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Chapter 1

Examples of control problems

1.1 What is a control problem 7

Roughly speaking a control problem consists of:
e A controlled system, that is an input-output process,
e an observation of the output of the controlled system,
e an objective to be achieved.

In this course we are interested in controlled systems described by partial differential equations.
The input can be a function in a boundary condition, an initial condition, a coefficient in a
partial differential equation, or any parameter in the equation, and the output is the solution
of the partial differential equation. The input is called the control variable, or the control,
and the output is called the state of the system. An observation of the system is a mapping
(very often a linear operator) depending on the state.

We can seek for various objectives:

e Minimize a criterion depending on the observation of the state and on the control variable.
This is an optimal control problem. The unknown of this minimization problem is the control
variable.

e We can look for a control for which the observation belongs to some target. This
corresponds to a controllability problem.

e We can look for a control which stabilizes the state or an observation of the state of the
system. This is a stabilization problem.

1.2 Control of elliptic equations

Elliptic equations may describe an electrical potential, a stationary distribution of temper-
ature, a scattered field, or a velocity potential. We give two examples of optimal control
problems, taken from the literature, for systems governed by elliptic equations.

1.2.1 Optimal control of current in a cathodic protection system

The problem is treated in [29]. When a metal is placed in a corrosive electrolyte, it tends to
ionize and dissolve in the electrolyte. To prevent corrosion process, an other metal (less noble

7



8 CHAPTER 1. EXAMPLES OF CONTROL PROBLEMS

than the previous one) can be placed in contact with the electrolyte. In this device the noble
metal plays the role of a cathode, and the other one the role of the anode. A current can be
prescribed to the anode to modify the electric field in the electrolyte. This process is known
as cathodic protection.

The system can be described by the elliptic equation

—div(eVe) =0 in ,
2% 0o O (1.2.1)

5, =1 on [, “Ton 0 onlj, —05-=/f(¢) onl,

where ¢ is the electrical potential, {2 is the domain occupied by the electrolyte, I', is a part
of the boundary of €2 occupied by the anode, I, is a part of the boundary of 2 occupied by
the cathode, I'; is the rest of the boundary I', I'; = T"\ (I'; UT'.). The control function is the
current density ¢, the constant o is the conductivity of the electrolyte, the function f is known
as the cathodic polarization function, and in general it is a nonlinear function of ¢.

The cathode is protected if the electrical potential is closed to a given potential ¢ on I',.
Thus the cathodic protection can be achived by choosing the current ¢ as the solution to the
minimization problem

(P) inf{.J1(¢) | (¢,7) € H'(Q) x L*(T,), (¢,1) satisfies (1.2.1), a <1i < b},

where a and b are some bounds on the current 7, and
o) = [ oo
Ie

A compromise between 'the cathodic protection’ and 'the consumed energy’ can be obtained
by looking for a solution to the problem

(P,) inf{.Jy(¢,7) | (¢,1) € H(Q) x L*(T',), (¢,1) satisfies (1.2.1), a <1 < b},
where

J2<¢’i):Ac(¢_¢)2+ﬁAai2’

and [ is a positive constant.

1.2.2 Optimal control problem in radiation and scattering

Here the problem consists in determining the surface current of a radiating structure which
maximize the radiated far field in some given directions [22]. Let 2 C RY be the complemen-
tary subset in RY of a regular bounded domain (€2 is called an exterior domain), and let I its
boundary. The radiated field y satisfies the Helmholtz equation

Ay + k*y =0, in Q, (1.2.2)
where k € C, Imk > 0, and the radiation condition

oy . 1



1.3. CONTROL OF PARABOLIC EQUATIONS 9

The current on the boundary I' is chosen as the control variable, and the boundary condition
is:

y=u on I (1.2.4)

The solution y to equation (1.2.2)-(1.2.4) satisfies the following asymptotic behaviour

y(ﬂf) = W—lmF(m) + O(WTW), WheIl T = |[L‘| — OQ,

and F is called the far field of y. The optimal control problem studied in [22] consists in
finding a control u, belonging to U,q, a closed convex subset of L>°(I"), which maximizes the
far field in some directions. The problem can be written in the form

(P) sup{J(F,) | u € U},

where [, is the far field associated with u, and

0= o)l ()

S is the unit sphere in R, « is the characteristic function of some subset in S.

2
dr,

1.3 Control of parabolic equations

1.3.1 Identification of a source of pollution

Consider a river or a lake with polluted water, occupying a two or three dimensional domain
2. The control problem consists in finding the source of pollution (which is unknown). The
concentration of pollutant y(x,t) can be measured in a subset O of ), during the interval of
time [0, T]. The concentration y is supposed to satisfy the equation

W _Ay+V - -Vy+oy=s(t)s, inQx]0,T], (1.3.5)
g—z =0 onI'x]0, T, y(z,0)=y, in Q, o
where a € K is the position of the source of pollution, K is a compact subset in €2, s(t) is
the flow rate of pollution. The initial concentration ¥, is supposed to be known or estimated
(it could also be an unknown of the problem). The problem consists in finding @ € K which

minimizes
T
/ / (y - yobs)2>
o Jo

where y is the solution of (1.3.5) and y,s corresponds to the measured concentration. In this
problem the rate s(t) is supposed to be known. This problem is taken from [24].

We can imagine other problems where the source of pollution is known but not accessible,
and for which the rate s(t) is unknown. In that case the problem consists in finding s satisfying
some a priori bounds sy < s(t) < s; and minimizing fOT fo(y — Yobs )
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1.3.2 Cooling process in metallurgy

In modern steel casting machine, the design of cooling process leads to rather challenging
control problems. The problem is described by a fully nonlinear heat equation of the form

or . .

p(T)c(T)E =div(k(T)VT), in Q x (0,tf),

where T is the temperature in the domain Q, ¢(7') the specific heat capacity, p(T") the density,
and k(T') the conductivity of the steel at the temperature T. The heat extraction is ensured
by water sprays corresponding to nonlinear boundary conditions:

oT

k(T)=— = R(T,u), on I' x (0,t),

on
where w is the control variable, and the radiation law R is a nonlinear function (for example,
R can be the Stefan-Boltzmann radiation law). The cost functional can be of the form:

300 =00 [ ) =175 [l

Q
with 8; > 0, B > 0, t is the terminal time of the process, T is a desired profile of temperature,
the exponent ¢ is chosen in function of the radiation law R.

In industrial applications, constraints must be added on the temperature. In that case we
shall speak of state constraints. For more details and other examples we refer to [21].

1.4 Control of hyperbolic equations

The control of acoustic noise, the stabilization of flexible structures, the identification of
acoustic sources can be formulated as control problems for hyperbolic equations. Lot of models
have been studied in the literature [16]. The one dimensional models cover the elementary
theories of elastic beam motion [28]. Let us present a stabilization problem for the Timoshenko
model. The equation of motion of the Timoshenko beam is described by the following set of

equations:
0*u Pu 09 .
Pw—K(@—@ =0, i (0,L),

0% 0?¢ ou
— —FI—+K|l¢p—— | =0 in (0,L

o o T or) =0 0L,

where u is the deflection of the beam, ¢ is the angle of rotation of the beam cross-sections due
to bending. The coefficient p is the mass density per unit length, ET is the flexural rigidity
of the beam, I, is the mass moment of inertia of the beam cross section, and K is the shear

modulus. If the beam is clamped at x = 0, the corresponding boundary conditions are

I,

u(0,t) =0 and »(0,t) =0 fort>0.

If a boundary control force f; and a boundary control moment f, are applied at x = L, the
boundary conditions are

K(O(Lt) —w(L,0)) = filt)  and  — EIS,(L,t) = folt) for t>0.
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The stabilization problem studied in [25] consists in finding f; and f5 so that the energy of
the beam

1

B = [ (00 + 1,620+ K(ol0) ~ wa(0)" + B162(0)) d

asymptotically and uniformly decays to zero.

1.5 Objectives of these lectures

The first purpose of these lectures is to introduce the basic tools to prove the existence of
solutions to optimal control problems, to derive first order optimality conditions, and to explain
how these optimality conditions may be used in optimization algorithms to compute optimal
solutions.

A more advanced objective in optimal control theory consists in calculating feedback laws.
For problems governed by linear evolution equations and for quadratic functionals, feedback
laws can be determined by solving the so-called Riccati equations. This will be done in the
specialized course [26]. But we want to introduce right now the results necessary to study
Riccati equations. Exploring literature on Riccati equations (for control problems governed by
partial differential equations) requires some knowledge on the semigroup theory for evolution
equations. This is why we have chosen this approach throughout these lectures to study
evolution equations.

The plan of these lectures is as follows. In Chapter 2, we study optimal control problems
for linear elliptic equations. On a simple example we explain how the adjoint state allows us
to calculate the gradient of a functional. For controls in a Dirichlet boundary condition, we
also introduce the transposition method. This method is next used to study some evolution
equations with nonsmooth data.

Some basic results of the semigroup theory are recalled (without proof) in Chapter 4. For
a more detailed study we refer to the preliminary lectures by Kesavan [9], and to classical
references [8], [18], [2]. In Chapters 5 and 6, we study optimal control problems for the heat
equation and the wave equation. We systematically investigate the case of distributed controls,
Neumann boundary controls, and Dirichlet boundary controls. The extension to problems
governed by abstract evolution equations is continued in Chapters 7 and 8. These two chapters
constitute the starting point to study Riccati equations in the second part of the course [26].
Chapter 7 is devoted to bounded control operators (the case of distributed controls), while
Chapter 8 is concerned with unbounded control operators (the case of boundary controls or
pointwise controls). We show that problems studied in Chapters 5 and 6 correspond to this
framework. Other extensions and applications are given.

Many systems are governed by nonlinear equations (see sections 1.2.1 and 1.3.2). Studying
these problems requires some additional knowledge. We have only studied two problems gov-
erned by nonlinear equations. In Chapter 3, we consider control problems for elliptic equations
with nonlinear boundary conditions. In Chapter 9, we study a control problem for a semilinear
parabolic equation of Burgers’ type, in dimension 2. This model is an interesting introduction
for studying flow control problems [27]. Finally Chapter 10 is devoted to numerical algorithms.
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For a first introduction to optimal control of partial differential equations, the reader can study
the linear-quadratic control problems considered in Chapters 2, 5, and 6.

The reader who is interested by optimal control problems of nonlinear equations, and the
corresponding numerical algorithms may complete the previous lectures with Chapters 3, 9,
and 10.

Chapters 7 and 8 are particularly recommended as preliminaries to study Riccati equations
26].



Chapter 2

Control of elliptic equations

2.1 Introduction

In this chapter we study optimal control problems for elliptic equations. We first consider
problems with controls acting in a Neumann boundary condition. We derive optimality condi-
tions for problems without control constraints. In section 2.3 we explain how these optimality
conditions may be useful to compute the optimal solution. The case of a Dirichlet boundary
control is studied in section 2.4. For a control in a Dirichlet boundary condition, we define
solutions by the transposition method. Extensions to problems with control constraints are
considered in section 2.5. The existence of optimal solutions is proved in section 2.6. In section
2.7, we extend the results of section 2.2 to problems defined by various functionals.

2.2 Neumann boundary control

Let  be a bounded domain in RY, with a boundary I' of class C2. We consider the elliptic
equation

—Az+z=f in(Q, %:u on I'. (2.2.1)
on

The function f is a given source term and the function u is a control variable.
A classical control problem consists in finding a control function v € L?*(T") which minimizes

the cost functional .
Ji(z,u) = —/(z — zq)? + é/u2,
2 Ja 2 Jr

where the pair (z,u) satisfies equation (2.2.1). The term £ .2 (with 8 > 0) is proportional to
the consumed energy. Thus, minimizing .J; is a compromise between the energy consumption
and finding u so that the distribution z is close to the desired profile z;. In the case of equation
(2.2.1) we say that the control function is a boundary control because the control acts on I

Before studying the above control problem, we first recall some results useful for equation
(2.2.1). The existence of a unique solution z € H!(Q) to equation (2.2.1) may be proved with
the Lax-Milgram theorem. More precisely we have the following theorem.

Theorem 2.2.1 ([12]) For every f € L*(Q) and every u € L*(T), equation (2.2.1) admits a
unique weak solution z(f,u) in H'(Q), moreover the operator

(fsu) = 2(f, )

13



14 CHAPTER 2. CONTROL OF ELLIPTIC EQUATIONS

is linear and continuous from L?(Q) x L*(T) into H3/?(Q).
We want to write optimality conditions for the control problem
(Pr) inf{.J)(z,u) | (z,u) € H'(Q) x L*(I'), (z,u) satisfies (2.2.1)}.

We suppose that (P;) admits a unique solution (z, @) (this result is established in section 2.6).
We set Fi(u) = Ji(z(f,u),u), where z(f,u) is the solution to equation (2.2.1). From the
optimality of (z,u), it follows that

1 (Fl(a ) — Fl(ﬂ)> >0

A
for all A > 0 and all uw € L*(T"). By an easy calculation we obtain
1
Fi(a+ M) — Fy(a) = 5/(2’,\ —Z)(zn+ 2 — 2zq) + g /(2)\uu + N?),
Q r

where zy = z(f,u + Au). The function wy = z) — Z is the solution to equation

—Aw+w=0 in Q, a—w:)\u on I'.
on

Due to Theorem 2.2.1 we have
Jwall @) < CIAullz2 )

Thus the sequence (zy)y converges to z in H'(2) when A tends to zero. Set %w,\ = w,, the

function w, is the solution to equation
0
—Aw+w=0 inQ, a_w —u onT. (2.2.2)
n

By passing to the limit when A tends to zero, we finally obtain:
1
0 S lim/\_,OX<F1(ﬂ + )\u) - Fl(ﬂ)> = F{(ﬂ)u = /(Z — zd)wu +/ﬁuu
r

Q
Here Fj(u)u denotes the derivative of I} at @ in the direction u. It can be easily checked that
Fy is differentiable in L*(T"). Since F{(@)u > 0 for every u € L*(T"), we deduce

F{(@W)u=0  forall u € L*(T). (2.2.3)

In this form the optimality condition (2.2.3) is not usable. For the computation of optimal
controls, we need the expression of Fj (). Since F} is a differentiable mapping from L*(T) into
R, F](u) may be identified with a function of L*(T"). Hence, we look for a function = € L*(T)
such that

/(2 — Zg)W, = /ﬂ'U for all u € L*(T).
Q r

This identity is clearly related to a Green formula. We observe that if p € H'(Q) is the
solution to the equation

0
—Ap+p=Z—2; inQ, a—p:O on I, (2.2.4)
n

ow,
/(Z—Zd)wu = /(—Apﬂo)wu =[p 8w = /pu-
Q Q r n r

This means that F|(@) = p|r + fu, where p is the solution to equation (2.2.4).

then we have
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Theorem 2.2.2 If (z,u) is the solution to (Py) then u = —%p|p, where p is the solution to
equation (2.2.4).

Conversely, if a pair (2,p) € HY () x HY(Q) obeys the system

93
—AZ+4+2Z = f n €, a—; = —%ﬁ on I,
op (2.2.5)
—Ap+p = Z—2 n €, o 0 on I,
n

then the pair (Z, —%}5) is the optimal solution to problem (Py).

Proof. The first part of the theorem is already proved. Suppose that (Z,p) € H(2) x H'(Q)
obeys the system (2.2.5). Set @ = —%]3. For every u € L*(T'), we have

Fi(a+u)— Fi(a) = %/Q(zu —Z2)(zy + Z — 229) —I—g/r(QuﬂjLu?)

:%/ﬂ(zu—é)2+g/ru2+/ﬂ(zu—2)(2—zd)+ﬁ/ruﬂ,

with z, = z(f, @ + u). From the equation satisfied by p and a Green formula it follows that

[e=aG =20 = [ o= 225 +5)

Q

:/F<%_%)]5:_ﬂ/rua.

Fl(a+u)—F1(a):l/g(zu—z)%rg/ruzzo.

We finally obtain

2

Thus (2, —%ﬁ) is the optimal solution to problem (P). "
We give another proof of the second part of Theorem 2.2.2 by using a general result stated
below.

Theorem 2.2.3 Let F' be a differentiable mapping from a Banach space U into R. Suppose
that F s convez.

(i) If u € U and F'(u) =0, then F(u) < F(u) for allu € U.

(11) If Uaq is a closed convex subset in U, F is convex, u € Uyg and if F'(u)(u—1u) > 0 for all
u € Uy, then F(u) < F(u) for all u € Uy,.

Proof. The theorem follows from the convexity inequality
F(u)—=F(v) > F'(v)(u—v)  forallu e U, and all v € U.

The second statement of the theorem will be used for problems with control constraints. =
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Second proof of Theorem 2.2.2. Due to the previous calculations, for every @ € L*(T),
we have F'(u) = p|r + B4, where p is the solution to

o
—Ap+p=2—24 in P on I,
on

and Z = z(f,q).

Thus if (2,p) € H'(Q) x H'(Q) satisfies the system (2.2.5), we have F{(—5plr) = plr +
—5%ﬁ|r = 0. Due to Theorem 2.2.3, it follows that —%ﬁh‘ is the optimal control to problem
(F1). .

2.3 Computation of optimal controls

Theorem 2.2.2 gives a characterization of the optimal solution to problem (F;). One way to
compute this solution consists in solving the optimality system (2.2.5). Another way consists
in applying the conjugate gradient algorithm to the minimization problem (P;). Let us recall
what is the conjugate gradient method (CGM in brief) for quadratic functionals. We want to
calculate the solution to the optimization problem

(P) nf{F(u) | u € U},

where U is a Hilbert space, F' is a quadratic functional

1

F(u) = 5(% Qu)y — (b,u)y,

and Q € L(U), Q = Q* > 0,b € U. The idea of the conjugate gradient method consists in
solving a sequence of problems of the form

(Piy1) inf{F(u) | u € Cy},

where Cy = ug + vect(do, .. .,dg). The next iterate is the solution wuyy; to problem (Pgiq).
Since at each step the dimension of the set C} increases, the method can be complicated.
The algorithm simplifies if the different directions dy, ..., d, are two by two orthogonal with
respect to (). It is for example the case if we take dy = —go = —F'(up)*, and C} =
ug + vect(dy, ..., dg_1,—gx), with gr = F'(ug)*. The direction dy is computed to have
vect(dy, ... ,dg_1,—gr) = vect(do,...,dy), and (dy,d;)y = 0 for all 0 < j < k — 1. The
corresponding algorithm is given below.

Conjugate Gradient Algorithm.

Initialization. Choose ug in U. Compute gg = Qug — b. Set dy = —gg and n = 0.

Step 1. Compute
Pn = (gn7 gn)/(dna an)a
and

Upt1 = Up + pndn

Determine
gn+1 = Qun+1 —b= gn + andn
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Step 2. It ||gns1llu/||goll < e, stop the algorithm and take u = w,41, else compute

671 = (gn+lagn+l)/(gn>gn)7

and
dn+1 = —0n+1 + ﬁndn
Replace n by n+1 and go to step 1.

We want to apply this algorithm to problem (P;) of section 2.2. For that we have to identify
Ji(z(f,u),u), where z( f,u) is the solution to equation (2.2.1), with a quadratic form on L*(T).
Since z(f,u) = w, + y(f) , where w, is the solution to equation (2.2.2) and where y(f) does
not depend on u, we can write

1 1
Ji(z(f,u),u) = 5/51103 + g /FU2 + (b, u) 2y + ¢ = 5(@% u) 2y + (b, u) 2y + ¢,

with @ = A*A+ B1, b = A*(y(f) — za), ¢ = 3 [o,(y(f) — za)?, and where A is the bounded
operator from L*(T") into L*(§2) defined by

A ur— w,.

Thus to apply the CGM to problem (P;) we have to compute A*A for d € L*(T'). By
definition of A we have Ad = wy. With a Green formula, we can easily verify that A*, the
adjoint of A, is defined by

A" g—plp,

where p is the solution to equation
0
—Ap+p=g in Q, P_0 onT.
on

Now it is clear that the CGM applied to problem (P;) is the following algorithm.
CGM for (P)

Initialization. Choose ug in L*(T"). Compute 2o = 2(f, up) and pg, the solution to

)
—Ap+p=2z0—2¢ inQ, —p:0 on I
on

Set go = Buo +polr , do = —go and n=0.
Step 1. Compute Z,, the solution to

—Az4+2z=0 inQ, —=d, onl,

and p,, the solution to

—Ap+p=2, in €, @:0 on I
on

Compute
gn :ﬁdn +ﬁn|Fa and Pn = _/ |gn|2//§ngn‘
r r
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Set
Uni1 = Up + Ppdn and g1 = gn + Pndn-

Step 2. 1f || gns1 |2y /1|90l L2y < €, stop the algorithm and take u = uy41, else compute
B = Hgn+1||%2(r)/|’9nHi2(r)7

and
dn+1 = —0Ont1 + ﬁndn

Replace n by n+1 and go to step 1.

Observe that g,11 = gn + pngn is the gradient of Fy at wu, .

2.4 Dirichlet boundary control

Now we want to control the Laplace equation by a Dirichlet boundary control, that is
—Az=f inQ, z=wu onl. (2.4.6)

We say that a function z € H*(Q) is a solution to equation (2.4.6) if the equation —Az = fis

satisfied in the sense of distributions in 2 and if the trace of z on I' is equal to u. When

f € H(Q) and u € H/?(T') equation (2.4.6) can be solved as follows. From a trace theorem

in H'(€2), we know that there exists a linear continuous operator from H?(I') to H'(f):

U Zy,

such that z,|r = u. Thus we look for a solution z to equation (2.4.6) of the form z = z, + y,

with y € H}(Q2). The equation — Az = f is satisfied in the sense of distributions in  and

z=wu on I' if and only if y is the solution to equation

—Ay=f+Az, inQ, y=0 onl.

If we identify the distribution Az, with the mapping

Q

we can check that —Az, belongs to H~1(£2). Hence the existence of ¥ is a direct consequence
of the Lax-Milgram theorem. Therefore we have the following theorem.

Theorem 2.4.1 For every f € H'(Q) and every u € HY?(T'), equation (2.4.6) admits a
unique weak solution z(f,u) in H'(Q), moreover the operator

(f;u) = 2(f,u)

is linear and continuous from H=1(Q) x H'?(T) into H*(Q).
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We want to extend the notion of solution to equation (2.4.6) in the case where u belongs to
L*(T"). To do this we introduce the so-called transposition method.

The transposition method

Suppose that u is regular. Let z be the solution to the equation

—Az=0 inQ, z=u onl, (2.4.7)
and let y be the solution to

—Ay=¢ in€Q, y=0 onT,

where ¢ belongs to L?(2). With the Green formula we have

dy
Z0 = — U—-.
/Q ¢ r on

Observe that the mapping

is linear and continuous from L?(2) to H'/?(T"). Thus A is a compact operator from L?() to
L*(T), and its adjoint A* is a compact operator from L?(T") to L?*(f2). Since

oy *
- /r uz = (U, Ad) 2y = (A"u, 0) 12(0)

for all ¢ € L*(Q2), the solution z to equation (2.4.7) obeys
z = Nu.

Up to now, to define y, we have supposed that u is regular. However A*u is well defined if
u belongs to L*(T"). The transposition method consists in taking z = A*u as the solution
to equation (2.4.7) in the case where u belongs to L*(T"). This method is here presented in
a particular situation, but it will be used in these lectures in many other situations. The
solution to equation (2.4.6), defined by transposition is given below.

Definition 2.4.1 A function z € L*(Q) is a solution to equation (2.4.6) if, and only if,

dy
20 = (f.Y)u-1 .m0 — [ U=
/Q < )i (Q),HE () Lo

for all ¢ € L*(Q), where y is the solution to
—Ay=¢ mQ, y=0 onl. (2.4.8)

Theorem 2.4.2 For every f € L*() and every u € L*(T"), equation (2.4.6) admits a unique
weak solution z(f,u) in L*(Q), moreover the operator

(f;u) = 2(f, )

is linear and continuous from L*(Q2) x L*(T') into L*(2).
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Proof. (i) Uniqueness. If (f,u) =0, we have [,2¢ =0 for all ¢ € L*(Q). Thus z = 0 and
the solution to equation (2.4.6) is unique.

(ii) The solution z to equation (2.4.6) in the sense of definition 2.4.1 is equal to z; + 29, where
21 € L*(Q) is the solution to

/z¢:/fy for all ¢ € L*(Q),
Q Q

and zy € L*(2) is the solution to

/zqﬁ— —/u@ for all ¢ € L*(9).
Q r on

Therefore zo = A*u, and we can take z; as the solution to

—Az=f inQ, z=0 onl.

We study the following control problem

(Py) nf{ Jo(z, u) | (2,u) € L2(Q) x LA(T), (z,u) satisfies (2.4.6)},

Jg(z,u)—%/g(z—zd)z—i-g/ru%

To write optimality conditions for (P,), we consider adjoint equations of the form

with

—Ap=¢g inQ, p=0 onl. (2.4.9)

Theorem 2.4.3 Suppose that f € L*(Q), u € L*(T'), and g € L*(?). Then the solution z of
equation (2.4.6) and the solution p of (2.4.9) satisfy the following formula

/pr:/gzg—i—/rug—i. (2.4.10)

Proof. The result is nothing else than definition 2.4.1. [

Theorem 2.4.4 Assume that f € L*(Q). Let (z,u) be the unique solution to problem (P).

The optimal control u s defined by u = %%, where p is the solution to the equation

—Ap=ZzZ—2z3 inQ, p=0 onl. (2.4.11)

Proof. We leave the reader adapt the proof of Theorem 2.2.2. [

2.5 Problems with control constraints

In many applications control variables are subject to constraints. For example the control
variable must satisfy inequality constraints of the form a < u < b, where a and b are two given
functions. More generally, we shall consider control constraints of the form w € U,y , where
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the set U,q is called the set of admissible controls. We want to write optimality conditions for
the corresponding control problems. To explain how to proceed, we consider the particular
problem

(Ps) inf{Js(z,u) | (z,u) € H'(Q) x Uyq, (2,u) satisfies (2.2.1)}.

where J3 = Ji, and U,q, the set of admissible controls, is a closed convex subset in L*(T"). We
shall prove, in section 2.6, that (P;) admits a unique solution. We state below a result similar
to that of Theorem 2.2.2.

Theorem 2.5.1 [f (z,u) is the solution to (Ps) then

/(ﬁu—f—p)(u—u)zo for all u € Uy
r

where p is the solution to equation (2.2.4).
Conversely, if a triplet (Z,u,p) € H () x Uyg X H'(Q) obeys the system

T
on
a,.,
n

[cBu+p)(u—1a) >0  for allu € Uy,
then the pair (Z,4) is the optimal solution to problem (Ps).

Proof. Setting F3(u) = J3(z(f,u),u), where z(f,u) is the solution to equation (2.2.1), we
have already shown that Fj(u) = Su + p|r. Thus the first part of the theorem follows from
the optimality of . The second part is a direct consequence of Theorem 2.2.3 (ii). ]

2.6 Existence of solutions

We recall some results of functional analysis needed in the sequel.

Theorem 2.6.1 (/4, Chapter 3, Theorem 7]) Let E be a Banach space, and let C' C E be a
conver subset. If C' is closed in E, then C' is also closed in (E,c(E, E'")) (that is, closed in E
endowed with its weak topology).

Corollary 2.6.1 (/4, Chapter 3, Corollary 8]) Let E be a Banach space, and let ¢ : E +—
| — 00,00] be a lower semicontinuous convex function. Then @ is also lower semicontinuous
for the weak topology o(E, E"). In particular ¢ is sequentially lower semicontinuous.

Theorem 2.6.2 ([/, Chapter 3, Theorem 9]) Let E and F be two Banach spaces, and let T
be a continuous linear operator from E into F'. Then T is also continuous from (E,o(E,E"))
into (F,o(F,F")).

