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Abstract

Concerning price processes, the fact that the volatility is not constant has been ob-
served for a long time. So we deal with models as dX; = pudt + o dW; where o is a
stochastic process. Recent works on volatility modeling suggest that we should incorpo-
rate jumps in the volatility process. Empirical observations suggest that simultaneous
jumps on the price and the volatility [8, 9] exist. The hypothesis that jumps occur si-
multaneously makes the problem of volatility jump detection reduced to the prices jump
detection. But in case of this hypothesis failure, we try to work in this direction. Among
others, we use Jacod and Ait-Sahalia’ recent work [3] giving estimates of cumulated volatil-
ity fot |os|Pds for any p > 2. This tool allows us to deliver an estimate of instantaneous
volatility. Moreover we prove a central limit theorem for it. Obviously, such a theorem
provides a confidence interval for the instantaneous volatility and leads us to a test of the
jump existence hypothesis. For instance, we consider a simplest model having volatility
jumps, when volatility is piecewise constant: o, = vazto_ ! oilly, 7 +1[(t). The jump times
are 7;,% > 1, and o; is a F ,-measurable random variable. Another example is studied:
or = |Yi| where (Y}) is a solution to a Lévy driven SDE, with suitable coefficients. Finally,
the volatility estimator is tested on some simulations.

1 Introduction

The financial market objects offer a great complexity of modeling. Moreover, recent improve-
ments in high-frequency data processing make continuous models relevant. A natural question
arises then: the introduction of jumps into these continuous models. The importance of jumps
in Finance is now widely recognized (cf. [9] for a review and [10] for a list of recent studies on



this topic).

The key parameter of these models is the volatility influence on price process, which is of
paramount importance. Concerning price processes, the fact that the volatility is not constant
has been observed for a long time. More recently stochastic volatility appears in models (cf.
20, 21] and references therein) mainly because it is able to fit skews and smiles and relevant
to the problem of options pricing. So we deal here with models such as

dXt = ,utdt + O'tth,

where W is a Brownian motion and o is a stochastic process.

Recent works on volatility modeling suggest that jumps occur in the volatility process. Em-
pirical observations suggest that there exists simultaneous jumps on the price and the volatility
[7, 8,9, 11]. The hypothesis that jumps occur simultaneously makes the problem of volatility
jump detection reduced to the prices jump detection. Even if we know that the price and
the volatility processes are not independent processes, the hypothesis that their jumps occured
simultaneously appears mathematically very strong, so it will be nice if it could be relaxed.
It is the way we chose to follow. Our aim is to detect when jumps in the volatility process occur.

To do this, we have to evaluate the volatility. A classic tool is to give estimates of inte-
grated volatility fg |os|Pds for any p > 2 which appears naturally as the limit of some power
variations. The use of power variation comes from the link between the quadratic variation and
the integrated volatility (cf. [7, 8, 22] for the continuous setting, [2, 4, 18, 19, 23, 22] for the
discontinuous setting and the recent paper [16] for a more general setting). Our work is based
on Theorem 2 which comes from Ait Sahalia and Jacod’s recent works [3, 15]. In a sense, we
propose in this paper to approximate the instantaneous volatility using some finite differences
of power variations.

A likelihood-based estimation of jumps parameter is difficult to reach [2, 1]. But using this
kind of results on volatility, we can derive results on jump detections (cf. [5, 10]). Here we
have a Central Limit Theorem and we can go further and get an expression of the confidence
interval on the instantaneous volatility and thus a test of jump occurence.

The paper is organized as follows. In Section 2, we introduce the model we deal with, we
present the different assumptions for this study and we state our main theorem, a Central Limit
Theorem for the instantaneous volatility. Section 3 is the proof of this theorem. In Section 4,
we present two examples of processes o satisfying the assumptions: a pure jump process and
the absolute value of the solution of a Lévy process driven Stochastic Differential Equation.
From Theorem 5, we easily deduce a confidence interval for the instantaneous volatility, this is
shown in Section 5. In Section 6, still from Theorem 5, we construct a test of jump occurence
in the first example case. Finally Section 7 is devoted to some simulations.



2 Model

We consider a stochastic process (X;):>o defined on a filtered probability space by:
(1) dXt = Mtdt + Utth, t> O,

where W is a (F;)-adapted Wiener process on (2, F,(F;),P), p : Ry — R and o are some
cadlag (F;)-adapted processes. We also assume that o is non-negative.

In this paper, we want to estimate (0¢):>¢ using the asymptotic properties of the observed
discrete increments of X: let T be a positive number and assume that X is observed at times
1A, foralli=0,1,..., [Aln] In the sequel, we will assume that

A, —— 0.
n—-+o00

Then, for p > 0, we denote by B (p, A,,) the stochastic process defined by

2,
B(p, An)e =Y _|AIXPP, >0,
i=1
where AP X = Xin, — XA,

Before going further, we recall two results about the asymptotic properties of the observe
discrete increments of X, from Lépingle [17] and Ait Sahalia and Jacod [3, Theorem 2| respec-
tively.

Proposition 1. Let p be a positive number and set m,, := E[|U|P] where U ~ N(0,1). Then,
locally uniformly in t,

_p
2

t
ATEB(p A —F— m Ap)e with  A(p) — / o7ds.
0

n—-+00
Proposition 2. Let p > 2 and assume technical assumptions as in [3]. Then, the sequence of
continuous processes (Y (n,p))nen defined for any n € N by
1-5

1 ~
Y(n,p) = W(An B(p, Ay) — mpA(p)t>, t>0,

converges stably (in particular in law) to a random variable Y (p) on an extension (Q, F, (F,),P)
of the original filtered space (0, F, (F3),P) such that, for anyt >0, conditionally on F, Y (p);
is a centered Gaussian variable with variance E[Y (p)7|F] = (map — m2)A(2p);.



