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BOUNDARY FEEDBACK STABILIZATION OF THE TWO
DIMENSIONAL NAVIER-STOKES EQUATIONS WITH FINITE
DIMENSIONAL CONTROLLERS

ABSTRACT. We study the boundary stabilization of the two-dimensional Navier-
Stokes equations about an unstable stationary solution by controls of finite di-
mension in feedback form. The main novelty is that the linear feedback control
law is determined by solving an optimal control problem of finite dimension.
More precisely, we show that, to stabilize locally the Navier-Stokes equations,
it is sufficient to look for a boundary feedback control of finite dimension, able
to stabilize the projection of the linearized equation onto the unstable subspace
of the linearized Navier-Stokes operator. The feedback operator is obtained by
solving an algebraic Riccati equation in a space of finite dimension, that is to
say a matrix Riccati equation.
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1. Imtroduction. Control of fluid flows by feedback is a challenging problem both
from the theoretical and numerical points of view, see [15, 35] and the references
therein. In this paper, we are interested in determining boundary feedback con-
trol laws of finite dimension able to stabilize the two dimensional Navier-Stokes
equations in a neighborhood of an unstable stationary solution.

The system that we are going to consider may be written in the form

z' = Az + F(z+ Lu) + Bu, z(0) = z, (1.1)

where (A, D(A)) is the infinitesimal generator of an analytic semigroup in a real

Hilbert space Z, the control operator By, belongs to L(U, (D(A*))"), U is another

Hilbert space, L € L(U, Z). We further assume that the resolvent of A is compact in

Z, and the nonlinear mapping F obeys F(0) = 0 and F'(0) = 0. We are interested

in finding a control u, in feedback form and of finite dimension, that is of the form
K

u(t) = Z (z(t), &) , Gi, (1.2)
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so that the closed loop system
2 =Az+F (z+ S5, (2(t), &) , LG) + 515, (2(8),&) , BmGis 2(0) =20, (1.3)

is locally exponentially stable for all zy in some ball B(0,R) in Z. We are going
to see that, when equation (1.1) corresponds to the Navier-Stokes equations, the
functions (&;)1<i;<x may be chosen of the form IIQB,,(;, where (; = B} e; and ¢;
are eigenfunctions or generalized eigenfunctions of A*, @ is a projection operator
and II can be found by solving a Riccati equation of finite dimension. For that, we
apply the following programme.

(i) We decompose the original state space Z into a finite dimensional unstable
subspace Z, and an infinite dimensional stable subspace Z;. Both subspaces are

invariant under et4.

(ii) We project the linearized system
z' = Az + B,u, z(0) = z, (1.4)

onto the stable and the unstable subspaces. The projection is defined firstly in the
complexified space Z+iZ and next in the real space Z. We prove that the projected
system onto the unstable subspace is stabilizable by controls u of the form (1.2).

(iii) We determine a feedback control law, of the form (1.2), able to stabilize the
finite dimensional projected unstable system by solving a Riccati equation of finite
dimension.

(iv) We prove that the feedback law determined in step (iii) stabilizes locally the
nonlinear system (1.1).

The idea of using finite dimensional controllers for the stabilization of linear
parabolic systems goes back to R. Triggiani [33] (see also [26]). The idea of using
linear feedback law for proving local stabilization of semilinear partial differential
equations is not new and goes back to I. Lasiecka [25]. In that case the proof of
local stabilization relies on a fixed point argument, see [24]. In the context of an
internal control of the Navier-Stokes equations such an approach has been developed
in [8]. The drawback of this method is that it does not give an obvious Lyapunov
functional for the closed loop nonlinear system. This explains why other approaches
have been investigated. They consist in solving the optimal control problem

(P) inf {J(z,u) | (z,u) is solution to (1.4)},

with a cost functional J is of the form

1 [ 1 [
Tew =5 [ canfaeg [ awf a

where C' is a linear operator (not necessarily bounded) from Z into another Hilbert
space Y. We consider the cases when (P) admits a unique solution. The value
function of problem (P) is of the form

Zg —— 5(HZ0,Z0)2,

and the optimal pair (z,,, u,,) obeys the feedback law u,,(t) = — B} I1z,, (t). The
operator II may be bounded or unbounded in Z depending on the choice of C.
This choice is crucial both for the characterization of II and for proving that the
linear feedback law stabilizes locally the nonlinear system (1.1). In [6, 12] for the
internal stabilization of the Navier-Stokes equations and in [9] for the boundary
stabilization of the Navier-Stokes equations, the observation operator C' is chosen
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so that the feedback generator Aq = A — B,, B} 11 is dissipative with respect to
the product (II-,-)z and the value function of problem (P) is a Lyapunov function
of the closed loop nonlinear system. This choice for C is refered as the high gain
functional approach [10, 11]. In the case of an internal control [6], the operator II
is unbounded in Z and it is the unique solution to an algebraic Riccati equation
which is well posed in D(A) (a similar result is obtained in [12] for controls of
finite dimension). In the case of a boundary control [9], IT is still an unbounded
operator in Z, but it is not characterized by a Riccati equation satisfied in Z or in
D(A). (The equation is satisfied only in D(A%) which is not known and therefore
this equation is not useful.) Moreover the ’high gain functional approach’ for a
boundary control has been developed only in the case of tangential controls. It is
not known if such an approach is still valid for controls which are not tangential
to the boundary. The drawback with tangential controls is that the stabilizability
is not necessarily guarenteed. It is established only under a smallness condition on
the data (see [34, Theorem 2.2, and assumption (1.7) of Theorem 1.2]).

The approach consisting in taking C' equal either to the identity in Z or to a
smoothing operator (the low gain functional approach) has been developed for the
boundary control of the Navier-Stokes equations in [29], for the two dimensional
case, and in [30], for the three dimensional case. In those cases the Riccati equation
is well posed in Z. In [29], we have proved that when C = I the operator II
is bounded from Z into D(A) (which is slightly better than the results already
known in the literature [27, Theorem 2.2.1 (a3)]). In [30, 31] we have shown, for
the first time to the authors knowledge, that the smoothing properties of IT can be
improved by taking an operator C' more smoothing than the identity. The existence
of Lyapunov functionals for the corresponding closed loop nonlinear systems has
been solved very recently by M. Badra [2, 3, 4].

However in all these approaches [12, 9, 29, 30], the pair (A4,C) is completely
detectable, and the feedback control laws determined in [6, 12], in the case of an
internal control, and in [29], in the case of a boundary control, are obtained by
solving an algebraic Riccati equation stated in a space of infinite dimension.

In the present paper we introduce a qualitative jump by showing that it is pos-
sible to stabilize a nonlinear system with a linear feedback law determined with an
operator C' for which the pair (A, C) is no longer completely detectable. In addi-
tion, the Riccati equation that we have to solve is of finite dimension (the equation
is stated in R¥*¥ where K is the dimension of the unstable space of the linearized
Navier-Stokes operator). To the authors knowledge, this type of result is completely
new in the context of local stabilization of nonlinear systems. (Of course for linear
systems the idea goes back to [32].) Furthermore, following [23], we could even take
C = 0. In that case the feedback law is determined by looking for the maximal
solution to a degenerate Riccati equation.

For numerical calculations an approximation scheme has to be used for solving
the Navier-Stokes system. To determine the Riccati equation that we have to solve
in the present paper, one needs to determine a few eigenvalues and the corresponding
eigenfunctions and generalized eigenfunctions of the operators A and A*. Even if
these numerical calculations can be delicate, they are much easier than solving an
algebraic Riccati equation of high dimension.

Let us describe more precisely our problem. Let €2 be a bounded and connected
domain in R? with boundary T of class C*, v > 0, and consider a couple (w, ) —
a velocity field and a pressure — solution to the stationary Navier-Stokes equations
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in 0
—VvAW+ (w-V)w+Vy=f and divw=0inQ, w=u onl. (1.5)
We assume that w belongs to V3(Q2) = {v € H?*(Q;R?) | divv = 0 in Q}, and that

it is an unstable solution of the Navier-Stokes equations. We consider the control

system
%—VAZ—I—(Z'V)Z—FVQZO, divz=0 in Q x (0,00), (1.6)

z=uX+Mua on¥, =T x(0,00), z(0)=w+ypin Q,

and the corresponding system satisfied by y =z — w

0y A P s . . :
a—z—yAy+(y-V)W—i—(w-V)y—i—(y-V)y—l—Vp:O, in 2 x (0, 00),
divy =0 inQ x (0,00), (1.7)

y=Mua on X, y(0)=ypin .

