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BRANCHING BROWNIAN MOTION CBBM )

• Particles move according to Brownian  motions

•
wrought

with drittm and variance a

juran • Particles branch at rate P into random
number of offspring

distributed as rv
.

L

• E[ L ] > 1 (supercritical branching )

• Nt : set of particles at time t

XUCH : position of particle u at time t

Fix parameters : µ= 1 o2=1 B =LEAFThen for all t 20 :E[§nd×d
" ]=1 . E[§q×uHi×d

"] = 0



E [ E. in " ]=t . E[§q×uHi×#]=O

Martingales :

Wt=§md×d
"

Zt=§qXuHi×d
"

( critical additive martingale) ( derivative  martingale )
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= f. e-
Out ' ' lot

, do) - ft . ol
'

( additive martingales )

we - WE
'

Ze = - Fowey



LIMIT THEOREMS
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'

= f. e-
0×4 ' - lot

, do )= It . of

TheC
Biggins '7t

, Lyons
'

97 ) :

(WE
'

)µo is uniformly integrate iff
101<1 and E[ Llogl ]< es

.

( if not
,

WE
'

→ 0 a s . )

Thun ( Biggins
' 78 ) : 101<1 a< b

,
EILAOGLF ]< a

# { newt : ×utHe( 1-0 )t + [ a. b) }

E[#{uent : hate (1-0)++6 . ,}]
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LIMIT THEOREMS ( CRITICAL CASE )

The (Biggins '7t
, Lyons '9H : Wt ¥0 a. s

.

It(Lalley . Sellke '
82

'
04

, Yang - Ren ' 11 )

Z£ - z

' kgprianou
-

a
a. s

. tf E[ Lflog LT ] < a
, then

Za > 0 a. s
. on event of survival

,
else Za=O a. s

.

Key proof steps : . Introduce absorbing barrier at - d :

x

• Ee =

Zttdwt
(positive) martingale

• ftp.Z.lt 's ZI if no absorption

⇐ to is a. i. if eaayuy . .

avg.qyg.wtw.whhhmmmwrwc.LY;tear
example by spine techniques )
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IMPORTANCE OF DERIVATIVE MARTINGALE

• Minimal position ( Branson '83 + Lalley - Sellke '87
,

Aidekon
117 )

nein XIH - Eloyt  = > - logkza) - G
I

Gumbel
,

1 of to

• Seueba .

Heyde morning (
Aidekou

- Shi '
12 )

E- We
* FE Za

• Gibbs measure (Madanbe 45 ) :iffe.CC#.s.t
.

xf(
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for some GO
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.
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,Fzx2Ee%
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Q : 1) RATE OF CONVERGENCE ?

2) ( Non - STANDARD ) CENTRAL LIMIT THEOREMS ?

A : d) 1ft ,
with possible O( lostf ) corrections

2) Yes
, involving mixtures of 1- stable distribution

( M
.

,
Pain

,
in

preparation)



OUR RESULTS

Then 1 ( M . Pain
,

in

prep
. ) : Assume E[L(logLP]<s

There exists a spectrally positive 1- stable Levy -

process
(f) no ,

independent of Zoo
,

such thatft(( Itthefts-Zas)a%1 # ( Szoka) are .

Extension :

Conditionally
a Ft ,

the fidis of ( Zoo - Zat + ht¥a Za)
an

converge weakly in probability
to ( Szoka )aa± conditioned

on Zoo
.

Remark : Hypothesis ECL (dog LP ]< is probably optimal



OUR RESULTS ( co . td
. )

Thm2(M
.

,
Pain

,
in preparation) Assume E[ E) < a

.

Lot

FECYCQ
. ) )

,
such that

CXFYKKCEC

? Then
,

f- ( ( µ (f)

taHlb¥¥
) Zoo -

Ztlf
) ) £7

Szp ,

whore ( Hao is a 1- stable
Levy process

with asymmetry

parameter p =

oh
Czcf )

G. G) =

go.gg#l-n(fAtaF.Daua)aFn=FEnfHf
't

Cd f) =

µ

(f)
-

µ(f(GaF
. ))Hu<± En
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:
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with ( 5th , ,o
a Cauchy process .



RELATED WORKS

§ • O < tz : ( standard ) CLT W/ random variance ( lksanou - Kabluohko
' 167

D ( subordinated bg Zoo )

Ego

.

OEFE
, 1) : to - stable distributions ✓ ( lksanor . Kolesko - Meinen

,  in
prep

. )

£t ↳ key tool : fixed . point

equatioE@w8-f.e0XuGtflolt.Ws.u§ & (
c , can also be used for Ze ,

but only for one-dimensional marginal8 .
( wl random variance )

✓

• Complex O : CLT in certain phases ( Hartung - klimovsky 45,47 )

• O > 1 : Construction of solution to FPE by subordination

of TO - stable process ( Durrett - Liggett
'
83

, fyuivardh
' 90

,

Barral . fin - Rhodes - Vargas
'

13 )

• Fluctuations of partition function in other Stat
.

med
.  models :

- SK ( Comets - Neveu
' 95 ) }cLt

- p -

spin ( Bavier - Kurkoua . Lowe 102 )
- spherical SK + Curie - Weiss ( Baik . Lee ' 16,47 ) =3fkIy . widm

Baik - Lee - Wu ' 1ft
- '  -  '

i

-

O  F8



PROOF IDEAS ( THM 1)
• Prove simple version : ( Lemma : ( Ttwe . FEZ . ) = Ole ) , q

> o )

#
a

- ( Zas- ↳ War

))a%1
¥ ( Szoka) are .
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^ MEET
Bask IDEA :

www.fEEEEEEFEEEE.eromtineta
.

