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Classification of compact complex manifolds

X a compact complex manifold, n = dimg X

Complex structure: d = 0 + 0

Idea

The transcendental methods, introduced for the study of not necessar-
ily algebraic manifolds, are also relevant to the study of projective
manifolds.



(1) Metrical point of view: w > 0 (1, 1)-form C°° on X
(Hermitian metric, always exists)

Examples : (i) w is called Kahler if dw = 0
(does not exist in general)

If dimg X > 3, very few manifolds X are Kahler.
(ii) w is called Gauduchon if 0w~ = 0 (always exists)

(iii) w is called strongly Gauduchon if dw" ! is O-exact
(P. 2009) (does not exist in general)

(iv) w is called balanced if dw" 1 = 0
(Gauduchon 1977) (does not exist in general)



(2) Cohomological point of view

- De Rham cohomology group:

ker d
Imd

- Dolbeault cohomology group:

H f) n(X,C) = (depends only on the differential structure)

ker O
Im O

Hg’ 1(X,C) = (depends on the complex structure)

Topological obstruction to X being Kahler:

04 {wrYpp € H%kR(X, C), hence by # 0 for all k.
(Betti numbers of X)



(A) First type of operations on compact manifolds

Modifications : o: X — X holomorphic, bimeromorphic

Examples : (i) X is called Moishezon if 3o : X — X modifica-
tion with X projective ;

Recall: X projective <d:ef> IN € N*st. X — CPN

(embedding as a closed submanifold)

~

(i) X is called class C if 3o : X — X modification with X
compact Kahler.



Implications (all are strict)

X Kahler

7
Ny

X projective X class C

7
Ny

X Moishezon

Demailly-Paun (2001) : X is class C <= 37T Kahler current

on X (i.e. dT"=0and T > 0).
Moishezon (1967) : if X is Moishezon and non-projective,

then X i1s not Kahler.



(B) Second type of operations on manifolds

Deformations of the complex structure: notion of holomor-
phic family (X;);ca of compact complex manifolds

& (ocomplex manifold

|~

A\ C C disc

7 is a proper holomorphic submersion.



Main result

Theorem (P. 2019) If the fibre X; := 7w~ L(t) is Moishezon for all
t € A\ {0}, then the limiting fibre Xo := 7~ 1(0) is also Moishe-

Z011.

Remarks: (i) This is a deformation closedness result. It is optimal
(Hironaka 1962).

(i) The statement is purely algebraic;

(ii) Surprisingly, the proof uses techniques that are

-analytic ;
-non-Kahler (e.g. d0-manifolds, SG and E,-sG manifolds).



(C) Third type of operations on manifolds
Conifold transitions: o : X — X holomorphic s.t.

. X is smooth and X[ iIs singular, dim@f(/ = dimg X =3 ;

AN ={z,...,zn} C Xpst. X\ Ais smooth ;

.07 (z;) = Cjis a (—1, —1)-curve : smooth rational curve s.t.
NXfCi ~ Oc.(—1) ® O¢,(—1) ;

.o X \ 7 Y(A) = Xy \ A is biholomorphic ;

- 3(X¢)ien analytic family of complex spaces s.t. Xy is compact
smooth for all £ # 0.



Typical case : - X is Kdhler and Calabi-Yau (ie. K 5 I8
trivial) ;
- Kx, 1s trivial ;

- the classes [F1], ..., |E ]| generate Hg(j(/, 7.), hence bo(X¢) = 0,
hence Xt is non-Kahler (and even non-class C) for all ¢ # 0.

However, we have

Fu-Li-Yau (2012) : X; admits a balanced metric for all ¢ # 0.

Friedman (2017) : X; is a d0-manifold for all ¢ # 0.



00-manifolds (= cohomologically Kahlér manifolds)

Definition (Deligne-Griffiths-Morgan-Sullivan 1976)

- d
A compact complex manifold X is called 00 <:€f>
Yu € C’gfq(X, C) s.t. du =0, the following equivalences hold:
uwe Imd < ue€Imd < uecImd < uec Im(d0).

Fundamental property. If X is a 99-manifold, then

Hf)R(X, C) ~ Dpig—k Hg’q(X, C) Hodge decomposition

Hg’q(X, C) ~ Hg’p(X, C) Hodge symmetry



Implications (all are strict)

X balanced

7
N\

X class C X sG

7

X 90

Ny
E1(X) = Exo(X)
(Frolicher spectral sequence)



Conjecture (P. 2015)

X is a 00-manifold :?> X 1s a balanced manifold.

Conjecture (P. 2016)

3 a metric w on X s.t. 90w =0 —> Fy(X) = Foo(X).

