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(I) Preliminaries
Let: L — X be a holomorphic line bundle;
X a compact complex manifold, dimg X =n =2p+1 = 4[+3.

Definition (Kasuya-P-Ugarte 2025, Broder-P 2025)

An L-valued holomorphic p-contact structure s a form
['e CJ(X, L) such that

(@)0I'=0 and (b)T'AOL #0 everywhere on X.

X: a holomorphic p-contact manifold
L: a p-contact bundle



Observation

OI' is not well defined (in general), but I' AN OI' € C2° (X, L?) is.

F — (Fa)a, Whel”e F‘Ua — Fa ® 6047
[y is a C-valued (p, 0)-form on U,

We have: T'y, = 9a s Fﬂ on Uy N Uﬁ-
Hence: Ol'q = go5 913 + 0gnp A Ol 5;

Hence:
FaAOTa = goglg AT — gapdgap AT AT
= go5lp A OLg.
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For every C'*° Hermitian fibre metric A on L, if D;, = D;l + 0 is the
Chern connection of (L, h), we have:

PAON=TAD,I € H"Y(X, L*) ~ HY(X, Kx ® [*) ~ C

because Ky ® L? must be trivial.

Consequence

IfI' € C’;?O(X, L) is an L-valued holomorphic p-contact struc-
ture on X, then:

L? ~ — Ky or, equivalently, (L_l)2 ~ Ky.

In particular, L™ is a spin structure on X.
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Any L-valued holomorphic p-contact structure I'g € SOO(X, L)
gives an identification H)(X, Ky ® L?) ~ C.

We get a holomorphic, degree-two homogeneous map:
Ml e gPY(X, L) s T+ TAOT € C.

By the Cauchy inequalities, 1" is a homogeneous polynomial of de-
gree 2, SO

T e HY (P(Hgo(x, L)), O(2)>.



Corollary

The set of L-valued holomorphic p-contact structures on X s
either ) or

the complement of a degree-two complex hypersurface in IP <H§’ O(X, L)) :



Standard notion
Let X be a compact complex manifold with dimg X =n =2p + 1.
A holomorphic contact structure on X: n € C75,(X, L) such that

On=0 and nA(On)P #0 atevery point of X.

Intuitively, the 2p + 1 dimensions of X are split into two classes: the
direction of 1 and the 2p directions of (9n)P.

We replace this splitting by the splitting 2p+1=p+ (p+ 1).



If nis a contact structure, we have:

n A (0n)P e Hg’o (X, LP+1>, S0

Lp_l_l ~ —KX.



Examples of holomorphic p-contact manifolds
(Kasuya-P-Ugarte 2025)

(I) Initial observations

Let X be a compact complex manifold with dimeX =n =2p+1
and p odd.

(1) Ifn=3 (andp =1), a formT € C7(X, C) is a holomorphic
contact structure on X if and only if it is a holomorphic 1-contact
structure.

(2) Let s be the positive integer such that p = 2s — 1. For any
holomorphic contact structure n € CT(X, C) on X, the form

[i=nA@n)° " eCyyX, C)

1s a holomorphic p-contact structure on X.
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(IT) Examples in dimension 3
e The Iwasawa manifold X = G/T"

G = ((CS, %) is a nilpotent complex Lie group (= Heisenberg group),
where the group operation is defined by

(C1, C25 (3) * (21, 22, 23) = (C1 + 21, (2 + 22, (3+ 23 + (1 22),

[' C G is the lattice of (21, 29, 23) € G with z1, 29, 23 € Z|1].

The cohomology of X is generated by three holomorphic (1, 0)-forms
a, B, v on X that satisfy the structure equations:

Oa =08 =0 and 0y = —a N B # 0 everywhere on X.

Thus, I := v defines a holomorphic contact structure (= a
holomorphic 1-contact structure) since

YANOy=—a AP ANy #0 atevery point of X.
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e The Nakamura manifolds X = G/I":

G = (C3, %) is a solvable complex Lie group, where the group oper-
ation is defined by

(C1, Co, C3) % (21, 22, 23) = (C1 + 21, Co + € Slzg, (3 + €Slzg),
[' C (G is a lattice.

The cohomology of X is generated by three holomorphic (1, 0)-forms
©1, P9, 3 on X that satisty the structure equations:

Op1 =0,  OJpa=wi1 Ny and  Jdpz=—p1 A3,
Hence:
e vy and 3 define holomorphic 1-no-contact structures:;

e[| == 9+ 3 and ['y := 9 — 3 define holomorphic contact
structures (= holomorphic 1-contact structures).
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e The manifolds X = SL(2, C)/T"
SL(2, C) is a semi-simple complex Lie group;
['c SL(2, C) is a lattice.

