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Introduction

The classification of compact complex manifolds is based on the study of alge-
braic and analytic properties.

Algebraic aspects of compact complex manifolds can be described using co-
homology groups; in particular, the most used are the de Rham’s, the Dol-
beualt’s, the Bott-Chern’s and the Aeppli’s cohomology groups. The de Rham’s
cohomology is associated to the complex of differentiable forms and it depends
only on the topological structure of the manifold. Conversely, since the Dol-
beault’s cohomology is associated to the complex of holomorphic forms, it de-
pends both on the topology and on the complex structure of the manifold.
Although the definitions of those cohomology groups are similar, in general
there is no direct relation between them. This is one of the reasons because,
in [Sch07], Schweitzer introduced the other two cohomology groups. They pro-
vide, with the homomorphisms induced by the identity, a bridge between the de
Rham’s and the Dolbeault’s cohomology. Other important algebraic tools in the
study of relations between cohomology groups are the ∂∂-Lemma, the Frölicher
spectral sequence and the Varouchas spaces. The first is a result of Deligne,
Griffiths, Morgan and Sullivan ([DGMS75]) that provides a necessary and suffi-
cient condition such that all the cohomology groups (of the same bi-degree) are
isomorphic. The second is a sequence of complexes such that the first term is
the complex of C∞-forms associated to the operator ∂. At every successive step
we take the cohomology of the previous complex. Then, at the second step,
we obtain the Dolbeault’s cohomology associated to the operator ∂. By the
construction of the Frölicher spectral sequence, after a finite number k of steps,
every complex is isomorphic to the successives and we said that the sequence
degenerates at the k-th level. We have that the k-th term of this sequence is
isomorphic to the de Rham’s cohomology. The last tool was introduced in [Var],
those auxiliary groups are used to construct exact sequences that involve the
Dolbeualt’s, Bott-Chern’s and Aeppli’s cohomology groups.

Among the analytic aspects of complex geometry there is the existence of
special Hermitian metrics on a compact complex manifold. A Hermitian metric g
is called special if its fundamental form ω satisfies certain differential conditions.
The most famous among these metrics are the Kähler, i.e., Hermitian metrics
such that dω = 0. Such metrics are the natural generalization of the flat metric
in the Euclidean space; moreover the presence of a Kähler metric has a strong
influence on the topology of the manifold: for example the odds Betti’s numbers
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are even. More recently non-Kähler metrics with important properties have been
studied. One of the first results is due to Michelson: in [Mic82] she defined the
balanced metrics. Such metrics are characterized by the vanishing of the (1, 0)
torsion tensor and have been studied by several other authors ([AB93], [Sil]).
Another important class of metrics is the class of strong Kähler with torsion
metrics (shortly SKT). They were introduced by Bismut in [Bis89] and have
found great applications in physics ([HP88], [Str86]). Moreover, in [FPS04], it
has been proved a characterization result for solvmanifolds that admits SKT
metrics.

Many authors have studied relations between algebraic and analytic proper-
ties of compact complex manifolds. For example, every Kähler manifold satisfies
the ∂∂-Lemma. Another important aspect is the isomorphism between the coho-
mology groups and the kernel of suitable differential operators. A similar result
is due to Popovici, in [Pop16] he proved that the second step of the Frölicher
spectral sequence is isomorphic to the kernel of an elliptic pseudo-differential
operator ∆̃.

Two are the main topics of this PhD thesis: the study of the cones of SKT
and super SKT metrics and the stability, under small deformations of the com-
plex structure, of the degeneration at the second step of the Frölicher spectral
sequence. First of all we prove, using Varouchas spaces, that the equality of
those two cones can be characterized in terms of cohomology groups (see Theo-
rem 1). Moreover we apply our result to the case of 6-dimensional solvmanifolds
(see Theorem 2). Concerning the second topic of our work, we deals with the the-
ory of pseudo-differential operators and the theory of C∞ families of differential
operators (see [Kod06]). More precisely, we have proved an a priori estimate
for pseudo-differential operators (see Theorem 3). Starting from this result,
we have proved that the dimension of the kernels of a C∞ family of pseudo-
differential operators varies upper-semicontinuously. Then we have considered
the family of pseudo-differential operators {∆̃t} over a family of compact com-
plex manifolds {(M,Jt)} and we show that, if the dimension of the Dolbeault’s
cohomology is independent on t, then {∆̃t} is a C∞ family. Thus the dimension
of the kernel is an upper-semicontinuous function of t. This result implies that,
under the hypothesis of the independence of the dimension of the Dolbeault’s
cohomology from t, the degeneration at the second step of the Frölicher spectral
sequence is a property stable under small deformations of the complex structure
(see Theorem 4). Finally we have computed the Frölicher spectral sequence of
a suitable family of compact complex manifold and we have showed that the
Frölicher spectral sequence degenerates at second step only on the central fiber.
This example shows that the hypothesis of the independence of the dimension
of the Dolbeault’s cohomology groups from t is necessary.

This thesis is structured in the following way.
In the first chapter we make a short introduction on compact complex mani-

folds. Following Egidi and Popovici, we recall some basic definitions and results
on forms and currents. Moreover we discuss about special Hermitian metrics
giving some motivations to the study of such metrics.

Chapter 2 is devoted to the study of the cones of SKT and super SKT
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metrics. We start with the basic notions about cohomology groups. We also
recall the construction of the Frölicher spectral sequence, such construction will
be used in the next chapters. In the last part, using the Varouchas spaces and
the theory of cones of metrics, we prove the following.

Theorem 1. Let M be a compact complex manifold admitting a SKT metric.
Then the following facts are equivalent:

1. sS = S;

2. KerT = H1,1
A (M);

3. c2,1(M) = h2,1A (M)− h2,1
∂

(M);

4. A2,1(M) ' B2,1(M);

5. a2,1(M) = b2,1(M);

6. every smooth d-closed ∂-exact (2, 1)-form on M is ∂-exact;

7. every SKT metric g is super SKT.

We conclude this chapter applying this theorem to the case of complex nil-
manifolds showing the following

Theorem 2. Let M be a non-torus compact complex 6-dimensional nilmanifold
with Lie algebra different from h7. If S 6= ∅ then sS 6= S.

In Chapter 3 we discuss the theory of elliptic operators on complex manifolds.
This chapter is divided in three parts. In the first part we recall the theory of
differential operators. Using this as a starting point, we prove those results also
for pseudo-differential operators. To be more precise we obtain the following a
priori estimate.

Theorem 3. Let A(x,D) be an elliptic pseudo-differential operator of order m.
Then for any k ∈ Z there exists a constant C depending only on k, δ and M|k|
such that for any f ∈ C∞(M ;C)

‖f‖k+m ≤ C (‖A(x,D)f‖k + ‖f‖k) . (1)

In the last section we report the results of Popovici about the relation be-
tween the second step of the Frölicher spectral sequence and the kernel of a
suitable pseudo-differential operator. This will be used in the next chapter
to prove a theorem of stability for the degeneration of the Frölicher spectral
sequence.

In the last chapter we recall the theory of deformations of the complex
structures of compact complex manifolds. Like the previous chapter we start
by recalling the standard theory for families of differential operators and, with
those results in our mind, we prove similar theorems using families of pseudo-
differential operators. In particular we prove that the dimension of the kernel of
a C∞ family of pseudo-differential operators is an upper-semicontinuous func-
tion. Using this result we prove the following.
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Theorem 4. Let (M,Jt) be a family of complex manifolds and suppose that the
dimension of Ker ∆∂t

∩ Λp,q(M,Jt) is independent of t for every (p, q) ∈ Z2.
Then the degeneration at the second step of the Frölicher spectral sequence is
stable under small deformations of the complex structure.

In the last section, starting with the completely solvable Nakamura manifold
and taking the deformations of the complex structure studied in [TT14], we
show, by direct computations, that if the dimension of the kernel of ∆∂t

varies,
then the degeneration at second step of the Frölicher spectral sequence is not
stable under small deformations.



Chapter 1

Preliminaries on Complex
Geometry

In this first chapter we recall some basic definitions and well-known results on
the theory of compact complex manifolds. We begin with a brief introduction
about the consequences of the presence of a complex structure on a compact
manifolds: we give the definition of Hermitian metric and we recall the orthog-
onal decomposition of the tangent bundle. Then we give a description of the
spaces of (p, q)-forms and of (p, q)-currents. We recall some basic properties of
the spaces of metrics and currents that will be used in the next chapters.

Finally we examine in depth Hermitian metrics. In particular we focus on
special metrics such as Kähler or balanced metrics recalling some well-known
facts and motivations for their study.

1.1 Compact Complex Manifolds

A compact complex manifold is a pair (M,J) whereM is a compact differentiable
manifold and J is a complex structure, i.e., J is a (1, 1) integrable tensor field
such that J2 = −Id. By [NN57], the integrable condition is equivalent to the
vanishing of the Nijenhuis tensor NJ given by

NJ(X,Y ) := [X,Y ] + J [JX, Y ] + J [X, JY ]− [JX, JY ], (1.1)

where X,Y ∈ TM and [•, •] is the usual Lee bracket. The presence of the
complex structure J forced M to be orientable and even-dimensional.

Since M is orientable, it admits a Riemannian metric g, i.e., a family of
positive defined inner product {gp}p∈M such that, for all X,Y ∈ TM , the map

p 7→ gp(X(p), Y (p))

is C∞. Moreover, using g and J , we can define an Hermitian metric h on M ,
i.e., positive defined Hermitian product on TpM varying smoothly with respect

9
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to p. Namely

hp(X(p), Y (P )) = g(X(p), Y (p))−
√
−1g(JX(p), Y (p))

is an Hermitian metric. We will discuss further about Hermitian metrics in
section 1.4.

Finally we recall the decomposition of TM . Since J2 = −Id it has only√
−1 and −

√
−1 as eigenvalue, thus it induces the following decomposition

TMC = T1,0M ⊕ T0,1M, (1.2)

where TMC := TM ⊗R C, T1,0M is the
√
−1-eigenspace and T0,1M is the

−
√
−1-eigenspace. Using local coordinates we denote a generic element of the

standard basis of T1,0pM (resp. T0,1pM) as ∂
∂zki

(resp. ∂
∂zki

).

As notation, when there is no ambiguity, we write M instead of (M,J).

1.2 (p, q)-Forms

The decomposition (1.2) induces by duality the following decomposition of the
cotangent bundle T ∗M

T ∗MC = T 1,0M ⊕ T 0,1M,

where, as before, T ∗MC is the complexification of T ∗M and T 1,0M (resp.
T 0,1M) is the

√
−1 (resp.−

√
−1) eigenspace of the application induced by J

by duality and denoted again with J . We denote with {dz1i , . . . , dzni } (resp.
{dz1i , . . . , dzni }) the standard local basis of T 1,0

x M (resp. T 0,1
x M) on the open co-

ordinate Ui. {dz1i , . . . , dzni } (resp. {dz1i , . . . , dzni }) is the dual basis of { ∂
∂z1i

, . . . , ∂
∂zni
}

(resp. ∂
∂z1i

, . . . , ∂
∂zni
}).

Let Λk(M) be the bundle of C∞ k-forms, then we have

Λk(M) = ⊕p+q=kΛp,q(M),

where

Λp,q(M) := T 1,0M ∧ · · · ∧ T 1,0M︸ ︷︷ ︸
p times

∧T 0,1M ∧ · · · ∧ T 0,1M︸ ︷︷ ︸
q times

is the space of C∞ (p, q)-forms. As notation, if A and B are multi-indexes of
length a and b respectively, we put

dzABi := dzA1
i ∧ · · · ∧ dz

Aa
i ∧ dz

B1
i ∧ · · · ∧ dz

Bb
i .

Moreover if {φi} is a set of forms indexed over N and A is a multi-index of
length a, then we write

φA := φA1 ∧ · · · ∧ φAa . (1.3)
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Given a (p, q)-form φ , we can express it in local coordinates on Ui as a C∞-

combination of {dzAB}, namely

φ|Ui =
∑
|A|=p

∑
|B|=q

φABdz
AB
i , (1.4)

where φAB : Ui → C are C∞ functions.
Finally, also the external differential d splits in two component ∂ := πp+1,q ◦

d : Λp,q(M) → Λp+1,q(M) and ∂ := πp,q+1 ◦ d : Λp,q(M) → Λp,q+1(M). The
integrable condition of J is equivalent to the splitting of the external differential
d = ∂ + ∂. Since d2 = 0 we have the following equations due to bi-degree

∂2 = 0

∂∂ = −∂∂
∂
2

= 0

(1.5)

According to Demally [Dem97], there is a standard topology on the space of
differential (p, q)-forms on M . Let φ ∈ Λp,q(M) and let U ⊂M be a coordinate
open subset, then, using (1.4), for every K ⊂ U and every s ∈ N we associate
the semi-norm

psL(φ) := sup
x∈K

max
|α|≤s

max
A,B
|DαφAB | , (1.6)

where α = (α1, . . . , α2n) is a multi-index and Dα is a derivation of order |α|
in the local variables z1i , . . . , z

n
i , z

1
i , . . . , z

n
i . Since M is a compact manifold the

topology of Λp,q(M) is induced by a finite number of those semi-norms, hence
Λp,q(M) is a Banach space.

We recall that the bundle of C∞ (p, q)-forms on M can be equipped with an
L2 product. To define such a product we need the following definition

Definition 1 (Positive form). A (p, p)-form φ is said to be positive if, for every
point p ∈M , there exist an open coordinate Ui and a local basis {dzai } such that

φ|Ui =
√
−1dz1i ∧ dz1i ∧ · · · ∧

√
−1dzpi ∧ dz

p
i .

An (n, n) positive form is called volume form.

In [Mic82], Michelson proved the following

Theorem 5. There exists a one-one correspondence between the (1, 1) and the
(n− 1, n− 1) positive forms.

The proof of this theorem is constructive, so we have also the notion of the
n− 1th root of a (n− 1, n− 1) positive form.

In Section 1.4 we will see that to every Hermitian metric g there exists a
(1, 1) positive form ω called fundamental form of g. The n-th power Ω of ω is
a volume form and it defines the following L2 product on Λp,q(M)

< φ,ψ >:=
∑
i

∑
|A|=p

∑
|B|=q

∫
Ui
ηiφABψABΩ, (1.7)
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where {Ui} is a finite open covering of M made by open coordinates, {ηi} is
a partition of unity subordinate to {Ui} and φAB , ψAB are the C∞ function
defined in 1.4. Shortly we write

< φ,ψ >=

∫
M

φ ∧ ∗ψ, (1.8)

where ∗ is the Hodge star operator with respect to the metric g.
There is also an algebraic structure on the whole space of C∞ forms on M .

If we consider the double complex
(
Λp,q(M), ∂, ∂

)
, then it has a structure of

differential bi-graded algebra. For forms of type (p, q) we define the sum as

follows: if φ =
∑
|I|=p

∑
|K|=q φIKdz

IK and ψ =
∑
|I|=p

∑
|K|=q ψIKdz

IK are

(p, q)-forms, then we put

φ+ ψ =
∑
|I|=p

∑
|K|=q

(φIK + ψIK)dzIK (1.9)

If φ and ψ are forms of type (p, q) and (r, s) respectively, then we define the
external product or wedge product as

φ ∧ ψ =
∑

φIKψABdz
IKAB . (1.10)

Finally we have the two differential operators ∂ and ∂ of bi-degree (1, 0) and
(0, 1) respectively, that are the exterior derivatives.

Using the definitions above we have that (Λk(M), d) has a structure of dif-
ferential graded algebra and that (Λp,q(M), ∂, ∂) has a structure of differential
bi-graded algebra.

1.3 Currents

The notion of current was introduced by Georges de Rham in [dR73]. It gener-
alizes the notion of distribution. In analysis, a distribution is an element of the
dual of a certain space of function (usually this space is C∞c , the space of C∞
function with compact support).

Definition 2 (Current). A current of bi-degree (p, q) (or bi-dimension (n −
p, n− q)) on M is a linear continuous form T : Λp,q(M)→ C. We denote with
D′p,q(M) the space of (p, q)-currents on M .

Since Λp,q(M) is a Banach space, also Dp,q(M) is a Banach space with the
dual scalar product. A (p, q)-distribution T can be view as a (p, q)-form with
coefficient distribution. In fact let φ ∈ Λp,q(M) and T ∈ D′p,q then we have

T (φ) =< T, φ >=

∫
M

T ∧ ∗φ. (1.11)

If {φ1, . . . , φr} is a basis for Λp,q(M) and f1, . . . , fr are distributions on M , we
write

T :=

r∑
i=1

fiφi.
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Definition 3. Given a (p, q)-current T on M , the support of T supp(T ) is
subset of M such that for every (p, q)-form φ on M with supp(φ) ⊂M \supp(T ),
T (φ) = 0.

Usually, when someone uses currents over manifolds, he requires that either
the currents or the test forms are compactly supported. Since we will work with
compact manifold both condition are obviously satisfied.

From a geometric point of view, currents can be seen as integration over
submanifolds.

Proposition 1. If N ⊂ M is a complex submanifold of complex dimension p.
Then the map

[N ] : Λp,p(M)→ C
φ 7→

∫
N
φ

(1.12)

defines an element of D′p,p.

If T, S ∈ D′p,q(M) then T + S ∈ D′p,q(M) and for every (p, q)-form φ over
M we have

(T + S)(φ) = T (φ) + S(φ). (1.13)

If T ∈ D′p,q(M) then ∂T ∈ D′p−1,q(M) and, for every φ ∈ Λp−1,q(M), we
have

(∂T )(φ) = T (∂φ). (1.14)

Similarly for ∂ and d. Thus the space D′(M) := ⊕D′p,q(M) has a structure of
bi-graded differential algebra.

Conversly to case of forms, the wedge product between two currents is not
well defined. However it can be defined between a currents and form. If T ∈
D′p,q(M) and ψ ∈ Λr,s(M) than T ∧ ψ ∈ D′p+r,q+s(M) and, for every φ ∈
Λp−r,q−s(M), we have

(T ∧ ψ)(φ) = (−1)(r+s)(2n−r−s)T (∗ψ ∧ φ). (1.15)

1.4 Hermitian Metrics on Complex Manifolds

Let M be a compact complex manifold of complex dimension n and let TM be
the tangent vector bundle. As we said in previous section, TMC = T 1,0M ⊕
T 0,1M , a Hermitian metric on M is a smoothly varying positive-definite Her-
mitian form on each fiber of TM . Such a metric can be written as a smooth
section

g ∈ Γ(T1,0M ⊗ T0,1M)

such that, for every X,Y ∈ TM

g(JX, JY ) = g(X,Y ), g(X, JX) > 0 if X 6= 0.
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Given an Hermitian metric g over M , there is associated the (1, 1)-form

ω(X,Y ) := g(X, JY ),

such form is called Kähler form of g (some authors refer at it as fundamental
form of g). Using local holomorphic coordinates {dzk}, g can be written as

g =

n∑
a,b=1

gabdz
a ⊗ dzb,

where (gab)a,b=1,...,n is a positive-definite Hermitian matrix. In same coordi-
nates, ω can be expressed as

ω =

√
−1

2

n∑
a,b=1

gabdz
a ∧ dzb.

Combining the Hermitian metric g with its Kähler form ω one gets the complex
hermitian metric

h = g +
√
−1ω.

Observation 1. h(JX, Y ) =
√
−1h(X,Y ) = −h(X, JY ).

A connection on M is a map ∇ : Γ(TM) → Γ(T ∗M ⊗ TM) such that, for
every X,Y ∈ TM and for every f ∈ C∞(M), the following equalities

∇X(fY ) = X(f)Y + f∇XY,
∇fXY = f∇XY

hold. The torsion tensor T∇ ∈ Γ(Λ2(M)⊗ TM) associated to a connection ∇
is defined as

T∇X,Y := ∇XY −∇YX − [X,Y ],

for every X,T ∈ TM .
We recall the following theorems that characterize special connections.

Theorem 6. Given a Hermitian metric g, there exists a unique connection ∇
over M such that:

• it preserves g, i.e., for every vector fields X,Y, Z ∈ TM , Xg(Y,Z) =
g(∇XY, Z) + g(Y,∇XZ);

• its torsion vanishes.