Looking at these results, it is natural to try to estimate o’ by the following statistic:
(3(p, Ap, hy)¢) defined for every t > h,, by:

N3

An 2 (B(p, An)i — B(p, Au)i-n,)

mph,

E(p, Ana hn)t =

Actually, this estimate is the mean of p-variations in a window of length h, where (h,) is a
sequence of positive numbers such that

h, —— 0.
n—-+o0o

Remark 3. Note that we chose to build 3X(p, A, hy,) with the observations before time t. Ac-
tually, the estimation of o, is really of interest in finance if it is based on the prices that we
know at time t.

Before stating our main result, we introduce the following assumptions :

1y .
o Vr>0, sup Efjoy|"] < +oo and sup E[|u|"] < +oo.
te[0,T] t€[0,T7]
(C2) : There exists 0 < a < 1, such that for all r > é there exists a constant C). such that
Ello; — 04" < Cplt — s| V(s,t) € [0,T]*
Remark 4. Since a €)0,1], Assumption (C2) and Jensen’s inequality yield
(2) Ello; — 0] < Clt — 5| Vr >0, V(s,t) € [0,T]*

Note that Assumptions (C') and (C2) are convenient for Lévy driven Stochastic Differential
Equations when all the moments are finite (see subsection 4.2 for details). Assuming that all the
moments of o, are finite is not fundamental but alleviating these assumptions would complicate
the conditions on A\, and h,, in the main result.

We are now able to state our main result.

Theorem 5. Let p > 2 and let (X;) be a stochastic process solution to (1). Assume (C')and
(C2). Assume that %—: —— 0 and that

n—-+0oo
1
0 Aﬁ"“) ifp=2orp>3,
fin. = a7 V(3-p) )
Ap® if p €2, 3].
Then, for everyt >0,

hn L mop — m2
A (3(p, Ay )i = 07-) —— o Ly

where U ~ N(0,1) and U is independent of Fy-.
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Corollary 6. Let p > 2. Assume (C') and (C?) with « €]0,1]. Setr, := g—’; which corresponds

to the number of observations on the interval [t — hy,t]. Suppose A, = % and r, := nP with

{ﬂ € (0,525 whenpe {2} U[8222, o0],
6042
pe(0,p—2) whenpe]lgaiﬂ-

Then, for every t > 0,

% L m2p - mp

(Z(p, Anahn)t _O'ff) O’p_U,

n—-+4oo mp

n

where U ~ N(0,1) and U is independent of Fy-.

These results are both enough to obtain an estimation of of and to obtain a confidence interval
for it, together the convergence speed.

Remark 7. Considering the window width h,,, the conditions of Theorem & could be written as
follows: r,, — 400 and

2«
-1 _ 2a+1 ; _
.- =o|Ap ) if p=2,
2a

r-l=o AﬁaJ”lA(p_Q)) ifp > 2.

Given the Holder exponent o, the algorithm could be to choose the size discretization A, then
the number of observations in the window r, to get all the errors less than the main one for
relevant p, according to Corollary 6.

Let us focus on case a = 1/2 which contains a large class of SDE’s (see Section 4.2). Then,
if A, = 1/n, the previous corollary implies that when p € {2} N (5/2, +00), taking a window
width r, = n® with p € (0,1/2), one obtains a rate of order n/%. Actually the rate is optimised
in the limit case p = 1/2 for which the order is n'/*.

On the other hand, if one assumes moreover that there is no Brownian part and that the
Jump component has bounded variations, thus a = 1, we can choose r, = n”, p < 2/3, for
instance p = 0.59, and the order of the optimised rate is n'/3 (see simulations in the last
section). As an example in such a case, let us choose r, = n®* ~ 300. It means 300 data
which can be the daily observations and globally n ~ 16 000.

3 Proof

In every proofs C' or (), are constants which can change from a line to another.



3.1 Proof of Theorem 5

Following Jacod [15] scheme, we first decompose 3(p, A, h,,): — of_ as follows:

Z(nvp) _ Z(nvp) 1 t
(3) E(pa Ana hn)t - O'f, - L + <_ / agdu — O'fi),
t—hn

mphy, hy,

where
1-3

Zt(n’p) = A, 2B(p, A, — my /t |os|Pds.
In the following lemma, we study the second part of the rioght—hand member of (3).
Lemma 8. Let p > 2 and assume (C')and (C2). Then,
(4) t—s/<1 = Eflof —ol [[<Clt—s["

thus, there exists C, such that for all t,

1 t
— oy|Pdu — o
- /\ Jrdu - of

Proof. First of all, let us show relation (4). Denote, for any ¢t > 0, 7, := o0,_. Using Fatou’s
lemma, it follows from Assumption (C2) that

(5) E [

} < Cyh, as soon as h, <1.

(6) Ello,. — o, |"] < Colt —s| ¥(s,t) €[0,T)?, Vre[l/a,oc0).
Now, using the following elementary inequalities

lu — v|? if g <1

7 Y(u,v) € (R1)?, 79l <
(7) (w,v) € RY) Ju U|_{C’q(|u—v|uql+|u—v|q) if g >1,

we manage with
7 =7 <Gy (In = mlrd ™+ m = 7lP)

First, since a < 1, we can use
(8) Ellr — ] S Cplt — s| < Cylt — |

Second, Hélder’s inequality with (+ ﬁ) and Hypothesis (C!) yield

o’

) B[l ) < @ [l (B[5]) s onor

Thus, (8) and (9) lead to (4) which concludes the proof of the first part.
Now, let us show relation (5). Obviously, ¢ being non-negative, we have :

t t t
/ |ow|P du = / ol du = / 7P du,
t—hn t—hn t—hn

6



thus

?|

B

1 t
| loupdu o ,
hn t—hn

1 ¢ 1 ¢
— / Pdu — — / 7 du
hn hn hn t—hn

¢

tf
< ! |7P — 7| d
— T, — T | au,
N hn t—hn !
C t
< —p/ u—t|" du,
ho Jih,
< C,he

which ends the proof of the lemma.

