q[A®] of curved Lyo-algebras over Bg, as in Definition 4.22.

Definition 6.26 Let C,/¢ denote the simplicially enriched category whose:

(0) objects are given by curved L,-algebroids £ over A such that Gr(£) is a cofibrant
A-module, equipped with a strict map of Lo-algebroids w: £ — t that is
surjective.

(1) simplicial sets of morphisms are given by the simplicial sets of co-morphisms

IS -«A\:MNWW+ HN QAT = H R QA X garas t

Lemma 6.27 There are natural equivalences of co-categories
Cp, —> cLieg, C;i — cLie(A/k)/t.

Proof There is an evident simplicially enriched functor Cp; — cLieg,, forgetting the
splitting g = B ®4(A ®p g). This is (strictly) fully faithful by definition. To see that
it is essentially surjective, we need to show that any object g € cLiep, is equivalent
to an object g’ whose underlying non-differential B-module admits a decomposition
g = BRA(ARB ).

To do this, let us split the filtration on t as in Remark 6.5, that is, we identify t =
Tot(tgr) with the image of a graded mixed-curved L «-algebroid under the functor from
Proposition 5.21. Then Bj arises from a graded mixed cdga (B, §) and g = blend(g)
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arises from a mixed-curved Lo-algebra g over (B, §), by Theorem 4.24. Using the
small object argument, one can find a trivial fibration §' — § of mixed-curved Loo-
algebras over Bs where the (cofibrant) complete B-module underlying g’ is quasi-free,
that is, of the form B ®; V. The resulting object blend(g) € Liesp, is then equivalent
to g and its underlying non-differential B-module decomposes as desired.

Next, let us denote by cLie(A/k)xt the simplicially enriched slice category of
cLie(A/k) over t: objects are maps g —> t and simplicial maps of morphisms consist
exactly of maps as in Definition 6.26. The simplicially enriched category cLie(A /k) ~t
is not a model for the slice co-category cLie(A/k)/t, but there is a comparison map
of co-categories cLie(A/k)xt —> cLie(A/k)/t [36, Tag 01ZN].

Composing this map with the natural simplicially enriched functor C —
cLie(A/k)xt produces the desired map C —> cLie(A/k)/t. It is essentially sur-
jective because every curved L o-algebroid over t is homotopy equivalent to one for
which the projection £ — t is surjective (by Theorem 5.12). Furthermore, for two
objects 1 : £ — tand mp: § —> tin C, the simplicial set of maps between them
fits into a pullback square of simplicial sets

Mapc (£, ) — Mapegiea/r) (£, 9)

| .

{T[]} e Machie(A/k)(S, t)

Unravelling the definitions, one sees that the right vertical map is a Kan fibration,
so that the above square is homotopy cartesian. This implies that the functor C —
cLie(A/k)/t1is fully faithful (cf. [36, Tag 01ZT]). ]

Construction 6.28 For every g € Cp,, letn = A @B g, so that there is a canonical
isomorphism of non-differential complete B-modules g = B ® 4 g. We then define

oid(g) =t®n =1t ® (ADp g)

with the curved Loo-algebroid structure from Proposition 6.6. Observe that this defi-
nition is compatible with tensoring with forms on the simplex, i.e.

oid (g ® Q[A"]) = oid(g) K¢ Q[A"]. (6.29)
For any co-morphism ¢: g ~~ h @ Q[A*®] in Cp,, we then let
0id(¢): oid(g) ~~ oid(h) X Q[A®]

be the associated morphism in C,¢ (Definition 6.26) from Proposition 6.18.

Lemma 6.30 Construction 6.28 defines a simplicially enriched functor
oid: Cp; — cLie/¢
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from the simplicial category of curved Lie algebras over Bs from Definition 6.25 to
that of curved L ~-algebroids over t.

Proof If ¢: g ~~ b and ¥: h ~> € are co-morphisms of curved Lo-algebras over
Bs = C*(t), their composite ¥ o ¢ has components (cf. [37, Proposition 10.2.7])

Wops= Y. > ,:!wk<d>sl,...,wsk)".

k,s14-Asg=s —1
1 k UGSh(sl ...... s k)

On the other hand, co-morphisms of curved L,-algebroids over t have the same
composition formula. Going through the arguments of Proposition 6.18, one then sees
that oid(¢¥ o ¢) = curv(y) o curv(¢). Alternatively, this can be seen in terms of
coalgebras as follows: an co-morphism ¢: g = B@sm ~» B®an = b of curved
Lo-algebras over Bs is given by a certain map of complete non-differential B-linear
cocommutative coalgebras

