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FG HIJKL HIMNKGOP PGJQ NRKSTGLU JOG NKGMTVKG NRKSTG RWGH KGNKTLG LIJL XIKMG PYJO ZKGX
KRNNG[ LJTWT PYGQGKHTHGL PGL OISTIOL WJGL GO \R[HJ[ LSIH]RLST^JG RJ NKGMTGK LGMGLSKGU
NJTL JOG NRKSTG PG \R[HJ[ LSIH]RLST^JG RWROH_ RNN[T^J_ ` ^JG[^JGL OISTIOL PG aTOROHGU GO
SKITL H]RNTSKGLU RWGH JO HIJKL PG PGJQ ]GJKGL LJTWT PYJOG L_ROHG PG PGJQ ]GJKGL PYGQGKHTHGLb
cb \R[HJ[ LSIH]RLST^JG dU K_WTLTIOL LIJL XIKMG PYGQGKHTHGLU ^JRSKG L_ROHGL PG d]ef g
FJOPT h a_WKTGK
i MIJWGMGOS ZKIjOTGOU
i TOS_kKR[G LSIH]RLST^JGUlRKPT m a_WKTGK MRSTO
i XIKMJ[G PG cSnU
i _^JRSTIOL PTo_KGOSTG[[GL LSIH]RLST^JGLU PG pKOLSGTOiq][GOZGHrb

ccb \R[HJ[ LSIH]RLST^JG s g SKITL H]RNTSKGLU H]RHJO SKITL ]GJKGL g
sbd lRKPT e a_WKTGK RNKVL MTPT g

MIPV[G PG t[RHriuH]I[GLU H]ROkGMGOS PG NKIZRZT[TS_U S]_IKVMG PG vTKLROIWb
sbs wGOPKGPT dd a_WKTGK MRSTO g

xGNK_LGOSRSTIO PG MRKSTOkR[GL GS MRKH]_L HIMN[GSLb
sbe wGOPKGPT dd a_WKTGK RNKVL MTPT g

yKKzS INSTMR[ GO SGMNL PTLHKGS GS INSTIOL RM_KTHRTOGLb

d
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\G HIJKL LG NKINILG PYTOSKIPJTKG ^JG[^JGL ZRLGL PJ HR[HJ[ LSIH]RLST^JG GO WJG PYIZSGOTK PGL
IJST[L RNN[THRZ[GL ` [R �OROHGb �O GoGSU IO LJNNILG ^JG [GL MRKH]_L �OROHTGKL IoKGOS PGL
RHSTXL PIOS [GL NKTQ P_NGOPGOS PJ SGMNL GS PJ ]RLRKP � IO NGJS PIOH [GL MIP_[TLGK NRK PGL
NKIHGLLJL LSIH]RLST^JGLU NKTQ HIOOJL GO SGMNL HIOSTOJb pO LJNNILG _kR[GMGOS ^JG [YGLNRHG
PGL _SRSL NILLTZ[GL PG [R ORSJKGU Ω, GLS TO�OTU ^JG [YIO IZSTGOS HIOSTOJGMGOS [YTOXIKMRSTIOLJK [GL MRKH]_L GS ^JG [GL _H]ROkGL NGJWGOS LYIN_KGK ` SIJS TOLSROS ��HIOSTOJIJL SKRPTOk��b
pO GLS RTOLT PROL JOG LTSJRSTIO I� [G MIPV[G RP ]IH GLS TOPGQ_ NRK [G SGMNL t, t ∈ [0, T ] IJ
R

+, GS [YIO GLS RMGO_ ` TOSKIPJTKG JO HGKSRTO OIMZKG PYIJST[L LSIH]RLST^JGL �̂ JT NGJWGOSPYRT[[GJKL MIP_[TLGK PGL LTSJRSTIOL GQSKVMGMGOS PTWGKLGL RJSKGL ^JG [GL MRKH]_L �OROHTGKL�b

��� �� ����

T� FG NKIHGLLJL PG �TGOGK IJ MIJWGMGOS ZKIjOTGO GLS SG[ ^JG LGL NGSTSL RHHKITLLGMGOSL
MIP_[TLGOS ZTGO [G �ZKJTS�U [YR[_R NJKU [YGKKGJK PG MGLJKG N]�LT^JGbbb \G H]RNTSKG LGKS `
P_MIOSKGK [YGQTLSGOHG PYJO SG[ NKIHGLLJL GO [G HIOLSKJTLROS GQN[THTSGMGOS GS [YIO P_MIOSKG
^JG[^JGL JOGL PG LGL NKINKT_S_L [GL N[JL JST[GLb
TT� FG HR[HJ[ PG cSI NGKMGS PYIZSGOTK NRK TOS_kKRSTIO PGL NKIHGLLJL LSIH]RLST^JGL N[JL LIi
N]TLST^J_L � [R XIKMJ[G PG cSI NGKMGS PG �PTo_KGOSTGK� JOG XIOHSTIO PYJO NKIHGLLJL LSIH]RLiST^JG b
TTT� FG SKITLTVMG H]RNTSKG TOSKIPJTS JO NKGMTGK MIPV[G PY��u JST[G GO �OROHG g [GL _^JRiSTIOL PTo_KGOSTG[[GL LSIH]RLST^JGL [TO_RTKGLb \YGLS JO NKGMTGK GQGMN[G PG PToJLTIOb
TW�  JTL IO RZIKPG [GL H]ROkGMGOSL PG NKIZRZT[TS_ GS NKIZ[VMGL PG MRKSTOkR[GLb �O GoGSU
IO LG N[RHG GO S]_IKTG �OROHTVKG GO k_O_KR[ LIJL [Y]�NIS]VLG �IJ ZTGO IO H]GKH]G ` W_KT�GK
HGSSG ]�NIS]VLG !� ^JYT[ GQTLSG JO GLNRHG PG NKIZRZT[TS_ I� [GL NKTQ LIOS SIJL PGL MRKiSTOkR[GLU PIOH PYGLN_KROHG HIOLSROSGU IO PTS R[IKL ^JG [GL NKTQ LIOS �OGJSKGL RJ KTL^JG"b
�IOHU IO TOSKIPJTS [G S]_IKVMG PG vTKLROIWU [GL NKIZ[VMGL PG MRKSTOkR[GL GS [G S]_IKVMG
PG KGNK_LGOSRSTIO PGL MRKSTOkR[GLU HYGLS ` PTKG ^JG LIJL PGL ]�NIS]VLGL HIOWGORZ[GLU SIJSG
WRKTRZ[G R[_RSITKG FT

iMGLJKRZ[G GLS [R WR[GJK GO T PYJOG MRKSTOkR[GbW� pO JST[TLG GO�O HGL IJST[L NIJK MIP_[TLGK PGL MRKH]_L PYRHSTXL �OROHTGKLU RWGH [G NKIZi
[VMG PG [Y_WR[JRSTIO PYJO NIKSGiXGJT[[G INSTMR[U PJ MITOL NIJK JO NGSTS NIKSGJKb
WT� �O RNNGOPTHGU IO NKINILG JO RNGK#J PJ NKIZ[VMG PYRKKzS INSTMR[U GO SGMNL PTLHKGSU
RWGH RNN[THRSTIO RJQ INSTIOL RM_KTHRTOGLb
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GLNRHG PG NKIZRZT[TS_U
SKTZJU σiR[kVZKGUSKTZJ PGL ZIK_[TGOL LJK R, Rd.�[SKRSTIOU GLNRHG PG NKIZRZT[TS_ �[SK_b
WRKTRZ[G R[_RSITKGU
NKIHGLLJL R[_RSITKGb
OISTIO PG SKR�GHSITKGU HIOSTOJG ` PKITSG �H`P� RWGH [TMTSG ` kRJH]G �[`k�b
NKIHGLLJL RPRNS_ ` JOG �[SKRSTIOb
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Pn
-$" #-*&" )" ,(%?0?*.*&'# #-( -$ "#,0/" ='&(*>-" (E, d) =-$* )"#"# ?%('.*"$# B8 "& #%*& P
="#-(" #-( B ; �$ )*& >-" .0 #-*&" Pn

������� ����� ���
4"(#

P
#* ,%-( &%-& f ∈ Cb(E), Pn(f) → P(f).

������� �
�
 �%*& Xn
-$" #-*&" )" 40(*0?."# 0.'0&%*("# )'�$*"# #-( (Ωn,An, Pn) 140."-(# )0$# -$ "#,0/" ='&(*>-" (E, d,B) ; �$ )*& >-" .0 #-*&"Xn

������� �� �� 4"(#
X #* .0 #-*&" )" ="#-("#

PnX−1
n
/%$4"(+" C0*?."="$& 4"(#

PX−1, /2"#& 1 )*(" #* ,%-( &%-&
f ∈ Cb(E), Pn(f(Xn)) → P(f(X)).

i HIOWGKkGOHG PROL Lp,

i HIOWGKkGOHG NKGL^JG L�KGU
i HIOWGKkGOHG GO NKIZRZT[TS_b

��������� �
�
 @0 /%$4"(+"$/" ,("#>-" #�(" "$&(0*$" .0 /%$4"(+"$/" "$ ,(%?0?*.*&';
��������� �
�
 @0 /%$4"(+"$/" )0$# Lp "$&(0*$" .0 /%$4"(+"$/" "$ ,(%?0?*.*&';

i S]_IKVMGL PG FGZGLkJG g HIOWGKkGOHG MIOISIOGU MR�IK_Gb
i [TMTSG LJN GS [TMTSG TOX PYGOLGMZ[GLb

������ � �
�
 )" �0&%- � �%-( &%-&" #-*&" )2'4'$"="$&# (An)

P(lim inf
n

An) ≤ lim inf
n

P(An) ≤ lim sup
n

P(An) ≤ P(lim sup
n

An).

������ � �
�
 )" �%(".�!0$&"..* �
∑

n

P(An) < ∞ ⇒ P(lim sup An) = 0.

�* ."# '4'$"="$&# An
#%$& *$)',"$)0$&# "& #*∑

n P(An) = ∞, 0.%(# P(lim sup An) = 1.

e
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 3$" C0=*.." )" 40(*0?."# 0.'0&%*("# {Uα, α ∈ A} "#& ����� � ����������� #*

lim
n→∞

sup
α

∫

{|Uα|≥n}
|Uα|dP = 0.

������ � �
�
 �$ 0 ."# '>-*40."$/"#
�*� @0 C0=*.." {Uα, α ∈ A} "#& -$*C %(='="$& *$&'+(0?."
�**�

supα E[|Uα|] < ∞ "& ∀ε, ∃δ > 0 : A ∈ A "& P(A) ≤ δ ⇒ E[|Uα|1A] ≤ ε.

������ � ��� ���� �� ������� ������� ���� ��� �� �� ��� � ��� �� ���
����� � ��� �������� ������� ���� ���� L1.
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������� �
�
 �%*& X 40(*0?." 0.'0&%*(" )" . 2"#,0/" L1(Ω,A, P) "& B -$ #%-# &(*?- )"
A. EP(X/B) "#& . 2-$*>-" 40(*0?." 0.'0&%*(" )" L1(B)

&".." >-"

∀B ∈ B,

∫

B

XdP =

∫

B

EP(X/B)dP.

��������� �
	�
 �* X ∈ L2(A), ‖X‖2
2 = ‖EP(X/B)‖2

2 + ‖X − EP(X/B)‖2
2.
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\YGLS JOG OISTIO KG[RSTWG ` JO GLNRHG PG NKIZRZT[TS_ �[SK_b
������� �
		
 3$" 40(*0?." 0.'0&%*(" T : (Ω,A, (Ft), P) → (R+,B) "#& -$ �� ��������� #* ,%-( &%-& t ∈ R

+,
. 2'4'$"="$& {ω/T (ω) ≤ t} ∈ Ft.

�QGMN[GL g
i JOG HIOLSROSG GLS JO SGMNL PYRKKzSU
i LT O GLS JO IJWGKS PG A GS [G NKIHGLLJL X HIOSTOJU R[IKL

TO(ω) = inf{t, Xt(ω) ∈ O}
GLS JO SGMNL PYRKKzSU RNNG[_ [G SGMNL PYRSSGTOSGb
������� �
	�
 �%*& T -$ &"=,# )20((�& )" .0 � .&(0&*%$ Ft @ 2"$#"=?." FT = {A ∈
A, A ∩ {ω/T ≤ t} ∈ Ft

"#& 0,,".'" .0 ���� ������� "$ T.

������� �
	�
 @" ,(%/"##-#X.∧T
# 20,,".." ." �,(%/"##-# 0((�&' "$ T �#%-4"$& $%&'XT .

�
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/C ; 	%)-." 5 /B0,*&(" 5 ,%-( ." /0# )*#/("&8 /B,0*&(" A ,%-( ." /0# /%$&*$-8 ,.-# 	%)-." 
�HXb �ef� NRkGL m ` ds � �sf� NRkGL dd ` efb�

������� �
	�
 �%*& -$ ,(%/"##-#X ('". 0)0,&'; !2"#& -$" ������� �("#, #-(�#%-#�#*
�*�

Xt ∈ L1(Ω,A, P), ∀t ∈ R
+,

�**� ∀s ≤ t, E[Xt/Fs] = Xs.
�("#, ≤,≥ .

�

��  � �
	�
 �%*& X -$" =0(&*$+0." "& ϕ -$" C %$/&*%$ /%$4"E" &".." >-" ,%-( &%-& t
φ(Xt) ∈ L1 8 0.%(# ϕ(X) "#& -$" #%-#�=0(&*$+0." � #* ϕ "#& /%$/04"8 0.%(# ϕ(X) "#& -$"#-(�=0(&*$+0.";

������ GO GQGKHTHGb
������� �
	�
 �$ )*& >-" .0 =0(&*$+0." X "#& ��� �� ,0( Y ∈ L1(Ω,A, P) #* Xt =
E[Y/Ft].

��������� �
	�
 <%-&" =0(&*$+0." 0)="& -$" =%)*� /0&*%$ /1).1+ �/C �
6��
������ � �
	�
 )" /%$4"(+"$/" )"# =0(&*$+0."# � �%*& X -$" #-( �%- #%-#��=0(&*$+0."
/1) &".." >-" supt E[|Xt|] < ∞. �.%(# limt→∞ Xt

"E*#&" ,("#>-" #�("="$& "& 0,,0(&*"$& 1
L1(Ω,A, P) ;�*

X "#& C "(='" ,0( Z 8 ".." . 2"#& 0-##* ,0( limt→∞ Xt
$%&'"X∞

>-* 40-& E[Z/ ∨t≥0 Ft].

��������� �
	�
 3$" #-(=0(&*$+0." =*$%('" /%$4"(+" ,("#>-" #�("="$& 1 . 2*$�$*;
������ � �
��
 �%*& X -$" =0(&*$+0." /1) -$*C %(='="$& *$&'+(0?." � 0.%(# .0 .*=*&"
Y ,("#>-" #�(" )" Xt

>-0$) t
&"$) 4"(# . 2*$�$* "E*#&" "& 0,,0(&*"$& 1 L1. 	" ,.-# Xt =

E[Y/Ft].

������ � �
�	
 �%*&X -$" =0(&*$+0."; X "#& -$*C %(='="$& *$&'+(0?." #* "& #"-."="$&
#*

�*�
Xt
/%$4"(+" ,("#>-" #�("="$& 4"(# Y 0,,0(&"$0$& 1 L1 >-0$) t

&"$) 4"(# . 2*$�$* "&
{Xt, t ∈ R

+} "#& -$" =0(&*$+0.";
%-
�**�

Xt
/%$4"(+" 4"(# Y

)0$# L1 >-0$) t
&"$) 4"(# . 2*$�$*;

������ � �
��
 )" 	%%? � �%*& X -$" #%-#�=0(&*$+0." /1) )" 40(*0?." &"(=*$0." X∞"& )"-E &"=,# )20((�& S "& T, S ≤ T. �.%(# �

XS ≤ E[XT /FS] P − ,("#>-" #�("="$&;
������ g NRkGL d
isf PG �sf�b

�
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 @" ,(%/"##-# /(%*##0$& 〈M〉 "#& )'�$* 0- &"=,# t ,0( �

〈M〉t = lim
|π|→0

proba
∑

ti∈π

(Mti − Mti−1
)2

%� π #%$& ."# ,0(&*&*%$# )" [0, t].

pO WGKKR PROL [G H]RNTSKG LJTWROS ^JG LTM GLS [G MIJWGMGOS ZKIjOTGOB R[IKL 〈B〉t = t.

�� ����� �
��
 @"# =0(&*$+0."# )" /0((' *$&'+(0?." 0)="&&"$& -$ /(%/B"&;
��������� �
��
 〈M〉t "#& . 2-$*>-" ,(%/"##-# /%$&*$- /(%*##0$& 0)0,&' &". >-"
M2

t − 〈M〉t "#& -$" =0(&*$+0.";
��������� �
��
 �%-( &%-& /%-,." s ≤ t, E[(Mt − Ms)

2]/Fs] = E[〈M〉t − 〈M〉s/Fs].

\GSSG NKINILTSTIO LGKS [G N[JL LIJWGOS PG P_�OTSTIO RJ HKIH]GS GS R[IKL fbse GO GLS JOG
HIOL_^JGOHGb
!" >-* #-*& "#& ,%-( .0 /-.&-(" +'$'(0."8 =0*# B%(# ,(%+(0=="

������� �
��
 �%*& X "& Y )"-E ,(%/"##-#; �$ )*& >-" X "#& -$"  �������� )"
Y #* �

∀t ≥ 0, P{Xt = Yt} = 1.

�$ )*& >-" >- 2*.# #%$& ����������� #* ,("#>-" #�("="$& ."-(# &(0� "/&%*("# /%�$/*)"$& �

P{Xt = Yt, ∀t ≥ 0} = 1.

�� ����� �
��
 @0 )"-E*�=" $%&*%$ "#& ,.-# C %(&" >-" .0 ,("=*�(";
������� �
��
 �$ )*& >- 2-$ ,(%/"##-# X "#& �,(%+("##*4"="$& ="#-(0?."�,%-( .0 � .�&(0&*%$ (Ft, t ≥ 0) #* ∀t ≥ 0, ∀A ∈ B(R) �

{(s, ω)/0 ≤ s ≤ t ; Xs(ω) ∈ A} ∈ B([0, t]) ⊗Ft,

/2"#& 1 )*(" >-" . 20,,.*/0&*%$ #-( ([0, t]×Ω,B([0, t])⊗Ft) : (s, ω) 7→ Xs(ω) "#& ="#-(0?.";
��������� �
��
 �/C �56�8 :;:5� �* X "#& -$ ,(%/"##-# ="#-(0?." 0)0,&'8 *. 0)="& -$"=%)*� /0&*%$ ,(%+("##*4"="$& ="#-(0?.";

������ g WITK lG�GK d
��U NRkG �mb
��������� �
�	
 �%*& X -$ ,(%/"##-# F �,(%+("##*4"="$& ="#-(0?." "& T -$ &"=,#
)20((�& ,%-( .0 � .&(0&*%$ (Ft) ; �.%(#�*� . 20,,.*/0&*%$ ω 7→ XT (ω)(ω) "#& FT

�="#-(0?."
�**� "& ." ,(%/"##-# t 7→ Xt∧T

"#& F �0)0,&';

�



������ g �T� [G XRTS ^JG X GLS NKIkKGLLTWGMGOS MGLJKRZ[G PTS ^JG NIJK SIJS ZIK_[TGO
A,

∀t, {(s, ω), 0 ≤ s ≤ t, Xs(ω) ∈ A} ∈ B[0,t] ⊗Ft.

uITS R[IKL A GS {ω : XT (ω)(ω) ∈ A} ∩ {ω : T (ω ≤ t} = {ω : XT (ω)∧t(ω) ∈ A} ∩ {T ≤ t}.
\IMMG T GLS JO F iSGMNL PYRKKzSU [G PGJQTVMG _W_OGMGOS GLS ZTGO PROL Ft,

GS NRK
]�NIS]VLG PG MGLJKRZT[TS_ NKIkKGLLTWGU [G NKGMTGK RJLLTb

�TT� \GSSG PGJQTVMG RLLGKSTIO MIOSKG GO N[JL ^JG XT GLS [JT RJLLT F iRPRNS_b
��������� �
��
 �/C �56�8 :;:
� �* X "#& -$ ,(%/"##-# ="#-(0?." 0)0,&' "& 0)="& )"#
&(0� "/&%*(" /1) %- /1+8 *. "#& ,(%+("##*4"="$& ="#-(0?.";

������ g pO P_�OTS

X(n)
s (ω) = X(k+1)t2−n(ω), s ∈]

kt

2n
,
(k + 1)t

2n
], X

(n)
0 (ω) = X0(ω) ; k = 0, · · · , 2n − 1.

c[ GLS H[RTK ^JG [YRNN[THRSTIO (s, ω) 7→ X
(n)
s (ω) GLS B([0, t])⊗Ft

iMGLJKRZ[Gb  RK HIOSTOJTS_
` PKITSGU [R LJTSG X

(n)
s (ω) HIOWGKkG WGKL Xs(ω) NIJK SIJS (s, ω) GS PIOH [R [TMTSG GLS RJLLT

B([0, t]) ⊗ Ft
iMGLJKRZ[Gb

������� �
��
 �,0+" 

 �
6� ;� �%*& X -$ ,(%/"##-# /1).1+ 0)0,&'; �$ )*& >-" /2"#&-$"  ������� ������ # 2*. "E*#&" -$" #-*&" )" &"=,# )20((�& Tn
/(%*##0$& 4"(# . 2*$�$*

&".." >-" ,%-( &%-& n ." ,(%/"##-# 0((�&'XTn #%*& -$" =0(&*$+0.";
FR SGH]OT^JG ^JT HIOLTLSG ` RKKzSGK JO NKIHGLLJL GO JO SGMNL PYRKKzS HIOWGORZ[G NGKMGiSSKR PG K_HJN_KGK PGL MRKSTOkR[GL JOTXIKM_MGOS TOS_kKRZ[GL PIOH XRHT[GMGOS JST[TLRZ[GLb

pO IZSTGOS PGL K_LJ[SRSL WKRTL NIJK SIJS n NJTL [YIO NRLLG ` [R [TMTSG GO JST[TLROS [GLS]_IKVMGL PG FGZGLkJG �HIOWGKkGOHGL MR�IK_GL IJ MIOISIOGL�b \YGLS NIJK^JIT [YIO R TOiSKIPJTS HGL PGJQ IJST[L g SGMNL PYRKKzS GS MRKSTOkR[GL [IHR[GLb FYGOLGMZ[G PG HGL PGKOTVKGL
LGKR OIS_Mloc.

������ � �
��
 �/C �
6�8 &B; ��8 ,0+" 

� �%*& M ∈ Mloc
"& T

&"=,# )20((�& &". >-"
MT "#& -$*C %(='="$& *$&'+(0?.";

�*�
S ≤ T ⇒ MS -$*C %(='="$& *$&'+(0?.";

�**� Mloc
"#& -$ "#,0/" 4"/&%(*". ('".;

�***� #*MS "&MT #%$& -$*C %(='="$& *$&'+(0?."#8 0.%(#MS∧T "#& -$*C %(='="$& *$&'�
+(0?.";
������� g

M∗
t = sup

0≤s≤t
|Ms| ; M∗ = sup

0≤s
|Ms|.

������ � �
��
 �/C �
6�8 &B; ��8 ,0+" 
A� �*M ∈ Mloc
&".." >-" E[M∗

t ] < ∞∀t, 0.%(#
M "#& -$" �4(0*"�=0(&*$+0.";�* )" ,.-# E[M∗] < ∞, 0.%(#M "#& -$*C %(='="$& *$&'+(0?.";

h



������ g
�T� ∀s ≤ t, |Ms| ≤ M∗

t
_[_MGOS PG L1.

FR LJTSG Tn ∧ t GLS HKITLLROSG WGKL t GS

E[MTn∧t/Fs] = MTn∧s.

pO NRLLG ` [R [TMTSG NKGL^JG L�KG PROL HGSSG _kR[TS_ GS [G S]_IKVMG PG HIOWGKkGOHG PIMTO_G
NGKMGS PG NRLLGK ` [R [TMTSG PROL L1.�TT�

M GLS PIOH JOG MRKSTOkR[G GS M∗ GLS PROL L1.
FG S]_IKVMG PG HIOWGKkGOHG PGL MRKiSTOkR[GL MIOSKG [R HIOWGKkGOHG NKGL^JG L�KG PGMt
WGKLM∞.

c[ KGLSG ` MIOSKGK [YJOTXIKMG
TOS_kKRZT[TS_ �LG LGKWTK PG [R P_�OTSTIO _^JTWR[GOSG PG [YJOTXIKMG TOS_kKRZT[TS_�b

m



� ���������	�� �� 
�������� �� 	����

/C ; 	%)-." : /B0,*(" 
8 	%)-." 5 /B0,*&(" � "& 	%)-." 
;
�sf� NRkGL sdis� � �ef� NRkGL dhisfb
�TLSIKT^JGMGOSU T[ LYRkTS PJ MIJWGMGOS TKK_kJ[TGK PG NRKSTHJ[GL PG NI[[GO GO LJLNGOi

LTIO PROL [YGRJU IZLGKW_GL NRK xIZGKS txp�� GO dmsmb c[ GO K_LJ[SG JOG PTLNGKLTIO
PGL MTHKIiNRKSTHJ[GL PROL [YGRJU IO PTS RJLLT JOG �PToJLTIO� PJ NI[[GO PROL [YGRJb �G
XRTSU HG MIJWGMGOS LGKS RHSJG[[GMGOS ` ZGRJHIJN PYRJSKGL MIP_[TLRSTIOL PG N]_OIMVOGL
P�ORMT^JGL g
i NRKSTHJ[GL MTHKILHINT^JGL GO LJLNGOLTIOU
i NKTQ PYRHSTIOL GO ZIJKLGU
i GKKGJKL PG MGLJKGL N]�LT^JGLU
i HIMNIKSGMGOS RL�MNSIST^JG PG �[GL PYRSSGOSGU
i SIJS HIMNIKSGMGOS P�ORMT^JG RWGH NRKS R[_RSITKG �_^JRSTIOL PTo_KGOSTG[[GL LSIH]RLiST^JGL�b

������� 	
	
 3$  ���� ��� ������� %- ��������� ������� "#& -$ ,(%/"##-#
#-( -$ "#,0/" � .&(' (Ω,A,Ft, P) 0)0,&'8 /%$&*$-8 1 40."-(# 4"/&%(*".."# &". >-" �

�*�
B0 = 0, P

�,("#>-" #�("="$& #-( Ω8
�**� ∀s ≤ t, Bt − Bs

"#& *$)',"$)0$& )" Fs
"& )" .%* +0-##*"$$" /"$&('" )" 40(*0$/"

(t − s)Id.

�O HIOL_^JGOHGU LT [YIO R JOG LJTSG PG K_G[L 0 = t0 < t1 < · · · < tn < ∞, [R LJTSG
(Bti−Bti−1

)i
GLS JO WGHSGJK kRJLLTGO HGOSK_ PG MRSKTHG PG WRKTROHGiHIWRKTROHG PTRkIOR[GU PG

PTRkIOR[G (ti − ti−1).
pO PTS ^JG B GLS JO ��������� � �������� ���� �����������b

FG NKGMTGK NKIZ[VMG ^JG OIJL R[[IOL K_LIJPKG GLS HG[JT PG [YGQTLSGOHG PYJO SG[ NKIHGLLJLb
c[ � R N[JLTGJKL HIOLSKJHSTIOL H[RLLT^JGLb

��� 	������
� ������ �	� 	�� 
�����	
���� �����
��������� �����
�� ����������

��sf� sbs � �ef� NRkGL dhisfb� �KVL kKILLTVKGMGOSU NIJK RWITK JOG TP_G MRTL LROL GOSKGK PROL
[GL P_SRT[L PGL P_MIOLSKRSTIOL [IOkJGLU P_[THRSGL GS SGH]OT^JGLU IO NKIHVPG PG [R XR#IO
LJTWROSGb uITS Ω = C(R+, Rd), B(t, ω) = ω(t) [GL RNN[THRSTIOL �HIIKPIOO_GL� ^JG [YIORNNG[[G �����������b pO MJOTS Ω PG [R N[JL NGSTSG SKTZJ A ^JT KGOP MGLJKRZ[G {Bt, t ∈
R

+} GS PG [R �[SKRSTIO �ORSJKG[[G� GOkGOPK_G NRK [G NKIHGLLJL B : Ft = σ{Bs, s ≤ t}.
uJK (Ω,A) IO MIOSKG ^JYT[ GQTLSG JOG JOT^JG MGLJKG PG NKIZRZT[TS_ P

SG[[G ^JG NIJK SIJS
n ∈ N, t1, · · · , tn ∈ R

+, B1, · · · , Bn
ZIK_[TGOL PG

R
d g

P{ω/ω(ti) ∈ Bi∀i = 1, · · · , n} =

∫

B1

· · ·
∫

Bn

p(t1, 0, x1)p(t2−t1, x1, x2) · · ·p(tn−tn−1, xn−1, xn)dx1..dxn,






I� p(t, x, y) = 1√
2πt

e−
(y−x)2

2t .c[ LYRkTS R[IKL PG MIOSKGK g
i HGHT P_�OTS ZTGO JOG NKIZRZT[TS_ LJK [R SKTZJ A U
i LIJL HGSSG NKIZRZT[TS_U [G NKIHGLLJL t 7→ ω(t) GLS ZTGO JO MIJWGMGOS ZKIjOTGO RJLGOL PG [R P_�OTSTIO TOTSTR[Gb

�G XRTSU HGHT P_�OTS JOG NKIZRZT[TS_ LJK [GL ZIK_[TGOL PYJO RJSKG GLNRHG g Ω′ = A(R+, Rd)PIOS Ω OYGLS MR[]GJKGJLGMGOS NRL JO ZIK_[TGOb y[IKLU IO H]ITLTS N[JSnS Ω = A(R+, Rd)GS IO JST[TLG [G S]_IKVMG PG �I[MIkIKIW �d
ee�U
������� 	
�
 3$"C0=*.." /%$#*#&0$&" )" )*#&(*?-&*%$ )" )*="$#*%$�$*" (Qt, t n

�-,."
R

+)"#& -$" C0=*.." )" ="#-("# #-( (Rd,B(Rd))
&".." >-"

� #* s = σ(t), s "& t ∈ (R+)n "& σ ,"(=-&0&*%$ )"# n ,("=*"(# "$&*"(#8 #* A1, · · · , An ∈
B(Rd), 0.%(# Qt(A1, · · · , An) = Qs(Aσ(1), · · · , Aσ(n)

� "& #*u = (t1, · · · , tn−1),
"& t = (t1, · · · , tn−1, tn), ∀tn, Qt(A1, · · · , An−1, R) = Qu(A1, · · · , An−1).

������ � 	
�
 �/C �56� ,0+" A6 � �%.=%+%(%48 :9

� �%*& (Qt, t ∈ (R+)n) -$" C0=*.."/%$#*#&0$&" )" )*#&(*?-&*%$ )" )*="$#*%$ �$*";
�.%(#8 *. "E*#&" -$" ,(%?0?*.*&' P

#-( (Ω,B(Ω))
&".." >-" ,%-( &%-& B1, · · · , Bn ∈ B(Rd),

Qt(B1, · · · , Bn) = P{ω/ω(ti) ∈ Bi, i = 1, · · · , n}.

pO RNN[T^JG HG S]_IKVMG ` [R XRMT[[G PG MGLJKGL

Qt(A1, · · · , An) =

∫

ΠiAi

p(t1, 0, x1) · · · , p(tn − tn−1, xn−1, xn)dx.

 JTL IO MIOSKG [YGQTLSGOHG PYJOG MIPT�HRSTIO HIOSTOJG PJ NKIHGLLJL PGL RNN[THRSTIOL HIi
IKPIOO_GL PG Ω

��I[MIkIKIWi\GOSLIWU d
���U NIJK NRLLGK ` [YGQTLSGOHG PYJOG MIPT�HRSTIO
HIOSTOJG PJ NKIHGLLJL HROIOT^JG g
������ � 	
�
 ��%.=%+%(%4�!"$&#%48 :9A�8/C �56� ,0+" A
8 �
6� ,0+" :�:� �* X ,(%/"#�#-# 0.'0&%*(" ('". #-( (Ω,A, P)

4'(*� " �

∃α, β, C > 0 : E|Xt − Xs|α ≤ C|t − s|1+β, 0 ≤ s, t ≤ T,

0.%(# X 0)="& -$" =%)*� /0&*%$ /%$&*$-" X̃ >-* "#& .%/0."="$& γ−��.)"( /%$&*$-" �

∃γ ∈]0,
β

α
[, ∃h

40(*0?." 0.'0&%*(" > 0, ∃δ > 0 :

P{ sup
0<t−s<h;s,t∈[0,T ]

|X̃t − X̃s| ≤ δ|t − s|γ} = 1.

xGMRK^JIOL ^JG HG S]_IKVMG GLS WKRT RJLLT NIJK [GL H]RMNL TOPGQ_L NRK t ∈ R
d.

df



��� ��	����� 
�����	
���� �	 ��	������ �������� 
�� d = 1

pO NKGOP THT ` OIJWGRJ Ω = C(R+, R) LJK [G^JG[ IO P_�OTS g

ρ(ω1, ω2) =
∑

n≥1

2−n sup
0≤t≤n

(|ω1(t) − ω2(t)| ∧ 1)

HYGLS ` PTKG [R PTLSROHG PG  xp�pxpwb
�� ����� 	
�
 !"&&" ='&(*>-" *$)-*& -$" &%,%.%+*" >-* "#& /".." )" .0 /%$4"(+"$/" -$*�
C %(=" #-( &%-& /%=,0/& "$ ,(%?0?*.*&'; Ω = D(R+, R) "#& /%=,."& ,%-( /"&&" $%(=" �/C ;
�
6�8 ,0+" �9;�

uJK ΩU IO RNNG[[G ���� ���� ���������� �� � ����� ��� PGL LIJLiGOLGMZ[GLPG [R XIKMG A = {ω/(ω(t1), · · · , ω(tn)) ∈ B} I� B GLS ZIK_[TGO PG R
n GS t JO niJN[G PGK_G[L NILTSTXLb pO MJOTS R[IKL Ω PG [R SKTZJ GOkGOPK_G NRK HGL GOLGMZ[GL GS [YIO MIOSKG g

��������� 	
�
 �"E"(/*/" �;5 )" �56� ,0+" �6� �%*& Gt
.0 &(*?- "$+"$)('" ,0( ."# "$#"=�

?."# /�.*$)(*>-"# (".0&*C# 1 )"# n−-,."# (ti)
&".# >-" ,%-( &%-& i, ti ≤ t.