Hence, when

(10) hy =0 <\/m> as n — +o0o, i.e. when h, = o (Afﬁ“) :

it follows from (3) that proving Theorem 5 comes to showing that

h, Zp) _ Z(f’p)
(1].) A_ ( t h t hn n_)ioo (, /m2p — mg) UfﬁU,

where U ~ N(0,1) and U is independent of F;-.

(n.p)

In order to prove (11), we first decompose Z;"** as follows:
[t/An]
(12) 27 = B 3 (AT = B (1 (A7) - ELL B])
t/An]
(13) + A, Z (B? —E? , [B?])
t/An]

t
(14) + A, Z E? mp/ |ow|Pdu.
0

where E}_; [#] denote the conditional expectation with respect to F(;_1)a, and

ArX [P AW |P
Al = | — d B!':=|o,_ .
Z 'm B Vi
Hence,
Z(nvp) (nvp)
AT+ AT+ A



with

[t/An]
AVt =" > (Ap—Bp— (B, [A7]—E, [B])),
i=[(t—hn)/An]
A [t/An]
Ap(t):==—" > (B'—E',[B})),
i=[(t—hn)/An]
[t/ An]

t
n n m
E K, [Ai]_Ap/h o |Pdu
n Jt—hy,

i=[(t—hn)/An]

A,

Let us now study A}(t), A5(t) and A% ().

Lemma 9. Let p > 2 and assume (C') and (C2). Then, there exists C, > 0 such that for all

2
1+
n A 3
sup B [(A7(1))*] < G
t€[0,T]
As a consequence, for everyt € [0,T],
hn n Lt
Va, MO =0
Proof. By a martingale argument, we have,
A Iy ?
E [(A7 =Y (AP - B - (B AN -ELL (B ] |
" i=((t—hn)/An]
A2 [t/An] [t/An]
n n n\2 n n n1\2
:h_z Z E[(Ai_Bz')]_ Z E[(Eifl[Ai_BiD] )
" \i=[(t—hn)/An] i=[(t—hn)/An]
A2 [t/An]

<7 >, E[@r-Bn.

" i=[(t—hn)/An]

Azp [
Sl Y E[(|A?X|p—}Uu—l)AnMW}pﬂ'

" i=[(t—ha) /An]

>=

But
dXt = ,Lttdt + O-thVt
Thus we have
APX = o )a, AW + X7,



with ‘ 4
iAp [7ANS
X? = / ((75 — U(i—l)An)dWs —|—/ ,ust.
(3

—1)An (i~1)An

Using a Taylor expansion of g(x) = |x|? on the interval
Dn = [O’(lfl)AnA?W, A;LX],

7

we have :
IAPX P = |o1ya, AW P| < Sellppn\g’(:v)\ par

But |¢'(z)| = O(|z[P~!) thus using the relation |z + y[P < Cy(|z|P + |y|P) with C, a constant, we
have

sup |g'(2)] < CplloG-pa, AW + X7,
AT X = Jo-na, ATWIP| < Cplloa-na, ;W] + IXFP)-

Finally there is a constant C), such that, for all ¢ > 0:

Azp (/]
E[(A1(6)°] < G5 > B Ploana ATWPT X ]
" i=|(t—hn)/An]
Azp (/A -

E[(A10)7] <G > (B[] E [log-na, AW[») 7
" i=[(t—hn)/ A

(15) + E [|x2*])

First of all, we have by the independence between o(;_1)a, and AW and the Assumption (C!)

on o .
E [log-1a, AW ] = A map E [|o-1)a, [*] < CpAL.

So it remains to give a majoration of E [|x7|*].
Using Assumption (C'), we have for every s € [(i — 1)A,,, T], Vg > 0,
s q
Bl| [ ] | < (5= G- DAY swp Bl
(i-1)Ay, t€[0,T]

(16) < COls— (i — 1A

Now, an application of Burkholder-Davies-Gundy inequality [14, Inequality (2.34) p. 38] and



of Jensen’s inequality at the fourth line lead us to:

'/ — 0(i-1)a, ) AW
(i—1)A
2p
' / psds :
(i—1)Ap

1Ap
E |:'/ (O’s — O'(Z;l)An)QdS
(i— JAn

E [|x;*] < C. (

:

+E

P
)
1 1A p
APE —/ (O's — O'(i_l)An)QdS :| —FAip) s
(3

!
(1 [ 2p 2
<C | APE | — ’05 — a(i_l)An} ds| + AP ),

_An (i—-1)Ap
1

[ 2
ATE |0 14wa, — Oa—v)an| dU] + Aip) ;
LJo

A DU(Z'—H-U)An ~ O(i-1)A, m du + A?f) :
Now, by the Assumption (C2), we have, since p > 1,
1
E ;] < . (Ag / WBdu + Agp) < C.(AZ 4 A7) < C.AP
0

Thus (15) becomes:

A2 ¥4 [t/An] )
i=[(t—hn)/An]
A?7P h, 1
;52 A, [ATP + AfL“] ,

AP [Aff’l’ +AP+1:| ’

IN

C.