The operator M € L(L?(T;R?)) is used to localize the control in a part of the
boundary (see section 2.1). In order to stabilize y with a prescribed exponential
decay rate e=®t, o > 0, we set

y=¢"y, p=e"p, u=era

Then, (y,p) is solution to the system

)
8%, —vAy —ay +(y - V)W + (w- V)y + e (y - V)y + Vp =0,
divy =0 in Q x (0, 00), (1.8)

y=Mu on X, y(0)=ypin Q.

In [29], the first author has determined a linear feedback law able to stabilize the
nonlinear system (1.8). As mentioned above, in [29] the Riccati equation is stated
in a space of infinite dimension. In the present paper, we want to find a control u
of the form

u(t,z) = vi(t)¢i(z) € L*(0,00; L*(T; R?)), (1.9)
i=1
able to stabilize equation (1.8) and for which v; € L?(0,00), i = 1,...,n,, are

written in feedback form. (The functions {(;}!*, are not a priori known and have
to be determined). Let us explain how we proceed. Following [28, 29], we first write
the linearized equation associated with (1.8) in the form

Py' = APy + BMu = APy + (\oI — A)PDsMu in (0,00),
Py(0) = yo, (1.10)
(I-P)y={—-P)DsMu in (0,00),

where P is the so-called Helmholtz or Leray projection operator, A is the linearized
Navier-Stokes operator, D4 is a Dirichlet operator and B is a control operator (see
section 2). Let us notice that the associated nonlinear system

Py' = APy + BMu+ F(Py + (I — P)D4Mu) in (0,00), Py(0)=yo,

is of the form (1.1) if we set z = Py, B,, = BM, L = (I — P)DsM and F(y) =
e P((y - V)y).
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Next, we decompose VO (Q) = {y € L2(Q;R?) | divy=0 inQ, yn=0on F}
in the form
V() =Y,- ®Y,,
where Y, C D(A) is the finite dimensional unstable susbspace of A and Y- is the
stable subspace. Similarly, we have

V(@) =Y, eY],

where Y, C D(A*) is the finite dimensional unstable susbspace of A* and Y7 _ is
the stable subspace. In section 3, we prove that there exist a basis {e;, - ,ex} of
Y, and a basis {1, - ,ex} of Y such that

(ei75j) = /Qei(a;)sj(:c)dx = 6{,

where 5{ is the Kronecker symbol. This type of result is already established for
parabolic equations in [19] and in [18, 20] for linearized Navier-Stokes equations.
Let @ denote the projection onto Y, along Y,-. With such a choice for the basis
of Y, and Y}, we obtain a very simple expression of ) and of @*, the adjoint of
Q. We consider the system

QPy' = AQPy + QBMu, QPy(0) = Qyo. (1.11)
In section 4, we prove that equation (1.11) is stabilizable by a control u of the form
(1.9), where {¢1,- -+, (s, } is a basis of U = VeCt{MB*Ej li=1,-- ,K}. In section
5, we introduce a linear quadratic control problem of which the Riccati equation is
N=11"€ L(Ya, YY), II>0,

v (1.12)
A, + AT — IQBMM*B*Q*Il + Q*Q = 0,

where M is defined in (4.6). Let us notice that it is a finite dimensional algebraic
Riccati equation. Finally, in section 6 we show that the feedback law

w(t) = —(MQBMG.Py(®) , =~ [ MQBMG Py(©) s

with u given by (1.9) stabilizes the Navier-Stokes equation locally about w.

Even if this result seems interesting, we would like to explain what is its practical
interest for numerical computations. Such an approach consisting in decoupling the
linearized Navier-Stokes equations into a stable and an unstable part has been used
by S. Ahuja and C. W. Rowley in [1] to design reduced order models. Here, our goal
is to use this decomposition to define a finite dimensional Riccati equation. Even
if the domain of stability of the feedback law determined here is small, the result is
still interesting. Indeed, there is an efficient algorithm to solve large scale Riccati
equations, the so-called Newton—Kleinman method (see [14], and the references
therein). The drawback of the Newton—Kleinman method is that it requires an
initial guess for which the corresponding closed loop system is stable. The feedback
that we determine may provide such an initial guess. By this way, we can hope
to enlarge the domain of stability of the feedback law. Let us finally mention
that, following [2, 3, 4], it should be possible to define a Lyapunov function of the
closed loop system obtained by coupling the Navier-Stokes equations with the finite
dimensional feedback control that we have determined.

Some months after the submission of this paper, we were informed of [5]. One
objective in [5] is to use the tools introduced in the present paper to characterize the
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minimal dimension of static and dynamic controllers able to stabilize system (1.8).
Here our purpose is mainly to characterize feedback controllers of finite dimension
by a matrix Riccati equation (see section 5.3).

2. Functional framework.

2.1. Notation and assumptions. Let us introduce the following spaces H*(Q; RY)
=H?*(Q), L?(;RY) = L2(Q), the same notation conventions will be used for trace
spaces and for the spaces H§(€;RY). We also introduce different spaces of free
divergence functions and some corresponding trace spaces

V() = {y eH(Q) | divy =0 inQ, (y -n,1) 121y, m20) = 0}, s >0,
V;(Q):{yeHS(Q)\ divy =0 in Q, y~n:00nF} for s > 0,
Vi) = {y eH’(Q)| divy=0inQ, y=0on F} for s > 1/2,

Ve () = {y € H' (D) | (y -1, 1) ypovjoqry /a) = o} for s > —1/2.

In the above setting n denotes the unit normal to I outward 2. We shall use the
following notation X, =T x (0,00). We also set

V57 (Q x (0,00)) = H?(0,00; VY (Q)) N L*(0,00; VE(Q)) for s, 0 >0,
and
V59 (8s) = H?(0,00; VO(T)) N L?(0,00; V(")) for s, ¢ > 0.
For an open subset I'. of I, we introduce a weight function m € C?(I') with values
in [0, 1], with support in T, equal to 1 in T'g, where I'g is an open subset in T.

Associated with this function m, we introduce the operator M € £(V°(T')) defined
by

Mu(z) = m(z)u(z) — fplm ( /F mu - n) n(z).

By this way, we can replace the condition supp(u) C I'. by considering a boundary
condition of the form

z—w=Mua on X.
For all ¢ € H'/2+<(Q), with &’ > 0, we denote by ¢(1) the constant defined by

1
cwzmﬁw (2.1)

where |T'| is the (N — 1)-dimensional Lebesgue measure of I'. Let us recall that P,
the so-called Leray or Helmholtz projector, is the orthogonal projection in L?(2)
onto V2(Q).

2.2. Properties of some operators. In this subsection we briefly recall the def-
initions and properties of some operators already used in [29]. The proof of these
results can be found in [29]. We denote by (A, D(A)) and (A*, D(A*)) the un-
bounded operators in V9 (€2) defined by

D(A) =H*(Q)NV§(Q), Ay =vPAy+ay—P((w-V)y)-P(ly-V)w),

D(A*) = H?*(Q)NV§(Q), A*y =vPAy+ay+ P((w-V)y)— P(Vw)Ty).
Since w € V3(Q) and div w = 0, we can verify that there exists A\g > 0 in the
resolvent set of A satisfying
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v
and (2.2)
174 *
(Aol — A*)y’y)vg(ﬂ) > §|Y|%’$(Q) for all y € D(A").
Theorem 2.1. The unbounded operator (A — \oI) (respectively (A* — Aol)) with
domain D(A—MXoI) = D(A) (respectively D(A*—X\oI)) is the infinitesimal generator
of a bounded analytic semigroup on VO (S)). Moreover, we have
D((MoI = A)?) = D((Xol — A)") = [V (), D(A)]s
forall0 <6 < 1.

Observe that the semigroups (e/(A=*1));5 o and (e!(4"~201)),5 are exponentially
stable on V2(Q) and that
Het(Af)\oI) ||,C(V9L(Q)) < C€7Wt and ||€t(A*7)\OI)HL(V9L(Q)) < 067Wt,
for all w < v/2 (see [13, Chapter 1, Theorem 2.12]).

