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General context (Dieu 06, Harvey and Lawson ’13, Ver-
bitsky 10, Dinew ’22

(X, w) a complex Hermitian manifold, dimg X = n;
m e {l,...,n}

T be a real current of bidegree (1, 1) on X.

. . .l .l d
T is m-semi-positive (resp. m-positive) w.r.t. w é

the bidegree-(m, m)-current T Aw™ ! is strongly semi-positive
(resp. strongly positive) on X.

We denote this property by 1" >, o, 0 (vesp. T >, 0).
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When ¢ : U — R U {—o0} is an upper semi-continuous function
on an open subset U C X, we have:

d _
@ 1s m-psh on U w.rt. w <éf> T :=100p >m, w0 on U.

When m > 2, these notions depend on the choice of w.

Example. Take:

w=aidz; Ndz; + bidzy N\ dzo + cidz3 N dz3
and

T'=pidzy Ndzy + qidzo N\ dzo + ridzg N\ dz3,
with a,b,¢c > 0 and p,q,r € R.



Then,
T'Nw = (pb + qa) vdzy N dzy N\ idzo N\ dzo
+ (pc+ra)idzy N dzy Nidzg N\ dZ3
+ (qc+1b)idzy A dzZy N idzsg A\ dzs,

so we get the equivalence:

T22,0 <= pb+qga=>0, pc+ra=>0 and qc+rb=>0.

In particular, the current 1" defined by the coefficients p = ¢ = 1 and
r = —1 satisfies the condition T" >9 , 0 when, for example, a =0 =1
and ¢ = 3, but this T is not 2-semi-positive with respect to w when
c<aorc<hb.



Lemma. Suppose T’ is continuous. Then:

T2mw0 <= A1+---+Ap >0 atevery point of X,
where A\{ < -+ < Ay, < --- < Ay, are the eigenvalues of T w.r.t. w.

Recall. If T is of class C2, for every point 2 € X there exist local

holomorphic coordinates z1, ..., 2, on X centred at x such that
n

n
w(x) = Z idzj N dz; and T(x) = Z Ni(x)idzj N dz;.
j=1 j=1



Geometric context (Dinew-P 2025)

Definition. Let L — X be a holomorphic line bundle over a
complex manifold with dimegX =n. Let m € {1,...,n}.

L is m-semi-positive with a C'°° metric
(respectively, m-semi-positive with a singular metric)

d . .
é]; Jw C° Hermitian metric on X

h C°° (or singular) Hermitian fibre metric on L

such that



First group of results (Dinew-P 2025)

(A) Vanishing theorems
Theorem (Dinew-P 2025)

(v) If iOp(L) >4 w cw on X for some g € {1,...,n} and some
constant ¢ > 0, then

HT—L’Z(X, L)={0} for all 1> q.

(1) If 10,(L) <p—p,w —cw on X for somep € {0,...,n — 1}
and some constant ¢ > 0, then

HgO(X, L)={0} for all 1 <p.



(B) O-equation: resolution and L‘-estimates

Theorem (Dinew-P 2025)

(v) If iOp(L) >4 w cw on X for some q € {1,...,n} and some
constant ¢ > 0, then:

for every | > q and every v € COO (X, L) such that Ov = 0,
there exists u € C’OOZ (X, L) such that Ou = v and

/ w2 pdV < — / o2 dV.



(i) If iOp(L) <p—gq,w —cw for some ¢ € {1,...,n — 1} and
some constant ¢ > 0, then:

for every | < q and every v € S?Z(X, L) such that Ov = 0,

there exists u € C3%_ (X, L) such that Ou = v and

1

2 2
/‘u‘w,hd‘/w < C(’I”L — l) /‘U|w,hd‘/w-
X X




The proofs are based on a technique by Demailly:

e Bochner-Kodaira-Nakano-type identity:

A" = AL+ [i0, (L) A -, A+ T,

(when w is general Hermitian)

A" =N +[i0, (L) A -, A
(when w is Kahler)

10



e Curvature operator formula (Demailly):

1O(L) N -, A Z(Z)\ —I—Z)\k—Z)\l)uJKdZJ/\dZK

J K e ke K
for every form u = Jz}:{ u ;7 dzy Ndz at a given point z € X about
which local holomorphic coordinates z1, ..., z;, have been chosen to

simultaneously diagonalise w and 19j,(L).
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Second group of results (Dinew-P 2025)
Global regularisation theorem (Dinew-P 2025)

Let (X, w) be a compact complex Hermitian manifold with dimgX =
n. Fizm € {1,...,n} and suppose there exists a C™ real (1, 1)-
Jform x on X such that dx =0 and x >m o 0.