< C.
_Chn

<l

>
3

the constant C' does not depend on ¢ and as p > 2, we have,

1+
A P
sup E[(A7(1))°] < -
te[0,7

)

which ends the proofs.

10



Lemma 10. If A, = o(h,) as n — +oo, then, for everyt € [0,T],

hn n L
\/ A_nA2 (t) —— /map = m(0:- )V,
where U ~ N (0,1) and U is independent of Fy-.
Proof. Let t be a positive number. Let

{(gzn)’l = [(t - hN)/An]> R [t/An]an > 1}

be the sequence of triangular arrays of square-integrable martingale increments (with respect
to the filtration (F;_1)a, )n>0) defined by:

A AW P AW P
17 i /22 (oga, | — B | [oana —=] | ),
( ) fz hn ('U( DA, An i—1 |: O(i—1)An \/E :|)

/Ay
~ h—ndﬁ_l)An(|U|p —my).

First,
n n\2 An 2 2p
(18) E;, [(fz) } = h_(m2p - mp)(U(z‘—nAn) .
Hence,
[t/An]
n n\2
> B (M) — (map = m2)(e)?| < C sup [(00)” = (02)7)
i:[(t_hn)/An} u€ft—hn,t]

and the right continuity of (o;_) implies that,

[t/An)
n n\2
Z E [(fz) } R (magy — m§)|at,\2p a.s.
i=[(t—hn)/An]

Then, the lemma will follow from the fact that,
[t/ An]
n h" n
| g :\/A—nAQ(t),
i=[(t—hn)/An]

and from the central limit theorem for arrays of square-integrable martingale increments (see
e.g. [13]) provided the Lindeberg’s condition holds, i.e. if,

[t/An)
(19) Z E@T'il [(gln)Qllgl‘QZE] m 0 a.s. Ve > 0.
i:[(t_hn)/An]

11



Let us prove (19). We derive from the Cauchy-Schwarz and Chebyshev inequalities that,

1
2

BN (€ erpse] < B2 (€)Y [P [LIE > el Funan]]?
< EL, ()]

Therefore, using (17),
n n\4 A%L 4p p 4
E [(fz) } = h_ga(iq)AnE [(|U| —my) } )
and since ¢ is locally bounded, we obtain that there exists C(w) such that for all ¢ > 0,

[t/An] [t/An]

E Ef [(&) Ligpese] < E , I
A e h? e h,
Z:[(t_hn)/An] Z:[(t_hn)/An}
Assertion (19) follows from the fact that A,, = o(h,,) as n — +oc. O

Proposition 11. Let p > 2 and assume (C') and (C2). Then,

1
P Bn CA; fp=2
:| - mp/ |O-u|pdu:| S ﬂ/\a/\l pr
An Ji-1a, CA,? 2 ifp > 2.

APX
VA,

(20) E [

o |

As a consequence,
hy, —— 0 when p = 2,

h L! :
I N nme

Proof. We begin the proof by the following remark. Using scaling and independance properties
of the Brownian motion and the Ito’s formula yield

Wia, — Wicna, [
VA, ’

_1 1Apn
= ZLP)/ E UWS - W(l'*l)An|p72] ds.
207 Ji-va,

my =K {

Keeping in mind this representation of m,, we decompose the integrand of (20) as follows:

A”Xp} m, [An
B, |2 ——p/ ou)Pdu = (21) + (22) + (23
Tl -5 =+ e+

12



where
AP X p] plp—1) /A -
VA, oAz Jova,
-1 iAp S
(22) b=l / EP ' / oy dW,
2A; S (i-1)An
mp A

(28) - / o ((02)" = (0i-1ya,)?) ds.

(i—-1)An

S

/ AW,
(i—-1)An

(21) E', [ / oudW,
(i-1)An

p—2
Uf - (U(z'fl)An)

p—2
02] ds

p

e

In case p = 2, one can check that (22) and (23) cancel themselves. Then, it only appears the
term (21). So, except for this term, we suppose p > 2.

We first manage with (23). By (4) we deduce that, for every p > 2,
E [|(0,)” — (o-a)[] < Cols — (i — A"

Hence,

(24) E {Ain

/( o ((0.)" = (0(4_1ya,)?) ds

i—1)A,

} < C,A°.

Then, the sequel of the proof is based on Lemmas 12 and 13 corresponding to (21) and (22)
respectively.

Lemma 12. Let p > 2 and assume (C') and (C?). Then,

A2 it p—2,
(25) Efey)<{ ¢, L
C.Ay? > ifp>2.

Proof. First, we use [t6’s formula to develop Al

ATX P i X, — Xgna, P!
A = ' vl / i SIS
A, (i-1)A, A7
1 B X, — Xy, P2
+=p(p— 1) / | a2 g,
2 (i—1)A, A7

with EI" , [M'] = 0. It follows that:

1A —1
" X, — Xna, [P
(21) =B, / ) (-0l usds]
(

i—1)A, A2

1 1A
e, [ / R?(s)azds} ,
2 (i=1)An

_ s -2
o |Xs - X(z'fl)An‘p 2 - | f(ifl)An Uuqu|p
- Al N '

with  R}(s) :

13



Now,

E [|X. — Xg-van "]

s p—1 s p—1
'/ L d + ‘/ o, dW, les| | -
(i—1)An (i—1)An

On the one hand, using for the first term the Cauchy-Schwarz inequality, Assumption (C!) and

(16), we obtain that
' / o dus
(i—1)An

On the other hand, using Cauchy-Schwarz and Burkholder-Davies-Gundy inequalities,

s s p—1
’/ o, dW, (/ aZdu)
(i—1)An, (i-1)An,

Thus Jensen’s inequality yields:

‘/ 0, AW,
(i—1)A,,

< m\/@—(z’—mnw /( . E |0t du,

<CE

p—1

E | 4]

<CO(s—(i—1)A,)P

E

p—1
Iusllé E[u2]\ | E

p—1
E |5

i—1)An
thus finally (C') yields
p—1

E “Xs - X(i—l)An|p71|ﬁL8H <C(s—(i— 1)An)p71 +C(s— (i —1)A,) =

Hence, for every p > 2,

E < CAZ.

iAnp, X, — X p—1
/ ip‘ ( pl)A"| fhsds
(

1A, Al

Now, we observe that R(s) =0 when p = 2 so the proof is ended in this case.