� G = ∨tGt
/%�$/*)" 04"/ ."# ?%('.*"$# )" . 2"#,0/" (Ω, ρ) ;

� �*

ϕt : Ω → Ω

ω 7→ (s 7→ ω(s ∧ t))

0.%(# Gt = ϕ−1
t (G) /2"#& 1 )*(" ."# ?%('.*"$# )" Ωt = C([0, t], R).

FR HIOLSKJHSTIO GLS XIOP_G LJK [G S]_IKVMG PG [R [TMTSG HGOSKR[Gb
������ � 	
�
 �%*& (ξn)n∈N

-$" #-*&" )" 40(*0?."# 0.'0&%*("# *$)',"$)0$&"# )" =�="
.%*8 /"$&('"#8 )" 40(*0$/" σ2. �.%(#8

Sn =
1

σ
√

n

n
∑

i=1

ξi
/%$4"(+" "$ .%* 4"(# X

)" .%* N (0, 1).

\YGLS HGS IJST[ ^JT NGKMGSSKR PG HIOLSKJTKG GQN[THTSGMGOS [G MIJWGMGOS ZKIjOTGO � [G
S]_IKVMG LJTWROS LYRNNG[[G [G ������ � ���������� �� �������b
������ � 	
�
 �%*& #-( -$ "#,0/" )" ,(%?0?*.*&' (Ω,A, P) -$" #-*&" )" 40(*0?."# 0.'0�&%*("# *$)',"$)0$&"# )" =�=" .%*8 /"$&('"#8 )" 40(*0$/" σ2 > 0 "& .0 C 0=*.." )" ,(%/"##-#/%$&*$-# �

Xn
t =

1

σ
√

n
[

[nt]
∑

j=1

ξj + (nt − [nt])ξ[nt]+1].

�%*&
P

n .0 ="#-(" *$)-*&" ,0( Xn #-( (C(R+, R),G) ; �.%(# P
n /%$4"(+" C0*?."="$& 4"(#

P
∗ 8 ="#-(" #%-# .0>-".."Bt(ω) = ω(t) "#& -$ =%-4"="$& ?(%�$*"$ #&0$)0() #-( C(R+, R).

FR NKGJWG NKGOP LGNS NRkGL �HXb �sf�� GS LYRNNJ�G LJK [GL IJST[L SINI[IkT^JGL LJTWROSL g
i HIOWGKkGOHG XRTZ[G GS GO [ITU
i XRMT[[GL SGOPJGL GS KG[RSTWG HIMNRHTS_U^JT LIOS [YIZ�GS PGL PGJQ LIJLiLGHSTIOL LJTWROSGLb

dd



	
�
	 �� ���� ������� �� ������� �� �����

������� 	
�
 �%*& (S, ρ) -$ "#,0/" ='&(*>-" "& Π -$" C0=*.." )" ,(%?0?*.*&'# #-(
(S,B(S)) ; �$ )*& >-" Π "#& ������� ��� �� ����� #* )" &%-&" #-*&" )" Π %$ ,"-&
"E&(0*(" -$" #%-#�#-*&" C 0*?."="$& /%$4"(+"$&";

�$ )*& >-" Π "#& ������ #*

∀ε > 0, ∃K /%=,0/& ⊂ S
&". >-"

P(K) ≥ 1 − ε, ∀P ∈ Π.

	" C0�%$ 0$0.%+-"8 -$" C0=*.." )" 40(*0?."# 0.'0&%*("# {Xα : (Ωα,Aα) ; α ∈ A} "#& )*&"������� ��� �� ����� �� ������ #* .0 C 0=*.." )" ,(%?0?*.*&'# 0##%/*'"# #-( (S,B(S))"#& (".0&*4"="$& /%=,0/&" %- &"$)-";
pO RPMGS [G S]_IKVMG LJTWROSb

������ � 	
	�
 �&B'%(�=" )" �(%B%(%48 :9A�8 �56� �;�� �%*& Π -$" C0=*.." )" ,(%?0?*.�*&'# #-( (S,B(S)) ; �.%(# Π "#& (".0&*4"="$& /%=,0/&" #* "& #"-."="$& #* ".." "#& &"$)-";
FYTOS_KzS PG HG S]_IKVMG GLS ^JG [R KG[RSTWG HIMNRHTS_ NGKMGS PYGQSKRTKG JOG LJTSG

XRTZ[GMGOS HIOWGKkGOSGU MRTL ^JG [R NKINKT_S_ PG SGOLTIO GLS N[JL XRHT[G ` W_KT�GKb
������� 	
		
 �-( Ω = C(R+)8 %$ 0,,".."  ����� �� �������� #-( [0, T ]

.0 >-0$�
&*&'

mT (ω, δ) = max
|s−t|≤δ,0≤s,t≤T

|ω(s) − ω(t)|.

������� � IO NGJS MIOSKGK ^JG HG MIPJ[G GLS HIOSTOJ LJK [YGLNRHG M_SKT^JG (Ω, ρ)U
ρ GLS [R PTLSROHG PG  KI]IKIWU HKITLLROS GO δ, GS ^JG ∀ω, limδ→0 mT (ω, δ) = 0.
FG S]_IKVMG LJTWROS GLS JO HKTSVKG PG SGOLTIO �PIOH PG KG[RSTWG HIMNRHTS_� NIJK JOG

XRMT[[G PG NKIZRZT[TS_L LJK (Ω,B(Ω)).

������ � 	
	�
 ��56� ,0+" �
8 �;:6� 3$" #-*&" )" ,(%?0?*.*&'# (Pn) "#& &"$)-" #* "&#"-."="$& #* �
�*�

lim
λ→∞

sup
n≥1

Pn{ω : |ω(0)| > λ} = 0.

�**�
lim
δ→0

sup
n≥1

Pn{ω : mT (ω, δ) > ε} = 0, ∀T > 0, ∀ε > 0.

������ �[[G LYRNNJTG LJK [G [GMMG LJTWROS g
��  � 	
	�
 ��56�8 �;9 ,0+" �5 � &B'%(�=" )2�(�".1��#/%.*� �%*& A ⊂ Ω. �.%(# Ā "#&/%=,0/& #* "& #"-."="$& #*

sup
{ω∈A}

|ω(0)| < ∞ "& ∀T > 0, lim
δ→0

sup
{ω∈A}

mT (ω, δ) = 0.

ds



������ g NRkGL �si�e PG �sf�b
 JTLU NIJK [Y_SJPG PG [R HIOWGKkGOHG PGL NKIHGLLJL Xn P_�OTL PROL [G S]_IKVMG PG

�IOLrGK �dbm�U IO TOSKIPJTS PGL OISTIOL PG HIOWGKkGOHG NKINKGL RJQ NKIHGLLJLb FR HIOWGKi
kGOHG GO [IT PGL NKIHGLLJL �PROL [GJK GOLGMZ[G� GLS RLLG� PT�HT[G ` IZSGOTKb pO TOSKIPJTS
JOG OISTIO N[JL XRHT[G ` W_KT�GKb
������� 	
	�
 �$ )*& >-" .0 #-*&" )" ,(%/"##-#Xn ������� �� ��������� �� �

 ����� ��� 4"(# ." ,(%/"##-#X #* ,%-( &%-& d "& &%-& d�-,." (t1, · · · , td), (Xn

t1
, · · · , Xn

td
)/%$4"(+" "$ .%* 4"(# (Xt1 , · · · , Xtd)

 IJK NKIJWGK JOG SG[[G HIOWGKkGOHGU T[ LJ�S PYJST[TLGK [GL XIOHSTIOL HRKRHS_KTLST^JGL PG
SG[L diJN[GLb��������� 	
	�
 �* .0 #-*&" )" ,(%/"##-# Xn /%$4"(+" "$ )*#&(*?-&*%$ 4"(# ." ,(%/"##-#
X, 0.%(# ".." /%$4"(+" "$ )*#&(*?-&*%$ )" )*="$#*%$ �$*" 4"(# X.

������ g GO GoGSU ∀d GS NIJK SIJS PiJN[GU [YRNN[THRSTIO π : Ω → R
d SG[[G ^JG

π(ω) = (ω(t1), · · · , ω(td))
GLS HIOSTOJG NIJK [R PTLSROHG ρ GS π ◦ Xn = (Xn

t1 , · · · , Xn
td

)HIOWGKkG GO [IT WGKL π ◦ X NJTL^JG [R HIOSTOJTS_ NK_LGKWG [R HIOWGKkGOHG GO [ITb •ySSGOSTIO ! [R K_HTNKI^JG OYGLS NRL SIJ�IJKL WKRTG !! pO NGJS WITK GO GQGKHTHG [G
HIOSKGiGQGMN[G LJTWROS �sU aGJT[[G e� g

Xn
t = nt1[0, 1

2n
](t) + (1 − nt)1[ 1

2n
, 1
n

](t)
HIOWGKkG GO PTLSKTZJSTIO PG PTMGOLTIO �OTG WGKL 0 MRTL NRL GO [ITb

�O KGWROH]GU G[[G GLS WKRTG PROL [G HRL PYJOG LJTSG SGOPJGb
������ � 	
	�
 ��;:A �56�� �%*& -$" #-*&" )" ,(%/"##-# Xn /%$#&*&-0$& -$" C0=*.."
&"$)-" /%$4"(+"0$& "$ )*#&(*?-&*%$ )" )*="$#*%$ �$*" 4"(# -$ ,(%/"##-# X. �.%(#8 Pn.%* )" Xn #-( C(R+) /%$4"(+" C0*?."="$& 4"(# -$" ="#-(" P

#%-# .0>-".." ." ,(%/"##-#
Bt(ω(t) = ω(t) "#& .*=*&" "$ )*#&(*?-&*%$ )" )*="$#*%$ �$*" )" .0 #-*&"Xn.

������ g G[[G LYRNNJTG LJK [G S]_IKVMG PG  KI]IKIW GS [YGQGKHTHG s PG [R aGJT[[G sb
FR XRMT[[G GLS SGOPJG PIOH KG[RSTWGMGOS HIMNRHSG GS T[ GQTLSG

P
[TMTSG XRTZ[G PYJOG LIJLi

LJTSG PG [R XRMT[[Gb uITS Q JOG [TMTSG XRTZ[G PYJOG RJSKG LIJLiLJTSG GS LJNNILIOL Q 6= P.FY]�NIS]VLG PIOOG ^JG ∀d, ∀t1, · · · , td, ∀B ZIK_[TGO PG R
d g

P{ω : (ω(ti)) ∈ B} = Q{ω : (ω(ti)) ∈ B}
NJTL^JYT[ � R HIOWGKkGOHG GO PTLSKTZJSTIO PG PTMGOLTIO �OTGb \GHT WGJS PTKG ^JG

P
GS QHI�OHTPGOS LJK [GL _W_OGMGOSL H�[TOPKT^JGLU PIOH LJK B ^JYT[L GOkGOPKGOSb �IOH SIJSGLIJLiLJTSG HIOWGKkGOSG HIOWGKkG XRTZ[GMGOS WGKL HGSSG JOT^JG NKIZRZT[TS_ P.

uJNNILIOL MRTOSGOROS ^JG Pn
OG HIOWGKkG NRL XRTZ[GMGOS WGKL

P. \GHT LTkOT�G ^JYT[ GQiTLSG f ∈ Cb(R
+)
SG[[G ^JG [R LJTSG ZIKO_G K_G[[G

Pn(f) OG HIOWGKkG NRL WGKL P(f). �G SIJSGLXR#IOLU T[ GQTLSG RJ MITOL JOG LJTSG GQSKRTSG
Pnk

(f) HIOWGKkGOSGU GS PG [TMTSG PTo_KGOSG PG
P(f). �YRJSKG NRKSU NJTL^JG [R XRMT[[G GLS SGOPJGU PG [R XRMT[[G Pnk

IO NGJS GQSKRTKG JOG
LJTSG XRTZ[GMGOS HIOWGKkGOSGU ^JYIO RNNG[[G GOHIKG

Pnk
.
lRTL NIJK HG[[GiHTU [R [TMTSGU IO

[YR WJ HTiPGLLJLU GLS O_HGLLRTKGMGOS P(f), PYI� [R HIOSKRPTHSTIO GS [R NKGJWG PJ K_LJ[SRSb•

de



	
�
� ������ ���������� �� ������� ��  ����� �� �����

pO MIOSKG PROL HGSSG LGHSTIO [G S]_IKVMG ^JT HIOLSKJTS [G MIJWGMGOS ZKIjOTGOb pO _SJPTG
[R LJTSG PG NKIHGLLJL P_�OTG PROL [G S]_IKVMG NKTOHTNR[ ` [YRTPG PG WRKTRZ[GL R[_RSITKGL
TOP_NGOPROSGL (ξj, j ≥ 1)b c[ XRJS g
i MIOSKGK [R HIOWGKkGOHG PG [R LJTSG PG NKIHGLLJL (Xn, n ≥ 0)U
i MIOSKGK [GL NKINKT_S_L PG [R [TMTSG HIOXIKM_MGOS ` [R P_�OTSTIO TOTSTR[Gb FG N[RO PG

[R NKGJWG GLS PIOH g
d� HGSSG LJTSG HIOWGKkG GO PTLSKTZJSTIO PG PTMGOLTIO �OTG WGKL JO NKIHGLLJL ^JT R [GL

NKINKT_S_L PJ MIJWGMGOS ZKIjOTGOU
s� HGSSG LJTSG GLS SGOPJG GS [YIO NGJS RNN[T^JGK [G S]_IKVMG dbd�b

d�
��������� 	
	�
 �/C �;:� �56�� �%*& �

Xn
t =

1

σ
√

n
(

[nt]
∑

j=1

ξj + (nt − [nt])ξ[nt]+1).

�.%(#8 ∀d, ∀(t1, · · · , td) ∈ R
+ 8 %$ 0 .0 /%$4"(+"$/" "$ .%* �

(Xn
t1
, · · · , Xn

td
) −→D (Bt1 , · · · , Btd)

%� B
4'(*� " ."# ,(%,(*'&'# )'�$*##0$& ." =%-4"="$& ?(%�$*"$;

������ g IO XRTS JOG NKGMTVKG LTMN[T�HRSTIO GO JST[TLROS [YGQGKHTHG e PG [R XGJT[[G e
RWGH g

Sn
t =

1

σ
√

n

[nt]
∑

j=1

ξj
GS Sn

t = (Sn
t1 , · · · , Sn

td
).

xGMRK^JIOL g

Xn
t = Sn

t +
nt − [nt]

σ
√

n
.

 RK [YTO_kR[TS_ PG tTGOR�M_i�H]GZTH]GWU IO IZSTGOS g

P{‖ Xn
t − Sn

t ‖> ε} ≤ d

nσ2ε2
‖ ξ ‖2→ 0

[IKL^JG n
SGOP WGKL [YTO�OTb FYGQGKHTHG MIOSKG R[IKL ^JYT[ LJ�S PG MIOSKGK [R HIOWGKkGOHG

GO [IT PG Sn
t .

xGMRK^JIOL ^JG (Sn
t , t ≥ 0) GLS JO NKIHGLLJL ` RHHKITLLGMGOSL TOP_NGOPROSL � LT [GL

(ti)
LIOS KROk_L GO IKPKG HKITLLROSU [GL d WRKTRZ[GL R[_RSITKGL (Sn

t1 , S
n
t2 −Sn

t1 , · · · , Sn
td
−Sn

td−1
)

LIOS TOP_NGOPROSGLb FYRNN[THRSTIO PG
R

d PROL
R

d : x 7→ (x1, x1 + x2, · · · ,
∑

i xi)
GLS

HIOSTOJG GS [R HIOWGKkGOHG GO [IT GLS NKGLGKW_G NRK [R HIOSTOJTS_b c[ LJ�S PIOH PYGQRMTOGK

d�



[R HIOWGKkGOHG GO [IT PJ diJN[GS PGL RHHKITLLGMGOSL HG ^JG [YIO XRTS ` [YRTPG PG [R XIOHSTIOHRKRHS_KTLST^JG g

�d� φn(u1, · · · , ud) = E[e
i�j uj(Sn

tj
−Sn

tj−1
)
] = ΠjE[e

iuj
σ
√

n
�[ntj−1]<k≤[ntj ] ξk ].

 IJK SIJS j U GO OISROS kj = [ntj ],
H]R^JG XRHSGJK LG K_HKTS g

E

[

e
iuj

�
kj−kj−1

n �k ξk
σ
√

kj−kj−1

]

.

pKU kj−kj−1

n
=

[ntj ]−[ntj−1]

n
HIOWGKkG WGKL (tj − tj−1)

[IKL^JG n
SGOP WGKL [YTO�OT GS [R WRKTi

RZ[G R[_RSITKG �[ntj−1]<k≤[ntj ] ξk

σ
√

kj−kj−1

HIOWGKkG GO PTLSKTZJSTIO WGKL JO kRJLLTGOOG HGOSK_G K_PJTSG
�[IT PGL kKROPL OIMZKGL� GS PIOH LR XIOHSTIO HRKRHS_KTLST^JG HIOWGKkG WGKL e−t2/2 GS [G
j
VMG XRHSGJK WGKL e− 1

2
u2

j (tj−tj−1).
FR [IT [TMTSG RPMGS PIOH [R XIOHSTIO HRKRS_KTLST^JG φ(u) =

e−
1
2
�j u2

j (tj−tj−1) ^JT GLS GQRHSGMGOS HG[[G PYJO diJN[GS (Bt1 , (Bt2 −Bt1), · · · , (Btd −Btd−1
))TLLJ PYJO MIJWGMGOS ZKIjOTGOb pO R PIOH ` [R XITL [R [IT PJ NKIHGLLJL [TMTSG GS [R NKIi

NKT_S_ PG NKIHGLLJL ` RHHKITLLGMGOSL TOP_NGOPROSLb

s� c[ KGLSG GO�O ` MIOSKGK ^JG [R XRMT[[G GLS SGOPJGU HG ^JT K_LJ[SG PGL PGJQ [GMMGL
LJTWROSL g
��  � 	
	�
 �/C �56�8 �;:7� �%*& (ξj, j ≥ 1) -$" #-*&" )" 40(*0?."# 0.'0&%*("# *$)',"$�)0$&"# '>-*)*#&(*?-'"#8 /"$&('"# )" 40(*0$/" 1, "& Sj =

∑j
k=1 ξk. �

.%(# �

∀ε > 0, lim
δ→0

limn→∞
1

δ
P{max{1≤j≤[nδ]>+1}|ξj| > εσ

√
n} = 0.

��  � 	
	�
 �/C �56�8 �;:9� �%-# ."# =�="# B�,%&B�#"#8
∀T > 0, lim

δ→0
limn→∞P{max{1≤j≤[nδ]>+1}max{1≤k≤[nT ]>+1}|Sj+k − Sj | > εσ

√
n} = 0.

������ �� ������ � ���������� �� ������� g
yWGH [R NKINILTSTIO dbdh HTiPGLLJLU GS [G S]_IKVMG dbd�U T[ LJ�S PG MIOSKGK ^JG [R XRMT[[G
GLS SGOPJGb pO JST[TLG THT [R HRKRHS_KTLRSTIO PIOO_G PROL [G S]_IKVMG dbdsb  JTL^JYTHT
Xn

0 = 0 ∀n,
T[ LJ�S PG W_KT�GK [G PGJQTVMG HKTSVKG g

lim
δ→0

sup
n

P{max|s−t|≤δ,0≤s,t≤T |Xn
s − Xn

t | > ε} = 0.

b pO NGJS KGMN[RHGK supn
NRK limn = infm supn≥m

NJTL^JG NIJK m ZIKO_ IO NGJS
KGOPKG WTPGL PGL _W_OGMGOSL GO NKGOROS δ RLLG� NGSTS g (Xn, 0 ≤ n ≤ m) GLS HIOSTOJG LJK
[0, T ] PIOH JOTXIKM_MGOS HIOSTOJGb

{max|s−t|≤δ,0≤s,t≤T |Xn
s − Xn

t | > ε} =

{max|s−t|≤δ,0≤s,t≤T |Sjs − Sjt +
ns − js

σ
√

n
ξjs+1 −

nt − jt

σ
√

n
ξjt+1| > εσ

√
n},

d�



I� js = [ns], GS LT [YIO OISG js = k GS jt = k + j GO LJNNILROS s ≤ t, HGS GOLGMZ[G GLSHIOSGOJ PROL g
{max|s−t|≤δ,0≤s,t≤T |Sjs − Sjt| > εσ

√
n}

GS [G [GMMG dbd
 NGKMGS PG HIOH[JKGb •
������� 	
��
 @0 ="#-(" P

.*=*&" C 0*?." )"# ,(%?0?*.*&'#
P

n "#& �� ="#-(" )" �*"$"(
#-( Ω.

��� ���������� ��� �����
������ �	 ��	������ �������

	
�
	 ��������� ������

������� 	
�	
 3$ ,(%/"##-# X "#& )*& ������ #* ∀d, ∀(t1, · · · , td)
('".# ,%#*&*C#8 ."4"/&"-( (Xt1 , · · · , Xtd)

#-*& -$" .%* +0-##*"$$"; �* .0 .%* )" (Xt+ti ; i = 1, · · · , d) $" )',"$),0# )" t8 %$ )*& >-" ." ,(%/"##-# "#& ����������;
�$ 0,,".." ��������� )- 4"/&"-( X

.0 =0&(*/"

ρ(s, t) = E[(Xs − E(Xs))(Xt − E(Xt))
T ], s, t ≥ 0.

��������� 	
��
 @" =%-4"="$& ?(%�$*"$ B "#& -$ ,(%/"##-# +0-##*"$ /%$&*$- /"$&('
)" /%40(*0$/" ρ(s, t) = s ∧ t.
�'/*,(%>-"="$&8 &%-& ,(%/"##-# /%$&*$- +0-##*"$ /%$&*$- /"$&(' )" /%40(*0$/" ρ(s, t) =

s ∧ t "#& -$ =%-4"="$& ?(%�$*"$;
@" =%-4"="$& ?(%�$*"$ /%$4"(+" �"$ =%�"$$"� 4"(# �'(% �

Bt

t
→ 0

,("#>-" #�("="$& .%(#>-" t
&"$) 4"(# . 2*$�$*;

������ GO GQGKHTHGLb FG SKITLTVMG NITOS GLS GO ^JG[^JG LIKSG JOG �[IT PGL kKROPL
OIMZKGL�b •

pO NGJS IZSGOTK PYRJSKGL MIJWGMGOSL ZKIjOTGOL NRK PGL SKROLXIKMRSTIOL LSROPRKP GO
H]ROkGROS _WGOSJG[[GMGOS RJLLT [R �[SKRSTIOb

�T� H]ROkGMGOS PY_H]G[[G �LHR[TOk� g ( 1√
c
Bct,Fct).

�TT� TOWGKLTIO PJ SGMNL g (Yt,FY
t ), RWGH Yt = tB 1

t

LT t 6= 0, Y0 = 0 GS FY
t = σ{Ys, s ≤ t}.

�TTT� KGSIJKOGMGOS PJ SGMNL g (Zt,FZ
t ), RWGH Zt = BT − Bt

GS FZ
t = σ{Zs, s ≤ t}.

�TW� L�M_SKTG g (−Bt,Ft).

c[ LJ�S PG W_KT�GK ` H]R^JG XITL ^JG [YIO R JO NKIHGLLJL HIOSTOJU RPRNS_U ^JT W_KT�G
[R NKINKT_S_ HRKRHS_KTLST^JG PJ MIJWGMGOS ZKIjOTGO IJ ^JG HYGLS JO NKIHGLLJL kRJLLTGO
PG HIWRKTROHG ρ(s, t) = s ∧ t.

FG LGJ[ JO NGJ PT�HT[G GLS [G �TT� �GQGKHTHG�b
�ISRSTIO g πn = (t0 = 0, · · · , tn = t) GLS JOG �NRKSTSTIO� PG [0, t]U IO OISG ‖πn‖ =

supi{ti − ti−1}, RNNG[_ [G �NRL" PG πn.

d�



	
�
� ���� ��� ��� �����
c[ LYRkTS PG X = {(t, ω) ∈ R

+ × Ω : Bt(ω) = 0}. uT [YIO �QG JOG SKR�GHSITKG ω, IO OISG
Xω = {t ∈ R

+ : Bt(ω) = 0}.
������ � 	
��
 �/C �56� 9;�8 ,; :6A� P

�,("#>-" #�("="$& "$ ω
�*� .0 ="#-(" )" @"?"#+-" )" Xω

"#& $-.."8
�**� Xω

"#& C "(=' $%$ ?%($'8
�***�

t = 0 "#& -$ ,%*$& )20//-=-.0&*%$ )" Xω,
�*4� Xω

$20 ,0# )" ,%*$& *#%.'8 )%$/ "#& )"$#" )0$# .-* =�=";
������ GO GQGKHTHGU PT�HT[Gb

	
�
� �������� ��� �����������
�HX �sf� NZ 
bm Nb df� GS ds��

������ � 	
��
 �/C �
6� 57 ,; :7��%*& πn
-$" #-*&" )" ,0(&*&*%$# )" . 2*$&"(40.." [0, t]

&".." >-" πn ⊂ πm
#* n ≤ m "& ." ,0#

)" πn, $%&' ‖πn, ‖ &"$) 4"(# �'(% >-0$) n
&"$) 4"(# . 2*$�$*; �$ ,%#"

πn(B) =
∑

ti∈πn
(Bti+1

− Bti)
2. �.%(# πn(B) /%$4"(+" 4"(# t

)0$# L2(Ω)8 "& ,("#>-" #�("�="$& #*∑
n ‖ πn ‖< ∞, >-0$) n

&"$) 4"(# . 2*$�$*;
������ g uITS zi = (Bti+1

− Bti)
2 − (ti+1 − ti) ;

∑

i zi = πn(B) − t. \YGLS JOG LJTSGPG WRKTRZ[GL R[_RSITKGL TOP_NGOPROSGL HGOSK_GL NJTL^JG Bti+1
− Bti

LJTS JOG [IT kRJLTGOOG
PG MI�GOOG OJ[[G GS PG WRKTROHG ti+1 − ti.

pO NGJS RJLLT HR[HJ[GK [YGLN_KROHG PG z2
i

g

E[z2
i ] = E[(Bti+1

−Bti)
2−(ti+1−ti)]

2 = E[(Bti+1
−Bti)

4−2(Bti+1
−Bti)

2(ti+1−ti)+(ti+1−ti)
2].

\IOORTLLROS [GL MIMGOSL PG [R [IT kRJLLTGOOGU IO IZSTGOS g

E[z2
i ] = 2(ti+1 − ti)

2.

FYTOP_NGOPROHG GOSKG [GL zi
MIOSKG ^JG E[(

∑

i zi)
2] =

∑

i E[(zi)
2] HG ^JT WRJS

2
∑

i(ti+1 − ti)
2 ≤ 2‖πn‖.t, ^JT SGOP WGKL �_KI [IKL^JG n

SGOP WGKL [YTO�OTb \GHT GOSKRTOG [R
HIOWGKkGOHG PROL L2(Ω)

�PIOH GO NKIZRZT[TS_� PG πn(B) WGKL t.

uT PG N[JL ∑

n ‖ πn ‖< ∞, P{|πn(B) − t| > ε} ≤ 1
ε2 2 ‖ πn ‖ t. �IOH [R L_KTG

∑

n P{|πn(B) − t| > ε} HIOWGKkG GS [G [GMMG PG tIKG[i\ROSG[[T MIOSKG ^JG

P[limn{|πn(B) − t| > ε}] = 0,

LITS g

P[∩n∪m≥n{|πm(B)−t| > ε}] = 0, ∀ε > 0, NKGL^JG L�KGMGOS ∪n∩m≥n{|πm(B)−t| ≤ ε} = Ω,

HG ^JT SKRPJTS [R HIOWGKkGOHG NKGL^JG L�KG PG πn(B) WGKL t. •

dh



������ � 	
��
 �/C �56� 9;98 ,;:6��

P{ω : t 7→ Bt(ω) "#& =%$%&%$" #-( -$ *$&"(40.."} = 0.

������ g IO OISG F = {ω :
T[ GQTLSG JO TOSGKWR[[G I� t 7→ Bt(ω) GLS MIOISIOG}. \GHTLG SKRPJTS NRK g

F = ∪s,t∈Q,0≤s<t{ω : u 7→ Bu(ω) GLS MIOISIOG LJK (s, t)}.
pO �QG s GS t PROL Q RWGH 0 ≤ s < t GS [YIO _SJPTG [Y_W_OGMGOS

A = {ω : u 7→ Bu(ω) GLS HKITLLROSG LJK(s, t)}.
y[IKLU A = ∩nAn

I� An = ∩n−1
i=0 {ω : Bti+1

− Bti ≥ 0} RWGH ti = s + (t − s) i
n
.
 RK

[YTOP_NGOPROHG PGL RHHKITLLGMGOSLU
P(An) = ΠiP{∆iB ≥ 0} = 1

2n .
 IJK SIJS n P(A) ≤

P(An) PIOH P(A) = 0 NIJK SIJS s GS t HG ^JT MIOSKG P(F ) = 0. •
������ � 	
��
 �/C �56� 9;:78 ,;::6 � �0."���*"$"(���+=-$)8 :9

�

P{ω : ∃t0 t 7→ Bt(ω)
)*� '("$&*0?." "$ t0} = 0.

�.-# ,('/*#'="$&8 #* . 2%$ $%&"D+f(t) = limh→0
f(t+h)−f(t)

h
; D+f(t) = limh→0

f(t+h)−f(t)
h

,*. "E*#&" -$ '4'$"="$& F )" ,(%?0?*.*&' 1 /%$&"$- )0$# . 2"$#"=?." �

{ω : ∀t, D+Bt(ω) = +∞ %- D+Bt(ω) = −∞}.

������ g
uITS ω

SG[ ^JYT[ GQTLSG t
SG[L ^JG −∞ < D+Bt(ω) ≤ D+Bt(ω) < +∞.

y[IKLU

∃j, k
SG[L ^JG NIJK SIJS h ≤ 1/k, |Bt+h − Bt| ≤ jh.

pO NGJS SKIJWGK NIJK n LJN_KTGJK IJ _kR[ ` 4k JO GOSTGK i, i = 1, · · · , n,
SG[ ^JG g

i − 1

n
≤ t ≤ i

n
, GS NIJK ν = 1, 2, 3 :

i + ν

n
− t ≤ ν + 1

n
≤ 1

k
.

pO P_PJTS PG HGL PGJQ KGMRK^JGL GS PG [YTO_kR[TS_ SKTROkJ[RTKG |B i+1
n

− B i
n
| ≤

|B i+1
n

− Bt| + |Bt − B i
n
| [R MR�IKRSTIO

|B i+1
n

− B i
n
| ≤ 3j

n
.

�S [YIO HIOSTOJG RWGH ν = 2 NJTL 3
g

|B i+2
n

− B i+1
n
| ≤ 5j

n
, |B i+3

n
− B i+2

n
| ≤ 7j

n
.

dm



pO LG SKIJWG PIOH PROL [Y_W_OGMGOS I� T[ GQTLSG t ∈ [0, 1],
SG[ ^JG NIJK SIJS n ≥ 4k,

T[
GQTLSG i GOSKG 1 GS n

SG[ ^JG t ∈ [ i−1
n

, i
n
], ν = 1, 2, 3 : |B i+ν

n
− B i+ν−1

n
| ≤ (2ν+1)j

n
.
FGL SKITL

RHHKITLLGMGOSL PG B LIOS TOP_NGOPROSL � [R NKIZRZT[TS_ PG [Y_W_OGMGOS

∀ν = 1, 2, 3 : |B i+ν
n

− B i+ν−1
n

| ≤ (2ν + 1)j

n

GLS MR�IK_G NRK j3.3.5.7
n3/2

GS HG[[G PG [Y_W_OGMGOS

∀n ≥ 4k, ∃i = 1, · · · , n, ν = 1, 2, 3 : |B i+ν
n

− B i+ν−1
n

| ≤ (2ν + 1)j

n

GLS MR�IK_G NRK n j3.3.5.7
n3/2

NIJK SIJS n ≥ 4k GS PIOH SGOP WGKL �_KI ^JROP k
SGOP WGKL [YTO�OTb

•
������� 	
��
 �%*& -$" C %$/&*%$ )'�$*" #-( -$ *$&"(40.." [a, b]. �$ 0,,".." ��������� f ��� ����������� �

V ar[a,b](f) = sup
π

∑

ti∈π

|f(ti+1) − f(ti)|

%� π
)'/(*& . 2"$#"=?." )"# ,0(&*&*%$# )" [a, b].