Corollary 2.6.2 Let (u,), be a sequence converging to u for the weak topology of L*(T'). Then
the sequence (z(f,un))n, where z(f,u,) is the solution to (2.2.1) corresponding to the control
function u,, converges to z(f,u) in H'(S).
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Proof. From Theorems 2.2.1 and 2.6.2, it follows that (z(f,u,)), converges to z(f, ) for the
weak topology of H3/?(Q). Since the imbedding from H%?2(Q2) into H'(f) is compact, the
proof is complete.

Theorem 2.6.3 Problem (Ps) admits a unique solution.

Proof. Set m = inf,cy ,JJ5(2(f,u),u). Since 0 < m < oo, there exists a minimizing sequence
(tn)n C Ugg such that lim, . J5(2(f, un), un) = m. Without loss of generality, we can suppose
that Js(z(f, un), u,) < J3(2(f,0),0). Thus the sequence (u,), is bounded in L*(T"). There
exists a subsequence of (uy),, still indexed by n to simplify the notation, and a function wu,
such that (u,), converges to u for the weak topology of L*(T"). Due to Theorem 2.6.1, the limit
u belongs to U,g. Due to Corollary 2.6.1, the mapping || - ||%2(r) is weakly lower semicontinuous

in L*(T"). Thus, we have
/u2 < liminfnﬁoo/ui.
r r

From Corollary 2.6.2, it follows that

/Q (2(f,u) — 20)? < liminf, . / (foun) — 20)?.

Q

Combining these results we obtain
J3(z(f,u),u) <liminf, o J3(2(f, un), u,) = m.

Therefore (z(f,u),u) is a solution to problem (Ps).

Uniqueness. Suppose that (Ps) admits two distinct solutions (z(f,uy1),u;) and (2(f, u2), us).
Let us set u = 2u; + 1us. Observe that z(f,u) = 12(f,u1) + 32(f,u2). Due to the strict
convexity of the functional (z,u) — J3(z,u), we verify that J5(z(f,w),u) < 5J5(2(f,u1), u1)+
$J3(2(f, u2), u2) = m. We obtain a contradiction with the assumption that (z(f,u1),u1) and
(z(f,uz),us) are two solutions of (P;)’. Thus (P;) admits a unique solution. ]

2.7 Other functionals

2.7.1 Observation in H'()

We consider the control problem

(Py) inf{Jy(z,u) | (z,u) € HY(Q) x L*(T"), (z,u) satisfies (2.2.1)}.

1
Jy(z,u) = 5/ |Vz—Vzd]2+§/u2,
0 r

where z4 belongs to H(£2). As in section 2.6, we can prove that (P;) admits a unique solution
(z,u). We set Fy(u) = Jy(2(f,u),u), where z(f, u) is the solution to (2.2.1). With calculations
similar to those in section 2.2, we have

with

Fi(a)u:/Q(VE—Vzd)un—kﬁ/Fﬂu,
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where w, is the solution to equation (2.2.2):

—Aw+w=0 1in (, a—w:u on I
on

Let us consider the variational equation

Find p € H(Q), such that

2.7.13
Jo(VDVo +po) = [(VZ—V2z)Vo for all p € H'(Q). ( )

With the Lax-Milgram theorem we can prove that equation (2.7.13) admits a unique solution
p € HY(Q). Taking ¢ = w, in the variational equation (2.7.13), we obtain

Fi(a)u = /Q(VE — Vza)Vw, + ﬁ/lﬂﬂu = /Q(Vpru + pwy) + ﬁ/Fau.

With the Green formula we finally have

Fi(a)u = /(p + pu)u.
r
Interpretation of equation (2.7.13). Observe that if p is the solution of (2.7.13), then
—Ap+p=—div(Vz — Vz)

in the sense of distributions in Q. If z and z; belongs to H%(Q2), then p € H?*(2). We can
verify that a function p is a solution of (2.7.13) in H?(2) if and only if

—Ap+p=—-div(VzZ—=Vz;) inQ, and g_p =(Vz—=Vz)-n onl. (2.7.14)
n

In the case when z and z4 do not belong to H%(Q2), (VZ—Vzq)-n|r = % — % is not necessarily

defined. However, we still use the formulation (2.7.14) in place of (2.7.13), even if it is abusive.
We can state the following theorem.

Theorem 2.7.1 If (z,u) is the solution to (Py) then u = —%p]p, where p is the solution to
equation (2.7.14).

Conversely, if a pair (Z,p) € H'(Q) x HY(Q) obeys zZ = z(f, —%ﬁh“) and

—Ap+p=—div(VZ—Vzy) in(Q, g_p =(VZ—=Vzy)-n onl,
n

then the pair (Z, —%ﬁ) is the optimal solution to problem (FPy).

2.7.2 Pointwise observation

We consider the control problem

(Ps) inf{.Js(z,u) | (z,u) € H(Q) x L*(T"), (z,u) satisfies (2.2.1)}.
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with

1
Js(z,u) = =38 (2(25) — za(2:))? + b / u?,
2 2 Jr
where 1, ...,z are given points in €.

We know that z(x;) is not defined if = € H'(£2), except in dimension one, since in that case
we have H'(a,b) C C([a,b]) if —oo < a < b < oo. If 2 = 2(f,u) is the solution to (2.2.1),
and if u € L*(T') we know that z € H*?((2). Due to the imbedding H*(Q) C C(Q) if s > &,
problem (FP5) is well posed if N = 2.

First suppose that N = 2. Set F5(u) = J5(z(f,u),u). We have

Fy(@)u = Sy (2(2:) — za(w) Jwa () + ﬁ/uu = Sy (w, (2 = 2a)0s ) o@yem@ + B / u,
r r

where z = z(f, ), and w, is the solution to equation (2.2.2). Thus we have to consider the
adjoint equation
Ip

~Ap+p=3F (Z— 2)0, inQ, 5, =0 onT. (2.7.15)

Since ¥F_,(Z — 24)0,, & (H'(2)), we cannot study equation (2.7.15) with the Lax-Milgram
theorem. To study equation (2.7.15) and optimality conditions for (P;5), we need additional
regularity results that we develop in the next chapter (see section 3.5).

2.8 Exercises
Exercise 2.8.1

Let © be a bounded domain in RY, with a Lipschitz boundary I'. Let I'; be a closed subset
in I', and set I'y = I"\ I';. We consider the elliptic equation

0z

—Az=f inQ, —
me’an

=u only, z=0 only. (2.8.16)

The function f € L*(Q) is a given source term and the function v € L?*(T';) is a control
variable. Denote by H}, () the space

Hry,(Q) = {z € H'(Q) | z|r, = 0}.

1 - Prove that equation (2.8.16) admits a unique weak solution in H[ (Q) (give the precise
definition of a weak solution).

We want to study the control problem

(Ps) inf{Js(z, u) | (z,u) € HE, () x L*(T1), (2,u) satisfies (2.8.16)}.

hiza) = [e=wp+ 5 [

the function z; belongs to L*(2), and 3 > 0.

with
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2 - Let (u,), be a sequence in L*(T';) converging to @ for the weak topology of L?(T'y). Let
2(uy) be the solution to equation (2.8.16) corresponding to u,. What can we say about the
sequence (z(uy)), ? Prove that problem (Fs) admits a unique weak solution.

Characterize the optimal control by writing first order optimality conditions.
Exercise 2.8.2

Let 2 be a bounded domain in RY | with a Lipschitz boundary I'. Consider the elliptic equation

—Az+4+z=f+xou inQ, % =0 onl. (2.8.17)
n

The function f belongs to L*(), the control u € L*(w), and w is an open subset in 2. We
want to study the control problem

(Pr) inf{.J;(z,u) | (z,u) € H(Q) x L*(w), (z,u) satisfies (2.8.17)}.

J7(z,u) = %/F(z—zd)2+§/u2,

the function z; belongs to H'(Q).

with

1 - Prove that problem (P;) admits a unique weak solution.

2 - Characterize the optimal control by writing first order optimality conditions.
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Chapter 3

Control of semilinear elliptic equations

3.1 Introduction

In the sequel we suppose that € is a bounded domain in RY (N > 2), with a boundary I' of
class C%. Let A be an elliptic operator defined by

Az = —Z%Zl&»(aij ()0j2(x)) + ap(x)z,

0; and 9; denote the partial derivatives with respect to x; and ;. We suppose that a;; € C* (Q),

ap € C(Q), and

Z%’:ﬂz’j(@@fy‘ > ml|¢|? and ag(z) >m >0,
for all ¢ € RY and all € Q. In this chapter we study optimal control problems for systems
governed by elliptic equations of the form

Az=f inQ, 0z +¢(z)=u onl, (3.1.1)
8nA

where a?{: = 31 (aij(2)9;z(x))n;(x) denotes the conormal derivative of z with respect to
A, n = (ny,...,ny) is the outward unit normal to I'. Typically we shall study the case of a
Stefan-Boltzmann boundary condition, that is

Y(2) =2l

but what follows can be adapted to other regular nondecreasing functions.

In this chapter we study equation (3.1.1) for control functions v € L*(I") with s > N — 1.
In that case we obtain solutions to equation (3.1.1) in C'(Q). These results are also used in
section 3.5 to deal with problems involving pointwise observations. Equation (3.1.1) can as
well be studied for control functions v € L*(T"). But, due to the nonlinear boundary condition,
the analysis is more complicated than for controls in L*(I") with s > N — 1. Here we do not

study the case of L?-controls.

27
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3.2 Linear elliptic equations

Theorem 3.2.1 For every f € L"(Q), with r > ]\2,—% if N >2 andr > 1if N =2, equation

Az=f inQ, 9z =0 onl, (3.2.2)
aTLA

admits a unique solution in H'(2), this solution belongs to W*"(Q).

Proof. Since H'(Q) C L¥-2(Q) (with a dense imbedding) if N > 2, and H'(Q) C LP() for
any p < oo (with a dense imbedding) if N = 2, we have L%(Q) C (HY(Q)) if N > 2, and
LP(Q) C (HY(Q)) for all p < oo if N = 2. Thus L"(Q) C (H'(Q))". The existence of a unique

solution in H'(Q) follows from the Lax-Migram theorem. The regularity result in W27 () is
proved in [30, Theorem 3.17]. ]

For any exponent ¢, we denote by ¢’ the conjugate exponent to g. When f € (WH9(Q)Y,
q > 2, we replace equation (3.2.2) by the variational equation

find 2 € H'(Q) such that a(z,¢) = (f,d)mnyxm@ forall ¢ € H'(Q), (3.2.3)
where a(z,¢) = [, 5,10 (2)0;20i¢ d.

Theorem 3.2.2 For every [ € (WH(Q)), with ¢ > 2, equation (3.2.3) admits a unique
solution in H*(Y), this solution belongs to W14(Q), and

HZHWW(Q) < CHfH(WLq’(Q))/-

Proof. As previously we notice that the existence of a unique solution in H*(§2) follows from
the Lax-Migram theorem. The regularity result in W14(£2) is proved in [30, Theorem 3.16].

With Theorem 3.2.2, we can study elliptic equations with nonhomogeneous boundary condi-
tions.

Lemma 3.2.1 [f g € L*(I") with s > w, the mapping

¢H/Fg¢

' N-1
belongs to (W9 (Q)) for all s > L12,

/

! L (N=1)q"
Proof. If ¢ € W (Q), then ¢|r belongs to W' 7 (I') ¢ L'~ (T'). Thus the mapping

N\
¢ — [.g¢ belongs to (Wh7(Q)) if s > ((]X,:l;/q ) = (N;Vl)q. The proof is complete. "
. : 2(v-1) :
Theorem 3.2.3 For every g € L*("), with s > Z——, equation
0
Az =0 n (), - g onl, (3.2.4)
8nA
admits a unique solution in H(Q), this solution belongs to WH4(Q) with q = %, and

Izllwra@) < Cligllzs ).
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Proof. Obviously z € H'(Q) is a solution to equation (3.2.4) if and only if

a(z,gzﬁ)—/rg¢ for all ¢ € H'(9).

The existence and uniqueness still follow from the Lax-Milgram theorem. The regularity result
is a direct consequence of Lemma 3.2.1 and Theorem 3.2.2. "

3.3 Semilinear elliptic equations

The Minty-Browder Theorem, stated below, is a powerful tool to study nonlinear elliptic
equations.

Theorem 3.3.1 ([4]) Let E be a reflexive Banach space, and A be a nonlinear continuous
mapping from E into E'. Suppose that

(A(z1) — A(22),21 — 22) g > 0 for all zy, 2o € B, with z; # 2, (3.3.5)
" AG),2)
. Z),Z)FE'E
by 2 oo~ =
2] =

Then, for all ¢ € E', there exists a unique z € E such that A(z) = (.

We want to apply this theorem to the nonlinear equation

Az=f inQ, 0z +Yr(z) =9 onT, (3.3.6)
8nA

with f € L™(Q2), g € L*(T"), and

(k) + ' (k)(z — k) if 2>k,
Yie(z) = § ¥(2) if |z <k,
V(=k) + ' (=k)(z + k) if z < —k.

We explain below why we first replace ¢ by the truncated function 1 (see remark after
Theorem 3.3.2). To apply Theorem 3.3.1, we set £ = H'(Q), and we define A by

CAG), B oy sy = alz, 8) + /F (=)0,

<€,¢>=/ﬂf¢+/rg¢

Condition (3.3.5) is satisfied because a(z1 — 22,21 — 22) > m|z1 — 2231 ) and [ u(z1 —
ZQ)(Zl - ZQ) Z 0

and ¢ by

(indeed, the function v, is increasing). Moreover

<-A(Z)7Z>(H1(Q))’,H1(Q) > m“
2]l

z||H1(Q) — 00 as ||Z||H1(Q) — 0.
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Let us verify that the mapping

2 (o [ 0u2)0)

is continuous from H'(Q) into (H*(Q2))'. Let (z,), be a sequence converging to some z in
H'(Q). Since 9, is a Lipschitz function we have

I/F(%(zn) = Ye(2))9] < Cllzn = 2ll2 19l 20y < Cllzn = 2l @l 0]l @)-

This proves the continuity result. Thus all the assumptions of Theorem 3.3.1 are satisfied and
we have established the following theorem.

Theorem 3.3.2 The nonlinear equation (3.3.6) admits a unique solution in H'(£2).

Remark. We have explicitly used the Lipschitz continuity of v, to prove that A is a contin-
uous mapping from H*(Q2) into (H'(Q2))’. Observe that the mapping

= (o [ (10)

is not a mapping from H'(Q2) into (H'(£2))’. This is the reason why we have used the truncated
function ¢,. We shall see later how we can go back to the initial equation.

Theorem 3.3.3 (Comparison principle) Let f € L"(R2), with r > ]\2,—112, g € L), with

5> 2(1\][\,_1), and b € L>*(T") satisfying b > 0. Suppose that f > 0 and g > 0. Then the solution

z to the equation

Az=f in(, ﬁ+bZ:g onT,

8’N,A
18 monnegative.

Theorem 3.3.4 For all f € L"(Q), withr > I,
to equation

Az=f inQ, 0z =g onl, (3.3.7)
aTLA

and g € L*(T"), with s > N — 1, the solution

belongs to C*(Q) for some 0 < v < 1, and

1Zllcor@ < CUfILr@) + gllzsr))-
Proof. Let z; be the solution to
0
Az=f inQ, P on I,
ﬁnA
and zo the solution to 5
Az=0 1in Q, —Z:g on I'.
8TLA

With Theorem 3.2.1 and Theorem 3.2.3, we have z; € W?"(Q) and 2, € Wl%(Q) Due to
Sobolev imbeddings, we have W27 (Q) € Wh%= (Q) if r < N, and W27 (Q) € Wh4(Q) for all

q < oo if r > N. Observe that == > N because r > &. Thus we have W2"(Q2) c C%(Q)

for some 0 < v < 1. We also have 2% > N, because s > N — 1, and Wl%(ﬁ) C OO (Q)

N-1
S_NTH. Since z = z; + 2o, the proof is complete. N

for v =
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Theorem 3.3.5 For all f € L"(Q), withr > ¥

5, and g € L*(T'), with s > N — 1, the solution

to equation (3.3.6) belongs to C(X2), and

Izllo@ < CUfller@ + gl

where the constant C' is independent of k.

LS(F))7

Proof. Due to Theorem 3.3.2 the solution exists and is unique in H*(2). We can rewrite
equation (3.3.6) in the form

Az=f 1in €, ﬁ—I—bz:g on I
8nA

with b(z) = fol Y, (0z(x))df. Observe that b € L>*(I") because 1}, is bounded. Using the
positive and the negative parts of fand g (f = fT—f~ and g = g7 —¢7), we have z = z; — 29,
where z; is the solution to

0
Az = f* in Q, a—z—i—bz:ng on I,
na

and z, is the solution to
Az=f" in Q, i—i—bz:g* on I
877,,4

Due to the comparison principle, the functions z; and z, are nonnegative. Denote by 2; the
solution to
0z

Az = f* in Q, a—:gJr on I'.
na

Thus we have 0 < Z; (due to the comparison principle), and w = Z; — z; obeys
) ow
Aw=0 inQ, —=0bz>0 onl.
3nA

Still with the comparison principle it follows that 0 < z; < 2, and

Iz1llo@) < 2 llo@ < CU @ + gl m);

where the constant C' is independent of k. Similarly we have 0 < 25 < Z5, and

Iz2lle@ < l22lle@ < CUIfller@ +19llzsm),

where the constant C'is independent of k. Since [|z]lo@) < [|z1llc@) + [[22/lc@), the proof is
complete. "

Theorem 3.3.6 For all f € L"(Q), with r > %, g € L*(I"), with s > N —1, and all b > 0,
be L*(Q), the solution to equation

Az=f inQ, £+bz:g on T,
anA

belongs to C(Q), and

Izllo@ < CUFllzr@ + lgllesw));

where the constant C' is independent of b.



32 CHAPTER 3. CONTROL OF SEMILINEAR ELLIPTIC EQUATIONS

Proof. The proof is completely analogous to the previous one. [

We give a definition of solution to equation (3.1.1) very similar to the one for equation (3.3.6).

Definition 3.3.1 A function z € H'(Q) is a solution to equation (3.1.1) if ¥(z) € L%(F)
when N > 2, 1(z) € L'(T') with r > 1 when N =2, and

+/F¢(z)¢:/ﬂfgb+/ru¢ for all ¢ € H'(Q).

Theorem 3.3.7 For all f € L"(Q), withr > %, and u € L*(T'), with s > N — 1, equation
(3.1.1) admits a unique solution in H'(2) N L>=(RY), this solution belongs to C(Y) and

Izllo@) + 12l @ < CUIfllr@ + llullzew)):

It also belongs to C*(Q) for some 0 < v < 1, and

l2leoney < C (1@ + lullzea +lzllem))-

Proof. Let k > C(||f|lr) + ||ullzs@)), where C is the constant in the estimate of Theorem
3.3.5. Let z; be the solution to equation (3.3.6). Due to Theorem 3.3.5 [|24[|o@) < k. Thus
Ur(zx) = ¥(z). This means that z; is also a solution to equation (3.1.1). To prove the
uniqueness, we argue by contradiction. Suppose that z; and z, are two solutions to equation
(3.1.1) in HY(Q) N L>(2). Then w = z; — 2y is the solution to

0
Aw =0 1in Q, —w~|—bw:O on I,
8nA

with b(x fo )+ 0(z1(x) — 23(x)))df. The functions z; and 2z, being bounded, b €
L>(T). From the comparlson principle, it follows that w = 0.

The estimate in C(Q) follows from the estimate of 2. The estimate in H'(Q) follows from
the Variational formulation The estimate in CO ”(Q) can be deduced from Theorem 3.3.4 by
—1(z) + u. The proof is complete. ]

3.4 Control problems

From now on we suppose that the exponent N — 1 < s < oo is given fixed, and f € L"(Q)
with r > % is also given. In this case the nonlinear equation (3.1.1) admits a unique solution
for all u € L*(I"). We are going to study the control problem

(P) inf{.Ji(z,u) | (z,u) € H(Q) x Uug, (2,u) satisfies (3.1.1)},

where Uyq is a closed convex subset in L*(I"), and

Ji(z,u) = ;/z—zd +6/|u|

We suppose that either 3 > 0 or U,q is bounded in L*(T"). The function z, belongs to L*(2).
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3.4.1 Existence of solutions

Theorem 3.4.1 Let (uy), be a sequence converging to w for the weak topology of L*(T').
Let z(f,uy,) (resp. z(f,u)) be the solution to (3.1.1) corresponding to u, (resp. w). Then
(2(f, un))n converges to z(f,u) for the weak topology of H' (), and for the strong topology of

Q).

Proof. Set z, = z(f,u,). For any subsequence (z,, )i, due to Theorem 3.3.7 the sequence
(2n, )1 is bounded in H*(Q) and in C% () for some 0 < v < 1. The imbedding from C%" ()
into C'(Q) is compact. Thus we can extract a subsequence, still indexed by & to simplify the
notation, such that (z,, )x converges to some z for the weak topology of H'(Q2), and for the
strong topology of C'(Q). By passing to the limit in the variational formulation satisfied by
Zn,., We see that z = z(f,u). The limit being unique, the sequence (z,), has a unique cluster

point which proves that all the sequence (z,), converges to z(f,u). ]
Theorem 3.4.2 Problem (Py) admits at least one solution.

Proof. Let (u,), be a minimizing sequence for (P;). Since 8 > 0 or U,q is bounded in L*(T"),
the sequence (u,,), is bounded in L*(I"). Without loss of generality, we can suppose that
(un)n converges to some u for the weak topology of L*(I'). The function u belongs to U,q,
because U,y is a closed convex subset in L*(I") (see Theorem 2.6.1). Due to Theorem 3.4.1,
the sequence (z(f,u,)), converges to z(f,u) in C(Q2). Thus we have

Ji(z(f,u),u) <liminf, o J1(2(f, un), u,) = inf(Py),

that is (z(f,u),u) is a solution to problem (Py).

3.4.2 Optimality conditions

Theorem 3.4.3 Let u be in Uyg and let (by)r be a sequence in L>®°(I') converging to b in
L>(T"). Let wy be the solution to

Aw =0 1nQ, ow +byew=u onT. (3.4.8)
8nA

Then the sequence (wy)g converges to w in C(§2), where w is the solution to

Aw =0 in €, a—w—i-bw:u on I
0n,4

Proof. Due to Theorem 3.3.6, [[wy||lc@) < Cllu
w, — w is the solution to

sy and C' is independent of k. The function

Az=0 in Q, ﬁ—l—bz:(b—bk)wk on I
8nA

Thus we have

Jwr — wlle@) < ClIb = be)wgl|ery < Cllb = bel| ooy l[utl| Lo ).

The proof is complete. N
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Theorem 3.4.4 Let w and u be in Uyq and let X > 0. Set wy = +(2(f, u+Au—1u))—z(f, 0)).
Then (wy)x tends to w for the weak topology of H' (), where w is the solution to equation

0
Aw =0 1inQ, oy V'(z(f,u)w=u—1u onT. (3.4.9)

anA
Proof. Set z, = z(f,u+ AMu —@)) and z = z(f,u). Writing the equation satisfied by z) — z,
we can easily prove that z) tends to z, as A tends to zero. Now we write the equation satisfied
by wy = %(z,\ —Z):

. ow _
Aw=0 inQ, —+byw=u—u onl,
8nA

with by, = fol Y'(Z+ 0(z\ — 2))df. Since z, tends to z, by tends to ¢'(Z) as A tends to zero.
Thus we can apply Theorem 3.4.3 to complete the proof. [

Theorem 3.4.5 If (z,u) is a solution to (P;) then

/(ﬁs]mszﬂ +p)(u—u) >0  forallu € Uy,
r

where p is the solution to equation

Op

T +¢'(Z)p=0 onT. (3.4.10)

A'p=2z—24 1inQ,

(A* is the formal adjoint of A, that is A*p = —Ef}fj:l@j (a;;0;p)+aop, and % = Zf?’j:l(aij(?ipnj).)

Proof. With the notation used in the proof of Theorem 3.4.4, for all A > 0, we have

Ji(za,uy) — J1(Z, 1 1 _ s s
0< 1()\ /\) l( >:/—(Z)\+Z—2Zd)w>\+é/(|u,\| _|u| )7
A Q2 AJr

with uy = @ + A(u — ). From the convexity of the mapping wu +— |u|® it follows that

/ (lual® — [uf*) < / slual™2ux A — @).
I T

1
OS/§(z,\+z—22d)w,\+/ﬁs|u)\|5_2u,\ (u—a).
Q r

Passing to the limit when A tends to zero, it yields

Thus we have

0< /(z — Zg)w + / Bslal*"*u(u — @),
Q T

where w is the solution to equation (3.4.9). Now using a Green formula between p and w we

obtain p 5
_ w D _
—w= [ Apw= [ —p— = — ).
/Q (Z — zg)w /Q PO P T e /F p(u — u)

This completes the proof. N
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3.5 Pointwise observation

In the previous chapter, we have already mentioned that pointwise observations are well defined
if the state variable is continuous. Due to Theorem 3.3.5 the solution to equation (3.1.1) is
continuous if the boundary control u belongs to L*(I") with s > N — 1. We are now in position
to study the control problem

(Ps) inf{Jo(z,u) | (z,u) € C(Q) X Uug, (z,u) satisfies (3.1.1)}.
where U,q is a closed convex subset in L*(I"), and

B = 3 [ P e+ [ o,

0

where z1, ..., 1) are given points in 2, and z4 € C(Q).
The adjoint equation for (F) is of the form

dp

A'p=3F (2 — 24)8,, inQ,
T A=

+bp=0 onl, (3.5.11)

with b € L°(T), b > 0. Since ¥¥_, (2 — 24)0,, & (H(R2))’, we cannot study equation (3.5.11)
with the Lax-Milgram theorem. For simplicity in the notation let us suppose that there is
only one observation point a € {2. We study equation

dp

Ap=6, inQ,

+bp=0 onl, (3.5.12)

with the transposition method.

Definition 3.5.1 We say that p € LI(X2), with q < %, is a solution to equation (3.5.12) in
the sense of transposition if

[g¢:mw,

for all ¢ € LY (Q), where y is the solution to

0
Ay=¢ inQ, Y 4 by=0 onl. (3.5.13)
8nA

Following the transposition method of Chapter 2, we set
A pr—y,
and p is defined by
<¢»p>Lq’(Q),Lq(Q) = (A(9), 5a>0(§),M(ﬁ) = (¢, A*(5a)>Lq’(Q),Lq(Q)

for all ¢ € L (Q), that is p = A*(,). By proving that A is continuous from L7(Q) into C (%),
we show that A* is continuous from M(Q) into L9 ().
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Here, we prefer to construct the solution to equation (3.5.12) by an approximation process,
and next use the transposition method to obtain estimates and to prove uniqueness. This ap-
proximation process is used to obtain regularity results (see Theorem 3.5.1). We approximate
the distribution ¢, by the sequence of bounded functions (f;). with f. = B as)\XB(a ¢), Where
B(a,¢) is the ball centered at a with radius €, |B(a,¢)| the measure of the ball, and xp(a.) is
the characteristic function of B(a,¢). Let p. be the solution to

A'p=f. inQ, +bp=0 onl. (3.5.14)

8TZA*

Using a Green formula, we have

1
ped = ——— / N— 3.5.15
A Bla,9)] Jo X7 (3.5.15)

where y is the solution to (3.5.13). If ¢ > &, from Theorem 3.3.5 it follows

‘/pecb

aEJ/Xma‘<Mk < Ol

/Qpe<b

Thus the sequence (p.). is bounded in L?(£2). We can extract a subsequence, still indexed by
e to simplify the notation, such that (p.). converges to some p for the weak topology of L9(€2).
Since ¢ > &, y € C(Q) and

and

1P|y < suppg 4 <C.

L4 (Q)

! / (a)
— %
|B(a, 5)‘ 0 XB(a,E)y y\a

as € tends to zero. By passing to the limit in (3.5.15), we prove that p is a solution to equation
(3.5.12) in the sense of definition 3.5.1.
Let us prove the uniqueness. Let p; and p, be two solutions in L% (Q) to equation (3.5.12).