When p > 2, (7) applied with ¢ = p — 2 yields

(1 s o .
SF i, mdul? itp<3
p—3
1 S s
(26) |R}(s)] < C'E ( f(ifl)An ,UudU’ . f(ifl)An o dW,
s p—2
+ f(i—l)An frudu ) if p> 3.

14



First, let p € (2, 3]. We derive from (16) that
18 (s)lls < CAn* (s = (i = AP
Then, Cauchy-Schwarz and (C') yield
iBn p_ p_
E [/ \R?(s)af\ds} < C. sup E|[c4A? f<onzh
( ]

i—1)A, se€[0,T

Assume now that p > 3. First, for all s € [(i—1)A,,,iA,], we derive from the Holder’s inequality

Lo and ¢ = £ that

applied with p = 253

' / M du / o, dW, o,
(i—1)An (i—1)An |
p—3 r
S p o S 3 2%
< (E H/ o dW, }) E / pudu| |og|s
(i—1)A, 1 -na,
Therefore, Burkholder-Davis-Gundy inequalities and Assumption (C!) yield

s S p—3
’/ L du '/ o, dW,
(i—1)An (i—1)An
2 v
|O-S|2§] > 7

p—3
S P
‘/ oldu A E
(i—1)An
3
41] 2p

p,%SE ‘/ o dul E [|08 3
(i—1)An

<Cs—(i—1)A,) "7+,

p—3
2

E

iS]
B |w

2
No

E

‘ / o du
(i—1)Ap
3

2p

3

SC(E

2p

[SiS)

<C(s—(1—=1)Ay)

and finally using (16) yields

’/ o, dW, / Jydu
(i—1)An (i—1)An

Thus, we derive from the preceeding inequality and from (26) that when p > 3,

p—3
2
O

E

1An C 1An
E [/ |R?(s)a§|ds] < — / [(s — (i — 1)An)p72
(i—1)Ap Az J(i-1)A,
(s — (i — 1)An)”%] ds,
< C.AZ



We now focus on (22).

Lemma 13. Let p > 2 and assume (C') and (C?). Then,

(27) E[|(22)]] < C.A% Dz,

Proof. First,
/ o,dW,
(i-1)A,

1 1An
Az J(i-1)A,

1 iAp
n 2 2
(28) =7 /( E’, |(oF — J(z‘—l)An)

p—2 s
U? - (O-(ifl)An)p / aw,
(

p—2
ds
i—1)A,
/ o, dW,
i (i—1)Ap ]
gc 1Apn s s p—2
(29) + (Z;w\/ <E?_1 ’/ Oy — ’/ O'(ifl)Anqu ]) ds.
A2 (i-1)Ap (i-1)Ap (i—-1)A,

Let us focus on (28) and let ¢ > 1 and r > 1 satlsfymg +1i=1andr> 2V =5 Using Hélder
inequality, we have
_2]

}a a(z HA ’/ Ou
; (p—2)
< E[|o? - %y < ’/ 0,1V, ])
(i—1)A

Then, we use Burkholder-Davis-Gundy and Assumption (C') to obtain the majoration

p—2]]

ds

AQ i—1)A

E

Q

t€[0,T]

L e e RIS

Using Holder again, Assumptions (C') and (C2) yield for every h > 1 and A’ > 1 with
1, 1/

=4 = =1

h T

1

[|Us_a(z DA n‘q}hE[|08+U(z HA n| q] ;
where in the last inequality we used (2). Thus,

C(s — (i — 1)A,) 7,
E ||o? - of, ’/(Z s Ou 2]

C.(s (Z—l)A) (E [05 U(z DA ]q) )
C.(s — (i — 1)A,)" = Hnan),

| /\

E UUE - U(2i—1)An }

Q=

IN

(30)

IN
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Hence, for every ¢ € (1,2] (p > 3) or g € (1, ; ) (2 < p <3) (inorder that r = 45 > 2V -=5),
for every h > 1, we have

iAn . . an L
E((28))] < — / (5 = 1A s < oA
A2 (-1)A

Taking ¢ and h sufficiently small and large respectively, one obtains that for every ¢ > 0,

(31) E(|(28)]] < CAZO-9).

S

We now study (29). Set M" = f(z ya, (0w = 0-na, )dW,. By (7),

'/ O'udW '/ z 1A dW
(i—1)An (i—1)A

M [P ifp<3
32 < -3
(32) —)C. (\Mg|. + |M8"\p2) if p > 3.

Using Burkholder-Davies-Gundy’s inequality, we derive from (C2) that for every r > 2,

S

<C.s—(i— 1)An)5‘1/ E [low — og-na, ] du,

(i_l)An

(33) <C.(s—(i—1)A,)H

—2

N3

?