������ � 	
��
 �/C �
6� ,;:9�56 �%*& a "& b �E'# )0$# R
+ �

P{ω : V ar[a,b](B) = +∞} = 1.

������ g uITS a GS b �Q_L PROL R
+ GS π JOG NRKSTSTIO PG [a, b].

∑

ti∈π

|B(ti+1) − B(ti)| ≥
∑

ti∈π |B(ti+1) − B(ti)|2
supti∈π|B(ti+1) − B(ti)|

.
�s�

FG OJM_KRSGJK GLS [R WRKTRSTIO ^JRPKRST^JG PG B PIOS IO LRTS ^JYG[[G HIOWGKkG WGKL t.�OLJTSGU s 7→ Bs(ω) GLS HIOSTOJG PIOH JOTXIKM_MGOS HIOSTOJG LJK [YTOSGKWR[[G [a, b]
g

∀ε, ∃η, ‖ π ‖< η ⇒ supti∈π|B(ti+1) − B(ti)| < ε.

FR XKRHSTIO �s� HIOWGKkG PIOH WGKL [YTO�OTb •

	
�
� ������ � �� ����

\YGLS JO S]_IKVMG ^JT PIOOG [YIKPKG PG kKROPGJK PJ MIPJ[G PG HIOSTOJTS_b
������ � 	
��
 ��56� &B; 9;5A ,, ::��::A��%*& g :]0, 1] → R

+, g(δ) =
√

−2δ log(δ). �.%(#8

P{ω : limδ↘0
1

g(δ)
sup

0<s<t<1,t−s≤δ
|(Bt − Bs)(ω)| = 1} = 1.

d




\YGLS ` PTKG ^JG [G MIPJ[G PG HIOSTOJTS_ PG B GLS PG [YIKPKG PG g(δ).
������ � 	
��
 �/C �
6� 
: ,;55�5
� �%*& Ft = σ(Bs, s ≤ t) ∨ N . �.%(# .0 � .&(0&*%$ F"#& /%$&*$-" 1 )(%*&"8 /2"#& 1 )*(" Ft+ := ∩s>tFs

/%*$/*)" 04"/ Ft.

������ GO GQGKHTHGb �[[G JST[TLG [G XRTS ^JG

∀u1, ∀u2 , ∀z > v > t,

E[ei(u1Bz+u2Bv)/Ft+ ] = lim
w↘t

E[ei(u1Bz+u2Bv)/Fw] =

E[ei(u1Bz+u2Bv)/Ft],

HYGLS ` PTKG ^JG [GL [ITL HIOPTSTIOOG[[GL GO Ft+
GS Ft

LIOS [GL MzMGL GS PIOH Ft+ = F .
t

	
�
� ��������� �� ������ �� ��  �������
FG MIJWGMGOS ZKIjOTGO GLS JO NKIHGLLJL PG lRKrIWU HYGLS ` PTKG ^JG

∀x ∈ R, ∀f ZIK_[TGOOG ZIKO_GU Ex[f(Bt+s)/Fs] = EBs [f(Bt)].

FR NKGJWG NGJS LG XRTKG XRHT[GMGOS �` [R MRTO" g LIJL
Px, Bt+s = x + Wt+s

GS

f(Bt+s) = f(x + Wt+s − Ws + Ws)

GS IO HIOH[JS NRK [YTOP_NGOPROHG PG x + Ws
GS Wt+s − Ws

b
�O HIKI[[RTKG IO IZSTGOS ^JG B GLS JOG MRKSTOkR[G NIJK LR �[SKRSTIO NKINKGb

��� ���
	� ��
2
∫ t

0 BsdBs

�����
�
��

tTGO ^JG [GL SKR�GHSITKGL PG B OG LITGOS NRL PTo_KGOSTRZ[GLU IO H]GKH]G ` PIOOGK JO LGOL` HGSSG TOS_kKR[Gb pO LYRSSGOPKRTS ` HG ^JG HG LITS B2
t ,
T[ OYGO GLS KTGOb  IJK MGSSKG [R

PTo_KGOHG GO _WTPGOHGU IO P_HIMNILG B2
t
GO LIMMG PG PTo_KGOHGL [G [IOk PYJOG NRKSTSTIO

PG [YTOSGKWR[[G [0, t] OIS_ ti = it/n
^JG [YIO P_WG[INNGKR GOLJTSG NRK [R XIKMJ[G PG �R�[IK g

B2
t =

∑

i

(B2
ti+1

− B2
ti
) =

∑

i

2Bti [Bti+1
− Bti ] +

∑

i

[Bti+1
− Bti ]

2.

FG NKGMTGK SGKMG HIOWGKkG �ORSJKG[[GMGOS� WGKL HG ^JG [YIO RSSGOP g 2
∫ t

0
BsdBs

�HGHT
LGKR �JLST�_ PROL [G NRKRkKRN]G s�b pO HKITKRTS ^JG [G LGHIOP HIOWGKkG WGKL 0 U HYGLS [`^JYTOSGKWTGOS [G NRKRPIQGb c[ XRJS KGMRK^JGK ^JG NRK P_�OTSTIO PJ MIJWGMGOS ZKIjOTGO
HG LGHIOP SGKMG GLS [R LIMMG PGL HRKK_L PG n kRJLLTGOOGL TOP_NGOPROSGL HGOSK_L GS PGWRKTROHG t/n

g T[ LYRkTS PIOH PYJOG WRKTRZ[G R[_RSITKG PG [IT t/nχ2
n. uIO GLN_KROHG GLS t GSLR WRKTROHG GLS t2/nV arχ2

1

g PIOH HG SGKMG HIOWGKkG PROL L2 �PIOH GO NKIZRZT[TS_� WGKL
LIO GLN_KROHG tb yTOLTU IO MIOSKGKR NK_HTL_MGOS N[JL SRKP

B2
t = 2

∫ t

0

BsdBs + t.

sf
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/C ; 	%)-." : /B0,*&(" A8 	%)-." 5 /B0,*&(" A "& 	%)-." 
;FG ZJS GLLGOSTG[ PG HG H]RNTSKG GLS PG PIOOGK JO LGOL ` [R OISTIO PYTOS_kKR[G PG NKIHGLLJL
NRK KRNNIKS RJ MIJWGMGOS ZKIjOTGO IJU N[JL k_O_KR[GMGOSU NRK KRNNIKS ` JOG MRKSTOkR[Gb
�O LG kJTPROS LJK [G �NK_SGQSG� PG HG HIJKLU [G HR[HJ[ LSIH]RLST^JG RNN[T^J_ RJQ �OROHGLU
IO NGJS MISTWGK RTOLT [YTOS_kKR[G LSIH]RLST^JG g _SJPTIOL JO TOLSROS JO MIPV[G I� [G NKTQ
PYJOG RHSTIO LGKRTS PIOO_ NRK JOG MRKSTOkR[GMt

` [YTOLSROS tb uT [YIO NILLVPG X(t) PG HGLRHSTIOL RJ MzMG TOLSROS GS ^JG [YIO GoGHSJG PGL SKROLRHSTIOL RJQ TOLSROSL tk
U [R KTH]GLLG

LG LGKR �OR[GMGOS RHHKJG PG
∑

k

X(tk−1)(Mtk − Mtk−1
).

lRTL LT [YIO WGJS GoGHSJGK PGL SKROLRHSTIOL GO SGMNL HIOSTOJU` SIJS TOLSROS tU T[ XRJSNIJWITK P_�OTK JO IJST[ MRS]_MRST^JG NGKMGSSROS PG NRLLGK ` [R [TMTSG PROL [YGQNKGLLTIO
HTiPGLLJL RWGH [G NKIZ[VMG ^JGU GO NRKSTHJ[TGK LTM = B U [R P_KTW_G B′ OYGQTLSG NRL !! HGSSG
GQNKGLLTIO GLS JOG LIMMG ^JT R WIHRSTIO ` HIOWGKkGK WGKL JOG TOS_kKR[G PG uSTG[�GLU MRTL
HIMMG [R WRKTRSTIOV (B) GLS TO�OTGU HG[R OG LRJKRTS HIOWGKkGK PROL JO LGOL �P_SGKMTOTLSG� g[YTOS_kKR[G LSIH]RLST^JG �OR�WG� GLS TMNILLTZ[G �HXb  KISSGK NRkG �f� HIMMG [G MIOSKG [G
K_LJ[SRS LJTWROSb
������ � �
	
 �%*& π = (tk)

-$" ,0(&*&*%$ )" [0, T ] ; �*
lim|π|→0

∑

k x(tk−1)(f(tk) − f(tk−1))
"E*#&"8 0.%(# f "#& 1 40(*0&*%$ �$*"; �/C ; �(%&&"(8 &B;A58 ,0+" �6�

FR NKGJWG JST[TLG [G S]_IKVMG PG tRORH] uSGTO]RJLU HYGLS ` PTKG g LT X GLS JO GLNRHG
PG tRORH] GS Y JO GLNRHG WGHSIKTG[ OIKM_U (Tα) JOG LJTSG PYIN_KRSGJKL ZIKO_L PG X PROL
Y
SG[[G ^JG ∀x ∈ X, (Tα(x)) GLS ZIKO_GU R[IKL [R LJTSG PGL OIKMGL (‖ Tα ‖) GLS ZIKO_G PROL

R.
 RK K_HTNKI^JGU IO IZSTGOS PIOH ^JG LT V (f) = +∞, R[IKL [R [TMTSG OYGQTLSG NRLU HG ^JTGLS [G HRL NIJK f : t 7→ Bt

[G MIJWMGOS ZKIjOTGOb c[ XRJS PIOH SKIJWGK PYRJSKGL IJST[Lb
FYTP_G PG cSn R _S_ PG KGLSKGTOPKG [GL TOS_kKROPL RJQ NKIHGLLJL ^JT OG NGJWGOS NRL �WITK�
[GL RHHKITLLGMGOSL PJ XJSJKU HYGLS ` PTKG [GL NKIHGLLJL RPRNS_LU GO LIKSG ^JGU PJ MITOL
NIJK [G ZKIjOTGOU x(tk−1)

GS (Btk − Btk−1
) LITGOS TOP_NGOPROSL � RTOLTU NRK SKR�GHSITKG IOOG NGJS KTGO XRTKGU MRTL [YIO SKRWRT[[G GO NKIZRZT[TS_U GO GLN_KROHGb

FG N[RO GLS [G LJTWROS g RNKVL RWITK TOSKIPJTS [G NKIZ[VMG GS ^JG[^JGL OISRSTIOL �sbdbd�U
IO P_�OTS �sbdbs� PYRZIKP [YTOS_kKR[G LJK [GL NKIHGLLJL �LTMN[GL� PYGOLGMZ[G OIS_ S U �̂ JG[YIO WR P_�OTK� NJTL PROL sbdbe IO PIOOG [GL NKINKT_S_L PG HGSSG TOS_kKR[G LJK S HG ^JTNGKMGS PG NKI[IOkGK NRK HIOSTOJTS_ [YIN_KRSGJK IZSGOJ LJK [R XGKMGSJKG PG S NIJK JOGSINI[IkTG ZTGO H]ITLTGU GO LIKSG PYRWITK JOG ^JROSTS_ KRTLIOORZ[G PYTOS_kKROPLb

sd
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uITS M JOG MRKSTOkR[G HIOSTOJG PG HRKK_ TOS_kKRZ[G LJK JO GLNRHG PG NKIZRZT[TS_ �[SK_
(Ω,Ft, P) I� Ft

GLS NRK GQGMN[G [R �[SKRSTIO ORSJKG[[G PJ ZKIjOTGO HIMN[_S_G NRK [GL
_W_OGMGOSL O_k[TkGRZ[GLb  IJK SIJS NKIHGLLJL MGLJKRZ[G X U SIJS GOSTGK n GS SIJS SGMNL tIO P_�OTS g

In(X, t) =
∑

j

X(
j − 1

2n
∧ t)(M j

2n ∧t − M j−1
2n ∧t).

\GHT OYR NRL SIJ�IJKL JOG [TMTSGb pO WR LG KGLSKGTOPKG ` JOG H[RLLG PG NKIHGLLJL XMGLJKRZ[GL RPRNS_L NKGL^JG L�KGMGOS PG HRKK_ TOS_kKRZ[G NRK KRNNIKS RJ NKIHGLLJL HKITLi
LROS 〈M〉 P_�OT HTiPGLLIJLb
������� �
�
 @" ,(%/"##-# /(%*##0$& 〈M〉 "#& )'�$* 0- &"=,# t ,0( �

〈M〉t = lim
|π|→0

proba
∑

ti∈π

(Mti − Mti−1
)2

%� π #%$& ."# ,0(&*&*%$# )" [0, t].

FR HIOLSKJHSTIO PG I(X, t) GLS PJG ` cSn �d
�s� PROL [G HRL PGM MIJWGMGOS ZKIjOTGOU
GS ` �JOTSR GS �RSRORZG �d
�h� NIJK [GL MRKSTOkR[GL PG HRKK_ TOS_kKRZ[Gb
pO R WJ PROL [G H]RNTSKG NK_H_PGOS ^JG LT M = B R[IKL 〈B〉t = t.

�� ����� �
�
 @"# =0(&*$+0."# /%$&*$-"# )" /0((' *$&'+(0?." 0)="&&"$& -$ /(%/B"&;
xRNNG[ g

��������� �
�
 〈M〉t "#& . 2-$*>-" ,(%/"##-# /%$&*$- /(%*##0$& 0)0,&' &". >-"
M2

t − 〈M〉t "#& -$" =0(&*$+0.";
\GSSG NKINILTSTIO LGKS [G N[JL LIJWGOS PG P_�OTSTIO RJ HKIH]GS GS R[IKL [R P_�OTSTIO

fbse GO GLS JOG HIOL_^JGOHGb
������� g IO P_�OTS JOG MGLJKG LJK [R SKTZJ B(R+) ⊗ F NRK

µM(A) = E[

∫ ∞

0

1A(t, ω)d〈M〉t(ω)].

pO PTS ^JG X GS Y LIOS _^JTWR[GOSL LT X = Y µM p.s.������� g NIJK SIJS X RPRNS_U IO OISG [X]2T = E[
∫ T

0
X2

t d〈M〉t].xGMRK^JIOL ^JG X GS Y LIOS _^JTWR[GOSL LT GS LGJ[GMGOS LT [X]2T = 0 ∀T ≥ 0.

pO TOSKIPJTS [YGOLGMZ[G PGL NKIHGLLJL LJTWROSL g
�e� L(M) = { H[RLLGL PG NKIHGLLJL X MGLJKRZ[GL F iRPRNS_L SG[L ^JG sup

T
[X]T < +∞}

ss



^JG [YIO MJOTS PG [R M_SKT^JG g

���
d(X, Y ) =

∑

n≥1

2−n1 ∧ [X − Y ]n

NJTL [G LIJLiGOLGMZ[G PJ NK_H_PGOS g

L∗ = {X ∈ L NKIkKGLLTWGMGOS MGLJKRZ[G}
FIKL^JG [R MRKSTOkR[GM GLS SG[[G ^JG LIO NKIHGLLJL HKITLLROS 〈M〉 GLS RZLI[JMGOS HIOSTOJNRK KRNNIKS ` [R MGLJKG PG FGZGLkJGU HIMMG SIJS _[_MGOS PG L RPMGS JOG MIPT�HRSTIOPROL L∗ IO NIJKKR PROL HG HRL SKRWRT[[GK PROL L MRTL PG MROTVKG k_O_KR[G IO LG KGLSKGTOPKR` L∗ b
��������� �
�
 �%*& LT

. 2"$#"=?." )"# ,(%/"##-# X ="#-(0?."# 0)0,&'# #-( [0, T ]
&".#

>-" �
[X]2T = E[

∫ T

0

X2
s d〈M〉s] < +∞.

L∗
T
8 "$#"=?." )"# '.'="$&# )" LT

,(%+("##*4"="$& ="#-(0?."#8 "#& C "(=' )0$# LT ; �$,0(&*/-.*"(8 *. "#& /%=,."& ,%-( .0 $%(=" [.]T .

uITS JOG LJTSG PG L∗
T
U (Xn), HIOWGKkGROS WGKL X

g
[X −Xn]T → 0.

c[ LYRkTS PYJOG LJTSG
PROL JO GLNRHG L2 PIOH HIMN[GS GS X ∈ LT

GS [R HIOWGKkGOHG L2 TMN[T^JG [YGQTLSGOHG
PYJOG LJTSG GQSKRTSG HIOWGKkGROS NKGL^JG L�KGMGOSb uITS Y [R [TMTSG NKGL^JG L�KG LJK
Ω × [0, T ], HYGLS ` PTKG ^JG A = {(ω, t) : limn Xn

t (ω, t) GQTLSG} GLS PG NKIZRZT[TS_ 1 GS
Y (ω, t) = X(ω, t) LT (ω, t) ∈ A, 0 LTOIOb FG XRTS ^JG NIJK SIJS n, Xn ∈ L∗

T
MIOSKG ^JG

Y ∈ L∗
T
GS Y _^JTWRJS ` X b •

�
	
� �������� �� ��������� � ���� �� ������� ���

������� �
�
 �$ )*& >-" X "#& � ��� %- ���� # 2*. "E*#&" -$" #-*&" )" ('".# (ti)/(%*##0$& 4"(# . 2*$�$* "& -$" C0=*.." (ξi)
)" 40(*0?."# 0.'0&%*("# Fti−="#-(0?."# ?%($'"#&".."# >-" �

Xt = ξ01{0}(t) +
∞

∑

i=1

ξi1]titi+1](t).

pO OISG S [GJK GOLGMZ[G GS IO R [GL TOH[JLTIOL S ⊂ L∗ ⊂ L.
�̀ W_KT�GK GO GQGKHTHG�

������� g HR[HJ[GK [X]2T
[IKL^JG X ∈ S.

������� �
�
 �%*& X ∈ S ; @ 2*$&'+(0." #&%/B0#&*>-" )"X ,0( (0,,%(& 1M "#&

It(X) =

∞
∑

i=1

ξi(Mt∧ti+1
− Mt∧ti).

c[ LYRkTS MRTOSGOROS PY_SGOPKG HGSSG P_�OTSTIO ` JOG H[RLLG N[JL [RKkG PYTOS_kKROPLb

se



��  � �
�
 �%-( &%-& ,(%/"##-# ����� X ∈ L *. "E*#&" -$" #-*&" )" ,(%/"##-# Xn ∈ S&".." >-" supT≥0 limn E[
∫ T

0
(Xn − X)2dt] = 0.

������ �R� \RL I� X GLS HIOSTOJ g IO NILG Xn
t = X j−1

2n

LJK [YTOSGKWR[[G ] j−1
2n

j
2n ]b RK HIOSTOJTS_U T[ GLS H[RTK ^JG Xn

t → Xt
NKGL^JG L�KGMGOSb �G N[JL X GLS ZIKO_ NRK

]�NIS]VLG � [G S]_IKVMG PG HIOWGKkGOHG MR�IK_G NGKMGS PG HIOH[JKGb
�Z� HRL I� X ∈ L∗ g IO NILG Xm

t = m
∫ t

(t−1/m)+
Xsds

^JT [JT GLS HIOSTOJU GS KGLSG
MGLJKRZ[G RPRNS_ ZIKO_ PROL L b �YRNKVL [Y_SRNG �R� NIJK SIJS m

T[ GQTLSG JOG LJTSG Xm,n

PG NKIHGLLJL LTMN[GL ^JT HIOWGKkGOS WGKL Xm PROL L2([0, T ] × Ω, dP × dt) HYGLS ` PTKG g

��� ∀m ∀T lim
n→∞

E[

∫ T

0

(Xm,n
t − Xm

t )2dt] = 0.

uITS A = {(t, ω) ∈ [0, T ] × Ω : limm→∞ Xm
t (ω) = Xt(ω)}c GS LR LGHSTIO Aω

NIJK SIJS
ω b  JTL^JG X GLS NKIkKGLLTWGMGOS MGLJKRZ[GU Aω ∈ B([0, T ]). qO S]_IKVMG PYROR[�LG �OG������� � ����� ����� �� �������U HXb NRK GQGMN[G u��c� g �uTOkJ[RK cOSGkKR[L
ROP �ToGKGOSTRZT[TS�  KINGKSTGL IX aJOHSTIOL�� PTS ^JG NJTL^JG X GLS TOS_kKRZ[GU IO R g

Xm
t − Xt = m

∫ t

(t−1/m)+
(Xs − Xt)ds → 0

NIJK NKGL^JG SIJS t GS [R MGLJKG PG FGZGLkJG PG Aω
GLS OJ[[Gb  RK RT[[GJKLU X GS Xm

LIOS JOTXIKM_MGOS ZIKO_L � [G S]_IKVMG PG HIOWGKkGOHG MR�IK_G PROL [0, T ] MIOSKG ^JG
∀ω

∫ T

0
(Xs − Xm

x )2ds → 0 b
pO RNN[T^JG JOG LGHIOPG XITL [G S]_IKVMG PG HIOWGKkGOHG MR�IK_G MRTL PROL Ω GS [YIOIZSTGOS E[

∫ T

0
(Xs − Xm

x )2ds] → 0 HG ^JTU RWGH ���U HIOH[JS �Z�b
�H� �O�O [G HRL I� X GLS  �������� ������ ����� g IO LG KRMVOG RJ �Z� GO LG

KRNNG[ROS ^JG SIJS NKIHGLLJL MGLJKRZ[G RPRNS_ NILLVPG JOG MIPT�HRSTIO NKIkKGLLTWGMGOS
MGLJKRZ[GU LITS Y b c[ GQTLSG R[IKL JOG LJTSG Y n PG NKIHGLLJL LTMN[GL HIOWGKkGROS WGKL YPROL L2([0, T ] × Ω, dP × dt) LITS g

E[

∫ T

0

(Ys − Y m
s )2ds] → 0 GS ∀t P(Xt = Yt) = 1.

pO NILG ηt = 1{Xt 6=Yt}
b  RK [G S]_IKVMG PG aJZTOT IO IZSTGOS g

E[

∫ T

0

ηtdt] =

∫ T

0

P(Xt 6= Yt)dt = 0

PYI� [YIO STKG ∫ T

0
ηtdt = 0 NKGL^JG L�KGMGOSb

ηt + 1{Xt=Yt} = 1 ⇒ E[

∫ T

0

1{Xt=Yt}dt] = T GS 1{Xt=Yt} = 1 dt × dP
NKGL^JG L�KGMGOS

c[ WTGOS GO�O g

E[

∫ T

0

(Ys − Y m
s )2ds] = E[

∫ T

0

1{Xs=Ys}(Ys − Y m
s )2ds] = E[

∫ T

0

(Xs − Y m
s )2ds]

HG ^JT NGKMGS PG HIOH[JKGb •

s�



��������� �
�
 �* ." ,(%/"##-# /(%*##0$& 〈M〉t "#& 0?#%.-="$& /%$&*$- ,0( (0,,%(& 1 dt
P
�,("#>-" #�("="$&8 0.%(# S "#& )"$#" )0$# . 2"#,0/" ='&(*>-" (L, d) %� .0 ='&(*>-" d 0'&' )'�$*" "$ ���;
������
�T� uITS X ∈ L GS ZIKO_ g [G [GMMG NK_H_PGOS MIOSKG [YGQTLSGOHG PYJOG LJTSG PGNKIHGLLJL LTMN[GLXn HIOWGKkGROS WGKLX PROL L2(Ω×[0, T ], dP⊗dt), ∀T.

c[ GQTLSG PIOH JOG
LJTSG GQSKRTSG HIOWGKkGROS NKGL^JG L�KGMGOSb pO HIOH[JS RWGH [G S]_IKVMG PG HIOWGKkGOHG
PIMTO_G GS [G XRTS ^JG d〈M〉t = f(t)dt.

�TT� uITS X ∈ L GS NRL ZIKO_ g IO NILG Xn
t (ω) = Xt(ω)1{|Xt(ω)|≤n}

b FR PTLSROHG g

d(Xn, X) = E[

∫ T

0

X2
s1{|Xt(ω)|≥n}d〈M〉s] → 0

HRK [YTOS_kKROP HIOWGKkG NKGL^JG L�KGMGOS WGKL 0 U GLS MR�IK_ NRK X2 ^JT GLS TOS_kKRZ[G g
HYGLS [G S]_IKVMG PG HIOWGKkGOHG PIMTO_Gb
pK Xn ∈ L GS LIOS ZIKO_L g [GJK GOLGMZ[G GLS PGOLG PROL L b
�TTT� FGL NKIHGLLJL LTMN[GL LIOS PGOLGL PROL [GL NKIHGLLJL ZIKO_L PG L U �T� GS [G �TT�NGKMGSSGOS PG HIOH[JKGb •
\GSSG NKINILTSTIO RLLJKG PIOH [R PGOLTS_ PGL NKIHGLLJL LTMN[GL PROL L PROL [G HRL I� [GNKIHGLLJL HKITLLROS 〈M〉t GLS RZLI[JMGOS HIOSTOJ NRK KRNNIKS ` dt. uTOIOU IO R LGJ[GMGOS[R PGOLTS_ PGL NKIHGLLJL LTMN[GL PROL L∗ kK�HG ` [R NKINILTSTIO LJTWROSGb

��������� �
	�
 S "#& )"$#" )0$# . 2"#,0/" ='&(*>-" (L∗, d) %� .0 ='&(*>-" d 0 '&')'�$*" "$ ���;
������ g \YGLS [R NKINILTSTIO sbm GS [G [GMMG sbhb PG �sf�U NRkGL de�idehb

�� ����� �
		
 -&*." � .0 ='&(*>-" *$&(%)-*&" "$ ��� )%$$" .*"- 1 .0 &%,%.%+*" '>-*40."$&"#-*40$&" � d(Xn, X) → 0 >-0$) n
&"$) 4"(# . 2*$�$* #* "& #"-."="$& #*

∀T > 0, E[

∫ T

0

|Xn(t) − X(t)|2d〈M〉t] → 0.

�
	
� ����������� �� ��������� �� ��� ��������� ��� �������

pO KRNNG[[G ^JG NIJK JO NKIHGLLJL LTMN[G X [YTOS_kKR[G LSIH]RLST^JG

It(X) =
∞

∑

i=1

ξi(Mt∧ti+1
− Mt∧ti).

pO OISG RJLLT It(X) =
∫ t

0
XsdMs

NIJK ZTGO NK_HTLGK ^JG [YTOS_kKRSGJK GLS M. \GSSG TOS_ikKR[G LSIH]RLST^JG _[_MGOSRTKG R [GL NKINKT_S_L LJTWROSGL ` MIOSKGK GO GQGKHTHG g

s�



������� �b uITS S [YGOLGMZ[G PGL NKIHGLLJL LTMN[GL LJK [G^JG[ GLS P_�OT [YTOS_kKR[GLSIH]RLST^JG NRK KRNNIKS ` M
g

It(X) =
∑

j

ξj(Mtj+1∧t − Mtj∧t).

lIOSKGK ^JG It
W_KT�G [GL NKINKT_S_L LJTWROSGL g

�T�
It
GLS JOG RNN[THRSTIO [TO_RTKGb

�TT�
It(X) GLS PG HRKK_ TOS_kKRZ[Gb

�TTT�
It(X) GLS PYGLN_KROHG OJ[[Gb

�TW� It(X) GLS JOG MRKSTOkR[G HIOSTOJGb
�W� E[It(X)]2 = E[

∫ t

0
X2

s d〈M〉s].
�WT� E[(It(X) − Is(X))2/Fs] = E[

∫ t

s
X2

ud〈M〉u/Fs].

�WTT� 〈I.(X)〉t =
∫ t

0
X2

s d〈M〉s.xGMRK^JGK ^JG �W� MIOSKG ^JG It
GLS JOG TLIM_SKTGb

pO WR MIOSKGK ^JG [YIO NGJS _SGOPKG [G H]RMN PGL TOS_kKROPL RJ PG[` PGL NKIHGLLJL
LTMN[GL kK�HG RJQ K_LJ[SRSL PG PGOLTS_ PJ NRKRkKRN]G NK_H_PGOS GS ^JG [YIN_KRSGJK IZSGOJ
W_KT�G GOHIKG SIJSGL HGL NKINKT_S_Lb
��������� �
	�
 �%*& X ∈ L∗ "& -$" #-*&" )" ,(%/"##-# #*=,."# Xn /%$4"(+"0$& 4"(#
X ; �.%(#8 .0 #-*&" It(X

n) "#& -$" #-*&" )" !0-/B� )0$# L2(Ω) ; @0 .*=*&" $" )',"$) ,0#)" .0 #-*&" /B%*#*" �".." "#& $%&'" It(X) %- ∫ t

0
XsdMs

%- (X.M)t

�8 *$&'+(0." #&%/B0#&*>-")"X ,0( (0,,%(& 1 .0 =0(&*$+0."M.

������ g PYRNKVL [R NKINKT_S_ �W� HTiPGLLJL IO HR[HJ[G [R OIKMG L2 PG [R LJTSG It(X
n)
g

‖ It(X
n) − It(X

p) ‖2
2= E[

∫ t

0

|Xn
s − Xp

s |2d〈M〉s] → 0

NIJK SIJS t > 0 NJTL^JG d(Xn, Xp) → 0.
c[ GLS H[RTK NRK [G MzMG kGOKG PYRKkJMGOS ^JG

H]ROkGK PG LJTSG RNNKIH]ROS X OG H]ROkG NRL HGSSG [TMTSG g

‖ It(X
n) − It(Y

n) ‖2→ 0

GO MzMG SGMNL ^JG d(Xn, Y n) ≤ d(Xn, X) + d(X, Y n). •
pO MIOSKG MRTOSGOROS [GL NKINKT_S_L g

��������� �
	�
 �%*& X ∈ L∗ �.%(# �
�*�

It
"#& -$" 0,,.*/0&*%$ .*$'0*(";

�**�
It(X) "#& )" /0((' *$&'+(0?.";

�***�
It(X) "#& )2"#,'(0$/" $-..";

s�



�*4�
It(X) "#& -$" =0(&*$+0." /%$&*$-";

�4�
E[It(X)]2 = E[

∫ t

0
X2

s d〈M〉s].
�4*�

E[(It(X) − Is(X))2/Fs] = E[
∫ t

s
X2

ud〈M〉u/Fs].
�4* 2�

E[(It(X))2/Fs] = I2
s (X) + E[

∫ t

s
X2

ud〈M〉u/Fs].
�4**� 〈I.(X)〉t =

∫ t

0
X2

s d〈M〉s.
������ g [R N[JNRKS PGL NKINKT_S_L LYIZSTGOOGOS NRK NRLLRkG ` [R [TMTSG PROL L2 PGL

NKINKT_S_L W_KT�_GL NRK It(X
n) NIJK SIJS OU HIMMG NRK GQGMN[G �T� �TT� �TTT� �TW� � �NIJK�TW� OISGK ^JG [YGOLGMZ[G PGL MRKSTOkR[GL HIOSTOJGL PG HRKK_ TOS_kKRZ[G GLS HIMN[GS PROL

L2
�b
�W� GLS JOG HIOL_^JGOHG PG �WT� RWGH s = 0.
�WT� uITS s < t GS A ∈ Fs

GS [YIO HR[HJ[G g

E[
	

A(It(X) − Is(X))2] = lim
n

E[
	

A(It(X
n) − Is(X

n))2] =

lim
n

E[
	

A

∫ t

s

(Xn
u )2d〈M〉u] = E[

	
A

∫ t

s

X2
ud〈M〉u]

NJTL^JG d(Xn, 0) → d(X, 0).�WTT� GLS JOG HIOL_^JGOHG PG �WTY� GS PG [R PGJQTVMG HRKRHS_KTLRSTIO PJ HKIH]GS �fbs��b •
��������� �
	�
 �%-( &%-& &"=,# )20((�& S "& T, S ≤ T, "& t ≥ 0 %$ 0 �

E[It∧T (X)/FS] = It∧S(X).

�*
X "& Y ∈ L∗ 8 ,("#>-" #�("="$& �

E[(It∧T (X) − It∧S(X))(It∧T (Y ) − It∧S(Y ))/FS] = E[

∫ t∧T

t∧S

XuYud〈M〉u/FS].

