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1. Introduction and problem set-up

The finite element method is currently used in the numerical realization of fric-
tional contact problems occurring in many engineering applications (see [13]). An
important task consists of evaluating numerically the quality of the finite element
computations by using a posteriori error estimators. In elasticity, several different
approaches leading to various error estimators have been developed, in particular the
error estimators introduced in [2] based on the residual of the equilibrium equations,
the estimators linked to the smoothing of finite element stresses (see [22]) and the
estimators based on the errors in the constitutive relation (see [14, 17]). A review of
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different a posteriori error estimators can be found in [21].

For frictionless unilateral contact problems, the residual based method was con-
sidered and studied in [3] (see also the references quoted therein) using a penalized
approach and the study of error in the constitutive relation was performed in [5].

In the present paper, we are interested in the more general and currently used
Coulomb’s frictional contact model and we choose the estimators in the constitutive
relation to quantify the accuracy of the finite element approximations. As far as we
know, there is no literature concerning a posteriori error estimators for Coulomb’s
frictional unilateral contact model. The latter is recalled hereafter.

Let be given an elastic body occupying a bounded domain € in R? whose generic
point is denoted & = (z1,22). The boundary I' of Q is Lipschitz and divided as
follows: ' = 'p UT'y UL where I'p, I'y and ' are three open disjoint parts. We
suppose that the displacement field is given on I'p, (to simplify, we assume afterwards
that the body is clamped on I'p). On the boundary part I'y, a density of forces
denoted F € (L*(T'y))? is applied. The third part is the segment I'c, in frictional
contact with a rigid foundation (see Figure 1). The body {2 is submitted to a given
density of volume forces f € (L?(2))2. Let the notation m = (ny, ny) represent the
unit outward normal vector on I and define the unit tangent vector ¢ = (—ng, ny).
Let us denote by p > 0 the friction coefficient on I'¢.

The problem consists of finding the displacement field u : 8 — R? and the stress
tensor field o : 2 — 7 satisfying (1.1)-(1.10)

o(u)=Ce(u) in Q, (1.1)
divo(u)+ f=0 inQ, (1.2)
ocun=F only, (1.3)

u=0 onlp. (1.4)

where % stands for the space of second order symmetric tensors on R? e(u) =
$(Vu+ V7'u) denotes the linearized strain tensor field, C is a fourth order symmetric
and elliptic tensor of linear elasticity and div represents the divergence operator of
tensor valued functions.

In order to introduce the equations on I'¢, let us adopt the following notation:
u = u,n + ut and o(u)n = o,(u)n + oy(w)t. The equations modelling unilateral
contact with Coulomb friction are as follows on I'c:

Uun <0, (1.5)

on(u) <0, (1.6)
on(u) u, =0, (1.7)
o2 (w)] < plon(w)], (1.8)
|ov(w)| < plon(uw)] = u, =0, (1.9)
loy(uw)| = p|lon(uw)| = IA > 0 such that u; = —Aoy(u). (1.10)
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The variational formulation of problem (1.1)-(1.10) has been obtained by Duvaut and
Lions in [8]. It consists of finding w such that

u e K, alu,v —u) + j(u,v) —j(u,u) > L(v —u), Yve K, (1.11)

where

o, v) = / (Ce(w)) : e(w) dQ,  j(u,v) = / ()] Jex] T

L(v)= /f.'v dQ) + F.vdl,
Q Iy

are defined for any w and v in
V = {’U € (H'(Q)* v=0on FD}.

The notation H'(2) represents the standard Sobolev space, - and : stand for the inner
product in R? and .% respectively. In (1.11), K,4 denotes the closed convex cone of
admissible displacement fields satisfying the non-penetration condition

K,,= {’UGV; v, <0 on FC}.

The first existence result for problem (1.11) has been obtained in [20] when € is
an infinitely long strip and if the friction coefficient of compact support in I'c is
sufficiently small. The extension of these results to domains with smooth boundaries
can be found in [12]. A recent improvement in [9] states existence when the friction

3=l v denoting Poisson’s ratio in Q (0 < v < ).

coefficient p is lower than 5

When the loads f and F' are not equal to zero, there is to our knowledge neither
uniqueness result nor non-uniqueness example for problem (1.11). Let us mention
that there exists several laws “mollifying” Coulomb’s frictional contact model (see,
e.g. [13, 19] and the references quoted therein) and that such regularizations lead to

more existence and uniqueness properties.

rigid foundation ‘n

Figure 1: Setting of the problem
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Our paper is outlined as follows. In section 2, we first recall the convenient set-
ting which consists of separating the kinematic conditions, the equilibrium equations
and the constitutive relations in order to define the error estimator and to study its
properties. In section 3, we propose two mixed finite element methods for Coulomb’s
frictional unilateral contact problem. We prove the existence of solutions and we
study the discrete frictional contact properties satisfied by such solutions. Section
4 is concerned with the practical construction of such an estimator. In section 5,
several numerical studies in which we compute and couple the estimator with a mesh
adaptivity procedure are performed.

2. The error estimator for Coulomb’s frictional contact problem

The aim of this section is to introduce the concept of error in the constitutive
relation for the frictional unilateral contact problem. Before defining the estimator,
let us begin with some useful setting and notation.

2.1. The appropriate setting for error in the constitutive relation

To define the error in the constitutive relation, the contact part I'c is considered
like in [15, 5] as an interface on which two unknowns w (displacement field) and =
(density of surfacic forces due to the frictional contact with the rigid foundation) are
to be found. If n = (ny,ny) and t = (—ng,ny) stand for the unit outward normal
and tangent on I', we adopt afterwards the notation z = z,n + zt for any vector z.