The cohomology of X is generated by three holomorphic (1, 0)-forms
a, B, v on X that satisfy the structure equations:

oo = [ N7y, 08 =~ AN a, oy =aAp.

Hence, each of the forms «, (3, v defines a holomorphic contact
structure (= a holomorphic 1-contact structure) on X.
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Proposition (Kasuya-P-Ugarte 2025)

Let X = G/T" be the quotient of a nilpotent Lie group of real
dimension 6 endowed with a left invariant complex structure.
If X has a holomorphic contact structure, then X 1is:

e cither the Iwasawa manifold
e or the non-complex parallelisable nilmanifold X = G /T", where:

G = ((CB, x) s given by the non-holomorphic group operation:

(C1, o, C3)x(z1, 29, 23) = (C1+21, Coteo+Cy 21, (3+23—C1 20— (4 Z1(Cl+%>

the lattice I' C G consists of (z1, z9, z3) € G with z; € 27Z|1] and
20, 23 € L[i];
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Hence:

o X =G/I' is a compact complex 3-fold equipped with a basis of
(1, 0)-forms 1, @2, w3 on X that satisfy the structure equations:

dp = 0, dpo = p1 NP, dp3 = o1 N\ @9.

e 3 defines a holomorphic contact structure (= a holo-
morphic 1-contact structure) on X since dp3 =0 and

p3 N\ Ops = o1 N\ pa A p3 # 0.
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(ITT) Examples in arbitrary dimensions n = 3 mod 4
Higher-dimensional Iwasawa-type manifolds X = G/I’
Proposition (Kasuya-P-Ugarte 2025)

Letn=2p+1=4143 and let G be the nilpotent n-dimensional
complex Lie group equipped with the complex structure defined by
either of the following two classes of structure equations involving
a basis of holomorphic (1, 0)-forms p1,...,pn:

(Class I) dpy =dps =0,

dpz = P2 N1, ..., dpn = op—1 N1,
(Class II) dy; =---=dp,—1 =0,
dn =1 N2+ 3 Nps+ -+ op2Npp_1.
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Then:

(1) if G is in class I, given any (4l+1) x (4l+1) invertible upper
triangular matriz A = (a;;)3<; j<a1+3, we define:

o the (1, 0)-forms v, = 24”3 Ay ©;, for every u > 3;

1=Uu
o the (p =21+ 1, 0)-form I'; given by

[i=79m AN A+ A%+v%AY7) A
A (Yag A Yaga1 F+ Yage1 AN Yareo + Yareo A Yaias).

For any co-compact lattice A\ C G, the (p = 21 + 1, 0)-form
['; defines a holomorphic p-contact structure on the compact

nilmanifold X = G/A.

Meanwhile, X does not admit any holomorphic contact structure.
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(2) if G is in class II, for any co-compact lattice A C G, the
(p7 O) -form

21 [
= pn A (Opn) = gn A (Z ©25+1 N 902j+2>
7=0
defines a holomorphic p-contact structure on the compact nil-
manifold X = G/A.

This 1s tnduced by the standard contact structure ¢, on X.
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Corollary (non-deformation openness)
Let m : X — B be a proper holomorphic submersion.
X;:=n"(t), te€ B, isacompact complex manifold.
Then:
X holomorphic p-contact # X; holomorphic p-contact

fort ~ 0.
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Counter-example(Kasuya-P-Ugarte)

X is the Twasawa manifold;
X; the small deformations in the Nakamura class (ii) or (iii).

Then, no such Xt carries any holomorphic p-contact structure.

We have: n =3, p=1 and

h(la’o(XO) =3,  but hg’tO(Xt) =2 for t # 0.
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(IT) Holomorphic families of holomorphic p-contact struc-
tures

o Let m: X' — B be a proper holomorphic submersion,
where X and B are complex manifolds.

(We often take B C C" to be an open ball centred at 0, for some
positive integer V.)

o Let L —> X be a holomorphic line bundle over the total space
of the family. For ¢ € B, we denote by

Ly = ,C’ X — X¢
the restriction of £ to the fibre above t¢.
It is a holomorphic line bundle on X
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Let X := 7~ Y(t), with t € B, be the fibres.

Suppose that dime Xy =n=2p+1 =4[+ 3.

Non-jumping assumption

(H1) dim@Hgéo(Xt, L) is independent of ¢t € B.