Let us introduce D4 and D, two Dirichlet operators associated with A, defined
as follows (see [29, p. 796]). For u € V(I'), we set Dqu =y and D,u = ¢q where
(y,q) is the unique solution in V'/2(Q) x (H'/2(2)/R)’ to the equation

Ay —VAy —ay+ (w-V)y+(y-V)w+Vg=0 in Q,
divy=0 in{, y=u onl.
Lemma 2.2. (i) The operator D4 is a bounded operator from VO(T') into VO(Q),
moreover it satisfies
|DAu‘VS+1/2(Q) < C(S)|U|Vs(p) for all 0 <s< 2.
(ii) The operator D% € L(V°(Q),VO(T)), the adjoint operator of Da € L(V°(T),
VO(Q)), is defined by
0
Dhg= —l/a—rzl + 7 — ¢(m)n, (2.3)
where (z, ) is the solution of
Mz —vAz —az— (w-V)z+ (Vw)lz+Vr=g divz=0 in Q,
(2.4)
z=0 onlT,
and c(m) is defined by (2.1).
Lemma 2.3. The operator M € L(V°(T')) is symmetric.

We introduce the operator B = (\gI — A)PD4 € L(V'(T), (D(A*))).
Proposition 2.4. The operator adjoint B* € L(D(A*),VO(T')) satisfies B*® =
D (Mol — A*)® and

B'® = 2% ()
= v n —c(¢y)n,
for all ® € D(A*), with
Vi = (I - P) [VAcb +(w-V)® — (Vw) B,
and c(¢) defined by (2.1). Moreover, the following estimate holds
|B*®@lys-3/2(r) < C|®lys)nvi(a)
for all ® € V5(Q) N V(Q) with s > 2.
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3. Projected systems. In order to introduce the generalized eigenfunctions of the
operator A, we consider the complexified space

V2 (Q) = Vi3 (Q) @iV ().

The first equation in (1.10) may be extended to spaces of functions with complex
values as follows

Py' = APy + BMu, Py(0) = yo, (3.1)
where 9, ¥ and u are now functions with complex values.
3.1. The resolvent of the operator A. We first study the resolvent of the op-
erator A.

Lemma 3.1. The resolvent of A is compact and the spectrum of A is discrete.

Proof. See [18, Lemma 3.1]. O

Now, we give a decomposition of the resolvent of A by using Laurent series. Let
A;j belong to the spectrum of A. For A in the neighbourhood of A;, the resolvent of
A can be expressed in a Laurent series

+oo
ROA) = D (A=A Re(Xy)
k=0 (3.2)
. 1 R(AA)
h )= — —_— 11 h.
with Ry ();) 57 /|>\—>\j_s TSR d\, and e > 0 small enoug

Lemma 3.2. The expansion (3.2) of the resolvent in a Laurent series in a neigh-
bourhood of A\; contains finitely many terms with negative power of A — A;, that
18

+oo

RNA) = Y (A= 2)FRe(N). (3.3)
k=—m(};)
Proof. The proof is done in [19, Lemma 3.3]. O

Since the spectrum of A is a pointwise spectrum, we may always choose o > 0
such that

< RAN, 41 <O<RAN, < <R\

for some N, € N*. We consider the continuous contour 7 in the complex half-plane
{A € C| R\ <0} made up of a segment of the line {f*A = 0} and the two branches

of v on rays { Arg\ = +0} with ¢ > 7. Thanks to this new contour, we obtain

another expression of the semigroup given in the following lemma.
Lemma 3.3. The semigroup e may be written in the form
—12 Aj
eth (M A) tdA+Z tz Y R_n())).

277@
n=1

Proof. See [19, p. 603]. O
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3.2. Canonical Systems. For 1 < j < N, we set
E(\))=Ker (A—X\I) and {(j)= dim E()\;).

E();) is the eigenspace associated to the eigenvalue A; and £(j) is the geometric
multiplicity of A;. We also introduce the generalized eigenspace

G(\j) =Ker (A= XN1)™AN)) and  N()\j) = dim G())),

where m();) is the multiplicity of the pole A; of the resolvent (see Lemma 3.2) and
N(};) is the algebraic multiplicity of A;.

If \; is an eigenvalue of A, then ); is an eigenvalue of A*. Since A has real
coefficients, \; is an eigenvalue of A and ), is an eigenvalue of A*. We also introduce
the generalized eigenspaces of A*

G* () = Ker ((A* — X109,
Let us define the multiplicity of an eigenvector.

Definition 3.4. (See [18, 19]). We say that (e, ek, - ,eF) forms a chain of gen-
eralized eigenvectors, when the following relations hold

NI —=A)ey =0, (NI—A)es+ef =0, -, (M —A)ej +ef_ =0.

If the maximal order of the chain of generalized eigenvectors corresponding to e} is

m then the number m is called the multiplicity of the eigenvector e¥.

We consider special bases of generalized eigenvectors.

Definition 3.5. (See [18, 19]). A basis of G(\;) of the form
{eF k=1, 0(), i =1 m] }

is called a canonical system if {e’f |k=1,--- ,E(j)} is a basis of E()\;) defined in
the following way

e e} is an eigenvector with maximum possible multiplicity m7,

e eF is an eigenvector with maximum possible multiplicity mj, such that ek is
not linearly expressible in terms of ei, - - ,e]f_l,

and, for k=1,--- ,£(j) and i = 2,--- ,m3, (A — \;I)ek =eF ..

K2

Obviously, we have m()\;) = max(m?,--- 7mim) and N(\;) = Ei(i)l mi. We
remark that if A; is an eigenvalue of the operator A with multiplicity m();), then

Aj is an eigenvalue of the operator A* with the same multiplicity. That is why, we
can define another canonical system associated to A; for A*

{Ef | k= 15 aé(]>7 7’:17 7mi;}7
where {5’1“ |k=1,--- ,E(j)} is a basis of Ker (A* — ;1) such that

e ¢} is an eigenvector with maximum possible multiplicity m7,

e c} is an eigenvector with maximum possible multiplicity my, such that el is
not linearly expressible in terms of €1, - ,5’1“717
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and, for k= 1,--- ,£(j) and i = 2,--- ,m], (A* = NI)ek =&k ..

(2

In what follows, we denote by (-, ) the complex inner product in V,9(€), that is

(f.9) = [ s,

Q
Definition 3.6. For a couple (e;,¢;) € (V,2(£2))?, we denote by e;e; the operator
defined by

(eig;)f = (f,Ej) e;
for all f € V().

Theorem 3.7. For any canonical system {6f |k=1,---,£(5),i=1,--- ,mi} of
A* corresponding to the eigenvalue )\7, there is a uniquely determined canonical
system {ef | E=1,---,£(j), i=1,--- ,mi} of A for \; such that the principal
part of the resolvent can be expressed in the following way in a neighbourhood of A;

-1

> = N)PR,(N)

p=—m(A;)
k k k -k ko _k
A (et e el oy F By O
= o w1 T =)
k=1 \ (A= A)Me (A= Ay j
Proof. See [19, Theorem 3.1] or [18, 22]. O

3.3. The complex projected system. We consider the space Z, = @j.\[:“lG(/\j).
We denote by N = Z;V:“l N(}j) its dimension. With [21, p. 178 — 182], we first
notice that the space V,Y(£2) can be decomposed as follows

‘/7?(9) =Zo D Za,

where Z,- is the stable space of A, that is to say Z,- N D(A) is invariant under A.
Similarly, we have the decomposition

V) (Q) =2, ez,

The space Z, will be equipped with the norm

where Z = @;V“lG*()\j) and where Z*_ N D(A*) is invariant under A*.

Yz, = ly vo(Q)-

Let v, be a simple closed curve enclosing (A1, -+, An,) but no other point of the
spectrum of A, and oriented counterclockwise. The operator

1
P,=— [ (M —A)lax
2mi /sy,

is the projection onto Z,, parallel to Z,- (see [21, p. 178-182]).
Lemma 3.8. For all j € {1,---,N,}, we consider {e¥(X;) |k=1,---,£(j),

i=1,--- ,mi}, a canonical system of A* corresponding to the eigenvalue )Tj, and
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the corresponding canonical system of A, { FO) [ k=1, L), i=1,--- ,mk},
associated with \; and determined in Theorem 5.7. Then, we have

(b )tz O)) = 032 o2 o2

Jl L1 iy’
fOT all jlaj? € {17 aNa}; kl S {17 ) (]1)}; k2 S {13 7£(j2)};
i1 € {1, syt py i € 91,0 myl b (where the Kronecker symbols 677, 5,123 and

12 )
mfﬂll—&-l—il
Proof. Let j be in {1, -+, N,}. With the definition of P, and the definition of
R_1();) in (3.2), we have

are equal to 1 if the index is equal to the exponent and 0 otherwise).