B &4 SymS, (m[1]) = SymS, (g[1]) —2 Sym$(h[1]) = B &4 Sym, (n[1])

Unravelling Proposition 6.18, the map oid(¢): t @ m ~~ t @ n is then given by the
map of complete non-differential A-linear cocommutative algebras

0id(@): Sym¢, (t[1]) ®4 Symé, (m{1]) ~=225 Sym¢, (t{1]) ®4 Sym¢, (n[1])

where the first component simply projects t & m onto t and the second component @’
is adjoint to

Sy (m[1]) € B®4Sym (m{1]) —— B &4 Sym, (n[1]) € Hom 4 (Sym¥ (¢[1]), Symf, (n[1])).

One readily verifies that this preserves composition of maps of coalgebras.
For functoriality on n-simplices in the mapping spaces, note that the composition
of p: g~ h QA" and ¥ : h ~ E® Q[A"] is given by

g ~dons B QLA L2 (k@A) @oran = ed QA" x A" —S55, ¢@ [aT]

where the last map is induced by the map of cdgas A*: Q[A"” x A"] — Q[A"]
restricting along the diagonal. By functoriality at the level of co-morphisms and Equa-
tion (6.29), one sees that oid also respects composition at the level of n-simplices. O

Finally, we turn to the proofs of Theorem 6.3 and Theorem 6.1.

Proof of Theorem 6.3 Lemma 6.27 and Lemma 6.30 furnish a zig-zag of functors of
oo-categories

cLiep, <~ Cp, 2% C;i — cLie(A/k)/t
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Taking the inverse of the left functor and composing it with the right functors gives
the desired functor oid: cLieg; — cLie(A/k)/t.
Note that by construction, there is a fibre sequence of graded A-modules

A ®cr(p) Gr(g) — Gr(oid(g)) — t. (6.31)

This shows that the functor ‘oid’ preserves objects of bounded below weight. It remains
to verify that the restriction to objects of bounded below weight is fully faithful and
essentially surjective.

For essential surjectivity, let p: £ — t be an object in cLie(A/k) ¢ such that the
fibre of Gr/ (£) — Gr/ (t) is acyclic for j « 0. We may pick a model for this object
in which p is surjective and Gr(£) (and Gr(t)) is a cofibrant A-module. In addition,
we may assume that Gr/(£) — Gr/(t) is an isomorphism for j < 0. Indeed, by
Proposition 5.21, we may assume that £ — t arises from a map of mixed-curved L -
algebroids over A. Using the homotopy transfer theorem 5.15, we can then replace £
by a homotopy equivalent object with Gr/ (£) = Gr/ (t) for j « 0.

In this case, the cofibrancy of t implies that £ — t admits a section (not compatible
with differentials), so that £ = t @ n for a complete non-differential A-module with
Gr/ (n) = 0 for j < 0. Proposition 6.6 now implies that £ is contained in the essential
image.

A similar argument shows that ‘oid’ is fully faithful on objects of bounded below
weight. Using Remark 6.5 and Theorem 4.24, we model any object of cLiep; by a
mixed-curved L,-algebra g over (B, §) whose underlying B-module is quasi-free. If
Gr/ (g) is acyclic for j « 0, we can find a deformation retract of g onto a quasi-free
sub- B-module of strictly bounded below weight (Definition 6.2). By the homotopy
transfer theorem 4.12, we can replace g by an equivalent model of strictly bounded
below weight. But Corollary 6.19 implies that the functor ‘oid’ is fully faithful on
such objects of strictly bounded below weight. O

Remark 6.32 Let t be a curved L-algebroid as in Theorem 6.3 and suppose that
p: £ — tis amap of curved Lo-algebroids with the following two properties:

(1) each p: F'£ — F'tis surjective, and
(2) the kernel n := ker(£ — t) has Gr/ (n) = 0 forall j « 0.

By Theorem 6.3, there exists a (homotopically) unique curved L -algebra over C* (%)
of bounded below weight, whose image under the functor ‘oid’ is £.

The proof of Theorem 6.3 provides an explicit description of this curved Lo-
algebra, as follows. Since t is projective as a non-differential complete A-module, we
can choose a section of p and decompose £ = t @ n. In this case, the corresponding
curved Loo-algebra over C*(t) is given by B ® 4 n with the curved L o -structure from
Proposition 6.6.