������ g It(X) GLS JOG MRKSTOkR[G GS IO [JT RNN[T^JG [G S]_IKVMG PYRKKzS GOSKG [GLSGMNL PYRKKzS ZIKO_L S ∧ t GS T ∧ t.
 JTL [YIO KGMRK^JG ^JG E[It∧T (X)/FS] GLS FS∧tMGLJKRZ[GU PIOH _kR[G ` E[It∧T (X)/FS∧t].
\YGLS ` PTKG GQRHSGMGOS [G NKGMTGK NITOSb

�[[G GLS PG N[JL PG HKIH]GS 〈I.(X)〉t =
∫ t

0
X2

s d〈M〉s PIOH It(X)2 −
∫ t

0
X2

s d〈M〉s GLS JOGMRKSTOkR[G � IO RNN[T^JG ` OIJWGRJ [G S]_IKVMG PYRKKzS GOSKG [GL SGMNL PYRKKzS S ∧ t GS
T ∧ t. \YGLS ` PTKG

E[IT∧t(X)2 − IS∧t(X)2/FS∧t] = E[

∫ T∧t

S∧t

X2
ud〈M〉u/FS∧t].

pO IZSTGOS R[IKL [G PGJQTVMG NITOS NRK [R MzMG KGMRK^JG ^JG NIJK [G NKGMTGK LJK [R
MGLJKRZT[TS_U NJTL NRK NI[RKTLRSTIOb
•

sh



��� ��������� �	�������	�

/C ; 	%)-." 5 /B0,*&(" A;�HXb �sf�U NRkGL d�did�� � �ef�U NRkGL �mi�f� �G MzMG ^JG [YIO P_�OTS 〈M〉t HIMMG[TMTSG GO NKIZRZT[TS_ PGL LIMMGL PGL _HRKSL ^JRPKRST^JGL PG M U IO P_�OTS [R HIWRKTRSTIO^JRPKRST^JG PG PGJQ MRKSTOkR[GL HIOSTOJGL PG HRKK_ TOS_kKRZ[G M GS N
g LT π LIOS [GLNRKSTSTIOL PG [0, t] IO R

〈M, N〉t = lim
|π|→0

NKIZR ∑

ti∈π

(Mti+1
− Mti)(Nti+1

− Nti),

IJU HG ^JT GLS _^JTWR[GOS

4〈M, N〉t := 〈M + N〉t − 〈M − N〉t.

c[ � R PIOH [TGJU NIJK X GS Y ∈ L∗(M), PY_SJPTGK [G �HKIH]GS� 〈I(X), I(Y )〉. pO KRNiNG[[G PYRZIKP ^JG[^JGL K_LJ[SRSL JST[GL LJK [GL HKIH]GSL PGL MRKSTOkR[GL HIOSTOJGL PG HRKK_
TOS_kKRZ[Gb
��������� �
	�
 �%*&M "& N )"-E =0(&*$+0."# /%$&*$-"# )" /0((' *$&'+(0?."; �.%(# �

�*� |〈M, N〉t|2 ≤ 〈M〉t〈N〉t �
�**�

MtNt − 〈M, N〉t "#& -$" =0(&*$+0.";
������ g [G �T� LG MIOSKG LTMN[GMGOS HIMMG SIJSG TO_kR[TS_ PG \RJH]�b FG �TT� LG

P_PJTS PG HG ^JGU NJTL^JG M + N GLS JOG MRKSTOkR[G PG HRKK_ TOS_kKRZ[GU [R PTo_KGOHG
(M + N)2 − 〈M + N〉t GLS JOG MRKSTOkR[Gb •
��������� �
	�
 �%*& T -$ &"=,# )20((�& "& M "& N

)"-E =0(&*$+0."# /%$&*$-"# )"
/0((' *$&'+(0?."; �.%(# � 〈MT , N〉 = 〈M, NT 〉 = 〈M, N〉T .

 KGJWG g WITK  KISSGK �ef� S]bs�U NRkG �db
uITS π JOG NRKSTSTIO PG [0, t].

〈MT , N〉t = lim
|π|→0

∑

i

(MT
ti+1

− MT
ti

)(Nti+1
− Nti).

FR XRMT[[G ti ∧ T GLS JOG NRKSTSTIO PG [0, t ∧ T ].

〈M, N〉t∧T = lim
|π|→0

∑

i

(MT∧ti+1
− MT∧ti)(NT∧ti+1

− NT∧ti).

FR PTo_KGOHG GOSKG HGL PGJQ LIMMGL GLS OJ[[G LJK [Y_W_OGMGOS {T ≥ t} GS LJK [G HIMN[_iMGOSRTKG LG K_LJMG `
(MT − Mti)(Nt∧ti+1

− NT∧ti+1
)

[YTOPTHG i _SROS SG[ ^JG T ∈ [ti, tti+1
].
FR HIOSTOJTS_ PGL NKIHGLLJL GO �GJ MIOSKG ^JG [R

[TMTSG GLS NKGL^JG L�KGMGOS OJ[[GU PIOH RJLLT GO NKIZRZT[TS_b •

sm



������ � �
	�
 �*$'+0.*&' )" �-$*&0��0&0$0?"� �%*&M "& N )"-E =0(&*$+0."# /%$&*$�
-"# )" /0((' *$&'+(0?."8 X ∈ L∗(M) "& Y ∈ L∗(N). �.%(# ,("#>-" #�("="$& �

���
(

∫ t

0

|XsYs|d〈M, N〉s)2 ≤
∫ t

0

|Xs|2d〈M〉s
∫ t

0

|Ys|2d〈N〉s.

������ g
�T� IO KGMRK^JG PYRZIKP [YTO_kR[TS_ NKGL^JG L�KG g

〈M, N〉t − 〈M, N〉s ≤
1

2
(

∫ t

s

d〈M〉u +

∫ t

s

d〈N〉u)
HIOL_^JGOHG PG [YTO_kR[TS_ g

2
∑

i

(Mti+1
− Mti)(Nti+1

− Nti) ≤
∑

i

(Mti+1
− Mti)

2 +
∑

i

(Nti+1
− Nti)

2

I� [YIO NRLLG ` [R [TMTSG GO NKIZRZT[TS_U PIOH NKGL^JG L�KGMGOS NIJK JOG LJTSG GQSKRTSGb
uITS R[IKLA [G NKIHGLLJL HKITLLROS 〈M〉+〈N〉. FGL NKIHGLLJL HKITLLROSL 〈M〉, 〈N〉, 〈M, N〉LIOS SIJL RZLI[JMGOS HIOSTOJL NRK KRNNIKS ` Ab pO NGJS PIOH NILGK g

d〈M, N〉t = f(t)dAt, d〈M〉t = g(t)dAt, d〈N〉t = h(t)dAt.

�TT�  IJK SIJS a GS bU IO R g
∫ t

0

(aXs

√

g(s) + bYs

√

h(s))2dAs ≥ 0.

 RK [R M_S]IPG H[RLLT^JG PG SKRTSGMGOS PGL TO_kR[TS_L PG \RJH]�U T[ WTGOS g

�h�
(

∫ t

0

|XsYs|
√

g(s)h(s)dAs)
2 ≤

∫ t

0

|Xs|2d〈M〉s
∫ t

0

|Ys|2d〈N〉s.

�TTT�  IJK SIJS a [G NKIHGLLJL 〈aM + N〉 GLS HKITLLROSU PYI� g
∫ t

s

(a2g(u) + 2af(u) + h(u))dAu ≥ 0, ∀s ≤ t.

\IMMG A GLS HKITLLROSU HGHT TMN[T^JG ^JG [YTOS_kKROP GLS NILTSTXU LITS a2g(s) + 2af(s) +
h(s) ≥ 0 ∀a ∈ R, HYGLS ` PTKG f(s) ≤

√

g(s)h(s).\GHT KRNNKIH]_ PG �h� NGKMGS PG HIOH[JKGb •
��������� �
	�
 �%*& M "& N

)"-E =0(&*$+0."# /%$&*$-"# )" /0((' *$&'+(0?." 8 X ∈
L∗(M) "& Y ∈ L∗(N). �.%(# �

�m� 〈X.M, Y.N〉t =

∫ t

0

XuYud〈M, N〉u, ∀t ∈ R, P p.s.

"&

�
�
E[

∫ t

s

XudMu

∫ t

s

YudNu/Fs] = E[

∫ t

s

XuYud〈M, N〉u/Fs], ∀s ≤ t, P p.s.

s




������ g G[[G O_HGLLTSG [GL [GMMGL NK_NRKRSITKGL LJTWROSL g
��  � �
	�
 �%*& M "& N )"-E =0(&*$+0."# /%$&*$-"# )" /0((' *$&'+(0?." "& ,%-( &%-&
n Xn, X ∈ L∗(M)

&".# >-" ,%-( &%-& t �

lim
n

∫ t

0

|Xn
u − Xu|2d〈M〉u = 0, P p.s.

�.%(# �
〈IM(Xn), N〉t →n→∞ 〈IM(X), N〉t, P p.s.

������ �� ��  � g pO H]GKH]G ` _SRZ[TK [G KGLSG PG \RJH]�b

|〈IM(Xn), N〉t − 〈IM(Xp), N〉t|2 = |〈IM(Xn − Xp), N〉t|2

≤ 〈IM(Xn − Xp)〉t〈N〉t =

∫ t

0

|Xn
u − Xp

u|2d〈M〉u〈N〉t

[YTO_kR[TS_ NKIWGOROS PG [YTO_kR[TS_ PG \RJH]�iuH]jRKS� NIJK [GL HKIH]GSL �HXb [R NKINILTSTIO
sbd� �T��b FR HIOWGKkGOHG GLS R[IKL TMM_PTRSGMGOS P_PJTSG PG [Y]�NIS]VLGb •
��  � �
��
 �%*&M "&N )"-E =0(&*$+0."# /%$&*$-"# )" /0((' *$&'+(0?." "&X ∈ L∗(M) ;
�.%(# ,%-( ,("#>-" &%-& t �

〈IM(X), N〉t =

∫ t

0

Xud〈M, N〉uP p.s.

������ �� ��  � g LITS JOG LJTSG Xn PG NKIHGLLJL LTMN[GL RNNKIH]ROS X
g

lim
n

E[

∫ ∞

0

|Xn
u − Xu|2d〈M〉u = 0.

y
t �Q_U IO GQSKRTS JOG LJTSG HIOWGKkGROS P p.s. :

∫ t

0
|Xn

u − Xu|2d〈M〉u → 0.
FG [GMMG

sbd
 MIOSKG R[IKL g
�df� 〈IM(Xn), N〉t → 〈IM(X), N〉tP p.s.

pKU NIJK [GL NKIHGLLJL LTMN[GL g

〈IM(Xn), N〉t =
∑

i

Xn
ti

∑

sk∈[titi+1]

(Msk+1
− Msk

)(Nsk+1
− Nsk

)

^JT SGOP WGKL ∫ t

0
Xn

ud〈M, N〉u [IKL^JG supk |sk+1 − sk| → 0. �O�OU

|
∫ t

0

Xn
u d〈M, N〉u −

∫ t

0

Xud〈M, N〉u|2 =
�dd�

|
∫ t

0

(Xn
u − Xu)d〈M, N〉u|2 ≤

∫ t

0

|Xn
u − Xu|2d〈M〉u〈N〉t

ef



NRK [YTO_kR[TS_ �b�b��� GS [YIO NGJS NRLLGK ` [R [TMTSG NbLb ` PKITSG NRK HIOLSKJHSTIO PG
Xn.

y[IKL �dd� SGOP WGKL �_KI � HGSSG [TMTSG GS [R NK_H_PGOSG �df� MIOSKGOS [G K_LJ[SRSb •
������ �� �� ���������

�T� �O NILROS N1 = Y.N, [G [GMMG sbsf PIOOG g

〈X.M, N1〉t =

∫ t

0

Xud〈M, N1〉u GS 〈M, Y.N〉t =

∫ t

0

Yud〈M, N〉u

pO HIOH[JS NRK HIMNILTSTIO PGL TOS_kKRSTIOL ` WRKTRSTIO �OTGb
�TT� FR NKINKT_S_ GLS WKRTG NIJK [GL NKIHGLLJL LTMN[GL � NJTL [YIO NRLLG ` [R [TMTSG GO

NKIZRZT[TS_b
"E% : C "-*.." A;

��������� �
�	
 �%*& M -$" =0(&*$+0." /%$&*$-" )" /0((' *$&'+(0?." "& X ∈ L∗(M) ;
�.%(# X.M "#& . 2-$*>-" =0(&*$+0." /%$&*$-" )" /0((' *$&'+(0?."Φ $-.." "$ t = 0

&".." >-"
,%-( &%-&" =0(&*$+0." /%$&*$-" )" /0((' *$&'+(0?."N %$ 0*& �

〈Φ, N〉t =

∫ t

0

Xud〈M, N〉uP p.s.

������ g X.M W_KT�G GoGHSTWGMGOS HGSSG KG[RSTIO g HYGLS [G [GMMG sbsfb uITS R[IKL
Φ W_KT�ROS [GL ]�NIS]VLGL PG [R NKINILTSTIO � NIJK SIJSG MRKSTOkR[G HIOSTOJG PG HRKK_TOS_kKRZ[G N

g
〈Φ − X.M, N〉t = 0, P p.s.

�O NRKSTHJ[TGK LT [YIO H]ITLTS N = Φ − X.M,
T[ WTGOS 〈N〉t = 0 P p.s. LITS

Φ − X.M = 0, P p.s.

•
��������� �
��
 �%*& M "& N

)"-E =0(&*$+0."# /%$&*$-"# )" /0((' *$&'+(0?." 8 X ∈
L∗(M) "& Y ∈ L∗(N) "& T -$ &"=,# )20((�& &". >-" P p.s. �

Xt∧T = Yt∧T
"&Mt∧T = Nt∧T .

�.%(# �
(X.M)t∧T = (Y.N)t∧T .

������ g LITS H JOG MRKSTOkR[G HIOSTOJG PG HRKK_ TOS_kKRZ[G � NRK [R NKINILTSTIO sbd�g
〈M − N, H〉T = 〈MT − NT , H〉 = 0, P p.s.

�YJOG NRKS g

∀H, 〈X.M − Y.N, H〉t∧T =

∫ t∧T

0

Xud〈M, H〉u −
∫ t∧T

0

Xud〈N, H〉u

ed



GS PYRJSKG NRKS IO STKG PG [R NKINILTSTIO sbd� GS PJ [GMMG sbsf g

〈(X.M)T , H〉 = 〈X.M, H〉T =

∫ t∧T

0

Xud〈M, N〉u =

∫ t∧T

0

Yud〈N, H〉u
�YI� [YIO P_PJTS PG sbsd ^JG g
�ds� 〈X.M − Y.N, H〉T = 0, P p.s.
yTOLT (X.M − Y.N)T GLSiG[[G JOG MRKSTOkR[G IKS]IkIOR[G ` SIJSG MRKSTOkR[G HIOSTOJG PG
HRKK_ TOS_kKRZ[G GS GO NRKSTHJ[TGK ` G[[GiMzMGU G[[G GLS PIOH OJ[[Gb •
��������� �
��
 @ 2*$&'+(0." #&%/B0#&*>-" "#& 0##%/*0&*4" )0$# ." #"$# #-*40$& � #* H ∈
L∗(M) "& G ∈ L∗(H.M)8 0.%(# GH ∈ L∗(M) "& . 2%$ 0 �

G.(H.M) = GH.M

������ GO GQGKHTHG �eU XGJT[[G ��b wITK  KISSGK S]b d
 NRkG �� IJ �bub HIKI[[RTKG sbsfU
NRkG d��b •

��� ����������� ��� ������� �	� ����������� ��
����

\G HIKI[[RTKG WR NGKMGSSKG PY_SGOPKG [G H]RMNL PGL TOS_kKRSGJKL GS PGL TOS_kKROPLb �ROL
SIJS HG NRKRkKRN]GUM GLS JOG MRKSTOkR[G [IHR[G HIOSTOJGb
������� �
��
 �%*& P∗(M)

. 2"$#"=?." )"# ,(%/"##-# ,(%+("##*4"="$& ="#-(0?."# &".#
>-"

∀t,

∫ t

0

X2
s d〈M〉s < ∞, P p.s.

������� �
��
 �%*& X ∈ P∗(M) "& M -$" =0(&*$+0." .%/0." )" #-*&" .%/0.*#0$&" Sn ;�%*& Rn(ω) = inf{t/
∫ t

0
X2

s d〈M〉s ≥ n} "& Tn = Rn ∧ Sn �$ )'�$*& 0.%(# . 2*$&'+(0."#&%/B0#&*>-" )"X ,0( (0,,%(& 1M �

X.M = XTn.MTn #-( {t ≤ Tn(ω)}.
��������� �
��
 !2"#& -$" ?%$$" )'�$*&*%$ 0- #"$# %� #*
n ≤ m, XTn .MTn = XTm.MTm #-( {t ≤ Tm(ω)} "& ." ,(%/"##-# X.M 0*$#* )'�$* "#& -$"
=0(&*$+0." .%/0.";

������ g FG HIKI[[RTKG SGKMTOROS [R LGHSTIO NK_H_PGOSG PTS ^JG LT t ≤ Tm

g

(XTm .MTm)Tn
t = (XTm∧Tn .MTm∧Tn)t = (XTm.MTm)t.

�G N[JLU ` HRJLG PG HG HIKI[[RTKGU HGSSG P_�OTSTIO OG P_NGOP NRL PG [R LJTSG H]ITLTG
�O�OU NRK HIOLSKJHSTIOU NIJK SIJS n, (X.M)Tn GLS JOG MRKSTOkR[G HG ^JT WGJS PTKG GQi
RHSGMGOS ^JG X.M RTOLT P_�OTG GLS JOG MRKSTOkR[G [IHR[Gb •
\GSSG TOS_kKR[G LSIH]RLST^JG OG kRKPG NRL SIJSGL [GL �ZIOOGL� NKINKT_S_Lb �O NRKiSTHJ[TGKU IO NGKP SIJS HG ^JT XRTS TOSGKWGOTK [GL GLN_KROHGL �GO k_O_KR[U X.M OYGLS NRL

TOS_kKRZ[G� PIOH [GL GLN_KROHGL HIOPTSTIOOG[[GLb �O KGWROH]G g

es



��������� �
��
 �%*& M -$" =0(&*$+0." .%/0." /%$&*$-" "& X ∈ P(M). �.%(# X.M"#& . 2-$*>-" =0(&*$+0." .%/0."Φ
&".." >-" ,%-( &%-&" =0(&*$+0."N /%$&*$-" )" /0((' *$&'�

+(0?." �
〈Φ, N〉t =

∫ t

0

Xud〈M, N〉u.

������ g \YGLS [R WGKLTIO �[IHR[G� PG [R NKINILTSTIO sbsdb uJK [Y_W_OGMGOS {t ≤
Tn}, X.M = XTn.MTn GS W_KT�G NIJK SIJS t,

SIJS n GS SIJSG MRKSTOkR[G N,

〈XTn.MTn , N〉t =

∫ t

0

XTn∧sd〈MTn , N〉s

HYGLS ` PTKG ∫ Tn∧t

0
Xud〈M, N〉u ^JT HIOWGKkG NKGL^JG L�KGMGOS WGKL

∫ t

0
Xud〈M, N〉u ^JROP

n
SGOP WGKL [YTO�OTb
x_HTNKI^JGMGOSU NIJK SIJSG MRKSTOkR[GN IO R [Y_kR[TS_ NKGL^JG L�KG 〈Φ−X.M, N〉t =

0. �O NRKSTHJ[TGK NIJKN = (Φ−X.M)Tn . �IOHU NIJK SIJSG LJTSG [IHR[TLROSGU [R MRKSTOkR[G
(Φ − X.M)Tn GLS PG HKIH]GS OJ[ � G[[G GLS PIOH OJ[[G GS NKGL^JG L�KGMGOS Φ = X.M.pO R JST[TL_ TMN[THTSGMGOS ^JG ^JG XT .M = (X.M)T RTOLT ^JG [G K_LJ[SRS LJK [YRKKzS PGL
HKIH]GSL sbd�b •

ee
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/C ; 	%)-." : /B0,*&(" A;�HXb �sf�U NRkGL d�
id�� GS �ef�U NRkGL hfime�
\YGLS JO IJST[ ^JT NGKMGS PJ HR[HJ[ TOS_kKIPTo_KGOSTG[U ^JG [YIO RNNG[[G HIMMJO_MGOS

�HR[HJ[ PG cSn�b \YGLS PJ HR[HJ[ LJK [GL SKR�GHSITKGL PGL NKIHGLLJLU PIOH [R HIOORTLLROHG PG
HG ^JT LG NRLLG NIJK JOG K_R[TLRSTIO ω PG [YR[_Rb
pO KRNNG[[G PYRZIKP HG ^JYGLS [YTOS_kKR[G NRK KRNNIKS ` PGL NKIHGLLJL ` WRKTRSTIO �OTGb

������� �
	
 �%*& A -$ ,(%/"##-# /%$&*$-; �$ )*& >- 2*. "#& � ������� ��� #* ,%-(&%-& t '&0$& )%$$'"# ."# ,0(&*&*%$# π
)" [0, t] %$ 0 �

lim
|π|→0

∑

ti∈π

|Ati+1
− Ati | < ∞ P p.s.

�G SG[L NKIHGLLJLU ` ω �Q_U PIOOGOS [TGJ ` PGL TOS_kKR[GL PG uSTG[S�GLb
������ � �
�
 �/C ; �(%&&"(8 &B; 
: ,0+" �:� �%*& A -$ ,(%/"##-# /%$&*$- 1 40(*0&*%$�$*"8 "& f )" /.0##" C1. �.%(#8 f(A.)

"#& -$ ,(%/"##-# /%$&*$- 1 40(*0&*%$ �$*" "& �

f(At) = f(A0) +

∫ t

0

f ′(As)dAs.

c[ LYRkTS LTMN[GMGOS PG [R XIKMJ[G PG �R�[IK ` [YIKPKG 1.
\GL NKIHGLLJL RWGH [GL MRKSTOkR[GL [IHR[GL HIOSTOJGL GOkGOPKGOS JO GOLGMZ[G RLLG�

WRLSG PYTOS_kKRSGJKL ^JG [YIO WR MRTOSGOROS HIOLTP_KGKb
������� �
�
 �$ 0,,".." �� 
 ������� ������� -$ ,(%/"##-# X #-( -$ "#,0/"
)" ,(%?0?*.*&' � .&(' (Ω,F ,Ft, P)

)'�$*
P
,;#; ,0( �

Xt = X0 + Mt + At, ∀t ≥ 0,

%� X0
"#& F0

�="#-(0?."8M "#& -$" =0(&*$+0." .%/0." /%$&*$-" "& A = A+ − A− 04"/ A+

"& A− ,(%/"##-# /%$&*$-# /(%*##0$&# 1 40(*0&*%$ �$*" 0)0,&'#;
������ g LIJL [Y]�NIS]VLG ypyU [GL NKTQ LIOS PGL LGMTiMRKSTOkR[GLU HXb �h�b

��� ����� �� ���� �	 ����	�� �� 
��������� �� �������

������ � �
�
 �)� 1 �&�8 :9�� "& 1 �-$*&0��0&0$0?'8 :9��� �%*& f ∈ C2(R, R) "& X-$" #"=*�=0(&*$+0." /%$&*$-"; �.%(#8 P p.s. "& ,%-( &%-& t ,%#*&*C �

f(Xt) = f(X0) +

∫ t

0

f ′(Xs)dMs +

∫ t

0

f ′(Xs)dAs +
1

2

∫ t

0

f”(Xs)d〈M〉s
%� .0 ,("=*�(" *$&'+(0." "#& -$" *$&'+(0." #&%/B0#&*>-" "& ."# )"-E 0-&("# )"# *$&'+(0."# )"
�&*".&� "#;

e�



������� ����������� g IO PTS NRKXITL ^JG [R PTo_KGOSTG[[G LSIH]RLST^JG PG f(Xt)GLS g
df(Xs) = f ′(Xs)dXs +

1

2
f”(Xs)d〈X〉s,

PYI� [R NILLTZT[TS_ PYJO HR[HJ[ PTo_KGOSTG[ LSIH]RLST^JGb pO NGJS M_MIKTLGK HGSSG XIKMJ[G
GO LG PTLROS ^JYT[ LYRkTS PYJOG GLNVHG PG XIKMJ[G PG �R�[IK ` [YIKPKG 2.������g G[[G LG XRTS GO ^JRSKG _SRNGL g
IO �[IHR[TLG� NIJK LG KRMGOGK RJ HRL ZIKO_U
IO GoGHSJG JO P_WG[INNGMGOS PG �R�[IK PG [R XIOHSTIO f ` [YIKPKG 2,
IO _SJPTG [G SGKMG ^JT PIOOG [TGJ ` [YTOS_kKR[G LSIH]RLST^JGU
GS GO�O HG[JT GO WRKTRSTIO ^JRPKRST^JGb

�d� uITS [G SGMNL PYRKKzS

Tn = 0 LT |X0| ≥ n,

inf{t ≥ 0; |Mt| ≥ n IJ |At| ≥ n IJ 〈M〉t ≥ n}
GS [YTO�OT LTOIOb

\GSSG LJTSG PG SGMNL PYRKKzS GLS _WTPGMMGOS HKITLLROSG WGKL [YTO�OT NKGL^JG L�KGMGOSb
\IMMG [R NKINKT_S_ ` P_MIOSKGK GLS SKR�GHSIKTG[[GU T[ LJ�S PG [R MIOSKGK NIJK [G NKIHGLi
LJL RKKzS_ GO Tn

�NJTL XRTKG SGOPKG n WGKL [YTO�OT�b pO NGJS PIOH LJNNILGK [GL NKIHGLLJL
M, A, 〈M〉 GS [R WRKTRZ[G R[_RSITKGX0

ZIKO_Lb FG NKIHGLLJL X GLS RJLLT [JTiMzMG ZIKO_ GS[YIO NGJS HIOLTP_KGK f ` LJNNIKS HIMNRHS g f, f ′, f” GS f (3) LIOS ZIKO_GLb

�s�  IJK RSSGTOPKG HGSSG XIKMJ[GU GS GO NRKSTHJ[TGK [G SGKMG TOS_kKR[G LSIH]RLST^JGU IO
P_HIJNG [YTOSGKWR[[G [0, t] GO JOG NRKSTSTIO π = (ti, i = 1, ..., n) GS [YIO _SJPTG [GL RHHKITLLGiMGOSL PG f(Xt)

LJK HGSSG NRKSTSTIO g

f(Xt) − f(X0) =
n−1
∑

i=0

(f(Xti+1
) − f(Xti)) =

�de�

n−1
∑

i=0

f ′(Xti)(Mti+1
− Mti) +

n−1
∑

i=0

f ′(Xti)(Ati+1
− Ati) +

1

2

n−1
∑

i=0

f”(ηi)(Xti+1
− Xti)

2,

I� ηi ∈ [Xti , Xti+1
].c[ GLS H[RTK ^JG [G PGJQTVMG SGKMG HIOWGKkG WGKL [YTOS_kKR[G PG uSTG[S�GL PG f ′(Xs)

NRK
KRNNIKS ` A.

c[ OY� R [` KTGO PG LSIH]RLST^JGb
�e�  IJK [G NKGMTGKU HIOLTP_KIOL [G NKIHGLLJL LTMN[G RLLIHT_ ` [R NRKSTSTIO π

g

Y π
s = f ′(Xti)

LT s ∈]ti, ti+1].

y[IKL HG NKGMTGK SGKMG GLS _kR[ NRK P_�OTSTIO ` ∫ t

0
Y π

s dMs.
pKU

∫ t

0

|Y π
s − f ′(Xs)|2d〈M〉s =

n−1
∑

i=0

∫ ti+1

ti

|f ′(Xti) − f ′(Xs)|2d〈M〉s.

e�



FYRNN[THRSTIO s 7→ f ′(Xs)
_SROS HIOSTOJGU [YTOS_kKROP HTiPGLLJL HIOWGKkG NKGL^JG L�KGMGOS

WGKL �_KIb FG XRTS ^JG f ′ GLS ZIKO_G GS [G S]_IKVMG PG HIOWGKkGOHG PIMTO_G NGKMGS PG
MIOSKGK ^JG Y π

s
HIOWGKkG WGKL f ′(Xs)

PROL L2(dP × d〈M〉) g NRK P_�OTSTIOU [G NKGMTGKSGKMG HIOWGKkG PROL L2 WGKL [YTOS_kKR[G LSIH]RLST^JG
∫ t

0

f ′(Xs)dMs.

��� ��� � �� ������� ���������� g IO [G P_HIMNILG GO SKITL SGKMGL g

n−1
∑

i=0

f”(ηi)(Xti+1
− Xti)

2 =
n−1
∑

i=0

f”(ηi)(Mti+1
− Mti)

2�d��

+

n−1
∑

i=0

f”(ηi)(Mti+1
− Mti)(Ati+1

− Ati) +

n−1
∑

i=0

f”(ηi)(Ati+1
− Ati)

2

\G PGKOTGK SGKMG GLS MR�IK_ NRK ‖f”‖ supi |∆iA|∑n−1
i=0 |∆iA| PIOS [G NKGMTGK XRHSGJK GS[G SKITLTVMG LIOS ZIKO_L NRK ]�NIS]VLG � GS supi |∆iA| SGOP WGKL �_KI NKGL^JG L�KGMGOSNJTL^JG A GLS HIOSTOJb

pO MR�IKG [G LGHIOP SGKMG NRK ‖f”‖ supi |∆iM |∑n−1
i=0 |∆iA| GS ^JT HIOWGKkG PG [RMzMG XR#IO NKGL^JG L�KGMGOS WGKL �_KI NJTL^JG M GLS HIOSTOJGb

FG NKGMTGK SGKMG PG �d�� PToVKG �NGJ� PG

n−1
∑

i=0

f”(Xti)(Mti+1
− Mti)

2.

�O GoGS g

n−1
∑

i=0

(f”(ηi) − f”(Xti))(∆iM)2 ≤ sup
i

|f”(ηi) − f”(Xti)|
n−1
∑

i=0

(∆iM)2

PIOS [G NKGMTGK XRHSGJK SGOP NKGL^JG L�KGMGOS WGKL �_KI NRK HIOSTOJTS_ PG f” GS [G LGHIOPSGOP WGKL 〈M〉t U NRK P_�OTSTIOU GO NKIZRZT[TS_ PIOH JOG LJTSG GQSKRTSG HIOWGKkG NKGL^JGL�KGMGOSb FG NKIPJTS SGOP R[IKL WGKL �_KI PROL L2 NRK [G S]_IKVMG PG HIOWGkGOHG PIMTO_Gb
pO R PIOH ` _SJPTGK

n−1
∑

i=0

f”(Xti)(Mti+1
− Mti)

2

^JG [YIO HIMNRKG `∑n−1
i=0 f”(Xti)(〈M〉ti+1

−〈M〉ti) PIOS [R [TMTSG PROLL2 GLS ∫ t

0
f”(Xs)d〈M〉sNJTL^JG

i NRK HIOSTOJTS_ [G NKIHGLLJL LTMN[G _kR[ ` f”(Xti)
LJK ]ti, ti+1]

HIOWGKkG NKGL^JG L�KGi
MGOS WGKL f”(Xs)

�

e�



i GS [G S]_IKVMG PG HIOWGKkGOHG PIMTO_G NGKMGS PG HIOH[JKGb
uITS PIOH [R PTo_KGOHG g

n−1
∑

i=0

f”(Xti)[(Mti+1
− Mti)

2 − (〈M〉ti+1
− 〈M〉ti)]

PIOS IO _SJPTG [R [TMTSG PROL L2 � PROL [YGLN_KROHG PJ HRKK_ LITS [GL SGKMGL KGHSROk[GL g

i < k : E[f”(Xti)f”(Xtk)(∆iM
2 − 〈M〉ti+1

ti )(∆kM
2 − 〈M〉tk+1

tk
)]

 RK GLN_KROHG HIOPTSTIOOG[[G GO Fti
IO P_PJTS ^JG HGL SGKMGL LIOS OJ[L NJTL^JGM2 −〈M〉GLS JOG MRKSTOkR[Gb xGLSGOS [GL SGKMGL HRKK_L g

∑

i

E[(f”(Xti))
2(∆iM

2 − 〈M〉ti+1

ti )2] ≤ 2‖f”‖2
∞

∑

i

[E(∆iM
4) + E((〈M〉ti+1

ti )2)]

≤ 2‖f”‖2
∞E[(sup

i
∆iM

2
∑

i

∆iM
2) + sup

i
(〈M〉ti+1

ti )〈M〉t]

�ROL [R MR�IKRSTIOU supi ∆iM
2 GS supi(〈M〉ti+1

ti ) LIOS ZIKO_L GS HIOWGKkGOS NKGL^JG L�KGiMGOS WGKL �_KI NRK HIOSTOJTS_ �∑
i ∆iM

2 HIOWGKkG WGKL 〈M〉t GO NKIZRZT[TS_ NRK P_�OTSTIO� IO R PIOH k[IZR[GMGOS NRK [G S]_IKVMG PG HIOWGKkGOHG PIMTO_G [R HIOWGKkGOHG WGKL �_KI
PROL L1 RJ MITOL NIJK JOG LJTSG GQSKRTSGb

�O HIOH[JLTIOU [R LJTSG PGL LIMMGL �de� HIOWGKkG GO NKIZRZT[TS_ WGKL [G K_LJ[SRS ROOIOH_
PROL [G S]_IKVMG � IO HIOH[JS RWGH [R HIOWGKkGOHG NKGL^JG L�KG PYJOG LJTSG GQSKRTSGb

�
	
	 ������� ��� �� ����������

pO NGJS k_O_KR[TLGK RLLG� [RKkGMGOS HG K_LJ[SRS ` PGL XIOHSTIOL PG LGMTiMRKSTOkR[GL WGHiSIKTG[[GL ^JT P_NGOPGOS _kR[GMGOS PJ SGMNLb
��������� �
�
 �%*& M -$ 4"/&"-( )" )*="$#*%$ d

)" =0(&*$+0."# .%/0."# /%$&*$-"#8
A -$ 4"/&"-( )" )*="$#*%$ d

)" ,(%/"##-# /%$&*$-# 0)0,&'# 1 40(*0&*%$ �$*" "& X0
-$"

40(*0?." 0.'0&%*(" F0
�="#-(0?." � #%*& f ∈ C1,2(R+, Rd). �$ ,%#" Xt = X0 + Mt + At.