N, N,

[e3 1 _1 «@
Pazz%/_ :()\I—A) dA:ZR,l(Aj).

j=1 [A—=Xjl=e Jj=1

Let us set z = efll()\jl), j1€{l,--- ,No}t, k1 €{1,--- ,£(j1)}and iy € {1, e mfl}
We have P, (z) = z because z belongs to Z,. Due to Theorem 3.7, we obtain

R1(0)(2)
=09 (228, O0) ) + (25, () ebg) +---+ (=.2E ) ) €k, ().

k—1
Since {ef()\j) li=1,---,No, k=1,--- L), i=1,--- ,mi} is a basis of Z,, we
clearly obtain the result and the proof is complete. O
Remark 3.9. With Lemma 3.8, we obtain

N () mi,

PZ—ZZZ(ZE S »))ef()\j).

j=1k=1i=1

Since dim(Z,) < oo, we can extend, in a continuous way, the operator P, to
(D(A*)) as follows

N £(j) mi,

Pyz= Z Z Z <Z’g’kﬂffrl*i()\7)>(D(A*))/,D(A*) ef()\j) for all z e (D(A")).

j=1k=1i=1
Let us observe that the operator P, belongs to L((D(A*)), Za)-
Remark 3.10. Due to Lemma 3.3, we notice that

m(X;) tnfl

Ze)\t Z mR,n(AJ)

The system (3.1) projected onto Z, along to Z,- is
Pay/ = AP,y + P,BMu, Pay(o) = Payo. (34)
From the definition of P,, it follows that

£(5)

PaBMu_iZ%( MB'e), z(T)) T,

1k=11i=1
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where

(u, MB*s’;iH_i(Tj)) - (U,MB*san_i(Tj))vo(r) _ AUMB*5Z£+1_i(Tj).

We can rewrite it as a system of ordinary differential equations in RY with N =
Z;V:‘H N(A;). For that, we introduce the coordinates of P,y in the basis

(€ Mi)1<j<na, 1<h<e), 1<i<m],

o L) mi,

No
Pay =3 > ) uF(M)ek(n).

j=1k=11i=1
For 1 < j < N,, we denote by Y (};) € RN() | the vectors
YO = (0 O Dot 0 O cizms,, )
and the vector Y € RY defined by
Y =(¥(a) YO
Similarly, we denote by U();) € RNO) | the vectors

* Sl x L(J N
U()\J) = (U, MB 5;1-7+1—i(>\j))1<i<m{ ) <ua MB sn(j) +1—i(>\j)> ) )
1 =t= £(3) 1§i§m;(j)

and the vector V(u) € RY defined by V(u) = (U(M\1),---,U(An,))". Due to
Lemma 3.8, we can observe that P,y is solution to system (3.4) if and only if Y (¢),
the vector of coordinates of P,y, is solution of the differential system

Y'=JY +V(u), Y(0)= (yo,sfn?-ﬁH(Aj))ISJ,SNC“Kw(j)’lgigmi . (3.5)
where J = diag(Ji,---,Jn,) and, for 1 < j < N,, J; is constituted of Jordan
blocks associated with A;. If in (3.5) we take u of the form

K
u(@,t) =Y vm(t) (@),
m=1

with ¢, € vec{MB*af()Tj) |1 <EkE<L(j), 1<j< N, 1<i< mi}, then system
(3.5) is of the form

Y' =JY + BV, (3.6)
with V = (v1, -+ ,vg)T, Be CN*E N = 3% N())),
[ B(\) B'(%;) B (A))
B=| |, B(y)= : . BMy) = : )
| BOW.) BO() By ()

with 1 <j < Nu, 1<k <{(j), and for 1 <i <mj,

Bi(\;) = _(Cl»M*B*Ek N )voqrys s (Crey M*B*e® (Tj))VO(F)} € CK.

m +1—i mi+1—i
We do not study here the controllability of system (3.6). We shall prove the con-
trollability of the corresponding real system in section 4 for a particular family

(417"' 7<K)
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3.4. The real projected system. We recall that RV,?(Q) = V2(Q) and we in-
troduce the subspaces Y, = RZ, and Y,- = RZ,-. We have

V() =Y, &Y,

Y, C ND(A) is invariant under A and Y,- N D(A) is invariant under A too. We
also introduce Y}, = RZ, and Y, = RZ_, and we have

Vi)=Y _ @Y.
It is obvious that Y7, C D(A*) and Y_ N D(A*) are both invariant under A*.
We follow the proof of [19, Lemma 6.2] to construct two bi-orthogonal families
that will be very useful to define the projection on Y, parallel to Y,- and the
projection on Y, parallel to Y _.

Since the operator A has real coefficients, A\; and )\7 either both are or both are
not eigenvalues of A. Moreover ef();) is a corresponding eigenfunction associated

i

with A; (or a generalized eigenfunction) if and only if e¥(});) is an eigenfunction
(or a generalized eigenfunction) associated with )\7 A similar assertion applies to
eigenvalues and generalized functions of the operator A*. Due to that, we can
choose a canonical system (e¥();));x associated to A; such that

_— =
ef () = e (A)).

K2

As a consequence, if A; is real, the chosen canonical system associated to A; is real
too. Similarly, we choose the eigenfunctions and generalized eigenfunctions of the
operator A* such that

ef(N) = er(N).
Let us consider the sets

Fi={je{l,--- ,No}|SA; >0} and Fo={je{l,---,Na} |3\ =0}.
Then, we set

Bia={VaREO), VES(EO) J € Fi, b=, ,0(j), i =1-mi}
and
Bio={ef(\) |5 € Foy k=1, (i), i =1, ,mi |

We also set

Ba1 =

{VERE, () VESEE, O €, k=1, 0(j), i=1, ,m}}
and

Boy = {gfniﬂ%(m |jE€Fo k=1, £(j), i=1,- ,mi}.

Let us notice that

By =

{\/5%81]:,%_’_1_1(2)7 \/isgﬁli_i_l_l(fj) ‘]6 '7:17 k= 17 76(]% 1= 17 ami}

The families B; = By,; U By 2 and By = By ; U By 2 are linearly independent. From
Lemma 3.8 (see also [19, Lemma 6.2]), it follows that

(ﬂ Relt (), V2 Rek? (sz)) - (\/5 Fef (A,), V2 el (Eﬁ =572 5,2 0" 7

J1 _i
mlirl 71
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(Rekr (0g1), 982 005)) =0 and (el (Ag,), Relz () ) =0,
for all jlva S ‘;rla kl € {17 7£(j1)}a kQ € {17 7£(j2)}a Z.1 S {17 amill}v

Z'2 € {17 7m?g22}7

(b )bz (0) ) = o7z o2 072

i1 ) Sig N A By
°1

for all jlv.jQ € ‘FQa ki € {17 7£(j1)}a ke € {17 7£(j2)}a i1 € {17 amill}v

19 € {1, cee ,mﬁ } Moreover the vectors belonging to By ; are orthogonal to vec-

tors belonging to Bz » and the vectors belonging to B 2 are orthogonal to vectors
belonging to By ;. Thus we can rewrite the families B; and B; in the form

61:{61,'-',‘3[(} and 622{81,“-,6[(} (37)
so that
(ei,ej) = (55, (38)
where (55 is a Kronecker symbol and (~7 ) is the inner product in the real space
V().
Let us consider the operator @ defined by
Qf = R(P.f), forall f € V2(Q).
From the definition of P, and from (3.8), it follows that

K
Rf =Y (f,aj) e; forall feVO(Q).

j=1
Since Y, = RZ, and Y,- = RZ,-, it is clear that @ is the projection onto Y,
parallel to Y,-. Moreover, we have

Ya:vect{ej lj=1,--- ,K} and YZ:vect{sj |i=1,--- ,K}.

Proposition 3.11. The adjoint operator Q* € L(VY(Q)) is defined by

K

Qf=Y (f, ej) e; forall feVOQ)

j=1
and it is the projection onto Y}, parallel to Y,_.

Proof. Tt is a direct consequence of the definition of the operator Q. O
Proposition 3.12. We can characterize the space Y o- as follows
Y, = {f e VO(Q) | (f,g) —0 forall ge Yg}.