For any upper semai-continuous L1 functwn v : X — RU
{—o0} such that x 4+ i00p >pm w 0 on X, there exists a sequence
(¢j)j>1 of C°° functions p; X — R such that:

(1) X+Z@@gpj >m.w 0 on X for every j > 1;
(i) for everyx € X, pj(x) \, p(x) as j — oo.
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Local regularisation theorem (Dinew-P 2025)
Let (X, w) be a complex Hermitian manifold.

Then, for every:

e point p € X,
o cvery open neighbourhood Uy C X of p,
o cvery m-psh (w.r.t. w) function u : Uy, — R U {—o0},

there exists a sequence (u;);>1 of C°° strictly m-psh (w.r.t. w)
Junctions u; : Uy —> R such that, for every x € X:

() N u(z)
as 7 — oQ.
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Some ingredients in the proofs.

e Viscosity subsolutions
c P (X, w, x) = {gp : X > RU{—o0}us.c. Llloc function
such that y+190¢p >m, w O}.

Vo € Po(X,w,x) N C2 let A} < -+- < )\, be the eigenvalues of
X +i00v w.rt. w. Cheng-Xu (2025) set Fy,[x+100v] : X — R,

Folx + 080 (2) (Hm [ZA D m)

jed
at every z € X, where J = (J1,--- ,jm) runs over all ordered m-
tuples of indices from {1,--- ,n}.

14



Definition (Cheng-Xu 2025)

Let g be a non-negative continuous function on X. A function

¢ € Pp(X,w,x) is said to be a viscosity subsolution of the
equation

Fnlx +1i00v] = g

if for any point p € X and any C? function 7 : U — R defined
in a neighbourhood U of p such that T > ¢ on U and 7(p) = ¢(p)

(any such function T is called a testing function for ¢ at p),
one has Fp|x + 1007|(p) > g(p).

In this case, we write Fy[x + 100¢] > g in the viscosity sense.
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Theorem (Cheng-Xu 2025)

VB >e dl uf € Ppn(X,w,x) NC®(X) solution to the equation

28

i BN ()
Fnlx + i00u})(2) = " DI L ()
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o (' solvability of the Dirichlet problem for the local Fj,, operator
Theorem (Dinew-P 2025) Let:

(X,w) be a complex Hermitian manifold;
p € X be an arbitrary point;
- Up C X a sufficiently small ball in a coordinate chart about p.

Then, for any constant 8 > e, the Dirichlet problem:

uf e O°(Uy); i@éu? >m, w 0;

) 5y
Flio0u]) = M0 U,

/.

5 _ r.
Y lou, = filou,
s

admaits a unique solution U -
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Third group of results (Dinew-P 2025)
Definition (Dinew-P 2025)

Let X be a compact complex manifold with dimecX = n and let
me{l,...,n}.

(1) For every real current T’ of bidegree (1, 1) such that dT' =0
and every Kdihler metric (if any) w on X, the m! [w]-twisted
class of 1" is the Bott-Chern class:

Tpc A lwm—1lpe = [T Awm—1lpc € Hps' (X, R).
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The Bott-Chern class [T'|gc € H}B’é(X, R) is said to be:

o |w|-m-pseudo-effective (|w|-m-psef),

(T]gc N lwm—1lpc = 0 or by [T Awpm—1]pc > 0,)

if there exists a real current S of bidegree (m — 1, m — 1) on X
such that

T Awpy—1+100S >0 (strongly) (1)

as an (m, m)-current on X ;
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e |w|-m-big,

(T po Nlwm—-1lpc >0 or by [T ANwpy—1lpc > 0,)

if there exists a real current S of bidegree (m — 1, m — 1) on X
such that

T A wy—1 + 1005 > e~™ (strongly)

as an (m, m)-current on X, for some constant € > 0 and some
(1, 1)-form ~ > 0.
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(2) Suppose that X is Kahler. For every Kdhler class |w|po €
Hpo(X, R),

o the following subset is called the |w]-m-pseudo-effective (|w]-
m~-psef) cone of X :

E m(X) = {mBo e HEL(X, R) | [Tlpo A wmetlpe > o};

o the following subset is called the |w]-m-big cone of X :

By m(X) = {mgc ¢ H5L(X, R) | [T15e A lomi]po > o}.
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Theorem (Dinew-P 2025)

Let (X,w) be a compact Kdhler manifold with dimgX =n. Fix
me{l,...,n}.