�.%(#8 P ,("#>-" #�("="$& �

f(t, Xt) = f(0, X0) +

∫ t

0

∂tf(s, Xs)ds +

∫ t

0

∂if(s, Xs)dM i
s +

∫ t

0

∂if(s, Xs)dAi
s

+
1

2

∫ t

0

∑

ij

∂2
ijf(s, Xs)d〈M i, M j〉s

������ g ` K_PTkGK GO NKIZ[VMGb
FIKL^JG f GS LGL P_KTW_GL LIOS ZIKO_GL GS ^JG M GLS JOG MRKSTOkR[G PG HRKK_ TOS_kKRZ[GU

eh



[G SGKMG TOS_kKR[G LSIH]RLST^JG HTiPGLLJL GLS JOG �WKRTG�MRKSTOkR[GU OJ[[G ` [YIKTkTOG GS T[
WTGOS g

f(t, Xt)−f(0, X0)−
∫ t

0

∂tf(s, Xs)ds−
∫ t

0

∂if(s, Xs)dAi
s−

1

2

∫ t

0

∂2
ijf(s, Xs)d〈M i, M j〉s ∈ M

 RK GQGMN[GU LT A = 0 GS X = M GLS [G ZKIjOTGOU IO IZSTGOS g

f(t, Xt) − f(0, X0) −
∫ t

0

Lf(s, Xs)ds ∈ M

I� [YIN_KRSGJK PTo_KGOSTG[ L = ∂t + 1
2

∑

i ∂
2
ii.

�G cSn IO NGJS P_PJTKG [R LI[JSTIO PG HG ^JG [YIO RNNG[[G �[Y_^JRSTIO PG [R H]R[GJK�U
HYGLS ` PTKG [Y_^JRSTIO RJQ P_KTW_GL NRKSTG[[GL g

f ∈ C1,2(R+, Rd), ∂tf =
∑

i

1

2
∂2

iif
GS f(0, x) = ϕ(x)

I� ϕ ∈ C2
b (R

d) GS PIOS [YJOT^JG LI[JSTIO GLS PIOO_G NRK

f(t, x) = E[ϕ(x + Bt)]

c[ GLS XRHT[G PG WITK ^JG HGSSG XIOHSTIO GLS GoGHSTWGMGOS LI[JSTIO GO JST[TLROS [R XIKMJ[G PG
cSn � [YJOTHTS_ PGMROPG JO NGJ N[JL PG SKRWRT[b
 IJK [G HIKI[[RTKG LJTWROSU IO PIOOG [R OISRSTIOiP_�OTSTIO LJTWROSG g

������� �
�
 #* X "#& .0 #"=*�=0(&*$+0." ('".." /%$&*$-" X0 + M + A, %$ $%&" 〈X〉/" >-* "$ C0*& "#& 〈M〉. 	" =�=" ,%-( )"-E #"=*�=0(&*$+0."# /%$&*$-"# X "& Y, %$ $%&"
〈X, Y 〉 ." /(%/B"& )" ."-(# ,0(&*"# =0(&*$+0."#;
��������� �
�
 �%*"$& )"-E #"=*�=0(&*$+0."# /%$&*$-"# ('".."# X "& Y � 0.%(# �

∫ t

0

XsdYs = XtYt − X0Y0 −
∫ t

0

YsdXs − 〈X, Y 〉t.

�. # 20+*& )" /" >-" . 2%$ 0,,".." .0 ��� ��� ���������� ��� ������;
������ g GO GQGKHTHG � HYGLS JOG LTMN[G RNN[THRSTIO PG [R XIKMJ[G PG cSnb

em



� ����
��� �������	��� �	������	����� ��������	����

c[ � R PYRJSKGL RNN[THRSTIOL PG [R XIKMJ[G PG cSn g JOG kKROPG JST[TS_ PJ MIJWGMGOS tKIjOiTGO ^JG [YIO NGJS MGSSKG THT GO _WTPGOHG GLS ^JYT[ LGKS ` MIP_[TLGK JO ZKJTS RPPTSTXU JOG
GKKGJK PG MGLJKG PROL JOG _^JRSTIO PTo_KGOSTG[[Gb uJNNILROS NRK GQGMN[G JOG P�ORMT^JG
PIOO_G NRK g

ẋ(t) = a(t)x(t), t ∈ [0, T ], x(0) = x.
lRTL IO OYR NRL GQRHSGMGOS HGHTU ` [R WTSGLLG LYR�IJSG JO NGSTS ZKJTSU GS [YIO MIP_[TLG RTOLT
[R P�ORMT^JG g

dXt = a(t)Xtdt + b(t)dBt, t ∈ [0, T ], X0 = x,
^JG [YIO RNNG[[G JOG ������� ����������� �����������b pO OYGO SKRTSGKR NRL [R
S]_IKTG PROL HG HIJKLU MRTL IO GO PIOOG JO RJSKG GQGMN[G HTiPGLLIJLb

��� 	������������ ���
������	�

uT [YIO HIOLTPVKG [R XIOHSTIO PG H[RLLG C∞, f : x 7→ ex, GS JOG LGMTiMRKSTOkR[G HIOSTOJGOJ[[G GO 0, X U IO NGJS RNN[T^JGK [R XIKMJ[G PG cSn RJ NKIHGLLJL Zt = exp(Xt − 1
2
〈X〉t).

c[
WTGOS g

Zt = 1 +

∫ t

0

[exp(Xs −
1

2
〈X〉s)(dXs −

1

2
d〈X〉s) +

1

2
exp(Xs −

1

2
〈X〉s)d〈X〉s].

uITS RNKVL LTMN[T�HRSTIO g

Zt = 1 +

∫ t

0

exp(Xs −
1

2
〈X〉s)dXs,

IJ ZTGO GO OISRSTIO PTo_KGOSTG[[G g

dZs = ZsdXs.

\YGLS JO RJSKG GQGMN[G PY_^JRSTIO PTo_KGOSTG[[G �LSIH]RLST^JG�b pO R [G K_LJ[SRS LJTWROS g
������ � �
	
 �%*&X -$" #"=*�=0(&*$+0." /%$&*$-"8X0 = 0. �.%(# *. "E*#&" -$" -$*>-"#"=*�=0(&*$+0." /%$&*$-" #%.-&*%$ )" . 2'>-0&*%$ )*� '("$&*".." #&%/B0#&*>-" #-*40$&" �

�d�� Zt = 1 +

∫ t

0

ZsdXs

"& ".." # 2"E,.*/*&" "$ �
Zt(X) = exp(Xt −

1

2
〈X〉t).

FR XIKMJ[G PG cSn MIOSKG ^JG HG NKIHGLLJL GLS GoGHSTWGMGOS LI[JSTIO PG [Y_^JRSTIO
PGMROP_Gb
�E"(/*/" � =%$&("( . 2-$*/*&' "$ #-,,%#0$& >- 2*. "E#*#&" )"-E #%.-&*%$# Z "& Z ′ "& "$ 0,,.*�
>-0$& .0 C %(=-." )" �&% 0- >-%&*"$& Yt = Zt

Z′
t
.

e




������� �
�
 �%*& X -$" #"=*�=0(&*$+0." /%$&*$-"8 X0 = 0. �$ 0,,".." �������
����� ����������� )"X, $%&'" E(X),
. 2-$*>-" #%.-&*%$ )" . 2'>-0&*%$ )*� '("$&*".." �:A�;

��� ��� g uITS X = aB IJ a GLS JO K_G[ GS B [G MIJWGMGOS ZKIjOTGO � R[IKL
Et(aB) = exp(aBt − 1

2
a2t) NRKXITL RNNG[_ [G �MIJWGMGOS ZKIjOTGO k_IM_SKT^JG�b

pO PIOOG ^JG[^JGL K_LJ[SRSL LJK HGL GQNIOGOSTG[[GL LSIH]RLST^JGLb
������ � �
�
 �/C �
6�8 &B; 
�� �%*& X "& Y

)"-E #"=*�=0(&*$+0."# /%$&*$-"#8 X0 =
Y0 = 0. �.%(#

E(X)E(Y ) = E(X + Y + 〈X, Y 〉).
������ g IO NILG Ut = Et(X) GS Vt = Et(Y ) GS [YIO RNN[T^JG [R XIKMJ[G PYTOS_kKRSTIONRK NRKSTGL �ebh�g

UtVt − 1 =

∫ t

0

UsdVs + VsdUs + d〈U, V 〉s
�O NILROS W = UV GS GO JST[TLROS [R P_�OTSTIO PTo_KGOSTG[[G PG [YGQNIOGOSTG[[G LSIH]RLiST^JG IO IZSTGOS [G K_LJ[SRSb •
��������� �
�
 �%*&X -$" #"=*�=0(&*$+0." /%$&*$-"8X0 = 0. �.%(# . 2*$4"(#" E−1

t (X) =
Et(−X + 〈X〉)

�("-4" "$ "E"(/*/";
pO NGJS HIOLTP_KGK PGL _^JRSTIOL PTo_KGOSTG[[GL LSIH]RLST^JGL [TO_RTKGL JO NGJ N[JL

k_O_KR[GLb
������ � �
�
 �/C �
6�8 &B; A58 ,0+" 5��;� �%*& Z "&H )"-E #"=*�=0(&*$+0."# /%$&*$-"#
('".."#8 Z0 = 0. �.%(# . 2'>-0&*%$ )*� '("$&*".." #&%/B0#&*>-" �

Xt = Ht +

∫ t

0

XsdZs

0)="& ,%-( -$*>-" #%.-&*%$

EH(Z)t = Et(Z)(H0 +

∫ t

0

E−1
s (Z)(dHs − d〈H, Z〉)s).

������ g IO JST[TLG [R M_S]IPG PG WRKTRSTIO PGL HIOLSROSGLb pO LJNNILG ^JG [R LI[JSTIO
GLS PG [R XIKMG g

Xt = Et(Z)Ct

^JG [YIO P_KTWG NRK [R XIKMJ[G PG cSn g

dXt = CtdEt(Z) + Et(Z)dCt + d〈E(Z), C〉t
LITS GO KGMN[R#ROS dEt(Z) NRK LR WR[GJK GS GO JST[TLROS [R XIKMG NRKSTHJ[TVKG PG X

g

dXt = XtdZt + Et(Z)[dCt + d〈Z, C〉t].
�f



uT X GLS LI[JSTIO PG [Y_^JRSTIO PGMROP_GU T[ WTGOS NRK TPGOST�HRSTIO PGL PGJQ XIKMGL PG
[Y_[_MGOS PTo_KGOSTG[ dXt

g

dHt = Et(Z)[dCt + d〈Z, C〉t].
pKU NJTL^JG Et(Z) GLS JOG GQNIOGOSTG[[G GS ^JG (Zt − 1

2
〈Z〉t) GLS �OTU E−1

t (Z) GQTLSG GS

dCt = E−1
t (Z)dHt − d〈Z, C〉t

PYI� T[ WTGOS g
d〈Z, C〉t = E−1

t (Z)d〈H, Z〉t
LITS �OR[GMGOS g

dCt = E−1
t (Z)[dHt − d〈H, Z〉t].

�pO R JST[TL_ ^JG [R HIWRKTRSTIO PG C GS Z GLS [R MzMG ^JG HG[[G PG Et(Z)−1.H GS Z
�b •

��� ���������������
�

qO RJSKG GQGMN[G TMNIKSROS JST[TL_ GO �OROHG �NRK GQGMN[G NIJK MIP_[TLGK [R P�ORMT^JG
PGL SRJQ� GLS HG[JT PG [Y_^JRSTIO PY�������
��������� �HX �sf�U NRkG e�m� g

dXt = a(t)Xtdt + b(t)dBt, t ∈ [0, T ], X0 = x

RWGH a GS b PGL NKIHGLLJL F−RPRNS_LU a NKGL^JG L�KGMGOS TOS_kKRZ[G GO SGMNL GS b ∈
L2(Ω × [0, T ], dP ⊗ dt)b FIKL^JG HG LIOS PGL HIOLSROSGL α GS β, IO IZSTGOS [R LI[JSTIO g

Xt = e−αt(x +

∫ t

0

σeαsdBs).

pO NGJS _kR[GMGOS MIOSKGK g

m(t) = E(Xt) = m(0)e−αt

V (t) = V ar(Xt) =
σ2

2α
+ (V (0) − σ2

2α
)e−2αt

ρ(s, t) = cov(Xs, Xt) = [V (0) +
σ2

2α
(e2α(t∧s) − 1)]e−α(t+s)

��� �����	 �	� ��� 	�� ��	� ���������

�G XR#IO k_O_KR[GU IO R PGL HIOPTSTIOL LJ�LROSGL PYGQTLSGOHG WITKG PYJOTHTS_ PG LI[JSTIO
PG [Y_^JRSTIO RWGH HIOPTSTIO TOTSTR[G Xt = x

g

�d�� X t,x
s = x +

∫ s

t

b(u, Xu)du + σ(u, Xu)dWu

RWGH NRK GQGMN[G NIJK ]�NIS]VLGL ^JG [GL HIG�HTGOSL LIOS g
�T� HIOSTOJLU PG HKITLLROHG RJ N[JL [TO_RTKG GO GLNRHGU

�d



�TT� SG[L ^JYT[ GQTLSG JOG LI[JSTIO ` [Y_^JRSTIOU JOT^JG GO [ITU HYGLS ` PTKG ������� ����� g
T[ GQTLSG JOG NKIZRZT[TS_

Px
LJK [YGLNRHG PG �TGOGK (Ω,F) LIJL [R^JG[[G

b X GLS F−RPRNS_G HIOSTOJGU ` WR[GJKL PROL R

b LT Sn = inf{t : |Xt| > n}, XSn W_KT�G [GL HIOPTSTIOL PYGQTLSGOHG PGL LI[JSTIOL XIKSGL�HYGLS ` PTKG LI[JSTIOL SKR�GHSIKTG[[GL�b
FR [TMTSG HKITLLROSG PGL SGMNL Sn

LYRNNG[[G [G SGMNL PYGQN[ILTIOb pO R
Px
iNKGL^JG L�KGi

MGOS NIJK SIJS n

Xt∧Sn = x +

∫ t∧Sn

t

b(u, Xu)du +

∫ t∧Sn

t

σ(u, Xu)dWu.

 IJK N[JL PG NK_HTLTIOU �G HTSG [G S]_IKVMG PYGQTLSGOHG � NRkG d
� PG �ef�b
������ � �
�
 @"& Z 0 #"=*=0(&*$+0." �*&B Z0 = 0 0$) ."& f : R

+ × Ω × R
?" #-/B

&B0&
�*� C %( �E") x, (t, ω) 7→ f(t, x, ω)

*# 0)0,&") /1).1+8
�**� C %( "0/B (t, ω), |f(t, x, ω) − f(t, y, ω)| ≤ K(ω)|x − y| C %( #%=" �$*&" (0$)%=40(*0?."K.

@"& X0
?" �$*&" 0$) F0

�="0#-(0?."; <B"$ &B" ">-0&*%$

Xt = X0 +

∫ t

0

f(s, ., Xs−)dZs

0)=*&# 0 #%.-&*%$; <B*# #%.-&*%$ *# -$*>-" 0$) *& *# 0 #"=*=0(&*$+0.";
pJ GOHIKG [G S]_IKVMG sb� NRkG smh PG �sf�b

������ � �
�
 @"& &B" �	�

dXt = b(t, Xt)dt + σ(t, Xt)dWt

#-/B &B0& &B" /%"D/*"$& b 0$) σ 0(" .%/0..� @*,#/B*&� /%$&*$-%-# *$ &B" #,0/" 40(*0?."� *;";C %( "4"(� *$&"+"( n ≥ 1
&B"(" "E*#&# 0 /%$#&0$&Kn

#-/B &B0& C %( "4"(� t ≥ 0, ‖x‖ ≤ n, 0$)
‖y‖ ≤ n

‖b(t, x) − b(t, y)‖ + ‖σ(t, x) − σ(t, y)‖ ≤ Kn‖x − y‖.
<B"$ #&(%$+ -$*>-"$"## B%.)#;

��� ���� ���
 ��� 	��� ������� �� ����
����

�HX �sf� �bh NRkGL e�e GS L^b�
uITS D JO IJWGKS PG R

d.

������� �
�
 3$ %,'(0&"-( )*� '("$&*". A =
∑

i,j ai,j(x)∂2
ij

)2%()(" 2 "#& )*& "..*,&*>-""$ x #*
∀ξ ∈ R

d
∗,

∑

i,j

ai,j(x)ξiξj > 0.

�s



�* A "#& "..*,&*>-" "$ &%-& ,%*$& )"D, %$ )*& >- 2*. "#& "..*,&*>-" )0$# D.� 2*. "E*#&" δ > 0
&". >-"

∀ξ ∈ R
d,

∑

i,j

ai,j(x)ξiξj ≥ δ‖ξ‖2,

%$ )*& >- 2*. "#& -$*C %(='="$& "..*,&*>-";
FG ������ � �� ������� GLS HG[JT PG SKIJWGK JOG XIOHSTIO u PG H[RLLG C2 LJK DIJWGKS ZIKO_U PG WR[GJK f LJK ∂D, GS W_KT�ROS PROL D

g

Au − ku = −g

RWGH A G[[TNST^JGU k ∈ C(D̄, R+)U g ∈ C(D̄, R)U f ∈ C(∂D, R)b
��������� �
�
 ��(%,%#*&*%$ �;58 ,0+" 
�� �56��
�%*& u #%.-&*%$ )- ,(%?.�=" )" 	*(*/B."& (A, D) "& X #%.-&*%$ )" �:�� 04"/ . 2%,'(0&"-(
A = 1

2

∑

i,j,l σ
i
lσ

j
l (x)∂2

ij + ∇.b(x) � TD
." &"=,# )" #%(&*" )"D ,0( X.

�*
�dh� Ex(TD) < ∞
,%-( &%-& x ∈ D, 0.%(# ,%-( &%-& x ∈ D̄,

u(x) = Ex[f(XTD
) exp(−

∫ TD

0

k(Xs)ds) +

∫ TD

0

g(Xt) exp(−
∫ t

0

k(Xs)ds)dt].

������ GO GQGKHTHG �NKIZ[VMG hbe PG �sf�U HIKKTk_ NRkG e
e�b
xGMRK^JIOL PYRZIKP ^JG [R HIOSTOJTS_ PG X XRTS ^JG XTD

∈ ∂D.
�$)*/0&*%$ g MIOSKGK ^JG

M : t 7→ u(Xt∧TD
) exp

(

−
∫ t∧TD

0

k(Xs)ds

)

+

∫ t∧TD

0

g(Xs) exp

(

−
∫ s

0

k(Xu)du

)

ds, t ≥ 0

GLS JOG MRKSTOkR[G JOTXIKM_MGOS TOS_kKRZ[G NIJK
Px

g IO HR[HJ[G Ex(M0) = Ex(M∞) � LJK
{t < TD}, IO XRTS [R PTo_KGOSTG[[G PG cSn PG M GS IO JST[TLG ^JG LJK D,Au − ku + g = 0.
M0 = u(x) HRK X0 = x LIJL Px,

dMt = exp(−
∫ t∧TD

0

k(Xs)ds)[Au(Xt∧TD
)dt+∇u(Xt∧TD

)σ(t, Xt∧TD
)dWt+g(Xt∧TD

)−(k.u)(Xt∧TD
)dt,

[GL XIOHSTIO∇u GS σ LIOS HIOSTOJGL PIOH ZIKO_GL LJK [G HIMNRHS D̄, PIOH [G PGJQTVMG SGKMGHTiPGLLJL GLS JOG MRKSTOkR[GU PG N[JL [GL RJSKGL SGKMGL LG LTMN[T�GOS NJTL^JGAu−ku+g =
0 GS NIJK SIJS t, Ex[Mt] = u(x).
\GSSG MRKSTOkR[G GLS JOTXIKM_MGOS TOS_kKRZ[G HRK ZIKO_G PROL L2, IO NGJS XRTKG SGOPKG

t WGKL [YTO�OT GS RNN[T^JGK [G S]_IKVMG PYRKKzS NJTL^JG Ex[TD] < ∞. •
�� ����� �
	�
 ��(*")=0$8 :9�A�3$" /%$)*&*%$ #-D#0$&" ,%-( 04%*( . 2B�,%&B�#" �:�� "#& ∃l, ∃α : al,l(x) ≥ α > 0.

!"&&"
/%$)*&*%$ "#& ,.-# C %(&" >-" . 2"..*,&*/*&'8 =0*# =%*$# C %(&" >-" . 2-$*C %(=" "..*,&*/*&' )0$#
D.

�e



IO NILG g
b∗ = max{|bl(x)|, x ∈ D̄}, q = min{xl, x ∈ D̄},

IO H]ITLTS ν > 4b∗/α, h(x) = −µ exp(νxl), x ∈ D, µ ` H]ITLTK N[JL SRKPb y[IKL h GLS PGH[RLLG C∞, GS −Ah(x) LG HR[HJ[G GS LG MTOIKG g

−Ah(x) = (
1

2
ν2all + νbl(x))µeνxl ≥ (

8(b∗)2

α
− 4b∗

α
b∗)µeνxl ≥ 4(b∗)2

α
µeνq ≥ 1.

pO H]ITLTS R[IKL µ RLLG� kKROP NIJK ^JG −Ah(x) ≥ 1 ; x ∈ D, h GS LGL P_KTW_GL LIOSZIKO_GL PROL D, GS IO NGJS RNN[T^JGK cSn ` h

h(XTD
t ) = h(x) +

∫ t∧TD

0

Ah(Xs)ds +

∫ t∧TD

0

∇h(Xs)σ(Xs)dWs.

pO GO STKG
t ∧ TD ≤ h(x) − h(XTD

t ) = −
∫ t∧TD

0

Ah(Xs)ds

` JOG MRKSTOkR[G JOTXIKM_MGOS TOS_kKRZ[G NKVLb �IOH Ex[t ∧ TD] ≤ 2‖h‖∞ GS [YIO XRTSSGOPKG t WGKL [YTO�OTb

��



��� ������ �� ���
� �� �
�����

\G MIPV[G GLS S�NT^JGMGOS HG[JT PYJOG GQNIOGOSTG[[G LSIH]RLST^JG ` HIG�HTGOSL HIOLSROSLb
pO LJNNILG ^JG [YRHSTX KTL^J_ GLS LI[JSTIO PG [Y��u
�dm� dSt = Stbdt + StσdWt, So = s,

[G HIG�HTGOS b LYRNNG[[G [R �SGOPROHG" �SKGOP� GS σ [R �WI[RST[TS_"b �YRNKVL HG ^JT NK_HVPGUHGSSG ��u RPMGS [R LI[JSTIO JOT^JG GQN[THTSG g

St = s exp[σWt + (b − 1

2
σ2)t].

xGMRK^JIOL ^JG log St
LJTS JOG [IT kRJLLTGOOGb

�E"(/*/" � =%$&("( . 2-$*/*&' )" .0 #%.-&*%$ )" �:7� � %$ ,%-((0 #" #"(4*( )" .0 C %(=-.")" �&� 0,,.*>-'" 0-E >-%&*"$& )" )"-E #%.-&*%$#;
FGL P_�OTSTIOL ^JT LJTWGOS LGKIOS WJGL N[JL GO P_SRT[ PROL [G H]RNTSKG hb

������� �
		
 �$ )*& >- 2-$" ,%.*&*>-" θ "#& 0-&%�$0$�0$&" #* Vt(θ) = atS
0
t + dtSt =

〈θ0, p0〉 +
∫ t

0
asdS0

s +
∫ t

0
dsdSs.

	" ,.-#8 ".." "#& �� ����� #* ".." "#& 0-&%�$0$�0$&" "& #* .0 40."-( %?&"$-"

Vt(θ) = V0 +

∫ t

0

θs.dSs

"#& ,("#>-" #�("="$& =*$%('" ,0( -$" /%$#&0$&" ('"..";
3$" %,,%(&-$*&' )20(?*&(0+" "#& -$" ,%.*&*>-" 0)=*##*?."

theta
&".." >-" .0 40."-( V.(θ)4'(*� " V0(θ) = 0 "& P(VT (θ) > 0) > 0.

�$ 0,,".." ��������� ������ �� ����� &%-&" ,(%?0?*.*&' Q
'>-*40."$&" 1

P
&".."

>-" &%-# ."# ,(*E �0/&-0.*#'# � �/2"#& 1 )*(" e−rtSt
%� r "#& -$ /%"D/*"$& )20/&-0.*#0&*%$8,0( "E"=,." ." &0-E )2*$�0&*%$� #%$& )"# (F , Q)−=0(&*$+0."#;3$ =0(/B' "#& ����� #* . 2B�,%&B�#" ��� "#& 4'(*� '"; 3$" /%$)*&*%$ #-D#0$&" "#&. 2"E*#&"$/" )20- =%*$# -$" ,(%?0?*.*&' $"-&(" 0- (*#>-";3$ =0(/B' "#& �� ���� )�# >-" ,%-( &%-& X ∈ L1(Ω,FT , P)

*. "E*#&" θ #&%/B0#&*>-"="$&*$&'+(0?." ,0( (0,,%(& 0- 4"/&"-( )"# ,(*E &". >-"X = E(X) +
∫ T

0
θtdSt.

FG MRKH]_ PJ MIPV[G PG t[RHr GS uH]I[GL GLS WTRZ[G GS HIMN[GS RWGH [YJOT^JG NKIZRZT[TS_
OGJSKG RJ KTL^JG

Q = LT P, dLt = −Ltσ
−1(b − r)dWt, t ∈ [0, T ], L0 = 1.

������� �
	�
 �$ 0,,".." %,&*%$ )20/B0& ��/0..�� ." /%$&(0& #-*40$& � . 20/B"&"-( ,0�""$ 0 -$" #%==" q >-* .-* )%$$" .0 ,%##*?*.*&' )20/B"&"( 0- &"=,# 1 . 20/&*%$ 0- ,(*E K #0$#"$ 04%*( . 2%?.*+0&*%$; �* "$ T, ST > K,
*. "E"(/" #%$ )(%*& "& +0+$" ST −K − q ; �*$%$8 "&# 2*. $2"E"(/" ,0# #%$ )(%*&8 *. 0-(0 ,"()- q. �.%?0."="$&8 *. +0+$" (ST − K)+ − q.

�$ 0,,".." %,&*%$ )" 4"$&" ��,-&�� ." /%$&(0& #-*40$& � . 20/B"&"-( ,0�" "$ 0 -$" #%=="
q >-* .-* )%$$" .0 ,%##*?*.*&' )" 4"$)(" 0- &"=,# 1

. 20/&*%$ 0- ,(*E K #0$# "$ 04%*(
. 2%?.*+0&*%$; �* "$ T, ST < K,

*. "E"(/" #%$ )(%*& "& +0+$" K − ST − q ; �*$%$8 "& # 2*.$2"E"(/" ,0# #%$ )(%*&8 *. 0-(0 ,"()- q. �.%?0."="$&8 *. +0+$" (K − ST )+ − q.

��



FG NKIZ[VMG GLS R[IKL PG SKIJWGK JO NKTQ �_^JTSRZ[G" �C 0*( ,(*/"�U q, GOSKG [YRH]GSGJK GS[G WGOPGJK PG HG HIOSKRSb \YGLS [YIZ�GS PG [R ��� ��� �� ����� �� �������
 IJK HG XRTKGU IO XRTS [Y]�NIS]VLG ^JG [G NIKSGXGJT[[G PG HIJWGKSJKG PG HGS IZ�GHSTXU θ, GLSSG[ ^JYT[ GQTLSG JOG XIOHSTIO C PG H[RLLG (1, 2)

SG[[G ^JG [R WR[GJK GLS g
�d
� Vt(θ) = C(t, St).

 RK RT[[GJKLU θ GLS [G HIJN[G (a, d) GS IO R

�sf� Vt(θ) = atS
0
t + dtSt = 〈θ0, p0〉 +

∫ t

0

asdS0
s +

∫ t

0

dsdSs.

yWGH HGSSG �NI[TST^JG� θ
�PTSG �RJSI�OR#ROSG�U [G WGOPGJK PG [YINSTIO �NRK GQGMN[G (ST −

K)+
� NIJKKR �HIJWKTK� [YINSTIO ` [YRTPG PJ NKTQ TOTSTR[ IZSGOJ q = V0

g
VT (θ) = C(T, ST ).

pO R PGJQ MROTVKGL PG HR[HJ[GK [R PTo_KGOSTG[[G PG HGSSG WR[GJK ^JG [YIO TPGOST�G g

dVt(θ) = ∂tC(t, St)dt + ∂xC(t, St)dSt +
1

2
∂2

x2C(t, St)S
2
t σ

2dt,

` NRKSTK PG �d
� GS ` NRKSTK PG �sf� g

dVt(θ) = ratS
0
t dt + dtSt(bdt + σdWt).

FYTPGOST�HRSTIO PIOOG PGJQ _^JRSTIOLU GO LJL PG �sf� ^JT OYGLS RJSKG ^JG C(t, St)
g

∂tC(t, St) + bSt∂xC(t, St) +
1

2
∂2

x2C(t, St)S
2
t σ

2 = ratS
0
t + dtStb

�sd�

∂xC(t, St)Stσ = dtStσ.

pO IZSTGOS RTOLT [G NIKSGXGJT[[G g

�ss� dt = ∂xC(t, St) ; at =
C(t, St) − St∂xC(t, St)

S0
t

.

 IJK HIOORTSKG GQN[THTSGMGOS [G NIKSGXGJT[[GU T[ KGLSG ` SKIJWGK [R XIOHSTIO C LI[JSTIO PG[Y�� U IZSGOJG GO JST[TLROS [R NKGMTVKG _^JRSTIO PG �sd� g

∂tC(t, x) + rx∂xC(t, x) +
1

2
∂2

x2C(t, x)x2σ2 = rC(t, x),

C(T, x) = (x − K)+, x ∈ R
+.

pO NGJS KGMN[RHGK St
NRK x ∈ R

+ HRK HYGLS JOG WRK [IkOIKMR[G PIOH ` LJNNIKS PROL SIJS
R

+. \GHT LG K_LIJS NRK [R ��� ��� �� ���� ��
���b pO NILG

dYs = Ys(rds + σdWs), Yt = x.

y[IKL Ys = x exp[σ(Ws − Xt) − (s − t)(1
2
σ2 + r)] OIS_ Y

(t,x)
s

GS

C(t, x) = Ex[e
−r(T−t)(Y t,x

T − K)+]

��



GLS [R LI[JSTIO RSSGOPJGU [G NIKSGXGJT[[G _SROS PIOO_ NRK [GL _^JRSTIOL �ss�b FR H_[VZKG
XIKMJ[G PG t[RHriuH]I[GL NGKMGS JO HR[HJ[ GQN[THTSG PG HGSSG XIOHSTIOU GO NILROS ϕ [RXIOHSTIO PG K_NRKSTSTIO PG [R [IT kRJLLTGOOG LSROPRKP g

C(t, x) = xϕ

(

log(x/K) + (T − t)(r + 1
2
σ2)

σ
√

T − t

)

−Ke−r(T−t)ϕ

(

log(x/K) + (T − t)(r − 1
2
σ2)

σ
√

T − t

)

.

FG NKTQ TOTSTR[ q PG [YINSTIO GLS R[IKL PIOO_ NRK C(0, x)b

	" C0*&8 %$ ('#%-& ,.-&�& 04"/ ." /B0$+"="$& )" �40(*0?."8C %$/&*%$� �

x = ey, y ∈ R ; D(t, y) = C(t, ey)

>-* ,"(="& )" #" (0="$"( 0- ,(%?.�=" )" 	*(*/B."&

∂tD(t, y) + r∂yD(t, y) +
1

2
∂2

y2D(t, y)σ2 = rD(t, y), y ∈ R,

D(T, y) = (ey − K)+, y ∈ R,

0##%/*' 1 . 2'>-0&*%$ )*� '("$&*".." #&%/B0#&*>-" �

dXs = rds + σdWs, s ∈ [t, T ], Xt = y.