(Frolicher spectral sequence)



Deformation properties of 99-manifolds

e Openness (Wu 2007)
X is a 00-manifold = X; is a 00-manifold ¥t ~ 0.
e Non-openness (Angella-Kasuya 2013)
Xt is a 00-manifold YVt e A\ {0} == Xy is a 00-manifold.

¢ Deformation limits (P. 2019)
X; is a 00-manifold YVt e A\ {0}

—> X 1s an E,-sG manifold,

where r € N* is the first page at which the Frélicher spectral se-
quence of X degenerates.



Recent metrical notions
e [,-sG manifolds for r =1,2,3 (P. 2019)

X sG manifold (= F1-sG) = X EysG — X FE3sG

e sSGG manifolds (P.—Ugarte 2014) :

every Gauduchon metric is sG
(This is equivalent to a special case of the O0-property.)
Theorem (P. 2011 et P.—Ugarte 2014) The sG and sGG

properties are deformation open and stable under modifica-
tions.



Further conjectures

(I) Deformation closedness of the class C property

X is class C for allt € A\ {0} N Xy is class C.
(transcendental version of our main result being presented)

This conjecture motivated our work with L. Ugarte where we intro-
duced sGG manifolds.



(IT) Analytic Zariski-topology deformation openness of Kahlerianity

If Xy is Kahler, then conjecturally 3 ¥ = | X, C A,
veN

with Y, proper analytic subset of A such that
-Xt is Kahler for allt € A\ X
and

-X¢ 1s class C for allt € .



The Frolicher spectral sequence
Let X be a compact complex manifold, dimg X = n.

Page 0: the Dolbeault complex. i.e.
d —1 d d d
& gt &, pra S, proatt Ay

with B = Cpe,(X, €) (smooth (p, ¢)-forms on X) and dy = 0.
Put
- B ) ) —1 )
By = kerdy ! /Imdy® " = H (X, C).

Page 1: the cohomology spaces of page 0, i.e.
d; A, pr- 1,q 4, gra dy Ep+1 g 4

—
with differential defined as dj(|a]z) = [0als.



Page r:
d — —1 d d —r+1 d
’I“; Ef,]? T, Q+T HT Eg?, q —’I“> Eg"_’r, q T+ H7“

So, dy is of bidegree (r, —r + 1) for every r € N*. Put
EW’1>-MﬂdnqﬂﬂuW rgtr—1

Fact (Frolicher 1955): This spectral sequence converges to the
De Rham cohomology of X, i.e. there are (non-canonical)
isomorphisms:

Hpp(X, C)~ P BRI k=0,....2n,
p+q=k
where B = = Efer = Ep M= = EPY for all p, g and where

r > 1 is the smallest positive mteger such that the spectral sequence
degenerates at E,.. (We write Ep(X) = Foo(X).)



Thus, the degeneration at F) is a purely numerical property:

Er(X)=Ex(X) < b= » dimgEl? Vk=0,... 2n.
ptq=k
In particular,

3 1 paq 1 aq
Z prd > ... > Z dimcFE" " > Z dimcE ] > - > by
ptq=k ptq=k ptq=k

Hence, the following implications hold:

Fi(X)=Fx(X) = F(X)=FEx(X) = -+ = E(X)=FEx(X)



Relations to other properties
e If X is a 90-manifold, then £ (X) = Ex(X).
e The converse is false.

e.g. If dimpX = 2 (i.e. a complex surface), then

. X is a 00-manifold < X is Kahler.

e The property F1(X) = FEoo(X) does not imply either the Hodge
symmetry or the canonical Hodge decomposition. It only implies the
much weaker numerical Hodge decomposition.



The 15! new ingredient in the proof of the main result

(X, w) : a compact complex Hermitian manifold, dimgX = n

Recall:
. w is called Gauduchon if dw™ 1 € kerd  (i.e. Ey-closed);
. w is called strongly Gauduchon (sG) if 9w~ ! € Imd

(<— {(?cun_l}E1 =0 € E?’n_l(X), Le. 0w s By — exact)

Trivial observation

If wis a Gauduchon metric, then dw" 1 is F,-closed for every
r € N*.

This means that dw™ ! represents an E,-cohomology class
(0" g € BEP"HX).



Definition (P. 2019) Fiz any r € N*. A Gauduchon metric w on
X is called an E-sG metric if 0w 1 is E,-exact.

e This means that {ow" 1} g, =0€E" n_l(X ), which is equivalent
to the existence of forms ¢ and & such that

Ot = ¢ + O¢

and such that ( satisfies the following tower of (r — 1) equations:

0¢ = dvp_3
Ovp_3 = Ov,_y

ovy = 0.