Proof. Let f belong to Y,-. We have Qf = 0. From the definition of @, since
{e1, -+ ,ex} is a basis of Y,, we obtain (f,sj) =0, forall j =1,--- K, and
therefore

Y, C {f e VO(Q) | (f,g) —0 forall ge Y;}.
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Let f € V?(Q) be such that (f,g) = 0 for all g € Y. Obviously, we have

(f, 5j) =0, forall j =1,.---, K. From the definition of the operator @), we obtain
Qf = 0. Thus, we have f = (I — Q)f and the proof is complete. O

Remark 3.13. Similarly, we can characterize the space Y _ as follows

Y = {@ eVO(Q) | (<I>,h) =0 forall he Ya}.
Corollary 3.14. We can identify the dual of Y, with Y},, and the dual of Y-
with Y.
Proof. The space VO(Q) is identified with its dual. The space Y, is a closed
subspace of V9 (). Thus

(Ya) = Vo(Q)/(Ya): = Vo (Q)/Y -,

where (Y,)* = {@ eVO(Q) | (Qh) =0 forall he Ya} =Y _. Since VO(Q)

=Y ®Y’_, the subspace V2 (Q)/Y* _ is isomorph to Y}, and (Y,)" may be iden-
tified with Y. The proof is similar to show that the dual of Y,- can be identified
with Y7 _. 0

From their definitions, @ and Q* are linear and continuous from V9(Q) to re-
spectively Y, and Y. Since Y, and Y are spaces of finite dimension, we can
extend the operator @ to (D(A*))" and @Q* to (D(A))" in the following way.

Remark 3.15. The operators @ € L((D(A*)),Y,) and Q* € L((D(A)),Y}) may
be defined by

K K

Qf =3 <f’5j>(D(A*))',D(A*) e and QF=), <f’ej>(D(A))',D(A) B

j=1 j=1
for all f in (D(A*)) = (D(A))".
We consider the subspace U of L?(T") defined by
U= vect{MB*ej lj=1,..- ,K}. (3.9)
We denote by {(1,--- ¢, } a basis of U.

Remark 3.16. From Remark 3.15 and the definition of the space &/ we can deduce
that M B*Q* belongs to L((D(A))",U).

For notational simplicity, we still denote by A, the restriction of A to Y. Let

A, - be the unbounded operator in Y- defined by
D(A,-)=D(A)NY,-, A,-y=Ay forall ye D(A,-).
It is easy to check that the adjoint of (A,-, D(A,-)) is the unbounded operator
(A*_,D(A*_)) in Y7 _ defined by
DA, )=DA")NY._, A._y=A"y forall ye DA ).

The space D(A) (respectively D(A*)) is equipped with the norm y +— |[(Agl —
A)ylvo (o) (respectively y — [(Aol —A*)y|vo(q)). Let usrecall that D(A) = D(A*),

and actually the two norms are equivalent. The space D(A,-) is a closed subspace
of D(A) and it is dense in Y,-. Thus, we shall equip D(4,-) with the norm of
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D(A). Similarly, D(A?_) is closed in D(A*) and dense in Y?_, and D(A}_) will
be equipped with the norm of D(A*).

The operator A7 _ can be considered either as an unbounded operator in Y _
(or in V2(Q)) with domain D(A?_) or as an isomorphism from D(A%_) to Y _.
Similarly, the operator A,- can be considered either as an unbounded operator in
Y, (or in V2(Q)) with domain D(A,-) or as an isomorphism from D(A,-) to
Y,-. Since A7 € Isom(D(A’_),Y?_), we have (A% _)* € Isom(Y,-,(D(A%_))")
(here, Isom(F, F') denotes the space of isomorphisms from F onto F'). The operator
(A% _)* can also be viewed as an unbounded operator in (D(A*_))" with domain
Y,.-. Asin [13, Chapter 3, p. 160], it can be shown that this unbounded operator
is the extension of A,- to (D(A’_))". For simplicity, it will be still denoted by
A,-. Let us observe that we have the following decomposition

D(A)=Y,®D(A,-) and D(A")=Y" @ D(A%). (3.10)

In Proposition 3.19, we are going to see that (I — Q) belongs to L((D(A*)),
(D(A?%_))"). For that, we need a precise characterization of (D(A}_))’, which is
given in Proposition 3.18.

Lemma 3.17. The space (D(A*))" can be decomposed as follows
(D(A*))/ — Ya o Ya— H(D(A*))/7

where Yaflil(D(A*”/ denotes the closure of Y o~ in the norm (D(A*))".

Proof. Step1. We first prove the identity Y, - Moy E,, where

Ea:{fE(D(A*))’| <f,g> =0 for allgEYZ;}.

(D(A%))",D(A*)
Let f belong to Yafl'l(D(A*))/. There exists (f,)nen, such that f, belongs to Y-
for alln € N, and lim,,,o £, = £ in (D(A4*))’. From Proposition 3.12, for all n € N,

we have
£, > - (fm ) =0 forall geY:.
< &/ (peary,pan & &

We show that Yia—H(D(A*W C E, by passing to the limit in the previous identity
when n tends to infinity. Let f belong to E,. There exists (f,)nen, such that f,
belongs to V2(Q) for all n € N, and lim,, .o f, = f in (D(A*))’. For all n € N, we
have (I — Q)f,, € Y,-. Moreover, from the definition of E, and (3.8), we can check
that Qf = 0. Thus, we have (I —Q)f, —f = (I —Q)(f, — ). It follows that (I —Q)f,
tends to f in (D(A*))’ when n tends to infinity and the equality Yia_"l(D(A*”/ =FE,
is proved.

Step2. We show that (D(A*)) =Y, ® E,. From Remark 3.15, for all f €
(D(A*)), we have Qf € Y,,. Since (I — Q)f € E,, for all f € (D(A*))’, the proof is
complete. O

Since the space D(A,-) is continuously and densely imbedded in Y,- and
D(A?_) is continuously and densely imbedded in Y _, by duality we have
Yio o (D(4,0)) and Y,- o (D(4%)),
with dense and continuous imbeddings if (D(A,-))’ is equipped with the dual norm

of D(A,-) and if (D(A’ _))" is equipped with the dual norm of D(A}_). Since the
two norms | - |p(a) and | - |p(a«) are equivalent, we have the following proposition.
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Proposition 3.18. We have the identity (D(Af_)) = Y- Moy,

Proposition 3.19. The operator (I — Q) is linear and continuous from (D(A*))
to (D(A:-))'.

Proof. Due to Proposition 3.18 and Lemma 3.17, we have (I — Q)f € (D(A}_))
for all f in (D(A*))’". We notice that for all ® € D(A’_), we have ® = (I — Q*)®.
Then, we have

<(I - Q)fv (I)>(D(A;_))’,D(A;_) - <f’ (I)>(D(A*))’,D(A*)

for all ® € D(A}_), and the proof is complete. O

Let us set
Yo=Qy and y.,- =(I-Q)y.
The linearized equation

y'= Ay +BMu in (0,00), y(0)= yo, (3.11)
may be split as follows
y/a = AaYa +Q@BMu in (Ov OO), YQ(O) = QYo,

(3.12)
y/a* = Aa*Yoﬁ + (I - Q)BMU in (0700)? Ya- (0) = (I - Q)yO-

4. Stabilizability of the real projected system by finite dimensional con-
trols. In this section, we study the controllability of the projected system

ya/ :AQYQ"'QBMu:AOzYa+Zvi(t)QBMCi in (0700)7 ( )
i=1 4.1
¥a(0) = Qyo,

where {(1,---,(pn,} is the basis of U defined in (3.9). We can rewrite this system
as a differential system in R¥ by introducing the coordinates of y, in the basis

{1, ex}

K
Ya = Zyj €;.
j=1

From Remark 3.15, it follows that

K K
QBMG =D <BMC"’E]'><D<A*>>',D<A*> o Z: (6 MB*Ej)vO(r) o
J=

j=1
Thus, by setting Y = col[y1,- - ,yx]| and V = col[vy, -+ ,v,.], equation (4.1) can
be written as follows
Y' =AY + BV  in (0, 00), (4.2)
where A is of the form
Ay
R Ao 0
A=
0

Ay,

o
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and

(gl, MB*el) (gnc, MB*el)

VO (T) Vo)

(gl, MB*EK> (gnc, MB*€K>

In Proposition 4.2 (see below), we prove that system (4.1) (and therefore system
(4.2) too) is stabilizable. If we assume that the family

(MB*e;|j=1,-- K} (4.3)

vo(r) vo(r)

is linearly independent, then rank(g ) = K and the Kalman controllability condition
is satisfied, but this condition is not necessary for the controllability of system (4.2)
(see Remark 4.1 below).