This unique connection is called Levi-Civita connection and it is denoted with
∇LC .

Theorem 7. Given a Hermitian metric g, there exists a unique connection ∇
over M such that:

• it preserves g, i.e., for every vector fields X,Y, Z ∈ TM , Xg(Y,Z) =
g(∇XY, Z) + g(Y,∇XZ);
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• it preserves the complex structure J , i.e., for every vector fields X,Y ∈
TM ∇X(JY ) = J(∇XY );

• the (1, 1)-component of the torsion tensor vanishes.

This unique connection is called Hermitian connection and it is denoted with
∇H .

Proposition 2 ([Mic82]). The (2, 0)-component of the torsion associated to the
Hermitian connection of the metric h =

∑
hjkdzj ⊗ dzk can be written as

T =
∑

T l
jk
dzj ∧ dzk ⊗

∂

∂zl

where

T l
jk

=
∑(

∂hkα
∂zj

hαl − ∂hjα
∂zk

hαl
)
.

Definition 4. The torsion (1, 0)-form of a complex hermitian metric h is de-
fined as τ =

∑
τkdzk, where

τk =
∑

T j
kj
.

The last part of this introduction is dedicated to the Hodge ∗ operator. We
start with the following

Definition 5. The Hodge ∗ operator on a complex manifold M , of complex
dimension n, related to a hermitian metric g is an anti-linear operator

∗ : Λp,q(M)→ Λn−q,n−p(M)

such that, for every (p, q)-forms φ and ψ,

φ ∧ ∗ψ = (φ, ψ)ωn,

where ωn is the volume form associated to g and (φ, ψ) is the scalar product
induced by g.

Proposition 3. The Hodge ∗ operator induces and isomorphism between Λp,q(M)
and Λn−q,n−p(M). Moreover ∗2 = (−1)(p+q)(n−p−q)Id.

Definition 5 is formal; it is possible to provide an explicit formula for the

Hodge ∗ operator in following way: let (p+q)!φ =
∑
φABdz

AB be a (p, q)-form,
then

∗φ =
1

k!(n− k)!
εAA′εBB′

√
|det(g)|φABdz

A′B′ ,

where

• A,B,A′, B′ are multi-indexes such that A′ = (1, 2, . . . , n) \ A and B′ =
(1, 2, . . . , n) \B;

• εAA′ is the sign of the permutation (1, 2, . . . , n) 7→ AA′.
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Using the Hodge operator it is possible to define the adjoint of the usual
differential operators, namely

∂∗ := − ∗ ∂∗ : Λp,q(M)→ Λp,q−1(M)

and
∂
∗

:= − ∗ ∂∗ : Λp,q(M)→ Λp−1,q(M).

As we will see in the next chapters, they are used to define differential operators
over manifolds.

1.4.1 Special Metrics

In this section we will discuss about Hermitian metrics with particular proper-
ties. Such metrics provide information about the geometry of the manifold or
on the complex structure. We begin providing a list of special metrics. Let h
be a Hermitian metric and let ω be its fundamental form. Then we call h

• Kähler if dω = 0;

• Balanced if dωn−1 = 0;

• SKT if ∂∂ω = 0;

• Gauduchon if ∂∂ωn−1 = 0;

• super SKT if ∂ω is ∂-exact;

• strongly Gauduchon if ∂ωn−1 is ∂-exact.

A manifold M is said to be Kähler (resp. Balanced, SKT,...) if it admits
a Kähler (resp. Balanced, SKT,...) metric. Moreover we have the following
relations between metrics

super SKT +3 SKT

%-
Kähler

4<

"*

Gauduchon

Balanced +3 strongly Gauduchon

19

We recall some results that characterize such manifolds in terms of currents:

Theorem 8. A compact complex manifold is Kähler if and only if there exists
no non-zero positive (1, 1)-current which is the (1, 1)-component of a boundary.

Theorem 9. A compact complex manifold M of complex dimension n is bal-
anced if and only if there exists no positive non-zero current T of degree (1, 1)
which is the component of a boundary (i.e., there exists a current S such that T
= dS + dS).
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Theorem 10. A compact complex manifold M is SKT if and only if there exists
no non-zero positive (1, 1)-current which is ∂∂-exact.

We conclude this section giving some motivation for the study of the various
type of special metrics. Probably the most important class of metrics is the class
of Kähler metrics. Such metrics are similar to the flat metric in the euclidean
space and they have been studied by several authors ([HL83]). The Kähler
condition is quite strong and it reflects on the topology of M , in fact we have

Theorem 11. Let M be a compact Kähler manifold. Then the odds Betti’s
numbers of M are even.

This theorem follows directly from the Hodge decomposition (see [GH14]).
Moreover, on compact Kähler manifolds, we have the so called Kähler identity:

Theorem 12. Let M be a compact Kähler manifold. Let ∆ := dd∗ + d∗d and
∆∂ := ∂∂

∗
+∂
∗
∂ be the Laplacian operators associated to the cohomology groups

(see Chapter 2). Then ∆ = 2∆∂ .

Another important results in Kähler geometry is the following.

Theorem 13 (Hard Lefschetz Theorem). If (M, g) is a Kähler manifold of
complex dimension n, then the homomorphism

Lr : Hn−r
dR (M ;C)→ Hn+r

dR (M ;C)
[α] 7→ [ωr ∧ α]

(1.16)

is an isomorphism.

The next class of metric is the class of Balanced metrics. In [Mic82], Michele-
son introduced the notion of balanced metric. It first was defined in terms of the
vanishing of the (1, 0) torsion tensor of the metric. Our definition was given in
same paper as equivalent condition and it is now generally assumed as the nat-
ural definition. The exstistence of balanced metrics is related to modifications
of Kähler manifold.

Definition 6. Let M̃ and M be compact complex manifolds. A modification f :
M̃ → M is proper bimeromorphic map that is holomorphic outside an analytic
subset of M̃ .

IfM is Kähler manifold, M̃ is not necessarly Kähler but we have the following
results

Theorem 14. Let π : M̃ → M be a proper modification of a compact complex
manifold M . Then M admits a balanced metric if and only if M̃ admits a
balanced metric.

The unique connection∇ satisfying∇g = 0 and∇J = 0 for which g(X,T (Y,Z))
([Gau97] [Yan65]) is totally skew-symmetric and it was used by Bismut in [Bis89]
to prove a local index formula in non-Kähler geometry. If Jdω is closed but not
zero, then g is a strong Kähler with torsion and have applications in type II
string theory [GHR84][HP88][Str86]. The presence of balanced or SKT metrics
provides no topological obstruction, but we have the following results
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Theorem 15. Let g be a Hermitian metric. Then g is Kähler if and only if it
is both balanced and SKT.

Moreover Popovici made the following conjecture

Conjecture 1. Let M be a compact complex manifold. Then M is a Kähler
manifold if and only if it is both balanced and SKT.

Gauduchon metrics have the property that they exists on every compact
manifold. Moreover

Theorem 16. There exists a Gauduchon metric (unique up to normalization)
in the conformal class of any Hermitian metric on M .

Strongly Gauduchon metrics were firstly introduced in [Pop09], Popovici
used such metrics to study the holomorphic deformation limit of projective
manifolds. Let φ : M → B(0, 1) be a family of compact complex manifolds
over the unit disk, Popovici proved that if the fiber Mt is projective for t 6= 0
and the center fiber M0 is a strongly Gauduchon manifold, then M0 must be a
Moishezon manifold. Thus strongly Gauduchon metrics are useful in the study
of deformation limits of projective manifolds.

Theorem 17. [Pop13] Let µ : M̃ → M be a proper modification, then M̃ is
strongly Gauduchon if and only if M is strongly Gauduchon.

The last type of metrics is the most recent. It was introduced in order
to study Conjecture 1. Super SKT metrics are used in place of Hermitian
symplectic metrics because the former property is not preserved in the same
cohomology class. We will use super SKT metrics in our study in the next
chapter.



Chapter 2

Cohomology

The aim of this chapter is to provide a characterization in cohomological terms
of the coincidence of certain cones of Hermitian metrics.

Cohomology is a very important tool in the study and classification of com-
pact complex manifolds. The most famous cohomology group is the de Rham’s
and it is the cohomology group associated to differential forms. This group
depends only from the differentiable structure (i.e. the topology) of the man-
ifold and it is independent from the complex structure. In [Dol53], Dolbeault
introduced the cohomology group that was named after him. It is the group
associated to the complex of holomorphic forms and it depends both from the
differentiable and the complex structures. Those two groups are very similar
in their construction, but there are no direct relations between them. This is
one of the reasons because, in [Sch07], Schweitzer introduced other two coho-
mology groups: the Bott-Chern’s and the Aeppli’s. They provide, with the
homomorphisms induced by the identity, a bridge between the de Rham’s and
the Dolbeault’s. All this four groups can be described algebraically, as the coho-
mology of a short sequence, or analytically, as the kernel of a suitable self-adjoint
elliptic differential operator.

Moreover, in this chapter, we recall three tools that relate the previous
groups: the Frölicher spectral sequence, the ∂∂-lemma and the Varouchas’
spaces. The first was introduced in [Frö55] and it is a sequence of sequences
that provides a link between the Dolbeault’s and the de Rham’s chomology.
The second is a result of Deligne, Griffiths, Morgan and Sullivan ([DGMS75])
that provides a necessary and sufficient condition such that all the cohomology
groups (of the same bi-degree) are isomorphic. Finally, the Varouchas’ spaces,
introduced in [Var], are auxiliary groups that are used to construct exact se-
quences that involve the Dolbeualt’s, Bott-Chern’s and Aeppli’s cohomology
groups.

In the last section we introduce the cones of Hermitian metrics. In partic-
ular we exhibit our work on the cones of SKT and super SKT metrics and we
provide necessary and sufficient conditions, in terms of cohomology groups, of
the coincidence of such cones.

19
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2.1 de Rham Cohomology

The first cohomology group we recall is the de Rham’s. It was introduced by de
Rham and it is the cohomology of the complex

(
Λk(M ;C), d

)
and it is associated

to the sequence

· · · → Λk−1(M ;C)
d−→ Λk(M ;C)

d−→ Λk+1(M ;C)→ . . . (2.1)

Definition 7. The k-th de Rham cohomology group is defined as

Hk
dR(M,C) :=

Ker d : Λk(M)→ Λk+1(M)

Im d : Λk−1(M)→ Λk(M)
. (2.2)

It is very important because it is not associated to the complex structure
and it is a topological invariant.

Fixed a Hermitian metric g on M , the elliptic operator associated to the de
Rham cohomology is

∆d := dd∗ + d∗d, (2.3)

where d is the external differential operator and d∗ = ∗d∗ is the adjoint operator
with respect to the metric g.

Theorem 18. ∆d is an elliptic self-adjiont differential operator of the 2-nd
order.

By Theorem 18 and standard results about elliptic differential operators, we
have the following decomposition

Λk(M) = (Ker ∆d)
k ⊕ (Im ∆d)

k, (2.4)

where with (Ker ∆d)
k, resp. (Im ∆d)

k, we mean Ker ∆d∩Λk(M), resp. Im ∆d∩
Λk(M). Moreover, we have that, for every k ∈ Z dimC(Ker ∆d)

k < ∞ and we
denote (Ker ∆d)

k with Hkd calling it the space of d-harmonic k-th forms.
Hk is characterized in the following way: let φ ∈ Hkd , using the L2 product

on Λk(M) induced by g we obatain

0 =< ∆dφ, φ >= ‖dφ‖2 + ‖d∗φ‖2 ; (2.5)

so if a k-form is d-harmonic then it is both d-closed and d∗-closed. Since the
converse is trivially true, we have that

Hkd = Ker d ∩Ker d∗ ∩ Λk(M). (2.6)

Similarly,

(Im ∆d)
k = (Im d⊕ Im d∗) ∩ Λk(M). (2.7)

So

Λk(M) = Hkd ⊕ (Im d)k ⊕ (Im d∗)k. (2.8)
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Since the kernel of the d operator is orthogonal to the image of the d∗

operator, we have that (Ker d)k = Hkd ⊕ (Im d)k. Hence

Hk
dR(M,C) ' Hkd . (2.9)

As a notation, we denote with bk := dimHk
dr(M,C) the k-th Betti’s number of

M . Moreover, the Hodge star operator ∗ induces the following isomorphism

Hk
dR(M,C) ' H2n−k

dR (M,C).

2.2 Dolbeault Cohomology

The Dolbeault cohomology is the cohomology of the complex
(
Λp,q(M ;C), ∂

)
and it is associated to the sequence

· · · → Λp,q−1(M)
∂−→ Λp,q(M)

∂−→ Λp,q+1(M ;C)→ . . . (2.10)

Definition 8. The (p, q)-th Dolbeault cohomology group is defined as

Hp,q

∂
(M) :=

Ker ∂ : Λp,q(M)→ Λp,q+1(M)

Im ∂ : Λp,q−1(M)→ Λp,q(M)
. (2.11)

Contrary to de Rham cohomology, Dolbeault’s dependes on the complex
structure.

Fixed a Hermitian metric g on M , the elliptic operator associated to the
Dolbeault cohomology is

∆∂ := ∂∂
∗

+ ∂
∗
∂, (2.12)

where ∂
∗

= − ∗ ∂∗ is the adjoint operator of ∂.

Theorem 19. ∆∂ is an elliptic self-adjiont differential operator of the 2-nd
order.

By Theorem 19, we have the following decomposition

Λp,q(M) = (Ker ∆∂)p,q ⊕ (Im ∆∂)p,q, (2.13)

where with (Ker ∆∂)p,q, resp. (Im ∆∂)p,q, we mean Ker ∆∂ ∩ Λp,q(M), resp.
Im ∆∂∩Λp,q(M). Moreover we have that, for every (p, q) ∈ Z2 dimC(Ker ∆∂)p,q <

∞. We also denote (Ker ∆∂)p,q with Hp,q
∂

calling it the space of ∂-harmonic

(p, q)-th forms. Let φ ∈ Hp,q
∂

, using the L2 product on Λp,q(M) we obatain

0 =< ∆∂φ, φ >=
∥∥∂φ∥∥2 +

∥∥∥∂∗φ∥∥∥2 ; (2.14)

so if a (p, q)-form is ∂-harmonic then it is both ∂-closed and ∂
∗
-closed. Since

the converse is trivially true, we have that

Hp,q
∂

= Ker ∂ ∩Ker ∂
∗ ∩ Λp,q(M). (2.15)
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Similarly,

(Im ∆∂)p,q =
(

Im ∂ ⊕ Im ∂
∗) ∩ Λp,q(M). (2.16)

So
Λp,q(M) = Hp,q

∂
⊕ (Im ∂)p,q ⊕ (Im ∂

∗
)p,q. (2.17)

Since the kernel of the ∂ operator is orthogonal to the image of the ∂
∗

operator, we have that (Ker ∂)k = Hp,q
∂
⊕ (Im ∂)p,q. Hence

Hp,q

∂
(M) ' Hp,q

∂
. (2.18)

As notation, we denote with hp,q
∂

:= dimHp,q

∂
(M) the (p, q)-th Hodge’s number

of M . Moreover, the Hodge star operator ∗ and the conjiugation induce the
following isomorphisms

Hp,q

∂
(M) ' Hn−q,n−p

∂
(M)

and
Hp,q

∂
(M) ' Hq,p

∂ (M),

where Hp,q
∂ (M) is the (p, q)-th cohomology group obtained by substituie in

equation (2.11) the operator ∂ with the operator ∂.

2.3 Bott-Chern Cohomology

The Bott-Chern cohomology is not a cohomology in classical sense, it is associ-
ated to the short sequence

Λp−1,q−1(M)
∂∂−−→ Λp,q(M)

∂+∂−−−→ Λp+1,q(M)⊕ Λp,q+1(M) (2.19)

Definition 9. The (p, q)-th Bott-Chern cohomology group is defined as

Hp,q
BC(M) :=

(
Ker ∂ : Λp,q(M)→ Λp+1,q(M)

)
∩
(
Ker ∂ : Λp,q(M)→ Λp,q+1(M)

)
Im ∂∂ : Λp−1,q−1(M)→ Λp,q(M)

.

(2.20)

This cohomology was introduced to provide a link between the de Rham’s
and the Dolbeault’s. Fixed a Hermitian metric g on M , the elliptic operator
associated to the Bott-Chern cohomology is

∆BC := (∂∂)(∂∂)∗ + (∂∂)∗(∂∂) +
(
∂
∗
∂
)(

∂
∗
∂
)∗

+
(
∂
∗
∂
)∗ (

∂
∗
∂
)

+ ∂
∗
∂ + ∂∗∂.

(2.21)
This differential operator was firstly introduced in [KS60] for the study of the
stability of Kähler metrics under small deformation. As the other differential
operators introduced in the previous sections

Theorem 20. ∆BC is an elliptic self-adjoint differential operator of the 4-th
order.
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By Theorem 20, we have the following decomposition

Λp,q(M) = (Ker ∆BC)p,q ⊕ (Im ∆BC)p,q, (2.22)

where with (Ker ∆BC)p,q, resp. (Im ∆BC)p,q, we mean Ker ∆BC∩Λp,q(M), resp.
Im ∆BC ∩ Λp,q(M). Moreover, for every (p, q) ∈ Z2, dimC(Ker ∆BC)p,q < ∞.
We also denote (Ker ∆BC)p,q with Hp,qBC calling it the space of BC-harmonic
(p, q)-th forms. Let φ ∈ Hp,qBC , using the L2 product on Λp,q(M) we obatain

0 =< ∆BCφ, φ >=
∥∥∂∂φ∥∥2 +

∥∥(∂∂)∗φ
∥∥2 +

∥∥∂φ∥∥2 + ‖∂φ‖2 ; (2.23)

so if a (p, q)-form is BC-harmonic then it is ∂-closed, ∂-closed and (∂∂)∗-closed.
Since the converse is trivially true, we have that

Hp,qBC = Ker ∂ ∩Ker ∂ ∩Ker(∂∂)∗ ∩ Λp,q(M). (2.24)

Similarly,

(Im ∆BC)p,q =
(

Im ∂∂ ⊕
(

Im ∂∗ + Im ∂
∗)) ∩ Λp,q(M). (2.25)

So
Λp,q(M) = Hp,qBC ⊕ (Im ∂∂)p,q ⊕

(
(Im ∂∗)p,q + (Im ∂

∗
)p,q
)
. (2.26)

We have that (Ker d)p,q = Hp,qBC ⊕ (Im ∂∂)p,q. Hence

Hp,q
BC(M) ' Hp,qBC . (2.27)

As notation, we denote with hp,qBC := dimHp,q
BC(M) the (p, q)-th Hodge’s number

of M . Moreover, the conjiugation induces the following isomorphism

Hp,q
BC(M) ' Hq,p

BC(M).

2.4 Aeppli Cohomology

The Aeppli cohomology is the dual of the Bott-Chern’s. It is associated to the
short sequence

Λp−1,q(M)⊕ Λp,q−1(M)
∂+∂−−−→ Λp,q(M)

∂∂−−→ Λp+1,q+1(M) (2.28)

Definition 10. The (p, q)-th Aeppli cohomology group is defined as

Hp,q
A (M) :=

Ker ∂∂ : Λp,q(M)→ Λp+1,q+1(M)

(Im ∂ : Λp−1,q(M)→ Λp,q(M)) +
(
Im ∂ : Λp,q−1(M)→ Λp,q(M)

) .
(2.29)

Fixed a Hermitian metric g on M , the elliptic operator associated to the
Bott-Chern cohomology is

∆A := (∂∂)(∂∂)∗+(∂∂)∗(∂∂)+
(
∂∂∗

) (
∂∂∗

)∗
+
(
∂∂∗

)∗ (
∂∂∗

)
+∂∂

∗
+∂∂∗. (2.30)
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Theorem 21. ∆A is an elliptic self-adjiont differential operator of the 4-th
order.