The unilateral contact problem with Coulomb’s friction law (1.1)-(1.10) is refor-
mulated by using these quantities and it consists of finding the displacement field u
on 2, the stress tensor field o on 2 and w, r on I'¢ satisfying the following equations
(2.1)—(2.9).

e The displacement fields w and w verify the kinematic conditions:
u=0onlp and w=wonl¢. (2.1)

e The fields o and r satisfy the equilibrium equation:
—/J:s(v) dQ+/f.v dQ) + F.v dI‘+/ rodl =0, YveV. (22)
0 Q I'n NG}

e The fields o and u are linked by the constitutive law of linear elasticity:
o =Ce(u). (2.3)

e The displacement field w = w,n + w,;t and the density of forces r = r,n + rit
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satisfy the unilateral contact conditions with Coulomb’s friction law along ['c:

w, <0, (2.4)
r, <0, (2.5)
rpwy = 0, (2.6)
Il < plral, (27)
rd <plral = wi=0, (2:8)
Ire] = plrn] = 3IA >0 such that w, = —Ary. (2.9)

Let us define the convex cones
K = {z; z = z,n + zt such that z, < 0},

and
c, = {s;s = s,n + st such that s, <0 and |s;]| < u|sn|}.

Denoting by 4 the indicator function of the set A (i.e. I4(z) = 0if z € A and
I4(z) = +o0if z & A), it can be easily checked that the frictional contact conditions
(2.4)-(2.9) can be also written in a more compact form

I (w) + Ic, (v) + plra||we| + rewy + rpw, =0, on Ie. (2.10)

2.2. Definitions

We begin with recalling the definition of an admissible pair:

Definition 2.1 A pair § = ((u,w), (6,7)) is admissible if the kinematic conditions
(2.1) and the equilibrium equations (2.2) are fulfilled.

We are now in a position to define the estimator based on the error in the consti-
tutive relation:

Definition 2.2 Let s = ((u,w), (6,7)) be admissible. The error estimator e($) is
as follows:

N|=

+2/ (T (ab) + I, (7) + L] + 7ociy + i) dF) L (211)
Le

where the norm ||.||o.q on the stress tensor fields is defined by

oo = (/Q(C_lo') o dQ)é.
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Let us notice that the function in the integral term of (2.11) is always nonnegative
at ¢ € I'c: it is equal to +oo if w(x) € K or v#(x) ¢ C,; otherwise it is nonnegative
owing to (u|7y,||w|+74w0) () > 0 and (7,0,)(x) > 0. To avoid more notation, we will
skip over the regularity aspects of the functions defined on I'¢ which are beyond the
scope of this paper and we write afterwards integral terms instead of duality pairings.
The first natural property arising directly from the definition of e(§) becomes:

Property 2.3 Let § be admissible. Then e(3) = 0 if and only if § = ((w,w), (6, 7))
is solution to the reference problem (2.1)-(2.9).

Let us define some quantities useful for the forthcoming study:

Definition 2.4 Let § be admissible. The relative error €(S) is as follows:

N e(3)
€(3) = R (2.12)

Given a part E of Q, the local error contribution eg(8) is defined as

€p(8) = (2.13)

[SIE

<||& — Ce(@)|2 5 + 2/F () 4 7, (7) i + o+ i) dF)
cn

lo+ Ce(w)lo0

where ||o||,z = (/ Clo):o dQ)ﬁ.
E

For the sake of simplicity of notations, we will write € and eg instead of €(s) and
eg(8) in the following studies. It is straightforward that

U E=Q0 = 62226%1,.

EiﬂEjZQ), 1#£]

2.3. Link between the estimator and the other errors

This part is concerned with the relation between the error in the constitutive
law and the other errors. We suppose that a solution to the exact problem (2.1)-
(2.9) exists which is satisfied when p is small enough (see [9]). The next proposition
generalizes former results (see [5]) obtained in the frictionless case (corresponding to

p=0).

Proposition 2.5 Let (u, w, o, 1) be solution to Coulomb’s frictional contact problem
(2.1)-(2.9). Let s = ((u,w), (6' 7)) be admissible. Then

lo = 6120+ llu — a2 o + 20 / (ro = F)([t] — [wr]) T < (3),  (2.14)
C
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where the norm ||.||u.q on the displacement fields is defined by

fulua = ( [ (Cstw) : etw d9)" = (afaw)

Consequently
o= G120+ 20 [ (= )] ~ i) dr < 5), (215)
I'c
and
lu—a2q+ zu/ (rn — ) (Ji0e] — |wy]) dT < €%(3). (2.16)
NG}

Proof. We begin with noticing that the property obviously holds when w ¢ K or
r & C, on a set of positive measure. In such a case the error estimator is equal to
infinity. Next, we then suppose that w € K and # € C}, almost everywhere. One
immediately gets

lo —Ce(@)|zo=6 — o +Ce(u—u)|7q

ﬂw—am@+w-am@+;éw—awdu—mda

The stress fields o and & satisfy the equilibrium equation (2.2) and the displace-
ment fields w and @ verify the kinematic conditions (2.1). Hence

n&—caam;fw&—amﬂ+nu—am@+2£<f—w&w—www«zw>
C

Developing the integral term yields

/Fc(rﬁ ). (w — ) dT =

/ P W, dF—i—/ Trwy dF—i—/ T W, dF—i—/ rywy dI'
I'e I'c T'c T'e

—/ W, dF—/ Wy dF—/ T W, dF—/ raby dU. - (2.18)
Te To To Te

Putting together (2.17) and (2.18) in the definition (2.11) of the estimator leads to

e*(8)=llo —&lloo+lu—alq

+2/ TpWny dF+2/ T4Wy dT—|—2/ Ty dT+2/ ryw, dI’
o T'c 1N} Tc

—2/ rpWy dl' — 2/ riwy dI’ + 2/ |7 [y | dT.
I'c le e}
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Noting that r,w, > 0, r,w, > 0 and r,w, =0 on I'¢, we get

e’(8) 2 |lo = &lloo+ lu -l q

+2/ ftwt dI’ + 2/ T’tUA)t dl’ — 2/ TtWe dl’ + 2/ M‘TA’HHUA)A drl’.
T'c I'c INe; e