Proof of Theorem 6.1 1f A is a cofibrant cdga locally of finite presentation (or smooth),

then T4 is a finitely generated projective non-differential A-module. Consequently,
the filtered Lie algebroid T4 (1) satisfies the conditions of Theorem 6.3 (see Example
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6.4). Let us now consider the diagram

Lie(A/k) o A > cLieg: 4y,

(6.33)
(—)ane oid
cLie(A/k)/Ta(1)

where Q* (A)gr = C*(T4 (1)) is the de Rham algebra of A with its natural filtration and
the left downward functor is the fully faithful inclusion of Proposition 5.22. Since £2"¢
has bounded below weight and the right downwards functor restricts to an equivalence
between objects of bounded below weight, there exists a unique fully faithful functor
curv as indicated.

It remains to identify the essential image of curv. To this end, note that the essential
image of the functor (—)*"¢ is the full subcategory of curved Lo-algebroids £ such
that the fibre of Gr(£) — T4(l) is concentrated in weight 0. In light of the fibre
sequence (6.31), it follows that the essential image of the fully faithful functor curv
consists of those curved L ,-algebras g over Qr (A)qgr thathave bounded below weight
and A ®gq+(4) Gr(g) concentrated in weight 0.

These conditions are equivalent to Q*(A) ®4 Gr'(g) — Gr(g) being an equiv-
alence. Indeed, this equivalence shows that g has bounded below weight and that
Grl(g) ~ A ®gq+a) Gr(g), by taking the tensor product of this equivalence along
Q*(A) — A. For the converse, let K = fib(Q*(A) ®4 Gr’(g) — Gr(g)) and let
i be the lowest weight where K is not acyclic, i.e. K(—i) % 0 (this exists since g
has bounded below weight). Since the fibre of Q*(A) — A is concentrated in strictly
positive weights, one sees that (A ®q+a) K)(—i) > K(—i) is non-trivial. But then
the fibre sequence of graded A-modules

A®g+a) K — Gr%(g) — A ®g+a) 9

shows that A ®q+(4) g is not acyclic in weight i, contradicting out assumption on g. 0

7 Examples and applications

In this section we will give some concrete computations and applications of our main
results. We will start in Section 7.1 by establishing an explicit formula for the functor
curv for Lie algebroids with surjective anchor and discuss the less explicit case of a
non-surjective anchor. In Section 7.2 we show a C* variant of our main result and
also interpret that result in the case where L;-algebroids arise from vector bundles.

Finally, in Section 7.3 we will see that the formalism developed for curved Lie
algebras produces non-trivial results even when restricting to uncurved Lie algebras,
by exhibiting the Maurer—Cartan space as a mapping space.
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7.1 A more explicit functor curv

While the construction of the functor curv resorts to oo-categorical methods, its
description on objects can be made quite explicit, in particular when applied to a
strict Lie algebroid p: £ — T4. The construction of curv(£) depends on a choice
of a section of p as a map of non-differential A-modules, even if the result does not
depend on this choice up to homotopy. We will therefore first treat the case in which
the anchor admits an A-linear section and then we show how to explicitly obtain such
an algebroid when the anchor is not surjective.

If the anchor splits

Throughout, let A be a smooth algebra or a cofibrant cdga locally of finite presentation.
Suppose that £ is a Lie algebroid over A of finite type with surjective anchor p: £ —»
T4 and let us fix an A-linear section s: T4 — £ of p, which is not necessarily
compatible with the differentials nor the Lie brackets. Denoting n = ker(p), using the
section we can split £ as a direct sum of (non-differential) A-modules £ = T4 & n.
The bracket and the differential with respect to this decomposition now take the form

de(v,£) = (dv, dg + €5 (v)) €Ty®n
[0, 8), w,m] = (v, w], [&, 0]+ Vo) = V(&) + £ 0, w)) € Ta @,

for some uniquely determined k-(bi)linear maps Z(()l) (-), Z(()z) (—,—)and V_(—). The
Leibniz rule implies that V: T4 ® n — n is a connection and the Jacobi identity on
£ implies that V,,: n — n is a derivation with respect to the Lie bracket for each
fixedv € T4.