Remark 4.1. As noticed above, the linearly independence of the family (4.3) is
not a necessary condition to the controllability. To illustrate this, let us consider
the case where the family (4.3) is linearly dependent. To simplify, let us choose

K=2n.=1and
~ Al
A= .
0 A

The matrix B € R2*! is given by
 MB* )
R (Cl €1 Vo)
B =
(G MBe,)
vo(r)
We can choose (1 = MB*e;. We have (¢, MB*ez)yory # 0 and the Kalman
controllability criterion is satisfied.

Let us now give a direct proof of the stabilizability of system (4.1) based on the
fact that the system (3.11) is stabilizable by a control of infinite dimension.

Proposition 4.2. System (4.1) is exactly controllable.

Proof. Since system (4.1) is of finite dimension, it is sufficient to prove that it is
completely stabilizable. Thus we have to prove that, for all p > 0, there exists a
constant C' > 0 and a control V = (vq,---,v,, )T € L?*(0,00;R™) such that the
solution y, to (4.1) obeys

[Ya(®)lve@) < Ce[yolve @)
Step1. It has been proved in [29], that system (3.11) is completely stabilizable.
Thus for a given p > 0, there exists a control @ such that the solution yg of (3.11)
obeys |ya(t)|vo ) < Ce ™ |yo|vo(q). Since Q is a continuous operator from V3 ()
to Y., we have

|Qya(t)|lvo (o) < Ce " |yolvo(q) (4.4)
Since Q and A, commute, we have

t
Qyalt) = Qv+ [ A IQBM(r)dr
0
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Moreover, the solution to the real projected system (4.1) obeys

t
Val(t) = et Qyq +/ er‘(t_T)QBMu(T)dT.
0

We look for u € L?(0, c0;U) such that y, = Qyg. Both solutions are equal when
QBMu(t) = QBMu(r), forall 7€ (0,00). (4.5)
Step 2. From the definition of the operator @, condition (4.5) is satisfied if and only
if
4 MB* )
() —u(r), MB;)

forall j =1,---,K and all 7 € (0,00). We choose u(7) equal to the orthogonal
projection in VO(T') of a(r) onto U. Thus, condition (4.5) is satisfied and both
solutions Qyg and y, to (4.1) are equal. Finally, with (4.4), we obtain the desired
estimate. O

— ( BMu(r —BMﬁT,sl> —0
< ™) (7). (D(A*))".D(A")

We denote by M € L£(R", VO(I')) the operator defined by

(Mv)(x) = zc:viMQ(x) forall v = (v, ,0pc) € R"™. (4.6)
i=1

Proposition 4.3. The adjoint operator M* belongs to L(VO(T'),R") and for all
u e VO(T), we have

M* i = (G, M ) Ni=1,--- nec.
(M*u) (( u)vo(r) for all i n

Proof. This is a direct consequence of the definition of M. O

5. Feedback control of the real projected system. The aim of this section is to
study the finite dimensional control problem (Pg?) stated in subsection 5.2. More
precisely we want to characterize its optimal solution via a feedback law defined
thanks to a finite dimensional Riccati equation (see (5.9) and the corresponding
matrix equation (5.15)). Equation (5.9) is stated over a finite dimensional space
since (Pyy) is a finite dimensional control problem. To achieve this goal we could
obviously use results from the existing literature [36, 27]. In (5.9) we look for
a solution II belonging to £(Y,,Y}) because we have not identified the dual of
Y, with itself. The approach in [36, 27] consists in looking for an operator II
defined in a space which is identified with its dual. Here we follow the lines of
[29] where, by studying a family of finite time horizon control problems (7))’,“0), we
clearly understand why II belongs to £(Y, Y), and why we recover results which
are very similar to that in [36, 27].

In what follows we only state the results since the proof can easily be adapted
from [29].

5.1. A finite time horizon control problem. For all y( in Y,, we consider the
following optimal control problem

(PE) inf {Ik(y,v) | (y,v) satisfies (5.1),v € LQ(O,k;R”C)},

where

I > 1" )
iy =5 [ [ 1@y g [ voRae
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and
y =4y +@BMv in(0,k),  y(0)=yo. (5.1)

The space Y, is equipped with the norm |- |yo(q). Thus, we have \y|%(a =
Jo lyPPde = [, |QyPdx for all y € Y,.

Remark 5.1. To simplify the notations, we shall denote by y the solution to
equation (5.1), but we have to keep in mind that it represents y, = Qy. Then, of
course we have Qy = y and the cost functional can also be written

1 [ ) 1 [k )
Rty =g [ [IyPasiee g [P

Proposition 5.2. Problem (P} ) admits a unique solution (y,v) where
v(t) = —M*B*Q*®(t), (5.2)
and ® is solution to the equation
—®' =A'P+Q'Qy in(0,k), ®(k)=0. (5.3)
Conversely the system
y = Agy — QBMM*B*Q*® in (0,k), y(0)=yo, (5.4)
—®' = AP+ Q*Qy in (0,k), ®(k)=0,

admits a unique solution (y,®) € C([0,k];Ys) x CLH([0,k];Y) and (y,
—M*B*Q*®) is the solution to problem (Pk ).

Proof. The proof follows the lines of [29, Theorem 3.1]. O

As in [29, Corollary 3.8], with this proposition we obtain the following corollary.

Corollary 5.3. The value of the infimum of (’P;fo) is given by

inf(Pf,) = 1 (0. ®(0))

Y. Y
where (y, ®) is solution to system (5.4).
We define the operator II(k) € L(Y,,Y}) by
(k)yo = 2(0),

where (y, ®) is solution to system (5.4).

Theorem 5.4. The solution (y,v) to problem (P;fo) belongs to C([0,k]; Ya) X
C([0, k]; R™) and it obeys the feedback formula

v(t) = —M*B*Q*TI(t)y(t).

Moreover, the optimal cost is given by

J(y,v) = 1<}’07 H(k)yo>

2 Y., Y
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5.2. An infinite time horizon control problem. For all yy in Y,, we now
consider the infinite time horizon control problem

(Pge) inf {I(y,v) | (y,v) satisfies (5.5),v € L?(0, oo;R”C)},
where
1 o0 1 o0
I(y,v) = 7/ / |Qy|? dxdt + 7/ |v(t)|Rn. dt,
2Jo Jo 2.Jo
and
y =4y +@BMv in (0,00),  y(0)=yo. (5.5)

Theorem 5.5. For allyo in'Y o, problem (PyS) admits a unique solution (yy,, vy, ).

k
Yo
k
Yo

Moreover, denoting by (yf,o,v ) the solution to the finite time horizon control
problem (77}’,“0), and by (Sff,o,f/

we have

) their extensions by zero to the interval (k,o0)

(950,950) = (Yyo, Vy,), in LZ(O, 00; Yy) X LQ(O,OO;RnC).

Proof. We have proved in section 4 that there exists a control v such that the
projected system (5.5) is stabilizable by finite dimensional controllers. This implies
that (yv,v) obeys

I(yy,v) < 00,
where y, is the solution of equation (5.5). The existence of a unique solution

(Yyos Vyo) to (P52) follows from classical arguments. The convergence of (y5 ,vh )

towards (yy,, Vy,) follows the proof of [29, Theorem 4.1]. O
Theorem 5.6. There exists I € L(Y 4, YY) satisfying II = II* > 0 and
1
inf(P) = 7< I > .
inf(Pyy) 5\Yo: lyo o

Proof. See [29, Theorem 4.1]. The operator II is obtained as the limit of TI(k) when
k tends to infinity. O
Theorem 5.7. For every yog in Yo, the system

Y = Aay — QBMM*B*Q*® in (0,00), y(0)=yo

B = A58+ Q°Qy in (0,), B(o0) =0 (5.6)

®(t) =Iy(t) forallt € (0,00),
admits a unique solution (y,®) in H(0,00;Ys) x HY(0,00;Y%). This solution
satisfies