!2"#& "E0/&"="$& /" >-" . 2%$ 0 4- )0$# .0 ,(%,%#*&*%$ �;98 04"/ g = 0, f(x) = (ex −
k)+, k(x) = r. 	%$/8

D(t, y) = Ey[e
−r(T−t)(eXT − K)+],

)2%� .0 C %(=-." "E,.*/*&" /0( .0 .%* )"XT
"#& -$" +0-##*"$$";

FG NKTQ RJ SGMNL t GLS C(t, St) = EQe[−r(T−t)(eXT −K)+/Ft]
PIOS [G HR[HJ[ GLS LTMN[G g

[R [IT PG XT
LRH]ROS Ft

GLS JOG kRJLLTGOOG PG MI�GOOG St + r(T − t) GS PG WRKTROHG
σ2(T − t)b

�h



� ���������� �� 
�����	�	�� �� �������� �� �	������

FR MISTWRSTIO PG HG H]RNTSKG GLS [R LJTWROSG g [GL MRKSTOkR[GLU GS [GL MRKSTOkR[GL [IHR[GLU
LIOS PGL IJST[L NJTLLROSLU GS HG[R WRJS PIOH [R NGTOG PG MIP_[TLGK [R K_R[TS_ GO LIKSG ^JG
[GL NKIHGLLJL GO �GJ LITGOS PGL MRKSTOkR[GLU RJ MITOL [IHR[GLb yTOLTU NIJK [YRNN[THRSTIO
PJ HR[HJ[ LSIH]RLST^JG RJQ �OROHGLU [GL PIOO_GL LIOS HG[[GL PYJO �GJ PG NKIHGLLJL ^JT
MIP_[TLGOS [Y_WI[JSTIO PROL [G SGMNL PGL NKTQ PGL RHSTIOL GO HIJKL LJK [G MRKH]_ �OROHTGKU
GS [YIO NGJS [_kTSTMGMGOS LG NILGK [R ^JGLSTIO g
GLS HG ^JYT[ GQTLSG JO GLNRHG PG NKIZRZT[TS_ �[SK_ (Ω,Ft, P) LJK [G^JG[ [GL NKIHGLLJL PGNKTQ LIOS SIJL PGL MRKSTOkR[GL �RJ MITOL [IHR[GL��
 K_HTL_MGOSU GQTLSGiSiT[ JOG NKIZRZT[TS_ P

^JT PIOOG HGSSG NKINKT_S_ � �YI� [GL PGJQ
NKIZ[VMGL RZIKP_L PROL HG H]RNTSKG g
i HIMMGOS NRLLGK PYJO GLNRHG PG NKIZRZT[TS_ (Ω,F , P) ` (Ω,F , Q) PG XR#IO LTMN[GU �

RiSiT[ JOG PGOLTS_ dP
dQ

�
\IMMGOS LG SKROLXIKMGOS R[IKL [G MIJWGMGOS ZKIjOTGOU [GL MRKSTOkR[GL � GS HYGLS [G
S]_IKVMG PG vTKLROIWU LGHSTIO �bdb
i �O�OU _SROS PIOO_G JOG XRMT[[G PG LGMTiMRKSTOkR[GL LJK [YGLNRHG NKIZRZT[TLRZ[G �[SK_

(Ω, (Ft))
U GQTLSGiSiT[ JOG NKIZRZT[TS_ P

SG[[G ^JG SIJL HGL NKIHGLLJL LITGOS PGL MRKSTOkR[GL
LJK [YGLNRHG PG NKIZRZT[TS_ �[SK_ (Ω, (Ft), P)U GS HYGLS HG ^JG [YIO RNNG[[G JO NKIZ[VMG PGMRKSTOkR[GLU ^JG [YIO WGKKR PROL [G H]RNTSKG hU
pO LG N[RHG PIOH R NKTIKT LJK JO GLNRHG PG NKIZRZT[TS_ �[SK_ (Ω,Ft, P) LJK [G^JG[ GLS P_�OTJO MIJWGMGOS ZKIjOTGO B, B0 = 0 PG PTMGOLTIO d.

FR �[SKRSTIO GLS HG[[G GOkGOPK_G NRK
[G MIJWGMGOS ZKIjOTGO GS [YIO OISGM(P) [GL MRKSTOkR[GL KG[RSTWGL ` (Ω, (Ft), P).

pO R�IJSG [R OISTIO PG  �������� �������U PYGOLGMZ[G OIS_Mloc, (P) HYGLS ` PTKGJO NKIHGLLJL M RPRNS_ SG[ ^JYT[ GQTLSG JOG LJTSG PG SGMNL PYRKKzS (Tn) HKITLLLROS WGKL[YTO�OT SG[ ^JG NIJK SIJS n [G NKIHGLLJL RKKzS_ GO Tn MTn GLS JOG WKRTG MRKSTOkR[Gb

��� ������� �� ��������
��sf� eb�U N d
fid
� � �ef� eb�U N dfmidd�� uITS X JO NKIHGLLJL MGLJKRZ[G RPRNS_ PROL
P(B) HYGLS ` PTKG ^JG NIJK SIJS T

g
P(B) := {X NKIHGLLJL MGLJKRZ[G RPRNS_ g∀T,

∫ T

0
‖ Xs ‖2 ds < +∞ P p.s.}\GS GOLGMZ[G GLS N[JL [RKkG ^JG L(B) = L2(Ω × R

+, dP ⊗ dt).
	" C0�%$ +'$'(0." %$ )'�$*& ,%-( -$" =0(&*$+0."M

. 2"$#"=?." P(M) >-* /%$&*"$&
L(M) = L2(Ω × R

+, dP ⊗ d〈M〉) �

P(M) := {X ,(%/"##-# ="#-(0?." 0)0,&' �∀T,

∫ T

0

‖ Xs ‖2 d〈M〉s < +∞ P p.s.}

�%-( )" &".# ,(%/"##-# X 8 X.M "#& #"-."="$& -$" =0(&*$+0." �.%/0."�;

�m



pO NGJS PIOH P_�OTK [R MRKSTOkR[G [IHR[G X.B GS LIO GQNIOGOSTG[[G PG �I[_ROL �GQNIiOGOSTG[[G LSIH]RLST^JG� PVL ^JG NIJK SIJS t
∫ t

0
‖ Xs ‖2 ds < +∞ P p.s.

g

Et(X.B) = exp[

∫ t

0

(
∑

i

X i
sdBi

s −
1

2
‖ Xs ‖2 ds)],

LI[JSTIO PG [Y��u
�se� dZt = Zt

∑

i

X i
tdBi

t ; Z0 = 1,

^JT GLS RJLLT JOG MRKSTOkR[G [IHR[G NJTL^JG ∫ t

0
Z2

s ‖ Xs ‖2 ds < +∞ P p.s. NRK HIOSTOJTS_PG [YTOS_kKROP LJK [0, t]b
uIJL HGKSRTOGL HIOPTSTIOLUE.(X.B) GLS JOG �WKRTG�MRKSTOkR[GU R[IKL NIJK SIJS t, E[Zt] =

1, HG ^JT NGKMGS PYGoGHSJGK [G H]ROkGMGOS PG NKIZRZT[TS_ LJK [R SKTZJ Ft

g

Q = Zt.P
HYGLS ` PTKG LT A ∈ Ft, Q(A) = EP[1AZt].

\IMMG Zt > 0, [GL PGJQ NKIZRZT[TS_L LIOS _^JTWR[GOSGL GS P(A) = EQ[Z−1
t

	
A].

������ � �
	
 ��*(#0$%48 :9�6 � !0="(%$�	0(&*$8 :9��� �* ." ,(%/"##-# Z = E(X.B)#%.-&*%$ )" �5
� 0,,0(&*"$& 1M(P), "& #* Q "#& .0 ,(%?0?*.*&' )'�$*" #-( FT
,0( ZT .P0.%(# �

B̃t = Bt −
∫ t

0

Xsds, t ≤ T

"#& -$ =%-4"="$& ?(%�$*"$ #-( (Ω, (Ft)0≤t≤T , Q).

FR NKGJWG O_HGLLTSG JO [GMMG NK_NRKRSITKGb \TiPGLLIJL EQ
OISG [YGLN_KROHG LIJL Q GS

EP
OISG [YGLN_KROHG LIJL

P.

��  � �
�
 �%*& T ≥ 08 Z '.'="$& )"M(P) "& Q = ZT P.
�%*& 0 ≤ s ≤ t ≤ T "& -$"

40(*0?." Y 0.'0&%*(" Ft−="#-(0?." )0$# L1(Q), 0.%(# EQ(Y/Fs) =
E
P

(Y Zt/Fs)

Zs
.

xGMRK^JIOL ^JYT[ LYRkTS GO ^JG[^JG LIKSG PYJOG XIKMJ[G PG tR�GLb
������ �GQGKHTHG� g uITS A ∈ Fs

U T[ WTGOS g

EQ(1A
E(Y Zt/Fs)

Zs
) = E(1AE(Y Zt/Fs))

HRK LJK Fs, Q = ZsP.
 JTL g E[1AE(Y Zt/Fs)] = E(1AY Zt)NRK P_�OTSTIO PG [YGLN_KROHG HIOPTSTIOOG[[G GS GO�O NRK P_�OTSTIO PG QU GS NJTL^JG 1AYGLS FT

iMGLJKRZ[G
E(1AY Zt) = EQ(1AY )

GS HGHT NIJK SIJS A PG Fs,
HG ^JT NGKMGS PYTPGOST�GK E

P
(Y Zt/Fs)

Zs

HIMMG [YGLN_KROHG HIOi
PTSTIOOG[[G RSSGOPJGb •

�




��������� �
�
 �%-# ."# B�,%&B�#"# )- &B'%(�=" )" �*(#0$%48 ,%-( &%-&" P
�=0(&*$+0."

.%/0." /%$&*$-"M 8 ." ,(%/"##-# N /*�)"##%-# "#& -$" Q−=0(&*$+0." .%/0." �

N = M −
∫

0

∑

i

X i
sd〈M, Bi〉s.

������ g �GQGKHTHG�

•
pO IZSTGOS GO HIKI[[RTKG ^JG B̃ GLS JOG QiMRKSTOkR[G PG HKIH]GS tb  IJK MIOSKGK ^JGHYGLS JO QiMIJWGMGOS ZKIjOTGOU T[ LJ�S PG MIOSKGK LITS ^JYT[ LYRkTS PYJO NKIHGLLJL `RHHKITLLGMGOSL TOP_NGOPROSL PG [IT kRJLLTGOOGU LITS ^JG HYGLS JO NKIHGLLJL kRJLLTGOb

pO NGJS KGkRKPGK MRTOSGOROS [GL H]ILGL PROL JO IKPKG �TOWGKLG�U HYGLS ` PTKG H]GKH]GKU
[IKL^JYT[ � R PGL NKIZRZT[TS_L _^JTWR[GOSGLU [G [TGO GOSKG [GL MRKSTOkR[GL LIJL [YJOG GS [YRJSKG
NKIZRZT[TS_L GS NRK KRNNIKS ` [R MzMG �[SKRSTIOb
��������� �
�
 �%*&

P
"& Q )"-E ,(%?0?*.*&'# '>-*40."$&"# #-( (Ω,F) "& .0 =0(&*$+0."/%$&*$-" -$*C %(='="$& *$&'+(0?." Zt = E[ dQ

dP
/Ft]. �

.%(#
M ∈ Mc

loc(Q) ⇔ MZ ∈ Mc
loc(P).

������ g uITS JOG LJTSG (Tn) PG SGMNL PYRKKzS [IHR[TLROSG NIJK M
g LT [YIO RNN[T^JG

[G [GMMG �bsU T[ WTGOS NIJK SIJS s ≤ t
g

�s�� EQ[Mt∧Tn/Fs] =
EP[ZtMt∧Tn/Fs]

Zs

y[IKL [G XRTS ^JG MTn ∈ M(Q)
TMN[T^JG ^JG (MZ)Tn ∈ M(P).x_HTNKI^JGMGOSU T[ LJ�S PG NKGOPKG JOG LJTSG PG SGMNL PYRKKzS [IHR[TLROSG NIJK ZM GS

PYRNN[T^JGK ` OIJWGRJ �s��b •
������ � �
�
 )" �*(#0$%4�	"�"( � �%*& P

"& Q
)"-E ,(%?0?*.*&'# '>-*40."$&"#8 Zt =

E[ dQ

dP
/Ft]

"& X -$" #"=*�=0(&*$+0." #-( (Ω,F , P)
)" )'/%=,%#*&*%$ X = M + A. �.%(#8

X "#& 0-##* -$" #"=*�=0(&*$+0." #-( (Ω,F , Q)
)" )'/%=,%#*&*%$ X = N + C, %�

N = M −
∫ t

0

Z−1
s d〈Z, M〉s ; C = A +

∫ t

0

Z−1
s d〈Z, M〉s.

������ g �T� C GLS JO NKIHGLLJL ` WRKTRSTIO �OTG HIMMG LIMMG PG PGJQ NKIHGLLJL `WRKTRSTIO �OTGb
�TT� pO RNN[T^JG [R NKINILTSTIO �b� ` N GS NIJK HG XRTKGU IO HR[HJ[G [G NKIPJTS NZ NRKcSn LIJL

P.
d(NZ)t = NtdZt + ZtdMt − ZtZ

−1
t d〈Z, M〉t + d〈Z, N〉t

pKU N GLS JOG
PiLGMTiMRKSTOkR[G PG NRKSTG MRKSTOkR[G M

g LIO HKIH]GS RWGH Z HI�OHTPGRWGH HG[JT PG M RWGH Z HG ^JT NGKMGS [R LTMN[T�HRSTIO GS MIOSKG ^JG NZ GLS JOG PiMRKSTOkR[G PIOH N JOG QiMRKSTOkR[Gb •
�f



��� ��������� �� �������
�HX �sf� NRkGL d
misfdb��IJS [G NRKRkKRN]G NK_H_PGOS GLS XIOP_ LJK [Y]�NIS]VLG ^JG [G NKIHGLLJL E(X.B) GLS JOGWKRTG MRKSTOkR[Gb pO PITS PIOH PIOOGK PGL HIOPTSTIOL LJ�LROSGL LJK X NIJK ^JG HGSSG
]�NIS]VLG LITS K_R[TL_Gb �G XR#IO k_O_KR[GU E(X.B) GLS RJ MITOL JOG MRKSTOkR[G [IHR[GRWGH NIJK LJTSG [IHR[TLROSG NRK GQGMN[G g

Tn = inf{t ≥ 0,

∫ t

0

‖ Es(X.B)Xs ‖2 ds > n}
��  � �
�
 E(X.B) "#& -$" #-(=0(&*$+0." "& /2"#& -$" =0(&*$+0." #* "& #"-."="$& #*,%-( &%-& t ≥ 0 %$ 0 E[Et(X.B)] = 1.

������ g c[ GQTLSG JOG LJTSG HKITLLROSG PG SGMNL PYRKKzS Tn
SG[[G ^JG NIJK SIJS n,

E(X.B)Tn ∈ M(P) PIOH NIJK SIJS s ≤ t IO R
E[ETn∧t(X.B)/Fs] = ETn∧s(X.B)

NRK [G [GMMG PG aRSIJ IO P_PJTS PG HGSSG _kR[TS_ GO NRLLROS ` [R [TMTSG ^JG PG XRTS E(X.B)GLS JOG LJKMRKSTOkR[Gb �SIJSG MRKSTOkR[G [IHR[G NILTSTWG GLS JOG LJKMRKSTOkR[Gb� \IMMG
E[E0(X.B)] = 1,

T[ LJ�S ^JG NIJK SIJS t ≥ 0 IO RTS E[Et(X.B)] = 1 NIJK ^JG E(X.B) LITSJOG MRKSTOkR[Gb •��������� �
�
 �%*&M -$" =0(&*$+0." .%/0." /%$&*$-" ,%-(
P
"& Z = E(M)

&".." >-"
E[exp 1

2
〈M〉t] < ∞ ,%-( &%-& t ≥ 0 ; �.%(# ,%-( &%-& t ≥ 0, E[Zt] = 1.��������� �
�
 ��%4*�%48 :9�:� � �%*& X -$ ,(%/"##-# ="#-(0?." 0)0,&' &". >-" �

E[exp
1

2

∫ t

0

‖ Xs ‖2 ds] < ∞ ,%-( &%-& t ≥ 0

0.%(# E(X.B) ∈ M(P).
 IJK SGKMTOGK HG NRKRkKRN]GU WITHT JO GQGMN[G PG NKIHGLLJL X ∈ P(B) OG W_KT�ROSNRL [R HIOPTSTIO PG �IWTrIWU SG[ ^JG E(X.B) ∈ Mc

loc(P) MRTL OYGLS NRL JOG �WKRTG� MRKiSTOkR[G �GQGKHTHG� g
�%*& ." &"=,# )20((�& T = inf{1 ≥ t ≥ 0, t + B2

t = 1} "&

Xt = − 2

(1 − t)2
Bt1{t≤T} ; 0 ≤ t < 1, X1 = 0.

�*� 	%$&("( >-" T < 1 ,("#>-" #�("="$& "& )%$/ >-" ∫ 1

0
X2

t dt < ∞ ,("#>-" #�("="$&;
�**� �,,.*>-"( .0 C %(=-." )" �&� 0- ,(%/"##-# t → B2

t

(1−t)2
; 0 ≤ t < 1 ,%-( =%$&("( >-" �

∫ 1

0

XtdBt −
1

2

∫ 1

0

X2
t dt = −1 − 2

∫ T

0

[
1

(1 − t)4
− 1

(1 − t)3
]B2

t dt < −1.

�***� @0 =0(&*$+0." .%/0." E(X.B) $2"#& ,0# -$" =0(&*$+0." �,0# �-#>- 20- &"=,# 1 "$&%-& /0# �� � %$ )')-*& )" �**� >-" #%$ "#,'(0$/" "#& =0�%('" ,0( exp(−1) < 1 /" >-*/%$&(")*& ." ."==" A;�;!","$)0$& %$ ,"-& =%$&("( >-" ,%-( &%-& n ≥ 1 "& σn = 1−(1/
√

n),
." ,(%/"##-# E(X.B)σn

"#& -$" =0(&*$+0.";
�d



� �������� �� ��
��������	�� ��� ����	������� 
����
���� �� ����	������

�HX  KISSGK �ef�U NRkGL d�hid�hb�FYIZ�GS PG HG H]RNTSKG GLS PG MIOSKGK ^JYJOG H[RLLG RLLG� [RKkG PG MRKSTOkR[GL NGJS LY_HKTKG
�LG �KGNK_LGOSGK� NRK� X.B b \GHT NGKMGSSKR PG K_LIJPKG [G NKIZ[VMG PG SKIJWGK JOG NKIZiRZT[TS_ HIMMJOG ` SIJL [GL NKIHGLLJL PG NKTQ LIJL [R^JG[[G HGL NKIHGLLJL LGKIOS SIJL PGL
MRKSTOkR[GLU RJ MITOL [IHR[GLb

��� ��������� �� ��������������

pO HIOLTPVKG THT [GL MRKSTOkR[GL PG M2,c ^JT PG N[JL LIOS OJ[[GL ` [YIKTkTOG GS W_KT�G
〈M〉∞ ∈ L1. \RK R[IKL supt E[M2

t ] = supt E[〈M〉t] = E[〈M〉∞] < ∞. \GL MRKSTOkR[GL LIOSJOTXIKM_MGOS TOS_kKRZ[GLU T[ GQTLSG M∞
SG[[G ^JG NIJK SIJS t ≥ 0, Mt = E[M∞/Ft].

pO
OISG H2

0
[GJK GOLGMZ[Gb

H2
0 = {M ∈ M2,c, M0 = 0, 〈M〉∞ ∈ L1}.

������� �
	
 3$ #%-#�"#,0/" 4"/&%(*". F )"H2
0
"#& 0,,".' ����
������ ������ #* ,%-(&%-&M ∈ F "& ,%-( &%-& &"=,# )20((�& T 0.%(#MT ∈ F.

pO KRNNG[[G [GL OISRSTIOL LJTWROSGL

L(M) = {X RPRNS_ ∈ L2(Ω×R
+, P⊗d〈M〉)} ; L∗(M) = {X NKIkKGLLTX P p.s. ∈ L2(R+, d〈M〉)}

GS ^JG LT X GLS H`P IJ H`kU R[IKL RPRNS_ _^JTWRJS ` NKIkKGLLTXb \YGLS [G HRL ^JG OIJL
GOWTLRkGKIOL SIJ�IJKL PROL [R LJTSGb
������ � �
�
 �%*& F -$ #%-#�"#,0/" 4"/&%(*". C "(=' )"H2

0. �
.%(# ."# 0##"(&*%$# #-*4�

0$&"# #%$& '>-*40."$&"# �
�*� #*M ∈ F "& A ∈ Ft, (M − M t)1A ∈ F, ∀t ≥ 0.
�**�

F "#& -$ ����
������ ������;
�***� #*M ∈ F "& H ?%($' ∈ L∗(M) 0.%(# H.M ∈ F.
�*4� #*M ∈ F "& H ∈ L∗(M) ∩ L2(dP ⊗ d〈M〉)8 0.%(# H.M ∈ F.

������ g  JTL^JG L∗
b(M) ⊂ L∗(M) ∩ L2(dP ⊗ d〈M〉)U [YTMN[THRSTIO �TW� ⇒ �TTT� GLS

TMM_PTRSGb
�TTT�⇒ �TT� g T[ LJ�S PG NKGOPKG NIJK SIJS SGMNL PYRKKzS T [G NKIHGLLJL Ht = 1[0,T ](t)

b
y[IKLU

(H.M)t =

∫ t

0

1[0,T ](s)dMs = Mt∧T ∈ F,

HYGLS ` PTKG ^JG MT GLS JO _[_MGOS PG F.

�s



�TT� ⇒ �T� g LITS t �Q_U A ∈ Ft
GS M ∈ F. pO HIOLSKJTS [G SGMNL PYRKKzS T (ω) = t LT

ω ∈ A GS [YTO�OT LTOIOb c[ LYRkTS ZTGO PYJO SGMNL PYRKKzS NJTL^JG A ∈ Ft
b  RK RT[[GJKLU

PYJOG NRKS g

(M − M t)1A = (M − M t) LT ω ∈ A, HG ^JT _^JTWRJS ` T (ω) = t

= 0 LTOIO ,

GS PYRJSKG NRKS g

M − MT = (M − M t) LT ω ∈ A,

= 0 LTOIO ,

HG ^JT WGJS PTKG ^JG (M −M t)1A = M −MT b pK F GLS LSRZ[GU PIOHM GS MT ∈ F, PIOH
(M − M t)1A ∈ F NIJK SIJS t ≥ 0 U LITS [R NKINKT_S_ �T�b

�T�⇒ �TW� g LITS H ∈ P ^JT LY_HKTS g

H = H0 +
∑

i

Hi1]ti,ti+1]

I� Hi = 1Ai
, Ai ∈ Fti

b y[IKL

H.M =
∑

i

1Ai
(Mti+1

− Mti) =
∑

i

1Ai
(M − M ti)ti+1

^JT RNNRKSTGOS ` F NRK �T�b �IJS NKIHGLLJL LTMN[G GLS [TMTSG PG HIMZTORTLIOL [TO_RTKGL PGNKIHGLLJL SG[L H HTiPGLLJLU GS [YTOS_kKR[G LSIH]RLST^JG _SROS [TO_RTKG IO IZSTGOS ^JG NIJKSIJS NKIHGLLJL LTMN[G X, X.M ∈ F
^JT GLS JO GLNRHG WGHSIKTG[b pO NKIHVPG GOLJTSG NRK

[TMTSG NJTL^JG P GLS PGOLG PROL L∗(M) ∩ L2(dP ⊗ d〈M〉) �HXb NKINILTSTIO sbdf� •
������� �
�
 �%*& A -$ #%-#�"$#"=?." )"H2

0
; �$ $%&" S(A)

." ,.-# ,"&*& #%-# "#,0/"
4"/&%(*". C "(=' #&0?." /%$&"$0$& A.
������� �
�
 �%*&M "&N ∈ H2

0
; �$ )*& >-"M "&N #%$& %(&B%+%$0."# #*E[M∞N∞] =

0 "& C %(&"="$& %(&B%+%$0."# #*MN "#& -$" =0(&*$+0.";
xGMRK^JIOL ^JG NJTL^JG NRK P_�OTSTIO MN − 〈M, N〉 GLS JOG MRKSTOkR[GU [R XIKSGIKS]IkIOR[TS_ _^JTWRJS RJ XRTS ^JG 〈M, N〉 = 0. pO R PIOH PG XR#IO ORSJKG[[G ^JG [R XIKSGIKS]IkIOR[TS_ TMN[T^JG [YIKS]IkIOR[TS_ � [R K_HTNKI^JG GLS XRJLLG g HIOLTP_KIOL M ∈ H2

0
GS

Y JOG WRKTRZ[G PG tGKOIJ[[T �WR[ROS±1 RWGH NKIZR 1
2

�U TOP_NGOPROSG PGM b uITSN = Y M.lIOSKGK GO GQGKHTHG ^JG M GLS IKS]IkIOR[G ` N MRTL ^JG [YIKS]IkIOR[TS_ OYGLS NRL XIKSGb IJK A LIJLiGOLGMZ[G PG H2
0
U IO OISG A⊥ LIO IKS]IkIOR[U GS A† LIO IKS]IkIOR[ XIKSb

��  � �
�
 �%*& A -$ #%-#�"$#"=?." )" H2
0
� A† "#& -$ #%-#�"#,0/" 4"/&%(*". C "(='

#&0?.";
������ g LITS JOG LJTSG Mn ∈ A† PG [TMTSG M PROL H2

0
GS N PROL A g NIJK SIJS

n, MnN GLS JOG MRKSTOkR[G JOTXIKM_MGOS TOS_kKRZ[Gb �YRJSKG NRKSU NIJK SIJS t ≥ 0 U NRK\RJH]�iuH]jRKS�
E[|〈Mn − M, N〉t|2] ≤ E[〈Mn − M〉t]E[〈N〉t]^JT HIOWGKkG WGKL �_KIb �IOH 〈Mn, N〉t → 〈M, N〉t PROL L2. pKU NIJK SIJS n GS SIJS

t, 〈Mn, N〉t = 0, GS NRK HIOL_^JGOS 〈M, N〉t = 0 GS M GLS IKS]IkIOR[G ` N. •
�e



��  � �
�
 �%*& )"-E =0(&*$+0."# )"H2
0
; %$ 0 ."# '>-*40."$/"# #-*40$&"# �

(i)M "& N C %(&"="$& %(&B%+%$0-E8 $%&'M † N,

(ii)S(M) † N

(iii)S(M) † S(N)

(iv)S(M)⊥N

(v)S(M)⊥S(N)

������ GO GQGKHTHGb
������ � �
�
 �%*&M1, · · · , Mn ∈ H2

0

&".."# >-" ,%-( i 6= j, M i†M j . �.%(#8 S(M1, · · · , Mn) =
{∑n

i=1 H iM i ; H i ∈ L∗(M i) ∩ L2(dP ⊗ d〈M i〉)}.
������ g IO OISG I [G MGMZKG PG PKITSGb  RK HIOLSKJHSTIO GS NRK [R NKINKT_S_ �TW� U

I GLS JO GLNRHG LSRZ[Gb pO HIOLTPVKG [YRNN[THRSTIO g

⊕iL∗(M i) ∩ L2(dP ⊗ d〈M i〉) −→ H2
0

(H i) 7−→
n

∑

i=1

H i.M i

pO W_KT�G LROL NGTOG ^JYT[ LYRkTS PYJOG TLIM_SKTG GO JST[TLROS ^JG NIJK i 6= j, M i † M j g

‖
n

∑

i=1

H iM i ‖2
2=

n
∑

i=1

‖ H iM i ‖2
2=

n
∑

i=1

E[

∫ ∞

0

|H i
s|2d〈M i〉s].

�IOH [YGOLGMZ[G I TMRkG NRK JOG TLIM_SKTG PYJO XGKM_ GLS XGKM_ GS HIOSTGOS PIOH S(M1, · · · , Mn).
x_HTNKI^JGMGOSU PYRNKVL [G S]_IKVMG �bs �TW�U SIJS GOLGMZ[G XGKM_ F LSRZ[G HIOSGOROS[GL M i HIOSTGOS [GL H i.M i PIOH I b •

������� �
�
 �%*&A ⊂ H2
0
; �$ )*& >-"A 0 .0 �������� �� ������������� �����
��� #* �

I = {X =
n

∑

i=1

H iM i, M i ∈ A, H i ∈ L∗(M i) ∩ L2(dP ⊗ d〈M i〉)} = H2
0.

��������� �
�
 �%*& A = (M1, · · · , Mn) ⊂ H2
0
04"/M i † M j , i 6= j.

�* &%-& N ∈ H2
0C %(&"="$& %(&B%+%$0. 1 A "#& $-.8 0.%(# A 0 .0 ,(%,(*'&' )" (",('#"$&0&*%$ ,('4*#*?.";

������ g [G S]_IKVMG �bh MIOSKG ^JG S(A) GLS [YGOLGMZ[G I P_�OT HTiPGLLJLb uITSR[IKL N ∈ A†. �YRNKVL [G �TT� PJ [GMMG HTiPGLLJLU

N ∈ S(A)† = I†.

FY]�NIS]VLG PTS ^JG N GLS OJ[U HYGLS ` PTKG ^JG I† = {0} U PIOH ^JG I = H2
0. •

\GL NKINKT_S_L PYIKS]IkIOR[TS_ GS PG KGNK_LGOSRSTIO LIOS [T_GL ` [R NKIZRZT[TS_ LIJLi�RHGOSGb c[ XRJS PIOH WITK HG ^JT LG NRLLG [IKL^JG [YIO H]ROkG PG NKIZRZT[TS_b

��



������� �
	�
 �%*& A ⊂ H2
0(P) ; �$ $%&"M(A)

. 2"$#"=?." )"# ,(%?0?*.*&'# #-( F∞0?#%.-="$& /%$&*$-"# ,0( (0,,%(& 1
P8 '+0."# 1 P

#-( F0,
"& &".."# >-" A ⊂ H2

0(Q) ;
��  � �
		
 M(A) "#& /%$4"E";

������ GO GQGKHTHGb
������� �
	�


Q ∈ M(A) "#& )*&" ����� ��� #*

Q = aQ1 + (1 − a)Q2, a ∈ [0, 1], Qi ∈ M(A) ⇒ a = 0 %- 1.

������ � �
	�
 �%*& A ⊂ H2
0(P). S(A) = H2

0(P)
*=,.*>-" >-"

P
"#& "E&('=0." )0$#

M(A).

������ g S]b eh NRkG d�s PROL �ef�b pO LJNNILG ^JG
P
OYGLS NRL GQSK_MR[G GS

PIOH LY_HKTS aQ1 + (1 − a)Q2
RWGH Qi ∈ M(A)b FR NKIZRZT[TS_ Q1 ≤ 1

a
P
RPMGS PIOH JOG

PGOLTS_ Z NRK KRNNIKS ` P
MR�IK_G NRK 1

a
GS Z − Z0 ∈ H2

0(P).
xGMRK^JIOL ^JG

P
GS Q1HITOHTPGOS LJK F0

MIOSKG ^JG Z0 = 1. uITS X ∈ A g HYGLS PIOH JOG MRKSTOkR[G NIJK P
GS

NIJK Q1
U PIOH ZX GLS JOG MRKSTOkR[G NIJK

P
RTOLT ^JG (Z − Z0)X = (Z − 1)X HG ^JT

MIOSKG [YIKS]IkIOR[TS_ PG Z − Z0
` SIJS X PIOH ` A PIOH ` S(A)b \GS GOLGMZ[G _SROS

H2
0(P), Z − 1 = 0 GS P = Q1

GLS GQSK_MR[Gb •

������ � �
	�
 �%*& A ⊂ H2
0(P) "& P

"#& "E&('=0." )0$#M(A).
�*

M ∈ Mc
b(P) ∩ A†

0.%(#M "#& $-..";
������ g uITS c JO MR�IKROS PG [R MRKSTOkR[G ZIKO_G M GS LJNNILIOL ^JYG[[G OYGLS

NRL TPGOST^JGMGOS OJ[[Gb pO NGJS PIOH P_�OTK

dQ = (1 − M∞
2c

)dP
GS dR = (1 +

M∞
2c

)dP.

y[IKL
P = 1

2
(Q + R)U Q GS R LIOS RZLI[JMGOS HIOSTOJGL NRK KRNNIKS ` P

GS LIOS _kR[GL `
P
LJK F0

NJTL^JG M0 = 0. uITS X ∈ A ⊂ H2
0(P)

g PYRNKVL [R NKINILTSTIO �b�U X ∈ H2
0(Q)LT GS LGJ[GMGOS LT (1 − Mt

2c
)Xt ∈ H2

0(P). pK X † M PIOH IO R ZTGO HGSSG NKINKT_S_ GS PG
MzMG X ∈ H2

0(Q) �IOH Q, GS PG MzMG R,∈ M(A)b
yTOLT � RJKRTSiT[ JOG P_HIMNILTSTIO PG P

HG ^JT HIOSKGPTS [Y]�NIS]VLG g M GLS O_HGLi
LRTKGMGOS OJ[[Gb
������ � �
	�
 �%*& A = (M1, · · · , Mn) ⊂ H2

0(P) 04"/M i † M j , i 6= j. P
"#& "E&('=0."