By Theorem 21, we have the following decomposition

Λp,q(M) = (Ker ∆A)p,q ⊕ (Im ∆A)p,q, (2.31)

where with (Ker ∆A)p,q, resp. (Im ∆A)p,q, we mean Ker ∆A ∩ Λp,q(M), resp.
Im ∆A ∩ Λp,q(M). Moreover, always by Theorem 21, we have that, for every
(p, q) ∈ Z2 dimC(Ker ∆A)p,q <∞. We also denote (Ker ∆A)p,q withHp,qA calling
it the space of A-harmonic (p, q)-th forms. Let φ ∈ Hp,qA , using the L2 product
on Λp,q(M) we obatain

0 =< ∆Aφ, φ >=
∥∥∂∂φ∥∥2 +

∥∥(∂∂)∗φ
∥∥2 +

∥∥∥∂∗φ∥∥∥2 + ‖∂∗φ‖2 ; (2.32)

so if a (p, q)-form is BC-harmonic then it is ∂∗-closed, ∂
∗
-closed and ∂∂-closed.

Since the converse is trivially true, we have that

Hp,qA = Ker ∂∗ ∩Ker ∂
∗ ∩Ker ∂∂ ∩ Λp,q(M). (2.33)

Similarly,

(Im ∆A)p,q =
(
Im(∂∂)∗ ⊕

(
Im ∂ + Im ∂

))
∩ Λp,q(M). (2.34)

So
Λp,q(M) = Hp,qA ⊕ (Im(∂∂)∗)p,q ⊕

(
(Im ∂)p,q + (Im ∂)p,q

)
. (2.35)

We have that (Ker d)p,q = Hp,qA ⊕ (Im ∂ + Im ∂)p,q. Hence

Hp,q
A (M) ' Hp,qA . (2.36)

As notation, we denote with hp,qA := dimHp,q
A (M) the (p, q)-th Hodge’s number

of M . Moreover, the Hodge star operator ∗ and the conjiugation induce the
following isomorphisms

Hp,q
BC(M) ' Hn−q,n−p

A (M)

and
Hp,q
A (M) ' Hq,p

A (M).

2.5 Frölicher Spectral Sequence

The Frölicher spectral sequence (Ep,qr (M), dr) is the spectral sequence associated
to the double complex

(
Λp,q(M), ∂, ∂

)
. It was introduced in [Frö55] as a link

between the Dolbeault’s and the de Rham’s cohomology groups. It is defined
in the following way, let

Ep,q0 (M) := Λp,q(M) and d0 := ∂. (2.37)
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Then Ep,qr+1(M) is defined inductively as the (p, q)-th cohomology group of the
complex

· · · → Ep−r,q+r−1r (M)
dr−→ Ep,qr (M)

dr−→ Ep+r,q−r+1
r (M)→ . . . (2.38)

and the differential dr is of type (r,−r + 1). In [COUV16], it is provided an
explicit description of both Ep,qr and dr, namely they proved

Theorem 22. Let M be a complex manifold. Then

Ep,qr (M) ' Xp,q
r (M)

Y p,qr (M)
, (2.39)

where

Xp,q
1 (M) = {α ∈ Λp,q(M)|∂α = 0}, Y p,q1 (M) = ∂Λp,q(M), (2.40)

and for r ≥ 2

Xp,q
r (M) = {αp,q ∈ Λp,q(M)|∂α = 0 and there exist

αp+i,q−i ∈ Λp+i,q−i(M) such that

∂αp+i−1,q−i+1 + ∂αp+i,q−i = 0, 0 ≤ i ≤ r − 1},
(2.41)

Y p,qr (M) = {∂βp−1,q + ∂βp,q−1 ∈ Λp,q(M)| there exist
βp−i,q+i−1 ∈ Λp−i,q+i−1(M), 2 ≤ i ≤ r − 1,

satisfying ∂βp−i,q+i−1 + ∂βp−i+1,q+i−2 = 0,

∂βp−r+1,q+r−2 = 0}.

(2.42)

and

Theorem 23. For r ≥ 1 the map dr : Ep,qr (M)→ Ep+rq−r+1(M) is given by

dr[αp,q] = [∂αp+r−1,q−r+1], (2.43)

for [αp,q] ∈ Ep,qr (M). Furthermore,

Ep,qr+1(M) =
Xp,q
r+1(M)

Y p,qr+1(M)
=

Ker dr : Ep,qr (M)→ Ep+r,q−r+1
r (M)

Im dr : Ep−r,q+r−1r (M)→ Ep,qr (M)
. (2.44)

By definition we have that, for every (p, q) ∈ Z2 and every r ∈ N, Ep,qr (M)
is a C-vector space and Ep,qr+1(M) is a subspace of Ep,qr (M). Moreover, since
Ep,qr (M) = Hp,q

∂
(M) is finite dimensional, the dimension of Ep,qr (M) is a non

increasing function of r. We say that the Frölicher spectral sequence of M
degenerates at the step r if r is the smallest integer such that, for every (p, q) ∈ Z2

and every r′ ≥ r, Ep,qr′ (M) ' Ep,qr′+1, when this happens we denote Ep,qr (M) with
Ep,q∞ (M) and we have the following isomorphism (see [Frö55])

Hk
dR(M) ' ⊕p+q=kEp,q∞ . (2.45)
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In this sense we say that (Ep,qr (M), dr) measure the distance between the Dol-
beault and the de Rham chomologies. In particular we have that the complex
dimension of the k-th group of the de Rham cohomology of any compact com-
plex manifold is less or equal then the sum of the dimension of Hp,q

∂
(M) with

p + q = k. The equality holds if and only if the Frölicher spectral sequence
degenerates at the first step. This happens, for example, for compact Kähler
manifolds or, more in general, for manifolds that satisfy the ∂∂-Lemma.

2.6 The ∂∂-Lemma

We recall a celebrated result due to Deligne, Grffiths, Morgan and Sullivan: the
∂∂-Lemma.

Theorem 24. Let (K•,•, d′, d′′) be a bounded double complex of vector spaces,
and let (K•, d) be the associated simplex complex (d = d′+d′′). For each integer
n, the following conditions are equivalent:

• Ker d′ ∩Ker d′′ ∩ Im d = Im d′d′′;

• Ker d′′ ∩ Im d′ = Im d′d′′ = Ker d′ ∩ Im d′′;

• Ker d′ ∩Ker d′′ ∩ (Im d′ + Im d′′) = Im d′d′′;

• Im d′ + Im d′′ + Ker d = Ker d′d′′;

• Im d′ + Ker d′′ = Ker d′d′′ = Im d′′ + Ker d′;

• Im d′ + Im d′′ + (Ker d′ ∩Ker d′′) = Ker d′d′′.

The importance of this theorem is due to the following fact: consider the
following diagram

Hp,q
BC(M)

xx �� &&
Hp,q

∂
(M)

&&

Hk
dR(M,C)

��

Hp,q
∂ (M)

xx
Hp,q
A (M)

(2.46)

where k = p + q and the arrows denote the maps induced by the identity. In
general those maps are neither injective nor surjective, but if one of those is
injective, then all of them are isomorphisms (see [DGMS75]). Such a result
is equivalent, for example, to the first point of Theorem 24. We say that a
manifold M satisfies the ∂∂-lemma if

Ker ∂ ∩Ker ∂ ∩ Im d = Im ∂∂. (2.47)
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Among the manifolds that verify this property there are, for example, the Kähler
manifolds. However those two classes of manifolds does not coincide.

Many authors have studied the manifolds that satisfy the ∂∂-lemma, among
the results of characterization we recall the following

Theorem 25 ([AT13]). Let M be a compact complex manifold of complex di-
mension n. Then, for every (p, q) ∈ Z2, the following inequality holds:

hp,qBC + hp,qA ≥ h
p,q

∂
+ hp,q∂ . (2.48)

In particular, for evey k ∈ N, the following inequality holds:

hkBC + hkA ≥ 2bk, (2.49)

where hkBC =
∑
p+q=k h

p,q
BC and hkA =

∑
p+q=k h

p,q
A . Moreover, the equality

hkBC + hkA = 2bk (2.50)

holds if and only if M satisfies the ∂∂-Lemma.

2.7 Varouchas spaces

The classical cohomology groups cited in the previous section are not enough
for our purposes. We will need some useful tools introduced by Varouchas in
[Var].

In this section we recall the definitions of certain C-vector spaces and exact
sequences related to cohomology groups and we prove some relations between
their dimensions.

The Varouchas spaces are finite dimensional C-vector spaces defined as
follow:

Ap,q(M) :=

(
Im ∂ : Λp−1,q(M)→ Λp,q(M)

)
∩
(
Im ∂ : Λp,q−1(M)→ Λp,q(M)

)
Im ∂∂ : Λp−1,q−1(M)→ Λp,q(M)

;

Bp,q(M) :=

(
Im ∂ : Λp−1,q(M)→ Λp,q(M)

)
∩
(
Ker ∂ : Λp,q(M)→ Λp,q+1(M)

)
Im ∂∂ : Λp−1,q−1(M)→ Λp,q(M)

;

Dp,q(M) :=

(
Ker ∂ : Λp,q(M)→ Λp+1,q(M)

)
∩
(
Im ∂ : Λp,q−1(M)→ Λp,q(M)

)
Im ∂∂ : Λp−1,q−1(M)→ Λp,q(M)

;

Cp,q(M) :=
Ker ∂∂ : Λp,q(M)→ Λp+1,q+1(M)

(Im ∂ : Λp−1,q(M)→ Λp,q(M)) +
(
Ker ∂ : Λp,q(M)→ Λp,q+1(M)

) ;

Ep,q(M) :=
Ker ∂∂ : Λp,q(M)→ Λp+1,q+1(M)

(Ker ∂ : Λp,q(M)→ Λp+1,q(M)) +
(
Im ∂ : Λp,q−1(M)→ Λp,q(M)

) ;

F p,q(M) :=
Ker ∂∂ : Λp,q(M)→ Λp+1,q+1(M)

(Ker ∂ : Λp,q(M)→ Λp+1,q(M)) +
(
Ker ∂ : Λp,q(M)→ Λp,q+1(M)

) .
Using the previous spaces, Varouchas proved that the sequences
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0→ Ap,q(M)→ Bp,q(M)→ Hp,q

∂
(M)→ Hp,q

A (M)→ Cp,q(M)→ 0 (2.51)

and

0→ Dp,q(M)→ Hp,q
BC(M)→ Hp,q

∂
(M)→ Ep,q(M)→ F p,q(M)→ 0 (2.52)

are exact.

Proposition 4. For every p, q ∈ {0, ..., n}, the conjugation and the ∗-Hodge
linear operator give rise the following non-canonical isomorphisms:

1)Ap,q(M) ' Aq,p(M); 2)Bp,q(M) ' Dq,p(M);

3)Cp,q(M) ' Eq,p(M); 4)F p,q(M) ' F q,p(M).

Moreover Varouchas proved the following:

Proposition 5. The differential operator ∂ induces an isomorphism between
Ep,q(M) and Bp+1,q(M) and the differential operator ∂ induces an isomorphism
between Cp,q(M) and Dp,q+1(M).

For the sake of completeness, we give the proof.

Proof. We prove only the first statement due to its similarity of the second
proof. Using the same name we consider the operator

∂ : Ep,q(M)→ Bp+1,q(M)

defined as
∂[α]E := [∂α]B .

The map ∂ is well defined. Let α be a ∂∂-closed (p, q)-form, then ∂α is a ∂-exact,
∂-closed (p+1, q)-form therefore it defines a class in Bp+1,q(M). Moreover if we
consider another form in the same class in Ep,q(M) of α, namely α+β+∂γ with
β and γ of suitable bi-degrees and ∂β = 0, then we have that ∂(α+ β + ∂γ) =
∂α+ ∂∂γ. Thus it defines the same class of ∂α in Bp+1,q(M).

The map ∂ is surjective. Let β be a representative of a class in Bp+1,q(M),
then β = ∂α for some (p, q)-form α. Now, by the ∂-closeness of β, ∂∂α = 0
therefore α defines a class in Ep,q(M).

The map ∂ is injective. Take a representative β of the zero class ofBp+1,q(M),
then β = ∂∂α for some (p, q− 1)-form α. Moreover [∂α]E = [0]E and ∂[∂α]E =
[β]B . This concludes the proof.

From now on we denote with the lower case characters denote the dimension
of the respective Varouchas space, e.g. ap,q := dim Ap,q(M).

In addition to the equalities given by the isomorphisms above, we have the
following:
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Proposition 6. Let M be a compact complex manifold. Then cp,q = dn−p,n−q

and bp,q = en−p,n−q.

Proof. Step one. We observe that if the theorem holds for a fixed pair (p0, q0) ∈
N2 then it holds for the pair (n − q0, n − p0): in fact, using the isomorphisms
(7) and (6) of the Remark, we have the following:

cn−q0,n−p0 = en−p0,n−q0 = bp0,q0 = dq0,p0 .

The same argument stands for the case bn−q,n−p = eq,p and so this step is
proved.

Step two. We prove by induction over k = 0, 1, ..., 2n that, if p + q = k we
have cp,q = dn−p,n−q and bp,q = en−p,n−q. If k = 0, from the definitions of the
spaces, we have that b0,0 = cn,n = d0,0 = en,n = 0. By applying step one to
cn,n = d0,0 we have that c0,0 = dn,n and thus we complete the base of induction.

Let k > 0 and suppose the theorem holds for every (p, q) ∈ N2 such that
p+ q < k. Let (p0, q0) ∈ N2 such that p0 + q0 = k then, using the isomorphisms
of the Remark and Proposition (8), we have:

bp0,q0 = ep0−1,q0

= cq0,p0−1

= dn−q0,n−p0+1

= cn−q0,n−p0

= en−p0,n−q0 .

With the same argument one can prove the cp,q = dn−p,n−q case.

We can summarize the results above in the following:

Corollary 1. Let M be a compact complex manifold. Then

eq,p = cp,q = dn−p,n−q = bn−q,n−p = en−q−1,n−p = cn−p,n−q−1 = dp,q+1 = bq+1,p.

Similar relations can also be found between the dimensions of Ap,q(M) and
F p,q(M). More precisely:

Proposition 7. Let M be a compact complex manifold. Then

ap,q = fn−p,n−q

and
ap,q + fq,p = hp,qA + hp,qBC − h

p,q

∂
− hq,p

∂
.

Proof. By the exact sequences (2.51) and (2.52) we have that, for every p, q ∈
{0, ..., n}:

ap,q − bp,q + hp,q
∂
− hp,qA + cp,q = 0; (2.53)

dp,q − hp,qBC + hp,q
∂
− ep,q + fp,q = 0. (2.54)

The first equality is obtained by subtracting the second equation in the case
(n − p, n − q) from the first equation in the case (p, q). The second equality
is obtained by summing the two equation, the first in the case (p, q) and the
second in the case (q, p).
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2.8 Cones of Hermitian Metrics

In this section we report our study about the cones of SKT and super SKT
metrics. Before doing that we recall some results due to other authors about
cones of metrics. Given a special Hermitian metric as in Section 1.4, a cone of
such metric is a subset of a suitable cohomology group composed by classes that
have at least a positive form as a representative. We briefly recall the following
definitions

Definition 11. Let M be a compact complex manifold of complex dimension
n. Let g an Hermitian metric on M and let ω be its fundamental form. Then
g is said to be:

• Kähler, if dω = 0;

• Gauduchon, if ωn−1 is ∂∂-closed;

• strongly Gauduchon, if ∂ωn−1 is ∂-exact;

• SKT, if ω is ∂∂-closed;

• sSKT, if ∂ω is ∂-exact.

Since ω is a (1, 1)-form the Kähler condition is equivalent to impose ∂ω =
∂ω = 0. The Kähler cone K was firstly studied by Demailly and Paun (see
[DP04] or [BDPP04]) and is defined as the subset of classes in H1,1

BC(M,R) that
contain at least one positive form. Namely

K := {[φ]BC ∈ H1,1
BC(M,R) | ∃ω ∈ [φ]BC s.t. ω > 0}.

In [PU14] the cones G of Gauduchon metrics and SG of strongly Gauduchon
metrics were introduced. Namely

G := {[φ]A ∈ Hn−1,n−1
A (M,R)|∃ωn−1,n−1 ∈ [φ]A s.t. ω > 0}

and
SG := G ∩KerT,

where T : Hn−1,n−1
A (M) → Hn,n−1

∂
(M) is defined as T ([φ]A) := [∂φ]∂ . That

is, they are the cones of classes in Hn−1,n−1
A (M) that contain the (n − 1)-th

power of the fundamental of a Gauduchon (resp. strongly Gauduchon) metric.
In their work, Popovici and Ugarte called a manifold an sGG manifold if SG =
G. Moreover, since the kernel of T is a vector subspace of Hn−1,n−1

A (M), its
intersection with the open convex cone G leave this latter unchanged if and
only if T vanished identically. Using this observation, they proved the following
results of characterization.

Lemma 1. Let M be a compact complex manifold of complex dimension n.
Then the following statements are equivalent:

• M is an sGG manifold;
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• the map T vanished identically;

• the following spacial case of the ∂∂-lemma holds: for every d-closed (n, n−
1)-form φ on M , if φ is ∂-exact then φ is also ∂∂-exact;

• every Gauduchon metric on M is strongly Gauduchon.

Theorem 26. Let M be a compact complex manifold of complex dimension n.
The well-defined canonical C-linear map induced by the identity

S : Hn,n−1
∂ (M,C)→ Hn,n−1(M,C)

is surjective and we have an exact sequence

Hn−1,n−1
A (M,C)

T−→ Hn,n−1
∂ (M,C)

S−→ Hn,n−1
A (M,C)→ 0.

In particular, M is an sGG manifold if and only if S is injective (i.e. if and
only if S is bijective).

Theorem 27. Let M be a compact complex manifold of complex dimension n.
Then there is a well-defined canonical C-linear map

F : H1
dR(M,C)→ H0,1

∂
(M,C)⊕H0,1

∂
(M,C),

such that F ([φ]dR) := ([φ0,1]∂ , [φ
1,0

]∂). Moreover, the map F is injective. Con-
sequently, the following inequality

b1 ≤ 2h0,1
∂

holds on every compact complex manifold. The following equivalence holds

X is an sGG manifold⇔ F is surjective.

This last result is the crucial point in the proof of the openness under small
deformations of the condition ”being an sGG manifold”.

Now we move to our work on the SKT and sSKT metrics. With the same
notation, we put

T : H1,1
A (M)→ H2,1

∂
(M)

as T ([α]A) = [∂α]∂ . This map is well defined: let α be a representative of an

Aeppli cohomology class and consider α+∂β+∂γ, for some β and γ of suitable
bi-degrees. Now

T ([α+ ∂β + ∂γ]A) = [∂(α+ ∂β + ∂γ)]∂ = [∂α− ∂∂γ]∂ = [∂α]∂ = T ([α]A).

We define the cones

S := {[φ]A ∈ H1,1
A (M)|∃ω ∈ [φ]A, ω > 0} (2.55)
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and
sS := S ∩KerT (2.56)

of SKT and sSKT metrics respectively.
We want to study when sS = S .From now on, we will assume that M

admits at least one SKT metric; otherwise S = ∅ and the equality is trivially
true. The following proposition follows from the above consideration about the
intersection of the convex cone S and the subspace KerT .

Proposition 8. Let M be a compact complex manifold admitting a SKT metric,
i.e., such that S 6= ∅. Then we have sS = S ∩ KerT . Moreover sS = S if and
only if KerT = H1,1

A (M) if and only if T ≡ 0.

Proof. The first statement follows directly from the definitions. For the second
one we observe that sS is the intersection between a cone and a vector space,
so the equality sS = S is equivalent to the KerT being the whole space.

Now, since we are interested in the study of KerT , we want to construct a
suitable exact sequence, we consider the following:

Proposition 9. Let M be a compact complex manifold. Then the sequence

H1,1
A (M)

T−→ H2,1

∂
(M)

i−→ H2,1
A (M)

j−→ C2,1(M)→ 0, (2.57)

is exact, where i and j are the maps induced in cohomology by the identity.