For every cohomology class ¢ € Hllg’é(X, R), the following two
statements are equivalent:

(a) There exist a C° d-closed real (1, 1)-form a € ¢ and a form
(g e C2 m,n_m(X , R) with the properties:

Qg >0 (weakly) and 909y =0
such that o A w™ YA Qy > 0 everywhere on X ;

(b) The cohomology class —c¢ € Hg’é(X, R) is not |w|-m-pseudo-
effective.
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Fourth group of results (Dinew-P 2025)
A form-solution Monge-Ampere equation
Definition (Dinew-P 2025)

Let: - (X, w) be a compact Kahler manifold, dimgX = n;
-m € {l,...,n};
- a volume form dV € C3°, (X, R) with dV > 0;
- € O ) (X, R) such that doo =0 and a > 0 (strongly);

we constder the equation:

[m ((a + i00u) A wn_m_1>] v (),

whose solutions w € C>> (X, R), if any, are subject to the
initial conditions:

o +i00u > 0 (strongly) and u € ker 9 Nker 9.
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Recall (general fact):

Given: - a compact Hermitian manifold (X, w);
-aform ¢ € CP5.(X, C);

(1)
there exist unique w-primitive forms ¢ .~ € COOZ (X, C) for
[ =0,...,r such that

Aot Al

( = Cpm’m Cpmm prim pmm

C(r)

’mm’ CCSprim

C(l)

We call C the w-primitive coordinates of ( = ( pm‘m)OSZST'
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Theorem (Dinew-P 2025): uniqueness

If there exist uy, up € C° 1 (X, R) such that

[*%,(Qy+¢88uﬁ/\wn_mf¢)]n-—[*@,(@y+iﬁﬁuﬂ/\wn_mf¢>]n,

satisfying the initial conditions:
a + i@éuj > 0 (strongly) and u; € ker O N ker oy, j=1,2,
and, furthermore, satisfying the property ( “boundary conditions”):

() = () [=0,...,m—2,

then there exists a constant C' € R such that
up = ug + Cw™ L
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Definition (Dinew-P 2025)

We say that equation (x) is solvable if for every a € Cip (X, R)
such that doo = 0 and o > 0 (strongly) and every volume form
dV € Cpop (X, R) with dV > 0, there exists a constant ¢ > 0 and
a formu e C (X, R) such that

—1,m—1

n
[*w ((oz + i00u) N wn_m_1>] =cdV
and such that u satisfies the following initial conditions:

a +i00u > 0 (strongly), u € ker @ Nker 3% and A" *(A"w) = 0.
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Application

On (X, w) compact Hermitian, given m € {1,...,n — 1}, we con-
sider the map:

ATETVTRX S o gy = kg, (@ A wn_m_1> e AVITr X

where %, is the Hodge star operator associated with w.
Set-up:

e w is Kahler;
e a, 3 € Cpy (X, R) are supposed to exist such that:

(i) da=dB =0; (ii) a > 0 (strongly) and 8 > C wy, (strongly) for
some constant C' > 0; B - )
(iti) A a = 0, where A .= 90* + 9*0 is the J-Laplacian.

27



Theorem (Dinew-P 2025)

Suppose that equation () is solvable. Then, if the forms o and
B satisfy the condition:

— fwrmas< o [,

(n —m)! n!
X X

there exists a d-closed real current T of bidegree (m, m) on X such
that:

)

(2)T > 6 (aw)m  for some constant 6 > 0; (i) T € [(Oéw)m — B
BC

where |-|gc stands for the Bott-Chern cohomology class of the
specified form.
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Corollary (Dinew-P 2025)

When m =n — 1, the inverse image of the class

(x0@)n—1 — Blpc € Hypo" " 71X, R)

under the Hard Lefschetz isomorphism

1,1 —1,n—1
HBC(X7 R) > [a]BC — [wn—Q A\ a]BC < ch ! (X7 R)

is an |w]-(n — 1)-big class.
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