According to (2.7)-(2.9), the equality
—rwy = pulry[w]
holds on I'c. Moreover r € C, and 7 € C), lead to the bounds
Ty > — |||y and Towy > — |7 |wy) -

Consequently

8) > lo—6l2q+llu—ullg+ 2M/F ([rnl = [Pn]) (Jwe| — |dy]) dT.
C
The bound (2.14) is obtained thanks to r,, < 0 and 7, < 0. Both bounds (2.15) and
(2.16) are an obvious consequence. [

It is easy to check that no information on the sign of the integral term in (2.14)
is available. This is not at all surprising because the evaluation of such a term
corresponds also to the study of the uniqueness for the (quasi-)variational inequality
(1.11) with classical arguments (i.e. by choosing and subtracting two solutions) which
does not lead to a successful conclusion. Nevertheless, the following remark shows
that the integral term can be bounded at least in a particular case.

Remark 2.6 If the exact solution and the admissible solution satisfy w, > 0 and
wy > 0 on Lo (orw, <0 and Wy <0 on o), and if the measure of U'p is positive,
then inequality (2.14) becomes more relevant since the integral term in (2.14) can be
estimated as follows:

[ =t = ey ar] =] [ (e =~ ar

<lra = 7all g oy llwe = ]

(Fc)‘ H%(FC)
<Cllo = &|lz2@llu — @l ()

<o =&lloallu—dlua

<C"(lo = ollg+ llu—al2g).

where H2 (L) stands for a fractionally Sobolev space (see [1]) and H=2(T'¢) is its

dual space. The bounds of |rn — Full 1 and ||wy — thH%(F , are obtained using
C

(T'e)
Green’s formula and the trace theorem respectively. Moreover the norms ||.||(m1 ()2

and ||.|luq are equivalent since meas(I'p) > 0. In such a case, the integral term can
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be removed from (2.14), (2.15) and (2.16) and we come to the conclusion that there
exists a positive constant C' such that for small friction coefficients, || — & ||l,.q and
lu — @|lua can be bounded by (1/+/1— uC)e(8). Concerning the general case, we
think that one could reasonably expect that if the exact and admissible solutions are
smooth enough and if the friction coefficient is small then the integral term multiplied
by 2 is small in comparison with ||u — a3 o and o — &3 .

Remark 2.7 If instead of Coulomb’s law (2.10), one considers a Tresca’s type fric-
tion law:

Ix(w) + Io(r) + k|lw| + mowy + rpw, =0, on Dg, (2.19)
where k > 0 and where

C = {s;s = s,n + st such that s, <0 and |s;| < k},

then the problem (2.1)-(2.3), (2.19) admits an unique solution (uy,wy, o, T;) and
the bound
lo, = G110 + llwr — @l o < €*(3), (2.20)

holds for any admissible § = ((u,w), (&, 7)).

FEstimate (2.20) is obtained following the same points as in the proof of estimate
(2.14). In particular, if k = 0 in (2.19) or equivalently u = 0 in (2.10), we recover
the frictionless unilateral contact model.

3. The discrete Coulomb’s frictional contact problem

In this section, we propose and study the properties of two mixed discrete finite
element formulations for Coulomb’s frictional contact in order to implement the error
estimator. Let us mention that a detailed study of several (different) mixed finite
element methods for frictionless and frictional contact problems can be found in [10],
[11].

3.1. The maixed finite element formulations

The body 2 is discretized by using a family of triangulations (.7,), made of finite
elements of degree one. For technical purposes, we assume (in Section 3.1 only) that
T'pNT¢ = 0 which is generally not restrictive in engineering applications and that the
bilinear form a(.,.) is V —elliptic. Let us denote by h > 0 the discretization parameter
representing the greatest diameter of a triangle in ;. The space approximating V'
becomes:

\ = {’Uh; v € (%<ﬁ))27 'Uh‘T € (Pl(T))2 VT € T, v, =0 on FD},

where %(Q) stands for the space of continuous functions on Q and P;(T) represents
the space of polynomial functions of degree one on 7. On the boundary of €2, we still
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keep the notation v, = vp,n + vyt for every v, € Vj, and we denote by (7}), the
family of monodimensional meshes on I'¢ inherited by (7).

We next introduce two convex sets of Lagrange multipliers denoted Mj(g) and
M} (g). The convex Mj(g) is defined by M;(g) = Mj,, x M;,(g) where

M;,, = {viv € %(Tc), vls € A(S), VS €T, v<0onTc},
and for g € —M;,, we define M;,(g) as follows:
M (g) = {viv € €(Ta), vls € P(S), S € Th, Iv| < gon To}.