We have
/(pl - p2)¢ =0
Q

for all ¢ € L(2). Thus p; = ps.

Theorem 3.5.1 Equation (3.5.12) admits a unique solution in L1(QY) for all ¢ < <, and
this solution belongs to W' (Q) for all 7 < .
Lemma 3.5.1 Let ¢ € D(2), and let y be the solution to equation
. dy
Ay=—-0;¢0 i Q, ——+by=0 onl, (3.5.16)
877,,4

where i € {1,...,N}. Then, for all T < N 7, Y satisfies the estimate

lvlle@ < COSl ()



3.5. POINTWISE OBSERVATION 37

Proof. We have
‘/Q(—QWM‘ = ’/Q¢5i¢‘ < ol @ 1P llwr (-
Therefore, the mapping
v— [ (a0

is an element in (W'7(Q))’, whose norm in (W"7(Q))" is bounded by |[¢]| ;). Now, from
Theorem 3.2.2, it follows that

Hy”C(ﬁ) < CH?JHWLT’(Q) < O||¢”L"'(Q)a

because 7' > N. The proof is complete. ]

Proof of Theorem 3.5.1. The first part of the theorem is already proved. Let us
prove that p belongs to W7 () for all 7 < 5. Replacing ¢ by —8;¢ in (3.5.15), where
i€{l,..., N}, we obtain

/Q 0ip=p = /Q pe(—0i0) = m /Q XB(a.0)Y>

where y is the solution to equation (3.5.16). Since ||y[c@) < Cll@ll (o), it yields

/Q Oip®

This estimate is true for all i € {1,..., N}, therefore the sequence (p.). is bounded in W17 (Q).
We already know that the sequence (p.). tends to p for the weak topology of L%(£2) for all
1<qg< % From the previous estimate it follows that the sequence (p.). tends to p for the

weak topology of W7 (Q) for all 1 < 7 < 5. "

[0:ipell () < supjy =C.

R OR

The proof of existence of solutions to problem (/%) is similar to the one of Theorem (3.4.2).

Theorem 3.5.2 [f (z,a) is a solution to (P,) then

/(ﬁs|u|5_2u +p)(u—u)>0 for all u € Uy,
r

where p is the solution to equation

dp

A =YF (2(z;) — 2a(2:))00, in 5 +'(Z)p=0 onT. (3.5.17)
T A+
Proof. Let w, be the solution to
. ow .
Aw=0 inQ, —+Y'(Z)w=u onT,
8nA
and p. be the solution to
Jp

Ap=%F fi. inQ, +¢'(Z2)p=0 onT,

8nA*
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(Z(zi)—za(z4))

where fi. = =550

X B(z:,c)- We can easily verify that w and p, satisfy the Green formula

Ef:l/fi,swu = /psu
Q T

The sequence (p.). is bounded in W17 () for all 7 < N/(N — 1), and when ¢ tends to zero,
(p)- tends to p for the weak topology of W7(Q) for all 1 < 7 < N/(N — 1). By passing to
the limit when e tends to zero in the previous formula, we obtain

E?dd%M—%@MwA%%=pr

On the other hand, setting Jo(2(f,u),u) = Fy(u), we have
Fy(@u = Sk (2(01) = aw))a(es) + 3 [ sfal* o,
I

Using the previous Green formula, we deduce

Fy(t)u = /pu+ﬁ/ || * 2t
r r

This completes the proof. [

3.6 Exercises
Exercise 3.6.1

We study the optimal control problem of section 1.2.1. We suppose that the electrical potential
¢ in a bounded domain €2 satisfies the elliptic equation

—div(eVg) =0  in Q,
9 P o (3.6.18)
—0% =17 only, —a% =0 only, —aa—i = f(¢) on T,

where I', is a part of the boundary of 2 occupied by the anode, I'.. is a part of the boundary
of Q occupied by the cathode, I'; is the rest of the boundary I', I'; = I'\ (I', UT'.). The control
function is the current density 7, the constant o is the conductivity of the electrolyte, the
function f is supposed to be of class C1, globally Lipschitz in R, and such that f(r) > ¢; > 0
for all r € R. We study the control problem

(Ps) inf{.Js(¢,3) | (¢,i) € H'(Q) x L*(T',), (,1) satisfies (3.6.18), a <i < b},

where

Jg<¢,i>=/r G—dp+8 [ 2

Lo

a € L*(T,) and b € L*(T,) are some bounds on the current 7, and 3 is a positive constant.

Prove that (Ps) has at least one solution. Write the first order optimality condition for the
solutions to (P3).
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Exercise 3.6.2

We use Theorem 3.5.1 to study problems with pointwise controls. Let xi,...,x; be given
points in €2, and consider equation

~Az=f+¥" wib,, inQ, z=0 onT, (3.6.19)
and the control problem
(Py) inf{.J,(z,u) | (z,u) € L*(Q) x R*, (2, u) satisfies (3.6.19)},

where
Ji(z,u) = /(z —zq)? + Eleu?,
Q
zqg € L*(Q) and f € L*(Q).

Prove that (P;) admits a unique solution. Characterize this optimal solution by first order
optimality conditions.
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Chapter 4

Evolution equations

4.1 Introduction

The purpose of this chapter is to introduce some existence and regularity results for linear
evolution equations. We consider equations of the form

2 =Az+f, 2(0) = 2. (4.1.1)

In this setting A is an unbounded operator in a reflexive Banach space Z, with domain D(A)
dense in Z. We suppose that A is the infinitesimal generator of a strongly continuous semigroup
on Z. This semigroup will be denoted by (e');>0. In section 4.2, we study the weak solutions
to equation (4.1.1) in L?(0,7T; Z). For application to boundary control problems, we have to
extend the notion of solutions to the case where f € LP(0,T; (D(A*))’). In that case we study
the solutions in LP(0,T; (D(A*))") (see section 4.3). Before studying equation (4.1.1), let us
now recall the Hille-Yosida theorem, which is very useful in applications.

Theorem 4.1.1 (/18, Chapter 1, Theorem 3.1], [8, Theorem 4.4.3]) An unbounded operator A
with domain D(A) in a Banach space Z is the infinitesimal generator of a strongly continuous
semigroup of contractions if and only if the two following conditions hold:

(1) A is a closed operator and D(A) = Z,
(ii) for all X > 0, (M — A) is a bijective operator from D(A) onto Z, (A — A)™! is a bounded
operator on Z, and

1AL = A) ez <

> =

Theorem 4.1.2 Let (e');> be a strongly continuous semigroup in Z with generator A. Then
there exists M > 1 and w € R such that

e zzy < Me®*  for all t > 0.

For all c € R, A — ¢l is the infinitesimal generator of a strongly continuous semigroup on Z,
denoted by (e"A=¢D)),5o, which satisfies

1"A=D | 22y < M@ for allt > 0.

The first part of the theorem can be found in [2, Chapter 1, Corollary 2.1], or in [18, Chapter

1, Theorem 2.2]. The second statement follows from that e/A—¢/) = ¢=¢ctet4,

41
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4.2 Weak solutions in L*(0,T; 7)

We recall the notion of weak solution to equation

2 =Az+ f, 2(0) = 2o, (4.2.2)
where 2o € Z and f € LP(0,T;7Z), with 1 < p < oo.
The adjoint operator of A is an unbounded operator in Z’ defined by

DA ={Ce Z'| |{¢,Az)| < c||z||z for all z € D(A)}

and

(A*C,z) = ((,Az) forall ( € D(A") and all z € D(A).
We know that the domain of A* is dense in 7.

Definition 4.2.1 A function z € LP(0,T; Z), with 1 < p < 00, is a weak solution to equation
(4.2.2) if for every ¢ € D(A*), (z(-),¢) belongs to WHP(0,T) and

%(Z(t%O = (2(), A*Q) + (f(1), ) n O, T[,  (2(0),¢) = (20, C)-

Theorem 4.2.1 (/2, Chapter 1, Proposition 3.2]) For every zo € Z and every f € LP(0,T; Z),
with 1 < p < 00, equation (4.2.2) admits a unique solution z(f, zy) € LP(0,T; Z), this solution
belongs to C([0,T); Z) and is defined by

z(t) =€ zo—l—/ (=24 f(s) ds
0
The mapping (f, z0) — z(f, z0) is linear and continuous from LP(0,T; Z) x Z into C([0,T]; Z).

The following regularity result is very useful.

Theorem 4.2.2 (/2, Chapter 1, Proposition 3.3)) If f € C'([0,T]; Z) and z € D(A), then
the solution z to equation (4.2.2) belongs to C([0,T]; D(A)) N Cl([O,T] 7).

The adjoint equation for control problems associated with equation (4.2.2) will be of the form
—p'=Ap+g.  pT)=pr (4.2.3)
This equation can be studied with the following theorem.

Theorem 4.2.3 ([18, Chapter 1, Corollary 10.6]) The family of operator ((e)*);>o is a
strongly continuous semigroup on Z' with generator A*. Since et = (e!1)*, (e'1");>q is called
the adjoint semigroup of (e4);>o.

Due to this theorem and to Theorem 4.2.1, with a change of time variable, it can be proved
that if pr € Z’ and if g € LP(0,T; Z’), then equation (4.2.3) admits a unique weak solution
which is defined by

T
p(t) = €04 pr 1 / 04 g(5) ds.
t
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4.3 Weak solutions in L*(0,T;(D(A*)))

When the data of equation (4.2.2) are not regular, it is possible to extend the notion of solution
by using duality arguments. It is the main objective of this section. For simplicity we suppose
that Z is a Hilbert space (the results can be extended to the case where Z is a reflexive Banach
space).
The imbeddings
DA —Z and D(A")—Z

are continuous and with dense range. Thus we have
D(A) — Z — (D(A")).

Since the operator (A, D(A)) is the infinitesimal generator of a strongly continuous semigroup
on Z, from Theorem 4.2.3 it follows that (A*, D(A*)) is the infinitesimal generator of a semi-
group on Z'. Let us denote by (S*(t));>0 this semigroup.

Recall that the operator (A}, D(A})) defined by
D(AY) = D((A*)?), Alz =A%z forall z € D(A]),

is the infinitesimal generator of a semigroup on D(A*) and that this semigroup (Sj(t))i>0
obeys S§(t)z = S*(t)z for all z € D(A*).

From Theorem 4.2.3 we deduce that ((S7)*(t))i>0 is the semigroup on (D(A*))’ generated
by (A})*. We are going to show that (S7)*(¢) is the continuous extension of S(t) to (D(A*))".
More precisely we have the following

Theorem 4.3.1 The adjoint of the unbounded operator (Aj, D(AY)) in D(A*), is the un-
bounded operator ((A7)*, D((A})*)) on (D(A*)) defined by

D((A))") = Z, (A} z,y) = (2, Aly) for all z € Z and all y € D(A]).

Moreover, (A})*z = Az for all z € D(A). The semigroup ((S7)*(t))i>0 is the semigroup on
(D(A*))" generated by (A})* and

(ST)*(t)z = S(t)z forall z € Z and all t > 0.

Proof. Let us show that D((A})*) = Z. For all z € Z and all y € D(A}), we have

(2, ATY) (Deayy,pan| = {2, ATY) 2.2 ] < 2|21yl peasy.-

Consequently
Z C D((AY)"). (4.3.4)
Let us show the reverse inclusion. Let z € Z with z # 0, and let y, € Z’ be such that
(2,9) 220 _ (2 y:)z2

|z|| z = sup = )
2 Nyl Y2l 2

We have )
(2,(I = ADUI = A)) ')z (2, (I = A7) 2,2

92|z b

2]z =
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with ¢, = (I — A})"ly.. We can take
¢ (I = ANz

as a norm on D(A*). For such a choice (I — A%)~! is an isometry from Z’ to (D(A*))'. Thus

(z, I = A})()z,2 (2,9) 2.2
sup A+ = SUp, ey —— .
€LY IC pany Y2yl
Since (o (T — ANO)
2,4 — A9)Q) 727z
z D((A*)*) — Sup * 9
IFllotcasr = suPeeoen ™ e,
one has
12l p(ap < 2]z (4.3.5)

The equality D((A})*) = Z follows from (4.3.4) and (4.3.5).
For all z € D(A), and all y € D(A7), we have

(A)72,y) = (2, Ay) = (2, ATy) = (A2, y).
Thus, (A})*z = Az for all z € D(A).

From Theorem 4.2.3 we deduce that ((S7)*(t))¢>0 is the semigroup on (D(A*))" generated by
(A7)*. To prove that (S7)*(t)z = S(t)z for all z € Z and all t > 0, it is sufficient to observe
that

((S7) ()2, y) = (2, 51 (O)y) = (2, 5" ()y) = (S(t)z, v),
forall z € Z, all y € D(A*), and all t > 0.

Remark. Therefore we can extend the notion of solution for the equation (4.2.2) in the case
where xy € (D(A*)) and f € LP(0,T;(D(A*))’), by considering the equation

Z(t) = (A7) z(¢t) + f(t)  dans (0,7), 2(0) = 2. (4.3.6)

It is a usual abuse of notation to replace A by A* and to write equation (4.3.6) in the form
(cf [2, page 160])

2(t) = (A*)"z(¢t) + f(t)  dans (0,7), 2(0) = 2. (4.3.7)

Since (A7)* is an extension of the operator A, sometimes equations (4.3.6) or (4.3.7) are written
in the form (4.2.2) even if 2y € (D(A*))" and f € LP(0,T;(D(A"))).

Theorem 4.3.2 For every zg € (D(A*))" and every f € LP(0,T;(D(A*))), with 1 < p < oo,

equation (4.3.6) admits a unique solution z(f,zy) € LP(0,T; (D(A*))"), this solution belongs
to C([0,T); (D(A*))") and is defined by

t
2(t) = A" 2, —|—/ =AD" £(5) ds.
0

The mapping (f, z0) — z2(f,z0) is linear and continuous from LP(0,T;(D(A*))") x (D(A*))
into C([0,T]; (D(A*))").
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Proof. The theorem is a direct consequence of Theorems 4.3.1 and 4.2.1. ]

A

For simplicity in the notation, we often write ' in place of /41" or A in place of (A¥)*.

We often establish identities by using density arguments. The following regularity result will
be useful to establish properties for weak solutions to equation (4.3.4).

Theorem 4.3.3 If f belongs to H'(0,T;(D(A*))") and z belongs to Z, then the solution
2(f, z0) to equation (4.3.4) belongs to C([0,T]; (D(A*)))NC([0,T]; Z).

Proof. See [2, Chapter 3, Theorem 1.1].

4.4 Analytic semigroups

Let (A, D(A)) be the infinitesimal generator of a strongly continuous semigroup on a Hilbert
space Z. The resolvent set p(A) is the set of all complex numbers A\ such that the operator
(M — A) € L(D(A), Z) has a bounded inverse in Z. Since Z is a Hilbert space, and A is a
closed operator (because A is the infinitesimal generator of a strongly continuous semigroup),
we have the following characterization of p(A):

A € p(A) if and only if R(\, A) = (M — A)™! exists and Im(A\] — A) = Z.

The resolvent set of A always contains a real half-line [a, 00) (see [2, Chapter 1, Proposition
2.2 and Corollary 2.2]).

4.4.1 Fractional powers of infinitesimal generators

We follows the lines of [5, Section 7.4]. Let (¢*4);50 be a strongly continuous semigroup on Z
with infinitesimal generator A satisfying

e ez < Me™ for all t > 0, (4.4.8)

with ¢ > 0. We can define fractional powers of (—A) by

—a _L OOOc—ltA
(—A) Z_F(a)/ot e“zdt

for some o > 0 and all z € Z. The operator (—A)~ obviously belongs to £L(Z). For 0 < a <1,
we set

(A)* = (=4) (=4~

The domain of (—A)* = (=A)(—=A)* ! is defined by D((-=A)*) = {z € Z | (-A)* 'z €
D(A)}.

4.4.2 Analytic semigroups

Different equivalent definitions of an analytic semigroup can be given.
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Definition 4.4.1 Let (e4);50 be a strongly continuous semigroup on Z, with infinitesimal
generator A. The semigroup (e');o is analytic if there exists a sector

Sozis = {A € C | |arg(A —a)| < g+5}

with 0 < § < 5, such that ¥y =5 C p(A), and

A —A)7H < for all A € Xy = 5.

A —q
It can be proved that the semigroup (e');>¢ satisfies the conditions of definition 4.4.1 if and
only if (e!);50 can be extended to a function A\ — e* where e} € L£(Z), analytic in the
sector

Y5 ={A € C||arg(A — a)| < 6},

and strongly continuous in
{Ae C| |arg(A — a)| < 6}.

Such a result can be find in a slightly different form in [2, Chapter 1, Theorem 2.1]. A theorem
very useful for studying regularity of solutions to evolution equations is stated below.

Theorem 4.4.1 ([18, Chapter 2, Theorem 6.13]) Let (e');>0 be a continuous semigroup with
infinitesimal generator A. Suppose that (4.4.8) is satisfied for some ¢ > 0. Then eZ C
D((—A)), (=A)e € L(Z) for all t > 0, and, for all 0 < o < 1, there exists k > 0 and
C(a) such that

[(=A)e 2(z) < C(a)t e ™ for allt > 0. (4.4.9)

A very simple criterion of analitycity is known in the case of real Hilbert spaces.

Theorem 4.4.2 (/2, Chapter 1, Proposition 2.11]) If A is a selfadjoint operator on a real
Hilbert space Z, and if
(Az,2) <0 for all z € D(A),

then A generates an analytic semigroup of contractions on Z.



Chapter 5

Control of the heat equation

5.1 Introduction

We begin with distributed controls (section 5.2). Solutions of the heat equation are de-
fined via the semigroup theory, but we explain how we can recover regularity results in
W(0,T; H}(Q), H1(Q)) (Theorem 5.2.3). Since we study optimal control problems of evolu-
tion equations for the first time, we carefully explain how we can calculate the gradient, with
respect to the control variable, of a functional depending of the state variable via the adjoint
state method. The case of Neumann boundary controls is studied in section 5.3. Estimates in
W(0,T; H (Q), (H'(Q))') are obtained by an approximation process, using the Neumann op-
erator (see the proof of Theorem 5.3.6). Section 5.4 deals with Dirichlet boundary controls. In
that case the solutions do not belong to C([0,T]; L*(Q2)), but only to C([0,T]; H*(2)). We
carefully study control problems for functionals involving observations in C([0,T]; H*(2))
(see section 5.4.2).

We only study problems without control constraints. But the extension of existence results
and optimality conditions to problems with control constraints is straightforward.

5.2 Distributed control

Let © be a bounded domain in RY | with a boundary I of class C%. Let T' > 0, set Q = Qx(0,T)
and ¥ =1 x (0,7"). We consider the heat equation with a distributed control

%—Az:f—l—xwu in@, z=0 onX, z(z,0)=2z in. (5.2.1)

The function f is a given source of temperature, x,, is the characteristic function of w, w is an
open subset of €2, and the function u is a control variable. We consider the control problem

(Py) inf{.J;(z,u) | (z,u) € C([0,T]; L*(Q)) x L*(0,T; L*(w)), (z,u) satisfies (5.2.1)},

where

1 1
Ji(z,u) = 3 / (z— za)* + 3 /(Z(T) — 24(T))* + g/ Xt
Q Q Q
and § > 0. In this section, we assume that f € L*(Q) and that z; € C([0,T7]; L*(Q2)).

47
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Before studying the above control problem, we first recall some results useful for the equa-
tion
0z

5 Az=¢ inQ, z=0 on, z(z,0)=z(x) in Q. (5.2.2)

Theorem 5.2.1 Set Z = L*(Q), D(A) = H*(Q)NH(Q), Au = Au. The operator (A, D(A))
is the infinitesimal generator of a strongly continuous semigroup of contractions on L*(§2).

Proof. The proof relies on the Hille-Yosida theorem and on regularity properties for solutions
to the Laplace equation.

(i) Prove that A is a closed operator. Let (z,), be a sequence in D(A) converging to some z
in L?(Q). Suppose that (Az,), converges to some f in L*(Q2). We necessarily have Az = f
in the sense of distributions in 2. Due to Theorem 3.2.1, we have ||z, — 2| m2(0) < C||Az, —
Azp | 12(q) - This means that (z,), is a Cauchy sequence in H*(Q). Hence z € H*(Q)NHj(Q).
The first condition of Theorem 4.1.1 is satisfied.

(i) Let A > 0 and f € L*(Q). It is clear that (A\] — A) is invertible in L?(2), and (A] — A)~'f
is the solution z to the equation

AM—Az=f in €, z2=0 on I

We know that z € H*(Q2) N H}(Q) and
)\/z2+/|Vz\2:/fz.
Q Q Q

1
2l L2) < X||f||L2(Q)7

Thus we have

and the proof is complete. N

Equation (5.2.2) may be rewritten in the form of an evolution equation:
Z—Az=¢ inl0,T], 2(0) = 2. (5.2.3)

We can easily verify that D(A*) = D(A) and A* = A, that is A is selfadjoint. Recall that
z € L*(0,T; L*(Q)) is a weak solution to equation (5.2.3) if for all ( € H*(Q) N Hy(Q) the
mapping ¢ — (z(t), () belongs to H'(0,T), (2(0),¢) = (20,¢), and

d
Z(2(1).0) = (2(t), AQ) + (. ).

Theorem 5.2.2 (i) For every ¢ € L*(Q) and every 2o € L*(Q0), equation (5.2.2) admits a
unique weak solution z(¢, zg) in L*(0,T; L*(Q)), moreover the operator is linear and continuous
from L*(Q) x L*(Q) into W(0,T; H}(Q), H1(Q)).

(ii) The operator is also continuous from L*(Q) x H(Q) into L*(0,T; H*(Q2) N HL(Q)) N
HY0,T; L*(Q)).

Comments. Recall that

W(0,T; HX(Q), H™(Q)) = {z e L2(0,T; HY(Q)) | % e L(0,T; H%(Q))}.
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We say that % € L*(0,T; H(Q)) if

d
||E<Z(t)»C>||L2(0,T) < Cll¢Img o) for all ¢ € Hy(9).

Proof of Theorem 5.2.2.

(i) Due to Theorem 5.2.1 and Theorem 4.2.1, we can prove that the operator (¢, zo) — 2(¢, 2o)
is continuous from L?(Q) x L*(Q) into C([0,T); L*(Q2)). To prove that the solution z belongs
to W(0,T; H} (), H71(€2)), we can use a density argument. Suppose that ¢ € C1([0,T7]; Z)
and that zy € D(A). Then z belongs to C([0,T]; D(A)) N C*([0,T]; Z) (Theorem 4.2.2). In
that case we can multiply equation (5.2.2) by z, and with integration by parts and a Green

formula, we obtain
T T
[r@psz [ [wpze [ [ oo [laf
Q 0 Ja 0 Ja Q

< 2[Igllz2@)lIzllz2@) + llz0llZ2(0)-
With Poincaré’s inequality ||z||z2(0) < Cp||V2||12(), and Young’ inequality we deduce

T
/0 / V22 < Cyllg )220y + l120]122(0y-

Therefore the operator (¢, 29) +— 2(¢, 29) is continuous from L?(Q)x L*(2) into L*(0, T; Hy(Q2)).
Next, by using the equation and the regularity z € L2(0,T; H}(S)), we get

d
40,0 = 60,40 + 0.0 = - [ vaver [ oc

From which it follows that

d
||E<Z(t);<’>||L2(0,T) < |2l z20,mm ) 1€ B2 () + 1@ L2 1€ ]| £2(0)

< max(Cy, 1) (12l 20y + 9z ) Iy,

for all ¢ € H}(). Thus %2 belongs to L*(0,T; H~'(Q)). The first part of the Theorem is
proved.

(ii) The second regularity result is proved in [13], [7]. 0

Since the solution z(f,u, z9) to equation (5.2.1) belongs to C'([0, T]; L*(Q2)) (when u € L?(0, T}
L*(w)), Ji(2(f,u,20),u) is well defined and is finite for any v € L*(0,7T;L?*(w)). We first
assume that (P;) admits a unique solution (see Theorem 7.3.1, see also exercise 5.5.1). We
set Fi(u) = Ji(2(f,u, 20),u), and, as in the case of optimal control for elliptic equations, the
optimal solution (z(f,, 2p),u) to problem (P;) is characterized by the equation F|(u) = 0.
To compute the gradient of F; we have to consider adjoint equations of the form

Ip

9 Ap=g inQ, p=0 onX, px,T)=pr inf, (5.2.4)



90 CHAPTER 5. CONTROL OF THE HEAT EQUATION

with ¢ € L*(Q) and pr € L*(Q2). Tt is well known that the backward heat equation is not well
posed. Due to the condition p(x,T) = pr equation (5.2.4) is a terminal value problem, which
must be integrated backward in time. But equation (5.2.4) is not a backward heat equation
because we have — % — Ap = ¢ and not % — Ap =g (as in the case of the backward heat
equation). Let us explain why the equation is well posed. If p is a solution of (5.2.4) and if

we set w(t) = p(T —t), we can check, at least formally, that w is the solution of
— —Aw=g(x,T—-t) in@Q, w=0 onX w(x0)=pr inQ. (5.2.5)

Since equation (5.2.5) is well posed, equation (5.2.4) is also well posed even if (5.2.4) is
a terminal value problem. In particular equation (5.2.4) admits a unique weak solution in
L?(0,T; L*(9)), and this solution belongs to W(0,T; H}(2), H~'(Q)). To obtain the expres-
sion of the gradient of F| we need a Green formula which is stated below.

Theorem 5.2.3 Suppose that ¢ € L*(Q), g € L*(Q), and pr € L*(Q). Then the solution z
of equation

%_Azz¢ nQ, z=0 on¥, zz,0)=0 inQ,

and the solution p of (5.2.4) satisfy the following formula

/Qaﬁp:/ngJr/QZ(T)pT- (5.2.6)

Proof. If pr € H}(Q), due to Theorem 5.2.2, z and p belong to L*(0,T; D(A)))NH (0, T; L*(2)).
In that case, with the Green formula we have

/Q —Az(t)p(t) do = / —Ap(t)z(t) dx

Q

for almost every ¢ € [0, 7], and

T roz T rop
s °r T)pr.
/0 . /0 QatZJr/QZ( )Pr

Thus formula (5.2.6) is established in the case when py € H}(2) (Theorem 5.2.2 (ii)). If (pry)n
is a sequence in H}(Q) converging to pr in L*(Q2), due to Theorem 5.2.2, (p,,)n, where p, is the
solution to equation (5.2.4) corresponding to pry,, converges to p in W(0,T; Hy (), H 1))
when n tends to infinity. Thus, in the case when py € L*(Q2), formula (5.2.6) can be deduced
by passing to the limit in the formula satisfied by p,.

The gradient of F|. Let (z(f,u,z2y),u) = (Z,u) be the solution to problem (P;). By a direct
calculation we obtain

Fi(i + M) — Fiy(@) = %/Q(ZA ) (en + 7 — 22)

#5 | alD) = 2D + 20~ 220 + 5 [ [ e s,
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where z), = z(f,u + Au, z9). The function wy = z, — z is the solution to the equation

%—Z}—Aw—)\xwu in@, z=0 on w(z,0)=0 inQ.

Due to Theorem 5.2.2 we have

lwallw o,r;H10),5-1@) < ClAullz20.1:02(0))-

Thus the sequence (zy), converges to z in W (0,T; H}(Q), H~1(2)) when ) tends to zero. Set

W, = %wA, the function w, is the solution to the equation

a5 Aw=x,u in@Q, z=0 onX, w(x,0) =0 inf. (5.2.7)

Dividing Fy(u + Au) — Fy(u) by A, and passing to the limit when A tends to zero, we obtain:

O N A B IR | [

To derive the expression of F}(u) we introduce the adjoint equation

_% CAp=i-z mQ p=0 on¥, paT)=2T)—zT) nQ  (5.28)

With formula (5.2.6) applied to p and w, we have

[+ [y - | [

Hence Fi(u) = plox(o,r) + Bt , where p is the solution to equation (5.2.8).

