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(I) Standard point of view (Kéihler case)
Calabi-Yau (C-Y) threefolds:

compact Kahler manifolds X with dimg X = 3 such that K x is trivial

Frequent extra assumption (justified by the Bogomolov Decom-
position Theorem for C-Y manifolds):

V(X)) =R Y(X) =0

This assumption implies that X is projective.



(1)

Bogomolov-Tian-Todorov Theorem: in this case, the local uni-
versal family (X¢);ea of deformations of X (= the Kuranishi family

of X) is unobstructed, i.c.

A is smooth, so can be viewed as an open ball

A = Def(X) c H" Y X, THVX).



Recall the isomorphisms

1
Ty 'A 2 B0 (x, T8 0X) =2 B2 (X, ©),
[(9]5 — [QJQ]é

where p is the Kodaira-Spencer map and 7' is the Calabi-Yau
isomorphism defined by a fixed holomorphic non-vanishing 3-form

Qe HY(X, Ky)~ HY(X, C).
() is unique up to a multiplicative constant and represents the triviality
of Kx (the C-Y structure)



(2)
The Kahler cone of X:

Kx = {[w] e H"Y(X, R) | w Kahler metric on X}

the set of all Kahler classes on X

Ky ¢ HH (X, R) is an open convex cone



The Kahler cone is complexified to

IGX C Hl’l(X, C)
(the Kdhler moduli space of X)

to match the complex moduli space A ¢ H>1(X, C).

Recall: HV (X, C) = HZ%R(X, C) if we assume h%Y(X) = 0, so
ICx is an open convex cone in HZ%R(X, R). Its complezification is

defined as

Ky =Ky ®H X, R)/21i H (X, Z)



(1) +(2)
The Kahler C-Y threefolds ought to come in pairs (X, X)
such that there are local biholomorphisms (= the mirror maps)

—~

Def(X) ~ K& and Def(X) ~ K.

Obvious necessary condition

1,0 ol 0 1,00 ¢/ 5\ . ol 07
Ty "Def(X) = T3 K g and Ty "Def(X) = T 1K,

W [
which means

(X))~ HYYX) and H>YX)~HYY(X),

hence N N
pPUX)=hAbHX)  and AP HX) =ABHX).
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Obstruction to an all-Kahler mirror symmetry

There exist Kahler C-Y threefolds X such that
(X)) =0 (i.e. X is rigid, it does not deform).

Hence, if X admits a mirror dual X , the mirror dual cannot be Kahler
since b1 1(X) = 0 in this case.

Conclusion: the mirror symmetry cannot hold entirely within the
Kahler realm.



Another classical feature of the Kahler (projective) mir-
ror symmetry:

use of Gromov-Witten invariants attached to pseudo-holomorphic
curves and counting of rational curves

But what if there are no curves at all?



ur new point ot view
(I1) O int of vi
(possibly non-Kahler case)

X a compact complex possibly non-Kahler manifold such that Ky is
trivial (still called a Calabi-Yau manifold) , dim¢X =n

Recall: a Hermitian metric on X is any C'°° positive definite
(1, 1)-form w > 0 on X.

e w 1s a Gauduchon metric if

00w 1 =0

Gauduchon metrics always exist (Gauduchon 1977).
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e w is a strongly Gauduchon (sG) metric (P. 2013) if
w1 is O-exact.

sG metrics need not exist although they do on many manifolds.

Recall: X is an sGG manifold (P.-Ugarte 2014) if

every Gauduchon metric on X 1s strongly Gauduchon.

e cvery 00-manifold is sGG:;

e the IwasaV\_fa manifold and all its small deformations are sGG
but are not d0-manifolds.
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Recall:

o if X is a 90-manifold, the Hodge decomposition and symmetry
hold on X:

o if X is a 00-manifold and if Ky is trivial, the Bogomolov-Tian-
Todorov theorem still holds on X (P.2013), i.e.

the Kuranishi family of X is unobstructed.
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e Recall the Bott-Chern cohomology

ker & N ker O
Hp7 q X C) = n
B C(  ©) Im 00
and the Aeppli cohomology
ker 90
Hpa q X C) = _
A (X, ©) Imo+Imo

There is a canonical non-degenerate duality

Hy; (X(C)xH”lan(C%C
(ol g H/aw
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The Gauduchon cone (P. 2013) of X:

Gy = {[wn_l]A C Hz_l’n_l(X, R)

| w is a Gauduchon metric on X }

Gx c HY "X R)

is an open convex cone in Hﬁ_l’n_l(X, R).
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e Gy replaces the Kahler cone Ky when X is non-Kahler

e Gy provides a transcendental substitute for cohomology classes of
(currents of integration on) curves.