Proof. We only need to prove the exactness at H2,1

∂
(M). If [α]A ∈ H1,1

A (M),

then [∂α]∂ 7→ [∂α]A = [0]A ∈ H2,1
A (M), so ImT ⊂ Ker i. Conversely, in order

to prove that Ker i ⊂ ImT , we consider a (2, 1)-form α such that: ∂α = 0 and
α = ∂β+ ∂γ, for suitable forms β and γ. The two conditions mean respectively
that α defines a class in the Dolbeault cohomology and i([α]∂) = [0]A. Now

[α]∂ = [∂β+∂γ]∂ = [∂β]∂ so [α]∂ has a ∂-exact representative; moreover ∂∂β =

−∂α = 0 thus β defines a class in the Aeppli cohomology. Hence KerT ⊂
ImT .

We can now prove the following:

Theorem 28. Let M be a compact complex manifold admitting a SKT metric.
Then the following facts are equivalent:

1. sS = S;

2. KerT = H1,1
A (M);

3. c2,1(M) = h2,1A (M)− h2,1
∂

(M);

4. A2,1(M) ' B2,1(M);

5. a2,1(M) = b2,1(M);
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6. every smooth d-closed ∂-exact (2, 1)-form on M is ∂-exact;

7. every SKT metric g is super SKT.

Proof. 1⇔ 2: this is proved in Proposition 8.
2⇒ 3: if KerT = H1,1

A (M), then sequence (2.57) becomes

0→ H2,1

∂
(M)→ H2,1

A (M)→ C2,1(M)→ 0.

Hence c2,1(M) = h2,1A (M)− h2,1
∂

(M), i.e. 3 holds.

3 ⇒ 2 we recall that all the spaces in (8) are finite-dimensional so, by the
exactness of the sequence, we have:

dim(ImT ) = dim(Ker i) = h2,1
∂
− dim(Im i)

= h2,1
∂
− dim(Ker j) = h2,1

∂
− h2,1A + dim(Im j)

= h2,1
∂
− h2,1A + c2,1.

But, by hypothesis, h2,1
∂
− h2,1A + c2,1 = 0, then dim(ImT ) = 0, that implies

KerT = H1,1
A (M).

2⇔ 4: if 2 holds we have that the map i in (5) is injective, so the sequence
(2.51) can be written as

0→ A2,1(M)→ B2,1(M)→ 0→ H2,1

∂
(M)→ H2,1

A (M)→ C2,1(M)→ 0.

Hence we have the fourth statement. The converse still holds by the same
argument.

4⇒ 5: trivial.
5 ⇒ 4: using sequence (2.51), we have an injective map from A2,1 to B2,1.

Since they have the same dimension that map must be an isomorphism.
4 ⇒ 6: let φ be a (2, 1)-form such that φ ∈ Ker ∂ ∩ Im ∂ then it defines a

class in B2,1. By the assumption it also defines a class in A2,1 and therefore it
is ∂-exact.

6⇒ 4: let [φ] ∈ B2,1, then φ ∈ Ker ∂∩Im ∂. Thus φ ∈ Im ∂ and consequently
φ defines a class in A2,1.

1⇒ 7: given an SKT metric g, its fundamental form ω defines a class in the
cone S. Since sS = S, there exists α ∈ [ω]A such that α > 0 and ∂α is ∂-exact.
Thus ω = α+ ∂β + ∂γ, for suitable β and γ. As a consequence ∂ω = ∂α− ∂∂γ
is ∂-exact, therefore ω is the fundamental form of a super SKT metric.

7 ⇒ 1: given a class [α]A ∈ S, there exists a (1,1)-form ω ∈ [α]A such that
ω > 0 and ∂∂ω = 0, namely ω is the fundamental form of a SKT metric g.
By the assumption, g is a super SKT metric, thus ∂ω is ∂-exact and therefore
[α]A = [ω]A ∈ sS.

We conclude this section by focusing on the case of compact complex sur-
faces, namely compact complex manifolds of complex dimension 2.
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Theorem 29. Let M be a compact complex surface admitting a SKT metric.
Then sS = S if and only if h2,1A = h2,1

∂
.

Proof. Using Theorem 28, we have that sS = S if and only h2,1
∂
−h2,1A +c2,1 = 0.

By Corollary 1, c2,1 = c0,0. By definition c0,0 = 0 because C0,0 is a group of
C∞ function that are ∂∂-closed, i.e., of constant function, quotiented by the
∂-closed C∞ function (the ∂-exact are excluded for reason of bi-degree). But
every constant function is ∂-closed thus C0,0 = {0}.

One interesting aspect in the case of the surfaces is that, in complex dimen-
sion 2, SKT and super SKT metrics satisfy respectively the Gauduchon and
strongly Gauduchon conditions.

Since, for n = 2, a metric is SKT (resp. sSKT) if and only if it is Gauduchon
(resp. strongly Gauduchon), we have that every compact complex surface ad-
mits a SKT metric (since every compact complex manifold admits a Gauduchon
metric) and we can omit this hypothesis from Theorem 29. Furthermore the S
and sS cones coincide respectively with the Gauduchon and strongly Gaudu-
chon cones studied in [PU14], thus Theorem 29 can be view as a special case
of

Theorem 30. [PU14, Theorem 1.3] On any compact complex manifold M we
have h0,1BC ≤ h

0,1

∂
. Moreover, M is an sGG manifold if and only if h0,1BC = h0,1

∂
.

Here an sGG manifold is a manifold on which the cone of Gauduchon metrics
coincides with the cone of strongly Gauduchon metrics. Finally, using [PU14,
Theorem 1.5], we have the following

Remark: let M be a compact complex surface. M is Kähler if and only if
sS = S.

2.8.1 The equivalence sS = S on Nilmanifolds

We asked ourselves if the equivalence of the cones sS and S is satisfied by every
compact complex manifold and we found out that this is not true. We will
provide a family of examples of compact complex manifolds such that sS 6=
S. As explicit examples we will use Theorem 28 in the case of 6-dimensional
nilmanifold. A complex nilmanifold is a compact quotient Γ \G of a connected
simply-connected nilpotent Lie group G by a co-compact discrete sub-group Γ,
endowed with a G-left-invariant complex structure J . In [FPS04] Fino, Parton
and Salamon classify 6-dimensional complex nilmanfolds admitting invariant
SKT metrics; moreover Angella and Kasuya (see [AK12, Theorem 1.3]) proved
that, in the case of 6-dimensional nilmanifolds endowed with SKT metrics, it is
possible to compute Bott-Chern cohomology groups using only invariant forms.
First we recall the result by Angella and Kasuya in its most general form:

Theorem 31. Let
(
A•,•, ∂, ∂

)
be a bounded double complex of C-vector spaces,

and let
(
C•,•, ∂, ∂

)
↪→
(
A•,•, ∂, ∂

)
be a sub-complex. Fix (p, q) ∈ Z2. Suppose

that:
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• for every r ∈ Z the induced map
(
Cr,•, ∂

)
↪→
(
Ar,•, ∂

)
is a quasi-isomorphism;

• for every s ∈ Z the induced map (C•,s, ∂) ↪→ (A•,, ∂) is a quasi-isomorphism;

• the induced map

Ker(d : Totp+q(C•,•)→ Totp+q+1(C•,•))

Im(d : Totp+q−1(C•,•)→ Totp+q(C•,•))
→ Ker(d : Totp+q(A•,•)→ Totp+q+1(A•,•))

Im(d : Totp+q−1(A•,•)→ Totp+q(A•,•))

is surjective, (here Totk(A•,•) := ⊕p+q=kAp,q).

Then the induced map(
Cp−1,q−1

∂∂−−→ Cp,q
∂+∂−−−→ Cp+1,q ⊕ Cp,q+1

)
↪→
(
Ap−1,q−1

∂∂−−→ Ap,q
∂+∂−−−→ Ap+1,q ⊕Ap,q+1

)
of complexes induces a surjective map in cohomology.

The previous theorem allows us to compute the cohomology groups in terms
of invariant forms.

From now on, we will use the following notation: φij stands for φi∧φj ; more

generally, if I and J are multi-index of length l and m respectively, with φIJ we

denote φi1 ∧ · · · ∧ φil ∧ φj1 ∧ · · · ∧ φjm .
Then we recall a result by Fino, Parton and Salamon about the characteriza-

tion of 6-dimensional nilmanifold admitting SKT metrics (see [FPS04, Theorem
1.2]):

Theorem 32. Let M = Γ\G be a 6-dimensional nilmanifold with an invariant
complex structure J . Then the SKT condition is satisfied by either all invariant
Hermitian metrics g or by none. Indeed, it is satisfied if and only if J has a
basis (φi) of (1,0)-forms such that:

dφ1 = 0
dφ2 = 0

dφ3 = Aφ12 +Bφ22 + Cφ11 +Dφ12 + Eφ12
(2.58)

where A,B,C,D,E are complex numbers such that

|A|2 + |D|2 + |E|2 + 2Re(BC) = 0. (2.59)

Using Theorems 28 and 31, 32 we will compute cohomology groups of com-
pact complex nilmanifolds of dimension 6 and we prove that:

Theorem 33. Let M be a non-torus compact complex 6-dimensional nilmani-
fold with Lie algebra different from h7. If S 6= ∅ then sS 6= S.

Proof. We will show that h2,1A − c2,1 − h2,1
∂
6= 0. Therefore, by Theorem 28,

we obtain that sS 6= S. First we will compute h2,1BC which is equal to h2,1A
(see Remark in section 4). By Theorem 31, we only need to compute it using
invariant forms. By Theorem 32, we obtain the following table (see [AFR15] or
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[LUV14] for complete computation of cohomology groups of compact complex
manifolds)

(2, 1)-form invariant ∂ ∂

φ121 0 0

φ122 0 0

φ123 0 Eφ1212

φ131 0 −Bφ1212
φ132 0 Aφ1212

φ133 −Bφ1232 +Dφ1231 Aφ1213 +Bφ1223 + Eφ1312

φ231 0 −Dφ1212
φ232 0 Cφ1212

φ233 Aφ1232 − Cφ1231 Cφ1213 +Dφ1223 + Eφ2312

Moreover we have that Im ∂∂ : Λ1,0
inv → Λ2,1

inv = {0}. As a consequence

H2,1
BC(M) ' Ker ∂ ∩Ker ∂.

Obviously both φ121 and φ122 define a class in H2,1
BC(M). Other d-closed

invariant forms of bidegree (2,1) are

Bφ123 + Eφ131; Aφ123 − Eφ132; Dφ123 + Eφ231; Cφ123 − Eφ232; Aφ131 +Bφ132

Dφ131 −Bφ231; Cφ131 +Bφ232; Dφ132 +Aφ231; Cφ132 −Aφ232; Cφ231 +Dφ232.

Since M is not a torus, at least one coefficient between A,B,C,D,E is not
zero, in particular both B and C must be different from zero, so the C-vector
space generated by the above (2,1) forms has complex dimension 4. In fact,

Bφ123+Eφ131, Aφ131+Bφ132, Dφ131−Bφ231 and Cφ131+Bφ232 are C-linearly
indipendent and every other forms can be written as a linear combination of
two of them, e.g., Cφ231 +Dφ232 = +D

B (Cφ131 +Bφ232)− C
B (Dφ131 −Bφ231).

Finally, considering φ133 + λφ233, we obtain that

• if E 6= 0 then h2,1A = 6;

• if E = 0

– and there exists λ ∈ C such that B = λA = −λD = −|λ|2C, then
h2,1A = 7;

– otherwise h2,1A = 6.

Now we compute c2,1. By Corollary (1), c2,1 = b2,1. The latter is much
easier to compute, in fact every class in B2,1(M) is a class in H2,1

BC(M), so we

only need to understand which class in H2,1
BC(M) has ∂-exact representative:

Im(∂ : Λ1,1
inv(M)→ Λ2,1

inv(M)) = C < Dφ121 −Bφ122,−Cφ121 +Aφ122,

Eφ121, Eφ122, Eφ123 +Aφ132 +Bφ232 −Dφ231 − Cφ131 > .

Then we have:
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• if E 6= 0 then c2,1 = 3;

• if E = 0 and AD −BC 6= 0 then c2,1 = 3;

• if E = 0 and AD − CB = 0 then c2,1 = 2;

Finally we give a lower bound of h2,1
∂

using the third column of the table
and

Im(∂ : Λ2,0
inv(M)→ Λ2,1

inv(M)) = C < Aφ121 +Bφ122, Cφ121 +Dφ122 > .

We have five cases:

• if E 6= 0 and

– AD −BC 6= 0, then h2,1
∂
≥ 4;

– A = C = −B = −D, then h2,1
∂
≥ 6;

– otherwise h2,1
∂
≥ 5;

• if E = 0 and

– AD −BC 6= 0, then h2,1
∂
≥ 4;

– AD −BC 6= 0, then h2,1
∂
≥ 6.

Summing up results above, we have that c2,1−h2,1A +h2,1
∂
6= 0, in every case.

Therefore, by Theorem 28, this implies that sS 6= S.

It is also possible to provide a metric ω ∈ S\sS. If we consider the (1,1)-form

φ33 we have that

∂φ33 = Eφ123 +Aφ132 +Bφ232 − Cφ131 −Dφ231 (2.60)

and
∂∂φ33 = (|A|2 + |D|2 + |E|2 + 2Re(BC))φ1212 = 0 (2.61)

So φ33 is ∂∂-closed, but ∂φ33 is not ∂-exact, as a consequence we have that
i
2 (φ11 + φ22 + φ33) ∈ S \ sS.

Moreover, using the symmetrization process described in [Bel00], it is pos-
sible to adapt the arguments in [FG04, Theorem 2.1] to the complex case. In
particular it is easy to check that the second statement holds even if we change
the operator d with the operator dc := J−1 ◦ d ◦ J , where J is the complex
structure of our manifold. As an immediate consequence, the statement holds
if we substitute the operator d with the operators ∂ or ∂. Thus we have a result
anologous to [COUV16, Proposition 5.1], in fact we proved the following:

Proposition 10. Let M be a compact complex 6-dimensional nilmanifold. If M
admits a super SKT metric then it also admits an invariant super SKT metric.

Using the proposition above we prove the following
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Theorem 34. Let M be a compact complex 6-dimensional nilmanifold. Then
M admits super SKT metrics if and only if M is a torus.

Proof. First of all we observe that if M does not admit a SKT metric then it
does not admit a super SKT metric, and thus we can restrict the proof of the
Theorem to the case described by Theorem 32.

By Proposition 10 we only need to study the invariant case. Finally, by
[Uga07] we have that the fundamental form of a invariant Hermitian metric is
given by

ω = rφ11 + sφ22 + tφ33 + uφ12 − uφ21 + vφ13 − vφ31 + wφ23 − wφ32, (2.62)

where r, s and t are positive real numbers and u, v, and w are complex numbers
which satisfy the following

rs > |u|2
rt > |v|2
st > |w|2
rst+ 2<(iuvz) > t|u|2 + r|w|2 + s|v|2

By direct computation follows

∂ω = t∂φ33 + (vD − vE − wC)φ121 + (wA− vB − wE)φ122. (2.63)

While, for every fixed A, B, C, D and E, it is always possible to find two
complex numbers v and w such that the sum of the second and third terms of
(2.63) is ∂-exact, ∂φ33 is ∂-exact if and only if A = B = C = D = E = 0. That
is equivalent to M being a torus.



Chapter 3

Elliptic operators on
Manifolds

One of the subjects of this PhD thesis is the study of the stability of the degener-
ation at the second step of the Frölicher spectral sequence (see §2.5). The theory
of deformations was introduced in Kodaira and Spencer in [KS60]. Moreover,
in [Kod06], Kodaira presented a study of C∞ families of differential operators
on compact manifolds. In the appendices of the aforementioned book, there
are proved the properties of differential operators on manifolds that are needed
to develope such theory. We recall those definitions and theorems in the first
section of this chapter.

In [Pop16], Popovici proved that there is an isomorphism between the second
step of the Frölicher spectral sequence and the kernel of a suitable pseudo-
differential operator ∆̃. For this reason we decided to study the theory of pseudo-
differential operators in order to provide the preliminary results needed to apply
the theory of deformations to C∞ families of pseudo-differential operators. We
begin the second section giving the definition of pseudo-differential operator
and we recall some results, e.g., the Garding inequality and the finiteness of the
dimension of the kernel of a pseudo-differential operator. Moreover, we prove an
a priori estimate for this wider class of operators. This theorem will be crucial
in the next chapter in the proof of the upper-semicontinuity of the dimension
of the kernel of a C∞ family of pseudo-differential operators.

In the last section, after having recalled the Hodge theory, we provide the
construction of ∆̃.

3.1 Sobolev’s Norm

We assume the following notations. LetM be a compact orientable differentiable
manifold of real dimension n (in this chapter we do not need the complex struc-
ture so we assume only the existence of a volume form). Let {Uj , φj}j=1,...m be
a finite covering of M made of coordinate open sets and let Vj := φj(Uj) ⊂ Rn.

39
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We observe that, since M is compact, Vj is a limited open set of Rn. Let {ηj}
be a partition of unity subordinate to {Uj}. We fix a Riemannian metric g on
M and we denote with ωn its volume form.

We recall the construction of C∞ functions and C∞ forms on M . A complex-
valued C∞ function f : M → C is defined as

f(•) =

n∑
j=1

ηj(•)(fj ◦ φj)(•), (3.1)

where fj ∈ C∞(Vj ;C). Since the behavior of fj at the boundary of Vj has no
influence in this construction, we assume that fj is defined and differentiable
on Vj which is compact. An l-form α on M can be locally defined as

α|Uj =
∑
|I|=l

f Ij dx
I
j , (3.2)

where I = (i1, ..., il) is a multi-index, f Ij is a C∞ function and dxIj = dxi1j ∧· · ·∧
dxilj .

In Chapter 1 we gave the definition of the L2-product associated to an Her-
mitian metric. Such a product does not involve the derivatives of the forms.
In this chapter we want to study the behavior of differential operators, thus we
need the following norm.

Definition 12 (Sobolev’s norm). Let f ∈ C∞(M,C) and let k be a non negative
integer. Then the k-th Sobolev’s norm of f is

‖f‖2k :=

n∑
j=1

∑
|α|≤k

∫
Uj

∣∣ηj(p)Dα
j (fj ◦ φj)(p)

∣∣2 ωn|Uj , (3.3)

where α = (α1, ..., αn) and Dα
j := ∂α1

∂x
α1
j1

. . . ∂
αn

∂xαnjn
is a derivation in the local

coordinates {xji}.
Let φ ∈ Λl(M), using the local expression (3.2), we put∥∥∥φ|Uj ∥∥∥2k =

∑
|I|=l

∥∥f Ij ∥∥2k (3.4)

and

‖φ‖2k =
∑
j

∥∥∥φ|Uj ∥∥∥2k . (3.5)

We recall the following.

Proposition 11. Let f ∈ C∞(M,C) and let s′′ < s′ < s then the following
interpolation inequalities hold for any t > 0.

‖f‖s′ ≤ ‖f‖
(s′−s′′)/(s−s′′)
s ‖f‖(s−s

′)(s−s′′)
s′′ , (3.6)

‖f‖2s′ ≤
s′ − s′′

s− s′′
t(s−s

′)/(s′−s′′) ‖f‖2s +
s− s′

s− s′′
t−(s−s

′′)/(s−s′) ‖f‖2s′′ . (3.7)



3.2. DIFFERENTIAL OPERATORS 41

3.2 Differential operators

In this section we recall some notions about differential operators on manifolds
(for a complete disseretation see [Kod06]). We consider only operators acting
on C∞ functions, because the construction and properties of operators acting
on forms follow directly from (3.2). Since M is compact, we can assume always
that the functions we are using are compactly supported.

Definition 13 (Differential operator). A linear partial differential operator of
order m A(x,D) : C∞(M,C) → C∞(M,C) is defined as following: for every
f ∈ C∞(M,C) expressed as in (3.1),

A(x,D)f(x) :=
∑
j

∑
|α|≤m

ajα(x)ηj(x)Dα
j (fj ◦ φj)(x), (3.8)

where ajα ∈ C∞(Uj ,C) and α and Dα
j are as in Definition 12.

Shortly we write

A(x,D)f(x) =
∑
|α|≤l

aα(x)Dαf(x). (3.9)

From Definition 13, A(x,D) is a polynomial function in the variable D with C∞
coefficient. We call principal part of A(x,D) the homogeneous polynomial of
maximum degree. Namely, if A(x,D) is of order m,

Am(x,D) =
∑
|α|=m

aα(x)Dα (3.10)

is its principal part. The principal part of an operator carries important infor-
mations, for example the following definition relies only on Am(x,D).