Theorem 5.2.4 (i) If (z,u) is the solution to (Py) then u = —%p|wx(07T), where p is the
solution to equation (5.2.8).

(ii) Conversely, if a pair (Z,p) € W(0,T; H3(Q2), H () x W(0,T; H (Q), H1(Q)) obeys the

system

0 1

—Z—Az:f——xwp in@, p=0 ond, z(z,0)=2% 1inf,

ot I6;

3 (5.2.9)
_8_]; —Ap=ZzZ—23 mQ, p=0 onX pr,0)=2T)—2(T) inQ,

then the pair (Z, —%ﬁ) is the optimal solution to problem (Py).
Proof. (i) The necessary optimality condition is already proved.
(ii) The sufficient optimality condition can be proved with Theorem 2.2.3. "

Comments. Before ending this section let us observe that equation (5.2.1) can be written in
the form
2= Az + f + Bu, 2(0) = zo,

where B € L(L*(T),L*(?)) is defined by Bu = y,u. Control problems governed by such
evolutions equations are studied in Chapter 7.
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5.3 Neumann boundary control

In this section, we study problems in which the control variable acts through a Neumann
boundary condition

0z , 0z .
5% Az=f inQ, 5, ¢ oo Y, z(x,0) =z in Q. (5.3.10)

Theorem 5.3.1 Set Z = L*(Q2), D(A) = {z € H*(Q) | & = 0}, Az = Az. The operator
(A, D(A)) is the infinitesimal generator of a strongly continuous semigroup of contractions in
L3(9).

Proof. The proof still relies on the Hille-Yosida theorem. It is very similar to the proof of
Theorem 5.2.1 and is left to the reader. ]
The operator (A, D(A)) is selfadjoint in Z. Equation

0z ) 0z :
5 Az=f inQ, o 0 onY, z(z,0)=2z inQ, (5.3.11)

may be written in the form
7 =Az+ f, 2(0) = 2. (5.3.12)

A function 2z € L?(0,7T; L*(f2)) is a weak solution to equation (5.3.12) if for all ¢ € D(A) the
mapping  ++ (=(1), &) belongs to H'(0,T), (=(0), ) = (z0,C), and

d

& [ = a0+ 1.0 = [ =0ac+ [ s

Theorem 5.3.2 For every ¢ € L*(Q) and every zy € L*(Q), equation (5.3.11) admits a
unique weak solution z(¢, z9) in L*(0,T; L*(?)), moreover the operator

(¢, 20) = 2(9, %)
is linear and continuous from L*(Q) x L*(Q) into W (0,T; H (), (HY(Q))").
Recall that
WO, (@), (@) = {= € 120,75 (®) | & € 20,7 (1 @)}
Proof. The existence in C([0,T]; L*(2)) follows from Theorem 5.3.1. The regularity in

W(0,T; H(Q), (H'(Q))') can be proved as for Theorem 5.2.2. ]

Similarly we would like to say that a function z € L*(0,T; L*(2)) is a weak solution to equation
(5.3.10) if for all ¢ € D(A) the mapping ¢ +— (z(t),¢) belongs to H*(0,T), (2(0),¢) = (z0,¢),

and
d
| nc= [ smac [ ger [

Unfortunately the mapping ¢ — [, u¢ is not an element of L*(0,T; L*()), it only belongs
to L2(0,T; (H*(2))'). One way to study equation (5.3.10) consists in using (A})* (see Chapter
4), the extension of A to (D(A*)) = (D(A))" (A is selfadjoint). We can directly improve this
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result in the following way. We set Z = (H(2))". We endow (H'())’ with the dual norm of
the H'-norm. We can check that the corresponding inner product in (H*(€2))" is defined by

(z, g) ey = /Qz(—A LI = /Q(—A L),

where (—A + I)7!( is the function w € H'(Q) obeying

—Aw+w={_ in €, a—w:() on I
on

We define the unbounded operator A in (H'(Q)) by D(A) = H'(2), and

~

Az, O ey m :—/Vzvzflz, .
(A2, Q@) mr(@) | VEVG ( C)(HI(Q)),

Theorem 5.3.3 The operator (ﬁ, D(ﬁ)) is the infinitesimal generator of a strongly continu-
ous semigroup of contractions in (H'(Q)).

Proof. The proof still relies on the Hille-Yosida theorem. It is more complicated than the
previous ones. It is left to the reader. N

We write equation (5.3.10) in the form
Y =Az+ f+a, 2(0) = 2o, (5.3.13)

where @ € L*(0,T;(H'(2))) is defined by @ +— [.u¢ for all { € H'(Q). Due to Theo-
rem 5.3.3 equation (5.3.13), or equivalently equation (5.3.10), admits a unique solution in
L*(0,T; (HY(Q))) and this solution belongs to C([0,T]; (H'(Q))). To establish regularity
properties of solutions to equation (5.3.10) we need to construct solutions by an approxima-
tion process.

Approximation by regular solutions.

Recall that the solution to equation

0
Aw—w=0 1inQ, 9% —v on T, (5.3.14)
on
satisfies the estimate

Let u be in L?(X) and let (uy,), be a sequence in C*([0, T]; H'/?(T)), converging to u in L*(X).
Denote by w,(t) the solution to equation (5.3.14) corresponding to v = w,(t). With estimate
(5.3.15) we can prove that w, belongs to C*([0,T]; H*(2)) and that

wnllero,mm20)) < Cllunllor o2y

Let z, be the solution to equation (5.3.10) corresponding to (f, u,, 29). Then y,, = 2z, — w, is
the solution to
dy
ot

" + Aw,, in @Q, % =0 onX, y(z,0)= (20— wp(0))(z) in Q.

Wn,

0
0

Ay =f—
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Since (29 — w,(0)) € L*(Q) and f — 2% — Aw, belongs to L*(Q), y, and z, belong to
W(0,T; HY(Q), (H'(Q))'). Thus, for every t €]0,T], we have

/|zn |2—|—2//\VznP—Q//fzn—l—Z//unzn /\2012

We first get
Ul E o2 + 21Vl i20r2y < 20 le2@yll2@) + 2lull 2wy 1yl 2 ) + lvollZz

Thus with Young’s inequality, we obtain

Illeqorez@y + lylloranan < C (Il + lullzae + lyollzze )-
In the same way, we can prove
20 = Zmlleqorirz@) + 120 — 2mll 200,051 (@) < Clltn — Um||r2(s)

Hence the sequence (2,), converges to some z in C([0,7]; L*(©2)) N L?(0,T; H'(2)). Due to
Theorem 5.3.3, we can also prove that the sequence (z,), converges to the solution of equation
(5.3.10) in C([0,T]; L*(2)). By using the same arguments as for Theorem 5.2.2, we can next
prove an estimate in W (0,T; H(Q), (H'(9))). Therefore we have established the following
theorem.

Theorem 5.3.4 For every f € L*(Q), every u € L*(X), and every 2o € L*(Q), equation
(5.3.10) admits a unique weak solution z(f,u,z) in L*(0,T; L*(?)), moreover the operator

(f)ua ZO) = Z<f7ua ZO)
is linear and continuous from L*(Q) x L*(X) x L*(Q) into W(0,T; H*(Q), (H*(Q))).
We now consider the control problem

(Py)  inf{Jy(z,u) | (z,u) € C([0,T); L*(2)) x L*(0,T; L*(T)), (z,u) satisfies (5.3.10)},

<Maw:%L@—wf+%£@@%wﬂﬂf+§éﬁ

We assume that f € L*(Q), z0 € L*(Q2), and z4 € C([0,T); L*(©2)). Problem (P,) admits a
unique solution (z, ) (see exercise 5.5.2). The adjoint equation for (P) is of the form

_%_Ang in Q, §—§=0 on %, p(z,T)=pr inf (5.3.16)
Theorem 5.3.5 Suppose that u € L*(¥), g € L*(Q), pr € L*(). Then the solution z of

equation

where

0z 0z
T 2=0 1inQ, o =4 o 2(0)=0 inQ,

and the solution p of (5.3.16) satisfy the following formula

/Eup:/ng—i—/Qz(T)pT. (5.3.17)
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Proof. We leave the reader adapt the proof of Theorem 5.2.3.

Theorem 5.3.6 If (z,u) is the solution to (Ps) then u = —%p\g, where p is the solution to
the equation
dp _ : dp _ ,
9 Ap=Z—2z5 nQ, o 0 onk, p(x,T)=2(T)—2(T) inQ.  (53.18)
Conversely, if a pair (Z,p) € W(0,T; HX(Q), (H*(Q))") x W(0,T; H'(Q), (H'(R2))") obeys the

system

0z 0z

— —Az=f inQ, n
n

1
ot = —BP|E onY, z(x,0)=2z in§,

3 9 (5.3.19)
—a—]; —Ap=z—25 nQ, 8_p =0 onX, p(T)=2T)—z(T) inQ,
n

then the pair (Z, —%ﬂg) is the optimal solution to problem (Py).

Proof. We set Fy(u) = Jo(2(f,u, 20),u). A calculation similar to that of the previous section
leads to:

Fy(a)u = /(z — Za)Wy + / (Z(T) — za(T))w,(T) + / Bu,
Q Q b
where w, is the solution to the equation

aa—ZtU—Aw—O in Q, Z—:;}—u on ¥, w(z,0)=0 in Q.

With formula (5.3.12) applied to p and w, we obtain

/Q (= zahwa+ [ GT) = D)) = [ ap

Thus Fj(u) = p|s + fu. The end of the proof is similar to that of Theorem 5.2.4. "

5.4 Dirichlet boundary control

Now we want to control the heat equation by a Dirichlet boundary control, that is

0
(9_§ —Az=f inQ, z=u onX, z(z,0)=z2 inf. (5.4.20)
Since we want to study equation (5.4.20) in the case when u belongs to L*(3), we have to
define the solution to equation (5.4.20) by the transposition method. We follow the method
introduced in Chapter 2. We first study the equation

0z _ .
5 Az=0 inQ, z=u onX%, z(z0)=0 inQ. (5.4.21)
Suppose that u is regular enough to define the solution to equation (5.4.21) in a classical sense.
Let y be the solution to

——~—-Ay=¢ in@Q, y=0 on¥%, yx,T)=0 inQ. (5.4.22)
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With a Green formula (which is justified if z and y are regular enough), we can write

Jy
/ngb = — Eu% = (u, AP) 12y,

where A¢p = —%. Due to Theorem 5.2.2 we know that the mapping

pr—y

is linear and continuous from L*(Q) into L*(0,T; H*(Q)NH}(Q))NH'(0,T; L*(2)). Thus the
operator A is linear and continuous from L?*(Q) into L?(0,T; L*(T")), and A* is a linear and
continuous operator from L*(0,T; L*(T)) into L?(Q). Since the identity [, 2¢ = (u, A@)12(s) =
(AN*u, @) 2(q) is satisfied for every ¢ € L*(Q), we have z = A*u. For u € L*(X), the solution
2z, to equation (5.4.21) is defined by z, = A*u. For equation (5.4.20) the definition of solution
is stated below.

Definition 5.4.1 A function z € L*(Q) is a solution to equation (5.4.20) if, and only if,

/qub:/nyJr/ﬂzoy(O)— Eug—z

for all ¢ € L*(Q), where y is the solution to equation (5.4.22).
Due to the continuity property of A*, we have the following theorem.

Theorem 5.4.1 For every f € L*(Q), every u € L*(X), and every 2y € L*(QQ), equation
(5.4.20) admits a unique weak solution z(f,u,29) in L*(0,T; L*(?)), moreover the operator

(f)ua ZO) = Z(f?“a ZO)

is linear and continuous from L*(Q) x L*(X) x L*(Q) into L*(Q).

5.4.1 Observation in L?(Q)

Thanks to Theorem 5.4.1 we can study the following control problem
(Ps) inf{.Js(z,u) | (z,u) € L*(0,T; L*(Q)) x L*(X), (2,u) satisfies (5.4.20)},

with

Jg(z,u):%/cz(z—zdf—i-g/qu.

We here suppose that z; belongs to L*(Q). Contrary to the case of Neumann boundary
controls, we cannot include an observation of z(T) in L?(Q) in the definition of (P3). To write
optimality conditions for (P3), we consider adjoint equations of the form

—— —Ap=g inQ, p=0 onX, px,7)=0 inQ. (5.4.23)
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Theorem 5.4.2 If u € L*(X), then the solution z of equation (5.4.21) and the solution p of

(5.4.23) satisfy the following formula

/fp /Zg+/u_.

Proof. The result directly follows from definition 5.4.1.

Theorem 5.4.3 Assume that f € L*(Q), z0 € L*(Q), and zq € L*(0,T; L*(Q)). L

(5.4.24)

et (2,u) be

the unique solution to problem (P3). The optimal control u is defined by u = %g—p where p s
the solution to the equation
dp _ . .
5 Ap=z—2z3 mQ, p=0 onX plx,T)=0 1inQ. (5.4.25)
This necessary optimality condition is also sufficient.
Proof. We set Fs(u) = J3(z(f, z0,u),u). Due to Theorem 5.4.2, we have
Fi(u )u-/(z—zd wu—|—5/uu—/ ———i—ﬁ
The end of the proof is now classical. ]
5.4.2 Observation in C([0,T]; H1(Q))
Denote by || - ||g-1(q) the dual norm of the Hj(£2)-norm, that is the usual norm in H~*(Q):
(fs2) - Q)xHA(Q)
flla-1) = sup,cm .
|| ||H () €Hj () ||Z||H3
Let f be in H'(Q) and denote by (—A)~! f the solution to the equation
—Az=f inQ, z=0 onl.
Theorem 5.4.4 The mapping
F= Ml = U (=) D2 o
is a norm in H~1(Q) equivalent to the usual norm.
Proof. We know that (—A)~! is an isomorphism from H '(Q) to Hj(2). Thus f —

1(=A) " fllza () is a norm in H~'(Q) equivalent to the usual norm. If f € H~'(Q), mul-
tiplying the equation — A((=A)™'f)=f by (—A)~'f, with a Green formula, we have

/Q|V((_A)lf)|2 =(f <_A)71f>H—1(Q)><H3(Q) < ‘|(—A)71f||H3(Q)||f||H—1(Q)

Since the norm f +— [[(=A)~™" f|| () is equivalent to the norm in H~'(Q2), we obtain

cl”f”?{*l(ﬂ) <(f,(=A)" f> Q)x HE(Q) < CszHH Q)
The proof is complete.
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Theorem 5.4.5 (i) Let z(f,u, zy) be the solution to equation (5.4.20). The operator
(f7 U, ZO) = Z(fv u, ZO):
is linear and continuous from L*(Q) x L2(X) x L*(Q) into C([0,T]; H~Y(Q)).

(ii) If u € L*(X), and if pr € H3(Q), then the solution z of equation (5.4.21) and the solution
p of

—%—Apzo nQ, p=0 on¥, pT)=pr in®,
satisfy the following formula
Ip
(z(T), pr)H(@)xmL Q) = —/ U (5.4.26)

Proof. (i) We only need to prove the regularity result for the solution z of equation (5.4.21).
For every ¢ € H}(2) and every 7 €]0, T, consider the solution y to equation

—%—Ay:() in@, y=0 on, vy(r)=¢ inl

Due to Theorem 5.2.2, we have
19l 220,ms 2@ ) < cllellm )

and the constant c¢ is independent of 7. Let (u,), C L*(X) a sequence of regular functions
satisfying the compatibility condition wu,(x,0) = 0, and converging to u in L?(X). Denote by
zp the solution to (5.4.21) corresponding to u,. Since z, is regular, it satisfies the formula

/Z(T)@O——/ 4 2
Q " I'x(0,7) 6n

y
<
nan‘ > CHunHL2(2)

Thus we have

|20 (T) | 7r-1(0) = su Pllell 73 (o)=L 'x(0,7)

where the constant ¢ is independent of 7. From this estimate it follows that
120 = zmllcqora-1@) = 120 — 2mllLe@ra-10) < cllun — UmllL25)-

Therefore the sequence (z,), converges to some z in C([0,T]; H*(2)). Due to Theorem
5.4.1, the sequence (z,), converges to the solution z of equation (5.4.21). We finally have
z=2¢eC([0,T]; H(Q)).

(ii) Formula (5.4.26) can be established for regular data, and next deduced in the general case
from density arguments. n

Now we are in position to study the control problem
(Py) inf{Jy(z,u) | (z,u) € L*(0,T; L*(Q)) x L*(X), (2, u) satisfies (5.4.20)},
with

Tz ) = ST~ 2l o + 5 /

The proof of existence and uniqueness of solution to problem (Py) is standard (see exercise
5.5.3).
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Theorem 5.4.6 Assume that f € L*(Q), 20 € L*(Q), and 24 € L*(0,T; L*(Q2)). Let (z,u) be
the unique solution to problem (Py). The optimal control u is defined by u = %

%%, where p s
the solution to the equation

Proof. We set Fy(u) = Jy(z(f, z0,u),u). If w, is the solution to equation 5.4.21, and p the
solution to equation 5.4.27, with the formula stated in Theorem 5.4.5(ii), we have

Fy(a)u = (wy(T), (=A) " ((T) — 2r)) - (@)xmp(@) + 5/271“-

Z/E<—§—i+ﬁu>u.

The proof is complete. ]

5.5 Exercises

Exercise 5.5.1

The notation are the ones of section 5.2. Let (u,), be a sequence in L?(0, T’; L?(w)), converging
to u for the weak topology of L?(0,T; L*(w)). Let z, be the solution to equation (5.2.1)
corresponding to u,,, and z, be the solution to equation (5.2.1) corresponding to u. Prove that
(2,(T)),, converges to z,(T) for the weak topology of L?(Q2). Prove that the control problem
(P;) admits a unique solution.

Exercise 5.5.2
Prove that the control problem (P,) of section 5.3 admits a unique solution.
Exercise 5.5.3

The notation are the ones of section 5.4. Let (u,), be a sequence in L*(X), converging to
u for the weak topology of L*(¥). Let z, be the solution to equation (5.4.20) corresponding
to u,, and z, be the solution to equation (5.4.20) corresponding to u. Prove that (z,(7)),
converges to z,(T) for the weak topology of H !(€Q). Prove that the control problem (P;)
admits a unique solution.

Exercise 5.5.4

Let 2 be a bounded domain in RY, with a boundary I of class C?. Let T > 0, set Q = Qx(0,7)
and X =T x (0,7"). We consider a convection-diffusion equation with a distributed control

0z

E—Az+\7.v2~:f+xmu inQ, z=0 onY, z(x0) =z i (5.5.28)
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The function f belongs to L*(Q), x. is the characteristic function of w, w is an open subset
of ©, and the function u is a control variable. We suppose that V' € (L=(Q))". We want to
study the control problem

(Ps)  inf{Js(z,u) | (z,u) € C([0,T]; L*(Q)) x L*(0,T; L*(w)), (z,u) satisfies (5.5.28)},

where

Jo(2, 1) = %/Q(z )+ % /Q(z(T) —(T))? + g/QquQ,

and 3 > 0. We assume that z; € C([0,T]; L*(2)).

We first study equation (5.5.28) by a fixed point method. For that we need a regularity for
the heat equation that we state below.

Regularity result. For any 1 < g < oo, there exists a constant C(q) such that the solution
z to the heat equation

d
a—j—Az:f inQ, z=0 onX, z(x,0)=0 in,

satisfies
Izllcomyzz@) + 12lz0mm @) < C@ONflLaorie@) forall f e LI(0,T; L*(5)).

1 - Now we choose 1 < ¢ < 2. Let r be defined by %—k% = %, and ¢ €]0,T] such that
CB|[Vize@yr < i Let ¢ € C((0,1]; L2(Q)) N L0, H(R)), and denote by z, the

2
solution to equation

%—Azzf‘i‘qu_‘?'VQb in@, z=0 on, z(z,0)=2z2 in. (5.5.29)

Prove that the mapping
¢ — 24

is a contraction in C([0,#]; L*(Q2)) N L%(0,t; H(2)).

2 - Let 2 be the solution in C([0,#]; L*(2)) N L*(0,%; Hi(S2)) to equation

0 .

8—§—Az+V-Vz:f+qu in Q2x(0,f), 2z=0 onTl x(0,¢), z(z,0)=2z inQ.

The existence of 2 follows from the previous question. Let ¢ € C([0, 2t]; L*(Q2))NL?(0, 2¢; HY())
such that ¢ = 2 on [0, 7], and denote by z, the solution to equation

0 .
8—;—Az=f+xwu—V-V¢ in@, z=0 on, z(z,0)=z2 in. (5.5.30)

Prove that the mapping
¢ | —— Z¢

is a contraction in the metric space

{¢ € C([0,28); L*(Q)) N L*(0, 28 Hy () | ¢ = 2 on [0,2]},



5.5. EXERCISES 61

for the metric corresponding to the norm of the space C([0,2¢]; L*(Q)) N L*(0, 2¢t; H} ().

3 - Prove that equation (5.5.28) admits a unique solution in C'([0, T]; L*(Q)) N L*(0,T; H} (D)),
and that this solution obeys

I2lleqorirz@) + 12l L20mm1 @) < CUf 22 + 1l 2wx o) + 1120l 22(0))-

4 - Prove that the control problem (P5) admits a unique solution. Write first order optimality
conditions.

Exercise 5.5.5

Let 2 be a bounded domain in RY, with a boundary I of class C?. Let T > 0, set Q = Q2x(0,T)
and ¥ =T x (0,7"). We consider the heat equation with a control in a coefficient

9 _ A = fi T>0
{ ot y+uy fln Q’ 9 (5531)

y=00nTx]0,T[, y(z,0)=yo(x)in

avec f € L*(Q), yo € L*(Q) et
U€Uyg={ueLl™Q)]0<u(z,t)<Mae inQ}, M>0.
We want to study the control problem

(Ps) inf{Js(v) | u € Uag, (y,u) satisfies (5.5.31)}

avec Jg(y) = [ ly(x,T) — ya(z)|*dz, yq is a given function in L*(£2).

1 - Prove that equation (5.5.31) admits a unique solution v, in C'([0, T; L*(2))NL2(0,T; H3())
(the fixed point method of the previous exercise can be adapted to deal with equation (5.5.31)).
Prove that this solution belongs to W(0,T; Hi (), H~(Q)).

2 - Let (uyn), C Uy be a sequence converging to u for the weak star topology of L>((Q). Prove
that (v, ). converges to y, for the weak topology of W (0,T; H}(Q), H~*(2)). Prove that (Ps)
admits solutions.

3 - Let u and v be two functions in Uuq. Set 2y = (Yusro — Yu)/A. Prove that (z)), converges,
when A tends to zero, to the solution 2, , of the equation

{ %_AZ+Uyu+uZIOiD QX}O,T[, (5532)

z=00nIx]0,T[, 2(z,0)=0in Q.

4 - Let (y,, u) be a solution to problem (Fs). Write optimality conditions for (y,, u) in function
of 2y y—y (for v € U,q). Next, write this optimality condition by introducing the adjoint state
associated with (y,, u).
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Chapter 6

Control of the wave equation

6.1 Introduction

We first begin by problems with a distributed control. We study the wave equation via the
semigroup theory with initial data in H}(Q) x L*(Q2) (section 6.2.1), and in L*(Q) x H (Q)
(section 6.2.2). These results are next used to derive optimality conditions in the case of
functionals involving observations of the derivative of the state (Theorem 6.3.1). The case
of Neumann boundary controls is briefly presented in section 6.4. To obtain fine regularity
results in the case of Dirichlet boundary controls, we need a trace regularity result for solutions
to the wave equation with homogeneous boundary conditions (Theorem 6.5.1). Equations
with nonhomogeneous Dirichlet boundary conditions is studied by the transposition method
(Theorem 6.6.1). We derive optimality conditions for functionals involving observations in
C([0,T]; H1(€)) (Theorem 6.6.2).

The notation Q, I', T', @, ¥, as well as the assumptions on €2 and I'; are the ones of the
previous chapter.

6.2 Existence and regularity results

6.2.1 The wave equation in H}(Q) x L*(Q)

To study equation

0?2 , 0z
w—Az:f in@, z=0 on, z(x,0) =z and yn

with (z0,21) € H} () x L3(R2) and f € L*(Q), we transform the equation in a first order

evolution equation. Setting y = (z, %), equation (6.2.1) may be written in the form

(,0) =2 inQ, (6.2.1)

dy
e Ay+ F 0) =
yr y+F, y(0) = o,

(N _ (v (0 [z
wea(2)-(8): (1) one(2)

Set Y = H}(Q) x L*(2). The domain of A inY is D(A) = (H?(Q) N H}(Q)) x Hg ().

with

63
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Theorem 6.2.1 The operator (A, D(A)) is the infinitesimal generator of a strongly continu-
ous semigroup of contractions on'Y .

Proof. The theorem relies on the Hille-Yosida theorem.

(i) The domain D(A) is dense in Y. Prove that A is a closed operator. Let (y,), be a sequence
converging to y = (y1,y2) in Hy(Q) x L*(Q2), and such that (Ay,)n = (y2.n, AY1.n)n converges
to (f,g) in HY(Q) x L*(Q). We have yo = f, and Ay; = g because (Ay; ), converges to Ay; in
the sense of distributions in 2. Due to Theorem 3.2.1, we have |[|y1, —y1,m || m2@) < C|| Ay, —
Ayimll 22 - Thus (y1,,)n is a Cauchy sequence in H*(Q)NHj(2). Hence y; € H*(Q)NH(Q).
The first condition of Theorem 4.1.1 is satisfied.

(ii) For A > 0, f € H}(), g € L*(2), consider the equation
()= ()
Y2 Y2 9)’

Ahpr—y2 = f in €,
Mpp— Ay = g in Q.

that is
(6.2.2)

We have
Nyi— Ay =Af+g in €.

This equation admits a unique solution in H?(Q) N H} (). Thus the system (6.2.2) admits a
unique solution y € D(A). From the equation Ay, — Ay; = g , we deduce

A/y§+/vy1Vy2—/gyz.
Q Q Q

Replacing y» by Ay; — f in the second term, we obtain

A/ySJM/IVlez:/gyz+/Vy1Vf

Q Q Q Q

1/2 1/2

< (/y§+/ IVy1|2) (/g2+/ IVfIZ) :
Q Q Q Q

1/2 1/2

A(/y§+/|w1|2) < (/g2+/|w|2) |
Q Q Q Q

1/2
We can choose y — (fQ v + [ |Vy1|2> as a norm on Y and the proof is complete. ]

and

Theorem 6.2.2 For every [ € L*(Q), every zy € Hy(Q), every z; € L*(Q), equation (6.2.1)
admits a unique weak solution z(f, zo, z1), moreover the operator

(fa 20721) = Z(f7 Z'0,2’1)

is linear and continuous from L*(Q) x Hg(Q2) x L*(Q) into C([0, T); H{(2))NC ([0, TT; L*(2)).

Proof. The theorem is a direct consequence of Theorem 4.2.1 and Theorem 6.2.1. [
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6.2.2 The wave equation in L?(2) x H_I(Q)

We study equation (6.2.1) when (zo,21) € L*(Q) x HY(Q) and f € L*(0,T; H'(Q)). In that
case we set Y = L2(Q) x H-1(Q), D(A) = H}(Q) x LQ(Q) and

w=a () -(4 )
where (Ayi, () g-1(0) = — Jo Vy1 - V(=A)7'¢ and (—A)~'( is the solution w of the equation
w e Hy (), —Aw = in{.
We have the same kind of result as above.

Theorem 6.2.3 The operator (g, D(g)) is the infinitesimal generator of a semigroup of con-
tractions on Y .

Proof. The theorem still relies on the Hille-Yosida theorem.

(i) The domain D(A) is dense in Y. As for the proof of Theorem 6.2.1, we prove that (A, D(A))
is a closed operator. The first condition of Theorem 4.1.1 is satisfied.