Definition (P. 2019) Fiz any r € N*. The compact complex man-
ifold X 1s called an FE,-sG manifold if there exists an E,-s(a
metric w on X.

e The following implications hold:
wis B1—sG = wis By — sG = w is k3 — sG
Xi8s Fi—sG = X is B9 —sG = X is F3— sG.

e For bidegree reasons, no new F,-sG notion is obtained for » > 4.

e Obvious equivalence: w is F1-sG <— w is sG;



e L.. Ugarte showed that
- There exist Fo-sG manifolds that are not E7-sG.

(e.g. all the Calabi-Eckmann manifolds, except the Hopf
manifolds)

. If X is a Hopf manifold, then X is not E,-sG for any r € N*.
. Any possible complex structure on the 6-sphere S° (if any) is E3-sG.

- It the analogous statement could be proved in the F1-sG case,
interesting conclusions would follow for S9.



The 2" new ingredient in the proof of the main result

Recall: the 90-property of compact complex manifolds is not defor-
mation closed.

However, we have

Theorem A (P. 2019) If X; is a d0-manifold for every t €
A\ {0}, then Xq is an E,-sG manifold, where r € N* is the
smallest positive integer s.t. Fr(Xg) = Foo(X0).

To be compared with the stronger

Theorem (P. 2009) Under the same assumptions as above, X
is an sG manifold (= F{-sG manifold ).

(given an ad hoc proof in 2009)



The more conceptual proof of the 2019 result relies on the notion
of adiabatic limit for complex structures (P. 2017) inspired by
the analogous concept in foliation theory.

Let X be a compact complex manifold, dimgX = n. For every
constant h € C, let

dj, == hd+0: C°(X, C) — C (X, C), ke{0,...,2n}.



Immediate properties.
(1) The pointwise maps
0, : APIT*X — APIT*X,  uws 0,u = hlu,

are isomorphisms for h # 0 and the operators d and d;, are related by
dj, = 0,d0; "
(2) Hence d% = 0, inducing the dj-cohomology

th(X, C) := kerdy,/ITm dj,.

(3) We get induced isomorphisms in cohomology:
k = k
HDR(X7 C) — Hdh(Xa (C)a {U}d — {ehu}dha
whenever h # 0.



(5) If w is a Hermitian metric on X, let
Ah : C]?O(X, (C) — C]SO(X, C), Ah = dhd}i + d}:dh,

be the associated dj-Laplacian.
It is elliptic, so it induces the Hodge isomorphism

ker Ay, ~ th(X, C)



The Frolicher approximating vector bundle (FAVB)
(P. 2019)

Let (X#)ien be a holomorphic family of compact complex manifolds.
. d=0;+0; forallte Asince Xy~ X  (C diffeomorphism)
< dp g = hoy+ 0y for (h,t) € Cx A
- Opt ANT*X — AFT*X, u= ug = O u= > AP

ptq=Fk p+q=Fk

. For every (h, t) € C* x B, we get an isomorphism in cohomology:
y g g

0p ¢ Hip(X, C) — th,t(Xta C)



Proposition (P.2019) For every k =0,...,2n, put

Af | = Hfjh’t(Xt, C), (h,t)eC*x B

Al = P BRUX), (h)=(0,) € {0} x B.
pt+q=Fk

Then, the holomorphic trivialisation (eh,t)(h,t)E(C*XB of the vec-

tor bundle A¥ — C*x B of rank by. extends holomorphically across
{0} x B to yield a holomorphic vector bundle Ak — C x B.

Definition (P.2019) This holomorphic vector bundle is called the
FAVB of the family (Xt)ien in degree k.



Proof of Theorem A

e Let g be an arbitrary Gauduchon metric on X. Extend it arbi-
trarily to a C'° family (y¢);e g of Gauduchon metrics on the X3's.

e Consider the C'°° section

( —1 on—1 on—1
{at’)/? }dh,t = Hd:,t (X?fa (C) — Ahr’;bt )
if (h,t)eC"x B,

o(h, 1) = O expe @ EPUX) =AY,
p+q=2n—1
i (ht)= (0, ) € {0} x B,

\

of the FAVB A"t » C x B.



o X; is a d0-manifold for all ¢ # 0, so

o(h, ) = {8 }a, , = 0 € A

for all (h, t) € C* x B
Hence, by continuity, o must be identically zero on C X B.

In particular,
o0, t) = {0 Vg x,) =0€ A forall t € B,

This means precisely that 5’15%?_1 is B X¢)-exact for every t € B.
In other words, v+ is an F,-sG metric on Xy for every t € B, including
t=0.

In particular, X is an E,-sG manifold. q.e.d.