Y1l 21 (0,005%0) + 1R 21 (0,00572) < Clyolvo )
The pair (y, f]\fZ*B*Q*tI)) is the solution of problem (Py?).
Proof. The existence of a solution follows the lines of [29].
Step 1. We prove the uniqueness of this solution. We denote by (y, v) the solution
to problem (Pg°). Adapting the proof of [29, Lemma 4.2], we can check that
v=—M*B*Q*®,

where (y, ®) is solution to (5.7). Thus, with Theorem 5.6, we have

oo OON 1
| ks [CREBQ @Ok = 5 (volve) . (57
0 0

Yo, Y
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It follows that if yo = 0, then y = 0 and since ®(¢) = Ily(¢), the uniqueness is
proved.
Step2. We prove the final estimate. Let us denote by (y,®) the solution of
system (5.6). With (5.7), we have
||Y||L2(O,00;Ya) < C|yO|Ya
Moreover, since ® = IIy and II € £L(Y,,Y}), it follows that
||®||L2(0700;Y;) S C|y0|Ya
From the equation satisfied by ®, we deduce that ® belongs to H'(0,00;Y?}), and
||q)HH1(O,oo;Y;) < C(||¢HL2(O,OO;Y2) + ||yHL2(O,oo;Ya))'
Since ® € H'(0,00;Y}), we can verify that v = —M*B*Q*® belongs to H'(0, oc;
R™) and
||V||H1(O,OO;R"C) < C”q)HHl(O,OO;Yg)' (5-8)
Then, obviously we have BMv € H1(0,00; (D(A*))") and
[ BMV|| 1.(0,005D(a*))) < Cll®| 1 (0,00:v%) -
Finally, since @ and is bounded and linear from (D(A*))’ to Y, we obtain
1QBMV|| 1(0,00:¥0) < ClI®lH1(0,00072)-
Using the equation satisfied by y, we deduce that y belongs to H'(0,00;Y,), and
HYHHl(O,oo;YQ) < C(||¢||L2(O,OO;Y:;) + HyHLQ(O,oo;Ya))'

With all these estimates, we obtain

¥l 0.00r%0) + 1@l a1 0,000v2) < CUIRNL20.000v2) + 1Y ][L20.00070)) < Clyolya

and the proof is complete. O
Remark 5.8. From estimate (5.8) and Theorem 5.7, we deduce that
VIl 21 0,00:7c) < Clyolvo (o)

for every yg in Y, , where v = —M*B*Q*‘P and ® solution to the system (5.6).
By iterating the argument used in the previous proof, we can prove that (y, ®)
actually belongs to H"(0,00; Y,) x H"(0,00;Y?%) for all » > 0.

Let us consider the algebraic Riccati equation

e L(YoY:), IM=II*, >0, 59)
NN 5.9
A, + A%IT — IQBMM*B*Q*II + Q*Q = 0.

Let us make some comments. We shall say that II = II* > 0 when

tva)y, = (), (), >0
<yZY*Y Y zYa,Yg an yyY;,Ya_

for all y, z € Y,. We shall say that an operator IT € £(Y,, Y?) obeys the second
equation in (5.9) when

<HAay,z> Lt <AZHy,z>Y* v (M*B*Hy,M*B*HZ)RnC

+QQy.z)_ =0,
Y5 Yo
for all y, z € Y. (Let us notice that B*Ily = B*Q*Ily and B*Ilz = B*Q*Ilz.)
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To prove that the operator IT € £(Y,,Y}), determined in Theorem 5.6, is the
unique solution to equation (5.9), it is sufficient to adapt the classical proofs to the
case where Y, is not identified with its dual (see e.g. [36, 27]).

From Theorem 5.7, it follows that, for all yg € Y, the evolution equation

y = A,y — QBMM*B*Q*Ily in (0,00), ¥(0)=yo, (5.10)

admits at least one weak solution belonging to H'(0,00;Y,). Moreover, we can
check that this solution is unique. Due to Theorem 5.7, this solution is equal to
Yyo,» Where (yy,, Vy,) is the solution of problem (Py°). Then, with Theorem 5.6 we
have

| w0, < Ol < . 6.11)
Let us define the operator Ay € £(Y,) by
Any = Aoy — QBMM*B*Q*Tly for all y € Ya.
Remark 5.9. The semigroup (e*41),5( satisfies
|41 |y0 (o) < CeP[flyo(q), forall feY,, (5.12)
for some 3 > 0.

Proof. The operator A, belongs to £(Y ). From Remark 3.16, M B*@Q*II is bounded

and linear from Y, to . It follows that BM M* B*Q*II belongs to L(Yq, (D(A*))).
Using Remark 3.15, Ap belongs to £(Y,). Estimate (5.12) is a consequence of
(5.11). O

Let us come back to the equation satisfied by y. From Theorem 5.7, we can give
the expression of the feedback control

v = —M*B*Q*Ily. (5.13)
Thus, the linearized equation becomes
y' = Ay — BMM"B*Q'TIQy,
that is to say, using the definition of M
y = Ay + BMu,

with

u=Y vt andv= (o, ,v,,) = —M*B*QIIQy. (5.14)

i=1
Remark 5.10. From the definition of M * we deduce the expression of the feedback
law
vilt) = —(Q,MB*Q*HQPy(t)) - / Ci(z)MB*Q*TIQPy(t, z)dx
Vo) r
- —<HQBMQ, Py(t))vg(m . /Q QBM(;(z) Py(t, z)dx,

foralli=1---n,.
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5.3. The matrix Riccati equation corresponding to (5.9). In equation (5.9),

~

the operator II belongs to £(Y,,Y}). Let us denote by II the matrix of IT when
{e1, -+ ,ex} is chosen as the basis of Y, and {e1,--- ,ex} is chosen as the basis
of Y. We want to determine the equation satisfied by II. We set

e, = 315 mijei,  Aaej = 2iy aiges, A= (ai)i<i <,

E = (eijh<ij<x = ((ej;€i))i<ij<k-

We have
K
(Ilej,e;) =m; and Ale; = Zajksk.
k=1
We here assume that the basis {C1, - (,,} of U is orthonormal in VO(I'). We set

ne

Ax o) nT

M*B*e; = E birCr, B = (bij)i<i<k,1<j<n. and B = (bji)i<j<n., 1<i<K-
k=1

Let us notice that the matrices A and B are the ones introduced in section 4. From
equation (5.9), it follows that

(HAaej, ei)vg(m + (AZHGj, ei)vgy(m — (M*B*Hej, M*B*Hei>V0(F)

+ (era Qei)v%(g) =0,
forall 1 <i,j < K, that is
DA+ ATH - IBBTH + E = 0. (5.15)

This is the matrix Riccati equation that we have to solve to determine a feedback
law stabilizing system (1.8).

6. Stabilizabilition of the Navier-Stokes equations by finite dimensional
controllers in feedback form. In this section, using the expression of the feed-
back control given by (5.14), we consider the system

Py’ = APy — Y, (IQBM;, Py)vgl(Q)BMQ + PF(y),

Py(0) = yo, (6.1)
(I = P)y = =30, (IQBMG, Py)(I = P)DaM¢;  in (0,00),
where
F(y)=—-e"(y-V)y.
Writing f = F(y) and y instead of Py, we first have to study the nonhomogeneous
equation

Ne

y' = Ay =Y (IQBM(;, Py)BMG +£,  y(0) = yo.
=1

We recall that this equation may be written in the form
y' = Ay - BUM*B*Q*IIQy +f,  y(0) = yo. (6.2)

To study such an equation, we will need the following lemma.
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Lemma 6.1. Let X be a Hilbert space, and suppose that A is the infinitesimal
generator of an analytic semigroup of negative type. Then, the mapping

L2(0,00; X) N H*(0,00; (D(A*))') +— L?(0,00; (D(A*))") x [(D(A*)), X]1 /2
y - (v — Ay,y(0))
is an tsomorphism.

Proof. The proof is a direct consequence of [13, Chapter 3, p. 165] and [13, Chapter
1, p. 108 and p. 80]. O

In the following, we introduce the notation
VO(Q) =D ((AOI - A*)e/z) and V7OQ) =(V(Q)  for 0<6<2

6.1. Studying of the linearized problem with a nonhomogeneous source
term. In this subsection, we study equation (6.2). We assume that

f e L*0,00,VE(Q)), yo€VE(Q) with0<e<1/2. (6.3)

Lemma 6.2. Let us suppose that (6.3) is satisfied. Then, equation (6.2) admits a
unique solution y in L?(0,00; VO (Q)) which obeys

1y 2(0,00:v0 () < C(Iyolvo @) + Il 2(0,00v-1(2)))-
Proof. Let us split equation (6.2) as follows
Y = AaYa — QBMM*B*Q*Ily, + Qf  in (0,00),
¥a(0) = Qyo
Y = Ag-Ya- — (I —Q)BMM*B*Q*Tly, + (I — Q)f in (0,00),
Ya-(0) = (I = Q)yo.