15



The Iwasawa manifold: is the quotient X = G/I', where

l 21 23
G = 01 29| : 21,29,23€ C ) C GLg((C)
00 1

is the Heisenberg group and I' C G is the subgroup of matrices
with entries 21, 29, 23 € Z|1].
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e The map

(21, 22, 23) = (21, 22)

factors through the action of I" to a (holomorphically locally trivial)
proper holomorphic submersion

T X — B,

where the base B = C?/Z[i] & Z[i] = C/Z[i] x C/Z[i] is a two-
dimensional Abelian variety (the product of two elliptic curves) and
where all the fibres are isomorphic to the Gauss elliptic curve C/Zli].

17



Consequence 1
There exist no curves normalised by smooth rational curves on X.

Reason: any map from such a curve to any factor C/Z|i] would be
constant.

(Indeed, thanks to the Riemann-Hurwitz formula, any non-constant
map between two smooth curves is genus-decreasing. )
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Consequence 2

There exist three holomorphic 1-forms «, 8,7 € C7%(X, C) on X
such that

dao =dB =0 and dy=0vy=—-aApBF#0.
The forms a, B, explicitly determine the whole cohomology of X.

Reason: the C3-valued holomorphic 1-form on G

1 21 23 0 dz1 dzg — 21 dz9
GoM=|012|—M1tdvw=10 0 dzs
00 1 0 0 0

1s invariant under the action of I'.
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Hence it descends to a holomorphic 1-form on X giving rise to the
(1, 0)-forms «, 8,7 on X induced respectively by the forms

dz1, dzo, dzg — z1d29
of C3. Thus,

04,6,’}/ - Cioo(X, (C)

and

da =08 =0y =0.
Note that dz1, dzo are closed and d(dz3 — z1dz9) = —dz1 A dzo.
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Vertical and horizontal forms
From the exact sequence

1 1 1
0— 7 Qp — Qy — QX/B — 0,
as the map H1<7T*91B) = HY Oy) ® HO<7T*Q1B> — H(Oyx) ®
H O(Q}() =H 1((2%() is injective due to the triviality of leB and Q}O

we get the simple presentation

0 — H(7*Qp) — HY(QY) — H(QY ) 0.
Thus, the form v is a representative of H O(Qﬁ( / p) In H O(Qg() In

other words, the forms v and g are horizontal (i.e. coming from B),
while v is vertical (i.e. lives on the fibres).
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Examples of cohomology groups

e De Rham cohomology

H'(X,C) = <{a}m, (Yo (a}on {6}DR> — P H'(B,C).

7T*H2<B,(C> = <{Ck VAN C_U}DR, {Oé A\ B}DR; {5 VAN C_k}DR, {5 A\ 5}DR> ~ Hg’clf(X, C)
~ mH"(B,C)
Hz(X, (C) = 7T*H2(B,<C> D <{7 A\ Oé}DR, {’7 AN 5}DR> D <{’7 A\ O_C}DR, {’7 AN B}DR>7
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e Other cohomologies

Hy(X.C) = (lolss o ), H5"(X,©) = ([l [Fls ) = 83 (5.C).
H'(X.C) = (faABArls), HY'(X.C)= (@ATATy)
H3'(%,©) = (lany ndly fa Ay ATl (877 Aaly, [3 A7 ATl )

® <[04A5A5]a, [@Aﬁ/\g]a>

= <iamwa, a Ay A Blg, [B A~ ATl ﬂAvAEa> ® 7 H; (B, C),
Hy*(X, C) = <jozwwa, BAT AT, [a A B AT ZBABA78>

® <dww]a, hABw]a>-
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- X is a compact complex manifold, dimg X = 3;
- X 18 a nilmanifold since
(G is a connected, simply connected, nilpotent complex Lie group;

F1(X) # Exo(X) in the Frolicher spectral sequence. In particular,
X is not a 0-manifold and very far from being Kahler.