This implies that the coherent sheaf (an O pg-module):

Hp,()(L) = Tk (QpX/B & E)

is locally free.
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The fibres of the holomorphic vector bundle HP>Y(L£) — B are:

HPO(L) ~ HO(Xy, OF @ Ly) = Hgéo(Xt, L), teB.

Each cohomology class in Hgt’ O(Xt, L) is a singleton, so

0 A
Hgt (Xt, Lt) = C%0(Xt, L) Nker 0, t € B.

Remark

We don’t need to assume that X 1s Kahler.
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Theorem (P. 2026) (deformation openness)

Suppose there exists an Lg-valued holomorphic p-contact struc-
ture on X:

Iy € Hg(’)O(XO, Lo).

Then, after possibly shrinking B about 0, there exists a holo-

morphic family (I't);ep of Li-valued holomorphic p-contact
structures

['t € Hgt’O(Xt, L)

on Xt whose member fort =0 s the given 1.
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Proof.

By hypothesis, I'y € HP-Y(L)g is a non-zero element in the fibre at
0 € B of the holomorphic vector bundle H?> (L) over B.

Thus, I'g extends (non-uniquely and non-canonically) to a non-vanishing
holomorphic section I' of this vector bundle on a small neighbourhood
of 0 in B (that can be taken to be B after possibly shrinking B):

reH (B, HP’O(L)>

such that I'(0) = T.
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We have a C'°° (hence also continuous) map:

X~BxX>3(t z)—Tz) AN(0)(2),

where t € B is the base variable and
ze Xg~ X (¢ diffeomorphism

is the fibre (vertical) variable obtained after identifying each fibre X
with a fixed C°° manifold X (by Ehresmann).

From
o A (9pg) # 0, everywhere on X,

by continuity and compactness of the X¢'s, we get:
[y A (Og) #£ 0, everywhere on Xy, for all ¢ ~ 0.
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Corollary

Suppose there exists an Lg-valued holomorphic p-contact struc-
ture on Xg:

[y € Hg(’)o(Xo, Lo).

Then, after possibly shrinking B about 0, for every p-contact ba-
SiS {FO, o Fg} of Hp’o(ﬁ)o = Hg(’)o(XO, Lo) (always exists!),

there is a holomorphic frame I'y,..., Ty € HYB, HP'(L)) such
that:

(1) Fj(()) = Fg forall j=1,...,r;
(i) I';(t) € By = Hg;O(Xt, L) is an L¢-valued holomorphic p-
contact form on Xy forallt € B and all j =1,...,7.
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(IIT) Curvature of relative holomorphic p-contact bundles

Proposition (P. 2026)
Suppose that:
(a) B is compact, dimcX = N;

(b) there exists I € H' (B, Hp’o(£)> \ {0}.
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Then, there exists no C° Hermitian fibre metric h on HP V(L)
whose Chern curvature form i, (HP: V(L)) satisfies, for some Gaudu-
chon metric p on B:

(i) the inequality:

{ (@'@hmpvow)) A ,oN1> u, u} <0

h
for every t € B and every u € HP V(L)

(11) and the strict inequality

{ (i@hmw(c)) A —1) u, u} <0

h
for some ty € B and every u € HP V(L) \ {0}.
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Theorem (P. 2026)

Suppose that:
(a) X is compact Kahler for everyt € B;

(b) there ewists ty € B such that the restriction Ly, = £|Xt0 is
a holomorphic p-contact bundle.

Then, there exists no (singular or otherwise) Hermitian fibre
metric h on L such that:

e the restriction hy, = h\LtO 1$ non-degenerate;

® 10,(L) <p—p w0 everywhere on X.
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Proof.

Follows from a result of Broder-P. (2025) + regularisation in the
m-positive setting (Dinew-P. 2025).

Question

Can L and/or HP-V(L) be (semi-)positive in the holomorphic
p-contact setting?
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Let us consider the holomorphic vector bundles:

E = HPY(L) —7T*<Q];(/B®£) — B

and

F' provides a special case of Berndtson’s positivity setting.

Our assumption: for every t € B,
Iy € HY ! (Xt, Lt>
¢

L+valued holomorphic p-contact structure on X3.
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This assumption implies that: Ky, ® L% is trivial for every t € B.

In particular, we get:

H" Xy, Lf) ~ HY(Xy, Ky, ® Lf) ~ H'(X;, C) ~C,  t€ B,
hence
dimcH™ (X3, L?) = 1, t € B.

Therefore, F .= H™ (L) = w4 (Q?(/BQ@EQ) — B is locally free.