Let Q*(A) be the complete cdga of differential forms (without de Rham differen-
tial, see Example 4.4) and let us consider the complete ﬁ*(A)-module ﬁ*(A)@ AN
equipped with the differential d = da + dn. The connection V:n — Qk Ran
extends uniquely to a k-linear endomorphism £1: Q*(A)®an — Q*(A) ®4 n such
that

bw-§) =dir(0) - § +o-41(8) w e Q'(A), & en.
Note that £; need not respect the differential d and need not square to zero, since
s: T4 — £ preserves neither the differential nor the Lie bracket a priori. The maps
E(()l) and E(()z) are A-linear and can hence we identified with elements Z(()]) e Q i‘ Xan
and £ € Q% ®4 n.
Proposition 7.1 The complete non-differential Q*(A)-module Q*(A) @4 n, equipped
with:
o the Q*(A)-linear extension of the Lie bracket on n,
o the differential d + ¢,
e and the curvature £y = E(()l) + E(()z)

is the curved Lie algebra over Q* (A)4r obtained as the image of the functor curv from
Theorem 6.1 applied to £.
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Proof By Remark 6.32, the curved Lie algebra curv(£) is obtained by choosing a split-
ting of the anchor map and then applying Proposition 6.6. Unravelling the definitions,
one sees that the resulting curved Lo-algebroid only has operations of arity < 2, as
described above. Explicitly, using that

(a) [d, Z(()])] = 0 since the differential on £ squares to zero,
() [d, Vy] — V4y = ad since the differential on £ is a derivation for the Lie

bracket,
(©) [Vy, Vyl — V[v,w] =ad

1
e )

€D (w,w) due to the Jacobi identity on £,

one can directly verify that this defines a curved Lie algebra structure. O

In light of Remark 6.32, the same argument provides a description of curv(£) when
p: £ — T4 is an Lyo-algebroid over A with surjective anchor. In this case, the n-
ary brackets of £ for n > 3 are A-multi-linear and take values in n. Since T4 is a
dualisable A-module, their restrictions Tf” Q@ n®~ 5 nare adjoint to A-multi-
linear maps ngi :n®~ — QI ®, n. By Proposition 6.6, assembling these maps
into £,_; : n®1—1 — QF (A) ®4 nand extending ﬁ*(A)-linearly yields the (n —i)-ary
bracket of curv(£).

If the anchor does not split

Next, let us consider a Lie algebroid over A whose anchor p: £ — T4 does not
admit a splitting. Proposition 7.1 and Proposition 6.6 do not apply in this situation,
but they do apply to a fibrant replacement of £. Such fibrant replacements always
exist for formal reasons (Theorem 5.12), but are typically big and not very explicit. In
the case where £ is a Lie algebroid (or L-algebroid) whose underlying A-module is
perfect, i.e. finitely generated and projective without differential, one can also construct
a fibrant replacement by geometric means: this provides a fibrant replacement of £
which is again perfect as an A-module. Let us briefly describe this construction, which
is inspired by [22].

Construction 7.2 Let A be asmooth algebra or a cofibrant cdga which is locally of finite
presentation (so that 2 }4 is a dualisable A-module). Letus write A ® A for the complete
filtered cdga given by the formal completion at the diagonal, i.e. by the adic completion
of A ® A at the kernel I of the multiplication map. Note that since I /1% = QL, there
is a canonical isomorphism of weight-graded algebras Sym 4 (Qi‘) ~ Gr(AQ® A) with
Q it of weight 1. By a formal exponential we will mean an isomorphism of complete
non-differential algebras that fits into a commuting diagram

A —— Sym, (@)

i ll ~exp” T l

ARA —— A
and induces the canonical isomorphism on the associated graded (equivalently, on the
first graded piece it induces the canonical identification I /1% = Qi‘). Geometrically,
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such an isomorphism identifies the formal completion of the diagonal with the tangent
bundle of A. In particular, there then exists some differential on S/yE A(Qi‘) so that
ARA = S/yEA (Qk) as complete dg-A-algebras, where A ® A is considered an A-
algebra from the left. Unravelling the definitions, the data of a formal exponential (or
rather its inverse) comes down to providing a left A-linear section of F1(A® A) —
Gr'(A®A) = Q iﬁ in particular, such a section exists by our assumptions on A.

Likewise, if E is a perfect dg-A-module, then a formal parallel transport on E is
an isomorphism of non-differential (A ® A)-modules

PT: EQA (ADA) — (ABA) Q4 E

which is the identity when tensored up along A ® A —> A. To provide some intu-
ition, notice that if E arises from a vector bundle, an isomorphism £ ®4 (AQA) =
(A®A) ®4 E represents a continuous identification of the fibers E, = E, for each
point (x, y) € Spec(A) x Spec(A). A formal parallel transport provides such an
identification for infinitesimally close points.