Definition 14. A(x,D) is said to be elliptic if for any x ∈ M there exists a
positive constant δ such that for any ζx ∈ Rn with ζx 6= 0 and for any z ∈ C the
inequality

[(Am(x, ζx)z)j ]
2 ≥ δ2|z|2. (3.11)

The supremum of such δ is called the constant of ellipticity of A(p,D) and we
denote it with δ0.

Since elliptic operators are related to cohomology groups (see [Voi03]), they
have been largely studied in literature (see for example [BT13] or [WGP80]). We
recall some of the most important properties of elliptic operator (for complete
proofs see [Kod06]). First of all we define the following constant: for every
k ∈ N let

Mk =
∑
j

∑
α

∑
|β|≤k

supxj∈Uj

∣∣∣Dβ
j ajα(xj)

∣∣∣ . (3.12)

Using Mk one can prove the following
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Theorem 35 (L2 a priori Estimate). Let A(x,D) be an elliptic partial differ-
ential operator of order m. For any k ∈ N, there exists a positive constant C
depending only on n, m, k, δ and Mk such that for every f ∈ C∞(M,C), the
inequality

‖f‖k+m ≤ C(‖A(p,D)f‖k + ‖f‖k) (3.13)

holds.

Theorem 35 will be a fundamental tool in the next chapter since it provide
an upper estimate of the Sobolev’s norm of f . Other useful estimates are the
followings.

Lemma 2. Let A(x,D) be a linear differential operator of order m. Then, for
every k ∈ N, there exists a constant C such that for any f ∈ C∞(M,C) the
following inequality holds

‖A(x,D)f‖k ≤ C ‖f‖k+m .

Lemma 3. Let A(x,D) be a linear partial differential operator of order m+ l.
Then there exists a positive constant C determined by m and l such that for any
f, g

|< A(p,D)f, g >| ≤ CMl ‖f‖m ‖g‖l (3.14)

holds, where < A(p,D)f, g > denotes the standard L2 product associated to the
fixed metric.

Let A(x,D) be a linear partial differential operator of order 2m. For any
x ∈M and any ζx ∈ T ∗xM with ζx 6= 0, the principal part A2m(x, ζx) of A(x,D)
is a linear map C→ C

Definition 15. A linear partial differential operator A(x,D) of order 2m is
said to be strongly elliptic if there exists a positive constant δ such that for any
p ∈M , any ζ ∈ T ∗xM with ζ 6= 0 and any z ∈ C \ {0}

(−1)m< (A2m(x, ζx)z) z ≥ δ2|z||ζx|2m (3.15)

holds. The supremum of such δ is called constant of strong ellipticity of A(x,D)
and it is denoted with δ0.

Since all the operators we use are of this type, this stronger property provides
no burden in our study. Moreover, we have the following stronger estimate
([Eva10]).

Theorem 36 (Garding’s inequality). Let A(m,D) be a strongly elliptic par-
tial differential operator of order 2m. Then there are positive constants δ1, δ2
depending on m, n, δ and Mm such that for any f ∈ C∞(M,C)

<(A(x,D)f, f) + δ1(f, f) ≥ δ2 ‖f‖2m (3.16)

holds.
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Theorem 35 and 36 are the estimates we need in our study. Given an operator
A(x,D) we want to construct the adjoint and the Green operators associated to
it. Fixed an Hermitian metric g the following Lemma guarantees the existence
of the adjoint operator.

Lemma 4. For a linear partial differential operator A(x,D) of order m, there
exists a unique linear partial differential operator A(x,D)∗ such that for any
f, g ∈ C∞(M,C), the following inequality holds

< A(x,D)f, g >=< f,A(x,D)∗g > . (3.17)

Moreover A(x, d)∗ is of order m. A(x,D)∗ is called the formal adjoint of
A(x,D).

We also know how to construct A(x,D)∗ from A(x,D).

Lemma 5. Let x ∈ M and ζx ∈ T ∗xM with ζx 6= 0. If we write the principal
symbol of the differential operator A(x,D)∗ as Al(x, ζx)∗, then it is the adjoint
of the linear map determined by the principal symbol of A(x,D) with respect to
the metric gx.

There is also a more abstract construction of the adjoint starting from the
following operator

Definition 16. We define a linear operator A in the Hilbert space L2(M,C) as
follows: The domain D(A) of A is given by

D(A) = {u ∈ L2(M,C)|A(p,D)u ∈ L2(M,C)} (3.18)

and for any u ∈ D(A), we put Au := A(x,D)u.

The operator A has the following properties.

Theorem 37. D(A) = W l(M,C), and the topology of D(A) defined by the
graph norm coincides with the standard topology of W l(MC).

Theorem 38. A is a closed operator.

Theorem 39. C∞(M,C) is dense in D(A) with respect to the graph norm, that
is, for u ∈ D(A) there is a sequence {φk} ⊂ C∞(M,C) such that φk converges
to u in L2(M,C) and A(x,D)φk converges to Au.

A can be used to construct the adjoint of A(x,D) in the following way

Theorem 40. Let A∗ be the adjoint of A in the sense of the operator on Hilbert
space. Then the domain D(A∗) is given by D(A∗) = W l(M,C) and, for v ∈
D(A∗), we have

A∗v = A(x,D)∗v (3.19)

In particular, if A(x,D) is formally self adjoint, A is self adjoint.

We recall a couple of other properties of A and A∗.
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Theorem 41. Let A(x,D) be an elliptic partial differential operator of order
m. We define the operators A and its adjoint A∗ as in Definition (16). Then
we have the following

• Both KerA and KerA∗ are finite dimensional subspaces of C∞(M,C);

• the range R(A) of A and the range R(A∗) of A∗ are closed subspaces of
L2(M,C);

• R(A) = (KerA∗)⊥ and R(A∗) = (KerA)⊥.

Lemma 6. Let A(x,D) be an elliptic linear partial differential operator of order
m. We define the operator A as in Definition (16). Then

• KerA is a closed subspace of L2(M,C).

• For any integer k ≥ 0, there exists a positive constant Ck such that for
any u ∈W k+l(M,C) ∩ (KerA)⊥, the following estimate holds:

‖u‖l+k ≤ Ck ‖Au‖k . (3.20)

One of the most important result in the theory of differential operators over
manifolds is the Hodge decomposition theorem ([Sch95]) that we will enunciate
in section. This theory involves both the kernel and the range of suitable el-
liptic differential operators. We have already discussed about the kernel of an
operator, now we want to study its range. In particular we want to solve

A(x,D)u(x) = f(x) (3.21)

Formally we want find

u(x) = A−1(x,D)f(x). (3.22)

The role of A−1(x,D) is fulfilled by the Green operator G(x,D) of A(x,D).

Definition 17 (Green operator). Let D(A) ∩ (KerA)⊥ = H and let Q be the
orthogonal projection onto KerA∗. Since A is a bijection of H into R(A), let G̃
be its inverse. G̃ is a bijection of R(A) into H. We define

G = G̃(1 +Q), (3.23)

and call G the Green operator of A. G is a linear map of L2(M,C) to H which
coincides with G̃ on R(A) and vanishes on KerA∗.

Theorem 42. The Green operator has the following properties

• G is defined on L2(M,C) and its range R(G) is given by

R(G) = W l(M,C) ∩ (KerA)⊥. (3.24)

For any u ∈ L2(M,C), AGu = (I − Q)u and, for any v ∈ W l(M,C),
GAv = (I − P )v;
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• for any integer k ≥ 0 there exists a positive constant Ck such that, for any
u ∈W k(M,C), Gu ∈W k+l(M,C) and

‖Gu‖k+l ≤ Ck ‖u‖k (3.25)

holds;

• let F be the projection map from L2(M) into the Kernel of A then for ever
f ∈ L2(M)

AG(f) = GA(f) = f − Ff (3.26)

holds.

Equation (3.21) is a classical problem. In order to solve it, the first step is
to find a weak solution. Namely,

Definition 18 (Weak solution). Let f ∈ W k(M,C). u ∈ W k(M,C) is said to
be a weak solution of (3.21) if for any φ ∈ C∞(M,C),

(u,A(x,D)∗φ) = (f, φ) (3.27)

holds

Given a weak solution we want to regularize it. This is a standard process in
analysis involving the Lax-Milgram theorem. We recall the main passages that
prove that, if there exists a weak solution, then there exists also a regular one.

Lemma 7. Let A(x,D) be a partial differential operator of order l. Then, by
Lemma 2, it is extended to a continuous map of W k(M,C) to W k−l(M,C). if
u is a weak solution, in this sense, we have

A(x,D)u = f (3.28)

in W k−l(M,C).

Theorem 43 (Lax-Milgram [Sho13]). Let H be a complex Hilbert Space, let
(•, •) be its inner product and let | • | be its norm. Suppose that B(x, y) is
a Hermitian form on H satisfying the following condition: there exist positive
constants C1 ≤ C2 such that for any x, y ∈ H

|B(x, y)| ≤ C2|x||y|, (3.29)

<B(x, x) ≥ C1|x|2. (3.30)

Then, for any continuous conjugate line f(x) on H, there exists a unique element
FB of H with

B(FB , z) = f(z) (3.31)

Lemma 8. Let δ1 and δ2 be the positive constants given in Theorem 36. Then
B(φ, ψ) defined on C∞(M,C) extends uniquely by continuity to a continuous
Hermitian form on Wm(M,C) which we denote by the same notation B(φ, ψ).
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Moreover there exists a positive constant C1 determined by n, m and Mm such
that if <λ > δ1, for any φ, ψ ∈Wm(M,C) the following inequalities hold

|B(φ, ψ)|≤δ2 ‖φ‖m ‖ψ‖m , (3.32)

<B(φ, φ) ≥ C1 ‖φ‖2m . (3.33)

Theorem 44. Let A(p,D) be an elliptic linear partial differential operator
of order m with C∞ coefficients. Suppose that for some integers s, k, f ∈
W s−m+k(M,C), then for a weak solution u ∈W s(M,C) of the equation

A(x,D)u = f (3.34)

there exists a positive constant C such that

‖u‖s+k ≤ C(‖f‖s+k−m + ‖u‖s) (3.35)

holds, where C is independent of f and u.

Lemma 9. Let A(x,D) be an elliptic linear partial differential operator of order
m. Suppose that for f ∈ C∞(M,C), u ∈W s(M,C) is a weak solution of

A(x,D)u = f. (3.36)

Then there exists v ∈ C∞(M,C) such that in L2(M,C)

u− v = 0 (3.37)

holds.

Moreover, for elliptic operators, we have a result of existence of the solution.

Theorem 45. Let A(p,D) be a strongly elliptic linear partial differential oper-
ator of order 2m, and let δ1, δ2 be the positive constants given in Theorem 36.
If <λ > δ1, for any w ∈ L2(M,C), there exists a weak solution of the equation

A(x,D)u+ λu = f (3.38)

contained in Wm(M,C). Moreover the weak solution of this equation is unique.

Finally we study the spectrum of an ellptic operator. The spectrum of an
operator A(x,D) is the set {λ ∈ C|∃f ∈ C∞(M,C) s.t. A(x,D)f = λf}.

This is important in the thoery of deformations (see [KS60]) since it is the
basic tool to prove the upper-semicontinuity of the dimension of the kernel of
a C∞ family of elliptic differential operators. The main theorems follow from
the construction of the Green operator associated to a suitable perturbation of
A(x,D). In particular we have

Theorem 46. Let A(x,D) be a strongly elliptic partial differential operator and
let δ1 as in Theorem 36. If <λ > δ1, then A + λ is a linear isomorphism of
W 2m(M,C) onto L2(M,C).
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Fix µ ≥ δ1 and put
Gµ := (A+ µ)−1 (3.39)

From Rellich’s theorem [Rel30], we have

Theorem 47. Gµ is a compact linear map of L2(M,C) to itself.

Theorem 48. A complex number λ is contained in the spectrum of A if and
only if ζ−1 = (λ− µ)−1 is contained in the spectrum of Gµ.

Since Gµ is a compact operator, we have the following results.

Theorem 49. Let A(x,D) be a strongly elliptic linear partial differential op-
erator. Then the spectrum of A is contained in the half space <λ > −δ1 and
it consists only of the point spectrum which has no finite accumulation point.
Furthermore the generalized eigenspace belonging to each eigenvalue is finite
dimensional.

Theorem 50. Let A(x,D) be a strongly elliptic self adjoint operator. Then we
can choose eigenfunctions {ej} of A, with Aej = λjej, such that

• {ej} form a complete orthonormal system of L2(M);

• λj ∈ R, λj ≤ λj+1 and λj
j→∞−−−→ +∞.

3.3 Pseudo differential operators

Pseudo-differential operators are the natural generalization of classical differen-
tial operators. They have non-polynomial behavior with respect to the deriva-
tion. In [Pop16], Popovici showed that, for a suitable pseudo-differential opera-
tor ∆̃, it is possible to develop an Hodge theory and he proved that the kernel
of ∆̃ is isomorphic to the second step of the Frölicher spectral sequence. More-
over, pseudo-differential operators could be used to study Varouchas spaces (see
[Var]).

3.3.1 Abstract Theory

We begin with the theory of Fredholm operators since they are the abstract rep-
resentation of pseudo-differential operators. Fredholm operators were studied
by Hormander in order to prove the Atiyah-Singer theorem [AS63]. Here we re-
port only the few properties useful for our work. For more detailed information
see [Hör85].

Definition 19. Let B1 and B2 be Banach spaces. A linear operator T ∈
L(B1;B2) is called a Fredholm operator is dim KerT is finite and T (B1) ⊂ B2

is closed and has finite co-dimension. In that case we define

ind(T ) = dim KerT − dim CokerT. (3.40)
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In the definition the condition that the image of T must be closed is unnec-
essary, in fact we have the following.

Proposition 12. Il T ∈ L(B1;B2) and the range T (B1) has finite co-dimension
in B2, then TB1 is closed.

We can also give a characterization of the Fredhom condition in terms of the
topology of B1 and B2.

Proposition 13. If T ∈ L(B1;B2), then the following conditions are equivalent:

• dim KerT <∞ and T (B1) is closed;

• Every sequence {fj} ⊂ B1 such that {Tfj} is convergent and fj is bounded
has a convergent subsequence.

The following theorem is a result of stability for Fredhom operators.

Theorem 51. If T satisfies the conditions in Proposition 13 and S ∈ L(B1;B2)
has sufficiently small norm, then dim Ker(T +S) ≤ dim KerT , T +S has closed
range and ind(T + S) = ind(T ).

We conclude this survey about Fredhom operators with the following conse-
quences of Theorem 51. In particular Corollary 2 will be useful in the last part
of this chapter since it guaranties that ∆̃ is a pseudo-differential operator.

Corollary 2. If T ∈ L(B1;B2) is a Fredholm operator and K ∈ L(B1;B2) is
compact, then T +K is a Fredholm operator and ind(T +K) = ind(T ).

Corollary 3. If T ∈ L(B1;B2) and S1, S2 ∈ L(B2;B1) are such that TS2 =
Id+K2 and S1T = Id+K1, where Kj are compact operators, then T , S1 and
S2 are Fredholm operators and ind(T ) = − ind(Sj).

3.3.2 Concrete construction

Now we proceed with a concrete construction of pseudo-differential operators
using symbols. Symbols are C∞ function that replace the role of the polynomial
function in (3.9). This construction starts with the Fourier transformation and
its properties related to the differentiation (see [Rud87]). As always we use the
theory in Rn and then we translate it to the manifold M using local charts. We
recall that the Fourier transform of a function f is defined as

Definition 20 (Fourier transform).

f̂(ξ) :=
1

(2π)n

∫
f(x)e−ixξ̇dx. (3.41)

Definition 21 (Fourier inverse formula).

f(x) =

∫
f̂(ξ)eixξ̇dξ (3.42)
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If p(◦, •) is a C∞ function, polynomial with respect to the second variable,
then we can describe a classical differential operator of order m as

p(x,D) :=
∑
|α|≤m

aα(x)Dα (3.43)

where α is a multi-index, Dα := Dα1
1 . . . Dαn

n and Dj := ∂
∂xj

. Using (3.41) we

have

p(x,D)f(x) =

∫
p(x, ξ)f̂(ξ)eixξ̇dξ. (3.44)

We want to generalize and study what happens when p(◦, •) is not a poly-
nomial function.

Definition 22. Let m ∈ R then the space of symbols of order m Sm = Sm(Rn×
Rn) is the set of all a ∈ C∞(Rn ×Rn) such that, for every multi-indexes α and
β the following inequality

|Dα
xD

β
ξ a(x, ξ)| ≤ Cαβ(1 + |ξ|2)

m−δ|β|
2 (3.45)

holds.

Sm is a Frechet space with semi-norms given by the smallest constant which
can be used in (3.45).

As for standard differential operators, we want to give the definition of prin-
cipal part. First we need the following.

Proposition 14. Let aj ∈ Smj , j = 0, 1, . . . , and assume that mj → −∞
as j → ∞. Let m′k := maxj≥kmj. Then one can find a ∈ Sm0 such that
supp a ⊂ ∪ supp aj and for every k

a−
∑
j<k

aj ∈ Sm
′
k . (3.46)

The function a is uniquely determined modulo S−∞ := ∩Sm and has the same
property relative to any rearrangement of the series

∑
aj; we write

a ∼
∑

aj .

Given a symbol a ∈ Sm we want to define the pseudo-differential operator
associated to it. The following theorem ensure us that the construction made
in (3.44) for ordinary differential operators can be used also when the symbol
is not of polynomial type. In fact we have

Theorem 52. Let a ∈ Sm and u ∈ C∞(Rn), then

A(x,D)u(x) := (2π)−n
∫
ei<x;ξ>a(x, ξ)û(ξ)dξ (3.47)

defines a function A(x,D)u(x) ∈ C∞(Rn). Moreover, the bilinear map (a, u) 7→
A(x,D)u(x) is continuous. One calls A(x,D) a pseudo-differential operator of
order m.
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Definition 23 (Principal part). Let A(x,D) be a pseudo-differential operator
of order m and let a be its symbol. The principal part of A(x,D) is the pseudo-
differential operator Am(x,D) associated to the symbol am, where a − am is a
symbol of order less than m.

Definition 24. A pseudo-differential operator of order m on a C∞ manifold
M is a continuous linear map A(x,D) : C∞0 (M)→ C∞(M) such that for every
local chart U with coordinate map φ : U → V ⊂ Rn and all f, g ∈ C∞0 (V ), the
map

u 7→ f(φ−1)∗A(x,D)φ∗(gu)

is in OpSm. We shall then write A(x,D) ∈ Ψm(M) and extend A(x,D) to a
map from E ′(M)→ D′.

Definition 25. Let E and F be complex C∞ vector bundles over the C∞ man-
ifold M . Then a pseudo-differential operator of order m from section of E to
sections F is a continuous linear map

A : C∞0 (M,E)→ C∞0 (M,F )

such that for every open N ⊂M where E and F are trivialized by

φE : E |N→ N × Ce, φF : F |N→ N × Cf ,

there is a f × e matrix of pseudo-differential operators Aij ∈ Ψm(N) such that,
for every u ∈ C∞0 (N,E),

(φF (Au) |Y )i =
∑
j

Aij(φEu).

We shall write A ∈ Ψm(M ;E,F ).

We have proved that there is a (1,1) correspondence between symbols and
operators. Proceeding in same order of the previous section, we want to define
the adjoint operator of A(x,D). We recall the L2 product

(u, v) =

∫
uvdx.

Then we define the adjoint of A(x,D) in the usual way:

Definition 26 (Formal adjoint). Let A(x,D) and A∗(x,D) be two pseudo-
differential operators of order m. Then A∗(x,D) is called formal adjoint of
A(x,D) if

(A(x,D)f1, f2) = (f1, A
∗(x,D)f2) . (3.48)

From the definition we can recover the construction of the adjoint operator.
Using the Fubini’s theorem we have

(A(x,D)f1, f2) =

∫ ∫
ei<x,ξ>a(x, ξ)f̂1(ξ)f2(x)dξdx (3.49)

=

∫
f̂1(ξ)

∫
e−i<x,ξ>a(x, ξ)f2(x)dxdξ.
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Then, using the Fourier inversion formula, we obtain

(A∗(x,D)f)(x) =

∫ ∫
ei<x−y,ξ>a(y, ξ)f(y)dydξ, (3.50)

which is a pseudo-differential operator of order m.
After the adjoint we construct the Green operator. The following Theorem

provide sufficient and necessary conditions to its existence.