E(|M}['] < CE

Hence, if p < 3, it follows from (32), Holder’s inequality (applied with p = -= and ¢ = ;
and (C') that

C iAn p—2 1
(34) E[o)] <5 / E [|M22)'T E [joga. |7 ds,
2 J(@i-1)A,
1A )
S I e e
A% (i_l)An
(35) <oai

Assume now that p > 3. According to (32), we have two terms to manage with. On the one
hand, by Cauchy-Schwarz, (33) and (C'), we have
s p—3
U(2i—1)An|M;l|' ‘/( A O(i—1)A, AWy, ]

[IM” ])1<3 (-1a) °E [Jog_ya, [2PV]?

17



On the other hand, Holder’s inequality (3, 3) and relation (33) yield

N

E [0f_yya, [MIP?] < (E [0fa,])? - (B [[MIPE7D])7

<C(s—(i—1)A,)"T.
Thus, it follows that when p > 3,
(36) E[|(29)]] < C.A2.
Finally, we derive the lemma from (31), (35), (36). O
We conclude the proof of Proposition 11 with the combination of (24), (25), (27). O

3.2 Comparison of sufficient conditions and the error sizes

Finally, we gather all the constraints on (h,, A,) related to a and p, sufficient conditions to
apply Lemmas 8, 9, 10 and Proposition 11:

(37) A;TLH — 0, cf. (10),

(38) %—: — 0, cf. Lemmas 9 and 10,
(39) hy, — 0, for p =2, Proposition 11,
(40) W — 0,  for2 < p, Proposition 11,

Proposition 14. Let p > 2 and assume (C')and (C?). Then, the following conditions are
sufficient to get Theorem 5:

A/l notoo, 0,

and
) <A%L/(2a+1)> ifp=2,

h, = 13-
) (Aﬁ““v(g p)> if p > 2.

Proof. Let t > 0. Firstly, hypothesis h,, = o ( ALY/ @atD)

p = 2, every conditions are satisfied to conclude Theorem 5.

) is (37) and implies (39). So in case

Second, in case p > 2, using that 1 — 2a < ﬁ for every a, (3 —p) VOV (1 —-2a) <
1

5. V (3 — p) and the hypotheses imply (40) and once again every conditions are satisfied to
conclude Theorem 5.

O
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Remark 15. Concerning the L'—errors, we remark in Proposition 11 that in case p > 2

ﬂ 03 1 . . . .
AL ()] < CAR? "N2and this error is always bigger that the one in case p = 2, VA, So
we now fix p = 2 and we estimate o2 . Moreover, equation (18) in Lemma 10 proof implies

that sup,, |[A3(t)]|3 < oo, hence the family is uniformly integrable and || Z—’;Ag(t)ﬂl goes to

a constant, thus the order of ||A5(t)||1 is %—:. Hence, using (3), AXt),i = 1,3 definitions,

Lemmas 8, 9 and Proposition 11, the error

ALFVP A A
12(2, b, D) — 0|1 < C'sup{hs, T \/h—”, VALY = Csup{hy, 4/ h—"}

since p > 0 and h, — 0. We keep in mind that we need % — 0 and —ta— — 0 to get
n A,%OH_I
Theorem 5. The error could be the least as soon as ,/%—: ~ h&. For care of simplicity and

without loss of generality, we put A, = 1/n; h, has to satisfy
nh, — o0 ; hnnﬁ — 0 ; hnwnfﬁ.

For instance we put h,, = n”, then the best choice could be p = —e¢, € as small as possible.

__1
2a+1

4 Examples

4.1 Pure jump process

Using A. Alvarez’s thesis [5], we consider the simplest model having volatility jumps, when
volatility is piecewise constant:

N¢—1

(41) Ot = Z Ji1[7i77i+1[(t)7
=0

where N is a Poisson process with intensity A\. The N jump times are 7;,2 > 1, and o; are
positive F,-measurable random variables satisfying for all ¢: there exists K, > 0 such that the
conditional expectations satisfy:

(42) sup E [0 /N] < K, < +o0.

This yields Hypothesis (C') and is less than Alvarez’s hypothesis (¢ bounded). Let us remark
that o is not a Lévy process except if (0; — 0;_1);>1 are independant equidistributed random
variables.
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Below we check Hypothesis (C?) with @ = 1. Let us remark that actually o; = oy, thus
when s < t,

E [|Ut . 08|r] _ Ze—kt (AZ‘T)Z ()\((l;.__si)))!]_lE Ho_j . O'i|r | N, =i N, = j] 7

1<j
<K S e (A;)i (A((Z — i)))'j‘i’
1<J
<1— e,
<t-—s.

4.2 Lévy driven SDE’s

Assume that o; = |Y;| where (V) is a solution to the following SDE:
(43) dY; = b(Y;-)dt + (Y- )dW, + k(Y;-)dZ;,

where b : R — R, ¢ : R+— R and x : R — R are some continuous functions with sublinear
growth, (W) is a Brownian motion and (Z;):>o is an integrable purely discontinuous Lévy
process independent of (W;);>o with Lévy measure m and characteristic function given for every
t >0 by:

E [ei<u,Zt>] — exp {t (/ eIV ] < u,y > W(dy))} .

We also assume that f|y‘>1 ly|"m(dy) < +oo for every r > 0, i.e. that E[|Z;|"] < +oo for every
r > 0. We denote by ¢, the Blumenthal-Getoor index defined by:

g=int {0, [ piratay) < +o0}.
- ly|<1

We recall that ¢ < 2 since f‘y|<1 ly|?m(dy) < +o00. Then, Assumptions (C') and (C2) hold with

e o = 5 in the general case,

1
2
oazlifg:Oandg<1,

1

oa:qforeveryq>gifg=0andg>1.

5 Asymptotic confidence interval

According to Theorem 5, with for instance asymptotic probability 0.95,

o
P VTl (P An, b )y Ut—|mP§1.96 — 5 0.95.