We denote by p the number of nodes of the triangulation on I'c and by 9;,1 < i <p
the monodimensional basis functions on I'c (the function v; is continuous on I'c,
linear on each segment of T}, equal to 1 at node i and to 0 at the other nodes). The
second convex M'(g) is given by M/ (g) = M}’ x M}, (g) with

My, = {viv e e(T0), vls € B(S), VS €T, /

vy dT < 0, wgigp}.
Fe

If g€ =M}, M/, (g) is given by:

Mji(g) = {viv € ¥(Tc), vls € Pi(S), VS €T,

/ v dF‘ S/ g dI’,
I'o T'e

wgz'gp}.

Next, the notation M},(g) = My, X My:(g) denotes either Mj (g) = M;,, x M},(g) or
M;j/(g) = My, x My (g).

We then introduce a intermediary problem with a given slip limit —ugp, where
hn € Mpy,. This problem denoted P(gp,) consists of finding u, € Vj, and (A, Apt) €
My X Myy(—pgnn) = My (—pgn,) such that:

a(up, vy) — / AU dI' — / AneUn dI' = L(vy), Vo, € Vi,
Tc Tc

(P(gnn)) / (Vhn = Ahn)Unp dL + / (Unt — Ane)upe dI > 0,
|Ne] o]
V(tha Vht) S Mh(_lu’ghn>
(3.1)
Problem P(gp,) is equivalent of finding a saddle-point (wp, Apn, Ant) = (wp, Ap) €
Vi, X My(—pignn) verifying

L(up,vp) < L(up, Ap) < Z(vn, An), Yo, € Vi, Vv, € My(—1gnn),

where

Z(Vp, V) = %a("’m”h) _/

VhnUhn dl’ — / VnptUpt dl’ — L(’Uh).
T'e I'e
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By using classical arguments on saddle-point problems as Haslinger, Hlavacek and
Necas (1996, p.338), we deduce that there exists such a saddle-point. The strict con-
vexity of a(.,.) implies that the first argument wuy, is unique. Besides, the assumption
TpNTe =0 allows us to write

/ VhnUhn dl’ — / VnhtUnt dl’ = 0, V’Uh & ‘/h, — Vhn = 0, Vpe = 0.
I'c I'c
Consequently, the second argument Ay, is unique and P(gy,) admits a unique solution.

It becomes then possible to define a map ®; as follows

by, : My, — Mpy,
9Ghn )\/m,

where (wp, Apn, Ape) is the solution of P(gp,). The introduction of this map allows
the definition of a discrete solution of Coulomb’s frictional contact problem.

Definition 3.1 Let M}, (g) = M;(g) or My(g) = M;/'(g). A solution of Coulomb’s
discrete frictional contact problem is the solution of P(An,) where A\pp, € My, is a
fixed point of ®y,.

Proposition 3.2 Let My (g) = Mj(g) or My(g) = M,/ (g). Then for any u, there
exists a solution to Coulomb’s discrete frictional contact problem.

Proof. To establish existence, we use Brouwer’s fixed point theorem.
Step 1. We prove that the mapping ®; is continuous. Set

V, = {’vh € Vi; vpe =0 on FC}, W, = {I/;V c¢(T¢), vls € P(S), VS € Th}.

Since T'p NT¢ = ), it is easy to check that the definition of ||.||_%7h given by

VU, dI
]| 1, = sup =<
27h ’UhEVh H'vhul

is a norm on Wj. The notation ||.||, represents the (H'(£2))*-norm.
Let (wp, A, Ant) and (@p, Apn, Ane) be the solutions of (P(gp,)) and (P(gn,)) re-
spectively. On the one hand, we get

a(uh,vh) — / )\hnv}m dF:L<’Uh), V’Uh € ‘7}1,
Te

and

a(u_h, ’Uh) —/ )\_;mv;m dF:L(vh), Yoy, € ‘7}1
Te
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Subtracting the previous equalities and using the continuity of the bilinear form af., .)
gives

[ O = K)o T = alus ~ @i 0) < Ml = @il ol Yo € V.
1G]
Hence, we get a first estimate
H)\hn_)\_}m”—%,hSMHuh_u_hHl- (3.2)

On the other hand, we have from (3.1)
a(uh, ’Uh) — / A Unn Al — / AU dI' = L(’Uh), Yo, € V;L, (33)
Tco Tco
and
a(u_h, ’Uh> — / )\_;mv;m dl’ — / /\_htvht dl' = L(’Uh) V’Uh € ‘/;L (34)
I'o I'c
Choosing v, = uy, — uy, in (3.3) and v, = u, — @y, in (3.4) implies by addition:

a(u, — ap, u, — uyp,) :/

INe;

e — o) (e — ) dT + / (e — o) (e — T057) T

Te

(3.5)

Let us notice that the inequality in (3.1) is obviously equivalent to the two following
conditions:

/ (th - )\hn)uhn dr Z 07 vyhn € Mh?"w (36)
NG}
/ (Unt — Ant)upe dI >0, VUt € Mpi(—1ighn)- (3.7)
NG}

According to the definitions of M, and M, we can choose v, = 0 and vy, = 2\,
in (3.6) which gives

/ AnUpn dI' =0  and / VpnUpn dI' >0, YVhn € My,
I'c I'e
from which we deduce that
[ O = )~ i) ar < 0
N6}
Denoting by « the ellipticity constant of the bilinear form a(.,.), (3.5) becomes

allus — wR|l2 < / (Ant — o) (e — ) T (3.8)
o]
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To evaluate the latter integral term, let us first introduce the p-by-p mass matrix
M = (mij)i<ij<p on e as

NG}

and let Ur, Urp, Gy, Gy, denote the vectors of components the nodal values of wy,
Unt, Gnn and Gy, respectively.