A formal parallel transport is induced by a (left) A-linear section of the map
(A®A)®4 E — E (not necessarily preserving differentials), and hence exists since
E is perfect.

These constructions can be recovered directly from connection data:

Lemma 7.3 Suppose that A is a smooth algebra or a cofibrant cdga. Every connection
V on T4 (not required to preserve differentials) induces a natural formal exponential.

Proof Notice that the complete filtered algebra A ® A is the (filtered) left A-linear dual
of the universal enveloping algebra i/ (T4), equipped with its PBW filtration [51]; the
duality arises from the canonical (filtered) left A-linear pairing

(= =) : UTH)RABA) — A; (D,a®b)=a- D(b).

On the associated graded, the PBW theorem [51] identifies this with the canonical
(non-degenerate) pairing of weight-graded A-modules Sym 4(T4) ® Sym 4 (Qk) with
T4 and Qi‘ in filtration weights —1 and 1, respectively (see e.g. [12, Sec. 4.4]).
Following [33], recall that the connection V gives rise recursively to an A-linear
map exp: Symy (T4) — U(T4), which sends X; € T4 to X; € U(T4) and satisfies

n
exp(X] ... Xn) = :l Zi(Xkexp(Xl...)?k...X,,) —exp(vxk(xl...f(k...x,,)».
k=1

At the associated graded level, exp coincides with the PBW isomorphism and is there-
fore an isomorphism itself [33, Prop. 4.2]. Taking (filtered) A-linear duals, we obtain

the left A-linear isomorphism exp*: AQ A — S/yE A (Qi‘); this preserves the multi-
plication by [33, Thm. 4.3]. O
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Lemma7.4 Let A be a smooth algebra or a cofibrant cdga over k, equipped with a
formal exponential. If E is a perfect A-module, then every connection VE on E (not
required to respect differentials) induces a formal parallel transport on E.

Geometrically, the algebraic construction in the proof below can be viewed as follows:
for every k-point x € Spec(A), one can restrict the (cohomologically graded) vector
bundle with connection E to the formal neighbourhood Spec(A)% around x. The
formal exponential map identifies Spec(A), with the tangent space T Spec(A). We
then produce a formal parallel transport by taking the usual parallel transport along
straight lines in 7 Spec(A), starting at the origin.

Proof The connection V¥ induces a left A-linear connection on the base change
(A® A) ®4 E (i.e. a connection with respect to the tangent bundle of A ® A relative
to A ® k). This connection induces a left A-linear connection on the complete A & A-
module (A ® A) ®4 E. Using the formal exponential, (A ® A) = S/yBA (9,14) = B,
we obtain a left A-linear connection on the perfect complete B-module F' :== B®4 E.
Note that F comes with the natural adic filtration, and Gr%(F) = E as A-modules.
We have to provide a natural left A-linear section of the map F —> Gr%(F).

To this end, let us work in a setting where there is a further “projective” grading.
Consider the algebra Sym 4 (Q}4 @ A-t) where A has projective weight 0, 2 it has weight
1 and ¢ has weight —1, and let B; be its t-adic completion, i.e., B; = Sym, (Qb)l{t]]
but with different projective grading. Then B; is a complete non-differential algebra
and there is a natural map of complete A-algebras

B — By; Qiaal—>t-a.

This map is an isomorphism onto the part of B, in projective weight O; in fact, B,
is given in projective weight 0 by ]—[Sym’}x(Qi‘) ® t". Now consider the perfect
(projective without differential) B;-module F; = B; ®p F, which coincides with
F in projective weight 0. Explicitly, it has elements b(¢) ® f, with b(t) € B; =
Sym 4 (Qb)l{t]] and f € F, subject to the relation

bO)@ @ - f)~b®)-t-a® f

forevery a € Qk (and extended by continuity for the adic topology). We now claim
that F; has a canonical connection V;: F; —> F; ® dt in the ¢-direction. Indeed,
let V: F — F ®p Q}B /A be the A-linear connection we had on F, and denote

V(f) = VD(f) @ VO(f). We then define

db(t)

viwe ) =(")

®f+ (b)) t- VO ® V(l)(f))dt.