P — 2
O/ Moy — My n—o0
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Thus, with 0.95 asymptotic confidence,

(44) O'p c mpmz(pa Anahn)t mp\/ﬁg(]?, Anahn)t .
- Mp\/Tn + 1.964 /Mg, —m2 ’ Mp\/Tn — 1.964 /Mg, — m2

_1
The confidence interval length is about r, *. We denote it as
ClI(n,t).

But actually the most interesting point is that we obtain an asymptotic confidence interval for
the relative error:

Y(p, A 1.96,/mao, — m2
P [' (p7 nahn)t N 1' < 2p p] 0.95.
mp\/rn n— oo

Remark 16. Actually, to compare this result with respect to p, we have to compare asymptotic
confidence interval of o,_, namely

P
o

o, € mp\/az(p’ An’hn)t g mp\/EE(p, Anahn)t v
- Myp\/Tr + 1.964 /Mg, —m2 "\ my/r — 1.964/ma, — m2 ’

_1
this interval length is about ry * L

so it could be not so good to use p > 2.

, and this length order is unhappily increasing with p,

6 Jump detection, test of jump occurence in model 4.1

Proposition 17. Let the volatility definedby (41) does, satisfying Hypothesis (42). Let n fized
and the j-th window V; = [jA,, (j + 1)A,[. We test the hypothesis

Ho = “there is no jump Ty, € V; .
The test with critical region:
CR = {}E(p, A, h”)(jJrl)An - E(p, Ay, hn)jAn} > 551} )

where

2
qy_5 /Moy — M2
16
)
A/ Ty —
ntp qlfgﬁ/mgpfm%

Ga being the a-quantile of standard Gaussian law, is a test of level (3.

5ZL = 22(]9’ An’ hn)jAn
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Proof. We can compute under Hy, and conditionally in Fja, the probability:
Pr, [CR] =P [|Z(p, An, ho) rna, — 20, An,s hn)ja, | > €3]

Let us remark that under Ho, o; A = a( 1A . Below, we note ¢ this common value. Hence,

}E(p, Ana hn)(j-i-l)An - E(pa An’ hn)jAn} < |A?j+1)An| + |A§LAn|
where A} = X(p, Ay, hy,)e — 0P, YVt € V.
Lemma 18. Let a sequence of distribution functions F,, going to a distribution function F' and

a real sequence x, going to infinity when n goes to infinity. Then,

hm |F(x,) — F(x,)] = 0.
Proof. let € > 0 and A great enough so that |1 — F(A)| < /3. Let N; such that VYn > Ny, x, >
A.

[En(n) = F(z)] < 1= Fy(A)f + 1 = F(A)] + |Fu(A) = F(A)].

The first term in the majoration goes to |1 — F(A)|, thus there exists Ny such that ¥n >
Ny, |1 — F,(A)| <¢/3. Finally there exists N3 such that Vn > N3, |F(A) — F,(4)| <¢/3. O

Using Theorem 5, ¢t being fixed, given F;_, asymptotically the law of

Y, = (—E(p’ B in)s _ 1> Ty

oP Moy — mg’
is the standard Gaussian one (with distribution function ®) and we denote F), the F;_ condi-

E(vaﬂdhn)t _ 1

tional distribution function of =

Thus, for every 3 > 0, there exists n great enough so that

(45) JoNN QAL I (RN |
" Moy — M2 Moy —m2 ||~ 8

We consider the two events

Cﬂ®:{§@éﬂ@£21—a},Dﬂwz{Egéﬂﬁﬁgl—a}

oPbP

For every ¢ > 0, we have :

(46) H|A"| > 15} |ft_] H|A:L| > %s}m(ﬁ yft_] + P [Di(a) | F].

On the one hand, using Lemma 18 and (45), we have

US—O&M

]P) [)t ;l D —
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We choose « such that

« = )
Moy — M, B3
« 1s now fixed and verifies 5

P {lar = G bt 7]

— 1P ||V, > - ity 20 Awho)e |
Cn T 28(p, Ay b)) Moy — M3 oP -

[ E/TnMy

<P||Y,| > 1— Fi |,

N | ‘ - 22(297 Anahn)t\/ m2p - mg( Oé) | ! ]
[ €y/Trn My I}

<P||U| > 1-— + —.

N | | B 22(]9, Ana hn)t\/ m2p - m%( a) 8

To get this sum less than % we finally choose € such that

8\/777nmp (1 . Oé) — ql_ﬁ,
25 (p, A, hn)in/Map — m2 16

meaning that

o [0

25 (p, A, hn)i | \f1miay —m2 Gs| =q_2,
we conclude the proof applying the previous to t = jA,,, so yields g{l, 0

Remark 19. It could be difficult to exactly compute the power of this test, i.e.