)0$#M(A)
*=,.*>-" >-"A 0 .0 ,(%,(*'&' )" (",('#"$&0&*%$ ,('4*#*?.";

������ g NRK [R NKINILTSTIO �b
 T[ LJ�S PG MIOSKGK ^JG SIJSN ∈ H2
0(P)∩A† GLS OJ[[Gb

uITS JOG SG[[G MRKSTOkR[G N GS JOG LJTSG PG SGMNL PYRKKzS Tn = inf{t ≤ 0 ; |Nt| ≥ n}. FRMRKSTOkR[G NTn GLS ZIKO_GU PROL A† �
P
GLS GQSK_MR[Gb FG S]_IKVMG �bd� MIOSKG ^JG NTn

GLS OJ[[G NIJK SIJS n, GS PIOH N = 0 b •
��



��� ������� �����������

������ � �
	�
 �%*& B -$ =%-4"="$& �(%�$*"$ )" )*="$#*%$ n #-( (Ω,FB
t , P) ; �.%(#,%-( &%-&M ∈ Mc,2

loc,
*. "E*#&"H i ∈ L(Bi), i = 1, · · · , n,

&".# >-" �

Mt = M0 +

n
∑

i=1

(H i.Bi)t.

 KGJWG GO GQGKHTHG g HYGLS JOG RNN[THRSTIO PJ S]_IKVMG NK_H_PGOS RJQ HIMNILROSGL PJ
MIJWGMGOS ZKIjOTGO PIOS IO MIOSKG ^JG

P
GLS [YJOT^JG _[_MGOS PGM(B)b  IJK HG XRTKGULITS Q ∈ M(B) GS [R MRKSTOkR[G Z = E[dQ

dP
/F.]

^JT GLS JOG XIOHSTIO PG Bi
t
NJTL^JG B GLSJOG NKIHGLLJL PG lRKrIWb B GLS ` [R XITL JOG P GS JOG QiMRKSTOkR[GU NRK [G S]_IKVMG PGvTKLROIWU ZB PITS zSKG JOG P MRKSTOkR[GU PIOH [G HKIH]GS 〈Z, B〉 = 0

 RK [R XIKMJ[G PG
cSnU g = 1.

 JTL IO [IHR[TLG [R MRKSTOkR[GM.
3&*.*#"( Zt = E[dP

dQ
/FB

t ] "#& -$" C %$/&*%$ ="#-(0?.")- 4"/&"-( (B1
t , · · · , Bn

t ).
��������� �
	�
 �%-# ."# =�="# B�,%&B�#"#8 #%*& Z ∈ L1(F∞, P)8 0.%(# *. "E*#&" H i ∈
L(Bi), i = 1, · · · , n,

&".# >-" �

Z = E[Z] +
n

∑

i=1

(H i.Bi)∞.

������ g IO RNN[T^JG [G S]_IKVMG ` [R MRKSTOkR[G Mt = E[Z/Ft]
GS IO XRTS SGOPKG tWGKL [YTO�OTb •

xGMRK^JGK R[IKL ^JGU LT
P
GS Q LIOS PGJQ NKIZRZT[TS_L _^JTWR[GOSGLU GS LT IO OISG

Z [R WRKTRZ[G P−TOS_kKRZ[G dQ

dP
, R[IKL [R MRKSTOkR[G Zt = EP[Z/Ft]

GLS JOG MRKSTOkR[G
GQNIOGOSTG[[G g T[ GQTLSG JO NKIHGLLJL φ

SG[ ^JG dZt = ZtφtdBt.
��������� � ���	 
� ��	 ���� ��������
� ��������

� M ���� 
�	 �����	����	 �� 	��� ��	

��������� ���������
�	� 
���	���
� L(M)
�������� 
���	���
� {H = (H i), ∀i H i ∈ L(M i)} 	��	

����� 
����
��� �
H ∈ L(M) ⇔ ∀t,

∫ t
0

∑

i,j H i
sH

j
sd〈M i,M j〉s < ∞.

��� ������� �� �����������

�PYRNKVL �RHIP �d
�U NRkGL eehie�fb�
�ROL [G HRL PG [R aTOROHGU T[ LYRkTS PJ NKIZ[VMG LJTWROS g IO PTLNILG PYJO GOLGMZ[G PG
NKTQ PIOS [Y_WI[JSTIO GLS MIP_[TL_G NRK JOG XRMT[[G PG NKIHGLLJL HIOSTOJL RPRNS_L LJK JO
GOLGMZ[G PG NKIZRZT[TS_ �[SK_ (Ω,B,Ft, P)U GO XRTS PGL LGMTiMRKSTOkR[GLb �QTLSGiSiT[ JOGNKIZRZT[TS_ Q

SG[[G ^JG SIJSG HGSSG XRMT[[G LITS HIOSGOJG PROLMc
loc(Q)

� \YGLS HG ^JG [YIO
RNNG[[G JO NKIZ[VMG PG MRKSTOkR[Gb pO LJNNILG THT �MRTL HY_SRTS PG SIJSG XR#IO GO k_O_KR[
[G HRL !� ^JG B = F∞.
pO LG N[RHG LJK JO GOLGMZ[G JO NGJ N[JL kKROP PROL HG NRKRkKRN]G g

H1(P) = {M ∈ Mc
loc(P) ; sup

t
|Mt| ∈ L1}.

��



pO NGJS MIOSKGK ^JG HGSSG P_�OTSTIO GLS _^JTWR[GOSG ` g

H1(P) = {M ∈ Mc
loc(P) ; 〈M〉

1
2∞ ∈ L1}

kK�HG ` [YTO_kR[TS_ PG tJKr]I[PGK g

‖ sup
t

|Mt|‖q ≤ cq‖〈M〉 1
2‖q ≤ Cq‖ sup

t
|Mt|‖q.

������� �
	�
 �%*& X -$" C0=*.." )" ,(%/"##-# /%$&*$-# 0)0,&'# #-( (Ω,B,Ft) ; �$0,,".." #%.-&*%$ )- ������ � ��  ������� ������ � X &%-&" ,(%?0?*.*&' P
&".." >-"

X ⊂ Mc
loc(P). �$ $%&" M(X ) /"& "$#"=?." )" ,(%?0?*.*&'# "& . 2%$ (0,,".." >-" S(X )

."
,.-# ,"&*& "#,0/" #&0?." )"H1(P) /%$&"$0$& {H.M, H ∈ L∗(M), M ∈ X}.
��������� �
	�
 M(X ) "#& /%$4"E";

������ GO GQGKHTHGb
pO OISG

Me(X ) [GL _[_MGOSL GQSK_MRJQ PG HGS GOLGMZ[Gb
������ � �
��
 �/B &B; ::;5 )" �:9� ,0+" 

7;� �%*& P ∈ M(X ) � %$ 0 ."# '>-*40."$/"# �

(i) P ∈ Me(X )

(ii) H1(P) = S(X ∪ {1}) "& F0 = (∅, Ω)

(iii) ∀N ∈ Mb(P) ∩ X † &".." >-" 〈N〉 "#& ?%($' , N = 0 "& F0 = (∅, Ω).

��������� �
�	
 �* )" ,.-# X "#& �$* %- /%=,%#' -$*>-"="$& )" ,(%/"##-# ,("#>-"
#�("="$& /%$&*$-#8 ."# &(%*# 0##"(&*%$# )- &B'%(�=" #%$& '>-*40."$&"# 1

(iv){Q ∈ M(X ), Q ∼ P} = {P}.
������ g

�TT�⇒�TTT� uITSM JOG MRKSTOkR[G ZIKO_GU OJ[[G GO 0 U IKS]IkIOR[G XIKSGMGOS ` SIJS _[_MGOSPG X LITS 〈M, X〉 = 0, ∀X ∈ X .
 JTL^JG X ∪{1} GOkGOPKG NRK ]�NIS]VLG [YGOLGMZ[GH1(P)U SIJS N ∈ H1(P) GLS [TMTSGPG NKIHGLLJL PG [R XIKMG N0 +

∑

i Hi.Xi
b �IOHU

〈M, N〉t = lim M0N0 +
∑

i

〈M, Hi.Xi〉t =
∑

i

∫ t

0

Hid〈M, Xi〉s

^JT GLS OJ[[G NRK ]�NIS]VLG LJK M
^JT GLS RTOLT IKS]IkIOR[G ` SIJS _[_MGOS PG H1(P)b\IMMG M GLS ZIKO_GU G[[G GLS RJLLT _[_MGOS PG H1(P), PIOH IKS]IkIOR[G ` G[[GiMzMGUPIOH OJ[[Gb

�TTT�⇒�TT� pO R NRK P_�OTSTIO [YTOH[JLTIO S(X ∪ {1}) ⊂ H1(P). uJNNILIOL [YTOH[JLTIOLSKTHSGb  JTL^JG S(X ∪ {1}) GLS JO XGKM_ HIOWGQG PG H1(P)U T[ GQTLSG M ∈ H1(P) IKS]IkiIOR[G ` S(X ∪ {1})b �O NRKSTHJ[TGKM GLS IKS]IkIOR[G ` 1 U PIOH M0 = 0. uITS [R LJTSG PGSGMNL PYRKKzS Tn = inf{t/|Mt| ≥ n} ^JT XRTS ^JG MTn GLS JOG MRKSTOkR[G ZIKO_GU OJ[[G GO

�h



0 U IKS]IkIOR[G ` SIJS X g G[[G GLS OJ[[G NRK [Y]�NIS]VLG �TTT� GS [Y_kR[TS_ PGL PGJQ GOLGMZ[GLGLS W_KT�_Gb

�T�⇒�TTT� pO R
P
GQSK_MR[G PROL M(X )b uITS Y JOG WRKTRZ[G R[_RSITKG F0

iMGLJKRZ[G
ZIKO_G GS N ′ JOG MRKSTOkR[G ZIKO_GU OJ[[G GO �_KIU IKS]IkIOR[G ` SIJS X b pO NILG
N = Y − E[Y ] + N ′.

xGMRK^JIOL ^JG NIJK SIJS t ≥ 0, EP(Nt) = 0.
 ILIOL R[IKL

a = ‖N‖∞ ; Z1 = 1 +
N

2a
; Z2 = 1 − N

2a
.

c[ GLS H[RTK ^JG E(Zi) = 1, Zi ≥ 1
2

> 0, GS PIOH [GL MGLJKGL Qi = ZiP
LIOS PGL NKIZRZT[TS_L

_^JTWR[GOSGL `
P
PIOS [R PGMTiLIMMG GLS P.

�J XRTS ^JG Y GLS F0
iMGLJKRZ[G GS N ′ GLS IKS]IkIOR[G ` X ∀X ∈ X U N GLS RJLLT

IKS]IkIOR[G ` X ∀X ∈ X U GS NX GLS JOG Pi MRKSTOkR[Gb �IOH ZiX = X ± NX
2a
GLS _kR[Gi

MGOS JOG
Pi MRKSTOkR[Gb �O JST[TLROS [R NKINILTSTIO �b�UX ∈ Mc

loc(Qi)
GS Qi ∈ M(X ) HG^JT HIOSKGPTS [YGQSK_MR[TS_ PG

P
LRJX LT Nt = 0, ∀t ≥ 0 HYGLS ` PTKG ` [R XITL Y = E[Y ] GS

N ′ = 0 HG ^JT MIOSKG �TTT�b

�TTT�⇒�T� uJNNILIOL ^JG P
RPMGS [R P_HIMNILTSTIO PROL M(X ) : P = aQ1 + (1 − a)Q2.�IOH Q1

GLS RZLI[JMGOS HIOSTOJG NRK KRNNIKS `
P
GS [R PGOLTS_ Z GQTLSGU MR�IK_G NRK 1

a
,PYGLN_KROHG 1 GS NJTL^JG F0 = (0, Ω)U Z0 = 1 NKGL^JG L�KGMGOS g Z−1 GLS JOG MRKSTOkR[GZIKO_G OJ[[G GO �_KIb

 RK RT[[GJKLU NIJK SIJS X ∈ X , X ∈ Mc
loc(P) ∩ Mc

loc(Q1)
NJTL^JG

P
GS Q1 ∈ M(X ).lRTL SIJ�IJKL [R NKINILTSTIO �b� MIOSKG ^JG ZX ∈ Mc

loc(P) GS (Z − 1)X ∈ Mc
loc(P) HYGLS` PTKG ^JG Z − 1 GLS IKS]IkIOR[G ` SIJS X GS [Y]�NIS]VLG �TTT�MIOSKG R[IKL ^JG Z − 1 = 0,HG ^JT WGJS PTKG ^JG Q1 = P

^JT GLS PIOH GQSK_MR[Gb

�TW�⇒�TTT� LG MIOSKG HIMMG �T�⇒�TTT�U NKGJWG ^JT OG O_HGLLTSG NRL ^JG X RTS JOG NKIi
NKT_S_ NRKSTHJ[TVKGb

�TT�⇒�TW� uJNNILIOL ^JYT[ GQTLSG P
′ 6= P

PROL M(X )
^JT LITS _^JTWR[GOSG `

P. �ROL [GHRL I� X GLS �OTU �TT� LTkOT�G ^JG �HX [G S]_IKVMG �bh� g

H2(P) = {a +

n
∑

i=1

H iX i ; a ∈ R, H i ∈ L∗(X i) ∩ L2(dP ⊗ d〈X i〉), X i ∈ X}.

uITS Z [R MRKSTOkR[G PGOLTS_ PG P
′ NRK KRNNIKS `

P : P
′ = ZP

RWGH Z PiMRKSTOkR[GPYGLN_KROHG 1 U _kR[G ` 1 GO �_KIb �IJS X PG X GLS PROL Mc
loc(P) ∩ Mc

loc(P
′) MRTL [RNKINILTSTIO �b� PTS ^JG ZX ∈ Mc

loc(P)U PIOH (Z − 1)X ∈ Mc
loc(P)U HYGLS ` PTKG ^JG Z − 1GLS IKS]IkIOR[G ` X PIOH ` S(X ∪ {1}) = H1(P)b uT NRK [IHR[TLRSTIO IO ZIKOG HGSSGMRKSTOkR[GU [R MRKSTOkR[G RKKzS_G GLS IKS]IkIOR[G ` G[[GiMzMGU PIOH OJ[[Gb

��� �����
����� �� �����
�

FYRNN[THRSTIO GLS PIJZ[G g LYT[ GQTLSG JOG NKIZRZT[TS_Q _^JTWR[GOSG ` [R NKIZRZT[TS_ ORSJKG[[GSG[[G ^JG SIJL [GL NKIHGLLJL PG NKTQ LIOS PGL QiMRKSTOkR[GLU Q GLS PTSG ,(%?0?*.*&' $"-&("

�m



0- (*#>-" �IJ GOHIKG �MGLJKG MRKSTOkR[G��U GS R[IKL [G MRKH]_ GLS PTS wcytF�U HYGLS `
PTKG ^JG [YRKZTSKRkG GLS TMNILLTZ[G �kRkOGK RWGH JOG NKIZRZT[TS_ LSKTHSGMGOS NILTSTWG GO
NRKSROS PYJOG MTLG TOTSTR[G OJ[[G�b Fy x�\c xp�q� �u� ayquu�U HIOSKRTKGMGOS ` HG^JYIO [TS SKIN LIJWGOSb
uT HGL NKIHGLLJL PG NKTQU QiMRKSTOkR[GLU IOS [R NKINKT_S_ PG KGNK_LGOSRSTIO PGL QiMRKSTOkR[GLU [G MRKH]_ GLS PTS \pl F��b

�
�
	 ��������� ����� ��������� ������ �� �����

pO LJNNILG ^JG [GL RHSTXL LIJLi�RHGOSL LIOS PG NKTQ Si, i = 1, ...nU LGMTiMRKSTOkR[GL LSKTHSGiMGOS NILTSTWGL PG [R XIKMG

dSi
t = Si

tb
i
tdt + Si

t

∑

j

σi
j(t)dBj

t .

uITS NRK RT[[GJKL [R NKIZRZT[TS_ _^JTWR[GOSG Q = E(X.B)P = ZP.
 RK [G S]_IKVMG PG

vTKLROIWU NIJK SIJS j
g

B̃j
t = Bj

t −
∫ t

0

Xj
sds

GLS JO QiMIJWGMGOS ZKIjOTGOb �IOHU PG XRTSU Si LIOS RJLLT PGL QiLGMTiMRKSTOkR[GL PG [RXIKMG g
dSi

t = Si
t(b

i
t +

∑

j

σi
j(t)X

j
t )dt + Si

t

∑

j

σi
j(t)dB̃j

t .

FG NKIZ[VMG GLS PIOH KRMGO_ ` SKIJWGK JO WGHSGJK X PROL L(B) W_KT�ROS �NRK GQGMN[G�[R HIOPTSTIO PG �IWTrIW SG[ ^JG NIJK SIJS i = 1, ...n

bi
t +

∑

j

σi
j(t)X

j
t = 0,

LITS n _^JRSTIOL ` d
TOHIOOJGLb

�E"(/*/" � ('#%-)(" .%(#>-" n = d = 18 ,-*# n = d ; �-" C0*(" #* n 6= d �

�
�
� ��������� � ���������� ����� �����

�ROL [G HRL PYJO MRKH]_ HIMN[GSU kK�HG RJ S]_IKVMG PG KGNK_LGOSRSTIOU IO NGJS RLLJKGK HG
^JG [YIO RNNG[[G [R �HIJWGKSJKG� PYJOG INSTIOb pO KRNNG[[G ^JYT[ LYRkTS PYJO RHSTX �OROHTGK
XIOP_ LJK JOG RHSTIO PG NKTQ pU MRTL HYGLS JO PKITS ^JG [YIO NGJS GQGKHGK ` SGKMG PG PGJQXR#IOL g
i JOG INSTIO HR[[ PG WR[GJK SGKMTOR[G (ST − K)+,

i JOG INSTIO NJS PG WR[GJK SGKMTOR[G (K − ST )+,
K _SROS [G NKTQ PYGQGKHTHG PG [YINSTIO GS T [G SGKMG �IJ g MRSJKTS_�b \IOHKVSGMGOSU IORH]VSG RJ SGMNL 0 [G PKITS PYRH]GSGK RJ NKTQ K MzMG LT [G NKTQ ST

GLS RJ PGLLJL �HR[[� IJ
[G PKITS PG WGOPKG RJ NKTQ K MzMG LT [G NKTQ ST

GLS GO PGLLIJL �NJS�b lRTL NIJK SKIJWGK

�




[G ��JLSG NKTQ� PG HG HIOSKRSU T[ XRJS ^JG [G WGOPGJK PG [YINSTIO NJTLLG ]IOIKGK [G HIOSKRSU
PIOH N[RHGK [R LIMMG IZSGOJG GO WGOPROS [G HIOSKRS GO LIKSG PG NIJWITK �RJ MITOL GO
MI�GOOG� RJ SGMNL T NR�GK [YRH]GSGJKb
������� �
��
 �$ 0,,".." ��-#&" ,(*E �)" . 2%?� "/&*C H �C 0*( ,(*/"8 "$ 0$+.0*#� ." ,.-# ,"&*&
x ≥ 0

&". >- 2*. "E*#&" -$" #&(0&'+*" π 0)=*##*?." "& 0-&%�$0$�0$&" ('0.*#0$& .0 (*/B"##"Xπ

04"/ ." ,(*E 0/&-0.*#' e−rT Xπ
T = H, Xπ

0 = x.

xRNNG[ g pO PTS ^JYJOG LSKRS_kTG RJSI�ORO#ROSG π GLS �� ����� LT [R WR[GJK IZSGOJG

Vt(θ) = V0 +

∫ t

0

θs.dSs

GLS NKGL^JG L�KGMGOS MTOIK_G NRK JOG HIOLSROSG K_G[[Gb
 RK GQGMN[G NIJK [YINSTIO �HR[[�U [YIZ�GHSTX GLS cT = (ST − K)+, GS [G WGOPGJK PJHIOSKRS H]GKH]G ` [G �HIJWKTK�b \YGLS [` ^JG LGKWGOS [GL S]_IKVMGL PG �KGNK_LGOSRSTIO"

PGL MRKSTOkR[GLbbbbb uT r GLS [G SRJQ HIJKROS PYRHSJR[TLRSTIO �NRK GQGMN[G SRJQ PG HRTLLGPY_NRKkOG�U e−rT XT
GLS [YIZ�GHSTX RHSJR[TL_b uJNNILIOL ^JG [YIO LG N[RHG PROL [G HRPKG PG

�b�bd RWGH n = d U σ TOWGKLTZ[G GS [G MRKH]_ RPMGS JOG NKIZRZT[TS_ OGJSKG RJ KTL^JG LJK FTg
Q = ET (X.B)P. �YRNKVL [G S]_IKVMG XIOPRMGOSR[ T[ GQTLSG JO WGHSGJK θ

SG[ ^JG

�s�� e−rT XT = EQ[e−rT XT ] +

∫ T

0

∑

j

θj
t dB̃j

t .

pKU RWGH [R P_�OTSTIO PJ QiMIJWGMGOS ZKIjOTGO B̃ WJ HTiPGLLJL g

dSi
t = Si

t

∑

j

σi
j(t)dB̃j

t

LITS NIJK SIJS j

dB̃j
t = (Si

t)
−1

∑

i

(σ−1)j
i (t)dSi

t

^JG [YIO KGMN[RHG PROL �s��g

e−rT XT = EQ[e−rT XT ] +

∫ T

0

∑

i,j

θj
t (S

i
t)

−1(σ−1)j
i (t)dSi

t

HG ^JT NGKMGS PYTPGOST�GK [G NIKSGXGJT[[G PG HIJWGKSJKG

πi
t = (Si

t)
−1

∑

j

θj
t (σ

−1)j
i (t)

GS [G �JLSG NKTQ GLS R[IKL g
q = EQ[e−rT XT ].

�f



� ������ �����	�� �� ���
� ����	�� ���� ��� 
�	� ����
�	����

pO NGJS WITKU GOSKG RJSKGLU �
� H]RN dsbd ` dsb� IJ �sf� LGHSTIO �bmU NRkGL ehd GS L^b pO
LJNNILG THT [Y]�NIS]VLG ypyU PIOH [GL NKIHGLLJL PG NKTQ LIOS PGL LGMTiMRKSTOkR[GLb

��� �������	���� �	 ������

pO LG N[RHG GO ]IKT�IO �OT g t ∈ [0, T ], [G MRKH]_ OIS_ S HIMNIKSG N + 1 RHSTXL �OROHTGKLPIOS [GL NKTQ LIOS PGL LGMTiMRKSTOkR[GL HIOSTOJGL PIOS IO NGJS WGOPKG GS RH]GSGK PGL^JROSTS_L K_G[[GLU MRTL T[ OY� R NRL PG HI�SL PY_H]ROkG IJ PG SKROLRHSTIOb \GL NKIHGLLJL
PG NKTQ LIOS LJNNIL_L HIOSTOJLU HIOLSKJTSL LJK JO GLNRHG PG�TGOGKU GLNRHG PG NKIZRZT[TS_
�[SK_ g (Ω,A, P,Ft)

LJK [G^JG[ GLS P_�OT JO MIJWGMGOS ZKIjOTGO PG PTMGOLTIO d OIS_ B.�G N[JLU IO LJNNILG ^JG F0 = {∅, Ω},FT = A.
��������� ��� ��  ����� S

g FG NKGMTGK RHSTX GLS ` SRJQ LROL KTL^JGU S�NG HRTLLG
PY_NRKkOG �ZIOPU GO ROk[RTL� g

dS0
t = S0

t rdt, r > 0, S0
0 = 1.

\YGLS ` PTKG ^JG S0
t = ert. JTL N RHSTXL KTL^J_L LJK [G MRKH]_ LIOS LJNNIL_L PGL LGMTiMRKSTOkR[GL LSKTHSGMGOS NILTiSTWGL W_KT�ROS ∀n = 1, ..., N,

T[ GQTLSG JOG LGMTiMRKSTOkR[G xn SG[[G ^JG g

Sn
t = Et(X

n), t ∈ [0, T ].

\IOHKVSGMGOSU

dXn
t = σn

j (t)dW j
t + bn(t)dt, n = 1, · · · , N ; dX0

t = rdt.

c[ GQTLSG JO ZTGO PG HIOLIMMRSTIO N_KTLLRZ[Gb GS T[ � R I RkGOSL _HIOIMT^JGL R�ROSRHHVL ` [YTOXIKMRSTIO Ft
RJ SGMNL tb  IJK SIJS i = 1, · · · , I U [G i−VMG RkGOS PTLNILGPG KGLLIJKHGL ei

0 ∈ R
+ RJ P_ZJS GS ei

T ∈ L1(Ω,FT , P) ` [R �OU GS PG MzMG HIOLIMMG
ci
0 ∈ R

RJ P_ZJS GS ci
T ∈ L1(Ω,FT , P) ` [R �Ob c[ OY� R OT KGLLIJKHG OT HIOLIMMRSTIOTOSGKM_PTRTKGb

pO OISG X JOG NRKSTG PG
R × A(Ω,FT , P) [YGOLGMZ[G PGL IZ�GHSTXL ` RSSGTOPKGU MJOTPYJOG KG[RSTIO PG NK_X_KGOHG HIMN[VSGU HIOSTOJGU HKITLLROSG GS HIOWGQG �̂ JG [YIO HIOLSKJTKR

N[JL SRKP GS ^JT PToVKG PYJOG KG[RSTIO PYIKPKG g T[ MRO^JG [YROSTL�M_SKTG GS [R SKROLTSTWTS_�b
������� �
	
 3$" (".0&*%$ )" ,('C '("$/" �$%&'" ≺� "#& )*&" �� ����� #* ,%-( &%-& c1"& c2

)"X 8 %$ 0 %- ?*"$ c1 ≺ c2
%- ?*"$ c2 ≺ c1

�.." "#& )*&" ������� #* ∀c ∈ X 8 {c′ ∈ X, c′ ≺ c} "& {c′ ∈ X, c ≺ c′} #%$& )"# C "(='#;
�.." "#& )*&" ��������� #* &%-&"# ."# /%%()%$$'"# )" c′ #%$& #-,'(*"-("# %- '+0."# 1 /".."#)" c8 0.%(# c ≺ c′ ;
�.." "#& )*&" ������� #* c′ "& c” ≺ c 0.%(# ,%-( &%-& α ∈ [0, 1]8 αc′ + (1 − α)c” ≺ c ;

�d



��� ���	�� �� ���� ����	����� �	 ��������� ��	��� �	 ����	�

������� �
�
 �&0$& )%$$' -$ #�#&�=" )" ,(*E (S0, · · · , SN)8 -$"  ����� �� ���
��������� %- ,(%?0?*.*&' $"-&(" 0- (*#>-" #-( (Ω,Ft)

"#& -$" ,(%?0?*.*&' Q
'>-*40."$&"

1
P
&".." >-" ."# ,(*E 0/&-0.*#'# e−rtSn 8 $%&'# S̃n, #%$& )"# Q

�=0(&*$+0."# .%/0."#;
pO OISG QS

[YGOLGMZ[G PG SG[[GL NKIZRZT[TS_Lb
�"=0(>-"( >-" /"& "$#"=?." "#& /%$&"$- )0$# . 2"$#"=?." $%&' M(S)

)0$# .0 )'�$*&*%$
�;:7;
uJNNILROS R[IKL ^JGQS

��� ��� ��� IO H]ITLTSQ ∈ QS
� G[[G OYGLS NRL XIKH_MGOS JOT^JGU

MRTL [R N[JNRKS PGL K_LJ[SRSL LIOS TOP_NGOPROSL PG [Y_[_MGOS H]ITLT PROL HGS GOLGMZ[G QS
b

\GSSG ]�NIS]VLG TMN[T^JG [YRZLGOHG PYRKZTSKRkG �P_�OTSTIO hbh GS S]_IKVMG hb
 HTiPGLLIJL�b
�_ROMITOLU HIOSKRTKGMGOS ` HG ^JG [YIO [TS SKIN LIJWGOSU G[[G OG [JT GLS NRL _^JTWR[GOSGb
\YGLS JOG HIOPTSTIO LJ�LROSG MRTL NRL O_HGLLRTKG ` [YRZLGOHG PYRKZTSKRkGb �[[G GLS GO
KGWROH]G _^JTWR[GOSG ` JOG HIOPTSTIO RNNG[_G �aFwx �HXb �h��b

�E"(/*/" � &(0)-*#%$# )0$# /" /%$&"E&" . 2B�,%&B�#" =0� "-(" )- =%)�."8 1 #04%*( . 2"E*#&"$/")2-$" ="#-(" Q
)" ,(*E )2'>-*.*?("8 /2"#& 1 )*(" >-" ."# ,(*E 0/&-0.*#'# S̃n #%$& )"# =0(�

&*$+0."#;
\GHT LG SKRTSG ZTGO NRK [R XIKMJ[G PG cSI g

�s�� dS̃n
t = e−rtdSn

t − rSn
t e−rtdt = S̃n

t (dxn
t − rdt) = S̃n

t [
∑

j

σn
j (t)dBj

t + (bn(t) − r)dt].

c[ LYRkTS PIOH PG SKIJWGK Q _^JTWR[GOSG ` P
GS JO Q− MIJWGMGOS ZKIjOTGO B̃

SG[ ^JG
dxn

t − rdt = σdB̃ b pO JST[TLG THT [G S]_IKVMG PG vTKLROIW GO OISROS Zt = EP[dP
dQ

/Ft]
^JT

GLS JOG MRKSTOkR[G NIJWROS LG �KGNK_LGOSGK�Y NRK KRNNIKS RJ MIJWGMGOS ZKIjOTGO B PGPTMGOLTIO d
g T[ GQTLSG JO NKIHGLLJL WGHSGJK X ∈ P(B)

SG[ ^JG dZt = Zt

∑d
j=1 XjdBj

t .�KIJWGK Q OGJSKG RJ KTL^JG KGWTGOS ` SKIJWGK X.�GKMTOGK [YGQGKHTHG GO LJNNILROS NRK GQGMN[G ^JG [R MRSKTHG tσ.σ GLS PG KROk d PIOHTOWGKLTZ[G GS ^JYT[ � R JOG HIOPTSTIO S�NG �IWTrIW LJK [G WGHSGJK v. = (tσ.σ.)
−1×tσ.(b.−r.

	
)I� 	 = (1, · · · , 1).

 [JL k_O_KR[GMGOSU PTLHJSGK [YGQTLSGOHG PG [YGQTLSGOHG PG NKIZRZT[TS_L
OGJSKGL RJ KTL^JG LG[IO ^JG d =, <, > N.

��� ���������� ���
�����

�%&0&*%$ � /*�)"##%-#8 〈x, y〉 $%&" ." ,(%)-*& #/0.0*(" "$&(" ."# )"-E 4"/&"-(# x "& y, 1 $",0# /%$C %$)(" 04"/ ." /(%/B"& #&%/B0#&*>-" "$&(" )"-E =0(&*$+0."# %- #"=*�=0(&*$+0."# �
�s



qOG LSKRS_kTG GLS JO NIKSGXGJT[[G θ U NKIHGLLJL F iRPRNS_ ` WR[GJKL PROL R
N+1 U θn KGNK_LGOiSROS [R NRKS PJ NIKSGXGJT[[G TOWGLSTG PROL [G n

TVMG RHSTX �OROHTGKb FGL HIOPTSTIOL ` TMNILGK
LIOS HG[[GL ^JT NGKMGSSGOS RJ NKIHGLLJL K_G[ ∫ 〈θs, dSs〉 PYzSKG ZTGO P_�OT g θ PITS zSKG TOiS_kKRZ[G LJK [0, t], ∀t NRK KRNNIKS KGLNGHSTWGMGOS ` [R NRKSTG MRKSTOkR[G GS [R NRKSTG `WRKTRSTIO �OTG PG [R LGMTiMRKSTOkR[G ^JYGLS [G NKTQ RHSJR[TL_ S̃n. \GSSG ^JROSTS_ ∫ t

0
〈θs, dSs〉KGNK_LGOSG [G kRTO TLLJ PG [Y_H]ROkG GOSKG 0 GS t GS ∫ t

0
〈θs, dS̃s〉 KGNK_LGOSG [G kRTO RHSJR[TL_TLLJ PG [Y_H]ROkG GOSKG 0 GS t.

������� �
�
 3$" ������� �� ����� "#& -$ ,(%/"##-# 0)0,&' 1 40."-(# )0$#
R

N+1

#-( (Ω,Ft, Q) #&%/B0#&*>-"="$& *$&'+(0?." �/C ; .0 #"/&*%$ 5� ,0( (0,,%(& 0- 4"/&"-( ,(*E S ;
������� �
�
 3$" #&(0&'+*" "#& ������������� #*8 )" ,.-#8 ,%-( &%-& t ∈ R

+ .0 40."-(
)- ,%(&"C "-*.." �

Vt(θ) = 〈θt, St〉 = 〈θ0, S0〉 +

∫ t

0

〈θs, dSs〉.

�� �����g \GHT LYTOSGKNKVSG PG [R MROTVKG LJTWROSG g T[ OY� R NRL PG KGLLIJKHGL
GQSGKOGLU LGJ[G [R WRKTRSTIO PJ NIKSGXGJT[[G XRTS _WI[JGK [R KTH]GLLGb
\GHT GLS NGJSizSKG N[JL H[RTK GO PTLHKGS g

Vt+1 − Vt = 〈θt+1, St+1〉 − 〈θt, St〉 = 〈θt+1, St+1 − St〉�sh�
_^JTWRJS 〈θt+1, St〉 = 〈θt, St〉.