(ii) For A > 0, f € L*(Q2), g € H(Q), consider the system

AMr—vy2 = f in €,

AMp— Ay = g in Q. (6.2.3)

The equation
Ny — Ay =M +g in

admits a unique solution in H}(Q2). Thus the system (6.2.3) admits a unique solution y €
D(A). The obtention of the estimate is more delicate than previously. We compose the two
members of the first equation by (—A)~!, the inverse of the Laplace operator with homoge-
neous boundary conditions. We have A(—A)"'y; — (=A) lyp = (—=A)7'f , and we choose
(—A)"lyy as a test function for the second equation:

Ay, (—0) " 2) 10y, m3@) + M=Ay1, (=A) " y1) 10, m1 ()

= (g, (=) y2) 1)@ + (=AY (=A) T ) 1))
Recall that the mapping

f I |||f”|H*1(Q) - <f7 (—A)_lﬁgi(mx%(m

is a norm in H () equivalent to the usual norm (Theorem 5.4.4). This norm is associated
with the scalar product

(f,9) — ([, (_A)_lg>}15£1(ﬂ)><Hé(Q)'

Thus we have
(9, (=) w2 -1y < Nalla—@ vl a1
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We can also verify that

<_Ay17(_A)_1y1>H*1(Q),H01(Q) = / yi,
Q

and

(=Ay, (=) v @umo :/Q?Jlf-

Collecting together these relations we obtain

Mly2lllzz-10) + Munllzz) < Malla-r@ly2llz-r@) + 1 llz2@ v llz2@)-

1/2
We can choose y +— <Hy1H%Q(Q) + |||y2|||fq_1(m) as a norm on Y and the proof is complete. m

Theorem 6.2.4 For every f € L*(0,T; H *(Q)), every zy € L*(Q), every zy € H (Q),
equation (6.2.1) admits a unique weak solution z(f, zo, 21), moreover the operator

(f, 20, 21) = 2(f, 20, 21)

is linear and continuous from L*(0,T; H 1(Q)) x L*(Q) x HY(Q) into C([0,T]; L*(2)) N
CH([0,T]; H=H(<2)).

Proof. The theorem is a direct consequence of Theorem 4.2.3 and Theorem 6.2.1. [

In the following, we have to deal with adjoint equations of the form:

0%p : op .
o2 Ap=g in@Q, p=0 on, px,T)=prand E(x,T) =mr in§, (6.24)
with (pr,7r) € L*(Q) x H1(Q) and g € L*(0,T; H*()).

Theorem 6.2.5 Suppose that f € L*(Q), z0 € HJ(Q), 21 € L*(Q), g € L*(0,T; H*(Q)),
pr € L*(Q), every mp € H-Y(Q), then the solution p to equation (6.2.2) and the solution z to
equation

0%z _ 0z ,
w—Az—f in@, z=0 ond, z(0)=0and E(O)— in €,

satisfy the formula:

/fpdxdt:/zgd:z:dt+/zt(T)PTd:E—(WT,Z(T))H_l(Q)XHol(Q). (6.2.5)
Q@ Q Q

Proof. First observe that, due to Theorem 6.2.4, the solution p to equation (6.2.2) belongs
to C'([0,T]; L*(Q)) N C*([0,T); H~*(2)). Formula (6.2.5) can be first established for regular
functions with integrations by parts and a Green formula. It is next derived from this case by
using density arguments and a passage to the limit, which is justified due to Theorems 6.2.2
and 6.2.4. n
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6.3 Distributed control

We consider the wave equation with a distributed control

0? 0
a—;—Az—f—l—qu in@, z=0 onX, z(x,0)=z and 8_j<
X is the characteristic function of w, w is an open subset of €2, f belongs to L?(Q) and
u € L*(0,T;L*w)). Due to Theorem 6.2.2, the solution to equation (6.3.6) belongs to

C([0,T]; H3 (2)) N C*([0, T]; L*(Q2)). Thus we can study the following family of problems

z,0) =2 inQ, (6.3.6)

(P) inf{J;(z,u) | (z,u) € C([0,T]; Hy(Q)) x L*(0,T; L*(w)), (2, u) satisfies (6.3.6)},

with, for ¢ = 1,...,3, the functionals J; are defined by

Ji(z,u) = %/Q(z — zq)? + % /Q(Z(T) — 24(T))* + g/wauz,

3 | (V) = VT +ﬁ/xw ,

hieu) =5 [ (GT) = FAT+ 5 / ot

where the function z4 belongs to C([0,T]; Hj (2)) N C*([0, T]; L*(Q

Jo(z,u) =

Theorem 6.3.1 Assume that f € L*(Q), zo € Hy(Q), z1 € L*(Q), and zq € C([0,T7]; L*(2))N
CH[0,T); L*(Q)). Fori=1,...,3, problem (P;) admits a unique solution (Z;, u;). Moreover

the optimal control u; is defined by u; = —%pri, where py 1s the solution to the equation
0? o’p , Op _ .
el —Ap=ZzZ1—2z4 mQ, p=0 on, p(T)=0, T —(T) = (z21—2z4)(T) inQ, (6.3.7)
o 1S the solution to the equation
0%p , Op ~ ,
el —Ap=0 inQ, p=0 onX, pT)=0and E(T) =—A(z— z4)(T) inQ,
(6.3.8)
and ps s the solution to the equation
0 op , _ _(0Z3 Oz Oy :
el —Ap=0 in@, p=0 onX, pT)= <E_E>(T) and E(T)_O in Q.

(6.3.9)

These necessary optimality conditions are also sufficient.

Proof. Since z; — z4 belongs to L*(Q) and (z; — 24)(T) belongs to L*(Q) we can apply
Theorem 6.2.2 to show that p; belongs to C([0, T; Hl(Q)) NCY([0,T]; L*(Q)). We can identify
—A(zy — 24)(T) with an element of H1(Q), and (23" — 2)(T) belongs to H~'(Q). Thus p,
and ps belong to C'([0,T]; L*(©2)) N C*([0, T]; H1(2)).

The existence of a unique solution to problem (P;) can be proved as in the previous chapters.
Theorem 7.3.1 can also be applied to prove the existence of a unique solution to problem (P;).
For problems (P,) and (P3) the proof must be adapted (see exercise 6.7.1).
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Let us establish the optimality conditions for (P). As usual we set Fy(u) = Jo(2(u), u),
where z(u) is the solution to (6.3.6). We have Fj(az2)u = [,(VZ(T) — Vzq(T))Vw,(T) +
15} f 0 XoU2u, where w, is the solution to

0w . ow .
W—Aw—xwu in@, w=0 onX, w(z0)=0and E(m,O)—O in €.

Since
/Q(VZz(T) — Vzy(T))Vwu(T) = (—A(Z(T) = 2a(T)), wu(T)) ir-1(0) x 113 (2)

applying formula (6.2.3) to p, and w,, we obtain
Fy(m)u = [ (xulBna + paJu =0
Q

for every v € L?(0,T; L?*(w)). Thus the optimality condition for (P,) is proved. The proof of
the other results is left to the reader. [

Comments. As for the heat equation with distributed controls, equation (6.3.6) is of the
form
y'=Ay+F+ Bu, y(0) = yo,

with

1 2 0 0 0
wea()=(8) = (5) = (B) wa me(2)

Thus problem (P)) is a particular case of control problems studied in Chapter 7.

6.4 Neumann boundary control

We first study the equation

0?2 , 0z 0z
w—Az:f in @, —n:0 on Y, z(x,0) =z and yn

0
We set D(A) = {y; € H*(Q) | 2 =0} x H'(Q), Y = HY(Q) x L*(2), and

0 0 2
wea(2)= (s} () 7=(3): ()
Y (1/2) (Ayl_yl ’ Y v )’ I’ o Yo 21

Equation (6.4.10) may be written in the form

(,0) =2 inQ. (6.4.10)

d
T = (A+Ly+F y(0) = u.

Theorem 6.4.1 The operator (A, D(A)) is the infinitesimal generator of a strongly continu-
ous semigroup of contractions on'Y .

Proof. We leave the reader adapt the proof of Theorem 6.2.1. [
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Theorem 6.4.2 For every f € L*(Q), every zo € HY(Q), every z; € L*(), equation (6.4.10)
admits a unique weak solution z(f, zo, z1), moreover the operator

(f, 20, 21) = 2(f, 20, 21)
is linear and continuous from L*(Q) x H'(Q) x L*(Q) into C'([0,T]; H*(Q))NC([0, T]; L*(Q)).

To study the wave equation with nonhomogeneous boundary conditions, we set D(ﬁ) =
HY Q) x L*(Q), Y = L*(Q) x (H'(Q))’, and

T =~ N Yo
= A g ~
Y ( (7 ) ( Ayr — ) ’

(Ayl,(’ /Vy1 (—A+1)7'¢.

where

Theorem 6.4.3 The operator (A, D(A)) is the infinitesimal generator of a semigroup of con-
tractions on Y .
Proof. The proof is similar to the one of Theorem 6.2.3. ]

Now, we consider the wave equation with a control in a Neumann boundary condition:

0%z 0 0

i Az=f inQ, 8_721 =u onX, z(z0)=z and a—i(m,O) =2z inQ. (6.4.11)
For any u € L*(T'), the mapping ¢ +— [, u¢ is a continuous linear on H'(Q2). Thus it can be
identified with an element of (H'(2))". Thus for u € L*(X), the mapping ¢ — [ u(-)¢ is an

element of L*(0,T; (H'(2))"). Let us denote this mapping by 4. We set

ve(8) e (5) ()= () mewe(2)

Equation (6.4.11) may be written in the form

dy
dt

with F and V belong to L*(0,T; L*(R2)) x L*(0,T; (H'(Q))), yo € L*(Q) x (H'(Q2))".

Theorem 6.4.4 For every (f,u, 20,21) € L*(Q)x L*(X) x L*(Q) x (H*())', equation (6.4.11)
admits a unique weak solution z(f,u, 29, z1) in C([0, T); L*(Q))NC ([0, T]; (H(Q))'). Moreover
the mapping (f,u, zo, 21) — 2(f,u, 29, 21) is continuous from L*(Q)x L*(X) x L*() x (H*(Q2))’
into C([0,T]; L*(Q)) N C*([0, T]; (HY(Q))).

—(A+Ly+F+V, y(0) =y,

Proof. The result is a direct consequence of Theorem 6.4.3. ]

We consider the control problem
(Py)  inf{Jy(z,u) | (z,u) € C([0,T); L*(Q)) x L*(0,T; L*(2)), (z,u) satisfies (6.4.11)},

with

Ti(2u) = %/Q(z )+ % /Q(z(T) _ 2(T))? + g/Eu?
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Theorem 6.4.5 Assume that f € L*(0,T;L*()), 20 € L*(Q), z1 € (HYQ)), and zq €
C([0,T]; L3(S2)). Problem (P,) admits a unique solution (z,u). Moreover the optimal control

u is defined by u = ——p\g, where p is the solution to the equation
0? 0
(91; Ap=72—z;in Q, ap—O on ¥ = I'x]0,T7,
¢ 5 n (6.4.12)
p(T) = 0, a—]:(T) = (T — 24(T) in Q.
Proof. We leave the reader adapt the proof of Theorem 6.3.1. "

6.5 Trace regularity

To study the wave equation with a control in a Dirichlet boundary condition, we have to
establish a sharp regularity result stated below.

Theorem 6.5.1 Let y be the solution to the equation

Py . dy :
Tl —Ay=f inQ@, y=0 onX, y(z,0)=yy and E(x, 0)=wy; inQ (6.5.13)
We have P
Y
|| ez < O(Hf”L2 @ + llvollm @) + ||y1||L2(Q))- (6.5.14)

The proof can be found in [14, Theorem 2.2].

6.6 Dirichlet boundary control

We consider the wave equation with a control in a Dirichlet boundary condition

2
% —Az=f inQ, z=u onk, z(z0) =z and %(w,O) =z inQ. (6.6.15)

As for the heat equation with a Dirichlet boundary control, the solution to equation (6.6.15)
is defined by the transposition method.

Definition 6.6.1 A function z € C([0,T]; L*(2)) N C([0, T]; H*(Q)) is called a weak solu-
tion to equation (6.6.15) if, and only if,

0z
/fydl’dt:/zsodde<§(T),yT>H—1<mxH5<m
Q Q

0z
_<E(0)7y(0)>H*1(Q)xH&(Q) —/Q (T)vr dx +/ 0)dx ~|—/ ——udsdt (6.6.16)
for all (p,yr,vr) € L'(0,T; L*(Q)) x HY(Q) x L*(Q), where y is the solution to

e —(z,T)=vr in. (6.6.17)

—Ay=¢ m@Q, y=0 onX, vyx,T)=uyr and 5
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Theorem 6.6.1 For every (f,u, 29, 21) € L*(0,T; H1(Q)) x L*(X) x L?(Q) x H~Y(Q), equa-
tion (6.6.15) admits a unique weak solution z(f,u, 29, z1) in C([0, T]; L*(2))NC* ([0, T]; H1(£2)).
The mapping (f,u,yo,y1) — z(f,u, 20, 21) is linear and continuous from L'(0,T; H~1(Q)) x
L3(X) x L*(Q) x HY(Q) into C([0,T]; L*(2)) N C ([0, T]; H ().

Proof. This existence and regularity result can be proved by the transposition method with
Theorem 6.5.1.

(i) Due to Theorem 6.2.3, the mapping

(fa 20, Zl) — Z(fa 07 20, Zl)

is linear and continuous from L'(0,T; H Y(Q)) x L*(Q) x H1(Q) into C([0,T]; L*(Q)) N
C1([0,T]; H~1(Q)). Thus we have only to consider the case where (f, 29,21) = (0,0,0).

(ii) Denote by A the mapping ¢ +— g—z , where y is the solution to equation (6.6.17) cor-

responding to (yr,vr) = (0,0). Due to Theorem 6.5.1, A is a linear operator from L?(Q)
into L*(X). If we set z = A*u, with u € L*(2), we observe that z € L*(Q), and z is a
solution to equation (6.6.15) with (f, 29, 21) = (0,0,0), in the sense of definition 6.6.1. This
solution is unique in L*(Q). Indeed if z; and 2, are two solutions to equation (6.6.15) with
(f, 2z0,21) = (0,0,0), in the sense of definition 6.6.1, we have

/(z1 —2)p =0 for all ¢ € L*(Q).
Q

To prove that z belongs to C([0, T; L*(2))NC* ([0, T]; H~()), we proceed by approximation.
Let (uy), be a sequence of regular functions such that z, = z(0,u,,0,0) be regular. For
7 €0, T] and (y,,v,) € Hi(Q) x L*(Q), we denote by y(y,,v,) the solution to the equation

2
%_Ayzo in Q? y:O on Za y(.T,T) =Yr and %(x,T):VT in €.

With Theorem 6.5.1, we have
|| Ay(yr, vr)
on

where the constant C' depends on T, but is independent of 7. Since z, is the solution to
equation (6.6.15), according to definition 6.6.1, we have

0z,
o

Ir2(s) < C(IIyTHHg(Q) + ||vT||L2(Q)>, (6.6.18)

Oz 9y(y-,0)
Vo - cdr = — | =2 L dsdt
(7),y=)u () x HL () o ot (7)y- dx /E on uds

/zn(T)Vde:/Mundsdt.
Q x  On

/ M(un — Up,) dsdt
s

and

From which we deduce:

||Zn - ZmHC([O,T];LQ(Q)) = SupTE]O,T]SupHVT||L2(sz):1

on

S CHun - um||L2(E)
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and

|| 8zn B 8zn

Hc ([0,T;H-1()) = SUP~¢)o,7)5UP|y,

y(y-,0)

=1
T

< CHun - um”LQ(

Thus (z,), is a Cauchy sequence in C([0,7]; L*(Q)), and (%), is a Cauchy sequence in

C([0,T); HY(€)). Tt is clear that the limit of the sequence (zn)n is 2(0,u,0,0), and the limit

az”)n is %. The proof is complete. ]

of the sequence (
We consider the control problem

(Ps)  inf{Js5(z,u) | (z,u) € C([0,T]; L*(Q)) x L*(0,T; L*(T")), (z,u) satisfies (6.6.15)},
with

c c cg,, 0% 0z 6
J(zu) = o /Q (2 = 20 + F12(T) = 2T ) + 5 5, (T) = 5 (Dl /

where ¢, co, and c3 are nonnegative constants, and 3 > 0.

Theorem 6.6.2 Assume that f € L*(Q), 20 € L*(Q), 21 € HY(Q), and zq € C(|0,T]; L*(Q))N
CH[0,T); HY(Q)). Problem (Ps) admits a unique solution (z,u). Moreover the optimal con-
trol @ is defined by @ = 122, where p is the solution to the equation

B on’
0*p _
-5 —Ap=ci(z — z4) in Q, p=0on 3 = I'x]0,T],
ot ) ) ) (6.6.19)
= (=AY (L) = L2 9Py = _ -
o) = es(-2)(E(0) - L)), ) = y(a(1) - (1) in 2
Proof. Set F5(u) = J5(2(f, 20, 21,u),u), where z(f, 29,21, u) is the solution to equation

(6.6.15). We have
Fs(u)u = /ch(z — Zg)w, + /Q c2(Z(T) — z4(T))w,(T)

ow, _,,0Z 0 ~
+eal AT, (=) (GHT) = ST sansanyor + 8 [ i

where w, = 2(0,0,0,u). The functions w, and p satisfy the Green formula

/Q (2 = 20+ [ a(E(T) — 2(T)un()

Q

ow, e 0z =— Op
gr (1) (=A) (5, (1) = S (D)) o)) = L on

Observe that (—A)~'(%(T) - aaztd( )) belongs to H} (), and (2(T) — z4(T')) belongs to L*(£2).
Therefore, due to Theorem 6.5.1, p L helongs to L*(X). Since all the terms in the above formula
are well defined, this formula can be proved for regular data, and next proved by a passage to

the limit. Due to this formula, we have
dp
Fs(w)u=— | —u+ ﬂ/ uu,
s On b

This completes the proof. [

+C3<
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6.7 Exercises

Exercise 6.7.1

The notation are the ones of section 6.3. Let (u,), be a sequence in L*(w), converging to u for
the weak topology of L*(w). Let 2, be the solution to equation (6.3.6) corresponding to 1,
and z, be the solution to equation (6.3.6) corresponding to u. Prove that (z,(T)), converges
to z,(T) for the weak topology of Hj(€2), and that (%2 (T)),, converges to 22 (T) for the weak
topology of L?(Q). Prove that the control problem (P,) admits a unique solution. Prove that
problem (P;) admits a unique solution.

Exercise 6.7.2

We study a control problem for the system of the Timoshenko beam (see section 1.4). We
consider the following set of equations:

p@—KGQ—"—%) =0, in (0,L),

or 022 Oz
(6.7.20)
L2 Er1%4 + K(¢ - g—u) =0, in (0,L),
with the boundary conditions
u(0,t) =0 and »(0,t) =0 fort >0, (6.7.21)
KLt —ua(L) = fi(t)  and  — EIG,(L,t) = fo(t) for t > 0.
and the initial conditions
u(z,0) =up pour 2%(z,0) =uy pour z € (0, L),
¢(x,0) = ¢p and %(x,O) = ¢, in (0, L). (6.7.22)

We recall that u is the deflection of the beam, ¢ is the angle of rotation of the beam cross-
sections due to bending. The coefficient p is the mass density per unit length, E'T is the flexural
rigidity of the beam, I, is the mass moment of inertia of the beam cross section, and K is the
shear modulus. We suppose that uy € H}(0, L), uy € L*(0, L), ¢g € HL(0, L), ¢, € L*(0, L).
The control functions f; and f, are taken in L?(0,T).

To study the system (6.7.20)-(6.7.22), we use a fixed point method as in exercise 5.5.4. The
Hille-Yosida theorem could also be used to directly study the system. Denote by H {10} (0, L) the
space of functions ¢ in H'(0, L) such that ¢(0) = 0. Let 7 > 0, for ¢ € L*(0, 7; H{IO}(O,L)),
we denote by (uy, ¢y) the solution to

p%—f(<82—“—@) =0, i (0,L),

(6.7.23)
Lt -prgg k(o= %) —0 0.0
with the boundary conditions
u(0,t) =0 and #(0,t) =0 fort >0, (6.7.24)

K<¢(L7t) _uz(L7t)) :fl(t) and _El¢m<L7t) :f2(t) fOl“tZO-
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and the initial conditions

u(z,0) =up pour 2(z,0) = uy pour z € (0, L),

¢(x,0) = ¢9 and 22(z,0) = ¢y in (0, L). (6.7.25)

Prove that, if 7 > 0 is small enough, then the mapping

Y — ¢y
is a contraction in L*(0,7; Hy,, (0, L)).
We set .
B = [ (s + 160 + K(6) ~ walo) + B1620) ) d

Let (u, ¢) be the solution to (6.7.20)-(6.7.22) defined on (0, L) x (0, 7). Prove that
E0)=E(@t)+ filt)u(L,t) + fo(t)p(L,t)  for almost all ¢ € (0,7).

Prove that the system (6.7.20)-(6.7.22) admits a unique solution (u,¢) belonging to
(C([0,TT; Hygy (0, L)) N CH([0, T]; L(0, L)) x (C([0,T]; H{y (0, L)) N C*([0, T]; L*(0, L))
We consider the control problem

(PG) inf{JG(u, ¢, f17 f2) | (U, Qb, fl; f2> satisfies (6720) — (6722)},
with T ,
%WQﬁszﬁ/mw+§A(ﬁ+ﬁ% with 3 > 0.

0

Prove that (Ps;) admits a unique solution. Write the corresponding first order optimality
conditions.



Chapter 7

Control of evolution equations

with bounded control operators

7.1 Introduction

The purpose of this chapter is to extend results obtained for the control of the wave and heat
equations to other linear evolution equations. We consider equations of the form

Z'=Az+ Bu+ f, 2(0) = 2. (7.1.1)
We have already seen that the controlled equations of chapters 5 and 6 may be written in this
form. Other examples will also be considered.
We make the following assumptions.

Assumption (H)

7/ and U are two Hilbert spaces.

The unbounded operator A, with domain D(A) dense in Z, is the infinitesimal generator of a
strongly continuous semigroup on Z. This semigroup will be denoted by (e!4);0.

The operator B belongs to L(U; Z).

We here suppose that B is a bounded operator from U into Z. The case of unbounded control
operators will be studied in the next chapter.

Associated with equation (7.1.1), we shall study the control problem
(P) inf{J(z,u) | (z,u) € C([0,T); Z) x L*(0,T;U), (2,u) satisfies (7.1.1)}.
with

I = 5 [ 1030 = w0 + 5ID=T) — el +5 [ (o). (7.12)

This problem is often referred as a 'Linear Quadratic Regulation’ problem (LQR problem in
short). We make the following assumption on the operators C' and D.

Assumption (H,)

Y and Y7 are Hilbert spaces.

The operator C' belongs to £(Z;Y), and the operator D belongs to £(Z;Yr). The function
yq belongs to L?(0,T;Y) and yr € Yr.

In this chapter we identify Z’ with Z, and U’ with U.

5
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7.2 Adjoint equation

The adjoint equation for (P) will be of the form
- =Ap+yg,  pT)=pr (7.2.3)

We state an integration by parts formula between the adjoint state p and the solution z to
the equation

2 =Az+ f, 2(0) = 2. (7.2.4)

Theorem 7.2.1 For every (f,z) € L*(0,T;Z) x Z, and every (g,pr) € L*(0,T;Z) x Z,
the solution z to equation (7.2.4) and the solution p to equation (7.2.3) satisfy the following
formula

| wOp0yza = [ C0.00) 0+ GO0z~ GorO)z (725

Proof. Suppose that (f,29) and (g, pr) belong to C'([0,T]; Z) x D(A*). In this case we can
write

/0 (f(t),p(t))zdt = /O (2'(t) — Az(t), p(t)) z dt
= /0 —(2(t),P'(t))z dt + (2(T"),pr)z — (20, p(0)) 7 — /0 (Az(t),p(t)) 7 dt

:/0 (2(t),9(t)zdt + (2(T),pr)z — (20,p(0)) 2.

Thus, formula (7.2.5) can be deduced from this case by using density arguments.

7.3 Optimal control

Theorem 7.3.1 Assume that (Hy) and (Hy) are satisfied. Problem (P) admits a unique
solution (z,u).

To prove this theorem we need the following lemma.

Lemma 7.3.1 Let (u,), be a sequence in L*(0,T;U) converging to u for the weak topology of
L0, T;U). Then (2(f,un, 20))n (the sequence of solutions to equation (7.1.1) corresponding to
(f, un, 20)) converges to z(f,u, z) for the weak topology of L*(0,T;Z), and (2(f,tn,20)(T))n
converges to z(f,u, z0)(T') for the weak topology of Z.

Proof. The lemma is a direct consequence of Theorems 4.2.1 and 2.6.2.

Proof of Theorem 7.3.1. Let (u,), be a minimizing sequence weakly converging to a func-
tion u in L%*(0,T;U). Set z, = z(f, un, 20) and 2z, = 2(f,u, z9). Due to Lemma 7.3.1 and to
Theorem 2.6.2, the sequence (C'z,), converges to C'z, for the weak topology of L*(0,T;Y),
and the sequence (Dz,(T")), converges to Dz,(T') for the weak topology of Y. Due to Corol-

lary 2.6.1 the mapping u fOT lu(t)||?dt, is lower semicontinuous for the weak topology of
L*(0,T;U), the mapping y — fOT lly()]13-dt, is lower semicontinuous for the weak topology of
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L?(0,T;Y), and the mapping y — ||y||3,. is lower semicontinuous for the weak topology of Yr.
Combining these arguments we can prove that

J(zy, w) < liminf,, o J(z,, u,) = inf(P).

Thus (z,,u) is a solution to problem (P).
Uniqueness. The uniqueness follows from the strict convexity of the mapping u —

J(z(f,u, z0),u). "

Theorem 7.3.2 If (Z,u) is the solution to (P) then u = —B*p, where p is the solution to
equation

—p = A'p+C(CZ2 —wa),  p(T)=D"(Dz(T) - yr). (7.3.6)
Conversely, if a pair (2,p) € C([0,T); Z) x C([0,T]; Z) obeys the system

Y= Az BB+ f,  30) =z, (737)
—p = A+ C*(CzZ — yq), p(T) = D*(Dz(T) — yr), e
then the pair (2, —B*p) is the optimal solution to problem (P).

Proof. Let (Z,u) be the optimal solution to problem (P). Set F'(u) = J(z(f,u),u). For every
u € L*(0,T;U), we have

N
—~
~~
N—
I~
—~
~
N—
N—
S

F(a)u = / (C2(t) - ya, Cw(t))y + (DE(T) — yr, Duo(T))yy + / (

I~}
=
<
=
&

— /OT (C*(Cz(t) — ya), w(t)) + (D*(DZ(T) —yr), w(T))Z + /OT(

where w is the solution to

Z

w' = Aw + Bu, w(0) = 0.
Applying formula (7.2.5) to p and w, we obtain

F’(U)UZ/O (p(t),BU(t))er/o (U(tLU(t))U:/O (B™p(t) +u(t), u(t))v-

The first part of the Theorem is established. The second part follows from Theorem 2.2.3 (see
also the proof of Theorem 2.2.2).

7.4 Exercises
Exercise 7.4.1

Let L > 0 and a be a function in H'(0, L) such that 0 < ¢; < a(z) for all x € H'(0,L).
Consider the equation

2+ aze = [+ X ), in (0, L) x (0,7),
20,¢) =0,  in (0,7), (7.4.8)
2(z,0) = 2o, in (0, L),
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where f € L*((0,L) x (0,7)), X(e1,e2) 18 the characteristic function of (¢1,¢2) C (0,L), u €
L3((€1,49) x (0,T)), and zy € L*(0, L).

Prove that equation (7.4.8) admits a unique solution in C([0,T]; L*(0, L)) (the Hille-Yosida
theorem can be used).