Theorem 53. Let a ∈ Sm and b ∈ S−m. Then the conditions

• A(x,D)B(x,D)− Id ∈ OpS−∞;

• B(x,D)A(x,D)− Id ∈ OpS−∞

are equivalent and a determines b mod S−m. They imply

a(x, ξ)b(x, ξ)− 1 ∈ S−1 (3.51)

which implies in turn that for some positive constants c and C

|a(x, ξ)| > c|ξ|m, if |ξ| > C. (3.52)

Conversely, if the last inequality is fulfilled then one can find b ∈ S−m satisfying
the other three conditions.

Now that we have recalled the basic notions, we focus on operators of elliptic
type.

Definition 27. A symbol a ∈ Sm is called elliptic if there exist two positive
constant C and R such that, for every |ξ| ≥ R and every x ∈ Rn, the inequality

|a(x, ξ)| ≥ C|ξ|m (3.53)

holds. An operator associated to an elliptic symbol is called elliptic.

The following is a characterization of elliptic operators

Theorem 54. Let a ∈ Sm. Then the following conditions are equivalent:

• a is elliptic;

• there exist b ∈ S−m and r ∈ S−1 such that A(x,D)B(x,D) = Id+R(x,D);

• there exist b ∈ S−m and r ∈ S−1 such that B(x,D)A(x,D) = Id+R(x,D),

where the capital letters denote the associated pseudo-differential operator.

The following theorem, that generalizes the Garding inequality, holds for
pseudo-differential operators of elliptic type.

Theorem 55 (Garding inequality). If a(x,D) ∈ Sm and <a(x, ξ) ≥ C|ξ|m for
|ξ| large enough. Then, for any s ∈ R, there exist constant C0, C1 such that

< (a(x,D)f, f) + C1 ‖f‖20 ≥ ‖f‖
2
m . (3.54)
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We recall that in the next chapter we will need two main results: the de-
composition of the spectrum and the a priori estimate. We begin with the first
result.

Theorem 56 ([?, Lemma 1.6.3]). Let A(x,D) : C∞(M,C)→ C∞(M,V ) be an
elliptic self-adjoint pseudo-differential operator of order m¿ 0. Then

• We can find a complete orthonormal basis {ψn}∞n=1 for L2(M) of eigen-
vectors of A(x,D). A(x,D)ψn = λnψn.

• The eigenvectors ψn are smooth and limn→∞ |λn| =∞.

• If we order the eigenvalues |λ1| ≤ |λ2| ≤ . . . then there exists a constant
C > 0 and an exponent δ > 0 such that |λn| ≥ Cnδ if n > n0 is large.

This theorem follows directly from this two Lemmas.

Lemma 10. A complex number λ is contained in the spectrum of A(x,D) if and
only if ζ−1 = (λ− µ)−1 is contained in the spectrum of Gµ := (A(x,D) + µ)−1.

Lemma 11. Gµ is a compact linear map of L2(M,C) into itself.

The second lemma is a consequence of the Rellich’s theorem.
In order to prove the a priori estimate we need some preliminay results.

Lemma 12. If a(x, ξ) ∈ Sm then the commutators with Dj and multiplication
by xj are

[A(x,D), Dj ] = i
∂

∂xj
A(x,D) (3.55)

and

[A(x,D), xj ] = −i ∂

∂Dj
A(x,D). (3.56)

The proof of this lemma can be found in [Hör85]. We have generalized the
previous lemma and we have proved the following.

Lemma 13. If a(x, ξ) ∈ Sm and f ∈ C∞(Ui,C), where Ui is an open coordinate
of M , then the commutator [A(x,D), f ] defines a pseudo-differential operator
of order m− 1.

Proof. Let φi : Ui → Vi ⊂ Rn be the coordinate map related to Ui, then
f ◦ φ−1i : Vi → C is a C∞ function. Assuming that 0 ∈ Vi, we use the Taylor
formula with Lagrange’s remainder of f ◦ φ−1i and we obtain

f ◦ φ−1i (y) =

L∑
|l|=0

(f ◦ φ−1i )(l)(0)

|l|!
yl +

∑
|l|=L+1

(f ◦ φ−1i )(l)(ζ)

(L+ 1)!
yl, (3.57)

where l = (l1, . . . , ln) is a multi-index, (f◦φ−1i )(l) =
∂|l|(f◦φ−1

i )

∂y
l1
1 ...∂y

ln
n

, y = (y1, . . . , yn) ∈

Rn, yl = yl11 y
l2
2 . . . y

ln
n and ζ ∈ Vi. Putting (3.57) in the commutator formula,
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by the linearity of A(x,D) we have

[A(x,D), f ] = [A(x,D), f ◦ φ−1i (0)] +

L∑
|l|=1

[A(x,D),
(f ◦ φ−1i )(l)(0)

|l|!
(φi(x))l]

+
∑
|l|=L+1

[A(x,D),
(f ◦ φ−1i )(l)(ζ)

(L+ 1)!
(φi(x))l].

The first term of the right-hand side is zero, while the others are, up to a
constant, in the form [A(x,D), xl]. Then, using Lemma (12), we have that
[A(x,D), f ] is a pseudo-differential operator of order m− 1.

Another preliminary estimate we have proved is the following.

Lemma 14. Let Am(D) be an elliptic pseudo-differential operator of order m,
which consists of only its principal part and does not depend on the variable x.
Let δ0 be its constant of ellipticity. Then for any k ∈ N and any f ∈ C∞(M,C),
the following inequality holds:

‖Am(D)f‖2k + δ20 ‖f‖
2
k ≥ 2−mδ20 ‖f‖

2
k+m . (3.58)

Proof. Let

f̃ :=
∑
ξ

fξe
i<x,ξ> (3.59)

be the Fourier expansion of f . Then

‖Am(D)f‖2k =
∑
Ui

k∑
|α|=0

∑
ξ

∫
Ui

∣∣DαAm(D)fξe
i<x,ξ>

∣∣2 dX (3.60)

=
∑
Ui

k∑
|α|=0

∑
ξ

∫
Ui

∣∣fξAm(D)ξαei<x,ξ>
∣∣2 dX

≥
∑
Ui

k∑
|α|=0

∑
ξ

∫
Ui

δ20(1 + |ξ|2)m
∣∣fξei<x,ξ>∣∣2 dX

≥ δ20(2−m ‖f‖2k+m − ‖f‖
2
k .

We are ready to prove the following.

Theorem 57 (a priori estimates). Let A(x,D) be an elliptic pseudo-differential
operator of order m. Then for any k ∈ Z there exists a constant C depending
only on k, δ and M|k| such that for any f ∈ C∞(M ;C)

‖f‖k+m ≤ C (‖A(x,D)f‖k + ‖f‖k) . (3.61)
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Proof. Let {Ui}, j = 1, . . . , I, be a finite open covering of M and let ηi ∈
C∞(M,C) such that supp ηi ⊂ Ui and, for every x ∈M ,

∑
η2i (x) = 1. For every

f ∈ C∞(M,C) there exists an index i such that

I1/2 ‖f‖k+m ≤ ‖ηif‖k+m .

Fix f ∈ C∞(M,C) and let fi := ηif . Let ωi ∈ C∞(M,C) such that suppωi ⊂ Ui,∑
ω2
i (x) = 1 and ωi = 1 in some neighborhood of supp ηi. Then we have

‖A(x,D)f‖k ≥ ‖ηiA(p,D)f‖k
= ‖ηiA(p,D)ωif‖k
≥ ‖A(p,D)fi‖k − ‖[A(p,D), ηi]ωif‖k .

(3.62)

By Lemma (14), we have that there exists a constant C1 > 0 such that

‖[A(p,D), ηi]ωif‖k ≤ C1 ‖ωif‖k+m−1 . (3.63)

We want to estimate ‖A(p,D)fi‖k. Let ε > 0. Cover Vi with open balls
B1, ..., BL of radius ε and take a partition of unity {ωl} subordinate to {Bl}.
We set fl := ωlfi, then there exists an integer l such that

L ‖fi‖k+m ≥ ‖fl‖k+m .

Let pl be the center of the ball Bl. Let Am(x,D) be the principal part of A(x,D)
and let Am(pl, D) be the pseudo-differential operator obtained by computing
Al(x,D) at the point pl. By Lemma 14 we have that there exists a constant Cε
such that

‖(Am(x,D)−Am(pl, D))fl‖k ≤ 2εM1 ‖fl‖k+m + CεM2k ‖fl‖k+m−1 .

Moreover, by Lemma 14, we have that

‖A(x,D)fl‖k ≤ ‖ωlA(x,D)fi‖k + ‖[A(x,D), ωl]fi‖k
≤ C3 ‖A(x,D)fi‖k + C2Mk ‖fi‖k+m−1 .

Therefore

‖Am(pl, D)fi‖k ≤ ‖A(x,D)fi‖k + ‖(Am(x,D)−A(x,D))fi‖k
+ ‖(Am(pl, D)−Am(x,D))fi‖k
≤ C3 ‖A(x,D)fi‖k + C1 ‖fi‖k+m + C4 ‖fi‖k+m−1 .

By Lemma 14, we have that

2−1/2δ0 ‖fi‖k+m − δ0 ‖fi‖k ≤ ‖Am(pl, D)fi‖k . (3.64)

Then, since for ε small enough we can take C1 < 2−1/2δ0, we obtain

C5 ‖fi‖k+m ≤ C3 ‖A(x,D)fi‖k + C1 ‖fi‖k+m + C4 ‖fi‖k+m−1 . (3.65)

The thesis follows by using Proposition 11 to replace ‖fi‖k+m−1 with C6 ‖fi‖k+m+
C7 ‖fi‖k.
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We conclude this section with the following auxiliary results.

Definition 28. The pseudo-differential operator A(x,D) in M is said to be
properly supported if both projections from the support of the kernel in M ×M
to M are proper maps, that is, for every compact set K ⊂M there is a compact
set K ′ ⊂M such that

suppu ⊂ K ⇒ suppA(x,D)u ⊂ K ′;u = 0 at K ′ ⇒ A(x,D)u = 0 at K.

Theorem 58. If Aj ∈ Ψmj (M) are properly supported for j = 1, 2, then
A = A1A2 ∈ Ψm1+m2(M) is properly supported and the principal symbol is
the product of those of A1 and of A2.

Theorem 59. If A ∈ Ψm(M) is properly supported and elliptic in the sense
that the principal symbol a ∈ Sm(T ∗(M))/Sm−1(T ∗(M)) has an inverse in
S−m(T ∗(M))/S−m−1(T ∗(M)) then one can find B ∈ Ψ−m(M) properly sup-
ported such that

BA− Id ∈ Ψ−∞(M), AB − IdΨ−∞(M).

One calls B a parametrix for A.

Theorem 60. If P ∈ Ψm(X;E ⊗ Ω
1
2 , F ⊗ Ω

1
2 ) is elliptic, then P defines a

Fredholm operator operator from H(s)(X;E ⊗ Ω
1
2 ) to H(s−m)(X;F ⊗ Ω

1
2 ) with

Kernel contained in C∞(X;E ⊗ Ω
1
2 ) and with the Kernel of the adjoint P ∗ ∈

Ψm(X;F ∗ ⊗ Ω
1
2 , E∗ ⊗ Ω

1
2 ) contained in C∞(X;F ∗ ⊗ Ω

1
2 ). The range is the

orthogonal space of KerP ∗. Thus those spaces are independent of s and the
index of P is equal to the index of P as operator from C∞(X;E ⊗ Ω

1
2 ) to

C∞(X;F ⊗ Ω
1
2 ) (or from D′(X;E ⊗ Ω

1
2 ) to D′(X;E ⊗ Ω

1
2 )) and it depends

only on the class of P modulo Ψm−1. If E = F ∗ and P − P ∗ ∈ Ψm−1 then
ind(P ) = 0.

3.4 Hodge Theory

One of the main results in the theory of differential operators over manifolds is
the following

Theorem 61 (Hodge decomposition). Let M be a compact oriented Rieman-
nian manifold and let ∆ := dd∗+d∗d be the Laplace operator. Then, with respect
to the given metric, we have the following orthogonal decomposition

Λk(M) = (Ker ∆⊕ Im d⊕ Im d∗) ∩ Λk(M).

Moreover Ker ∆ ∩ Λk(M) is a finite dimensional R-vector space for all k ∈ N.

A similar result has been proved for the Beltrami-Laplace operator, namely
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Theorem 62. Let M be a compact complex Hermitian manifold and let ∆∂ :=

∂∂
∗

+ ∂
∗
∂ be the Laplace-Beltrami operator. Then, with respect to the given

metric, we have the following orthogonal decomposition

Λp,q(M) =
(

Ker ∆∂ ⊕ Im ∂ ⊕ Im ∂
∗) ∩ Λp,q(M).

Moreover Ker ∆∂ ∩Λp,q(M) is a finite dimensional C-vector space for all p, q ∈
N.

Also operators as ∆BC and ∆A (see [Sch07]) have a decomposition theorem.

Theorem 63. Let M be a compact complex Hermitian manifold and let ∆BC :=
(∂∂)(∂∂)∗ + (∂∂)∗(∂∂) + (∂

∗
∂)(∂

∗
∂)∗ + (∂

∗
∂)∗(∂

∗
∂) + ∂

∗
∂ + ∂∗∂. Then, with

respect to the given metric, we have the following orthogonal decomposition

Λp,q(M) =
(

Ker ∆BC ⊕ (Im ∂ + Im ∂)⊕ Im ∂∗∂
∗) ∩ Λp,q(M).

Moreover Ker ∆BC∩Λp,q(M) is a finite dimensional C-vector space for all p, q ∈
N.

Theorem 64. Let M be a compact complex Hermitian manifold and let ∆A :=
(∂∂)(∂∂)∗+(∂∂)∗(∂∂)+(∂∂∗)(∂∂∗)∗+(∂∂∗)∗(∂∂∗)+∂

∗
∂+∂∗∂ be the Laplace-

Beltrami operator. Then, with respect to the given metric, we have the following
orthogonal decomposition

Λp,q(M) =
(

Ker ∆A ⊕ Im ∂∂ ⊕ (Im ∂∗ + Im ∂
∗
)
)
∩ Λp,q(M).

Moreover Ker ∆A ∩Λp,q(M) is a finite dimensional C-vector space for all p, q ∈
N.

For pseudo-differential operators a decomposition result has been proved by
Popovici in a very special case. We recall the construction of this operator
and its properties, in particular we want to focus on the connection with the
Frölicher spectral sequence.

From Theorem 62, we know that Ker ∆∂ is finite dimensional as C-vector
space. Let p′′ : Λp,q(M)→ Ker ∆∂ ∩Λp,q(M) be the orthogonal projection. We
define

∆̃ := ∂∂
∗

+ ∂
∗
∂ + ∂p′′∂∗ + ∂∗p′′∂. (3.66)

The following Lemmas proved that ∆̃ is a pseudo-differential operator.

Lemma 15. Let P and Q be the orthogonal projection to KerA and KerA∗ in
L2(M,C) respectively. Then for any integer k ≥ 0 there exists a constant Ck
such that for any u ∈ L2(M,C), the following estimates hold.

‖Pu‖k ≤ Ck ‖u‖ (3.67)

‖Qu‖k ≤ Ck ‖u‖ (3.68)
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Lemma 16. Let A(p,D) be a formally self adjoint elliptic partial differential
operator, P the orthogonal projiection to KerA, G the Green operator of A. If
u ∈ C∞(M,C), then Gu ∈ C∞(M,C) and the equality

u = Pu+AGu (3.69)

holds. By this, the orthogonal decomposition

C∞(M,C) = kerA⊕AC∞(M,C) (3.70)

is given, where AC∞(M,C) denotes the image of C∞(M,C) by A(p,D).

In [Pop16], Popovi introduced the following pseudo-differential operator:

∆̃ := ∂∂
∗

+ ∂
∗
∂ + ∂p′′∂∗ + ∂∗p′′∂,

where p′′ is the natural projection of Λp,q(M) onto Ker ∆∂ . Thus ∆̃ is the sum
of a pseudo-differential regularizing operator and an elliptic differential operator
of order two (the classical ∂-Laplacian ∆∂).

Theorem 65. For all p, q, ∆̃ : Λp,q(M) → Λp,q(M) behaves like an elliptic
self-adjoint differential operator in the sense that Ker ∆̃ is a finite dimensional
C-vector space, Im ∆̃ is closed and finite co-dimensional in Λp,q(M), there is an
orthogonal (for the L2 inner product induced by g) 2-dimensional decomposition

Λp,q(M) = Ker ∆̃⊕ Im ∆̃

giving rise to an orthogonal 3-space decomposition

Λp,q(M) = Ker ∆̃⊕
(
Im ∂ + ∂|Ker ∂

)
⊕
(

Im ∂
∗

+ Im(∂∗ ◦ p′′)
)

in which

Ker ∆̃⊕
(
Im ∂ + ∂|Ker ∂

)
= Ker(p′′ ◦ ∂) ∩Ker ∂;

Ker ∆̃⊕
(

Im ∂
∗

+ Im(∂∗ ◦ p′′)
)

= Ker(p′′ ◦ ∂∗) ∩Ker ∂
∗
;(

Im ∂ + ∂|Ker ∂

)
⊕
(

Im ∂
∗

+ Im(∂∗ ◦ p′′)
)

= Im ∆̃.

Moreover, ∆̃ has a compact resolvent which is a pseudo-differential operator G
of order −2, the Green’s operator of ∆̃, hence the spectrum of ∆̃ is discrete and
consists of non-negative eigenvalues that tend to +∞.

Proposition 15. For every (p, q) ∈ N2 let

H̃p,q(M,C) :=
Ker(p′′ ◦ ∂) ∩Ker ∂

Im ∂ + Im(∂|Ker ∂
)
.

Then, for every p, q, the following linear map

T = T p,q : H̃p,q(M,C) → Ep,q2 (M)
˜[α] 7→

[
[α]∂

]
d1

is an isomorphism.
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The operator ∆̃ is related to the Frölicher spectral sequence by the following.

Theorem 66. Let (M, g) be an Hermitian manifold with DimCM = n. For
every p, q ∈ N, let H̃p,q be the kernel of ∆̃ acting on (p, q)-forms. Then the map

S = Sp,q : H̃p,q(M,C)→ H̃p,q(M,C), (3.71)

is an isomorphism, where

H̃p,q(M,C) :=
Ker p′′ ◦ ∂ ∩Ker ∂

Im ∂ + Im ∂ |Ker ∂

(3.72)

and S(φ) = ˜[φ]. In particular, its composition with the isomorphism T :
H̃p,q(M,C)→ Ep,q2 defined in Proposition 15 yields the Hodge isomorphism

T ◦ S = T p,q ◦ Sp,q : H̃p,q(M,C)→ Ep,q2 . (3.73)

Thus, every class [[φ]∂ ]d1 ∈ E
p,q
2 contains a unique ∆̃-harmonic representative

φ.



Chapter 4

Deformation Theory

In this chapter we discuss deformations of complex structure on a compact
complex manifold. Such theory was born with the celebrated work of Kodaira
and Spencer [KS60], in which they proved that the condition of being Kähler is
stable under small deformations of the complex structure.

We start with a brief recap of the work of Kodaira [KS60] about C∞ family
of elliptic differential operators.

The second section is devoted to our work on C∞ families of elliptic pseudo-
differential operators. We prove that most of the properties described in [Kod06]
still hold if we consider such more general case.

Then we recall when a property P is open (or close) under small deforma-
tions of the complex structure and we recall some properties that verify such
conditions. In the last part we expose our work on the degeneration at the
second step of the Frölicher spectral sequence and we prove that such property
is open under small deformation only if the dimension of the Dolbeault coho-
mology groups is independent on t (see Theorem 82). We conclude this chapter
computing explicitly the first two step of the Frölicher spectral sequence for
a suitable curve compact complex manifolds obtained as deformations of the
Nakamura manifold; we show that in such case the dimension of the Dolbeault
cohomology is not constant and the degeneration at the second step is not pre-
served along the curve.