K . ... ... ......
,q.wwmd.hn#FFtintroduce barrier Lt

at suitably chosen yt.1 >

t at

GOOD CHOICE : jf = tzlogt + Be , Be → a slowly

why Aezlogt ?
binging Eight

'
= 12 a. s

. C Husni
'
09 )



q - tzlogt + Be , Bt→a slowly ~£
n

Zs En
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news
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" A
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First moment and ( truncated ) second moment computations yield :

Eta - Ee + octa )

⇒ z•=Zt - ¥ We +

§qZau
- Awe + dfe)
at

Can do the same for barrier Le starting at at :
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strategy similar to

REMAINS TO PROVE : Barestyoki - Buestyditohweingbygg
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strategy similar to

REMAINS TO PROVE : Barestyoki - Buestyditohweingbygg

Uft(§qfa- f- Wat ) ¥ ( Serra )am
.

an 1

^

Dad particle^ ) Egitto ii.
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strategy similar to

REMAINS TO PROVE : Barestyoki - Buestyditohweingbygg

Uft(§qfa- f- Wat ) ¥ ( Serra )am
.

a7c1

^

bad particle^ ) §qII ii.
E to + ottr ) ~

I'¥at badfortieswhet,q.efh•wf↳ sum over a decreasingset ! ;

"
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2) particles hit barrier at rate 1
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strategy similar to

REMAINS TO PROVE : Barestyoki - Buestydi '

sohweingbygg

Uft(§qfa- f- Wat ) ¥ ( Serra )am
an 1

^

Dad particle^ ) Egitto ii.
E to + ottr ) -
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"
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2) particles hit barrier at rate 1
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t
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a
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3) Contribution of each particle : Z£¥oikZ• = fee. EBTZA

Known : PC Zoo > x )
"

Eta
,

E[ Zoo Izaex ] =

logxcfspgtgoah

. )



strategy similar to

REMAINS TO PROVE : Barestyoki - Buestyditohweingbgg

Uft(§qfa- f- Wat ) ¥ ( Serra )am
.

a7c1

^

bad particle^ ) Egitto ii.
E to + ottr ) ~

I'¥at badfortieswhet,q.efh•wf↳ sum over a decreasingset ! ;

"

I
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2) particles hit barrier at rate 1
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>

t
I at
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aFatten¥ .
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3) Contribution of each particle : Z£¥oikZ• = fee. EBTZA

Known : PC Zoo > x )
"

Eta
,

E[ Zoo Izaex ] =

logxcfgpgtgd'h
. )

4) E[§q
,
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( ± linear compensator of jumps )
= @ ttctoc " ) Wat Fda



THEOREM 1 THEOREM 2

.

aE#Ee
.

'

Eg¥F⇐ftt*j
. '

Yoo.

rt - - - - .

t
;

, K.

.
- -

i; ,
1

;
1 1

'

,

1 1 ! 11 t7 1 l' 1 1 2

t at a E t at

Can
compare Zat .

a > 1 with Can not compare directly Zatff )

Zt because in the
process

and Zt ( f )
, only through Zs

with absorption
at

yt , for some s=E
,

LECO , 1)

d large ⇒ Errorsin EEYY ) too large
(Eds >,£  is a martingale D. & small =) Many particles hitting

barrier



a
a large ⇒ Errorsin Eton footage

,

'

Eg¥F¥IgA'¥¥fatH
'

L small ⇒ Many particles hitting barrier

OPTIMAL CHOKE :

tt "

I ,

→ L= F- q ( y
small ) ¥ 't '

at

'

→ ye
'

= tzlogt + phwith pe
'

growing
fast enough (pi -

loyeogt  →a)
Then :

• I EEG ) -µG)EEl=oCE± )

• handle particles hitting barrier by a

(actually ,
two - scale )

bootstrapfnulti
scaleargument involving several barriers th



SUMMARY

• Fluctuations of Z£ and Zeff ) are Oftf ) and

caused by particles going down to = Flag t
.

• Limit laws are mixtures of 1- stable laws with

asymmetry parameter B = { to'

,
¥Ey

anything , Z€( f)

( reason : particles reaching tzbogt at different times contribute
with possibly different signs )

• 1- stable laws arise in other ( but related ) contexts :

- BBM with absorption ( Brunet - Derrida . Mueller - Manie ' 06 ,

Berestycki - Berestycki - Schweinberg
' 11-43 ,

Berestycki - M .
 

-

Schweinberg ,  in prep . 7

- BBM with variance decreasing in time ( see open problems )



FURTHER OUTLOOK

•

"

Moderate
"

deviation :

pe[Qtz ) ,
PC Ztlfl -µtflZaaEP) = ?

•

Conjecture ( minimal particle ) :

fancy process

runeinmxnth =3lvgt + dog # + G + FE+  dfe )
a

Gumbel (formalize in terms of
• Ebert - van Saarhoos correction :

nod ' $ convergence )

median of umeiwyxult)
= szbugt + C + 32¥ + otf )

C Ebert - van Saaddas
100

,
Nolan . Roqnejofpe . Ryzhik 11Gt )

→ relented
,

but not equivalent problem .



Zdf ) = µ(xF ) =µ( G)

E[ FCRA
.

) ] = f¥µ161 µ . # = Fiends

helped'dnfaecal
- Wqu (a) . a. ( ⇒ tefgz . )

→ Mom ' Fi

-7 Sz
. , aspnetry '¥EY÷

,

qftk a. ( EE'

)=E[ a

'f±f7=FEµ(G'
1 FAGOKFG . )

Ga(H=xFd . )
G- (F) =xFCax )
T.CH =¥° go.ie#u.)rua.ykyYq.=IaCan