It is a holomorphic line bundle whose fibres are:

Fy = HV(Xy, L?), t e B.
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There is a standard way of defining a C'*® Hermitian fibre metric hp
on F' — B (and one hg on E — B) from a given C'*° Hermitian
fibre metric A on L — X

Definition (standard)
For allt € B and 'y, € Iy = H””O(Xt, L%), we set:

9
<Ft, Qt>th = <<Ft, Qt»ﬂ,h% = /Zn {Fta Qt}h%
Xt

the L? inner product nduced by h% on Fy — X3.
Here: {T'¢, {2}, is a C-valued (n, n)-form on X;.
t
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Let:

D, = D/E + DZ be the Chern connection of (L, h);

Dy =D} + D] = (D,Lt)teB + (th)teg be the fibrewise Chern
connection of (Lt)iep.

Definition (P. 2026)

(i) Consider the following holomorphic quadratic bundle map:

S:FE —F, S(u) :==u A Dju.

34



(11) Consider the following holomorphic symmetric bilinear
bundle map:

1
A ExFE—F, A(u,v)::§(u/\D’Lv+D/Lu/\v>.

(i) (K, hgp) — B is said to be A-twisted Griffiths (semi-
)positive if for every open subset U C B and every p-contact
section I' € C°(U, F), we have:

1
AT, T
as a C-valued (1, 1)-form on U. In this case, we write:
(E, hg) > 0 (A-twisted Griffiths),
respectively (E, hp) > 0 (A-twisted Griffiths).

)A<i@hE(E) [ F) >0 (respectively > 0)
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Observation

For any open subset U C B and any p-contact section I' €
C>®(U, F),

A (1}7 5 A(i@hE(E) r r)

is a well-defined C-valued (1, 1)-form on U.
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Theorem (P. 2026)

Suppose that for everyt € B, there exists an Li-valued holomor-
phic p-contact structure on Xi:

Iy € Hg;O (Xt, Lt)

Then, for any C°° Hermaitian fibre metric h on L — X and
any Hermitian metric w on X, the following implications hold:

— (FE, hp)

B (A-twisted Griffiths)
— (£, hp)

> ()
>0 (A-twisted Griffiths).
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Theorem (Berndtsson 2009)

If w i1s Kahler, one has the implications:

Op(L) 20 = O (F) >0
Op(L) >0 = 10 (F) > 0.
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(IV) Moduli spaces

Let:
m: X — B be a proper holomorphic submersion;

L — X be a C° complex line bundle.

Consider

Hol(L) = {D” holomorphic structures on E}

equipped with the C'°° topology.

For every D" € Hol(L), consider the holomorphic line bundle:
ED” = (ﬁ, D”) — X.
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Hypothesis (H@)
For every fized r € N, we will say that a holomorphic structure
D" € Hol(L) satisfies hypothesis (HY)) globally on B if

(H£T>) d@'m@Hp’ y

IS (X¢, Lt) =r  forallt € B.
f
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Definition (P. 2026)

For each r € N, we consider the topological space consisting of

Cfﬁ(?{, B, L) := {D” c Hol(L) | D" satisfies (Hl(r)) globally on B

equipped with the C'°° topology.

41

and, for every ty € B, there exists
an open neighbourhood U of t,
with compact closure in B,

and a continuous p-contact section

[ e CO<U, %%,9(L)|U> }



Lemma (P. 2026)

For each v € N and any C°° Hermitian fibre metric h on L, the
right action:

cx, B, £) x Uy(£) — ci(x, B, L),
(D”, T) —> Dé’v =T toD"o 1,
1s well defined in the following sense:

(a) if D" satisfies (H1\")) globally on B, then so does D7
(b) for any open subset U C B, if T € CV (U HD,,(£)> is a

continuous p-contact section, then T~ € CV (U HD” (£)> 1S

continuous p-contact section for every T € Up(L).
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Definition (P. 2026)

For each r € N, the quotient set

M x, B, )= (x, B, £)/Uy(L).

equipped with the quotient topology, is called the r-th moduli
space of relative holomorphic p-contact structures on (X, B, L).
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Theorem (P. 2026)

Fix an arbitrary r € N.
(1) The moduli space ./\/l](f)(X, B, L) is Hausdorff.

(2) If B is compact, the moduli space /\/lg)(/‘(, B, L) is open
in the quotient topological space 73]@(?(, B, L)/U; (L), where

73]<9T>(X, B, L) = {D” € Hol(L) | D" satisfies (HP) globally on B}

equipped with the C°° topology.
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