However, E9(X) = FExo(X) in the Frolicher spectral sequence.

. X is complex parallelisable (i.e. THVX is trivial).

In particular, K x is trivial, so X is C-Y.
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- Nakamura (1975): the Kuranishi family (X¢);ca of X = X is un-
obstructed,

so A is smooth, so can be viewed as an open ball
A :=Def(X) c H (X, TV'X) ~ H> (X, ©).
Moreover, dimgA = 6 and

A={t=t;)eC||t|<ei=1,23X=12}

- the X¢'s with t11 = t19 = t91 = to9 = 0 are complex paralellisable;

- the X¢'s with t31 = t39 = 0 are not complex paralellisable.
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e there is no Hodge decomposition of weight 3 on X since Hg’ 1(X , C)
does not inject canonically into H% R(X, C).

In fact: b3 = 10
while A0 = pU:3 = 1 and h% ! = pl:2 = 6.
Thus 10 = by < A3V + 21 4 b2 4 p03 = 14,

S0, in a sense, the vector space H;’ 1(X , C) is “too large” to fit into

H?, R(X, C).
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The Twasawa manifold 1s its own marror dual in the sense that its
Kuranishi family “corresponds” to its Gauduchon cone.

Specifically, we define a mirror map

e

M:AM —)QNX

that we prove to be a local biholomorphism and to define an
isomorphism of variations of Hodge structures (VHS)

parametrised respectively by Am and by Gx.
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Terminology:

(2) (Xp)ge A is the local universal family of essential defor-
mations of the Iwasawa manifold X = Xj;

(2) The complexified Gauduchon cone is defined as

Gx =0x ® H,24’2(Xo, R)/2mi H%Q(Xo, Z),

where H124’ 2(XO, 7.) is defined beforehand as a lattice in H 124’ 2(XQ, R).
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Piece of initial evidence for this mirror symmetry

There exists a canonical i.somorphism

2.1

1,0
Ty Ap = Hyy

— H'(X, C)~ H7 (X, C) = T,"5Gx.

gl w?]

Notation

cwpr=iaANT+IBAB+iy AT >0

is a Hermitian metric on X = X that we show to be Gauduchon.
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Reason

There are explicit descriptions

#2506, © = (fa Ay Aaly, o Ay A Bl (37 A, (547 AT )

and
H3*(X, <C)=<[aMA@M]A, [ AYABAF] A, [BAYAEAT 4y LBMABM]A>

that imply the isomorphism g2'(x, ¢) ~ #%*(x, €).
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Some steps in the construction of the mirror map
(1) Complex-structure side of the mirror

e The essential deformations of X

H>!

5 (X, C) is “pared down” to a 4-dimensional vector subspace

vATHYNB, C) = H%]l(X, C)C H;'(X, C)

that injects canonically into H% (X, C) and parametrises what we
call the essential deformations of X.
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Specifically, Tol’OA % g% 1(X, THYX) (Kodaira-Spencer map) and
(2) the map

gl (x, TVx) 2l Hg’ (X, 0), [0~ 873

is well defined. Its kernel

H%]l(X, TL0X) = {[9] e HO1(x, TV 0X) / 0] =0€ H (X, C)}

_ <[a®§a], @® &4, Bocal [E®£5]>

is the subspace of
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HONX, T40) = (ot [msey) [mee | Bota), oty Bse) )

corresponding to the 15¢_order deformations of the base torus B (=

the horizontal 15t -order deformations of X).
We define

2,1 _ el _ )
H2! (X, © = (lanynaly, [enyABlg, BAvAaly, A1)

as the image of H [07’]1()( , THVX) under the C-Y isomorphism

T HO Y (X, T0X) - H2 (X, C).
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(#7) Bearing in mind that A ¢ HY (X, THYX) is an open subset,
we put

=AnHHX, THOX),

ESSDef(X ) — A[V] [’V]