]P)Hl [CR] = ]P)Hl Hz(p, Ana hn)(iJrl)An - E(p, Ana hn)zAn’ > 5;]

where Hy means that there exists at least one jump in V;, namely 7j41. Thus, the volatility is
o; at time iA, and oy, at time (i 4+ 1)A,,, k > j. We now consider p = 2 for care of simplicity.
A first step is to remark that

P, [CR] = By, [P{|5(2, A, ha) i+ 1) — B2, Ay hi)in, | < €0}/ Fivnan -1/ Fan-l

and to consider that, asymptotically, the F((iy1)a,)_ conditional law of X(2, Ay, hn)(iJrl)A 18 the

n

Gaussian law (0%, ia,ﬁf), and the Fia,)_ conditional law of ¥(2, Ay, hy)ia, is the Gaussian
law (0%, %0}1).
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Moreover, we add the hypothesis that o* is a compound Poisson process, so oz = 0]2- +U, ajz»
and U being independant random variable, w denotes the law of U. With such approzimations,
we can write the power of the test as following:

1

Py, [CR] =1 — Ey, {/D gexp(—%(u2 + v?))dudvr (dy)

where D := {(u,v,y) € R® such that 0% + f%a?v -0} —y— \/1; (02 + y)u| < et} The

complement to 1 of this probability is the Gaussian measure of a band between two lines:
020 — (07 +y)u = Vry £ \/ree].

q,_ 8
But this bandwidth is more or less constant since \/Tpel = 2%(2, A, hn)mnﬁ and goes
Vrn f1-&

to infinity since \/r,y goes to infinity under the hypothesis that U law support is mainly out of
0. This remark justifies the chosen critical region, since the test power goes to 1 when n goes to

nfinity.

7 Simulations

In this section, we want to test numerically the volatility estimator. In order to be able to
compare the estimations with the true volatility, we do not use some real datas but get our
observations from quasi-ezxact simulations of toy models (by quasi-exact, we mean simulations
of the process using an Euler scheme with a very small time-discretization step).

7.1 A numerical test in a continuous stochastic volatility model

In this part, we consider the stochastic volatility model proposed in [12] where the volatility
is an Ornstein-Uhlenbeck process. Denote the price by (S;) and by (o0;) the (non-negative)
stochastic volatility. Set X; := log(S;) and v; := 2. The model is defined by:

dX; = (r — 307)dt + o(t)dW}

dvy = a(m — vp)dt + B(pdW}! + /1 — p2dW}),
where 7, a, 3 and m are some positive parameters, p € [—1,1] and the processes W' and W2
are independent one-dimensional Brownian motions. Thus a = %, cf. Section 4.2.

We set Xy = log(50), vo = m and simulate quasi-ezactly (X, v;) at times 0,1/n,2/n,...,1
with the following parameters:

r=0.05 p=0, a=1, m=0.05 and [=0.05.

Using the simulated observations Xg, X1/, ..., X1, we compute the estimator X(p, 1/n, h,) on
[hn, 1] and compare its value with the true volatility. In Figures 1 and 2, we represent the
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corresponding graphics for n = 1000 and n = 10000 and h, = n~Y2. In all the figures, we

choose p = 2 since as shown in the computation of the confidence interval length in Remark
16, to increase p is not a good choice. The process (oy) is plotted as continuous line whereas
the estimator (2, 1/n, h,) is plotted as discontinuous line.

Figure 2: n = 10000, h,, = n~/2.

By Corollary (6), taking r,, = n” with p € (0,1/2) and p € {2} N (5/2,+00) (or equivalently
h, = n”~'), we obtain a rate of order n#/2. In particular, we can derive that the best rate
is obtained in the limit case p = 1/2. This theoretical result is confirmed in the following
computation. Denote by E,(p, h,) the mean relative error defined by:

k/n

n S k) — o ()

(47) E.(p,h,) = —
el
We obtain the following results:
E,2,n Y | E,(2,n7%%) | E,(2,n7%%) | E,(4,n7%Y) | E,(4,n7%%) | E,(4,n7%5)
n =103 18,9% 16,6% 18,6% 20,3% 17,5% 19,2%
n = 10* 12,2% 11, 0% 12,3% 13,0% 11,9% 12,9%
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This phenomena can be explained as follows. In this problem, we recall that there are two
conflicting errors that correspond to the two right-hand member terms of (3). For the first term,
smaller is h,,, stronger is the error, but, for the second term, it is the exactly the opposite. In
a sense, case h,, = n~'/? corresponds to the (best) equilibrium between the two types of errors
( cf. Remark 15).

7.2 A numerical test in a jump model

In this last part, we assume that the volatility is a jump process solution to a SDE driven by a
tempered stable subordinator (Z) with Lévy measure 7(dy) = 1,~0 exp(—Ay)/y' tPdy. This
model can be viewed as a particular case of the Barndorff-Nielsen and Shephard model (see
[6]):

dX; = (r — 302(t))dt + o(t)dW}

dvy = —pedt + dZt(’\’ﬁ)

with the following choice of parameters:
r=005 pu=1, A=1 and [B=1/2,

thus @ = 1 according to Section 4.2.

As in the preceding example, we simulate (X;, v;) on the interval [0, 1] with X, = log(50) and
vg = 0.05. In order to compare the two types of models, we chose some similar parameters.
The main difference between these two models comes from the variations which are stronger
in the first case. We obtain a quasi-exact sequel (X, vg/n) Wwith & € {0,...,n}. In Figures 3
and 4, we represent the estimated and true volatilities for some different choices of h,, = n=/2,
n = 10% and n = 10%.

!
g * 'I

by S
. Al

Figure 3: n = 1000, h,, = n~'/2.

For these computations, we obtain the following mean relative errors:
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o.36

o.34a

o.32

o.3

o.z28

o.26

o.2a

o.22

o.2

o.18

o.16

Figure 4: n = 10000, h,, = n~/2.

E.(2,n7%%) | E,(2,n7%%) | E,(2,n7 %) | E,(4,n7%%) | E,(4,n7%) | E,(4,n7%%)
n=10° 13,2% 8,3% 6,3% 15,5% 11,0% 8,8%
n=10"| 9.1% 5.5% 3,2% 10,1% 6,6% 3,9%

Here the best result is obtained with h,, = n”, p = —0.4, according to Remark 15. Here a = 1
so in this case, the error is mainly ,/% > h,. This error decreases when p increases up to

p= —% — ¢, € as small as possible.
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