Study the control problem

(P) inf{J(z,u) | (z,u) € C([0,T]; L*(0, L)) x L*(0,T; L*({1,{)), (z,u) satisfies (7.4.8)}.

sea) = [ -z [ /

where zg € C([0,T7]; L?(0,L)). Prove the existence of a unique solution. Write first order
optimality conditions.

with



Chapter 8

Control of evolution equations

with unbounded control operators

8.1 Introduction
In this chapter we consider the control problem
(P) inf{.J(z,u) | (z,u) € C([0,T]; Z) x L*(0,T;U), (z,u) satisfies (8.1.1)}.

with

1 g 2 1 2 1 r 2
Hew) =5 | 1020 — il + 5IDT) —urly + 5 [ WOl

and
7' =Az+ Bu+ f, 2(0) = zo, (8.1.1)

in the case when B is an unbounded operator.

Assumptions.

As in the previous chapter, Z, Y, Yy, and U denote Hilbert spaces. The operator A, with
domain D(A) dense in Z, is the infinitesimal generator of a strongly continuous semigroup on
7, denoted by (e1);>9. The operator C' belongs to £(Z;Y), and the operator D belongs to
L(Z;Yr). The function y,; belongs to L2(0,T;Y), yr € Yr and f € L*(0,T; Z).

We denote by A* the Z-adjoint of A, and by (D(A*))" the dual of D(A*) with respect to the
Z-topology. We suppose that B € L(U; (D(A*))"). Let us give an equivalent formulation of
this assumption. Let A be areal in p(A) (the resolvent set of A). Then (A —A) € L(D(A); Z)
has a bounded inverse in Z. Moreover, (A — (A*)*) , the extension of (A — A) to (D(A*))’,
also denoted by (A — A) to simplify the notation, has a bounded inverse from (D(A*))" into
Z. Thus there exists an operator By € L(U; Z) such that B = (A — A)B,y .

We study problem (P) under two kinds of assumptions.

(HP) (The parabolic case) The family (e');>¢ is a strongly continuous analytic semigroup on
7. We suppose that
e gz < Me™ for all t > 0, (8.1.2)

for some ¢ > 0. (Thanks to Theorem 4.1.2 this condition is not restrictive. Indeed by replacing
A by A— Al with A > 0 big enough, the condition (8.1.2) will be satisfied by A — AI.) There

79
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exists By € L(U;Z) and 0 < o < 1 such that
B — (-A)liaBl.

(HH) (The hyperbolic case) The operator B*e*4” admits a continuous extension from Z into
L*(0,T;U), that is there exists a constant C'(T) such that

T
/ ||B*6tz4 g
0

for every ¢ € D(A*). In the sequel we denote by [B*e!"]. the extension of B*e!” to Z.

i < C(DliclZ (8.1.3)

8.2 The case of analytic semigroups

We suppose that (HP) is satisfied. We have to distinguish the cases o > % and a < % We are

going to see that if a < % an additional assumption on D is needed in order that the problem
(P) be well posed.

8.2.1 The case o > %

Theorem 8.2.1 In this section we suppose that (HP) is satisfied with o > % For every

20 € Z, every f € L*(0,T;Z) and every uw € L*(0,T;U), equation (8.1.1) admits a unique

weak solution z(zg,u, f) in L*(0,T; Z), this solution belongs to C([0,T]; Z) and the mapping
(207u7 f) — 2(207u7 f)

is continuous from Z x L*(0,T;U) x L*(0,T; Z) into C([0,T}; Z).

Proof. Due to Theorem 4.3.1, we have

t
z(t) = ez +/ e(t’T)A(—A)l’aBlu(T)dT
0

t
= ez —i—/ (—A)meet=DAB (1) dr.
0

Thus z(t) satisfies the estimate

t
2(t)|z < C||Zo||z+/ [t = 71" u(r)|vdr.
0

Since the mapping ¢t — t*~! belongs to L*(0,7) and the mapping ¢ — |u(t)| belongs to
L*(0,T), from the above estimate it follows that ¢ — |z(¢)| belongs to L>(0,T). ]

The adjoint equation for (P) is of the form
- =Ap+yg,  pT)=pr (8.2.4)

Theorem 8.2.2 For every (g,pr) € L*(0,T; Z) x Z, the solution p to equation (8.2.4) belongs
to L2(0, T: D((—A")1~2).
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Proof. We have

T
(_A*)lfap(t) _ (_A*)lfae(Tft)A*pT +/ (_A*)lfae(sft)A*g(s)ds_

t

Using estimates on analytic semigroups (Theorem 4.4.1), we obtain

“\1-a C roc
(=A%) p(t)|z < mmﬂz +/t W\Q(S)\st-

Since the mapping ¢ — =2 belongs to L?(0,T') (because a > 1), and the mapping ¢ — |g(t)|

belongs to L*(0,T), the mapping ¢ — ftT #m(sﬂzds belongs to L>(0,T"). Moreover the

mapping t +— #Wﬂz belongs to L?(0,T). ]

Theorem 8.2.3 For every u € L*(0,T;U), and every (g,pr) € L*(0,T; Z) x Z, the solution
z to equation
2 = Az + Bu, 2(0) =0,

and the solution p to equation (8.2.4) satisfy the following formula

/0 (Byu(t), (—A*)p(t)) 7 dt = / (2(t),g®)zdt + (:(T).pr)z. (825)

Proof. This formula can be proved if p and z are regular enough to justify integration by
parts and tranposition of the operator A (for example if p and z belong to C*([0,T]); Z) N
C([0,T]; D(A))). Due to Theorem 8.2.2, formula (8.2.5) can be next obtained by a passage to
the limit.

Theorem 8.2.4 Assume that (HP) is satisfied with o > . Problem (P) admits a unique
solution (z,u).

To prove this theorem we need the following lemma.

Lemma 8.2.1 Let (uy,), be a sequence in L*(0,T;U) converging to u for the weak topology of
L*(0,T;U). Then (2(f,un, 20))n (the sequence of solutions to equation (8.1.1) corresponding to
(f,un, 20)) converges to z(f,u,z) for the weak topology of L*(0,T;Z), and (z(f, tn,20)(T))n
converges to z(f,u, z0)(T) for the weak topology of Z.

Proof. The lemma is a direct consequence of Theorems 8.2.1 and 2.6.2.
Proof of Theorem 8.2.4. The proof is completely analogous to that of Theorem 7.3.1. =

Theorem 8.2.5 If (z,u) is the solution to (P) then u = —Bj(—A*)'"%p, where p is the
solution to equation

—p =Ap+C"(Cz—vya),  p(T)=D"(Dz(T)—yr). (8.2.6)

Conversely, if a pair (2,p) € C([0,T]; Z) x C([0,T]; Z) obeys the system

P =AZ— (A BB (=AY b+ f, Z(0) = 2,

then the pair (2, —Bj(—A*)1"%p) is the optimal solution to problem (P).
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Proof. Let (z,u) be the optimal solution to problem (P). Set F(u) = J(z(f,u),u). For every
u e L*0,T;U), we have
T

Fu)u = /0 (Cz(t) = ya, Cw(t))y + (D2(T) = yr, Dw(T))y + | (a(t), u(t))v

S—

T T
— [ (€€t~ yw(t)z + (D" DAT) ~ yr.w()z + [ (@@ u(o)r
0 0
where w is the solution to
w' = Aw + Bu, w(0) = 0.
Applying formula (8.2.5) to p and w, we obtain

F(a)u = / (—A")=2p(t), Buu(t)) + / (a(t), u(t))y = / (B (— A2 p(t) +a(t), u()o.

for all w € L*(0,T;U). The first part of the Theorem is established. The second part follows
from Theorem 2.2.3 (see also the proof of Theorem 2.2.2).

8.2.2 The case a < %

Theorem 8.2.6 Suppose that (HP) is satisfied with o < % For every zy € Z, every

f € L*0,T;Z) and every u € L*(0,T;U), equation (8.1.1) admits a unique weak solution
2(20,u, f) belonging to L™(0,T; Z) for every r < ﬁ, and the mapping
(207 U, f) — 2(207 u, f)

is continuous from Z x L*(0,T;U) x L*(0,T;Z) into L™(0,T; Z) for every r < 1_22a.

Proof. We know that equation (8.1.1) admits a unique weak solution z(zy, u, f) in C([0,T];
(D(A*))"). Moreover z is defined by

t
2(t) = ez +/ DA By(s)ds
0

t
= ez —i—/ U= (— A =2 Bu(s)ds.
0
Thus we have
toC
t)z < —_— ds.
(0l < als + [ G sslu(s)lods

Due to Young’s inequality for the convolution product, we verify that ¢ — |z(¢)|z belongs to

L7(0,T; Z) for every r < 1722a. .

In general the solution to equation (8.1.1) does not belong to C([0,7]; Z). Thus we cannot
study problem (P) in the case where D belongs to £(Z,Yr). We have to make an additional
assumption.

(HD) (Smoothing property of operator D)
There exists § €]3 — a, 152[ such that

(—=A"D*D(-A)’ € L(Z).
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Theorem 8.2.7 Suppose that (HP) is satisfied with o < % The mapping

(207u7f) l—>Z(Z()7 f)
is continuous from Z x L*(0,T;U) x L*(0,T; Z) into C([0,T]; D((—A)~")).

Proof. From the equality
t
(—A)P2(t) = (—A) Pty +/ =AY (_ AY =B B y(s)ds,
0

it follows that . o
-B
(A 201 < [l + | Gsmamgluolo ds.
Now the end of the proof is classical. "

Since z does not belong to C([0,7];Z), 2z(T) is not defined in Z, it is only defined in
D((—=A)™")) (Theorem 8.2.7). Thus we have to give a precise meaning to |Dz(T) — yr[3,. .
We first assume that yr is of the form yr = D(—A)P2zr for some zp € D((—A)?), and we
replace |Dz(T) — Dzrl3,. in the definition of J by

(=AD" D=2 ((=A)P(T) ~ 22), (~A) P(T) — 1)

Thus we deal with the control problem

(P) inf{.J(z,u) | (z,u) € C([0,T); Z) x L*(0,T;U), (z,u) satisfies (8.1.1)}.
with
S =3 [ 10500 - il + / u(t)
(- AP D D(= AP (=AY P2(T) — 1), (~A)P=(T) — 1)1

Theorem 8.2.8 For every u € L2(0,T;U), and every (g,pr) € L?(0,T; Z) x D((—A*)?), the
solution z to equation
7' = Az + Bu, 2(0) =0,

and the solution p to equation
—p'=Ap+yg,  p(T)=pr,
satisfy the following formula

/0 (Buu(t), (—A")~p(t)) 7 dt = / (2(t),g®)zdt + (:(T).pr)z. (828)

Proof. As for Theorem 8.2.3 the proof is straightforward if we prove that the function p
belongs to L?(0,T; D((—A*)'~*)). We have

(_A*)l—ap() ( A*)l a— ,8 (T—-t)A ( A*) pT‘f‘/; (_A*>1_a6(s_t)A*g(S>dS.
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Using estimates on analytic semigroups we obtain

C C

(4" D0] < e (A il + / o alote)lads

The mapping ¢ +— tl_%_ﬁ belongs to L*(0,7). Moreover the mapping ¢t — |g(¢)| belongs to
L>=(0,T) and the mapping t — % belongs to L*(0,T) for all s < ﬁ Thus the mapping

tl—a

t— ftT #M(sﬂzds belongs to L>*(0,T). "

Theorem 8.2.9 Assume that (HD) and (HP) are satisfied with o < &. Problem (P) admits
a unique solution (z,u).

To prove this theorem we need the following lemma.

Lemma 8.2.2 Let (uy,), be a sequence in L*(0,T;U) converging to u for the weak topology of
L0, T;U). Then (2(f,un, 20))n (the sequence of solutions to equation (8.1.1) corresponding to
(f, un, 20)) converges to z(f,u,2q) for the weak topology of L*(0,T;Z), and (z(f, tn,20)(T))n
converges to z(f,u, z)(T) for the weak topology of D((—A)~P).

Proof. The lemma is a direct consequence of Theorems 8.2.7 and 2.6.2. [
Proof of Theorem 8.2.9. We leave the reader adapt the proof of Theorem 8.2.4. n

Theorem 8.2.10 If (z,4) is the solution to (P) then i = —B;(—A*)'=%p, where p is the
solution to equation

) = A+ C(C2—ya),  p(T) = D' D(=A)*(—A) =(T) — z1). (8.2.9)

Conversely, if a pair (2,p) € C([0,T);Z) x C([0,T]; Z) N L*(0, T; D((—A*)'=%)) obeys the
system

7 =A% — (A" BB (—A)'"p + f, Z(0) = 2,

—p = AP+ C(CE—yy),  p(T)=D*D(—A)P(—A)P2T) — 2p), (8.2.10)

then the pair (%, — Bt (—A*)'=%p) is the optimal solution to problem (P).

Proof. Let (z,u) be the optimal solution to problem (P). Set F'(u) = J(z(f,u),u). For every
uw € L*0,T;U), we have

F(a)u = / (C*(C=(t) — ya), w(t)) 2

+((=A")D*D(=A)*((=A)P2(T) = z1), (=A) " w(T))z +/0 (a(t), u(t))u,

where w is the solution to
w' = Aw + Bu, w(0) = 0.

Applying formula (8.2.8) to p and w, we obtain
F(a)u = / (—A ) p(t), Bru(t)) 2 + / (at), u(t))y = / (B} (— A2 p(t) + a(t), u(t))o,

for all w € L*(0,T;U). The first part of the Theorem is established. The second part follows
from Theorem 2.2.3. [
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8.3 The hyperbolic case

In this section we suppose that (HH) is satisfied.
To study equation (8.1.1), we consider the operator defined on L?(0,T;U) by

t
Lu(t) :/ =AY By(7) dr.
0

Theorem 8.3.1 The operator L is continuous from L*(0,T;U) into C([0,T]; Z).
Proof. Set z(t) = fot et~ Bu(7) dr. For all ¢ € D(A*), we have

t
(2(), Q) (p(an)y par) = / (u(r), B )y dr.
0
Thanks to (HH) it follows that

|?]d7'

t
[z(0), Dwany .o < lullzz o) / |BretD4¢
0

< CllullzzoranliCllz - for all ¢ € D(A”).

Thus z belongs to L>(0,T; Z). To prove that z € C(]0,T]; Z), we proceed by approximation.
Let (uy), be a sequence in C*([0, T]; U) converging to u in L*(0,7T; U). Due to the assumption
on the operator B, there exists A € p(A) such that B = (A — A)B,, with By € L(U; Z). From
Theorem 4.2.2 it follows that fot e"AByu,(t)dr € C([0,T); D(A)) . Then

Lu,(t) = (A — A) / : "4 By, (1) dr € C([0,T); Z).

and (Lu,,), converges to Lu in C([0,T]; Z). "

The operator L*, the adjoint of L in the sense that (Lu, f)r20.1,2) = (¢, L* f) 120,10, is defined
by

L f(t) = /t TB*e(T’t)A* f(rydr  for f € L*0,T;D(AY)).

For f € LY(0,T; Z), we have to set

L) = [ B0t i

Thanks to Theorem 8.3.1, it can be shown that the operator L* is continuous from

LY0,T; Z) into L*(0,T;U).

Theorem 8.3.2 Suppose that (HH) is satisfied. For every zy € Z, every f € L*(0,T; Z) and
everyu € L*(0,T;U), equation (8.1.1) admits a unique weak solution z(zy,u, f) in L*(0,T; Z),
this solution belongs to C([0,T]; Z) and the mapping

(207u7f) — Z(207u7f)

is continuous from Z x L*(0,T;U) x L*(0,T; Z) into C([0,T}); Z).



86 CHAPTER 8. EQUATIONS WITH UNBOUNDED CONTROL OPERATORS

Proof. The result is a direct consequence of Theorem 8.3.1.

Theorem 8.3.3 For every u € L*(0,T;U), and every (g,pr) € C([0,T]; Z) X Z, the solution
w to equation
w' = Aw + Bu, w(0) =0,

satisfies the following formula

/0 (w(t), 9(t))7 dt + (w(T), pr)y

:/OT ([B*e(Tt)A*]epT,U(t))Udt+/0T (/tT[B*e(St)A*]eg(s) ds,u(t))Udt, £.3.11)

where [B*e!Y"],  denotes the extension of B*e'A" to Z. If moreover pr € D(A*) and g €
L2(0,T; D(A*)), then the solution p to the adjoint equation

—p'=Ap+g, p(T) = pr,

belongs to C([0,T); D(A*)) and we have

/0 (w(t), g(t)) 7 dt + (w(T),pr)z = / (ult), B*p(t))o dt. (8.3.12)

Proof. We have T
|| wiergtnzdr+ (@), pr)z

T ! T (s—t)(A%)
= DA Bu(t)dt / / sTOUW Bu(t) dt) d
(pT,/O e u(t) )Z—l— i (g(s), i e u(t) )Z S
T ) T T )
:/ ([B*G(T_t)A ]epT,u(t)> dt—l—/ (/ [BFels—D4 ]eg(s)ds,u(t)> dt.
0 U 0 t U

If p belongs to C([0,7]; D(A*)), the mappings t +— T4 p and t ftT el g(s)ds
belong to C([O T); D(AY)), [B*e*=D4%], g(s) = B*el*=94" g(s) for almost every s € (t,T), and
[B*e T4 pr = B*eT=94py for all t € [0,T]. Therefore, (8.3.12) is proved. "

Theorem 8.3.4 Assume that (HH) is satisfied. Problem (P) admits a unique solution.
To prove this theorem we need the following lemma.

Lemma 8.3.1 Let (uy,), be a sequence in L*(0,T;U) converging to u for the weak topology of
L2(0,T;U). Then (2(f, un, 20))n (the sequence of solutions to equation (8.1.1) corresponding to
(f, un, 20)) converges to z(f,u,2) for the weak topology of L*(0,T;Z), and (2(f, tn,20)(T))n
converges to z(f,u, z9)(T') for the weak topology of Z.

Proof. The lemma is a direct consequence of Theorems 8.3.2 and 2.6.2.

Proof of Theorem 8.3.4. See exercise 8.7.1.
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Theorem 8.3.5 If (z,u) is the solution to (P) then
* T *
a(t) = —[B*e T4, D*(D2(T) — yr) — / [B* e, C*(C2(s) — ya(s))ds.
t

If moreover D*(Dz(T) — yr) € D(A*) and C*(Cz — yq) € L*(0,T; D(A*)), then u = —B*p,
where p is the solution to equation

—p = Ap+C*(Cz — ya), p(T) = D*(Dz(T) — zr). (8.3.13)
Conversely, if a pair (2,a) € C([0,T); Z) x L*(0,T; Z) obeys the system

7 =AZ+ Bu+ f, Z(0) = zo,

- g . (8.3.14)
at) = — (B D*(DA(T) — yr) —/ [B*et=04, CH(C(s) — yals))ds,
t
then the pair (Z,a) is the optimal solution to problem (P).
If a pair (2,p) € C([0,T]; Z) x C([0,T]; D(A*)) obeys the system
Y — A5~ BB+ f,  3(0) =z,
d (0) == (8.3.15)

—p =Ap+C*(CZ—wa),  p(T)=D"(DZT) —yr),
then the pair (Z, —B*p) is the optimal solution to problem (P).

Proof. Let (z,u) be the optimal solution to problem (P). Set F(u) = J(z(f,u),u). For every
u € L*(0,T;U), we have

F(a)u = / (C2(t) - yas Cw(®))y + (D=(T) — g, Du(T))yy + / (a(t), u(t))o

_ /OT (C*(C2(t) = ya)w())_+ (D" (DAT) = yr).w(T))_+ /OT(u(t),u@))U,

where w is the solution to

Z

w' = Aw + Bu, w(0) = 0.

We obtain the expression of @ by applying formula (8.3.11). If D*(Dz(T') — yr) € D(A*) and
C*(Cz —yy4) € L*(0,T; D(A*)), the characterization of  follows from formula (8.3.12). The
first part of the Theorem is established. The second part follows from Theorem 2.2.3 (see also
the proof of Theorem 2.2.2).

8.4 The heat equation

We are going to see that (HP) is satisfied for the heat equation with a Neumann boundary
control in the case when a > %, and with a Dirichlet boundary control in the case when o < %
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8.4.1 Neumann boundary control

We want to write equation (5.3.10) in the form (8.1.1). For this, we set Z = L*(Q2) and we
define the unbounded operator A in Z by

D(A) = {z € H*(Q) g—; =0}, Az = Az.

We know that A generates an analytic semigroup on Z (see [2]),
DT~ A)) = H*(©) ifa e,
and
D((I — A)*) ={z € H*() | 9z _ 0} ifa e]§ 1[.
on 4’

Consider now the Neumann operator N from L?(T') into L?(Q2) defined by N : u + w , where
w is the solution to

Aw—w=0 inQ, —=u onl.

From [12] we deduce that N € £(L2('); H2(R)). This implies that N € £(L2(T'); D((I—A)®))
for all a €]0, 2[. We also have N € L(H=(T'); H*(Q)).

Suppose that u € C*([0,T]; Hz(I')) and denote by z the solution to equation (5.3.10). Set
y(z,t) = z(x,t)— (Nu(t))(z). Since u € C*([0,T]; H2(I')), Nu(-) belongs to C1([0, T]; H2()),

and we have

— —Ay=f—-———+Nu inQ, g—TyL:O on Y, y(x,0)=(z0 — Nu(0))(x) in Q.

Thus y is defined by

y(t) = etA(z[) — Nu(0)) — /0 e(t_s)A%(Nu(s))ds +/0 e(t_S)A(Nu(s) + f(s))ds.

With an integration by parts we check that
t t
(y + Nu)(t) = 2(t) = e 2 +/ e f(s5)ds +/ (I — A)e=ANy(s)ds.
0 0

This means that, when u is regular enough, equation (5.3.10) may be written in the form
Z=Az+ f+ (I —A)Nu, 2(0)= z.

It is known that A is selfadjoint in L?*(Q), that is D(A) = D(A*) and Az = A*z for all

z € D(A). Since A* € L(D(A*); L*(Q)), (A")* € L(L*(Q); D(A*)"). Observing that N €

L(L2(D); H2(Q)) and (I—(A*)*) € L(L*(); D(A*)'), we have (I—(A*)*)N € L(L*(T); D(A*)).
In the case when u € L?(0,T; L*(T')) we consider the equation

Z=(AY2+f+ I —(A))Nu, 2(0)= z. (8.4.16)
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For every z9 € Z, f € L*(Q), and u € L*(0,T; L*(T")) equation (8.4.16) admits a unique
solution in H*(0,T’; D(A*)") which is

t t
2(t) = et 2 -l—/ (I — (A")")e =1 Nuy(s) ds +/ et =Af(s) ds. (8.4.17)
0 0

When u € C([0,T]; H2(I')), the solutions given by Theorem 5.3.4 and by the formula (8.4.17)
coincide. Henceforth, by density arguments it follows that the solution defined by (8.4.17) and
the one of Theorem 5.3.4 also coincide when u € L*(0,T; L*(T')). In this case to simplify the
writing, we often write

Z=Az+ f+ (I —A)Nu, z(0)= z, (8.4.18)

in place of (8.4.16). Since N € L(L*(T); D((I—A)*)) for all a €]0, 3, the operator (I —A)N =
(I — A)*(I — A)*N can be decomposed in the form (I — A)N = (I — A)'"“B;, where
By = (I — A)*N belongs to L(L*(T); L*(Q2)). This decomposition will be very useful to study
the Riccati equation corresponding to problem (Pj) (see [26]).

8.4.2 Dirichlet boundary control
We set Z = L?*(2) and we define the unbounded operator A in Z by

D(A) = HXQ) N HY(Q), Az = Az

We know that A is the infinitesimal generator of an analytic semigroup on Z and that (see
2]) )
D((—A)*) = H*(9) if a €0,

and
D(—A)*) ={z€ H*(Q) | z=00nT} ifa e}i, 1.

We define the Dirichlet operator G from L*(T) into L*(Q2) by G : w +— w , where w is the
solution to
Aw=0 inQ, w=u onl.

From [12] we deduce that G € £(L2(T'); H2(f)). This implies that G € L(L(I); D((—A)*))
for all a €]0, 1[. We also have G € L(H?(T); HX(Q)).

Suppose that v € C*([0, T); H%(F)) and denote by z the solution to equation (5.4.20). Set
y(x,t) = 2(z,t) — (Gu(t))(x). Since u € CH([0,T]; H2(T')), Gu(-) belongs to C1([0, T]; HX(RQ)).
Thus we have

— —Ay=f——— inQ, y=0 on, y(z,0)=(z— Gu(0))(z) in Q.

As for Neumann controls we can check that, when u is regular enough, equation (5.4.20) may
be written in the form

Z=Az+ f+ (—A)Gu, z(0) = z.

And in the case when u € L*(0,T; L*(T)) we still continue to use the above formulation even
if for a correct writing A should be replaced by its extension (A*)*.
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Since G € L(L*(T); D((—A)*)) for all a €]0, 1|, the operator (—A)G can be decomposed
in the form (—A)G = (—A)'"*By, where B; = (—A)*G belongs to L(L*(T'); L*(£2)). We shall
see that this situation (with 0 < a < %) is more complicated than the previous one where «
was allowed to take values greater than %

8.5 The wave equation

We only treat the case of a Dirichlet boundary control. We first define the unbounded operator
Ain H1(Q) by
D(A) = H} (), Az = Az,

We set Z = L*(Q2) x H71(Q). We define the unbounded operator A in Z by

D(A) = H\(Q) x L2(9), A:(Ré).

Using the Dirichlet operator G introduced in section 8.4.2, equation (6.6.15) may be written
in the form

d?z dz

o Az — AGu+ f, 2(0) = z, %(O) = 2.
Now setting y = (2, %), we have
dy
i Ay+ Bu+ F, y(0) = yo, (8.5.19)

with

0 0 20
Bu:(—AGu)’ F:<f), and yO:(z1>'

The adjoint operator of A for the Z-topology is defined by

D(A") = HL(Q) x L2(Q), m:(&‘:>

The operator (A, D(A)) is a strongly continuous group of contractions on Z. Set

C(t)z = e ( 200 ) and  S(t)z = e < 0 ) .

21

t4) (e!4 4+ e~*4). Using equation (8.5.19), we

Since (e)i> is a group, we can verify that C(t) = 3

can prove that S(t)z = f(f C(7)zdr and

wm_ [ Ct) S(t)
eA—<Aaw<xo>'

We can also check that
etA* _ e—tA _ C(t) _S(t)
—AS(t) C@) )°
We denote by B* the adjoint of B, where B is an unbounded operator from L?(T") into Z.
Thus B* is the adjoint of B with respect to the L?(T")-topology and the Z-topology.
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Theorem 8.5.1 For any 0 < T < oo the operator defined on D(A*) by ¢ — B*e'*"( admits
a continuous extension from Z into L*(0,T; L*(T)). In other words there exists a constant
C(T), depending on T, such that

T
A|BWNmamsanM@ (8.5.20)

for every ¢ € D(A*).
Proof. Let us first determine B*. Recall the definition of the scalar product on Z:
((20, 21), (Yo, 1)), = / 2090 dz 4 (=) " 21, v1) i ), 510
Q

For every (yo,y1) € D(A*), we have
x - J
(B (?Janl)7u)L2(F) = (ylvBu)H—l(Q) = (=N "y, _AGU>H%(Q),H*1(Q) = / %A Yy,
r

for all u € H*/*(T'). Hence

. 9 -
B (yanl) = 8_nA 191-

Due to the expression of 4", we have

e () o (s ) - (CUIE )

From the previous calculations it follows that condition (8.5.20) is equivalent to

J

Let us notice that if we set ¢g = A7(y, ¢1 = —(p and ¢(t) = —S(¢)¢o + C(£)A7'(y, then ¢ is
the solution to

2
% —Ap=0 inQ, ¢=0 onX, ¢(z,0)=d¢and %(LE,O) =¢; in Q.

0

= (=80 +cwra)

2
on < C(T)(HCOH%%Q) + ”A_]-C].Hilfl(g))- (8.5.21)

Therefore the condition (8.5.21) is equivalent to

/J(%) ‘2 < (D) (I90ll 3y ) + 1111 72(a))-

The proof follows from Theorem 6.5.1.