One can verify that this is well-defined and indeed defines a connection in the ¢-
direction on F;. But for 7-connections on a perfect (projective without differential)
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module F; over a power series algebra B; = Sym 4 (Qk)l{t]], we know that the com-
posite

ker(V,: Ft — Ft) — Ft — Ft/t'Ft

is an isomorphism of projective non-differential Sym , (Q}A)-modules. Finally, con-
sidering only the part in projective weight 0, one obtains a sequence of left A-linear
maps

ker(V,)(0) — F,(0) = F — (F;/tF;)(0) = gr'(F)

where the composition is an isomorphism. This provides the desired left A-linear
section of F —> grY(F), which concludes the proof. O

Proposition 7.5 Let £ be a perfect Lo-algebroid over A and fix a formal exponential
and formal parallel transport on £. Then the mapping cylinder LB Ta[— 11D T4 admits
a natural a L-algebroid structure over A, which fits into a commuting diagram

N ) / (7.6)
A-

Here the oco-morphism has linear part given by (id, 0, p) (in particular, it is a quasi-
isomorphism) and  is the projection onto the last factor.

Proof Recall that for a perfect A-module £ equipped with an A-linear map p: £ —>
T4, there is an equivalence between Lo-algebroid structures on £ with anchor p and
differentials on the complete filtered symmetric algebra Sym(£Y[—1](1)) making

Q@ (A)ar > Sym(LV[-11(-1)) — A
a sequence of complete cdgas. In this case, the middle term agrees with the Chevalley—
Eilenberg complex C*(£(1)).
__ Now suppose that £ is an Lo-algebroid and consider the map of complete cdgas
Q*(A)gr ® C*(£(1)) — A ® A —> A. Let us write R for the adic completion of

ﬁ*(A)dR ® C*(£(1)) at the kernel of this map; unravelling the definitions, R can be
identified without differential with the complete symmetric algebra

R :S/yEA®A<n1*Q}4[—1]®7r§ Vi-11). 1.7
Here the filtration arises from the filtration on A ® A and
el =@l o4 (AR A) e = (AR A) @4 LY

where Qk and £V are both of filtration weight 1. There are natural maps of complete
cdgasiy: Q*(A)dR — ﬁ, induced by the left inclusion of ﬁ*(A)dR, and ¢: R —
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C*(£(1)) induced by
(p*.id): Q*(A)ar ® C*(£(1)) —> C*(L(1)).

In terms of (7.7), i1 includes A into A ® A from the left and maps Qi‘ into nl*Qk.
Furthermore, ¢ is given by the diagonal A® A — A, acts as p* on nl*le and as
the identity on 7} £V.

Applying formal parallel transport, we can identify R with the complete non-
differential algebra

R= S/yEA@;A(nl*Q;[—l] @ nl*ilv[—l])

In this presentation, i1 is still the obvious inclusion, but the map R — C* (£(1)
only acts as the identity on ;£ [—1] up to first order.

Next, using the formal expogential map we can identify A ® A = S/yE A (Q%) as
complete A-algebras, where A @ A is seen as an A-algebra from the left. Using this,
we find that the sequence of complete cdgas ﬁ*(A)dR — R — C*(£(1)) can be
identified without differential with the sequence of A-algebra maps

Syma(@41-11) — Sym,y (@} @ 4[-11@ £[-11) —% Sym, (£V[-11).

(7.8)
Here iy is simply induced by the summand inclusion Q},[—1] — Q! ® QL[-1]1®
£Y[—1]. The map ¢ is given on the summand 9,14 [—1] by p*, while the restriction to
Q it @ L£V[—1]is given by the projection onto £¥[—1] up to higher order terms.

The differential on R endows Sym , (2}, @ @}, [—1]1@ £Y[—1]) with a differential,
such that the associated graded is precisely the symmetric algebra on the mapping
cylinder. This makes (7.8) a diagram of cdgas, dual to the desired diagram of L -
algebroids (7.6). ]

Evenif A is a smooth discrete algebra and £ is a Lie algebroid over it concentrated in
degree 0, the mapping cylinder £ @ Tao[—1] & T4 will generally only come with an
L »-algebroid structure. The higher brackets depend on higher order terms appearing
in the formal exponential map S/yE A (QL) = A ® A and the formal parallel transport
map £®4 (AR A) = (AR A) ®4 L.

Corollary 7.9 (cf. [22, Theorem 4.2]) Let A be a smooth algebra or a cofibrant cdga
of finite type and let £ — T4 be a Lie algebroid over A whose underlying A-module
is perfect. Then the complete ﬁ*(A)dR—module ﬁ*(A)dR R4 (LD Ta[—11) admits the
structure of a curved Loo-algebra which gives a model for curv(£).