We consider the first equation of this system. We notice that it can be written in
the form

(6.4)

yo' = Anya + Qf,  ya(0) = Qyo, (6.5)
where the operator A is defined in section 5. Due to Remark 5.9, the solution to
equation (6.5) obeys

t
ya(®)ly. < CleP|Qyoly. + / 07| QE (7)., d7),
0

for some G > 0. It follows that

1¥allz20,00v0) < C(lyolvo @) + Ifll22(0,00:v-1(02)))- (6.6)

Let us consider the second equation of system (6.4). We can notice that
BMM*B*Q*Ily,, belongs to L?(0,00; (D(A*))’). Finally, with Proposition 3.19

we have
f=—(I-Q)BMM*B*Q*Tly, + (I — Q)f € L*(0,00; (D(A%-))).

Since A — Mol generates an analytic semigroup on V9(Q), the operator A,-, with
domain D(A,-) in Y,-, generates an analytic semigroup on Y,-. From [32,
Proposition 2.2], A, satisfies the spectrum determined growth assumption on Y, -.
Then, A,- is of negative type, since

sup Reo(4,-) < Ry,

a1 <0.
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We can notice that (I—Q)yo belongs to Y- C [(D(A}-))", Y4-]1/2. Using Lemma
6.1 with X = Y,- and A = A,-, it follows that the solution y,- belongs to
L?(0,00; Y,-) and we have
1Ya-lz20,00vo @) < CI = Q)yolvon) + ||f||L2(0,oo;(D(A;_))’))
< Clvolve@) + Ifllz20.00v-12) + [¥allL2(0.00:v0)) -
Using estimate (6.6) on y,, we have
[¥a-llz2(0,00:ve @) < C(I¥olve @) + I£llz20.00v-1(2)))
and the proof is complete. O

Corollary 6.3. Let us consider the solution y, of (6.5). The control
u= Zvi<i7 with v = (’1}17-.. 7UTLC) — _M*B*Q*Hya
i=1

belongs to VE1(L) and
[ullvea ey < Cllyolve @) + [Ifll20,00v-1(02)))-
Proof. We have already proved in Lemma 6.2 that the solution to equation
Yo' = Anya + Qf,  ya(0) = Qyo,

belongs to L?(0,00;Y,). Since Ag € L(Y,), we clearly obtain that Apy, €
L?(0,00;Y,). Moreover, Qf belongs to L?(0,00;Y,) since f € L?(0,00; V~17¢(Q))
and Q € L((D(A*))',Y4). Then, we can conclude that y, € H*(0,00;Y,), and we
have

Vol 0,00:v0) < CUlyallzz0,000v0) + 1l 22(0,00:v-1(2)))-

Moreover, v belongs to H'(0,00; R") since M*B*Q*H is a continous and linear
operator from H'(0,00;Y,) to H'(0,00;R™). Thus, we have

IVl E1(0,00587¢) < CUIYallz2(0,00v0) + Il 22(0,0050-1(02)))-

Since Q is an open subset of class C, the space U is included in H°/?(T"). Then,
we have proved that u € V21(X ) and that

ullvaisy) < C(lyallzz©.00va) + 1ElL2(0,00v-1(2)))-
With estimate (6.6), the proof is complete. O

Theorem 6.4. Let us assume that (6.3) is satisfied. Equation (6.2) admits a unique
solution y in the space VT51/2+¢/2(Q x (0, 00)), it obeys

[y llvisenrzeerz(@xo.00) < CLlE)(I¥olve @) + £l 20,0001+ (2 ) -
Proof. With Lemma 6.2, we know that
I¥ll220.000ve 2)) < C(I¥olva @) + Ifll220.000-1 () )-
Let us set y = y1 + y2, where y; is solution to
yi=(A—=X)y:1+BMu in (0,00), y(0)=0, (6.7)
and ys is solution to

yo=(A=X)y2+ Xy +f in(0,00), y(0)=yo. (6.8)
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Due to [29, Lemma 8.3], since u belongs to V> (2..), y1 belongs to V1+&:1/2+¢/2((x
(0,00)) for 0 < e < 1/2, and we have

Hyl||V1+511/2+5(Q><(O,oo)) < Cllullvea(sy)-
Let us consider the equation for ys. We can check that, for 0 < e < 1/2; we have
V35 () = [[D(A), VR ()] o, [V (), D(A)]1 2] (146 /2-
Furthermore,
Aoy + £ € L2(0,00; V™ 1+(Q)) = L*(0, 00; [D(A"), Vo ()]{140)/2)-
By using an interpolation result, with Lemma 6.1 and [13, chapter 3], it follows that
y2 € L2(0,00; [V (), D(A)](112)72) N H' (0,003 [D(A"), Vi (D] {1402)-
As [V (), D(A)](14¢)/2 C VIT2(Q), we clearly obtain that yo € L?(0, 00; VI T¢(€2)).
By interpolation, y, belongs to H/2+2/2(0, 00; V2(£2)) and it obeys
||y2||V1+€’1/2+5/2(Q><(O,oo)) (6.9)
< C(lyolve @) + 1¥11220,005v0 () + IEll£2(0,0000- 142 (02)))-

The solution y = y; 4y belongs to V1+£:1/2+£/2(Q) x (0, 00)) for 0 < e < 1/2, and
we have

[y l[viteir2te2(0x(0,00)) < Cllyolve @) + l[ullvaiza) + £l 220,001+ (2)))-
Due to Corollary 6.3, the proof is complete. O

6.2. Stabilization of the two dimensional Navier-Stokes equations.

Theorem 6.5. For all 0 < ¢ < 1/2 , there exist ug > 0 and a nondecreasing
function n from R into itself, such that if u € (0, o) and lyolvs (@) < n(p), then
equation (6.1) admits a unique solution in the set

Dy = {y € VI=12E2(Q 5 (0,00)) | yllvrsensaeera oo ey < -
Moreover (I — P)y belongs to HY/?%¢/2(0,00; VY/2(Q)) N L2(0, 00; V1+£(Q)).
From Theorem 6.5, the solution of (1.7) obeys

Heo‘(')y||v1+s,1/2+s/2(QX(O,OO)) < p

It remains to show Theorem 6.5. For that, we will need some lemmas.

Lemma 6.6. If z belongs to V1+1/2+2/2(Q) x (0,00)) with 0 < e < 1/2, then
|[PF(2)] L2(0,00:v -1+ () < 02||Z||%/1+6,1/2+5/2(Q)‘

Proof. This proof can be adapted from [29, Lemma 6.4]. O

Lemma 6.7. The mapping PF is locally Lipschitz continuous from V1+&1/2+/2(Qx
(0,00)) into the space L?(0,00;V~1+2(Q)). More precisely, we have

|PF(z1) — PF(22)][12(0,00,v-1+2(02))
< C2(||Z1||V1+E’1/2+5/2(Q><(0,oo)) + ||Z2HV1+511/2+5/2(Q><(O,oo)))

X ||Z1 — ZQHV1+5,1/2+5/2(QX(0700)).
for all z; and zy € V'T51/24/2(Q x (0, 00)).

Proof. See [29, Lemma 6.5]. O
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Lemma 6.8. Ify belongs to V1T1/2+¢/2(Q x (0,00)) for some 0 < e < 1/2, then

[( = P)YDaMullyite1/24e/2(0x (0,00)) < Callyllvite1/24e/2(0x (0,00))
with

Ne
u= Zvig7 with v = (v1,- -+ ,v,,) = —M*B*Q*IIQPy.
i=1

Proof. Clearly, Py belongs to H'/?+¢/2(0, 00; V?(Q)). From Remark 3.16, it follows
that M B*Q*TIQPy belongs to H'/?*2/2(0, 00;U) and we have

(I = P)YDaMul g1/2+2/2(0,005v0 () < C3ll¥[lviterr202/2(0x(0,00))-

Let us show the estimate in L?(0, co; H!T¢(£2)). Obviously, v belongs to L?(0, oo;
R"¢). Since Q is an open subset of class C*, we have already proved that U C
H®/2(T). Tt clearly follows that u belongs to L?(0,00; H>/?(T')) and that (I —
P)DasMu € L?(0,00; H**4(Q)). Thus, we have

(1 = P)DaMul|12 0,001+ (02)) < C3ll¥[lvit=1/242/2((0,00))
O

Proof. Proof of Theorem 6.5. The proof follows the lines of [29, Theorem 6.1].
O
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