We may say that the family of deformations (X¢);ea, , is “polarised”

ol
by the (1, 0)-class [y|5 € H é’O(X , C) by analogy with the standard
case of a Kéahler class [w] on X. Recall

the fibres Xt polarised by |w), i.e. the fibres Xt for which |w]| re-
mains of Ji-type (1, 1), are precisely those corresponding to 0] €
HY% (X, THVX) satisfying the condition [0w] = 0 in HY%(X,, C)
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(247) This operation is equivalent to removing from the Kuranishi fam-
ily (X¢)tea the two dimensions corresponding to complex parallelis-
able deformations X; of X (that have a similar geometry to that of
X, so no geometric information is lost) and we are left with a family

<Xt)t€Ah]

of non-complex parallelisable deformations that we call essential.
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e Result

Doing the analogous construction on every essential deformation Xy
with t € AM, we get a Hodge decomposition of weight 3 for every
t e Am in the following form:

There exist canonical isomorphisms

Hpp(X, C) = Hy'(Xy, C)oH (Xy, C)oH(Xy, C)oH (X, C),
and

3,0 ETE 2.1 0
Hy'(Xy, C) > Hy"(Xy, ©) and H (X, C) = H (X, C).
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2.1
Moreover, — Apj 3¢ HM (X, C)

is a C'°° vector bundle of rank 4. The vector subbundles of the constant

bundle H3 = (A 3t = H})p(Xy, C) = H¥(X, C))

2.1

S 33 .= 43,0
] '

FAHS =1 e H

are holomorphic and there is a flat connection
VM — 1 X QAM

(the Gauss-Manin connection) that satisfies the Griffiths transver-
sality condition

VFH ¢ FPH3 @ QA .
ol

37



e Link with the Frolicher spectral sequence

There exists a canonical isomorphism

H%]l(X, C)~ Ey (X, C)

and analogous canonical isomorphisms

2,1 o 21
H[’V] (Xt, C) ~ E2 (Xt, C), S A[V]

Recall (known fact):
E2<Xt) — EOO(Xt>7 t e A[*y]’

in the Frolicher spectral sequence.
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So our Hodge decomposition of weight 3 for the essential deforma-
tions of the Iwasawa manifold reflects precisely this £y degeneration
since there exist isomorphisms

H},p(X, C) ~ E>(X;, C)@Ey Xy, C)@Ey *(X;, C)BEy *(Xy, C).

for all t € AM.
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e Construction of two families of Gauduchon metrics

(Wi e Apy @ C'® family of Gauduchon metrics on the fibres (Xt )¢ Apy

- (wg ! 1)te A a O family of Gauduchon metrics on the central fibre

X = X (the Iwasawa manifold);

wg 1 is the (1, 1)-component of wy w.r.t. the complex structure Jy

of XO-
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e We prove that the Aeppli cohomology groups

AM >t H124’2(Xt, C)

define a C°° vector bundle 7—[124’ 2 of rank 4 that injects as a C'°° vector
subbundle of the constant bundle H* — AM whose fibres are the De

Rham cohomology groups H%R(Xt, C) = H*(X, C).

This injection is proved by using in a crucial way the
sGG property

(cf. P-Ugarte 2014) of all the small deformations X; of the Iwasawa
manifold X = X.

We also use the family (wy)ze Ay of Gauduchon metrics thereon.
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Denoting by HC%QLQ the image of Hzl’Q(Xt, C) into H*(X, C) under
this ws-induced injection:

HY? ©) %% Qu(H}7(X, ©)) < (X, ©)

we get a C'°° vector bundle of rank 4

Gx, > [@ 1>2] — HZ* c HY(X, C)
A

over the subset of the Gauduchon cone

(o], 430} cox
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This is to be compared with the VHS induced by the holomorphic

family (Bt)se A of two-dimensional base tori of the family (X¢);e Ay

H*(B, C) ~ H>"(By, C)@H" (B, C)dH"?(By, C), te Ay,

thanks to isomorphisms

HYY(B;, C) = H7?(X;, C)

— N—

~ Qu(H7 (X1, C)) = Hy” C Hhp(X, C).
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e The positive mirror map

We put
M : Ah] — Gy, t+— [(wtla 1)2] A.

This is a kind of “absolute value” of the complex mirror map that we

define.
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