Proof This follows from applying Proposition 6.6 to the Loo-algebroid £@® T4[—1]1
T4, obtained from Proposition 7.5. O
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7.2 A differential-geometric variant

Let us conclude with a brief discussion of Theorem 6.1 in the differential-geometric
setting, where a similar construction has been studied in [22]. Let M be a (Hausdorff,
second countable) smooth manifold and let A = C°*°(M) be the ring of C*°-functions
on M. Let Shp,, denote the category of sheaves of Oy/-modules on M, where Oy =
C®(—) is the structure sheaf. Then there is an adjoint pair

(—)NI MOdCOO(M) ShoM(M)Z r

where the fully faithful right adjoint takes global sections and the left adjoint sends an
C*(M)-module V to the associated sheaf of V ®coc(pry C°(—) [28, Section 5.4]. In
other words, Oy;-module sheaves are completely determined by their global sections.

Furthermore, the Serre-Swan theorem asserts that I restricts to a monoidal equiva-
lence between locally free sheaves —i.e. vector bundles on M — and finitely generated
projective C°°(M)-modules. For example, the module Ty of algebra derivations
of C*° (M) agrees with the module I'(M, T M) of vector fields on M [31, Proposition
8.15] and its C°°(M)-linear dual agrees with the module I'(M, T*M) of 1-forms on
M (however, its natural predual, consisting of algebraic Kihler differentials, is not
finitely generated).

Definition 7.10 Let g be an Lo-algebroid over C°°(M) in the sense of Definition 5.2.
We will say that g is:

(1) a sheaf of Lo-algebroids on M if the C°°(M)-module underlying g arises as the
global sections of a complex of sheaves of Ojr-modules on M.

(2) a differential-geometric Lo-algebroid if g is bounded above and each g, arises
from a vector bundle, i.e. it is a finitely generated projective C*°(M)-module.

To justify this terminology, let us point out that under the Serre-Swan theorem,
differential-geometric L;-algebroids over M indeed correspond to the usual defi-
nition of an Ly,-algebroid over a smooth manifold considered in the literature [32];
the only possible exception is that we allow unbounded complexes of vector bundles,
while one typically only considers non-positively graded complexes of vector bundles.
In particular, Tgoo(pyy itself corresponds to the usual tangent Lie algebroid Ty, and its
Chevalley-Eilenberg complex C*(T¢oo(pr)) = Q*(M) is isomorphic to the usual de
Rham complex of M.

On the other hand, suppose that g —> T¢eo(ay) is a sheaf of Loo-algebroids in the
above sense. For every open U, the map

9 ®coomy CP(U) — Teooun) ®cooary C(U) = Tex

is the anchor map of a natural L-algebroid g ®coe(pry C*°(U) over C*°(U). Taking
associated sheaves, one sees that g~ — TCNOO(M) = X(—) gives a sheaf of Lo-
algebroids, with anchor map taking values in the sheaf of vector fields on M. By
our assumption on g, the global sections of this sheaf of L,-algebroids coincides

@ Springer



63  Page 86 of 90 D.Calaque et al.

with g itself. In this way, sheaves of L-algebroids on M embed fully faithfully in
L o-algebroids over C°°(M), by taking global sections.

Theorem 7.11 Let M be a differentiable manifold and C*°(M). Then there is a fully
faithful inclusion of co-categories

curv: Lie(C®(M)/R) — cLieq+(a),x

from the oco-category of Lso-algebroids over C°° (M) to the oo-category of curved Loo-
algebras over the de Rham complex QQ* (M )q4r, filtered by form degree. Furthermore,
curv restricts to equivalence between the full subcategories of:

(1) sheaves of Loo-algebroids on M and curved Loo-algebroids by over Q*(M) such
that Gr' (h) ~ QH(M) ®coo (M) Gro(b) is an equivalence and Gro(h) arises as the
global sections of a complex of sheaves of Oy-modules.

(2) differential-geometric Loo-algebroids on M and curved Loo-algebras over Q*(M)
equivalent to a curved Lyo-algebra of the form Q*(M) Qceoyy E, with E a
bounded above graded vector bundle on M.

Proof The Lie algebroid T¢oo(yyy satisfies the conditions of Theorem 6.3. Further-
more, the oo-category of (algebraic) Loo-algebroids over Tgoo(ysy embeds into the
oo-category of curved Loo-algebroids over Teoopy)(1) via the functor (—)*". The
proof of Theorem 6.1 now carries over verbatim to show that the essential image of
Lie(C®°(M)/R) consists of curved Lso-algebroids b with Gr' () ~ QI (M) ®coe (M)
Gr'(h).