e We begin with considering the mixed method where M} (g) = M| (g). From
(3.7), we get

/ Anitp dI’ S/ Unttpe AUy Yupe € Mp(—pgnn),
e

NG}

or equivalently
p
/ )\htuht dl’ S ZMZ(MUT)Z7 VM € R? such that |Mz‘ S —,u(GN)i, 1 S 1 S p-
T'e i=1

It is easy to construct a vector M minimizing the sum and yielding the following
bound:

p
[ w0 <> (Gl (MU
e} i=1

A similar expression can be obtained when integrating the term M\, @n;. The two
remaining terms of the integral in (3.8) are roughly bounded as follows:

P P
= [ N 4 <SG MTL s~ [ R dE < <Y @) (MU
I'c Te

i=1 i=1

Finally, (3.8) becomes

ollwn = w3 < 10> (Gr = G (MU — |(MT)i)

i=1

[ SIS

<p (Z(GN - G—N>3> (Z(MWT - U—T»?)

i=1 =1

= pllGx — Gllre |Ur — Urllre (3.10)

where ||z — |y|| < |z — y| and Hélder inequality have been used. The notations . ||rx
and ||.||ge.r Whose definitions are straightforward represent norms on R” (the mass
matrix M is nonsingular). As a consequence, there exists constants C(h) and Cy(h)
depending on h (or equivalently on p) such that

|Gy — Clles < CL(M)ghn — Gl 1.1 (3.11)
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and
1Ur = Urllre s < Co(h)lune = el 2oy < Cs(h)llun — @l (3.12)

where the trace theorem has been used. Combining (3.10), (3.11), (3.12) and (3.2)
implies that there exists a constant C'(h) such that

N = Ml 3 < BB g — Tl (3.13)

Hence ®;, is continuous.
e In the case where M},(g) = M}/(g), the proof is analogous: first (3.7) implies

p
/ Nt AU < S (MM):(Ur)s, YM € B st |(MM),] < —p(MGn)s, 10 < p.
¥l i=1

Therefore
P
[ Awatna 0 <0y (MG U,
Tc i=1

Expression (3.8) leads then to

offun = [} < p (MG = G (U]~ (T

1

<p (Z(M(GN - G_N»?) (Z(UT - U_T>?>

= pllGx — Gyllrem 1Ur = Urllee,

and the continuity of ®, is proved following the same arguments as in the first case.
Step 2. Let (wn, Apn, Ane) be the solution of (P(gny,)). Taking v, = uy, in (3.1) gives

CL(’U,h, uh) — / )\;mu;m dF — / )\htuht dF = L(uh) (314)
T'c NG}

According to
/ Ahnuhn dl' =0 and / )\htuht dl’ S 0,
I'c e
we deduce from (3.14), the V —ellipticity of a(.,.) and the continuity of L(.):
aflunll < alun, un) < L(un) < Cllual,

where the constant C' depends on the loads f and F'. So, we get

[wnlly < —.
o
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In other respects
a(up,vy) — / AV dU = L(vy,), Y, € Vi,
o
leads to
/F MU AU < M||lup|l1]|onlls + Cllonlli,  You € V.
c
That implies

M
”/\hnH—%,h < MHuhHI +C < (E + 1)0'

Finally
H(bh(ghn)”f%,h S C/a v,ghn € Mhn7

where C’ depends only on the applied loads f, F' and on the continuity and ellip-
ticity constant of a(.,.). This together with the continuity of &, proves that there
exists at least a solution of Coulomb’s discrete frictional contact problem according
to Brouwer’s fixed point theorem. O

Remark 3.3 From (3.13) when My (g) = M (g) or from the equivalent bound which
is obtained when My (g) = M/ (g), we get a (quite weak) uniqueness result when
p C(h) < 1. That means that uniqueness holds when p is small enough where the
denomination “small” depends on the discretization parameter. A more detailed study
would show that we are not able to prove that C(h) remains bounded as h tends towards
0. Using another mized finite element formulation (with a single multiplier instead of
two which is not adapted to our a posteriori error estimator) leads to similar existence
and uniqueness results (see [10],[11]).

3.2. The matrix formulation of the frictional contact conditions

Let us consider a solution (wpn, Apn, Ane) € Vi X My, X Mp(—pApy,) of Coulomb’s
discrete frictional contact problem. We are interested in the matrix translation of the
frictional contact conditions:

/ (th — )\hn)u;m dr’ > O, Vuhn € Mhn, (315)
Ie

/ (Vht — )\ht)uht dr’ > O, VVht - Mht(_ﬂ)\hn)' (316)
Te

As previously, I'c contains p nodes of the triangulation and v;, 1 < i < p denote
the scalar monodimensional basis functions on I'c. The p-by-p mass matrix M =
(mij)1<ij<p on I'o is given by (3.9).

Let Uy and Ur denote the vectors of components the nodal values of wuy,, and u;
respectively and let Ly and Ly denote the vectors of components the nodal values

of Apn and Ay respectively. We begin with considering the mixed method where
M,.(9) = M (9)-
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Proposition 3.4 Let My (g) = M} (g). The vectors Uyn,Ur, Ly, L1 associated with
a solution of Coulomb’s discrete frictional contact problem satisfy for any 1 < i <p:

(Ln)i <0, (3.17)

(MUy); <0, (3.18)

(Ln)i(MUy); =0, (3.19)

|(L1)i| < —p(Ln)i, (3.20)

|(L7)i| < —p(Ln)i = (MUr); =0, (3.21)

(L1)i(MUr); <0. (3.22)

Proof. From A, € Mj, ., we immediately get (3.17). Condition (3.15) is equivalent
to

/ VhnUpn dU >0, Yy, € M; and / AMnnn AL = 0. (3.23)

e e
Choosing in the inequality of (3.23), vp, = —¢;, 1 < i < p, and writing up, =

in the equality of (3.23) yields

"_1(UN);j by gives (3.18). Putting Ay, = D7 (L )i i and wp, = 30 (Un); ¥

p

> (Ly)i(MUy); = 0.

i=1
The latter estimate together with (3.17) and (3.18) implies (3.19).