FG NIKSGXGJT[[G LG XRTS PG t ` t + 1 NRK K_IKkROTLRSTIO TOSGKOG GOSKG [GL PTo_KGOSL RHSTXLb

\G OYGLS NRL IZ[Tk_U MRTL THT IO R LJNNIL_ ^JG [GL NKTQ LIOS PGL GQNIOGOSTG[[GL LSIH]RLST^JGLU
RTOLT GLSiIO RLLJK_ ^JYT[L KGLSGOS NILTSTXLb
������ � �
�
 �%*& θ -$" #&(0&'+*" 0)=*##*?."; �.." "#& 0-&%�$0$�0$&" #* "& #"-."="$&#* .0 40."-( 0/&-0.*#'" )- ,%(&"C "-*.." Ṽt(θ) = e−rtVt(θ)

4'(*� " �

Ṽt(θ) = V0(θ) +

∫ t

0

〈θs, dS̃s〉

%� ." ,(%)-*& #/0.0*(" "#& )0$#
R

N 0- .*"- )"
R

N+1 ,-*#>-" dS̃0
s = 0.

������ GO GQGKHTHGU ` [YRTPG PG [R XIKMJ[G PG cSI NIJK [G NKIPJTS e−rt × Vt(θ)
GS �s��b

��������� �
�
 �%*& Q -$" ="#-(" )" ,(*E )2'>-*.*?("; �%-( &%-&" #&(0&'+*" θ 0-&%��$0$�0$&" '.'="$& )" P(S̃)8 .0 40."-( 0/&-0.*#'" )- ,%(&"C "-*.." "#& -$" Q−=0(&*$+0.".%/0.";
�e



������ GO GQGKHTHGb

������� �
�
 �$ )*& >-" θ "#& -$" ������� ��������� #* ".." "#& 0)=*##*?."80-&%�$0$�0$&" "& 4'(*� " . 2-$" )"# &(%*# ,(%,(*'&'# �

〈θ0, S0〉 ≤ 0 "& 〈θT , ST 〉 ≥ 0 ,("#>-" #�("="$& "& 6= 0 04"/ -$" ,(%?0?*.*&' > 0,

〈θ0, S0〉 < 0 "& 〈θT , ST 〉 ≥ 0 ,("#>-" #�("="$&8
〈θ0, S0〉 = 0 "& 〈θT , ST 〉 ≥ 0 ,("#>-" #�("="$& "& 6= 0 04"/ -$" ,(%?0?*.*&' > 0.

�sm�

������ PG [Y_^JTWR[GOHG PGL SKITL P_�OTSTIOL GO GQGKHTHGb RK GQGMN[GU 2 ⇒ 3 U LT 〈θ0, S0〉 = a < 0, IO P_�OTS JOG OIJWG[[G LSKRS_kTG ^JT WR W_KT�GK[R PGKOTVKG NKINKT_S_ g

θ′n = θn, n = 1, · · · , N ; θ′0(t) = θ0(t) − ae−rt, ∀t ∈ [0, T ].

y[IKLU

〈θ′0, S0〉 = θ′00 , S0
0 +

N
∑

1

〈θn
0 , Sn

0 〉 = 〈θ0, S0〉 − a = 0

GS 〈θ′T , ST 〉 = 〈θT , ST 〉 − ae−rT erT > 〈θT , ST 〉 ≥ 0. �IOHU 〈θ′T , ST 〉 GLS NILTSTX GS OIO OJ[b

•
������� �
�
 3$ =0(/B' #0$# #&(0&'+*" )20(?*&(0+" "#& )*& �����; �$ )*& 0-##* >- 2*.4'(*� " . 2B�,%&B�#" ��� �0?#"$/" )2%,,%(&-$*&' )20(?*&(0+"� ;
pO WR PIOOGK PGL HIOPTSTIOL LJ�LROSGL NIJK ^JYJO MRKH]_ S LITS WTRZ[Gb

������ � �
�
 �/C ; �9�8 :5;5 "& #>;� �* . 2"$#"=?."QS
"#& $%$ 4*)" 0.%(# ." =0(/B' "#&

4*0?.";
������ GO GQGKHTHG RWGH [GL _SRNGL LJTWROSGL �LITS Q ∈ QS

� g
db uT NIJK SIJSG LSKRS_kTG RJSI�ORO#ROSG Ṽt(θ)

GLS JOG Q−LJKMRKSTOkR[GU R[IKL [G MRKH]_ GLS WTRZ[GbFG XRTS ^JG Ṽt(θ)
LITS JOG Q−LJKMRKSTOkR[G LY_HKTS g

∀s ≤ t, EQ[Ṽt(θ)/Fs] ≤ Ṽs(θ).

�O NRKSTHJ[TGK NJTL^JG [R SKTZJ TOTSTR[G F0
GLS SKTWTR[GU NIJK s = 0,

EQ[ṼT (θ)] ≤ Ṽ0(θ)
HYGLS ` PTKG 〈θ0, S0〉.
��



uJNNILIOL PIOH ^JYT[ GQTLSG JOG LSKRS_kTG PYRKZTSKRkG g 〈θ0, S0〉 = 0, 〈θT , ST 〉 ≥ 0.�IOH EQ[ṼT (θ)] ≤ 0 GS NJTL^JG ṼT (θ) = e−rT 〈θT , ST 〉 ≥ 0, ṼT (θ) = 0 GS [R LSKRS_kTG θ OGNGJS zSKG PYRKZTSKRkGb
sb uT SIJSG LSKRS_kTG RJSI�ORO#ROSG PG P(S̃) GLS SG[[G ^JG Ṽt(θ) ≥ 0, R[IKL [G MRKH]_ GLS WTRZ[Gb JTL^JG [R LSKRS_kTG θ GLS RJSI�ORO#ROSGU

Ṽt(θ) = 〈θ0, S0〉 +

∫ t

0

〈θs, dS̃s〉.

FG HIKI[[RTKG hb� MIOSKG ^JG Ṽt(θ)
GLS R[IKL JOG Q−MRKSTOkR[G [IHR[Gb \IMMG G[[G GLSNILTSTWGU HYGLS JOG LJKMRKSTOkR[G �HXb [R NKGJWG PJ [GMMG �b�� GS [YIO GLS KRMGO_ ` �d�

NIJK HIOH[JKGb •

�O HIOH[JLTIOU NIJK _WTSGK [YRKZTSKRkGU IO R�IJSG PROL [R P_�OTSTIO PG [YRPMTLLTZT[TS_ PYJOG
LSKRS_kTG θ [YIZ[TkRSTIO PG W_KT�GK

Vt(θ) ≥ 0, dt ⊗ dP
NKGL^JG L�KGMGOS .

�� ����� �
	�
 �$ 4%*& .1 .0 #-*&" )2*=,.*/0&*%$# � QS
"#& $%$ 4*)"⇒ . 2*$&"()*/&*%$

)" &%-& 0(?*&(0+"⇒ ."# ,(*E #%$& )"# #"=*�=0(&*$+0."# #0$# ,%-( 0-&0$& 04%*( ."# ('/*,(%�
>-"#;;;;;

��� ���
�� 
������

pO JST[TLG THT [GL IJST[L TOSKIPJTSL PROL [G NRKRkKRN]G �bdb uITS Q ∈ QS.

������� �
		
 �$ )*& >- 2-$ %?� "/&*C X ∈ L1(Ω,FT , Q)
�/%$&*$+"$& /.0*=� "#& � ���
��� %- ��������� #%-# .0 ,(%?0?*.*&'Q # 2*. "E*#&" -$" #&(0&'+*" 0)=*##*?." 0-&%�$0$�0$&"

θ "& -$ ('". x &".# >-"

X = 〈θT , ST 〉 = x +

∫ T

0

θs.dSs.

�$ )*& >- 2-$ =0(/B' "#& �� ���� #%-# .0 ,(%?0?*.*&' Q ,%-( ." #�#&�=" )" ,(*E S #*&%-& X ∈ L1(Ω,FT , Q) "#& #*=-.0?.";
pO H]GKH]G PROL HG NRKRkKRN]G ` HRKRHS_KTLGK [GL MRKH]_L HIMN[GSLU IJ PJ MITOL `

MGSSKG GO _WTPGOHG PGL HIOPTSTIOL LJ�LROSGL PG HIMN[_SJPGb
������ � �
	�
 3$ %?� "/&*C X "#& #*=-.0?." #* "& #"-."="$& # 2*. "E*#&" -$ ,(%/"##-#
4"/&%(*". α ∈ P(S̃)

)" )*="$#*%$ N
&". >-" �

EQ[X/Ft] = e−rT EQ[X] +

∫ t

0

〈αs, dS̃s〉.

������ g
uTX GLS LTMJ[RZ[GU HG[R LTkOT�G ^JYT[ GQTLSG JOG LSKRS_kTG θ RPMTLLTZ[G GS RJSI�ORO#ROSGGS JO K_G[ x SG[L ^JG X = VT (θ) = 〈θT , ST 〉 = x +

∫ T

0
〈θs, dSs〉.

��



 JTL^JG θ GLS RPMTLLTZ[G G[[G GLS NRK P_�OTSTIO LSIH]RLST^JGMGOS TOS_kKRZ[G NRK KRNNIKS `
S PIOH S̃ � G[[G GLS RJSI�ORO#ROSG HYGLS ` PTKG �HXb S]_IKVMG hb�� ^JG dṼt(θ) = 〈θt, dS̃t〉.pK
X = 〈θT , ST 〉 LITS ṼT (θ) = e−rT X GS GO�O Ṽ (θ) GLS JOG MRKSTOkR[G g

Ṽt(θ) = EQ[ṼT (θ)/Ft] = EQ[ṼT (θ)] +

∫ t

0

〈θs, dS̃s〉.

FG NKGMTGK SGKMG GLS ZTGO e−rT EQ[X] GS IO TPGOST�G [G NKIHGLLJL α H]GKH]_ HIMMG _SROS[R LSKRS_kTG θ LJK [GL HIIKPIOO_GL PG 1 ` N.
x_HTNKI^JGMGOSU LT α GQTLSGU IO P_�OTS [R LSKRS_kTG

θn = αn, n = 1, · · · , N ; θ0 = e−rT EQ[c(T )] +

∫ T

0

〈αs, dS̃s〉 −
N

∑

1

〈θn
s , S̃n

s 〉.

pO W_KT�G ^JG HGSSG LSKRS_kTG NGKMGS GoGHSTWGMGOS ` [YIZ�GHSTX X PYzSKG LTMJ[RZ[GU
NJTLU ^JG HGSSG LSKRS_kTG NKINIL_G θ GLS GoGHSTWGMGOS RJSI�ORO#ROSGb •
pO RPMGS [G S]_IKVMG g

������ � �
	�
 �%*& Q -$" ="#-(" )" ,(*E )2'>-*.*?("; �* F0 = {Ω, ∅)8 %$ 0 ."# '>-*4�0."$/"# �
�*� @" =0(/B' "#& /%=,."& (".0&*4"="$& 0- #�#&�=" )" ,(*E {S}.
�**� QS = {Q}

�O GQGKHTHGU NKGJWG PG HG S]_IKVMG PROL [G HRL PGN RHSTXL kJTP_L NRK JO d−MIJWGMGOSZKIjOTGO B
dSi

t = Si
tb

i
tdt + Si

tσ
ij
t dBj

t .

��
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\G NKIZ[VMG PYRKKzS INSTMR[ GLS LIJWGOS NK_LGOS_ HIMMG HG[JT PYJO �IJGJK �PG HRLTOI IJ
RJSKG� PIOS [G kRTO ` [R OiTVMG NRKSTG �NILTSTX IJ O_kRSTX !� GLS JOG WRKTRZ[G R[_RSITKG Xn

b
uIO ZJS GLS ZTGO L�K PG LYRKKzSGK �RJ ZIO MIMGOS�U HYGLSi`iPTKG RJ SGMNL no

SG[ ^JG XnoK_R[TLGU GO MI�GOOGU [G LJN PG SIJL [GL kRTOLU NRLL_L GS XJSJKLU PJ MITOL GO MI�GOOGb �ROL
HG NKGMTGK GQGMN[GU IO KGHIOOR�S [G NKIZ[VMG PG HIOSKn[G LJTWROS g
i [GL R[_RL LIOS [GL WRKTRZ[GL R[_RSITKGL K_G[[GL Xn,

i [R P_HTLTIOU [G HIOSKn[G GLS ` WR[GJKL PROL �LYRKKzSGKU HIOSTOJGK�U LITS (1, 0),

i [Y_SRS GLS HG[JT PG [R XIKSJOGU PIOS [R P�ORMT^JG GLS PIOO_G NRK g

Yk+1 = Yk + Xk1continuer(uk),

i [GL LSKRS_kTGL RPMTLLTZ[GL LIOS PGL NKIHGLLJL RPRNS_L π = (uk, k ≥ 0)
SG[L ^JG

∑

k≥0 uk = 1
�IO OG LYRKKzSG ^JYJOG XITLbbbb�

i T[ OY� R NRL PG kRTO ` H]R^JG TOLSROSU [G �IJGJK K_HRNTSJ[G [R LTSJRSTIO ` [R �O PG [R
N_KTIPG g

ck = 0; cN = YN .

qO PGJQTVMG GQGMN[G GLS HG[JT PG [R WGOSG PYJO SGKKRTO NIJK [G^JG[ [G NKINKT_SRTKG KG#ITS
PGL IoKGL ` H]R^JG TOLSROS 1, .., N

^JT LIOS MIP_[TL_GL PGL WRKTRZ[GL R[_RSITKGLU LJNNIL_GL
TOP_NGOPROSGL GS PG MzMG [ITb uYT[ WGOPU T[ N[RHG [G NKIPJTS PG [R WGOSG RJ SRJQ KU LTOIOU T[
OG kRkOG KTGOb �O SIJS _SRS PG HRJLGU LYT[ OG [YR NRL XRTS NK_H_PGMMGOSU T[ WGOP RJ SGMNL
N.
FG MIPV[G GLS R[IKL SIJS ` XRTS LGMZ[RZ[G RJ NK_H_PGOS g
i [GL R[_RL LIOS [GL WRKTRZ[GL R[_RSITKGL K_G[[GL Wk

U MIOSROS PGL IoKGLU
i [R P_HTLTIOU [G HIOSKn[G GLS ` WR[GJKL PROL �WGOPKGUkRKPGK�U LITS (1, 0),

i [Y_SRS GLS HG[JT PG [R XIKSJOGU PIOS [R P�ORMT^JG GLS PIOO_G NRK g

Yk = Wk(1 + r)N−k
1{vendre}(uk),

i [GL LSKRS_kTGL RPMTLLTZ[GL LIOS PGL NKIHGLLJL RPRNS_L π = (uk, k ≥ 0)
SG[L ^JG

∑

k≥0 uk = 1
� IO OG WGOP ^JYJOG XITLbbbb�

i T[ OY� R NRL PG kRTO ` H]R^JG TOLSROSU [G NKINKT_SRTKG K_HRNTSJ[G LR LTSJRSTIO ` [R �O
PG [R N_KTIPG g

ck = 0; cN = YN .

\YGLS RWGH [YR[kIKTS]MG PG NKIkKRMMRSTIO P�ORMT^JG ^JG [YIO K_LIJS HG NKIZ[VMGb
wIJ[ITK �LYRKKzSGK RJ ZIO MIMGOS�U RJ SGMNL no

SG[ ^JG Xno

K_R[TLG [G LJN PG SIJL [GL
kRTOLU KGWTGOS ` H]GKH]GK JOG WRKTRZ[G no(ω) LG[IO [R K_R[TLRSTIO ω IZSGOJGb pO WIJPKRTSHGSSG WRKTRZ[G MGLJKRZ[GU HYGLS ` PTKG no

WRKTRZ[G R[_RSITKGU MRTL RJLLT ω → Xno

PITS RJLLT
zSKG JOG WRKTRZ[G MGLJKRZ[G g T[ XRJS NIJWITK HR[HJ[GK LIO GLN_KROHG � HYGLS NIJK^JIT IO
KGH]GKH]G n0

PROL [R H[RLLG PGL SGMNL PYRKKzSU GS T[ GLS KRTLIOORZ[G ^JG HG LITS PGL SGMNL
PG [R �[SKRSTIO PGL IZLGKWRSTIOLb

�h
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FG NKIZ[VMG PG [YRKKzS INSTMR[ GLS JO HRL PG HIOSKn[G INSTMR[ I� [R ^JROSTS_ ` INSTMTLGK
GLS JO HI�S �IJ kRTO� LGJ[GMGOS SGKMTOR[b FG kRTO HIOPTSTIOOG[ RJ NRLL_ PGWTGOS PROL [G
HRL MRKrIWTGO g

Jk(Xk, u) = E(Xu
N/Fk).

lRTL PG XRTSUXu
N
OYGLS RJSKG ^JG XN∧T

LT uN
k
GLS [R NI[TST^JG ^JT GLS PG LYRKKzSGK RJ SGMNL

PYRKKzS T.
FG LJN �H[RLLT^JG� OYGLS N[JL ZTGO P_�OT g [G LJN PG HGL WRKTRZ[GL R[_RSITKGL

NIJKKRTS NRK GQGMN[G zSKG LSKTHSGMGOS NILTSTXU R[IKL ^JG [YGLN_KROHG PG H]RHJOG PGL WRKTi
RZ[GL PG [R XRMT[[G NIJKKRTS zSKG OJ[[GbbbbpO TOSKIPJTS R[IKL JOG OISTIO PG LJN LN_HT�^JG
RJQ WRKTRZ[GL R[_RSITKGU [Y��� ���b �S IO RJKR [R XIOHSTIO PG WR[GJK RJ SGMNL k

g

V (k, Xk) = ess sup{E(Xu
N/Fk); u ∈ D} = esssup{E(XN∧T /Fk), T ≥ k}

�JROP HGS ess sup LGKR P_�OTU IO NIJKKR JST[TLGK [YIJST[ PG [R NKIkKRMMRSTIO P�iORMT^JGb

�
�
	 ��� ��� ����� �� ��� {Yi; i ∈ I}
\YGLS JOG WRKTRZ[G R[_RSITKG P_�OTG NRK [G S]_IKVMG LJTWROS ^JTU PG N[JLU GO kRKROSTS
[YGQTLSGOHGb
������ � �
	
 ��57�,;:5:� �%*& {Yi; i ∈ I} -$ "$#"=?." )" 40(*0?."# 0.'0&%*("#; �.%(# *."E*#&" -$" -$*>-" 40(*0?." 0.'0&%*(" Y

&".." >-" �
*� ,%-( &%-& i ∈ I, Yi ≤ Y ,("#>-" #�("="$&8
**� #* ∀i, Yi ≤ X 8 0.%(# Y ≤ X 8 ,("#>-" #�("="$&;
\GSSG WRKTRZ[G LYRNNG[[G [Y��� ��� PG [R XRMT[[Gb

��������� �
�
 � *� �* ."# 40(*0?."# )" .0 C 0=*.." #%$& =0�%('"# ,0( -$" 40(*0?." 0.'0�
&%*(" *$&'+(0?."8 0.%(# . 2"## #-, "#& 0-##* *$&'+(0?.";�* )" ,.-# .0 C 0=*.." {Yi; i ∈ I} "#& -$ &("*..*# �

�**� *. "E*#&" -$" #-*&" Yik
"E&(0*&" )" .0 C 0=*.." &".." >-" Y "#& #0 .*=*&" /(%*##0$&";

***� %$ 0 E(Y ) = sup{E(Yi); i ∈ I}.
*4� �*

A "#& -$ '4'$"="$& )" F∞ 8

1Aesssup{Yi; i ∈ I} = esssup{1AYi; i ∈ I}.

4� �%-( &%-&" #%-#�&(*?- B
)" A8 %$ 0 � E(Y/B) = esssup{E(Yi/B); i ∈ I}.

�� ��������� � GO GQGKHTHGb

�m



�
�
� �� ��� ��� ����� ����
c[ LYRkTS PIOH PG H]ITLTK [YRKKzS T RNKVL n ^JT K_R[TLG [YGLLGOSTG[ LJN PG {E(XT /Fn); T ≥ n}LT HG[R GLS NILLTZ[Gb pO WR MIOSKGK ^JG [G NKIHGLLJL P_�OT NRK HGS ess sup GLS JO ZIOIJST[ NIJK HIOLSKJTKG JO RKKzS INSTMR[b pO T[[JLSKG HGHT NRK JO NKIZ[VMG OIO R[_RSITKG g
Xn = xn

LJTSG K_G[[G � [G SGMNL PYRKKzS INSTMR[ LGKR PIOH JO SGMNL po
OIO R[_RSITKGb pO

H]GKH]G po
^JT K_R[TLG sup{E(Xn)} = sup{xn} b pO TOSKIPJTS zn = sup{xp; p ≥ n} �IO OYRNRL ZGLITO THT PYGLL LJN NJTL^JYT[ OY� R NRL PYR[_R�b pO MIOSKG g [YRKKzS INSTMR[ po

^JT
K_R[TLG sup{xn} GLS [G NKGMTGK GOSTGK p

SG[ ^JG zp = xp
b y[IKLU zpo = xpo = sup{xn} b

�� ��������� � FR LJTSG zn
GLS P_HKITLLROSG GS RWROS po

U xn < zn
b pO NGJS R[IKL

MIOSKGK NRK K_HJKKGOHG ^JG [R LJTSG z GLS HIOLSROSG LJK [0, po]
U HG ^JT MIOSKG [G K_LJ[SRS g

xo < zo = sup(xn; n ≥ 0)b �IOHU
sup(xn; n ≥ 0) = sup(xn; n ≥ 1)

x1 < z1 = sup(xn; n ≥ 1). �IOH
sup(xn; n ≥ 1) = sup(xn; n ≥ 2)
�S RTOLT PG LJTSG g

sup(xn; n ≥ 0) = sup(xn; n ≥ 1) = · · · = sup(xn; n ≥ po) = x(po).

�
�
� ��� ��������

uITS JOG LJTSG PG WRKTRZ[GL R[_RSITKGL RPRNS_GLU TOS_kKRZ[GLU SG[[GL ^JG supn{X+
n } GLS PROL

L1(Ω,A, P). pO OISG NIJK SIJS n
g

Ln = {T t.a./n ≤ T < ∞ NbLb GS X−
T ∈ L1}.

pO NGJS MIOSKGK ^JG [R XRMT[[G {E(XT /Fn); T ∈ Ln} GLS JO SKGT[[TL ��������
� � PG

N[JLU [Y]�NIS]VLG sup{X+
n } GLS PROL L1(Ω,A, P) GOSKR�OG ^JG HGSSG XRMT[[G GLS MR�IK_GNRK E[supn{X+

n }/Fn]
U WbRb TOS_kKRZ[GU GS NRK HIOL_^JGOS RPMGS JO GLL LJN TOS_kKRZ[GU HG

^JT �JLST�G [R P_�OTSTIO GS [R NKINILTSTIO LJTWROSGL g
������� �
�
 � %$ 0,,".." ��������� �� ����� )- ,(%/"##-# X

.0 #-*&" )" 40(*0?."#
0.'0&%*("# Z

)'�$*" ,0( �

Zn = ess sup{E(XT/Fn); n ≤ T < ∞ ,;#; "& X−
T ∈ L1}

pO PTS ^JG Zn
GLS [G �� ��� �� ���������� �� �����b

��������� �
�
 ��57� ,;:55� @0 #-*&" Zn
"#& 0)0,&'" "& *$&'+(0?."; 	" ,.-# �

*�
Zn = Xn ∨ E(Zn+1/Fn)

,("#>-" #�("="$&;
**� #* ."# � #%$& ,%#*&*4"#8 Z "#& .0 ,.-# ,"&*&" #-(=0(&*$+0." ,%#*&*4" =0�%(0$& X.
***�

E(Zn) = sup{E(XT ); T ∈ Ln}.��������� � ." +0*$ %,&*=0. "#& )%$$' ,0( E(Zo).

�




�� ��������� � ������� �� ��
�YRZIKPU MIOSKIOL ^JG Z GLS RPRNS_G g Zn

GLS Fn
iMGLJKRZ[G HIMMG GLL LJN PYJO SKGT[[TL PG

WRKTRZ[GL R[_RSITKGL Fn
iMGLJKRZ[GLb �OLJTSGU [R NKINKT_S_ �T� PG [R NKINILTSTIO mbs MIOSKG^JG [YGLL LJN Z GLS TOS_kKRZ[Gb

T� pO MIOSKG ^JG Zn
GLS JOG LJKMRKSTOkR[Gb FR XRMT[[G GLS JO SKGT[[TL �HXb ���b �YRNKVL

[R NKINKT_S_ �W� PG [R NKINILTSTIO mbs g

E(Zn+1/Fn) = esssup{E(E(XT/Fn+1)/Fn); T ∈ Ln+1}
LITS GOHIKG g

E(Zn+1/Fn) = esssup{E(XT/Fn); T ∈ Ln+1}.
pK Ln

HIOSTGOS Ln+1
� PIOH Zn

GLS [YGLL LJN PYJOG XRMT[[G N[JL kKROPG ^JG HTiPGLLJLU PIOH
GLS N[JL kKROP g E(Zn+1/Fn) ≤ Zn

NKGL^JG L�KGMGOSb
 RK RT[[GJKLU T[ GLS H[RTK ^JG [G SGMNL PYRKKzS T = n RNNRKSTGOS ` Ln

U PIOHXn
RNNRKSTGOS

` {E(XT /Fn); T ∈ Ln} GS Xn ≤ Zn
� HG ^JT MIOSKG

Zn ≥ Xn ∨ E(Zn+1/Fn).

x_HTNKI^JGMGOSU LITS T PROL Ln

g

XT = Xn1{T=n} + XT∨(n+1)1{T>n}

E(XT /Fn) = Xn1{T=n} + E(XT∨(n+1)/Fn)1{T>n}

HRK Xn, {T = n}, {T > n} LIOS Fn
iMGLJKRZ[GLb  RK RT[[GJKLU T ∨ (n + 1) GLS PROL Ln+1.�IOH g

E(XT /Fn) ≤ Xn1T=n + E(Zn+1/Fn)1T>n

≤ Xn ∨ E(Zn+1/Fn),

GS HGHT NIJK SIJS T ∈ Ln. �YRNKVL [R NKINKT_S_ �TT� PG [YGLL LJNU IO P_PJTS g

Zn ≤ Xn ∨ E(Zn+1/Fn),

LITS [Y_kR[TS_ H]GKH]_Gb
TT� pO LRTS P_�` ^JG Zn

GLS JOG LJKMRKSTOkR[G � G[[G GLS _WTPGMMGOS NILTSTWG LT [GL X[G LIOSU NJTL^JYG[[G MR�IKG SIJS X b �YRNKVL [YTO_kR[TS_ PG �ppt NIJK [GL LJKMRKSTOkR[GLUNIJK SIJS T ∈ Ln, IO IZSTGOS NIJK SIJSG LJKMRKSTOkR[G NILTSTWG Z ′ MR�IKROS X
g

Z ′
n ≥ E(Z ′

T/Fn) ≥ E(XT /Fn).

�O NRLLROS ` [YGLL LJNU IO R ZTGO g Z ′
n ≥ Zn.

TTT�  JTL^JG [R XRMT[[G GLS JO SKGT[[TLU HYGLS [R LTMN[G RNN[THRSTIO PG [R NKINKT_S_ �TTT� PG
[R NKINILTSTIO mbs GS PJ XRTS ^JG E[E(XT /Fn)] = E[XT ]b

hf
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�
 � �$ ,"-& ,(%,%#"( -$" *$&"(,('&0&*%$ �*$&-*&*4"� )" .0 #&(0&'+*" )20((�&*$)-*&" ,0( .0 ,(%,%#*&*%$ � ,-*#>-" E(Zn) = sup{E(XT ); T ≥ n}, #* %$ 0 )'�1 �%-' $
/%-,#8 "& >-" Zn = Xn, %$ $20 ,0# *$&'(�& 1 /%$&*$-"(� #* Zn > Xn, %$ ,"-& "##0�"( )"/%$&*$-"(;

�0( 0*.."-(#8 .0 (".0&*%$ �*� ,"(="& -$ /0./-. ('/-(("$& )"Zn, "$ ('/-(("$/" 0((*�("8 ('�#%.-?." ,0( "E"=,." "$ B%(*�%$�$* �n ≤ N
�E"� /%==" %$ ." 4"((0 )0$# ." /0# 	0(�%4*"$;

�.." $2"#& 0-&(" >-" .0 (".0&*%$ )" ('/-(("$/" 0,,".'" �������� � �� �����  ����
���� ���;

��� ����� ������� �� ����� ��� �	 �����

pO LJNNILG SIJ�IJKL ^JG supnX
+
n
GLS PROL L1 U GSZ GLS [YGOWG[INNG PG uOG[[ PJ NKIHGLLJLX.

xGMRK^JIOL ^JG Zn
GLS [R ������� �� ������ PJ NKIZ[VMG ` INSTMTLGK �kRTO HIOPTiSTIOOG[ RJ NRLL_�U LI[JSTIO PG [Y_^JRSTIO PG �NKIkKRMMRSTIO P�ORMT^JG� g

Zn = Xn ∨ E(Zn+1/Fn).

�ROL [G HRL P_SGKMTOTLSGU [YRKKzS INSTMR[ GLS PIOO_ PROL [YGQGMN[G mbsbsb  IJK [R K_LI[JSTIO
PROL [G HRL LSIH]RLST^JGU IO WR JST[TLGK [G [GMMG LJTWROS g
��  � �
�
 � �%*& To = inf{n ≥ 0/Xn = Zn} � ." ,(%/"##-# 0((�&' ZTo "#& -$" =0(&*$�
+0.";
�� ��������� g GQGKHTHG GO ��b �ROL HG HRL P_SGKMTOTLSGU IO IZSGORTS JOG HIOi

LSROSG PVL [G KROkn0
RSSGTOS�

�
�
	 ������ ��


uITS N JO GOSTGK �QGb pO H]GKH]G JO SGMNL PYRKKzS T ≤ N LI[JSTIO PJ NKIZ[VMG PYRKKzSINSTMR[b �ROL HG HRL ` ]IKT�IO �OT [YGOWG[INNG PG uOG[[ W_KT�G g

Zn = ZN
n = ess sup{E(XT/Fn); T ∈ Ln et T ≤ N}

y[IKLU kK�HG ` [R NKINILTSTIO mb� �T� U IO NGJS HR[HJ[GK Z NRK JOG K_HJKKGOHG PGLHGOiPROSG g
ZN = ess sup{E(XT/Fn) ; T ∈ LN

GS T ≤ N},
HYGLS ` PTKG LTMN[GMGOS XN

HRK LN
GLS K_PJTS RJ LTOk[GSIO {N} b  JTLU

Zn = Xn ∨ E(Zn+1/Fn)
NIJK SIJS n ≤ N − 1.

��������� �
�
 � @" &"=,# )20((�& To = inf{n/Xn = Zn} "#& %,&*=0.8 /2"#& 1 )*("

E(XTo) = sup{E(XT ); T ≤ N}
"& /"&&" >-0$&*&' "#& ." +0*$ %,&*=0.;

hd



�� ��������� � �O ]IKT�IO �OTU [Y]�NIS]VLG X−
T ∈ L1 GLS O_HGLLRTKGMGOS W_KT�_G �

PIOH Lo = {T t.a. ≤ N}. �YRNKVL [R NKINILTSTIO �mb�U TTT� NIJK n = 0
T[ WTGOS g

E(Zo) = sup{E(XT ); T ≤ N}
^JT GLS [G kRTO INSTMR[b FG [GMMG mb� PIOOG ^JG ZTo GLS JOG MRKSTOkR[Gb �G N[JLU Z+

nGLS MR�IK_G NRK E[supkX
+
k /Fn]

� IO NGJS PIOH JST[TLGK [G S]_IKVMG PG HIOWGKkGOHG PGL
LJKMRKSTOkR[GL g ZTo

n
HIOWGKkG NKGL^JG L�KGMGOSU [R [TMTSG OG NGJS zSKG ^JG ZTo

NJTL^JG
To
GLS �OTU GS NIJK SIJS n IO R E(ZTo

n ) = E(ZTo).
�O NKGOROS GO NRKSTHJ[TGK n = 0 U T[ WTGOS�OR[GMGOS g

E(ZTo) = E(ZTo
o ) = E(Zo) = sup{E(XT ); T ≤ N}.

•

�
�
� ������ ���

uIJL HGKSRTOGL HIOPTSTIOL LJNN[_MGOSRTKGLU IO R [G MzMG K_LJ[SRS GO ]IKT�IO TO�OTU HYGLS
` PTKG ^JG [G SGMNL To

P_�OT PROL [G [GMMG mb� GLS GOHIKG INSTMR[b
��������� �
�
 � ��57�8 ,;:5� � �%*& -$" #-*&" Xn

)" 40(*0?."# 0.'0&%*("# *$&'+(0?."#
0)0,&'"# &".."# >-" supnX+

n
0,,0(&*"$& 1 L1(Ω,A, P). �.%(# *. "E*#&" -$ &"=,# )20((�& ,;#;�$* ,%-( ." ,(%?.�=" )20((�& )- ,(%/"##-# Xn

#* "& #"-."="$& #* To 8 )'�$* )0$# ." ."=="7;� "#& ,("#>-" #�("="$& �$*;
�� ��������� �

R�  IJK MIOSKGK [Y_^JTWR[GOHGU LJNNILIOL PYRZIKP ^JG To < ∞ NKGL^JG L�KGMGOSb �J
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; Ũn−1 = max{Z̃n−1, E[Ũn/Fn−1]}.
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∑
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