8.6 A first order hyperbolic system

Consider the first order hyperbolic system
a |: zl(x,t) :| a |: miz1 :| . |: b1121 +b1222

ot | z(z,t) T x| —maz ba121 + bz 2o

}, in (0,¢) x (0,7) (8.6.22)
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with the initial condition
21(x,0) = zp1(2), 29(x,0) = zpo(2) in (0,¢), (8.6.23)
and the boundary conditions
21(0,t) = uy (1), 29(0,1) = ua(t) in (0,7). (8.6.24)

This kind of systems intervenes in heat exchangers [31]. For simplicity we suppose that the
coefficients my > 0, mg > 0, b1y, b1, ba1, bay are constant. We also suppose that

buZ% + b212221 + b212122 + bggZ% Z 0 for all (Zl, ZQ) S ]RQ.

Before studying control problems, let us state existence results for the system (8.6.22)-(8.6.24).

8.6.1 State equation
We set Z = L*(0,£) x L*(0,/), and we define the unbounded operator A in Z by

D(A) ={z € H'(0,0) x H'(0,0) | z1(£) =0, 2,(0) =0}

and

le
mi—— — bz — biazo
o dx
Az =
dZ2
—Mo—— — ba1 21 — bag2o
dx

We endow D(A) with the norm [|z|[pa) = (|z1l|7 0,0 + HZQH%Il(O’E))I/Q.

Theorem 8.6.1 For every (f,g) € L*(0,()?, the system Az = (f,g)" admits a unique solution
in D(A), and
[2llpa) < CUIf llz200 + 9]l z20,0))-

Proof. Let Ay be the operator defined by D(Ag) = D(A) and Agz = (my %L, —myL2)T. It is
clear that A is an isomorphism from D(Ap) into L?(0,¢)%. We rewrite equation Az = (f, g)"

in the form z — A;'Bz = Ay'(f, 9)T, where

Br— bi121 + biazo
ba121 + bagze |

If z € D(Ap), then Bz € (H'(0,¢))? and A;'Bz € (H?(0,))?> N D(4p). Thus the operator
Ay B is a compact operator in D(Ap). Let us prove that I — A;' B is injective. Let z € D(4y)
be such that (I — A;'B)z = 0. Then Az = 0. Multiplying the first equation in the system
Az = 0 by 2z, the second equation by zy, integrating over (0, ¢), and adding the two equalities,
we obtain:

¢
my121(0)? 4+ maze(£)* + / bi12} + bar2221 + ba1z122 + baozi = 0.
0
Thus 2z = 0. Now the theorem follows from the Fredholm Alternative. "

Theorem 8.6.2 The operator (A, D(A)) is the infinitesimal generator of a strongly continu-
ous semigroup of contractions on Z.
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Proof. The theorem relies the Hille-Yosida theorem.

(i) The domain D(A) is dense in Z. Prove that A is a closed operator. Let (2,,)n = (211, 22.n)n
be a sequence converging to z = (z1, z2) in Z, and such that (Az,), converges to (f,g) in Z.

dz dz dzy, dza,
We have my<7t — biyz1 — biazo = f, and —mo 72 — ba121 — bapzo = g, because ( e dz")n
dz1 dzp

converges to ( ) in the sense of distributions in (0, ¢). Due to Theorem 8.6.1, we have

dr ' dz
120 = zmllp(a) < CllA(zn — 2m) [l (22(0,0))2-

Thus (2,), is a Cauchy sequence in D(A), and z, its limit in Z, belongs to D(A). The first
condition of Theorem 4.1.1 is satisfied.

(ii) For A > 0, f € L*(0,¢), g € L*(0,¢), consider the equation
o +(3)-4(3)-(1)
) 22 g

d
/\Zl — mlﬁ + buZl + b1222 = f in (0,6), 21(6) = O,

that is

d
)\22 + mgﬁ + bglzl + bQQZQ = g in (0, é), ZQ(O) =0.

As for Theorem 8.6.1, we can prove that this equation admits a unique solution z € D(A).
Multiplying the first equation by z;, the second by 29, and integrating over (0, ¢), we obtain

‘ ¢ ¢
)\/ (22 +23) + / (b1127 + biozozy + bor 2129 + boo2zs) +my21(0)? + mazo(€)? = / (fz1+ g2)
0 0 0

([ f2) (L fo)

The proof is complete. ]

Theorem 8.6.3 For every zyp = (210, 220) € Z, equation

6 |:21(l',t) :| 0 |: miz1 :| o |:171121 +b1222

ot 2(z,t) - Ox | —maz ba1 21 + bagzo ] ’ in (0,€) x (0,T)
with the initial condition

21(x,0) = zo1(x), 29(x,0) = zp2(x) in (0,0),
and homogeneous boundary conditions

2 (4,t) =0, 29(0,t) =0 in (0,7,

admits a unique weak solution in L*(0,T; L?*(0,¢)), this solution belongs to C([0,T); Z) and
satisfies
Izl cqoriz) < llzollz-
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The theorem is a direct consequence of Theorems 8.6.2 and 4.2.1. [

The adjoint operator of (A, D(A)), with respect to the Z-topology, is defined by
D(A") = {(¢,9) € H'(0,0) x H'(0,0) | $(0) =0, ({) =0},

and p
A o _ —m1£ — b11¢ — ba1p
W dy

m2% — b12¢ — byt
To study the system (8.6.22)-(8.6.24), we define the operator B from R? into (D(A*))" by
JHREN)
U9 TTLQUQ50
where §, and &y denote the Dirac distributions at £ and 0. Since B € L(R?; (D(A*))’), we can
write the system (8.6.22)-(8.6.24) in the form
2 = (A")" 2 + Bu(t), 2(0) = 2o,

where (A*)* is the extension of A to (D(A*))’, and u(t) = (u1(t), us(t))”. From Theorem 4.3.2,
if follows that, for every u € (L?(0,T))?, the system (8.6.22)-(8.6.24) admits a unique weak
solution z in L?(0,T; (D(A*))") which satisfies:

IZlleqo.rpany) < Clllzllz + llullzz.my2)-
Moreover, due to Theorem 4.3.3, if u € (H'(0,T))? the solution z belongs to C'([0,T]; Z) and

IZlleo.rtz) < Clllzollz + llullaro.ry2)-

We would like to prove that z belongs to C([0,T]; Z) when u € (L*(0,T))?.
Theorem 8.6.4 For every u = (uy,us) € R%, and every (f, g) € (L*(0,¢))?, the system

dz
m1d—; + b1z + b2z = f, 21(0) = uy,

dZQ

—m2d— + bo121 + bozo = g, 25(0) = uo,
T

(8.6.25)

admits a unique solution z € (H'(0,¢))?, and

21|z 0,002 < CJua| + |uz| + [ fllz20,0) + |91l 22(0,0))-

)
Proof. Let A be the operator defined by D(A) = (H'(0,€))? and Az = (m 22, —my%2, 2 (0),
25(0))T. Tt is clear that A is an isomorphism from D(A) into L?(0,¢)? x R%. We rewrite
equation (8.6.25) in the form z — A™*Dz = A7Y(f, g, u1, uz)”, where

bi121 + bi22o
ba1 21 + bagzo
0
0

Dz =

If z € D(A), then Dz € (H'(0,£))? x R? and A~'Dz € (H?(0,¢))?. Thus the operator A=*D
is a compact operator in D(A). The end of the proof is similar to that of Theorem 8.6.1. m
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Theorem 8.6.5 For every zy = (210, 220) € Z, and every u € (L*(0,T))?, the solution z to
system (8.6.22)-(8.6.24) belongs to C([0,T]; Z) N C([0, £]; L*(0,T)) and

12lleqomz) + 12lleqoa; 202 < Cll20llz + [[ullz20,1))2)-
Proof. Let (u,), be a sequence in (C*([0,T7))?* converging to u in (L?*(0,7T))?, and let (2, ), be
a sequence D(A) converging to zo in Z. Let z, be the solution to (8.6.22)-(8.6.24) correspond-
ing to u, and zp,. Let w,(t) be the solution to equation Aw,(t) = (0,0, u1,(t),us,(t))”.
With Theorem 8.6.4 we can prove that w, belongs to C*([0,T]; (H'(0,¢))?). Observe that
Zp = Yn + Wy, Where y, = (Y10, Y2.n) is the solution to equation

8U)l,n
x,t m b +0
9 yi(x,1) :ﬁ O Nt b U ot in (0,0) % (0,7),
ot | yo(,t) x| —mays b21y1 + b22ya Qws
ot

with the initial condition
y1(z,0) = 201,0(2) — wyn(z,0), Yo(,0) = 2p2.n(x) — wapn(z,0) in (0,¢),
and homogeneous boundary conditions
y1(¢,t) =0, y2(0,t) =0 in (0,7).

By Theorem 4.2.2, ,, belongs to C([0,T]; D(A)) N C*([0,T); Z). Thus z, belongs to C([0,T7;
(H'(0,0))*) N CY([0,T]; Z). Multiplying the first equation of the system by z;,, the second
one by 23, integrating over (0,¢) x (0,t), and adding the two equalities, we obtain

¢
/(Zln() +Z2n( +2// b1121n+51221n2’2n+b2121n22n‘l—bQQZQn)

/m121 OTd7'+/mngETdT—/(ZOM—l—zOQn /mluln /m2u2n

We first deduce

12allEory2) < Clllwanlzzom + luzalzzom + l20a01%)-
In the same way, z, — z,, obeys
120 = zmllE o2y < Cllwan = wmllZary + ltzn = tzmllZary + 200 = Z0ml%)-

Thus (zy,), is a Cauchy sequence in C([0,7]; Z) and the estimate is proved in C([0,7]; Z).

To prove the estimate in C([0,¢]; (L*(0,7))?), we multiplying the first equation of the
system by 21, and we integrate over (z,¢) x (0,7'). We multiply the second equation by zs,
and we integrate over (0,z) x (0,7"), and adding the two equalities, we obtain

T T l l T T
mi [ el s [ ma@l o [ an@ - [ [aamr- [,
0 0 x x 0 0
T T T pf T rz
=my / U%n + m2/ Ugn - 2/ / (bnzin + biaz1n22n) — 2/ / (b2121 n22.0 + 52223,,,1)-
0 0 0 Ja o Jo

Writing the estimate for z, — z,,, we have
2
120 = 2mllE 0.5 220,)2)

Cllurn — Ul,m”%z’(o,:r) + ||lugn — u27mH%2(0,T) + [lz0m — ZoamllZ + [2n — Zm”%([O,T};Z))'
Thus (2,), converges to z in C([0, £]; (L*(0,T))?). "
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8.6.2 Control problem
We want to study the control problem

(P)  inf{Ji(z,u) | (z,u) € O([0,T]; Z) x L*(0,T)?, (z,u) satisfies (8.6.22) — (8.6.24)},
where L .

D) =5 [ D) —aDF+ 5 [+,
and 3 > 0. We assume that z4 € C([0,T7]; Z).

Theorem 8.6.6 Problem (P;) admits a unique solution (z,u). Moreover u is characterized
by

i) =—Fol1) and m() = —EY0.0) i (0.7),

where (¢, 1) is the solution to the system

9| ox,t) | _ 0 | —mag | _ | bud+but .
‘&M,o}—m[ mzw} [b12¢+b22¢]> in (0,£)x (0,T)  (8:6.26)

with the terminal condition
O(T) = (T) = 241(T),  W(T) = %(T) — 242(T) in (0,0), (8.6.27)

and the boundary conditions
¢(0,t) =0, Pl t) =0 in (0,7). (8.6.28)

Proof. (i) The existence of a unique solution to (Py) is classical and is left to the reader.

(ii) First observe that the solution (¢,) to system (8.6.26)-(8.6.28) belongs to C([0,7]; Z) N
C([0,4]; (L*(0,T))?) (the proof is similar to that of Theorem 8.6.5). Thus ¢(¢,-) and (0, -)
belong to L*(0,T).

Let ¢ € D(A*), the function ¢ — "¢ is the solution to system

0{¢(x,t)} 0 [—m1¢]_[bll¢+bﬂ¢], in (0,0 % (0,7)  (3.6.29)

SOt | Y(x,t) T Oz | matp b12¢ + bty
with the terminal condition
o(T) = (, Y(T) = ¢ in (0,¢), (8.6.30)

and the boundary conditions
»(0,t) =0, Wl t) =0 in (0,7). (8.6.31)

We can verify that B*e'" ¢ = (myo({,t), marp(0,t)), where (¢,1) is the solution to (8.6.29)-
(8.6.31). Thus assumption (HH) is satisfied by (A, B) in Z, and applying Theorem 8.3.5, we

have
‘= _%[B*B(T_t)A*]e(Z(T) — z4(T)).
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Since the solution to system (8.6.26)-(8.6.28) belongs to C'([0, ¢]; (L*(0,T'))?), using an approx-
imation process we can prove that

[B* T (2(T) = 2a(T)) = (mug (£, 1), matp(0, 1)),

where (¢, 1)) is the solution to (8.6.26)-(8.6.28).

(iii) We can directly prove the optimality conditions for problem (P;) by using the method
of chapters 5 and 6. Setting Fi(u) = J1(2(20,u), u), where z(zp,u) is the solution to system
(8.6.22)-(8.6.24), we have

Fi(@)u = / (21(T) — 2 () (T) + / (22(T) — 2n(T))wna(T) + 3 / (@t + ),

where w, = 2z(0,u), and 2(0,u) is the solution to system (8.6.22)-(8.6.24) for z; = 0.
We can establish an integration by parts formula between w, and the solution (¢, ) to
system (8.6.26)-(8.6.28) to completes the proof.

8.7 Exercises

Exercise 8.7.1

Prove the existence of a unique solution to problem (P) of section 8.1 in the case where
assumption (HH) is satisfied.

Exercise 8.7.2

We consider a one-dimensional linear thermoelastic system

2 — 02y + 710, = 0 in (0,L) x (0,7),

O; + Vozpt — kbpy = 0 in (0,L) x (0,7), (8.7.32)
with the boundary conditions
2(0,t) = z(L,t) =0 in (0,7), and 0,(0,t) = uy(t), 0,(L,t) = ua(t), (8.7.33)
and the initial conditions
2(x,0) = zo(x), 2z(x,0) =2z (z), and f(z,0)=0y(x) in (0,L), (8.7.34)

with a > 0, k£ > 0, 74 > 0, 75 > 0. Physically z represents the displacement of a rod and 8 its
temperature. By setting y = (y1,y2,y3) = (2, 2, 0), system (8.7.32)-(8.7.34) can be written in
the form of a first order evolution equation y' = Ay + Bu, y(0) = yo. We set

0 I 0
d? d
2.7 A
A= @ dx? 0 m dr |~
d d?

0 PV il
" dx dx?
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and
D(A)={y|wn € HQHHS(O, L), ys € H&(O,L), Y3 € H2(O,L) such that ys,(0) = ys. (L) = 0}.

We endow Y = H}(0,L) x L*(0, L) x L*(0, L) with the scalar product

dy; dw
(y,w) = / (%d—l + yowo + 3—93103)

1 - Prove that (A, D(A)) is the infinitesimal generator of a strongly continuous semigroup on
Y.

2 - We suppose that zg € H}(0,L), z; € L*(0,L), 8 € L*(0,L), uy; € L*(0,T), us € L*(0,T).
Prove that system (8.7.32)-(8.7.34) admits a unique solution (z, z;, 0) in C([0,T]; H}(0, L)) x
C([0,7]; 12(0, L)) x C((0, T); (0, L))

3 - Consider the control problem

(P2)
inf{.Jy(z,0,u) | (2,2,0,u) € C([0,T);Y) x L*(0,T)?, (2, 2,0,u) satisfies (8.7.32) — (8.7.34)},

2(2,0,u) // (]2* + 10]%) ﬁ/ (ui +u3),

and 3 > 0. Prove that (P2) admits a unique solution. Characterize this solution by establishing
first order optimality conditions.

where



Chapter 9

Control of a semilinear parabolic
equation

9.1 Introduction

In this chapter we study control problems for a semilinear parabolic equation of Burgers’ type
in dimension 2. For a L2-distributed control, we prove the existence of a unique solution to the
state equation in C([0,T]; L*(2)) N L*(0,T; Hy(Q2)). Following the approach of the previous
chapters we use the semigroup theory. We first prove the existence of a local solution for
initial data in L?(Q) for p > 2, and next the existence of a global solution by establishing
an energy estimate. The existence of a (uinque) solution for L2-initial data is obtained by
approximation. The classical method to study this kind of equation is the variational method
(also called the Faedo-Galerkin method). This approach is treated in exercise 9.7.2. This
chapter can be considered as an introduction to the optimal control of the Navier-Stokes
equations [27]. Indeed the proof of optimality conditions is very similar in both cases.

To study the state equation and the control problem, we need additional regularity results
on parabolic equations. These results are stated in Appendix (section 9.6).

9.2 Distributed control

Let Q be a bounded domain in R?, with a regular boundary T'. Let T > 0, set Q = Q x (0, 7))
and ¥ =T x (0,7). We consider the equation

% —Az+P(z)=f+xou nQ, z=0 ond, z(z,0)=2z2 inQ, (9.2.1)
with f € L*Q), v € L*0,T;L*(w)), z0 € L*(Q). The function f is a given source term,
X 18 the characteristic function of w, w is an open subset of 2, and the function v is a
control variable. The nonlinear term ¢ is defined by ¢(z) = 220,,2 = 0,,(2?). Any other
combination of first order partial derivatives may be considered, for example we can as well
consider ¢(z) = 32_,20,.z. We first want to prove the existence of a unique weak solution (in a
sense to be precised) to equation (9.2.1). Recall that, if zg € L*(Q2) and g € L*(0,T; H1(Q)),
equation

% —Az=g inQ, z=0 onX, z(z,0)=z in{, (9.2.2)

99
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admits a unique weak solution in W(0,T; H3(Q2), H~'(Q)). Moreover

Observe that if z belongs to C([0,T]; L*(2)) N L*(0,T; H}(Q)), then z belonds to L*(Q)
(Theorem 9.6.1), and ¢(z) belongs to L*(0,T; H*(2)). Thus it is reasonable to consider
equation (9.2.1) as a special form of equation (9.2.2) with g = f + x,u — ¢(z), and to define
weak solutions to equation (9.2.1) in the following manner.

Definition 9.2.1 A function z € C([0,T]; L*(2)) N L*(0,T; Hy (£2)
equation (9.2.1) if, for every ¢ € H(), the mapping t — (z(t),
<Z<O)7 C) = <Z07C>; and
4
dt

1s a weak solution to

)
¢) belongs to H*(0,T),

(2(1), C) = (Vz(1), VO + (£, €) + {(xwu, ¢) — (¢(2), ().

9.3 Existence of solutions for L?-initial data, p > 2

9.3.1 Existence of a local solution
We suppose that f € L?(Q), and 2o € L*(Q2) with p > 2. We want to prove that equation

1
% — Az + §8x1(z2) =f inQ, z=0 onX, z(x0) =2 inQ, (9.3.3)

admits a solution in C([0,¢]; L?*(2)) for ¢ small enough.

Let s > %. Due to Theorem 9.6.3, if h € L*(0,T; LP(2)) then z,, the solution to equation
(9.2.2) corresponding to (g, 29) with 29 = 0, and g = 8,,h, belongs to C([0,T]; L*(1)), and
there exists a constant C'(s) such that

| znlleomszer @) < C )| h|Lso,r:Lr @)

Set R = ||y|c(jo,r);2r(2)), where 3 is the solution to equation (9.2.2) corresponding to (g, zo)

with g = f. Let us fix s > 22 and set £ = (4RC(s))™*. Let B(2R) be the closed ball in
p

C([0,7]; L*(£2)), centered at the origin, with radius 2R. Endowed with the distance associated
with the norm || - ||c(o,g;20)), B(2R) is a complete metric space. For z € C([0,]; L*?(£2)),
denote by W(z) the solution to equation (9.2.2) corresponding to (g, zp) with g = f — ¢(z2).
Let us show that the mapping z — W(z) is a contraction in B(2R). Let z € B(2R), then

1 (2) loqo.a:zze ) < Nylleqonzzr @) + )12 L0 @)
<R+ C(S)t_l/s||22HL00(07E;LP(Q)) <R+ C(S)fl/SRZ < 2R.
Let z; and z; be in B(2R), then

19 (21) = W(22) lequaree) < Cls)llar — 2

L3(0,5LP(Q))

_ 1
S C(S) tl/SZRHZl — ZQHLOO(O,E;LQ;)(Q)) S 5”21 — 22||Loo(07t‘;L2p(Q)).
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9.3.2 Initial data in D((—A)%)

Set D(A) = H*(Q)NH}(Q) and Az = Az for z € D(A). For 3 < o < 1, we have D((—A)%) =
H**(Q) N H}(Q) (see [18]). Suppose that f € L*(Q), and zy € D((—A)*), with § < o < 1.
As in section 9.3.1, we can prove that equation (9.3.3) admits a unique weak solution in
C([0,4]; D((—A)®)) for £ small enough. Since D((—A)®) C L?*(Q) for all p < oo, this implies
that the solution defined in C(]0,#]; D((—A)®)) is the same as the solution defined in section
9.3.1.

9.3.3 Existence of a global solution

Suppose that f € L*(Q), and zy € D((—A)%), with 2 < o < 1. Let T4, be such that
the solution to equation (9.3.3) exists in C'([0, 7]; L*(Q)) for all p > 2 and all 7 < Ty, If
Thar = 00, we have proved the existence of a global solution. Otherwise, we necessarily have

1imT—>Tmaa: ||Z||C([0’T];L2P(Q)) = 00, (934)

for some p > 2. Let us show that we have a contradiction. Multiplying the equation by
|2|?P722, and integrating on (0,7) x §2, we obtain

1 T 1 T
o L1 [ [ e vwapirr = o [ [0 ] flapr @39)
P Jo 0o JQ P Ja 0o Ja

Indeed, with an integration by parts, we get

/ O, (292|722 = _a -l / 2?7220, (22). (9.3.6)
Q Q

2
Thus it yields
/ 27220, (%) = 0.
Q

Moreover

/Qw-qu\?p—%) :/Q(Qp—l)\Vzﬂsz_Q. (9.3.7)

Formula (9.3.5) is established. It is clearly in contradiction with (9.3.4). Observe that calcula-
tions in (9.3.6) and (9.3.7) are justified because z is bounded, and in that case the solution to
(9.3.3) belongs to L(0,T; W14(Q)) for all ¢ < co (apply Theorem 9.6.3). Therefore formulas
(9.3.6) and (9.3.7) are meaningful. The regularity in C([0,T]; L?(€)) is not sufficient since
in that case d,,(2?)|2|* 2z does not belong to L'. It is the reason why we have constructed
bounded solutions to justify (9.3.6) and (9.3.7).

9.4 Existence of a global weak solution for L’-initilal
data

Theorem 9.4.1 For all zy € L*(Q), all T > 0, and all f € L*(0,T; L*(Q)), equation (9.5.3)
admits a unique weak solution in C([0,T]; L*(2)) N L*(0,T; Hy(Y)) in the sense of definition



102 CHAPTER 9. CONTROL OF A SEMILINEAR PARABOLIC EQUATION

9.2.1. This solution satisfies

%/Q|z(T)]2+/OT/Q\VZF:%/QVOF‘F/OT/QJCZ-

Proof. (i) Existence. Let (zo,)n be a sequence in D((—A)®), with < o < 1, converging to z
in L*(Q). Denote by 2, the solution to equation (9.3.3) corresponding to the initial condition
Zon- Multiplying the first equation in (9.3.3) by z,, and integrating on (0,7) x €, we obtain

3 [P+ [ [1vap =5 [+ [ [ £

Thus (z,), is bounded in L>(0,7; L*(2)) N L*(0,T; Hj(2)). Next using the equation

%(zn(t),Q _ / Vza(£)VE + (£.€) — (820, C),

satisfied for all ¢ € D(A), we show that ((£),), is bounded in L*(0,T; H~'()). Then, there
exits a subsequence, still indexed by n to simplify the notation, such that (z,), converges
to some z for the weak topology of W(0,T; H}(2), H *(2)). Due to Theorem 9.6.4, we can
suppose that (z,), converges to z in L?(Q). Since the sequence (z,), is bounded in L*(Q),
(2n)n also converges to z in L"(Q) for all r < 4. Thus, we can pass to the limit in the equation
satisfied by z,, and we prove that z is a solution to equation (9.3.3).

(ii) Uniqueness. Let z; and 2y be two solutions to equation (9.3.3). Set w = z; — z5. Then w
is the solution to

1
%_7”; — Aw §8361(1112'1 +wz) in@Q, w=0 onX, w(x,0)=0 inf. (9.4.8)

Multiplying equation (9.4.8) by w and integrating over 2, we get

1
w(t)® + /Vw2———/8x1wz+wzw
st [ 1w®F + [ 190l = =5 [ o0 (war + wz)

1
_ ! / Ory (21 + 22)w? < <21 + 22y 1wl

=~

V2

< THZl + 22|l ma ) VWl L2 W] 22(0)

With Young’s inequality, we finally obtain

d
G [ 1P < s+ 2y [ ooP
Q Q

and we conclude with Gronwall’s lemma. n
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9.5 Optimal control problem
We consider the control problem
(P) inf{J;(z,u) | (z,u) € W(0,T; Hy(Q), H *(Q)) X Upa, (2,u) satisfies (9.2.1)},
where Uy is a closed convex subset of L?(0,T; L*(w)),
1 , 1 s B 2
N(zu) =5 | (z=z)"+5 | (2(T) = 2(T)" + 5 [ xow,
2 J, 2 Jo 2 Jo

and § > 0. In this section, we assume that f € L*(Q) and that z4 € C([0,T7]; L*(Q2)).
We set Z =W (0,T; H}(Q), H1(Q)) . We define the mapping G from Z x L*(0,T; L*(w))
into L2(0,T; H1(Q)) x L*(Q) by

G(z,u) = (% — Az 40, (2%) — f — xwu, 2(0) — zo>.

Theorem 9.5.1 The mapping G is of class C*, and for every (z,u) € Z x L*(0,T; L*(w)),
G'(z,u) is an isomorphism from Z into L*(0,T; H*(Q)) x L?(Q).

Proof.

(i) Differentiability of F. The mapping

0z

(z,u) — (a — Az — xuu, Z(O)>>

is linear and bounded from Z x L?*(0,T; L*(w)) into L*(0,T; H~*(Q)) x L*(2). Thus to prove
that G is differentiable, we have only to check that

|o(z +h) — ¢(2) — 204, (2h) || 200,081 (02)
v

Since ||¢(Z + h) — ¢(Z) — 2811 (Zh/>||L2(0,T;H*1(Q)) = ||¢(h)||L2(O,T;H*1(Q)) S ||h||2Z7 the result is
obvious. We can also verify that

L0 as|hllz — o.

2+ (h— 0y, (zh))

is differentiable from Z into £(Z; L*(0,T; H~*(€2))). This means that G is twice differentiable.
In fact G is of class C*.
(ii) G'.(z,u) is an isomorphism from Z into L*(0, T; H=1(Q))x L*(2). Observe that G/ (z, u)w =
(%2 — Aw + 20,, (2w),w(0)). Thus, to prove that G’(z,u) is an isomorphism from Z into
L*(0,T; H1(R2)) x L*(Q), we have only to verify that, for any (f,z) € L*(0,T; H () x
L?(92), equation

ow

E—Aw—l—Q&cl(zw}:f in@, w=0 onX, w()=z inf,

admits a unique solution in Z. This clearly follows from Theorem 9.6.5. ]
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Theorem 9.5.2 Let z(u) be the solution to equation (9.2.1). The mapping
u— z(u),
is of class C* from L*(0,T; L*(w)) into W(0,T; H (Q), H (), and for all @ and u in

)
L2(0,T; L*(w)), the function w = % (a)u is the solution to equation

a5 Aw + 20, (z(0)w) = xou mQ, w=0 onX, w0)=0 -in (9.5.9)
Proof. Let u € L?*(0,T;L*w)). We have G(z(u),u) = 0. From Theorem 9.5.1 and

from the implicit function theorem, it follows that there exists a neighborhood V' (u) of @
in L?(0,T; L*(w)), such that the mapping u — z(u) is of class C! from V(u) to Z, and

@ (=(a), @) o S_Z(u) w+ G (=(a), @) u = 0,
for all uw € L*(0,T; L*(w)). If we set w = % (@)u, we have
L ow B
G.(2(u),n)w = (E — Aw + 20,, (z2(u)w), w(0))

and G, (z(a),u) u = —x,u. The proof is complete.