Inequality (3.20) follows directly from A\,; € M},(—pAp,). For any 1 < i < p,
choose vp; in (3.16) as follows: v, = puAp, at node i and vy = Ay at the p — 1 other
nodes. We obtain

/ (Unt — Ane)une dU' = (uLn — L7); | iup dT
T'e NG}

= (uLy — Lr){(MUr); = 0. (3.24)
Similarly, take vp; = —pAp, at node ¢ and v, = Ay at the p — 1 other nodes. We get

/ (Ut — Ane)une AT = (—pLy — Lp)i(MUr); > 0. (3.25)
NG}

Putting together estimates (3.24) and (3.25) implies (3.21).
[t remains to prove (3.22). Define v, in (3.16) as follows: vy = %)\ht at node %
and v,; = A at the p — 1 other nodes. Therefore

1
/ (Vht - /\ht)uht dl' = _—(LT)i ¢iuht dr
|Ne]

2 e
1
=—5(Lr)i(MUr); 2 0.

Hence inequality (3.22). O

Proceeding in a similar way when M},(g) = M]/(g), we obtain the following propo-
sition.
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Proposition 3.5 Let My (g) = M;j/(g). The vectors Uy, Ur, Ly, Lt associated with
a solution of Coulomb’s discrete frictional contact problem satisfy for any 1 < i < p:

Remark 3.6 We show in the next section that the choice of the method using M (g)
is quite appropriate and easier than M, (g) to compute the estimator. But most of
the finite element codes solving contact problems (with or without friction) make use
of nodal displacements Uy, Ur and of nodal forces Fn, Fr as dual unknowns (and not
pressures like Ly, Ly ) on the contact part T'c. This means that the frictional contact
conditions are generally: (Fy); <0, (Un)i <0, (Fn)i(Un)i =0, |(Fr)i| < —p(Fn)i,
and so on. This is precisely the choice of M} (g) when supposing that pressures and
forces are linked by Fry = MLy and Fr = MLy. As a consequence, we must also be
able to propose a practical computation of the estimator for this widespread case.

4. Construction of admissible fields

The purpose of this section is to describe the building of admissible fields w, w, &, 7
satisfying the kinematic conditions (2.1) and the equilibrium equations (2.2) to com-
pute the error estimator (2.11). Moreover, in order to obtain a finite value of the
error estimator, the displacement fields w on the contact part I'c must satisfy the
non-penetration conditions and the densities of forces # should belong to Coulomb’s
friction cone C), on I'c.

To perform such a construction, we will obviously make use of the finite ele-
ment solution of Coulomb’s frictional contact problem (wp, App, Ane) € Vi X Mp, X
My (—pdnn) = Vi X My (—pAn,) which satisfies:

a(un, vp) — / AU dI' — / Antvne dU = L(wp), Vo, € Vi,
T'c e
/ (th - /\hn)uhn dl’ + / (Vht - /\ht)uht ar’ 2 0’
T'e e
Y (Vhn, Vnt) € Mp(—pAnn),

where My (—pdnn) = Mpy X Mp(—pAnn) denotes either M| (—pAn,) = M, X
Mjy (= pn) or M (—phun) = My, % My (=phnn)-

We begin with building the displacements fields w and w satisfying the kinematic
conditions (2.1) and the non-penetration conditions.

4.1. Construction of the displacement fields
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For both finite element approaches (i.e. Mj,(g) = M (g) or My(g) = M/ (g)) the
finite element displacement field w,, verifies the embedding conditions in (2.1).

When M (g) = Mj/(g), the finite element displacement field may not fulfill the
non-penetration conditions according to Proposition 3.4. At the nodes x; which
are not located on I'c, we set @(x;) = up(x;). At the nodes x; lying on ', we
set 4 (x;) = up(x;) and u,(x;) = min(up,(x;),0). Using these nodal values, the
displacement field @ is then built in V}, (and @ = @ on T'¢).

When M),(g) = M;/(g), the finite element displacement field satisfies also the
non-penetration conditions according to Proposition 3.5. In that case, we simply
take & = uy, in 2 (and w = w on ['¢).

4.2. Construction of the stress fields

Let us describe the building of the stress fields & and 7 verifying the equilibrium
equations and 7 € C, on I'c.

4.2.1. Building of r € C,, on I'c

When M, (g) = Mj(g), the building is straightforward. According to Proposition
3.4, we can choose directly # = X\, (i.e. 7, = Ay, and 7y = A\py).

When M, (g) = Mj/(g), the situation is more complicated. However, from Propo-
sition 3.5, we are not assured that the multipliers A, = (Apy, Ane) belong always to C,
on I'c (i.e. satisfy Ay, < 0 and |Apy| < —pdp,) as in the previous case. Nevertheless,
there is in the construction a freedom on the choice of the tangential components ;.
Indeed, they can be modified edge by edge by adding a density with null resultant
and moment. More precisely, when the computed multipliers satisfy |An| > —pAn,
at the node i, it is possible to compute a new density Ay on the edge [i,7] (4 is one
of the neighboring nodes) as follows:

Mt = A\ — d, at node 1, (4.1)
S\ht = M¢ +d, at node j.