4.1 Introduction

We start recalling the Kodaira and Spencer’s theory of deformations. As for
the previous chapter, we prove the theorems only for C∞ function. The general
case of forms can be obtained using (3.2). Let M be a differentiable manifold,
B a domain of Rm and π :M→ B a C∞ map. Suppose that

• the rank of the Jacobian matrix of π is equal to m at every point of M;

• for each t ∈ B, π−1(t) is a compact connected subset of M;
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• there exists a locally finite open covering {Uj} of M and there exist
complex-valued C∞ functions {zij}, i = 1, ..., n, defined on Uj such that
for each t ∈ B

{p→ (z1j (p), ..., znj (p))|Uj ∩ π−1(t) 6= ∅} (4.1)

form a system of local complex coordinates of π−1(t).

Then we call M a C∞ family of compact complex manifolds.
The first two conditions imply that π−1(t) is a compact differentiable man-

ifold of the same dimension for every t ∈ B. The third condition tells us that
π−1(t) admits a structure of complex manifold. Then we can denote π−1(t)
with the couple (Mt, Jt). Moreover, for every t ∈ B, Mt is diffeomorphic to a
differentiable manifold M that does not depends on t. As a consequence, we use
the notation (M,Jt) instead of M and we think that the underlying manifold
M does not change while we take a C∞ family {Jt} of complex structures on it.

Given a differentiable manifold M , a C∞ family of differential operators
{At(x,D)} on M is a collection of differential operators

At(x,D) : C∞(M,C) → C∞(M,C)
f(x) 7→

∑
|α|≤l aα(x, t)Dαf(x),

(4.2)

where we use the same notation of the previous chapter with the only exception
that aα(x, t) is a differentiable function of (x, t).

A classical example of a C∞ family of differential operators is given by the
family {∆∂t

} of Beltrami-Laplace operators. In this case the variation of the
complex structure induces a different decomposition of the cotangent bundle
and, as a consequence, a different expression, in terms of the real coordinates,
of the differential ∂t.

In the previous chapters we have seen that there exist isomorphisms be-
tween the cohomology groups of a complex manifold and the kernels of suitable
differential operators; then it is natural to study the behavior of such kernels
under small deformation of the complex structure in order to understand how
the cohomology groups change.

Let {At(x,D)} be a C∞ family of strongly elliptic formally self-adjoint dif-
ferential operators. For every t ∈ B, let λh(t) be the h-th element (take in non
decreasing order and counted with its multiplicity) of the spectrum of At(x,D).
The first result we recall is the following

Theorem 67. λh(t) is a continuous function of t.

Let Ft := {f ∈ C∞(M,C)|At(x,D)f = 0} be the kernel of At(x,D). Then
the theorem above implies the following

Theorem 68. dimFt is upper-semicontinuous in t.

This is a very important result since it tells us that also the dimensions of
the Dolbeault, Bott-Chern and Aeppli cohomology are upper-semicontinuous in
t. Moreover, let Ft be the orthogonal projection of C∞(M,C) on Ft, then we
have
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Theorem 69. If dimFt is independent of t for every t, then Ft is C∞ differ-
entiable in t.

The proofs of those theorems are based on the construction of a suitable
Jordan curve C around the origin of the complex plane, i.e., the first eigenvalue
of A0(x,D). To do so we need some preliminary results. The first is a lower
estimate for the Sobolev’s norm of {At(x,D)} due to Friedrichs [Fri53].

Lemma 17. Let k ∈ N. Then there exists a constant ck independent of t such
that the inequality

‖f‖2k+m ≤ ck
(
‖Atf‖2k + ‖f‖2k

)
(4.3)

holds for every f ∈ C∞(M,C).

Using this lemma it is possible to prove that also the Green operators of
certain C∞ family of differential operators form a C∞ family.

Theorem 70. Assume that At : C∞(M,C) → C∞(M,C) is bijective for every
t ∈ B. If there exists a constant c > 0 independent of t, such that for every
f ∈ C∞(M,C)

‖Atf‖0 ≥ c ‖f‖0 , (4.4)

then A−1t is a C∞ family differentiable in t

Now we want to show that, changing a bit the family {At(x,D)}, one can
obtain a family that satisfies the hypothesis of the previous theorem. Let ζ ∈ C
be complex number different from every eigenvalue of At(x,D) for a given t.
We define

At(x,D, ζ) := At(x,D)− ζ. (4.5)

We have the following

Proposition 16. At(x,D, ζ) is a strongly elliptic differential operator acting
bijectively on C∞(M,C).

Moreover, for suitable ζ, the family {At(x,D, ζ)} satisfies the hypothesis of
Theorem 70. In fact we have

Lemma 18. Suppose that are given t0 ∈ ∆ and ζ0 ∈ C with ζ0 different from
every eigenvalue of At0 . If we take a sufficiently small δ > 0, there exists
a constant c > 0 such that, for |t − t0| < δ and |ζ − ζ0| < δ, the following
inequality

‖At(ζ)f‖0 ≥ c ‖f‖0 (4.6)

holds for every f ∈ C∞(M,C).

We fix ζ 6= λh(0) for every h ∈ N. Then, by this Lemma, we have that
the family At(x,D, ζ) is bijective and, by Theorem 70, the operators Gt(ζ) :=
A−1t (x,D, ζ) form a C∞ family. We take a Jordan curve C on C which does not
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pass through any of the λh(0). We denote with ((C)) the interior of C. For any
t sufficiently small, we define the linear operator Ft(C) acting on C∞(M,C) by

Ft(C)f :=
∑

λh(t)∈((C))

(f, eth)eth, (4.7)

where eth is an eigenfunction relative to the eigenvalue λh(t) and {eth} form a
complete orthonormal system of C∞(M,C). We put Ft(C) as the image through
Ft(C) of C∞(M,C). Ft(C) is a finite dimensional subspace of C∞(M,C) and
Ft(C) is the orthogonal projection of C∞(M,C) onto Ft(C).

Proposition 17. The operator Ft(C) can be written as

Ft(C)f = − 1

2π

∫
C

Gt(ζ)dζ. (4.8)

Lemma 19. Ft(C) is C∞ differentiable in t for t close enough to t0.

Lemma 20. dimFt(C) is independent of t for t close enough to t0.

4.2 Deformation of Pseudo-differential operators

In this section we generalize the theory of deformations to pseudo-differential
operators. We prove the theorems of the previous section for this ampler class
of operators; most of the prove are similar to the classic case, but we do them
because there are some important details.

Lemma 21. Let k ∈ N. Then there exists a constant ck independent of t such
that the inequality

‖f‖2k+m ≤ ck
(
‖Atf‖2k + ‖f‖20

)
(4.9)

holds.

Proof. By Theorem 35, for every t ∈ B there exists a positive constant Ck,t
such that

‖f‖2k+m ≤ Ck,t(‖At(x,D)f‖2k + ‖f‖2k). (4.10)

Since {At(x,D)} is differentiable in t, we can assume that, up to shrinking B,
the constant Ck,t can be taken independent on t.

We proceed by induction on k. For k = 0, (4.10) is exactly our thesis. Now
suppose that the thesis holds for k − 1, then we have

‖f‖2k+m ≤ Ck(‖At(x,D)f‖2k + ‖f‖2k) ≤ Ck(‖At(x,D)f‖2k + ‖f‖2k−1+m)

≤ Ck(‖At(x,D)f‖2k + ck−1(‖At(x,D)f‖2k−1 + ‖f‖20))

≤ Ck(ck−1 + 1)(‖At(x,D)f‖2k + ‖f‖20).
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Theorem 71. Assume that At(x,D) : C∞(M,C) → C∞(M,C) is bijective for
every t ∈ B. If there exists a constant c > 0 independent of t, such that for
every f ∈ C∞(M,C)

‖At(x,D)f‖0 ≥ c ‖f‖0 , (4.11)

then A−1t (x,D) is a C∞ family differentiable in t

Proof. Let {f(x, t)} ⊂ C∞(M,C) be C∞ differentiable in t. We prove by in-
duction on r ∈ N that, putting gt := A−1t (x,D)ft ∈ C∞(M,C), {gt} is Cr

differentiable in t.
For r = 0, by the previous Lemma and the Sobolev’s inequality, we have

that, for every multi-index l, we can choose an integer k > l −m + n/2 and a
positive constant c such that

c|Dl(gt(x)− gs(x))| ≤ ‖At(x,D)(gt(x)− gs(X))‖k (4.12)

≤ ‖At(x,D)gt(x)−As(x,D)gs‖k + ‖(At(x,D)−As(x,D))gs‖k
= ‖ft(x)− fs(x)‖k + ‖(At(x,D)−As(x,D))gs‖k .

Since ft(x) and the coefficients of At(x,D) are C∞ differentiable in t, the last
row converges uniformly to zero as t → s. So Dlgt(x) converges to Dlgs(x)
uniformly in x.

For r = 1, formally we have that, if gt(x) is C1 differentiable in t, then by
differentiating we obtain

∂ft
∂t

= At(x,D)
∂gt(x)

∂t
+
∂At(x,D)

∂t
gt(x). (4.13)

Thus we need to prove that

lim
h→0

∥∥∥∥At+h(x,D)

(
1

h
(gt+h(x)− gt(x))−A−1t (x,D)

(
∂ft
∂t
− ∂At(x,D)

∂t
gt

))∥∥∥∥
k

= 0.

(4.14)
By direct computation we have that

At+h(x,D)

(
1

h
(gt+h(x)− gt(x))−A−1t (x,D)

(
∂ft
∂t
− ∂At(x,D)

∂t
gt

))
=

1

h
(ft+h(x)− ft(x))− ∂ft

∂t
− 1

h
(At+h(x,D)−At(x,D))gt(x)

+
∂At(x,D)

∂t
gt(x)− (At+h(x,D)−At(x,D))φt(x),

where we put

φt(x) = A−1t (x,D)

(
∂ft
∂t
− ∂At(x,D)

∂t
gt

)
.

Since ft(x) and the coefficients of At(x,D) are C∞ in t we have that∥∥∥∥ 1

h
(ft+h(x)− ft(x))− ∂ft

∂t

∥∥∥∥
k

−−−→
h→0

0, (4.15)
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∥∥∥∥ 1

h
(At+h(x,D)−At(x,D))gt(x)− ∂At(x,D)

∂t
gt(x)

∥∥∥∥
k

−−−→
h→0

0 (4.16)

and
‖(At+h(x,D)−At(x,D))φt(x)‖k −−−→

h→0
0 (4.17)

uniformly in x. The thesis follows immediately by putting (4.15), (4.16),
(4.17) in (4.14).

Suppose now by induction that gt(x) is Cr differentiable. To prove that it

is Cr+1 differentiable we consider the function ht := ∂rgt
∂tr , then we have

At(x,D)ht(x) =
∂rft
∂tr

(x)−
r−1∑
l=0

∂lAt(x,D)

∂tl
∂r−lgt
∂tr−l

(x).

By induction gt is Cr differentiable in t, so the right-hand side is C1 differentiable
in t. Thus, by the previous case, ht is C1 differentiable in t.

Lemma 22. Let ζ0 ∈ C, with ζ0 different from every eigenvalue of A0(x,D).
If we take a sufficiently small δ > 0, there exists a constant c > 0 such that, for
|t| < δ and |ζ − ζ0| < δ, the following inequality

‖At(ζ)f‖0 ≥ c ‖f‖0 (4.18)

holds for every f ∈ C∞(M,C).

Proof. Suppose that, for any δ > 0, there exists no such constant. Then, for
every q ∈ N there exist tq ∈ B, ζq ∈ C and fq ∈ C∞(M,C) such that

|tq| < 1
q , |ζq − ζ0| <

1
q ,

∥∥Atq (ζq)fq∥∥0 < 1
q , ‖fq‖0 = 1.

Hence we have that
∥∥Atq (ζq)fq∥∥0 → 0 as q → +∞ and, by construction of

Atq (ζq), ∥∥Atq (ζq)fq −A0(ζ0)fq
∥∥
0
→ 0. (4.19)

Then ‖A0(ζ0)fq‖0 → 0, but, by Lemma 21,
∥∥Atq (ζq)f∥∥0 ≥ c0 ‖f‖0 for every

f ∈ C∞(M,C). So ‖fq‖0 → 0, which contradicts ‖fq‖0 = 1.

We re-propose the construction of Jordan curve around the eigenvalues of
A0(x,D). We fix ζ 6= λh(0) for every h ∈ N. Then, by this Lemma, we
have that the family At(x,D, ζ) is bijective and, by Theorem 70, the operators
Gt(ζ) := A−1t (x,D, ζ) form a C∞ family. We take a Jordan curve C on C which
does not pass through any of the λh(0). We denote with ((C)) the interior of
C. For any t sufficiently small, we define the linear operator Ft(C) acting on
C∞(M,C) by

Ft(C)f :=
∑

λh(t)∈((C))

(f, eth)eth, (4.20)
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where eth is an eigenfunction relative to the eigenvalue λh(t) and {eth} form a
complete orthonormal system of C∞(M,C). We put Ft(C) as the image through
Ft(C) of C∞(M,C). Ft(C) is a finite dimensional subspace of C∞(M,C) and
Ft(C) is the orthogonal projection of C∞(M,C) onto Ft(C).

Proposition 18. The operator Ft(C) can be written as

Ft(C)f = − 1

2π

∫
C

Gt(ζ)dζ. (4.21)

Lemma 23. Ft(C) is C∞ differentiable in t for t close enough to t0.

Proof. This follows immediately from (4.21) since both ft(x) and Gt(ζ) are C∞
differentiable in t.

Lemma 24. dimFt(C) is independent of t for t close enough to t0.

Proof. Put DimF0(C) = d and let {e1, . . . , ed} be a basis of F0(C) such that
F0(C)(ek) = ek. Since Ft(C) is C∞ differentiable in t, for sufficiently small δ > 0
and |t| < δ, we have that {Ft(C)(e1), . . . , Ft(C)(ed)} are linearly independent.
Suppose that we can find a sequence tq, q = 1, 2, . . . , with |t| < 1/q, such that
DimFtq(C) > d. Then at least d+ 1 eigenvalues λh(tq) must lie in the interior
of C. Then for each derivative Dl we have

|Dler,q(x)|2 ≤ Cl(1 +

k∑
α=1

|λh(tq)|2α), (4.22)

where k is an integer greater than m+ 1 + n/2. Since λh(tq) is bounded, then
{Dler,q}q is uniformly bounded in M , hence it is equicontinuous. So we can
find a uniformly convergent subsequence. Suppose that we have already taken
such a subsequence, then we have

lim
q→∞

Dler,q(x) = Dler(x).

Since (er,q, es,q) = δrs, also (er, es) = δrs. Moreover

lim
q→∞

Atq (x,D)er,q(x) = A0(x,D)er(x) = λrer(x),

where λr = limλr,q. So there are at least d + 1 linearly independent functions
in F0(C), which contradicts the hypothesis.

Theorem 72. λh(t) is a continuous function of t.

Proof. We proceed by induction on h. If h = 1, then by Theorem 56, there
exists β ∈ R such that, for every t ∈ B, λ1(t) > β. Moreover, for every
ε > 0, consider the circle Cε with center λ1(t0) and radius ε and a Jordan
curve which intersects the real plane only in β and λ1(t0) − ε. By Theorem
56, DimFt(C) = 0, then λ1(t) > λ1(t0) − ε. Since Cε is a Jordan curve and
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DimFt0(Cε) > 0, by Lemma 24, there exists k ∈ N such that λk(t) ∈ Cε. Then
we have λ1(t0)− ε < λ1(t) ≤ λk(t) < λ1(T0) + ε, so limt→t0 λ1(t) = λ1(t0).

For h > 1 we have two cases, first suppose that λ1(t0) = · · · = λh(t0). Then
DimFt0(Cε) is at least h so, by the arguments above, λ1(t), . . . , λh(t) are in the
interior of Cε. Hence limt→t0 λh(t) = λh(t0).

Otherwise, suppose that l is the largest integer such that λh(t0) > λl(t0).
Then, for ε small enough, the circle Cε with center λh(t0) and radius ε contains
only the eigenvalues of At0(x,D) equal to λh(t0). By hypothesis, for t close
enough to t0, we can assume that λk(t) lies in the exterior of Cε for k = 1, . . . , l.
Then we can use the arguments of the case h = 1 and find that λh(t)→ λh(t0)
as t→ t0.

Theorem 73. dimFt is upper-semicontinuous in t.

Proof. Let λh 6= 0 be the eigenvalue of At0(x,D) closest to zero. Since the
spectrum of At0(x,D) is composed only by isolated points, |λh| > ε for some ε >
0. Consider the circle Cε of center 0 and radius ε, then DimFt0 = DimFt0(Cε).
By Lemma 24, DimFt0(Cε) = DimFt(Cε) for t close enough to t0. Then, by
the definition of Ft, DimFt ≤ DimFt(Cε) = DimFt0(Cε) = DimFt0 .

Theorem 74. If dimFt is independent of t for every t, then Ft is C∞ differ-
entiable in t.

Proof. Let Cε as in the theorem above. Then DimFt0 = DimFt0(Cε) = DimFt(Cε)
for t close enough to t0. Since, by hypothesis, DimFt is independent of t,
Ft = Ft(Cε).

By definition Ft is the orthogonal projection of C∞(M,C) onto Ft. Since
Ft = Ft(Cε), Ft = Ft(Cε) that we know, by Lemma 23, to be C∞ differentiable
in t.

4.3 Stability of Properties

Several authors have studied the behavior of properties under small deformation
of the complex structure. Let P be a property of complex manifold, e.g. being
a Kähler manifold.

Definition 29. P is said to be open under small deformations of complex struc-
ture if for every C∞ family (M,Jt) of compact complex manifolds the implication

(M,J0) satisfies P ⇒ (M,Jt) satisfies P

holds for every t ∈ B.

Definition 30. P is said to be close under small deformations of complex struc-
ture if for every C∞ family (M,Jt) of compact complex manifolds the implication

(M,Jt) satisfies P for every t ∈ B \ {0} ⇒ (M,J0) satisfies P

holds.
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We briefly recall some of the most results about the stability of properties.

Theorem 75. [KS60] Admitting a Kähler metric is a property open under small
deformations.

Theorem 76. Satisfying the ∂∂-lemma is a property open under small defor-
mations.

Theorem 77. [Hir62] Admitting a Kähler metric is not a property closed under
small deformations.

Theorem 78. [Pop11] Admitting a strongly Gaudouchon metric is a property
open under small deformations.

Theorem 79. [AB90] Admitting a Balanced metric is a not property open under
small deformations.

Theorem 80. [KS60] The degeneration at the first step of the Frölicher spectral
sequence is a property open under small deformations.

Theorem 81. [ES+93] The degeneration at the first step of the Frölicher spec-
tral sequence is not a property closed under small deformations.

4.3.1 Degeneration of the Frölicher spectral sequence

During this PhD we have studied the degeneration at the second step of the
Frölicher spectral sequence. In particular we have analysed the behavior of such
property under small deformations of the complex structure and we have proved
the following

Theorem 82. Let (M,Jt) be a family of complex manifolds and suppose that
the dimension of Ker ∆∂t

∩Λp,q(M,Jt) is independent of t for every (p, q) ∈ Z2.
Then the degeneration at the second step of the Frölicher spectral sequence is
stable under small deformations of the complex structure.

The proof of this theorem follows from Theorems 66 and 73. We only need
to prove the following.

Proposition 19. If Dim Ker ∆∂t
is independent of t, then {∆̃t} is a C∞ family

of pseudo differential operators.