Theorem 9.5.3 If (z,a) is a solution to (Py) then

/ Xo(Bu+p)(u—u)>0  forallu € Uy,
Q

where p is the solution to equation

_% —Ap—220,p=2—2 inQ, p=0 onX, pT)=2T)-2 inQ. (9.5.10)

Proof. Set Fi(u) = Ji(z(u),u), where z(u) is the solution to equation (9.5.9). From Theorem
9.5.2 it follows that Fj is of class C' on L?*(0,T; L?*(w)), and that

-ﬂ@ﬂ=ié@—aMWﬁA@GU—wﬂww@%ﬁéxmmm

where w is the solution to equation (9.5.9). Since (Z,u) is a solution to (P;), Fi(u)(u—u) >0
for all u € U,y. Using a Green formula between p and w we obtain

[ em =y + |

Q

(Z — zg)w = / XwPU,
Q

and

Fl(a)u = / XU + / XS,
Q Q
This completes the proof. N
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9.6 Appendix

Lemma 9.6.1 For N = 2, we have

1/2 1/2
< 2V 2]

||Z||L4(Q) ) I=llLz(q)

for all z € H}(Q).

Proof. Let us prove the result for z € D(£2). We have

2(@)? <2 / a6 )06, w2) | dEn,

and 2
o) <2 [ Ja(on )01, )l
Thus
/11@2 |Z($)|4d$ < 4||Z||%2(Q)||312||L2(Q)||62Z||L2(Q) < 2||Z||%2(Q)||VZ||%2(Q)
This completes the proof. "

Theorem 9.6.1 For N = 2, the imbedding from C([0,T]; L*(Q)) N L*(0,T; Hy(2)) into
LA((0,T) x Q) is continuous. Moreover we have

1/2 1/2
I21@ < 241211t am e 12 o 20

Proof. Due to Lemma 9.6.1 we have

T T
| [t <2 [ el Vol < 210 gmma = Exormo

The proof is complete. ]
The other results are stated in dimension N > 2.
Theorem 9.6.2 Set D(A,) = W>P(Q)NW,?(Q) and A,z = Az for z € D(A,), with1 < p <

oo. The operator (A,, D(A,)) is the infinitesimal generator of a strongly continuous analytic
semigroup on LP(S).

See for example [5, Theorem 7.6.1]. This theorem together with properties of fractional powers
of (—A,) can be used to prove the theorem below.

Theorem 9.6.3 Let h € D(Q), and zj, be the solution to equation

%—Az—@ h in@, z=0 on¥, =z(x,00=0 inQ, (9.6.11)

where 1 € {1,...,N}. Suppose that 1 < s < 0o and 1 < p < co. The mapping h +— z, is
continuous from L*(0,T; L*(Q)) into C([0,T); L™(2)) N L*(0, T; WP (Q)) if

N+1<1+1
2p s r 2
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Theorem 9.6.4 The imbedding from W (0,T; H}(Q), H1(Q)) into L*(Q) is compact.

Theorem 9.6.5 Let 2 be in L*(Q). For all zg € L*(Q), all f € L*(Q), equation

%—?—Aw—i-Qam(zw) f i@, w=0 onX, w(0)=z iin,

admits a unique solution in W(0,T; Hy(Q2), H1(Q)). Moreover the mapping (zo, f) — w is
continuous from L*(Q) x L*(Q) into W(0,T; Hy(Q), H1(Q)).

Proof. This theorem can be proved by using a fixed point method as in exercise 5.5.4 (see
exercise 9.7.1).

9.7 Exercises

Exercise 9.7.1

Adapt the fixed point method of exercise 5.5.4 to prove Theorem 9.6.5.
Exercise 9.7.2 (Variational method)

We want to give another proof of Theorem 9.4.1. Assumptions and notation are the ones of
Theorem 9.4.1. Let (¢,,),, be a Hilbertian basis in H} (), and let (¢, ), be the basis obtained by
applying the Gram-Schmidt process to (¢,), for the scalar product of L?(Q2). Thus (¢,), is a
Hilbertian basis in L?(Q2) whose elements belong to H] (). Denote by H,, = vect(¢, ..., ¥m)
the vector space generated by (¢, ..., ¥n,). We have

A i, = HY(Q),

and [, ¢;¢; = d;;. We also assume that the family (1), is orthogonal in Hj(Q) (which is
satisfied if we choose a family of eigenfunctions of the Laplace operator). Denote by P,, the
orthogonal projection in L*(Q2) on H,,. Observe that a function z belongs to H'(0,T; H,,) if
and only if 2 is of the form z = ¥ ,g;¢;, with g; € HY0,T).

1 - Prove that the variational equation
find z =X g;0, € H'(0,T; H,) such that

d (9.7.12)
5 82(1), ) =(V2(), VO) +{f, ) = (¢(2),¢) and (2(0). ¢) = {20,¢),

for all ¢ € H,,, is equivalent to a system of ordinary differential equations in RY satisfied by
g =1(g0,---,9m)". Prove that this system admits a unique solution ¢ = (g, ...,¢g™)", and
that the corresponding function z,, = X747 ¢; obeys

5 [P [ 19l =3 [+ [ [ fuem

where 2o, = Pn(20) and fi,(t) = P (f(t)). Prove that |[(zn(-), &;)||m o) < C, where C is

independent of m and j.
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2 - Using the diagonal process, show that there exists a subsequence (2, )i, extracted from
(Zm)m, and a function z € L>=(0,T; L*(Q)) N L*(0,T; H}(Q)), such that

(Zm, )k converges to z for the weak* topology of L>(0,T; L*(Q)),
(2m, )& converges to z for the weak topology of L*(0,T; Hg(2)), (9.7.13)
((zmy, ®;))k  converges to z for the weak topology of H'(0,T) for all j € N.

Show that z is a weak solution to equation (9.3.3) in the sense of Definition 9.2.1. Prove
that the solution belongs to W (0,T; H}(2), H'(Q2)), and is unique in C([0,T7]; L*(Q)) N
L*(0,T; Hy(9)).
Exercise 9.7.3

The notation are the ones of section 9.2. To study the boundary control of Burgers’ equation,
we recall the definition of anisotropic Sobolev spaces:

HY“3(Q) = LX(0,T; H'(Q)) N H2(0,T; LX(Q)),

(2) = L*(0,T; H2(T)) N Hi(0, T; L*(2)).

=
PN

H

We admit the following result.
Regularity result ([13, page 84]) For every u € Hz1(%), the solution to equation

aa—zf—Aw:() in@, w=u on w(z0)=0 inQ, (9.7.14)

belongs to W (0, T; H(Q), (H'(2))") and

lwllwozm @, @y < Cllull ;3.4 5,
We want to study a control problem for the equation
0z ) .
5 Az+®(2)=f inQ, z=u onX, z(z,0)=z inQQ, (9.7.15)

with ®(z) = 220,,2, f € L2(Q), 20 € L*(Q), and u € H21 (D).

1 - We look for a solution z to equation (9.7.15) of the form z = w, + y, where w, is
the solution to equation (9.7.14). Write the equation satisfied by y, and prove that equation
(9.7.15) admits a unique solution in C([0, T]; L*(2))NL2(0,T; H'(2)). Prove that this solution
belong to W (0,T; H*(Q2), (H'(2))').

2 - Consider the control problem
(P,) inf{.J(z,u) | (z,u) € W(0,T; H(Q), (H*(Q))) x Uag, (2, u) satisfies (9.7.15)},

where U,q is a closed convex subset of H2'i (),

QM@M:%A@—%f+34@@yﬁwnf+§éﬁ,
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with 3 > 0 and z4 € C([0,T]; L*(Q2)). Prove the existence of a solution to problem (P,). Write
optimality conditions.

2 - Consider the following variant of problem ()
(Ps) inf{Js(z,u) | (z,u) € W(0,T; H*(Q), (H (Q))) X Uqa, (2,u) satisfies (9.7.15)},

where Uyq is a closed convex subset of Hz1(%),

Jo(z,u) = %/sz _Val + % /Q(z(T) _ (T))? + g/EUQ,

with 3 > 0 and 24 € C([0,T]; L*(Q2)) N L*(0,T; H'(Q)). Prove the existence of a solution to
problem (P;). Write optimality conditions.



Chapter 10

Algorithms for solving optimal control
problems

10.1 Introduction

In section 10.2.1, we first recall the Conjugate Gradient Method (CGM in brief) for quadratic
functionals. We next explain how this algorithm can be used for control problems studied in
chapter 7. For functionals which are not necessarily quadratic we introduce the Polak-Ribiere
algorithm, the Fletcher-Reeves algorithm, and Quasi-Newton methods. These algorithms can
be used for control problems governed by semilinear equations such as the ones studied in
chapter 3. For linear-quadratic problems with bound constraints on the control variable we
introduce in section 10.4 a projection method due to Bertsekas. For other problems with
control constraints we describe the Gradient Method with projection in section 10.5.1. We
end this chapter with the Sequential Quadratic Programming Method (SQP method), which
is a particular implementation of the Newton method applied to the optimality system of
control problems.

10.2 Linear-quadratic problems without constraints

10.2.1 The conjugate gradient method for quadratic functionals

In chapter 2 we have applied the Conjugate Gradient Method to control problems governed
by elliptic equations. In this section, we want to apply the CGM to control problems governed
by evolution equations. Let us recall the algorithm for quadratic functionals. Consider the
optimization problem

(P) inf{F(u) |ue U},
where U is a Hilbert space and F' is a quadratic functional
1
Flu) = 5(% Qu)y — (b,u)u.

In this setting Q € L(U), @ = Q* > 0,b € U, and (-, )y denotes the scalar product in U. For
simplicity we write (+,-) in place of (-,)y.

109
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Let us recall the GC algorithm:
Algorithm 1.
Initialization. Choose ug in U. Compute gy = Qug — b. Set dy = —gp and n = 0.

Step 1. Compute
Pn = (gm gn)/(dna an)a

and
Upy1 = Up + pndn

Determine
In+1 = Qun-l—l —b= 9n + andn
Step 2. If ||gn11llu/|lgollu < €, stop the algorithm and take u = w1, else compute

ﬁn = (gn+17 gn-i-l)/(gna gn)v

and
dn+1 = —0Ont1 + ﬁndn

Replace n by n+1 and go to step 1.

10.2.2 The conjugate gradient method for control problems

We want to apply the CGM to problems studied in chapter 7. The state equation is of the
form

7' =Az+ Bu+ f, 2(0) = zo, (10.2.1)
and the control problem is defined by
(Py) inf{J(z,u) | (z,u) € C([0,T]; Z) x L*(0,T;U), (z,u) satisfies (10.2.1)}.
with
1T
=3 [ 100 ~ w0 + Do) ik, + 3 [ @R (022

Assumptions are the ones of chapter 7. We have to identify problem (P) with a problem of the
form (P;). Let z, be the solution to equation (10.2.1), and set F'(u) = J(z,,u). Observe that
(2us 2u(T)) = (Ayu, Agu) + C(f, 20), where Ay is a bounded linear operator from L?*(0,T;U) to
L?(0,T; Z), and A, is a bounded linear operator from L?(0,7;U) to Z. We must determine
the quadratic form @) such that

e 1
5 [ 1020 ~ w0 + 31D2() ~orlt, + 5 [ a0l = 0. @ule - G e

Since (zy, 24(T)) = (Au, Asu) + ((f, z0), we have
Q = N;C*CAy + A3D* DA, + 1,

where C' € L(L*(0,T; Z): L*(0,T;Y)) is defined by (Cz)(t) = Cz(t) for all z € L%(0,T: Z),
and C* € L(L*(0,T;Y); L*(0,T; %)) is the adjoint of C. In the CGM we have to compute
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Qd for some d € L*(0,T;U). Observe that (A;d, Ayd) is equal to (wg, wq(T)), where wy is the
solution to

w' = Aw + Bd, w(0) = 0. (10.2.3)
Moreover, using formula (7.2.5), we can prove that Ajg = B*p;, where p; is the solution to
equation

—p=Ap+y, p(T) =0, (10.2.4)
and ASpr = B*po, where po is the solution to equation
—p' = A'p, p(T) = pr. (10.2.5)
Thus AT@*@AId + ASD*DAsd is equal to B*p, where p is the solution to
—p' = A"p+ C*Cwy, p(T) = D*Dwy(T), (10.2.6)

where wy is the solution to equation (10.2.3).

If we apply Algorithm 1 to problem (P,) we obtain:
Algorithm 2.

Initialization. Choose ug in L*(0,T;U). Denote by z° the solution to the state equation
2/ = Az + Bug + f, 2(0) = zp.
Denote by p° the solution to the adjoint equation
—p = A'p+C(C° —ya),  p(T)=D(D(T) - yr).
Compute gy = B*p" +ug , set dy = —go and n = 0.
Step 1. To compute QQd,,, we calculate w, the solution to equation
w' = Aw + Bd,, w(0) = 0.
We compute p,, the solution to equation
—p' = A*p + C*Cwy, p(T) = D*Dw,(T).

We have Qd,, = B*p,, + d,,. Set g, = B*p,, + d,,. Compute

Pn = —(9n: In)/(Gn: In);

and

Upi1 = Up + Prdy.
Determine

In+1 = Gn + Pngn-

Step 2. 1f || gny1 || 220,m50) /|90 L2 0,10y < €, stop the algorithm and take u = uy,41, else compute

ﬁn = (g’n+17 gn+1)/(gn> gn>7

and
dnJrl = —0Gnt1+ Bndn
Replace n by n+1 and go to step 1.
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10.3 Control problems governed by semilinear equations

Let us first recall the extension of the CGM to non-quadratic functionals. Consider the
problem

(£s) inf{F(u) [ ue U},

where F'is a differentiable mapping.

Algorithm 3. (Polak-Ribiere)

Initialization. Choose ug in U. Compute go = F'(ug). Set dy = —go and n = 0.
Step 1. Determine p, = argmin,,oF'(u, + pdy) and upq 1 = Uy + ppdy.

Compute g1 = F'(up41).

Step 2. If ||gn+1llu/|lgollu < €, stop the algorithm and take u = w1, else compute

~ (Gnt15 Gns1 — 9n)
Bn
(gn7 gn)

Set dpy1 = —Ggnt1+ Ondyn. Replace n by n+1. If (d,, g,) < 0 go to step 1, else set d,, = —g,
and go to step 1.

Remark. In step 1, we have to calculate the solution to the one-dimensional minimization
problem
inf{ F'(u, + pd,,) | p > 0}.

It is called the ’step length computation’. Different algorithms can be used to replace an
exact step length computation by an approximate one, or by some heuristic rules known as
step-length criteria (see [34]).

The algorithm below is a variant of the Polak-Ribiere algorithm.

Algorithm 4. (Fletcher-Reeves)

This algorithm corresponds to the previous one in which we replace the computation of 3, by

~ (gns1,9ns1)
Bp = —F———.
(9n> gn)

Quasi-Newton methods. The Quasi-Newton methods can be applied to minimize non-
quadratic functionals. The most popular one, the Broyden-Fletcher-Goldfarb-Shanno algo-
rithm is described below.

Algorithm 5. (BFGS)

Initialization. Choose ug in U. Set Hy =1 and n =0 (I denotes the identity in U).
Step 1. Compute d,, = —H_, ' F'(u,)*.

Step 2. Compute A\, €]0,1] such that

F(u, + A\pdy,) = min{ F(u, + Ad,,) | A €]0,1]}.
Step 3. Set up1 = Uy + Apdp. If |upy1 — un|u < €, stop the algorithm, else compute

Sn = Up+1 — Unp, Tn = Fl(“n-{—l)* - F,(un)*a
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and
YV Hnsn(Hn5n>*

(SnsYn) (Sny Hysn)

Hn+1 = Hn +

Replace n by n+1 and go to step 1.

Comments. The terminology Quasi-Newton method comes from that the update rule of
H, in step 3 is based on a secant approximation of the Hessian operator F”(u,) . In the
initialization procedure Hy = I can be replaced by Hy = F"(x¢) if the computation of the
Hessian operator is not too expensive or too complicated. A direct update of the matrix H, '
can be performed. It corresponds to a variant of the above method, where in step 3 the update
of H, is replaced by

(0 — Hy'vn)sh + Sn(sn — Hy'v)™ (50— Hy 'Y, )

H!\=H"+ - SpSp.
= (Sns Vn) (8ns Vn)?

For more details on quasi-Newton methods we refer to [35].

These algorithms can be applied to control problems governed by semilinear evolution equa-
tions of the form

2= Az + ¢(2) + Bu, 2(0) = zo, (10.3.7)
or by semilinear elliptic equations of the form
0
Ar=f, 4 4(z) =u, (10.3.8)
8nA

where A is a uniformly elliptic operator. (Control of semilinear elliptic equations has been
studied in chapter 3.) Let us explain how algorithms 3-5 can be applied to the control problem

(P3) inf{.J(z,u) | (z,u) € C([0,T); Z) x L*(0,T;U), (2,u) satisfies (10.3.7)}.
with e . e
T = 5 [ 1030 =l + 5IDAT) — el + 5 [ ol

Assumptions on C, D, Y, Y are the ones of chapter 7. The nonlinear function ¢ is for example
the one of chapter 3. For algorithms 3-5, we have to compute the gradient of F(u) = J(z,,u),
where z, is the solution to equation (10.3.7).

For a given u € U, F'(u) is computed as follows. We first solve equation (10.3.7). Next we
solve the adjoint equation

—p' = Ap+¢'(2.)'p+ C*(Czu — ya), p(T') = D*(Dzu(T) — yr).
We have
F'(u) = B*p + u.

10.4 Linear-quadratic problems with control constraints

We consider the problem

(Py) inf{F(u) | u € Uy},
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where U,y is a closed convex subset of U and F' is a quadratic functional on U. For computa-
tional considerations, we have to approximate the control set U,q by a finite dimensional set.
Let U}% be such a finite dimensional approximation of U,4, and suppose that U} is a closed
convex subset in R™. Let us denote by (P™) the corresponding finite dimensional optimization
problem

(P™) inf{F(u) |ueU%}
We only treat the case where U] is defined by bound constraints, that is
m={veR™|ul <o) <ujforallj=1,...,m}.

A projection algorithm due to Bertsekas [32] is an efficient method for solving problem with
bound constraints. The algorithm is the following.

Algorithm 6. Choose two fixed positive numbers ¢ and 0. We denote by u,, = (u}, -+ u™)T
the vector representing the current iterate, and let I = {1,---,m} be the index set associated
with u,,.
1 - Choose ug = (up, -+, uf)T, and set n = 0.
2 - Compute F'(uy,) = (01 F(up),...,0nF (uy)).
3 - Define the sets of strongly active inequalities
I={jel|vw =ul and 0;F(u,) > o},
I ={iel|v =ul and 9;F(u,) < —0o}.
4 - Set 4! = ul for all j € I UIY.
5 - Solve the unconstrained problem
(Pouz) inf{F(u) | u € R™ and v/ = @’ for all j € IZ U I{}.
Denote by v,, the vector solution to (P,yg).
6 - Set wny1 = Py u,Un, where Py, ,,1 denotes the projection onto [u}, ug] X ... [ul, u}"].

7 - If |1 — uy|| > €, then replace n by n+ 1 and go to 2. Otherwise stop the iteration.
The auxiliary problem (P,,,) may be solved by the CGM.

10.5 General problems with control constraints

10.5.1 Gradient method with projection

We consider the problem
(Ps) inf{F(u) | u € Uy},
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where U,y is a closed convex subset of U and F' is a differentiable functional on U, which is
not necessarily quadratic.

Denote by Fy,, the projection on the convex set U,q4. For all w € U, Py, ,u is characterized by
(@ — Py, u,u— Py,,a) <0 forall ue U,.
If @ is a solution to (Ps), then
(F'(u),u—u) >0 forall u€ Uy.
This optimality condition is equivalent to
(—pF'(u) —u,u—1u) <0 forall u€ Uy,
where p is any positive number. We can verify that this variational inequality is equivalent to
u= Py,,(au— pF'(a)), (10.5.9)

where Py, is the projection on the convex set U,q. Thus @ is a fixed point of the mapping @,
defined by

D,(u) = Pu,,(u — pF'(u).

The gradient method with projection consists in calculating a fixed point of ®,. The corre-
sponding algorithm is the following:

Algorithm 7.

Initialization. Choose ug in Uy, and p > 0. Set n = 0.
Step 1. Set @, = Py, ,(un — pF'(uyn)), vn = Uy — Up.
Step 2. Compute A, €]0,1] such that

F(un, + A\op) = min{ F(u, + Av,,) | A €]0,1]}.

Step 3. Set Upr1 = Up + AUy If U1 — unly < e, stop the algorithm, else replace n by
n+1 and go to step 1.

Convergence results have been proved for Algorithm 7 in the case when F is convex (see [21]).

10.5.2 The sequential quadratic programming method

The sequential quadratic programming method (SQP method in brief) is a particular imple-
mentation of the Newton method applied to the optimality system. Let us explain the Newton
method for the control problem

(Ps) inf{J(z,u) | (z,u) € C([0,T]; Z) X Usa, (z,u) satisfies (10.3.7)}.
where

1

Jew) =5 [ 1020 = a0 + D) — el + 5 [ Wl (05.10)
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Usaq is a closed convex subset of L?(0,T;U), and the state equation is of the form
7' = Az + ¢(2) + Bu, 2(0) = zp. (10.5.11)

Assumptions on C, D, Y, Yr are the ones of chapter 7. We suupse that (A, D(A)) is the
generator of a strongly continuous semigroup on the Hilbert space Y, and (for simplicity) that
¢ is Lipschitz on Y.

The optimality system for (Fs) satisfied by a solution (Z, @) consists of the equations
0 =Ap+¢' )P+ C"(CZ—ya),  p(T)=D"(DzT) —yr),
Z' = Az + ¢(Z) + Ba, Z(0) = zo, (10.5.12)

Y (B p+a)u—a)>0  forallu€ Uy

The Newton method applied to the system (10.5.12) corresponds to the following algorithm:
Algorithm 8.

Initialization. Set n = 0. Choose ug in U,g, compute Zy the solution to the state equation for
u = ug, and py the solution to the adjoint equation

—p' = A"p+¢' (%) + C*(CZ — va), p(T) = D*(Dzy(T) — yr).

Step 1. Compute (Uni1, Znt1, Pni1) € Uaa X C([0,T]; Z) x C(]0,T]; Z) the solution to the
system
—p' = Ap+ ¢ (2)p + (¢"(22) (2 — 20))"Pn + C*(Cz — ya),

p(T) = D*(D2(T) — yr),

(10.5.13)
2 =Az+ ¢(2,) + ¢'(2,) (2 — 2,) + Bu, 2(0) = 2y,

[ (B p+uw—u), >0  forall ve Uy
Step 2. If |upy1 — un|u < €, stop the algorithm, else replace n by n+ 1 and go to step 1.

Observe that the mapping ¢ must necessarily be of class C2. The convergence of the Newton
method is studied in [33]. Roughly speaking, if ¢’ satisfy some Lipschitz property, and if the
optimality system (10.5.12) is strongly regular in the sense of Robinson (see [33]), then there
exists a neighborhood V of (2, u, p) such that for any starting point in V' the Newton algorithm
is quadratically convergent.

The SQP method corresponds to the previous algorithm in which (41, 2,11) is computed by
solving the 'Linear-Quadratic’ problem

1
Minimize J/(ZA’n, Un)(Z - ZA'n, U — un) + §<ﬁn7 ¢//<2n)(z - 2n)2>7

(@Pp41) subject to 2 =Az+ ¢(2,) + ¢ (2,)(2 — 2,) + Bu, 2(0) = 2,
u € Uad,
and p,1 is the solution to the adjoint equation for (QP,,. ) associated with (w1, Z,41). For

problems with bound constraints this "Linear-Quadratic’ problem may be solved by Algorithm
6.
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If the optimal solution (z, u, p) satisfies a sufficient second order optimality condition, and
if the optimality system (10.5.12) is strongly regular in the sense of Robinson, then the SQP
method and the Newton method are equivalent ([33]).

10.6 Algorithms for discrete problems

For numerical computations, we have to write discrete approximations to control problems.
Suppose that equation
2 =Az+ Bu+ f, 2(0) = zo, (10.6.14)

is approximated by an implicit Euler scheme

0

7 = 20,
forn=1,..., M, 2z"is the solution to (10.6.15)
ALt(Zn _ znfl) = Az" + Bu" + fn’

where " = & ft’:l f@t)de, vt = & ;"ﬁl u(t)dt, t, = nAt, and T = MAt. To approximate

the functional

1 g 2 1 2 1 g 2
I =5 [ 1020 = w®F + 5IDT) ~ el + 5 [ Ol

we set
I 1 -
I (z,u) = §Atz C2" —yal3 + §|D2M —yrly, + §Atz |u" |3,
n=1 n=1
with z = (2°...,2"), u = (u*,...,uM), yi = & ti”_l ya(t)dt. We can define a discrete

control problem associated with (P2) as follows:
(Pu) inf{Jas(z,u) | (z,u) € ZMT x UM, (2,u) satisfies (10.6.15)}.

To apply the CGM to problem (P,;), we have to compute the gradient of the mapping u +—
Iy (zu, w), where z, is the solution to (10.6.15) corresponding to u. Set Fy(u) = Jy(zy, u).
We have

M M
Fy(a)u = AtZ(C’E” — i, Cuw™y + (DEM — yp, DwM)y, + AtZ(ﬂ”, u™)y,
n=1 n=1
where zZ = zz and w = (w°, ..., wM) € ZM+! is defined by
w’ =0,
forn=1,..., M, w" is the solution to (10.6.16)

1

(W —w" ') = Aw™ + Bu".

To find the expression of F}j, (1), we have to introduce an adjoint equation. Let p = (p°,...,p™)
be in ZM+L or in D(A*)M*1 if we want to justify the calculations. Taking a weak formulation
of the different equations in (10.6.16), we can write

_((wn . wn71>,pnfl)z o (wnjA*pnfl>Z — (Bun7pn71)z — (un7 B*pnfl)U.
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Now, by adding the different equalities, we find the adjoint equation by identifying

M
ALY (Cz" =y, Cup)y + (D2 — yr, Dw))y,

n=1
with
M
At Z(u”, B p" )y
n=1
More precisely, if p = (p°,...,p") is defined by

p" = D*(DZM —yr),
forn=1,..., M, p"is the solution to (10.6.17)
t(_pn _i_pnfl) — A*pnfl + O*(Czn o yg)7

then
M M
Fr(mu=AtY (u", Bp" )y + Aty (7", u")y
n=1 n=1

Observe that the above identification is not justified since D*(DzM — y7) does not necessarily
belong to D(A*). In practice, a ’space-discretization’ is also performed. This means that
equation (10.6.15) is replaced by a system of ordinary differential equations, the operator A
is replaced by an operator belonging to £(R?), where £ is the dimension of the discrete space,
and the above calculations are justified for the corresponding discrete problem.

10.7 Exercises

Exercise 10.7.1

Apply the conjugate gradient method to problem (P) of chapter 5. In particular identify the
bounded operator A from L*(X) into L*(f2), and its adjoint A*, such that

(1) = [ 1
where w, is the solution to equation

E—Aw:0 in@, w=u on w(0)=0 in.

Exercise 10.7.2
Apply the conjugate gradient method to problem (Ps) of chapter 6.

Exercise 10.7.3

Apply the SQP method to problem (P;) of chapter 3. In particular, prove that the Linear-
Quadratic problem (QF, ;1) of the SQP method is well posed.
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