If d € R is chosen such that |5\ht| < —uAp, at nodes ¢ and j, then the modification
is satisfying. In such a case, the modified tangential pressure )\, is piecewise linear
on each mesh and possibly discontinuous on I'c. We finally choose 7, = Ay, and
f’t - Aht'

4.2.2. Building of o verifying the equilibrium equations

Next, having at our disposal 7, the stress fields & satisfying (2.2) are to be con-
structed. It is straightforward that the stress field obtained from the finite element
displacement field w;, with the constitutive relation: o, = C e(uy,) does not satisfy the
equilibrium equation (2.2). If we want to compute the error estimator, a stress field &
that strictly satisfies the equilibrium equations must be obtained. The construction
of & is performed in two steps which can be summarized as follows:
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e the first step consists of building densities of forces F' on each edge of the mesh
satisfying equilibrium with the body forces f:

/ fvdQ +/ neF.v dl =0, for all v such that e(v) =0,
E OF

where ng is a function defined on the boundary of the triangular element E, constant
on each edge of E, equal to 1 or equal to —1 and satisfying ng + ngr = 0 on the
common edge to adjacent elements £ and E’. Note that the construction of Fis
always possible and it is generally not unique. In the numerical experiments, the
non-uniqueness of F is handled in minimizing (locally, on each patch of elements
connected to a node) the difference (least squares) with the finite element solution.
The choice of such a technique leads very often to satisfactory effectivity indexes
(between 1 and 1.5, see 5.2.2 hereafter). The details of these techniques can be found
in [18].
e the second step is devoted to the construction of & locally on each element E by
solving:
diveo+ f=0 in F,
{ on= nEﬁ’ on OF,

where n stands for the unit outward normal on JF.

There are two techniques to compute locally the stress admissible field from the
densities:
— analytical construction; it is easy to check that there does not exist an & linear on
E due to the stress symmetry requirement. The chosen technique for determining &
on each triangle F is then to divide E into three subtriangles and to search ¢ which
is linear on each subtriangle. The details of this construction can be found in [18].
— numerical construction by using higher-degree polynomials (see [4]).

5. Numerical studies

5.1. Mesh adaption

The aim of adaptive procedures is to offer the user a level of accuracy denoted
€p with a minimal computational cost. We use the h-version which is the most
widespread procedure of adaptivity currently in use: the size and the topology of the
elements are modified but the same kind of basis functions for the different meshes
are retained. A mesh T is said to be optimal with respect to a measure of the error
e* if [16]:

€ = ¢
N*minimal (N*: number of elements of T™*)

(5.1)
To solve problem (5.1), the following procedure is applied:

1. an initial analysis is performed on a relatively uniform and coarse mesh T,
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2. the corresponding global error € in (2.12) and the local contributions eg in (2.13)
are computed,

3. the characteristics of the optimal mesh 7™ are determined in order to minimize
the computational costs in respect of the global error,

4. a second finite element analysis is performed on the mesh T™.

The optimal mesh 7™ is determined by the computation of a size modification
coeflicient rg on each element E of the mesh T

_ D
- £,

e

where hp denotes the size of E and h}, represents the size that must be imposed to the
elements of 7™ in the region of F in order to ensure optimality. The computation of
the coefficients rg uses the rate of convergence of the error which depends on the used
element but also on the regularity of the solution [6]. So, to compute the coefficients
rE, we use a technique detailed in [7] that automatically takes into account the steep
gradient regions. The mesh 7™ is generated by an automatic mesher able to respect
accurately a map of sizes. Practically, the previous procedure allows to divide in two
or three the error e. If the user wishes more accuracy, then the procedure is repeated
as far as a precision close to ¢ is reached (see [6]).

5.2. Examples

We consider two-dimensional plane strain problems where no body forces are ap-
plied. As a constitutive relation in 2, we choose Hooke’s law of homogeneous isotropic
elastic materials:

Ev
(1—2v)(1+ V)éijgkk(u) * H—Veij(u>’

Uij:

where E and v denote Young’s modulus and Poisson’s ratio respectively and the
notation d;; stands for Kronecker’s symbol. The implementation is achieved using
CASTEM 2000 developed at the CEA and an HP-C3000 computer has been used.

Three examples are studied with various friction coefficients. The computations
have been carried out by using the mixed finite element method with M),(g) = M/ (g)
(see Remark 3.6 for comments).

5.2.1. First example

We consider the problem depicted in Figure 2. The dimensions of the rectangular
body are 40mm x160mm and computations are performed on the left half of the
structure due to symmetry. The material characteristics are £ = 13 Gpa, v = 0.2
and pu = 0.5 is the friction coefficient. The load on the left side is 10 N.mm~?2 and
the upper side is clamped.
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The initial mesh comprises 1088 three-node elements and 627 nodes for an accuracy
e of 9.74% (Fig. 3). We show the deformed body in which separation occurs in Figure
4 and the contributions to the error €g in Figure 5. The contact pressures are reported
on Figure 6. We show the normal pressure —\,, the friction cone (between —|Ap,|
and |Ap,|), the tangential pressure —)\;, and the modified tangential pressure Mt

Due to the separation on the left part of I'c and the choice of the finite element
method M}, (g) = M,!(g), we see that the normal pressure does not always satisfy the
convenient sign property. Moreover, at the last mesh on the right part, the tangential
pressure is outside the friction cone. By using the modification of the densities (4.1),
we are able to compute a modified tangential pressure inside the cone which allows
the computing of the statically admissible field. Concerning the normal pressure, the
difficulty can not solved by the densities modification. The proposed mixed finite
element method M},(g) = M;j (g) will allow us to solve this difficulty.