Now note from the construction of the functor curv that Gr’(curv(g)) is weakly
equivalent to the mapping fibre of the anchor p: g — T4. In particular, Gr(curv(g))
arises as the global sections of a complex of sheaves of Oy-modules if and only if g
does.

Likewise, Gr¥(curv(g)) is weakly equivalent to a complex of vector bundles if and
only if g is weakly equivalent to a complex of vector bundles. But if b is a curved L -
algebra with Gr%(h) weakly equivalent to a complex of vector bundles, then b is itself
weakly equivalent to a curved L-algebra of the form Q* (M) ®coo(pr) E for a graded
vector bundle E, by the Homotopy Transfer Theorem 4.12. Similarly, if g is an Lo-
algebroid whose underlying C*° (M)-module is weakly equivalent to a bounded above
complex of vector bundles, then g is weakly equivalent to a differential-geometric
L -algebroid by the Homotopy Transfer Theorem 5.15. O

Remark 7.12 Part(2) of Theorem 7.11 can be made more explicit as follows. Consider a
curved L-algebra over the filtered cdga Q* (M)gr whose underlying non-differential
module is of the form Q*(M) ®ce sy E for a bounded above graded vector bundle
E on M. Then Proposition 6.6 shows that the graded vector bundle TM @ E carries
a natural L,-algebroid structure, with the anchor given by the projection to 7M.

Conversely, let p: g —> T M be a differential-geometric Loo-algebroid. If p is
surjective, we can choose a splitting g = T M @ n and Proposition 6.6 determines a
curved Loo-structure on *(M) ®coo(pr) 1.
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Remark 7.13 The reader with derived inclinations may also take A to be a non-
positively graded cdga of the form (COO(M)[xl, o Xl d) where the variables
X1, ..., X, are of strictly negative degree. Such cdgas arise as the algebras of functions
on derived manifolds, in which case the module of derivations T4 indeed models the
tangent sheaf of the derived manifold. Part (1) of Theorem 7.11 holds in this setting
as well.

7.3 The maurer-cartan space

In this section we show how to use our constructions at the level of curved Lie algebras
to recover results concerning the classical homotopy theory of L-algebras over a field
of characteristic 0.

Let Alg‘ipofo denote the category of complete positively filtered Lo, algebras, with
oo-morphisms. Due to the assumption of positive filtration we can associate to such
an Ly.-algebra g its Maurer—Cartan set

1 1
MC(g) = {x e g |dx + 5 02060+ 4 G3(x, X, x) 4 - =0}.

This construction extends to the Maurer—Cartan space, which is the functor

MC: AlgCLP; —— Kan complexes
g —— MC(g®Q[A®])

where Q[A°®] denotes the polynomial differential forms on the simplex (in filtration
weight 0), see [16].

It is not entirely trivial to see that the Maurer—Cartan functor is well defined on
oo-morphisms, let alone that it satisfies the right homotopical properties. It turns out
that under our framework this functor takes the form of a mapping space if we consider
the larger category of curved Loo-algebras, which establishes in particular that MC
is a representable functor.

Proposition 7.14 Let g be a positively filtered L~ algebra, seen as an object in the
simplicial category of curved Lo-algebras cLie. Then

MC(g) = Machie(O’ 9).

Proof From the explicit form of an co-morphism as presented in Section 3.2.2 and the
fact that 0 is the trivial curved Loo-algebra, we see that an co-morphism ¢ : 0 — gcan
only have one non-trivial piece, namely ¢g. This corresponds to a choice of degree 1
element of filtration weight 1, satisfying precisely the Maurer—Cartan condition. The
result now follows from Flg = g. o

Since mapping spaces in an co-category preserve weak equivalences, we obtain the
main result of [16] as a corollary.
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Theorem 7.15 ([16, Theorem 1.1]) Let g ~~ b§ be a weak equivalence of positively
filtered complete Ly-algebras. Then MC(g) — MC(b) is a homotopy equivalence
of simplicial sets.

Furthermore, by expressing the Maurer—Cartan functor as a mapping space, we
retrieve the co-categorical version of a result due to Rogers [52].

Theorem 7.16 (see [52, Theorem 3]) The Maurer—Cartan functor MC: AlgCLpofQ —
Kan complexes induces a left exact functor at the co-categorical level.

Proof By Proposition 7.14, at the co-categorical level MC is a (covariant) mapping
space functor, which is left exact. O
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