Proof. From [Kod06], we have that all the derivative operators depend C∞ with
respect to t, hence we only need to prove that if {φt} and {ψt} are C∞ family
of (p, q) forms over M and if {gt} is a C∞ family of Hermitian metrics over M ,
then the scalar product (ψt, φt)t varies in a C∞ way respect to t. By definition

(ψt, φt)t =

∫
M

ψt ∧ ∗tφt. (4.23)
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Let {Uj} be a finite covering of M made by open coordinate neighborhood
and let {ηj} be a partition of unity subordinate to {Uj}. Then, for every t ∈ B
we have ∫

M

ψt ∧ ∗tφt =
∑
j

∫
Uj

ηjψt ∧ ∗tφt. (4.24)

Now, locally we have ψt =
∑
Ap,Bq

ψ
ApBq
t dzApBq and

∗tφt(z) := (i)n(−1)k
∑
Ap,Bq

sgn

(
Ap An−p
Bq Bn−q

)
gt(z)φ

ApBq
t (z)dzBn−pAn−q .

(4.25)
Then we have∫
Uj

ηjψt∧∗tφt =
∑
Ap,Bq

σApBp

∫
Uj

ηjψ
ApBq
t φ

ApBq
t gtdz

1∧· · ·∧dzn∧dz1∧· · ·∧dzn,

(4.26)
where σApBp is the sign of the permutation.

In order to prove that the scalar product is C∞, it suffices to show that it
is Ck for every k ∈ N. We begin proving that it is C0: by the continuity of
the integral operator, the coefficients of ψt, φt and gt and since ηjψt ∧ ∗tφ is
continuous and compactly supported in Uj , we have the continuity of the scalar
product.

Now we prove by induction over r ∈ N that (4.23) is Cr. Let r = 1 and
consider the following

(ψt, φt)t − (ψs, φs)s
t− s

=
1

t− s

∫
M

ψt ∧ ∗tφt − ψs ∧ ∗sφs. (4.27)

Locally we can rewrite the integral above as

1

t− s
∑
Ap,Bq

∫
Uj

(
ηjψ

ApBq
t φ

ApBq
t gt − ηjψApBqs φ

ApBq
s gs

)
dz1∧· · ·∧dzn∧dz1∧· · ·∧dzn.

(4.28)
Now, for every multi-indexes Ap and Bq, we consider the following construction

1

t− s
ηj

(
ψ
ApBq
t φ

ApBq
t gt − ψApBqs φ

ApBq
s gs

)
=

=
1

t− s
ηj

(
ψ
ApBq
t φ

ApBq
t (gt − gs)

)
+

1

t− s
ηj

(
ψ
ApBq
t (φ

ApBq
t − φApBqs )gs + (ψ

ApBq
t − ψApBqs )φ

ApBq
s gs

)
=

= ηj

ψApBqt φ
ApBq
t

gt − gs
t− s

+ ψ
ApBq
t

φ
ApBq
t − φApBqs

t− s
gs +

ψ
ApBq
t − ψApBqs

t− s
φ
ApBq
s gs

 .
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When t tends to s, we obtain that

d(ψt, φt)t
dt

|t=s=(ψ′s, φs)s + (ψs, φ
′
s)s (4.29)

+
∑
j

∑
Ap,Bq

∫
Uj

ηjψ
ApBq
s φ

ApBq
s g′sdz

1 ∧ · · · ∧ dzn ∧ dz1 ∧ · · · ∧ dzn,

where φ′s and ψ′s denote the derivative along t of the C∞ forms φ(z, t) and ψ(z, t)
respectively. Using the same arguments of the C0 case, we have the derivative
is continuous.

Suppose, by induction, that (4.23) is Cr. By reiteration of (4.29) we have
that the r-th derivative of (4.23) is made by two type of components

i) (ψ
(i)
t , φ

(j)
t )t;

ii)
∫
M
g
(k)
t ψ

(i)
t ∧ φ

(j)
t , for some k ∈ N.

In either case, using the same argument as above, we have the existence and
the continuity of the derivative of the r-th derivative of (φ(z, t), ψ(z, t))t.

Since we are in the hypotesis of Theorem 73, the dimension of the kernel of
∆̃t is an upper-semicontiuos function of t. Hence, by Theorem 66, we have the
following.

Proof of Theorem 82. We denote with bk the dimension ofHk
dR(M ;C), with h̃p,qt

the complex dimension of Ker ∆̃t ∩ Λp,q(M,Jt) and with ep,q2 (t) the dimension
of Ep,q2 (M,Jt). We recall the degeneration at the second step of {Ep,qr (M,Jt)}
is equivalent to

bk =
∑
p+q=k

ep,q2 (t); (4.30)

by Theorem [Pop16, Theorem 3.4] we have∑
p+q=k

h̃p,qt =
∑
p+q=k

ep,q2 (t); (4.31)

finally, by Theorem 73, we know that h̃p,qt is an upper-semi continuous function
of t.

Suppose that the Frölicher spectral sequence of (M,J0) degenerates at the
second step, then, summing up all the previous considerations, we have

bk =
∑
p+q=k

ep,q2,0 =
∑
p+q=k

h̃p,q0 ≥
∑
p+q=k

h̃p,qt =
∑
p+q=k

ep,q2,t ≥ bk. (4.32)

Thus
bk =

∑
p+q=k

h̃p,qt =
∑
p+q=k

ep,q2,t , (4.33)

that means that, for t small enough, the Frölicher spectral sequence of Mt

degenerates at the second step.
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4.3.2 Example

In this section we provide an example of C∞ curve of compact complex man-
ifolds such that the Frölicher spectral sequence degenerate at the second step
for one of them and at higher steps for for the others. In this example the
dimension of Ker ∆∂t

is not constant with respect to t. Let X be the Nakamura
manifold, namely a compact complex three-dimensional holomorphically paral-
lelizable solvmanifold constructed in the following way: let G be the Lie group
defined as G := Cnφ C2, where

φ(z) :=

(
ez 0
0 e−z

)
. (4.34)

Let Γ := Γ′ nφ Γ′′ be a lattice in G, where Γ′′ is a lattice in C2 and Γ′ :=
Z(a+ ib) +Z(c+ id) is such that it is a lattice in C and φ(a+ ib) and φ(c+ id)
are conjugate elements in SL(4,Z). Then X := Γ \G.

We consider the following deformation of X: let t ∈ C and consider the
(0, 1)-form on X with value in T 1, 0X defined by

φt = tez1dz1 ⊗
∂

∂z2
.

For |t| < ε, let Xt be the small deformation of X associated to φt. We prove
the following

Theorem 9. The Frölicher spectral sequence of Xt degenerates at the second
step for t = 0, while it degenerates at higher steps for t 6= 0.

First we recall that the Betti’s number of X are the following

b0 = b6 = 1, b1 = b5 = 2, b2 = b4 = 5, b3 = 8. (4.35)

Moreover it is a well-known fact that they do not change under deformations of
the complex structure. Now we explicitly compute E•,•1 (Xt) and E•,•2 (Xt) and
we show that

bk =
∑
p+q=k

DimEp,q2 (X0) (4.36)

for every k = 1, ..., 6, while the equality is false for t 6= 0.
We proceed in the following way: we begin with the computation of the Dol-

beault cohomology of Xt since, as we recalled is Section ??, the first step of the
Frölicher spectral sequence is isomorphic to the Dolbeault cohomology, namely
Ep,q1 (Xt) ' Hp,q

∂
(Xt) for every (p, q) ∈ Z2. By applying [AK12, Theorem 1.3],

in [TT14] Tomassini and Torelli found the ∆′′t -harmonic forms of Xt; for every
(p, q) ∈ Z, those forms are a basis for Hp,q

∂
(Xt) as C vector space. Then, as

proved in [CFUG97], Ep,q2 (Xt) can be described as

Ep,q2 =
Xp,q

2 (Xt)

Y p,q2 (Xt)
, (4.37)
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where

Xp,q
2 (Xt) :=

{
α ∈ Λp,q(Xt)|∂α = 0 and ∃β ∈ Λp+1,q−1(X0) s.t. ∂α+ ∂β = 0

}
,

(4.38)

Y p,q2 (Xt) :=
{
∂α+ ∂β ∈ Λp,q(X0)|∂α = 0

}
. (4.39)

Namely, if α ∈ Xp,q
2 (Xt), [α]2 ∈ Ep,q2 (Xt) can be written as

[α]2 = {α+ ∂β + ∂γ|∂β = 0}. (4.40)

On the other hand, Ep,q2 (X0) is the cohomology group of the complex

Ep−1,q1 (X0)
d1−→ Ep,q1 (X0)

d1−→ Ep+1,q
1 (Xt) (4.41)

where d1 is the operator [α] 7→ [∂α]. Since it is well defined and every ∂-closed
form α belongs to a class in the Dolbeault cohomology, we need only to work
with ∆′′t -harmonic form. In fact if an harmonic form φ is such that ∂φ is ∂-
exact, then every form α = φ + ∂β is such that ∂α is ∂-exact. Moreover, from
the decomposition

Ker ∂t = H•,•(Xt)⊕ Im ∂t (4.42)

we have that if φ is ∂-exact then it is the the image through ∂ of another
harmonic form.

Now we proceed with the computation. We recall that in [TT14], the Dol-
beault cohomology of Xt was computed using a suitable sub-complex (Bt, ∂t) ⊂
(Γ•,•Xt, ∂t). Namely, let

Bt := ∧•,•(C < φ1,01 (t), φ1,02 (t), φ1,03 (t) > ⊕C < φ0,11 (t), φ0,12 (t), φ0,13 (t) >,

where

φ1,01 (t) := dz1, φ1,02 (t) := e−z1dz2 − tdz1, φ1,03 (t) := ez1dz3,

φ0,11 (t) := dz1, φ1,02 (t) := tez1−z1dz1 − e−z1dz2, φ1,02 (t) := ez1dz3.

We have the following structure equations

dφ1,01 (t) = 0

dφ1,02 (t) = −φ1,01 (t) ∧ φ1,02 (t)− tφ1,01 (t) ∧ φ0,11 (t)

dφ1,03 (t) = φ1,01 (t) ∧ φ1,03 (t)

dφ0,11 (t) = 0

dφ0,12 (t) = −φ1,01 (t) ∧ φ0,12 (t) + tez1−z1φ1,01 (t) ∧ φ0,11 (t)

dφ0,13 (t) = φ1,01 (t) ∧ φ0,13 (t)

Then (Bt, ∂t) is a finite sub-complex of (Γ•,•Xt, ∂t), which is smooth on X ×
B(0, ε), closed with respect to the C-anti-linear Hodge star operator ∗t as-

sociated to the Hermitian metric gt :=
∑3
i=1 φ

1,0
i (t) � φ1,0i (t) and such that

H•,•
∂

(B0) ' H•,•
∂

(X).
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We start with the computation of Ep,q1 (X0). For t = 0 we have that every
(p, q)-form of the type

∧p,q
(
C < φ1,01 (0), φ1,02 (0), φ1,03 (0) > ⊕C < φ0,11 (0), φ0,12 (0), φ0,13 (0) >

)
is ∆∂-harmonic. Thus they form a basis for Ep,q1 (X0). Next we compute the
image through ∂ of every harmonic form. In Table 4.1 we report only the
harmonic forms that are not ∂-closed.

With the same Table, we also know which harmonic form is ∂-exact and
so represents the zero class in Ep,q2 (X0). Let φ be a harmonic (p, q)-form in
Table 4.1, we want to know if ∂φ is ∂-exact. To do so we consider the scalar
product of ∂φ with every (p + 1, q) harmonic form and, by straightforward
computation, we have that it is never zero. Then, again by the decomposition
Ker ∂t = H•,•

∂
(X0) ⊕ Im ∂t, they are not such that ∂φ is ∂-exact. In Table 4.2

is listed a basis for Ep,q2 (X0).
Instead, for t 6= 0, the ∆′′-harmonic forms are listed in Table 4.3
Using the same arguments as in the case t = 0, we obtain that Ep,q2 (Xt) is

generated by the forms listed in Table 4.4
Let hp,q(t) := DimHp,q

∂
(Xt) and ep,q2 (t) := DimEp,q2 (Xt).

Then we have that, for t = 0 and k ∈ Z,
∑
p+q=k e

p,q
2 (0) = bk and this is

equivalent to the degeneration at the second step of (E•,•r (X0), dr). While, for
t 6= 0 and k = 2, 3, bk <

∑
p+q=k e

p,q
2 (t) (see Table 4.5).

So we have proved Theorem 9.

Observation 2. The dimensions of Ep,q2 (Xt) do not vary, in general, nor up-
per semi-continuously neither lower semi-continuously with respect to t. For
example e2,12 (t) is a lower semi-continuous function of t and e2,22 (t) is upper
semi-continuous.
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φ ∂φ

φ1,02 −φ1,012

φ1,03 φ1,013

φ0,12 −φ1,01 ∧ φ
0,1
2

φ0,13 φ1,01 ∧ φ
0,1
3

φ1,02 ∧ φ
0,1
1 −φ1,012 ∧ φ

0,1
1

φ1,02 ∧ φ
0,1
2 −2φ1,012 ∧ φ

0,1
2

φ1,03 ∧ φ
0,1
1 φ1,013 ∧ φ

0,1
1

φ1,03 ∧ φ
0,1
3 φ1,013 ∧ φ

0,1
3

φ1,023 ∧ φ
0,1
2 −φ1,0123 ∧ φ

0,1
2

φ1,023 ∧ φ
0,1
3 φ1,0123 ∧ φ

0,1
3

φ0,112 −φ1,01 ∧ φ
0,1
12

∂φ0,113 φ1,01 ∧ φ
0,1
13

φ1,02 ∧ φ
0,1
12 −2φ1,012 ∧ φ

0,1
12

φ1,02 ∧ φ
0,1
23 −φ1,012 ∧ φ

0,1
23

φ1,03 ∧ φ
0,1
13 2φ1,013 ∧ φ

0,1
13

φ1,03 ∧ φ
0,1
23 φ1,013 ∧ φ

0,1
23

φ1,023 ∧ φ
0,1
12 −φ1,0123 ∧ φ

0,1
12

φ1,023 ∧ φ
0,1
13 φ1,0123 ∧ φ

0,1
13

φ1,02 ∧ φ
0,1
123 −φ1,012 ∧ φ

0,1
123

φ1,03 ∧ φ
0,1
123 φ1,013 ∧ φ

0,1
123

Table 4.1: Image through ∂ of ∆∂-harmonic forms of X0.
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(p, q) Basis for Ep,q2 (X0)

(0, 0) 1

(1, 0) φ1,01

(0, 1) φ0,11

(2, 0) φ1,023

(1, 1) φ1,01 ∧ φ
0,1
1 , φ1,02 ∧ φ

0,1
3 , φ1,03 ∧ φ

0,1
2

(0, 2) φ0,123

(3, 0) φ1,0123

(2, 1) φ1,012 ∧ φ
0,1
3 , φ1,013 ∧ φ

0,1
2 , φ1,023 ∧ φ

0,1
1

(1, 2) φ1,01 ∧ φ
0,1
23 , φ1,02 ∧ φ

0,1
13 , φ1,03 ∧ φ

0,1
12

(0, 3) φ0,1123

(3, 1) φ1,0123 ∧ φ
0,1
1

(2, 2) φ1,012 ∧ φ
0,1
13 , φ1,013 ∧ φ

0,1
12 , φ1,023 ∧ φ

0,1
23

(1, 3) φ1,01 ∧ φ
0,1
123

(3, 2) φ1,0123 ∧ φ
0,1
23

(2, 3) φ1,023 ∧ φ
0,1
123

(3, 3) φ1,0123 ∧ φ
0,1
123

Table 4.2: Basis for Ep,q2 (X0).
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Bi-degree ∆′′-Harmonic form

(0,0) 1

(1,0) φ1,01 (t), φ1,03 (t)

(2,0) φ1,012 (t), φ1,013 (t)

(3,0) φ1,0123(t)

(0,1) φ0,11 (t), φ0,12 (t), φ0,13 (t)

(1,1) φ1,01 (t) ∧ φ0,12 (t), φ1,01 (t) ∧ φ0,13 (t), φ1,02 (t) ∧ φ0,11 (t)

φ1,03 (t) ∧ φ0,11 (t), φ1,03 (t) ∧ φ0,12 (t), φ1,03 (t) ∧ φ0,13 (t)

(2,1) φ1,012 (t) ∧ φ0,11 (t), φ1,012 (t) ∧ φ0,12 (t), φ1,012 (t) ∧ φ0,13 (t)

φ1,013 (t) ∧ φ0,12 (t), φ1,013 (t) ∧ φ0,13 (t), φ1,023 (t) ∧ φ0,13 (t)

(3,1) φ1,0123(t) ∧ φ0,11 (t), φ1,0123(t) ∧ φ0,12 (t), φ1,0123(t) ∧ φ0,13 (t)

(0,2) φ0,112 (t), φ0,113 (t), φ0,123 (t)

(1,2) φ1,01 (t) ∧ φ0,123 (t), φ1,02 (t) ∧ φ0,112 (t), φ1,02 (t) ∧ φ0,113 (t)

φ1,03 (t) ∧ φ0,112 (t), φ1,03 (t) ∧ φ0,113 (t), φ1,03 (t) ∧ φ0,123 (t)

(2,2) φ1,012 (t) ∧ φ0,112 (t), φ1,012 (t) ∧ φ0,113 (t), φ1,012 (t) ∧ φ0,123 (t)

φ1,013 (t) ∧ φ0,123 (t), φ1,023 (t) ∧ φ0,112 (t), φ1,023 (t) ∧ φ0,113 (t)

(3,2) φ1,0123(t) ∧ φ0,112 (t), φ1,0123(t) ∧ φ0,113 (t), φ1,0123(t) ∧ φ0,123 (t)

(0,3) φ0,1123(t)

(1,3) φ1,02 (t) ∧ φ0,1123(t), φ1,03 (t) ∧ φ0,1123(t)

(2,3) φ1,012 (t) ∧ φ0,1123(t), φ1,023 (t) ∧ φ0,1123(t)

(3,3) φ1,0123(t) ∧ φ0,1123(t)

Table 4.3: ∆∂-Harmonic forms for Xt with t 6= 0.
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(p, q) Basis for Ep,q2 (Xt)

(0, 0) 1

(1, 0) φ1,01 (t)

(0, 1) φ0,11 (t)

(2, 0) φ1,012 (t)

(1, 1) φ1,03 (t) ∧ φ0,11 (t), φ1,03 (t) ∧ φ0,12 (t)

(0, 2) φ0,112 (t), φ0,113 (t), φ0,123 (t)

(3, 0) φ1,0123(t)

(2, 1) φ1,012 (t) ∧ φ0,12 (t), φ1,012 (t) ∧ φ0,13 (t), φ1,013 (t) ∧ φ0,12 (t)

(1, 2) φ1,01 (t) ∧ φ0,123 (t), φ1,02 (t) ∧ φ0,113 (t), φ1,03 (t) ∧ φ0,112 (t), φ1,03 (t) ∧ φ0,113 (t)

(0, 3) φ0,1123(t)

(3, 1) φ1,0123(t) ∧ φ0,11 (t), φ1,0123(t) ∧ φ0,12 (t)

(2, 2) φ1,012 (t) ∧ φ0,113 (t), φ1,012 (t) ∧ φ0,123 (t)

(1, 3) φ1,03 (t) ∧ φ0,1123(t)

(3, 2) φ1,0123(t) ∧ φ0,123 (t)

(2, 3) φ1,023 (t) ∧ φ0,1123(t)

(3, 3) φ1,0123(t) ∧ φ0,1123(t)

Table 4.4: Basis for Ep,q2 (Xt) with t 6= 0.
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t = 0 t 6= 0
Bi-degree bk hp,q(0) ep,q2 (0) hp,q(t) ep,q2 (t)

(0, 0) 1 1 1 1 1

(1, 0) 3 1 2 1
2

(0, 1) 3 1 3 1

(2, 0) 3 1 2 1

(1, 1) 5 9 3 6 2

(0, 2) 3 1 3 3

(3, 0) 1 1 1 1

(2, 1) 9 3 6 3
8

(1, 2) 9 3 6 4

(0, 3) 1 1 1 1

(3, 1) 3 1 3 2

(2, 2) 5 9 3 6 2

(1, 3) 3 1 2 1

(3, 2) 3 1 3 1
2

(2, 3) 3 1 2 1

(3, 3) 1 1 1 1 1

Table 4.5: Comparison between dimensions of E•,•r (X0) and E•,•r (Xt), with
r = 1, 2 and t 6= 0.
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