The prescribed accuracy € is 5%. The optimized mesh is obtained in one step and
comprises 1148 three-node elements, 647 nodes for an accuracy € of 4.28% (Fig. 7).

>

NS Q

lc

& 4 A A4

Figure 2: Setting of the problem

Figure 3: Initial mesh: 1088 three-node elements, 627 nodes, €=9.74%

Figure 4: Deformed configuration
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3.92E-05

3.54E-03
7.03E-03
1.05E-02
1.40E-02
1.75E-02
2.10E-02

Figure 5: Local contributions eg

2.50
2.00
1.50
1.00
.50
Normal pressure
00 Friction cone
-50 Friction cone
Tangential pressure
-1.00
Modified tang. pressure
-1.50

.00 10.00 20.00 30.00 40.00 50.00 60.00 70.00 80.00

Figure 6: Contact pressures

Figure 7: Optimized mesh: 1148 three-node elements, 647 nodes, e=4.28%

5.2.2. Second example

Next, we consider the structure depicted in Figure 8. The dimensions of the
rectangle are 40mm x80mm, and symmetry conditions are adopted. We choose
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E = 13Gpa, v = 0.2 and a friction coefficient of 0.3. The load on the upper side is 5
N.mm™2 and no embedding conditions are applied. In such a case, the bilinear form
a(.,.) is no longer V —elliptic but satisfies some semi-coercivity property (see [11],
Theorem 6.3).

The initial mesh is made of 544 three-node elements and 323 nodes corresponding
to an accuracy € of 1.46% (Fig. 9). The deformed configuration and the map of
local contributions eg are shown in Figures 10 and 11 respectively. On Figure 12, the
normal contact pressure, the friction cone and the tangential pressure are reported.
We can notice than on the left node, the tangential pressure is outside the cone.
By using the modification of the densities (4.1), we compute a modified tangential
pressure which gives a new pressure inside the cone. Notice that in this example, we
have stick on the contact zone whereas the body was slipping in the previous example
(see also Proposition 3.5 for some corroboration).

The prescribed accuracy ¢ is 0.5%. The optimized mesh (obtained in one step)
comprising 1178 three-node elements and 666 nodes for an accuracy € of 0.57% is
represented on Figure 13.

VA N N N

Q

A4 A& A & 4

[c

Figure 8: Setting of the problem

Figure 9: Initial mesh: 544 three-node elements, 323 nodes, e=1.46%
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Figure 10: Deformed configuration

2.58E-05
1.65E-03
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4.91E-03
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Figure 11: Local contributions eg

Normal pressure

Friction cone

Friction cone

Tangential pressure

Modified tang. pressure

.00 5.00 10.00 1500 20.00 25.00 30.00 35.00 40.00

Figure 12: Contact pressures
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Figure 13: Optimized mesh: 1178 three-node elements, 666 nodes, e=0.57%

Next, we consider again the initial mesh in Figure 9 and we compute the effectivity
indexes as a function of the friction coefficient p. Since no analytical solution is
available, we use a reference solution denoted w,.; corresponding to a very refined
mesh. The exact error denoted €., and the effectivity index v can be defined as
follows:

_ ey = unflug €

«“ Huref—{'uhHu,Q’ Huref —up

)
u,Q2

where e is the error estimator defined in (2.11). The results are reported in Table
1. Note that the frictionless case is not interesting because it corresponds to a pure
compression case and the error is negligible. The effectivity indexes close to 1 show
the accuracy of the error estimator.

| pu || e(in%)] eea(in%)| effectivity 7 |

021,26 [0,93 1,36
041,50 |1,02 1,48
061,50 |1,02 1,48
081,50 |1,02 1,48

Table 1: effectivity indexes

5.2.3. Third example: numerical extension to two bodies in frictional contact

We consider the problem of two elastic bodies initially in contact (Fig. 14). The up-
per body is submitted to an uniform load of 10 N.mm™2. We have adopted symmetry
conditions on the lower side of Q2 in order to avoid a greater number of singularities
and the lower body is fixed on the left node of its lower side. The two materials are
identical (F = 200GPa, v = 0.25), the dimensions are 100mm x100mm and 200mm
x200mm and the friction coefficient u is 0.3.

The initial mesh with 640 three-node elements, 370 nodes and an accuracy € of
8.51% is shown on Figure 15. We show the deformed bodies (Fig. 16) and the
contributions to the error eg (Fig. 17). The contact pressures are drawn on Figure
18. Asin the previous example the computed tangential pressure is outside the friction
cone (on both extreme meshes) and as previously, it can be successfully modified to
compute the estimator.
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An accuracy e of 5% is prescribed. The optimized mesh, obtained in one step,
made of 381 three-node elements and 230 nodes for an accuracy € of 5.46% is shown
in Figure 19.

In[ L]
Ql
lc

QZ

A & 4 4 4 h

Figure 14: Setting of the problem

Figure 15: Initial mesh: 640 three-node elements, 370 nodes, e=8.51%

Figure 16: Deformed configuration
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Figure 17: Local contributions e

A posteriori error for Coulomb frictional contact

4.66E-05
5.55E-03
1.10E-02
1.66E-02
2.21E-02
2.76E-02
3.31E-02

.40

.60

.80

1.20 1.40 1.60

Figure 18: Contact pressures
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Figure 19: Optimized mesh: 381 three-node elements, 230 nodes, €=5.46%
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